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SOLID LOCALLY ANALYTIC REPRESENTATIONS

JOAQUIN RODRIGUES JACINTO AND JUAN ESTEBAN RODRIGUEZ CAMARGO

ABsTRACT. We develop the p-adic representation theory of p-adic Lie
groups on solid vector spaces over a complete non-archimedean exten-
sion of Q. More precisely, we define and study categories of solid, solid
locally analytic and solid smooth representations. We show that the
category of solid locally analytic representations of a compact p-adic Lie
group is equivalent to that of quasi-coherent modules over its algebra of
locally analytic distributions, generalizing a classical result of Schneider
and Teitelbaum. For arbitrary G, we prove an equivalence between solid
locally analytic representations and quasi-coherent sheaves over certain
locally analytic classifying stack over G. We also extend our previous
cohomological comparison results from the case of a compact group de-
fined over Q, to the case of an arbitrary group, generalizing results of
Lazard and Casselman-Wigner. Finally, we study an application to the
locally analytic p-adic Langlands correspondence for GL;.
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1. INTRODUCTION

Let p be a prime number, G be a p-adic Lie group defined over a finite
extension L of Q, and let £ = (K,K™) be a complete non-archimedean
extension of L. In this article we give new foundations of the theory of lo-
cally analytic representations of G' on K-solid vector spaces through the use
of condensed mathematics, generalizing our previous work [RJRC21]|, where
the case G' compact and L = Q,, was studied. We also obtain new results in
the theory of locally analytic representations, such as new comparison the-
orems of group cohomologies, and a generalization of a classical equivalence
of Schneider and Teitelbaum. As our main application, we state and proof
the locally analytic p-adic categorical Langlands correspondence for GLj.

1.1. Motivation. The classical theory of locally analytic representations
was developed by Schneider and Teitelbaum ([ST03|, [ST02]) and has had
crucial applications, e.g., in the p-adic Langlands program [Col10] and in the
study of families of p-adic modular forms [Eme06]. Recently, in the works
[Pan22b], the theory of locally analytic representations has been
applied to relate p-adic Hodge theory, p-adic modular forms, and the theory
of p-adic differential equations over rigid spaces. The first of these works
has been generalized in RC23]| to arbitrary Shimura varieties, where
our theory of solid locally analytic representations plays a key role. On the
other hand, the current conjectural statements of the locally analytic cate-
gorical p-adic Langlands correspondence [EGH23| require the construction of
certain derived categories of locally analytic representations. In particular,
these works show the need of better categorical foundations of the subject.

Our first goal is to define and study enhancements of classical represen-
tation categories attached to p-adic Lie groups. There are at least three of
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them, namely continuous, smooth and locally analytic representations. Us-
ing the formalism of condensed mathematics, we construct and study the (oco-
)categories of solid, solid smooth and solid locally analytic representations
of G. We denote them, respectively, by Repyg(G), Repig(G), Repgg.(G).
These categories arise as the derived category of a corresponding abelian
category of representations. Furthermore, these abelian categories contain
fully faithfully all the classical categories of continuous, smooth and locally
analytic representations on complete compactly generated locally convex K-
vector spaces. One of the main advantages of our approach is that many of
the difficulties appearing in fundamental constructions in classical represen-
tation theory, such as Hochschild-Serre, Shapiros’s lemma, duality, etc., are
easily overcome with the use of homological algebra when one works on a
solid framework.

We now explain the main features of the theory. The first result is an
equivalence, for G a compact group, between the (derived) category of solid
locally analytic representations of G and the category of solid quasi-coherent
sheaves over certain non-commutative adic Stein space associated to G. This
can be seen as a generalization of a classical anti-equivalence of Schneider
and Teitelbaum [ST03], which can be recovered from our equivalence when
restricting to the (abelian) subcategory of admissible representations after
applying a duality functor. This result can also be seen as a step towards ge-
ometrizing the category of solid locally analytic representations. Our second
result is an extension of the cohomological comparison theorems for solid rep-
resentations from the case where G is compact and defined over Q,, obtained
in [RJRC21] to the general case, extending also the non compact version
[CWT4] of Lazard’s isomorphisms [Laz65| from the case of finite dimensional
representations to arbitrary solid representations. The main novelty of our
approach to the comparison results is that we deduce them in a completely
formal way from adjunctions between certain functors. Finally, as an appli-
cation, we state and prove the locally analytic categorical p-adic Langlands
correspondence for GL; confirming the expectations of [EGH23, §7.1].

1.2. Main results. Let us now explain our results in more detail. Let G be a
p-adic Lie group over L. Let Km[G] be the Iwasawa algebra of G over Kp, i.e.
the free Km-vector space generated by G. If K = (K, Ok) is a finite extension
of Qp, then Km[G] is the classical Iwasawa algebra of G, i.e. the dual of
the space C(G, K) of continuous functions on G. Let D'*(G, K) denote the
locally analytic distribution algebra of G, i.e. the dual of the space C'*(G, K)
of locally analytic functions on G. We denote by Modig(D!*(G, K)) and
Modyg (Km[G]) the (0o-)categories of D'(G, K) and Km[G]-modules on Km-
vector spaces, respectively. The following result resumes our construction of
the category of solid locally analytic representations and its main properties

(cf. Propositions [3.2.3] |3.2.5| and [3.2.6).
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Theorem A. There ezists a full subcategory Repfg’. (G) C Modkg (DG, K))
of solid locally analytic representations of G on Km-vector spaces stable under
tensor product and colimits, where the inclusion has a right adjoint given by
(derived) locally analytic vectors V s V@ Moreover, the following prop-
erties are satisfied.

(1)

(2)
(3)

An object V€ Modyg(D'(G, K)) is locally analytic if and only if
HY(V) is (non-derived) locally analytic for everyi € Z. In particular,
Repfg. (G) has a natural t-structure.

Repgg- (G) is the derived category of its heart.

The functor of locally analytic vectors satisfies the projection formula,
namely, for any V,W € Modig(D"(G, K)), one has (VFa ®,I€.
W)Rla _ VRla ®k. WRla'

Remark 1.2.1.

(1)

(3)
(4)

Let V be a locally L-analytic representation of G on an LB space
in the classical sense. Then point (1) implies that V is an object
in Modyg(D'(G, K)) that is derived locally analytic. In particu-
lar, classical locally analytic representation theory lives naturally in
Repgg. (Q).

If G is a p-adic Lie group over Q,, then D'(G, K) is an idempotent
algebra over the Iwasawa algebra Km[G], namely D (G, K) ®i]%-[G]
Dl%(G, K) = D'(G, K). This implies that the category of D'*(G, K)-
modules on Kg-vector spaces embeds fully faithfully in the category
of Km[G]-modules on Km-vector spaces. In particular, Repgg. (GQ) is
a full subcategory of Mody g (Km[G]) and one can also define the lo-
cally analytic vectors of Km[G]-modules as the right adjoint of this
inclusion. For D"(G, K)-modules, this coincides with the construc-
tion of Theorem [A] Nevertheless, when the group is not defined over
Q,, both constructions of locally analytic vectors differ, c.f. Remark
[3.1.6] for a detailed discussion.

We also give an analogue of Theorem [A| for solid smooth representa-
tions, cf.

As a corollary of Theorem |A] we obtain a description of Rep%.(G)
and Repyg(G) as quasi-coherent sheaves on the classifying stack
[x/G] of G, where G is endowed with the sheaf of locally analytic
or smooth functions, cf. Theorem [£.3.3] and Proposition [5.4.2]

If G is compact the distribution algebra D' (G, K) is a Fréchet-Stein alge-
bra in the sense of [ST03], and the category of its coadmissible modules can
be seen as the category of coherent sheaves over certain (non-commutative)
Stein space associated to D'(G, K). More precisely, for h € [0, 00) a param-
eter depending on some choices, there is a limit sequence of h-analytic distri-
bution algebras {D"(G, K)}p>0 such that D'%(G, K) = Wm, DG, K).
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For example, if G = Z,, is the additive group of p-adic integers, by the Am-

ice transform Dl“(Zp, K) is isomorphic to the global sections of an open unit

disc D over K, and the algebras D"(Z,, K) are overconvergent algebras
“h

on closed discs of radius p_ij. In this way we can think of the sequence
{DMG, K)}1>0 as a family of dagger affinoid algebras defining closed sub-
spaces of a non-commutative Stein space whose global functions are equal
to D'*(G, K). We define the category of solid quasi-coherent D'(G, K)-
modules to be the limit co-category

Modi, (D'*(G, K)) = lim Modicy(D"(G, K))
h—o00

where the transition maps are given by the K-solid base change D"(G, K)®X

— for ' > h. Concretely, an object in Mod,qcc. (D'*(G, K)) is a sequence of
objects (Fp,)n>0 with F, € Modig (D"(G, K)), together with natural equiva-

lences D(G, K)®1L)h,(G K)]:h' = Fy, for B! > h, subject to higher coherences.

In the case where G = Z,, the category Modq,CC. (D'*(G, K)) is nothing but

that of solid quasi-coherent sheaves on Dg. Our second main result is the
following.

Theorem B (Theorem |4.1.7)). Let G be a compact p-adic Lie group defined
over L. Then there is an equivalence of (stable co-)categories

Modf (D'(G, K)) = Repiiy (G)

(-Fh)h — j[}- = (@fh)Rla.
h

Remark 1.2.2.

(1) The functor ji giving the equivalence of categories can be thought
of as taking cohomology with compact support of quasi-coherent
sheaves. Indeed, if G = Z, the functor ji is the cohomology with
compact supports on DK of solid quasi-coherent sheaves as defined
in [CS22| Lecture XII| for complex spaces.

(2) The functor ji of Theorem B]|does not respect the natural t-structures
on both sides and hence does not arise from a functor defined at the
level of abelian categories. Indeed, the module D'*(G, K) defines a
quasi-coherent sheaf which is given by F = (D"(G, K))n>0 and one
has that ji.F = (D'*(G, K))®e = C*(G, K) ® x[—d] where d is the
dimension of the group G and x = det(g)~! denotes the determi-
nant of the dual adjoint representation of G on its Lie algebra g, cf.

Corollary [3.1.16]

(3) We also prove an analogous version of Theorem [B| for solid smooth

DM (G, K)

representations (Proposition ) , where the category Mod%. (D"(G, K))
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is defined as lim . Modyg (K[G/H]) for H running through all the
open compact subgroups of G.

From Theorem [B], we can recover Schneider-Teitelbaum’s anti-equivalence
as follows.

Proposition C (Proposition 4.2.7)). There is a locally analytic contragradi-
ent functor on Repgg. (Q) given by

V i VY% = RHom (V, K)™*,

and a duality functor D on Modj® (D'*(G, K)), such that for F € Modig, (D'*(G, K))
one has

JH(D(F)) = (F)Y-Re,
The functor F v+ HD(W) = (. F)VBa restricts to Schneider and Teit-
elbaum’s classical anti-equivalence between coadmissible D'(G, K)-modules
and admissible locally analytic representations of G.

Remark 1.2.3.
(1) In the bigger category Modig(D'(G, K)) of all solid D(G, K)-
modules, the duality functor is given by the formula

D(V)) = RHompia(g i) (V, D'*(G, K) @ x'[d]),

where y and d are as before. Note that this functor coincides (up to
a twist and a shift in the cohomological degree) with the one defined
in [STO3] when G is compact (cf. Corollary for a discussion of
the duality functor in the non-compact case). We refer the reader to
Definition for an explicit definition of D.

(2) Even though the result is stated for a compact group G, one triv-
ially recovers the anti-equivalence of Schneider-Teiltelbaum for non-
compact groups, since the classical notions of admissible and coad-
missble are local in G, i.e. they only depend on the restriction to an
open compact subgroup.

(3) Along the way, the above proposition also answers a question raised
in [STO5L p. 26|, concerning the extension of the smooth contragra-
dient functor from the category of admissible smooth representations
to the cateory of admissible locally analytic representations. We refer
the reader to Proposition for the precise answer to Schneider
and Teitelbaum’s question.

We now explain our cohomology comparison results. There are natural
functors

Mod(Km) — Repf2 (G) 2% Repld, (G1) 22 Reple, (Gq,) — Reprg (G),

where we denote by Gq, the restriction of scalars of G from L to Qp, and
G = G to stress that the group is defined over L in order to avoid confusion.
All these functors commute with colimits and hence possess right adjoints.
The main idea for our comparison results is to reinterpret the cohomological
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comparison results as formal identities coming from adjunctions and hence
reduce them to calculating the right adjoints of the above arrows. Classically,
there are many possible cohomology theories associated to G that consider
different possible structures of G, e.g., continuous, Q, and L-locally analytic,
smooth and Lie algebra cohomology.

Definition 1.2.4. We define
e Solid group cohomology RI'(G, —) : Repyg(G) — Mod(Knm),
e (Q,-)Locally analytic group cohomology RFl“(GQp, —): Repég. (Gq,) —
Mod(Km),
e (L-)Locally analytic group cohomology RT'*(Gp, —) : Repgg. (Gr) —
Mod(Km),
e Smooth group cohomology RI*™(G, —) : Repiy (G) — Mod(Km)
e Lie algebra cohomology RI'(g,—) : Modxg(U(g)) = Mod(Ka),
as the right adjoint of the embedding of Mod(Km) in the corresponding
category.

One can check (Proposition [6.3.3) that these definitions coincide with the
usual definition of cohomology using (continuous, locally analytic, etc...)
cochains. Our main key calculation is to show (Proposition [6.2.1]) that

(1) The right adjoint of F} is given by Lie algebra cohomology RI'(gr,, —) :=
RHomy g, (K, —).
(2) The right adjoint of Fy is given by RI'(¢,—) := RHomy ) (K, —),
where € = ker(gq, ®q, L — 91
(3) The right adjoint of F3 is given by the functor of locally analytic
vectors (—)fe,
Moreover, the right adjoint to the composition of Fy o...0 Fj (j = 1,2,3)
can be interpreted as taking smooth vectors in the corresponding category.
Analogously, the right adjoint of Fyo...F; (j = 2,3) can be interpreted as
taking locally L-analytic vectors, and so on. Summarizing this, we obtain
our third main result.

Theorem D (Theorem|6.3.4]). We have the following commutative diagram.:

RI'(¢,—)
(—)Rl/

/\
Repic. (G)

Repiq(Gq,) Repytg (GL)

\RF(/‘Q77)

Repicg (G)

RI'(Gq,,—)  RI'“(GL,-)

RI(G,—) RI*™(G,—)
MOd(IC.)

Moreover, since the embedding Repﬁg.(GQp) in Repyg (G) is fully faithful,
we have RT(G,V) = RT(G, V) for V € Repyg(G). In particular, if G is
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a p-adic Lie group over Q,, we have
RT(G,V) = RT(G,VH*) = RT'*(G, V™) = R*™(G, RT (g, V).
Remark 1.2.5.

(1) When G is compact and V' is a finite dimensional representation,
the last two equivalences are a classical result of Lazard [Laz65].
When G is given by the Q,-points of an algebraic group and V' is
finite dimensional, Casselman-Wigner generalized Lazard’s result in
[CWT4]. For G compact and any solid V, this result was obtained
by the authors in [RJRC21].

(2) When G is a p-adic reductive group over Q, and V is an admis-
sible Banach representation of G, then V@ = V@ and the iso-
morphism RT(G,V) = RT(G,V!®) was recently and independently
shown by Fust in [Fus23| by reducing the problem to the compact
case [RJRC21, Theorem 5.3| via a Bruhat-Tits building argument.

We conclude this introduction with an application of Theorem [B|to the p-
adic Langlands correspondence for GL;. We heartily thank Eugen Hellman
for pointing out this application to us. We let X7 be the classifying stack
of rank 1 (¢, I')-modules over the Robba ring on affinoid Tate algebras over
K = (K,K"), cf. [EGH23, §5]. Since every such (¢, I')-module is given, up
to a twist by a line bundle on the base, by a continuous (and hence locally
analytic) character on Q) = Z; x p”, this stack is represented (cf. [EGH23,
§7.1]) by the quotient

(W % G) /G
with trivial action of G&", where W is the rigid analytic weight space of
O} whose points on an affinoid ring A are given by continuous characters
Hom(Oj, A), and where G%' denotes the rigid analytic multiplicative group.
Let Modq,cc. (X1) be the category of solid quasi-coherent sheaves on X;. In

[EGH23|, the authors conjecture that the natural functor
L5 Repity (Lg ) — Modg (1)

given by ,QSZI(V) =0y, ®éla(L6 ) V is fully faithful when restricted to a
suitable category of “tempered” (por finite slope) locally analytic representa-
tions (cf. [EGH23, Equation (7.1.3)]). Here Lép is the restriction of scalars
to Q) of the p-adic Lie group L*. On the other hand, for the functor 22;“ to
be fully faithful without restricting to a smaller subcategory of Repgg. (L(Sp),
one can also modify the stack X7, namely, we consider

Aot = [W x G /Gy
where G2 is the analytic space, in the sense of [CS20], attached to the ring
(K[T*'], K*)m = Km ®z Z[T*1].
In order to describe the category of solid quasi-coherent sheaves on the
stacks X{”Od and A7 in terms of representation theory, we need to introduce
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some notation. We let (Gy}') =lim K(p"T, o7y and KtZe’?p = 0(G¥m)v
be the Hopf algebras of functions of the group G%' and its dual. We let
7P denote the analytic space defined by the algebra Etzirgp . We also let

Ctemp(Lép, K)= @’(W x G¥)V be the Hopf algebra of tempered locally an-
alytic functions on L*. Finally, we let Repfgzlp (Lg,) = Modg ([+/ Lajemp )

be the category of tempered (locally analytic) representations of L@p.

Theorem E (Theorem |4.4.4). There are natural equivalences of stable co-
categories

Modq,cc.([Z/L(a;l“}) = Moquc.(Xfw‘i), Modf ([Z'™P /L@:emp]) = Modj’ (1)
Furthermore, the functor ,QS;“ induces equivalences

Repity (Lg3,) = Modit, W x Gi?),  Repya™(Lg ) = Modfe, (W x G').
Acknowledgements. We heartily thank Eugen Hellman for pointing out
the application of Theorem [B]to the categorical p-adic Langlands correspon-
dence, and Arthur—César Le Bras for many inspiring conversations that con-
cluded in the stacky interpretation of locally analytic representations. We
thank Lucas Mann for several discussions on six functor formalisms and their
connection with representation theory. Finally, we thank Johannes Anschiitz,
Ko Aoki, Yutaro Mikami, Cédric Pepin, Vincent Pilloni, Peter Scholze and
Matthias Strauch for their comments and corrections. The first author was
supported by the project ANR-19-CE40-0015 COLOSS. The second author

thanks the Max Planck Institute for Mathematics for their hospitality during
the preparation of this paper.

Notations and auxiliary results. Throughout this paper we use the lan-
guage of co-categories of [Lur09], and the techniques of higher algebra from
|[Lurl7]. We use Clausen and Scholze condensed approach to analytic geom-
etry as presented in the lecture notes [CS19, [(CS20| [CS22]. We refer the work
of Mann [Man22b| for complete and rigorous proofs of foundational results
on the subject, particularly those regarding the set theoretical subtleties in
condensed mathematics. Nevertheless, throughout this paper we will fix an
uncountable solid cutoff cardinal x as in [Man22b, Definition 2.9.11] and
work with x-small condensed sets, it will be clear from the definitions that
the functors and adjunctions constructed below are independent of x, and
therefore that they extend naturally to the full condensed categories.

For C an co-category with all small limits and colimits, we let Cond(C) de-
note the oco-category of condensed C-objects, see [Man22b, Definition 2.1.1].
Given X € Cond(C) and S a profinite set, we let Cont(S, X) or C(S, X) be
the object in Cond(C) whose values at S” € Extdis are X (S x S’). This is
still a condensed object by [Man22bl, Corollary 2.1.10] under a mild condi-
tion on C (eg. if it is presentable). In particular, we shall write CondSet,
CondAb and CondRing for the categories of condensed sets, abelian groups
and commutative rings, respectively.



10 JOAQUIN RODRIGUES JACINTO AND JUAN ESTEBAN RODRIGUEZ CAMARGO

All the analytic rings considered in this document are assume to be ani-
mated and complete in the sense of [Man22bl, Definition 2.3.10], unless oth-
erwise specified. Given A = (A, M) a commutative animated analytic ring
we shall write Mod 4 for the symmetric monoidal oco-category of analytic
A-modules and Modi for the heart of its natural ¢t-structure. Given D an
E;-algebra in Mod 4, we let LMod 4(D) and RMod 4(D) be the oco-category
of left and right D-modules in Mod 4, if it is clear from the context we will
simply write Mod4(D) = LMod (D). We say that an analytic ring A is
static if for all extremally disconnected set S, the object A[S] is concen-
trated in cohomological degree 0. We let — ®JL4 — denoted the complete
tensor product of Mod 4, and RHom 4(—, —) the internal Hom space, right
adjoint to the tensor. By Warning 7.6 of [CS19], the tensor — ®% —x is the
left derived functor of the tensor — @z — if A[S x T7 sits in degree 0 for all
extremally disconnected sets. The analytic rings we will consider live over
the solid base Zm, so this property is always true for them.

Recall that a map f : N — M of objects in Mody is called trace
class ([CS22, Definition 8.1]) if there is a map A — NY ® M with NV =
RHom 4(N, A), such that f factors as

N N@i NV e, M— M.

An object N € Mod4 is called nuclear (JCS20, Definition 13.10]) if for all
extremally disconnected set .S, the natural map

A[S]Y @F M(x) — M(S)

is an isomorphism. By [CS20), Proposition 13.14], if N € Mod 4 is nuclear,
then for all S extremally disconnected set and any M € Mod 4, the natural
map

(RHom 4 (A[S], M) @4 N)(x) = (M @4 N)(S)

is an isomorphism.

We will let £ = (K, K™") denote a complete non-archimedean extension
of Qp, and let Km = (K, K*)m be the analytic ring attached to the Huber
pair as in [And21l §3.3|. Given an algebra D in Mod(Km), we endow D with
the induced analytic ring structure from Km, and let — ®f) — (or sometimes
— @k @ —) denote the relative tensor product of D-modules in Km-vector
spaces.

Finally, we address the following proposition that will be used in different
parts of the paper.

Proposition 1.2.6. Let R be a static commutative analytic ring such that
—®7L2— is the left derived functor of —®gr —. Let A be a static R-Hopf algebra
over R with the induced analytic structure. Suppose that A is co-commutative
and that its antipode is an anti-involution, i.e. s> = id. Suppose that the self
tensor products of analytic rings A®R™ are static for all n € N. Then the
following assertions hold:



SOLID LOCALLY ANALYTIC REPRESENTATIONS 11

(1) The tensor product — ®7L2 — defines a symmetric monoidal struc-

ture on LModg (A) obtained by restriction of scalars along the co-
multiplication A : A — ARr A.

(2) (®-RHom adjunction) The derived internal Hom over R induces a

natural functor
RHomp (—, —)s 5 : LModg (A) x LModg(A) — LModr(A)

given by precomposing the natural AP’ @r A-module structure with

the map A 4, Aor A 9L gor ®r A, where s : A = A% is the
antipode. Furthermore, RHomgp (=, —)x, 5 is a right adjoint of the
internal tensor product — ®7L2 —.

(3) (Twisting/untwisting) There are natural equivalences of functors

U:ARE - 5 AL ()
® : RHomp (A, —)4, 5 — RHomp (A, —),, := RHomgp (A, (—)o),

where (=)o 1is the trivial A-module structure obtained by restricting
scalars along the composition A % R B A

(4) Let ¢ : LModg(A) = RModg(A) be the precomposition with the

antipode of A. We have natural equivalences of functors
UN) @G M =R @4 (N @i M)
RHom 4(N, M) = RHom 4 (R, RHomg (N, M), 4)

for any N,M € LModg(A), where R is endowed with the trivial
A-structure given by the counit.

(5) Let B be a static R-Hopf algebra satisfying the same hypothesis as

Proof.

A and let A — B be a morphism of R-Hopf algebras. Then B is an
idempotent A-algebra if and only if B ®ﬁE =R where R is seen as
an A or B-module via the co-unit.

(1) First, let C = Modg be the symmetric monoidal co-category
of R-modules, and let C°P be its opposite category. Then, A defines a
commutative Hopf algebra in the symmetric monoidal category C°P.
Therefore, the category CoMod4(CP) = @[n}e A A®R™_ Mod(CP)
of (left) comodules of A over C° is symmetric monoidal, with sym-
metric monoidal structure given by — ®% — on underlying objects.
Part (1) follows since LModg (A) = (CoMod 4(C°))°, and since the
opposite of a symmetric monoidal category is symmetric monoidal.

(2) Given N, M € LModg(A), we see RHomp(M,N) as an A-module

via the forgetful functor through the algebra homomorphism A =N
ARr A 9L gow ®r A. To prove the ®-RHom adjunction, since
both functors arise as derived functors of suitable abelian categories
with enough projectives and injectives (after fixing the cardinal k), it
suffices to know the non-derived ®-Hom adjunction of the underlying
abelian categories, which is [Sch92, Example 1.2.2 (3)].
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(3) Let C = Modgr. We have an equivalence of symmetric monoidal
categories Modg (A) = CoMod 4(C°P)°P. Let f* : CoMod4(C?) —
C°P be the forgetful functor taking the underlying object in C°?, and
let f, be its right adjoint. In the opposite category f*°P is the
forgetful from A to R-modules, and f, is its left adjoint fi¥ = ./4®7LQ
—. The functor f* is symmetric monoidal, we then have a natural
transformation

[fROM — fof "M
for M € CoMod(C°). In the opposite category this translates to a
natural transformation

A@r My — Ak M.

We claim that it is an isomorphism. By writing M as filtered colimits
of projective generators, and since A[S] = A®r R[S], one is reduced
to the case when M = Aj. Following the construction, the map of
A-modules A ®r Ay — A ®% A is adjoint to the map

Ay 289 Ao A

An inverse of this map can be given explicitly by the composite

Ao ALY Ao Aop A2 for Aon A9V Aor Ao,

where m : A ®r A — A is the multiplication map. Finally, the
untwisting map ® for the internal Hom follows from adjunction and
the untwisting map V.

(4) The natural transformation for the tensor product is a consequence
of the following natural equivalences for N, M, Y € Modg(.A).

RHomg (R @4 (N @z M),Y) = RHom 4(N ®@r M,Y)
= RHom 4 (M, RHomp (N, Y),, ;)
= RHom 4 (M, RHomg (:(N),Y))
= RHomyg (1(N) @4 M,Y).

The natural equivalence for the internal Hom’s follows by the ad-
junction of point (2).
(5) Suppose that B is an idempotent .A-algebra. Then we have that

BeiR=Bois(BRER)=(Be4B) kR=B25R ="R.

Conversely, suppose that B ®ﬁ7€ = R, then by (the version for right
modules of) part (4) we have

BeLiB=(BoruB)4R
= (Bo®@r u(B)) @4 R
= By ®r (B ®JL4 R)
=B,
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in the third equality we used the antipode s : B? = B to identify
the right and left actions of A on B. An explicit diagram chasing
shows that the resulting map B ®JL4[>’ — B is the multiplication map,
proving that B is an idempotent A-algebra.

O

2. DISTRIBUTION ALGEBRAS

We record in this chapter basic properties of the several spaces of functions
and algebras of distributions we will be working throughout the text. Most
of the results are probably well known but we give statements and proofs
for the sake of notation and completeness. Let L be a finite extension of Q,
and w € L a pseudo-uniformizer. Let G be a p-adic Lie group over L. We
normalize the p-adic absolute value of L such that [p| = p~!.

2.1. Locally analytic distribution algebras. Let G be a compact p-adic
Lie group of dimension d over L. Let g denote the Lie algebra of G, and let
L C g be an Op-lattice such that [£,L] C pL. Let Lu[G] be the Iwasawa
algebra of G, i.e., Lu[G] = (@Hc(} (’)L[G/H])[%] where H runs over all the
compact open subgroups. As it is explained in [Emel7, §5.2|, the Lie algebra
L can be integrated to an analytic group G, over L whose underlying adic
space can be identified with a polydisc of dimension d. More precisely, let
X1,...,X4 be an Op-basis of L, then the map

(Tl, .. ,Td) — eXp(Tlffl) .. eXp(Td%d)

induces an isomorphism of adic spaces between the polydisc D¢ = Spa(L(T), Or(T))
and G,. After shrinking £ if necessary we can assume that G.(L) C G is

a normal compact open subgroup which is moreover a uniform pro-p-group.

In the following, we will always assume that £ is small enough such that this

holds.

The previous construction can be slightly generalized as follows. Let L
be an algebraic closure of L, and let £ C g7 be a free Oz-lattice such that
[L,L] C pL. There exists a finite extension F' of L such that £ is defined
over F', one can define an affinoid group G, r over F' by integrating L.
Furthermore, suppose that the action of Galy, leaves £ stable, then G, 7 can
be obtained as the base change from L of an affinoid group that we denote
as Gg. A locally free lattice £ C g7 is said good if it is Galp-stable and
[L,L] C pL,if L is defined over F we let L denote the Galp-invariants of
L.

Example 2.1.1. Let us fix a good Op-lattice Lo C g with group Gg. For

h > 0 a rational, the lattice p" L over g7 is good, and it defines an affinoid

subgroup Gj, C Gg which is nothing but the polydisc of radius p~":

T
Gh = Go(ﬁ)
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Given a good lattice £ we can also define analytic groups which are Stein
spaces, namely, we let @E = Un=o Gpne- If L is already defined over L then
@L is an open polydisc.

Finally, we can construct affinoid and Stein group neighbourhoods of G
by taking finitely many translates of the groups G, and @[;. Indeed, since
G(L) and G2 (L) are normal subgroups of G, we can define

GY =GGe= || ¢GrandG¥)=GGr= || 4G
9€G/Cr(L) 9€G /G (L)

If Ly is a fixed good lattice and £ = p" L we will simply denote G = G(£)
and G = G,

With the previous notations we can now define the following distribution
algebras and analytic functions.

Definition 2.1.2. Let £ C g be a good lattice defined over F'/L.

(1) Let G be one of the adic groups G, Gz, GY or G, The space
of analytic functions of G with values in L is the space C(G, L) =
0(G). The algebra of distributions of G is the dual space D(G, L) =
Hom, (C(G, L), L). If Ly is fixed as in Example @ and £ = p"Ly,
we will simply denote D*(@, L) = D(G*"), L) and C*(G, L) =
C(G™M L.

(2) We let ﬁ(£)+ be the Galp,-invariants of the p-adic completion of
the enveloping algebra of £p. We also denote U(L) = ﬁ(ﬁ)ﬂ%]

(3) Finally, welet C'*(g, L) :=liy,  C(Gy, L) and C'*(G, K) = lim . __ C(GY, L)
be the spaces of locally analytic functions of g and G respectively. We
let Dla(gv L) = MK(CZa(gv L)’ L) and Dla(Gv L) = ML(CZa(G’ L)7 L)
be the spaces of locally analytic distributions of g and G respectively.

Remark 2.1.3.
(1) We note that, for G = G2 or G£) (resp. for G = G, or G(£7)), the

space C(G, L) is a Banach space (resp. a nuclear Fréchet space), and
the distribution algebra D(G, L) is a Smith space (resp. an L B-space
of compact type), cf. [RJRC21], [ST03] or [Sch02].

(2) The algebra C"(G, L) is by definition the space of functions of G
that are analytic with radius p ! for any h' > h with respect to
the coordinates of G,z. The reason for considering analytic functions
on open balls instead of affinoid balls comes from the fact that the
algebras D"(G, L) are idempotent over D'*(G, L), cf. Corollary
below.

(3) The colimit diagrams {C(Gz, L)}z and {C(G,, L)}z (resp. {C(GYO), L)} .,
{C(GE) L)}, and {C"(G, L)}},) are isomorphic and their colimit is
the space of locally analytic functions of g (resp. of G). Dually, the
limit diagrams of distribution algebras {D(Gz, L)}z, {D(G,, L)}z
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and {U(L)}, (resp. the limit diagrams {D(G£), L)}, {D(GE) L)},
and {D"(G, L)};) are isomorphic and their limit is equal to D'(g, L)
(resp. Dla(G L)). In particular, for h’ > h > 0 we have the inclu-
sions

DGy L) € D(Gr gy L) € D(Gppgy, L),

D(G, L) c DGP L) 1) c DMG, ).
On the other hand, we have that
(2.1) D(Gpgy, L) = lim UL
W (h= i)
for h > ﬁ, see [Emel7, Proposition 5.2.6] and [RJRC21, Corollary
4.18].

(4) Let £ C g7 be a good lattice defined over F' and let Xy,...,X4 be a
base of L over Op. One has a power-series description

U)oL F = Fx

2.1.1. Koszul complexes and idempotency. Let L C gr be a good lattice,
our next goal is to prove that the distribution algebras of Definition [2.1.2]
are idempotent algebras over the enveloping algebra U(g) or the locally an-
alytic distribution algebra D'(G,L). Since all the algebras involved are
co-commutative Hopf algebras, the idea is to show that the co-unit is pre-
served by base change and to apply Proposition (5). Without loss of
generality let us assume that £ is defined over L.

Proposition 2.1.4. Let L C g be a good lattice, and let Kos(g,U(g)) be the
standard Koszul resolution of L:

0—Ulg ®/\g% Ug®g—U(g) — L —0,

where the differentials are given by
k
dv @ Zy A ... N Zy) —Z(—l)iHUZ-@Zl/\.../\Z/\.../\Zk

+Z V)it @ [Ziy ZN---NZi No-- N Dy A Zy,.
1<J

Let D denote D(Gg, L), U(L) or D'(g, L). Then
Kos(g, D) := D @y (g)m Kos(g,U(g))
is a resolution of L as D-module. In particular, D ®5(g) al=1L.

Proof. Let Kos(L,U(L)") be the standard resolution of the trivial represen-
tation O and € : Kos(L,U(L)") — Op the augmentation map. There is
an Op-linear homotopy he : U(L)T @ A*L — U(L)t @ A®"' £ such that
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det1he + he—1de = id —¢ ([Wei94 Theorem 7.7.2]). Taking a p-adic com-
pletion and inverting p, one obtains an homotopy he between id and & for
Kos(g, U(£)"). Inverting p we have an equivalence Kos(g, U(L)) = L. Tak-

ing colimits of the Koszul resolutions for p" £ as b’ — (h — Z%)Jr, one gets

an equivalence Kos(g, D(Gz, L)) < L. Taking limits of p"£ as h — oo, by
topological Mittag-Leffler [RJRC21, Lemma 3.27] one gets an equivalence
Kos(g, D' (g,L)) = L. O

Proposition 2.1.5. Let G be a compact p-adic Lie group over L. There is
a Koszul resolution of the trivial D(GE") | L)-module L

dim g
0-DGE) D)o N\ g— - = DG Lygg — DGE), L) - L —0

obtained as the dual of the de Rham complex of G£D. Furthermore, the limit
along all the lattices £ defines a Koszul resolution of L as D'*(G, L)-module.

In particular, D(G(Lﬂ, L) ®%ZG(G 1) L=1L.

Proof. This is roughly [RJRC21l, Proposition 5.12] which is based on the
Poincaré Lemma for open polydiscs [Tam15l Lemma 26|. Let G£D) be
the Stein group defined by L, since L is defined over L, G~") is a finite
disjoint union of open polydiscs. We can then consider the de Rham com-
plex DR(G(Eﬂ) of G£T). Taking a basis of the tangent space by right
invariant vector fields, the de Rham complex is written explicitly as a left
G-equivariant complex
i dim g

(CGE) L) = =G Lyo N == CGE) D)o N ¢V

and differentials induced by right derivations. By the Poincaré Lemma, the

natural map L — DR(G(£+)) is an equivalence. Taking duals, one gets a
resolution of D(LT(G), L)-modules

Kos(D(G1), L) := DR(GE)Y 5 L

which is noting but finitely many translates of the Koszul resolution of Propo-
sition Taking limits along all lattices £, one gets an equivalence of
D'%(@G, L)-modules

Kos(D'*(G, L)) — L.
One clearly has

+

D(G(£+)7 L) ®’éla G,L) L= D(G(L )7 L) ®éla(G7L) KOS(DZG(G’ L))
= Kos(D(G“™), L)

=L.

(
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Corollary 2.1.6. (1) Let L C g be a good lattice and let D denote
D(Gg, L), U(L) or D'(g,L). Then D ®5(g) a D =D. In particular,

the oco-category Modrg (D) of solid D-modules is a full subcategory of
Mod g (U(g))-

(2) We have D(G£), L) ®1L),E(G,L)’.D(G(L+), L) =D(GED) L), In par-
ticular Mod g (D(G"), L)) is a full subcategory of Mod g (D'*(G, L)).
Proof. This follows from the Koszul resolutions of Propositions

and the idempotent algebra criterion for co-commutative Hopf algebras of
Proposition [1.2.6] (5). O

Next, we want to relate the distribution algebras associated to an immer-
sion of Lie algebras h C g.

Proposition 2.1.7. Let g be a Lie algebra over L and let h C g be a f\ubal—
gebra. Let L C g be a good lattice and let Ly = LNb. Let D(L) denote U(L),
D(Gg, L) or D'%(g, L) (resp. for Ly), and let D(L/Ly) := D(L) ®p(cy) L-
(1) Let T C L be a free complement of Ly in L with basis Y1, ...,Ys
and t = T[%]. Let Gy C Gg be the image by the exponential of
the ordered basis Y1, ...,Ys, and let @7- = Un=o Gpnr be the open
polydisc. Then we have isomorphisms of solid L-vector spaces
D(L/Ly) =D(T)

where

~

O(T) = Ber- LY.
D(T) = 4 D(Gr, L) :== Hom (O, _, L)
D(t,L):=lm, _ UP"T).
(2) We have an isomorphism of right D(Ly)-modules
D(L) = D(T) ®L D(Ly).
Furthermore, we have an equivalence of left D(L)-modules Kos(h, D(L)) =
D(L/Ly) where Kos(h,D(L)) is the Koszul complex
dim b
Kos(h,D(L)) = [0 - D(L) @ \ b—--D(L) @b — D(L)].
In particular, D(L/Ly) = D(L) ®{3(£h) m L, and taking b = g, one
recovers Proposition |2.1.4).
Proof. The proof of the proposition follows the same lines as those of Propo-
sitions |2.1.4 and |2.1.5l Since £ = Ly & T, we can write Gz = G x Gg,.
Taking global sections one finds that D(G., L) = D(G7, L) ®£. D(@Lb,L).
We can then take the relative de Rham complex of the map

Gr — Gz /Gy, = Gr,
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and by taking duals we find the Koszul complex Kos(h, D(@g), L) which is
quasi-isomorphic to D(G, L) by the Poincaré Lemma. The case for D (g, L)
and D' (p, L) is obtained by taking limits along all lattices £ in the previous
construction. N

Finally, for U(L) and U(Ly), consider the Koszul resolution of U(L) as
Ly-module. Since U(L) = U(Ly) @0, U(T) where U(T) = @, Y, the same
argument of [Wei94, Theorem 7.7.2] provides an homotopies between id and
the augmentation map

Kos(Ly, U(L) = U(T).

Taking p-adic completions and inverting p one gets the Koszul complex for

~ ~ ~

the U-algebras, and the equality U(L) = U(T) ®£. U(Ly). O

The following particular case will be of special interest: Let g be the Lie
algebra g seen as a Lie algebra over Q,,, similarly we let G' be the restriction
of G to Qp. Take £ = ker(g ®q, L — g). Let £ C g7 be a good lattice and

let £ be its restriction to Qp, i.e. the lattice obtained by its Galg, / Galg-
translates in

iz=00g, L= ][] sz
o:L—L
Corollary 2.1.8. Let D denote one of the algebras D(GE")| L), CAf(C),

D(G, L), D'%(g,L) or D'%(G, L). Let D be the analogue algebra associated
to G and L. Then there is a natural equivalence of right D'*(¥, L)-modules

D®q, L =D o, D¢, L).
In particular, (D ®({ip L) ®piaery L =D.
Proof. This follows from Proposition once we note that D(G£"), L) =

D(G,, L)®L L|G/G,(L)] = L|G/G,(L)]®LD(Gz, L). The case of D'*(@G, L)
follows by taking limits of the G£) cases. U

2.1.2. Locally analytic functions and distributions. We now define locally
analytic functions on G taking values in a solid vector space V. Recall from
[RJRC21] that we have defined analytic rings

C(G™, L)m = (C(G™,L),c(G"M,0L))m

in order to define h-analytic and locally analytic vectors of a solid represen-
tation. The following Lemma says basically that, in the limit, the analytic
structure becomes trivial.

Lemma 2.1.9. Let h' > h, we have natural maps of analytic Tings
(O(G"M), 0% (G")m— (0(G"), 01)m = (0(GM)), 0% (")) m.
In particular for V€ Mod(Lm) we have maps
C(GM, Lyt V- CG" Lyel vV - CG"), L)gal, V.
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Proof. By [And21l Lemma 3.31| one has that for an affinoid ring (A, A™),
(A, Or)m = (A, A™"+)g where A™™ 7 is the integral closure of Op + A%,
The lemma follows from [And21l Proposition 3.34| and the fact that we have
morphisms of Huber pairs (¢(G™), 0+ (GM)) — (0(G")), ¢(GH)ymint+)
(0(G")), 6+(G")). Indeed, if z% denotes a variable of the group G, one

: T _  W-h T
can write =P pd

logically nilpotent. O

proving that the image of 1% in 0(G")) is topo-

Definition 2.1.10. Let V' € Mod(Lm), we define the following spaces of
functions with values in V.

(1) For G compact the space of G™-analytic functions
C(GM, V) :=C(GM, L)maf, V.

(2) For G compact the space of G"-analytic functions

C*(G,V) = Rlim C(G™),V) = R 1im (C(G™), L) @7, V)

h'>h h'>h

where the second equality holds by Lemma

(3) For G arbitrary the space of locally analytic functions
(G v)= ][ (C"(4Go,L)eL,V)
9€G/Go

with Gy C G an open compact subgroup.
(4) For G arbitrary we define the algebra of locally analytic distributions
of G as

D@, L) = Hom, (C'*(G, L), L).

Remark 2.1.11. Let G be a compact p-adic Lie group and V' € Mod(Lm).
Then we have that

(@, V) =lim C(GM, L)f, V =1lim C(G™, V) = lim C"(G, V) = lim C*(G, L)@, V,
h h h h

where the first equality is by definition, the others follow by Lemma

and the cofinality of the algebras in Remark (3).

Lemma 2.1.12. We have

DG, L) = La[G] ®rgic, P*(Go, L) = € D"“(9Go, L)
gEG/Go

for any Gy compact open subgroup of G. Moreover, D'*(G, L)V = C'*(G, L).

Proof. The first claim is trivial in the compact case, and the duality between
the space of distributions and locally analytic functions follows by the duality
of nuclear Fréchet and LB spaces of compact type, see [RJRC21, Theorem
3.40]. Let us prove the general case.
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Provided the first formula is proved, then we immediately have:

DG, L)Y = [[ (D"(9Go, L)Y = [] C"™(9Go,L)=C"(G,L),
g€G/Go 9€G/Go

which proves the last statement.
We now prove the first formula of the statement. We write

oG, )= [ ¢"(9Go,L)
9€G/Go

= [ limC™"Go, L)

geG /Gy h>0

= lim [[ ¢"(@ D).
9€G/Go geG/Gy
hg>0

Therefore,

(2.2) oG, L)Y = lm € D"(G,L).
9€G/Go geG/Gy
hg>0

We want to prove that the RHS is equal to @B e/, Dla(gGy, L). Notice that
the RHS injects into limgc e/, Heec/c, D" (Gy, L) = [eec/cy Dl (gGo, L).
hg>0

g
let (ag)geg/co be a sequence in the RHS of ([2.2)), it suffices to prove that all
but finitely many elements a, € D!*(gGy, L) vanish. Suppose the opposite,
then we can find infinitely many g € G/Gy, and numbers hy > 0, such that
the image of a, in D"s(gGy, L) is non-zero, but this contradicts the fact
that (ag) defines an element in B cq/q, D" (gGy, L). Moreover, the same

applies when evaluating at an arbitrary profinite set S. The proposition
follows. O

The same proof of the above lemma implies the analogous duality between
continuous functions and the Iwasawa algebra.

Lemma 2.1.13. Let G be an arbitrary p-adic Lie group, then C(G,L)" =
La[G].

Proof. This follows by the duality between Fréchet and LS spaces [RJRC21],
Theorem 3.40] and the last argument of Lemma |2.1.12|to commute products
with sums. Namely,

Y

c@GLY=| ] CWGonL)| = P LulgGol = LalG].
ge€G/Go 9€G/Go
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2.2. Smooth functions and distribution algebras. Let L be a finite
extension of Q,, G' a p-adic Lie group over L. For defining smooth functions
and distributions on G one only needs G to be a locally profinite group.
However, since we will be only interested in p-adic Lie groups we prefer to
stay in this situation.

Definition 2.2.1 (|[Man22b, Definition 3.4.7]). Let S be a profinite set and
V € Mod(Lm), the space of smooth functions from S to V is the solid Lm-
vector space given by

C*™(S,V) = Cont(S,Z) @z V.
In particular, since Z is discrete, we have C*"(S,V) = hgl Cont(S;, V)

where S = @1@ S; is written as a limit of finite subsets.

Lemma 2.2.2 (|[Man22b, Lemma 3.4.8|). Let S be a profinite set and V €
Mod" (Lm). The following hold

(1) The values of C*™(S, V') at a profinite set T are given by
CM(S,V)(T) := Cont(S,V(T)),
where V(T) is discrete.
(2) The natural map C™(S,V) — Cont(S, V) is injective.

Definition 2.2.3 ([Man22bl Definition 3.4.9]). Let G be a locally profinite
group and V' € Mod(Lm) a solid L-vector space. We define the space of
smooth functions of G with values in V' to be the solid L-vector space with
values at a profinite 1" given by

C*™(G,V)(T) = Cont(G, V(T)).
Equivalently, if H C G is an open compact subgroup, we have that
cmGv)y= [ ¢™gH V).
geG/H

Definition 2.2.4. The algebra of smooth L-valued distributions of G is
defined as

DG, L) :=D"(G,L)/(g).
Proposition 2.2.5. The following assertions hold.
(1) If G is compact, then
D*™(G,L) = lim Lu[G/H]=C""(G, LY.
HcG
Furthermore, C*™(G, L) = D(G, L)".
(2) For arbitrary G and any open compact subgroup Gy C G, we have
Dsm(G, L) =Ln [G] ®L.[Go] Dsm(Go, L) = Dsm(Go, L) ®L.[Go} Lm [G]

Furthermore, we have D™ (G,L) = C*™(G, L)Y and C*™(G,L) =
D™ (G, L)V.
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(3) For G arbitrary, there is an isomorphism of left D'*(g, L)-modules
D'(G,L) =D"(g,L) @14 D*"(G, L),

resp. for right D'*(g, L)-modules.
(4) For G arbitrary, there is an isomorphism

D"™(G,L) =L ®él“(g,L),. DG, L).

Proof. We first prove (1), (2) and (3) at the same time. For any open compact
subgroup H of G we have an Dl“(H , L)-equivariant isomorphism

D'(G,L) = D"(H, L) @14 Lu|G/H].
Taking limits for H C G we get a D'%(g, L)-equivariant isomorphism

DG, L) = D" (g, L) ©1 (lim Lu[G/H))
HCG

so that D™(G, L) = L @, ;) @ P**(G, L) =lim, _ . Lu[G/H]. The dual-
ity between D*™(G, L) and C*™ (G, L) follows from the previous computation
and the duality between Fréchet and LS spaces of [RJRC21) Theorem 3.40].

Finally we prove (4), it follows the same lines of the proof of Lemma
2.1.12| By loc. cit. we have D'*(G,L) = Lu[G] ®pg4(G,] P'“(Go, L) =
D'(Go, L) @ gc,) Lm[G] for any compact open subgroup Go. The tensor
product formula of (4) follows by (3). Finally, we prove the duality between
D*"(G, L) and C*™(G, L) in the non-compact case. We can write

DG, L) = @ D™(9Go,L) and C*™(G,L) = [[ C*"(9Go,L).

g€G/Go ge€G /Gy

Then

DG, L)Y = [[ (0™9Go L)Y = [[ C™(9Go,L) = C™(G, L).
geG/Go 9€G/Go

For the other duality, we write

c™(G,L)y= [[ ¢"™(9Go, L)
9€G/Go
= ] lim C*™(4Go/H, L)
geG/Go HCGo

= lim [[ ©*"(9Go/Hy, L).

9€G/Go geG /Gy
HyCGo /

Therefore,

(2.3) C™G, L)Y = lim @ LulgGo/H,].

9€G/Go geG/Gy
H,CGo /
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We want to prove that the RHS is equal to @geG/Go D™ (gGy, L). Notice
that the RHS injects into T&nggg/go [Lec/c, Lml9Go/Hy] = 1 ec/c, P (9Go, L).
gCGo
let (ag)geq/c, be a sequence in the RHS of (2.3). It suffices to prove that all
but finitely many elements a, € D™ (gGp, L) vanish. Suppose the opposite,
then we can find infinitely many g € G/Gy, and open subgroups H,, such
that the image of a4, in Lm[gGo/Hg,] is non-zero, but this contradicts the fact
that (ag) defines an element in @ ¢/, Lm|G/H,y]. Moreover, the previous
holds when evaluating at any profinite set S. The proposition follows.  [J

Corollary 2.2.6. Let G be a compact p-adic Lie group. Then D (G, L) =
[1, p@Hompem .1y (p, D*™(G, L)) where p runs over all the irreducible finite
dimensional smooth representations of G. In particular:

(1) The functor Hompsm g )(p, —) is an exact functor in the abelian
category of D (G, L)-modules.

(2) D"™(G, L) is self-injective (algebraically).

(3) Lm[G/H] is a idempotent D™ (G, L)-algebra for all H C G normal
open subgroup.

Proof. Any group algebra of a finite group Gy over a field of characteristic
zero is isomorphic to the product of p ® Homy g1 (p, Lm[Go]) where p runs
over all irreducible representations of Gy. Since D*"*(G, L) = Jim Lu|G/H]
if G is compact, the first part of the corollary follows. The second statement
is clear since p is a direct summand of D% (G, L), so a projective module.
The second assertion follows since any direct product of division algebras
is self-injective, cf. [Lam99, Corollary 1.33B]. For the last claim, notice
that Lm[G/H] is a direct summand of D*"(G, L), namely, the projection
D*™(G,L) — Lm[G/H] has a section given by the Haar measure of H.
Writing D*"(G, L) = La[G/H] & M as D*™(G, L)-modules, tensoring with
La|G/H] gives

Lu|G/H] = Lu|G/H] ®ésm(G,L),l LalG/H]|®& M ®1L>sm(G,L),l Lu|G/H],

but the image of M in Lm[G/H] is zero, this implies that Lm[G/H] =
La|G/H] ®%SW(G o La[G/H] proving the corollary. O

Lemma 2.2.7. Let G be compact. Then
D"(G, L) ®prac,1)m D" (G, L) = Lm[G/Gh+],
where G+ 1= GPhﬁSr (L).
Proof. By (3) of we have D"(G, L)@ pie (1, mD*™(G, L) = DG, L) @5, 1) m
L. On the other hand, we have D"(G,L) = La[G/Gy+] ®rg D(@phEO,L).

Hence we reduce to showing that D(@phﬁo, L) ®1L)la(g Lm L = L, which fol-
lows from Corollary [2.1.6] O
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Corollary 2.2.8. Let G be an arbitrary p-adic Lie group over L and let Gg,
be G considered as a p-adic Lie group over Q. Let £ = ker(gg, ® L — g).
Then

D'(G, L) = L &4 D'*(Gy,, L) = D"(g, L) @5 D'“(Gyg,, L).

(gQ;ﬂL)
Proof. We have
L& D"(Gg,, L) = L&{ D" (8q,, L)7g D™ (G, L) = D' (g, L)27, D™ (G, L) = D'*(G, L),

where in the first and last equality we used Proposition m (3) and the
middle equality follows from Corollary 2.1.8] This shows the first assertion.
The last identity is proven in a similar way:

la la
L @f e D"(Gq,, L) = L &) D" (8q,. L) ®7L>la(ng,L)
= D"(g, L) ®pra(gq, 1) D" (G, L),

D'"(Gq,, L)

0Q,.L
where the second equality follows also from Corollary [2.1.8] ([

3. SOLID LOCALLY ANALYTIC REPRESENTATIONS

In [RJRC21] the authors introduced the concept of a solid locally analytic
representation for compact p-adic Lie groups over Q,. The goal of this first
section is to extend the main results of loc. cit. to the case where G is a
locally profinite p-adic Lie group defined over a finite extension of Q.

Let L be a finite extension of @, and w € L a pseudo-uniformizer. Let
(K,K™") be a complete non-archimedean field extension of L. Let G be
a p-adic Lie group over L. In §3.I] motivated from the main theorems of
[RJRC21], we define the derived L-analytic vectors of a solid representation
of G. We will show that they can be recovered as the Q,-locally analytic
vectors which are killed by some “Cauchy-Riemann equations”. In §3.2] we
define the oco-category of locally analytic representations of G, which will
be a full subcategory of the category of solid D!*(G, K)-modules, where
Dla(G, K) is the locally analytic distribution algebra of G. If in addition G
is defined over @), the co-category of locally analytic representations is itself
a full subcategory of the solid G-representations. Finally, in we give
sufficient conditions for a solid representation to be locally analytic.

3.1. Locally analytic vectors. Let G be a p-adic Lie group over a finite
extension L of Q, and let £ = (K,K™) be a complete non-archimedean
extension of L. We denote Kg the analytic ring associated to K. In the
following we review the definition of locally L-analytic vectors of solid G-
modules on Kg-vector spaces. We shall fix a good lattice Ly C g defined
over L, and for h > 0 we let G(" and G denote the analytic groups
G®"L0) and GP"£0) containing G' (resp. we let Gy and G+ denote Gz,

and @phl:o).
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Remark 3.1.1. When G is compact and L = Q,, the notation of [RJRC21]
and the one presented in this paper agree for the spaces of functions, i.e.
C(GM, K) and C(G""), K). Notice however that the distribution algebras
D(GM, K) and D(G"") | K) are written, respectively, as D" (G, K) and
D(h+)(G,K) in loc. cit.. In the current paper we are writing D"(G, K) =
D(GM"), K) and C"(G, K) = C(G""), K) instead since these are the spaces
that we use more often, we apologise for the discrepancy in the notations.
Lemma 3.1.2.

(1) Let G be a compact group, then the functors V +— C(GM V) and
V = CMG,V) for V € Mod(Km) are naturally promoted to exact
functors

Modyg (D'(G, L)) — Modicg (D'“(G3, L)).

(2) Let G be arbitrary, then the functor V s C'%(G, V) for V € Mod(Knm)
is naturally promoted to an exact functor

Modg(D"(G, K)) = Modig (D'*(G*, K)).
Moreover, the functors V — C(G™, V) and V s C'%(G, V) are exact in the

abelian categories.

Proof. For the compact case it suffices to prove the lemma for C(G(h), —)s
namely the other functors are constructed as limits or colimits of this. But
then by [RJRC21], Corollary 2.19] we have

C(G™,V) = RHom, (D(G", L), V),
as D(GW, L) is a D'*(G, L)-algebra one has the desired left and right natural
actions of D!*(G x G, K) = D'%(G, L) ®£. Dl (G, L) ®%. Km on C(GW, V).
On the other hand, D(G(h), L) is a Smith space, so projective as Lm-vector
space by [RJRC2I, Lemma 3.8 (2)], this implies that V — C(GM, V) is
exact in the abelian category. If in addition V is a D'*(G, K)-module then

one has the full action of D'*(G3, K) as wanted.
In the non-compact case, note that we have natural equivalences

C'"(G, V) = RHompua (g, 10y (D'*(G, K), C'*(Go, V)

for both the left or right regular action of D'*(G, K) on C'(Gy, V) and any
compact open subgroup Gy C G. This endows C'*(G, V) with commuting
left and right regular action of D'(G, K), if in addition V is a D'(G, K)-
module then we have the compatible action of

D'*(G* K) = D"(G,K) @ty D"(G, K) ®gy D'*(G, K)

as desired. Finally, since C'*(G,V) = ligh C(GM, V), the functor V s
C'*(@G,V) is exact in the abelian category. O
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Remark 3.1.3. The action of G? on a function f in any of the three cases is
heuristically given by ((g1, 92, 93) * f)(h) = g3 - f(gflhgg). If V arises as the
solid vector space attached to a locally convex vector space then the action
of G X G x G is given precisely by these formulas.

Given I C {1,2,3} a non-empty subset and V' € Modg (D'*(G?, K)) we
let Vi, € Modig(D'%(G, K)) be the restriction of V to the I-diagonal of
D(G3 K), i.e. V equipped with he D'(G, K)-module structure induced
by the embedding ¢t; : G — G®, 11(g); =g if j € I and ¢1(g); = eq if j ¢ I,
where eg € G denotes the identity element.

Definition 3.1.4. Let G be a p-adic Lie group over L.

(1) For G compact the functor of (derived) G(M-analytic vectors (—)%h—an .

Modcg (D'(G, K)) — Modicg(D'(G, K)) is defined as
V= = RHompua g 1) (K, (C(GM, V)., ,),

where the action of D'*(G, K) on V=9 ig induced by the xg-action
(the right regular action). Similarly, the (derived) G(*")-analytic
vectors is the functor on solid D" (G, K)-modules given by
VAR = R lim VA0 = RHompue g ) (K, C™(G, V)i 5)-
h'>h
If V € Mody_(D'"(G, K)) we let V=" and V"™ =" denote the H°
of their derived analytic vectors.

(2) For G compact, we say that an object V € Modyg(D'%(G, K)) is h-
analytic (resp. h*-analytic) if the natural arrow V=" — V/ (resp.
VBT —an v is an equivalence. If V Mod;g. (D'*(G, K)), we
say that V is non-derived h-analytic if the map V*~% — V is an
equivalence (resp. for h™).

(3) For G arbitrary we define the functor of locally analytic vectors

(—)Ela : Modyg (D'(G, K)) — Modig(D'%(G, K)) as
y Rla _ R@DZG(G,K) (K, Cla(G’ V)*Lg)

where we see V! endowed with the xp-action of D!%(G).
(4) For G arbitrary, we say that an object V € ModK.(Dla(G, K))

is locally analytic if the natural arrow V% — V is an equiva-
lence. If V € Modg.(Dl“(G,K)) we write Vo .= HO(VFla)  If
Ve Mod,%. (D'*(G, K)), we say that V is non-derived locally ana-
lytic if V! — V is an isomorphism.

Remark 3.1.5. The distinction between derived and non derived locally an-

alytic representations might look subtle at the beginning, we will see in
Proposition that there is no actual difference.

Remark 3.1.6. The definition of locally analytic vectors might seem slightly
strange since we are taking as an input a module over the distribution algebra
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instead of a solid representation of GG as it is usual. Note that, for any
V' € Modig (Km[G]) one can define the analytic vectors of V' as

Vi = RHomyg (o) (K, C"*(G, V )u1 3).

If G = Gq, is a defined over Q,, then D!(G, K) is an idempotent algebra
over Km[G] and the inclusion of Modxg (D" (G, K)) into Modxg (Km[G]) is
fully faithful. Then, for any V € Modyg(D'%(G, K)) one has

RHomy g (c1 (K, C'*(G, V)4, )
= RHompua (g gy (K, RHomyg () (D'*(G, K), C"(G, V)4, 4))
= RHompa (g, c) (K, RHompa g 1) (D*(G, K) @ i) D' (G, K), C*(G, V) )
= RHompya (g 10y (K, C'*(G, V )y 5),

proving that both definitions agree. However, if G is defined over L # Q, and
V is a D'%(@G, K)-module, then the locally analytic vectors of V' considered
as a solid G-representation are given by V@ RT'(¢, L), where V@ are the
locally analytic vectors as D'(G, K)-module and RT(¢, L) is the Lie algebra
cohomology of ¢ = ker(g ®qg, L — g), see Theorem W This shows that
there are different versions of “locally analytic vectors”, depending on the
category we start with.

Let us prove some basic properties of the functor of locally analytic vectors.

Proposition 3.1.7. The following assertions hold.

(1) Let Go C G be any open subgroup and V € Modyg (D" (G, K)), there
is a natural equivalence V| g, = (V|g, ) between the restriction
to Gg of the G-locally analytic vectors of V' and the Gy-locally analytic
vectors of V|q,.
(2) The functor (—)fe : Modyg(D'(G, K)) — Modkg (D'(G, K)) is
the right derived functor of W+ W' on the abelian category Modg. (Dl*(G, K)).
(3) The functor (—)fe : Modxg (D"(G, K)) — Modig (D'%(G, K)) pre-
serves small colimits. The same holds for (—)F"=" and G-compact.
(4) If G is compact, then VT = li%mh yRh—an — ligh Y Rht—an

Proof.

(1) By construction one has that

C'"(G, V) = RHompua (g, 1) (D'*(G, K), C'*(Go, V)
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where the D'*(Gg, K) acts by left multiplication on D"(G, K) and
by the left regular action on C**(Gy, V). One finds that

y e — RHompua (g ) (K, (c'(a, V))x1s)
= R@Dla(G,K)(Ka RMDM(GO,K) (DZQ(G» K), Cla(GOv V)*L?»))
= RHompia (g, k) (K, C'(Go, V)iis)
= (V]g,) e,

(2) By Lemma the functor V + C!*(G, V) is exact in the abelian

category of solid D'*(G, K)-modules. Then, one has that

VA = RHompa(g ) (K, C*(G, V),1,3)
is a derived Hom-functor, which implies that it is the right derived
functor of the invariants V'@ = Clo(@, K)% 3.

(3) By (1), we can assume that G is compact. By definition of (—)®@
and (—)Fh=an gince V s C9(G,V) = C'%(G, K) ®,LC. Vand V —
C(GM,V)=C(GW K)a ®é. V' commute with colimits, it suffices
to show that K is compact as D'(G, K)-module, this follows from
Proposition [2.1.5]

(4) Since taking locally analytic vectors commutes with colimits by (3),
and since one can assume G to be compact by (1), this is as con-
sequence of the compacity of K as D'*(G, K)-module and Remark
2111

O

The following proposition relates the functor of analytic vectors with the
distribution algebras.

Proposition 3.1.8. Let G be a compact p-adic Lie group over L, and let
V € Modig (D'(G, K)). Then

V= — RHompe(g 1) (DG, K), V)
VERT=an — RHompua ¢ 1) (D" (G, K), V).

In particular, an object V- € Modxg (D'*(@G, K)) is hT-analytic if and only if
it is a module over the idempotent D'*(G, K)-algebra DM(G, K).

Proof. This follows from the same proof of Theorem 4.36 of [RJRC21| using
Corollary 2.19 of loc. cit. O

Remark 3.1.9. Tt should be not true that the distribution algebra D(G(, K)
is an idempotent D'(G, K)-algebra for general G. For example, if G = Z,,
then D(G(h) ,Qp) can be described as the generic fiber of the formal complete

PD-envelope of X of a polynomial algebra Z,[X], which is not an idempotent
Zp| X]-algebra.

For general groups, we have the following immediate consequence.
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Corollary 3.1.10. Let G be ap-adic Lie group over L and let V € Modyg(D'*(G, K)).
Then

Ve = lim RHompye (g, (D" (Go, K), V) = lim RHompye 6, 1) (D(Gy”, K), V),
h h

where Gy is any open compact subgroup of G.

The following result verifies that taking locally analytic vectors defines an
idempotent functor.

Proposition 3.1.11. Suppose that G is compact. LetV € Modxg (D" (G, K)),
then VBh—an — (yRlayRh—an gy q \yRhT—an — (yRla\RhY —an 1 porticylar,
for any group G, (VEa)Rla — yERla  gnd the locally analytic vectors of a
Dl(G, K)-module is a locally analytic representation of G.

Proof. Tt suffices to prove that Vh—an = (yFlayFh—an ‘the other cases follow
from this after taking limits or colimits.

(VRla)Rhfan (VRhlJrfan)Rhfan

= hg
h1

= lim RHompua g, 1) (P(G"), K), RHompua ;) (D" (G, K), V)
h1

= lim RHompua g, 1) (D™ (G, K) @iz ) DG, K), V)
h1

= lim RHompua (1) (DG, K), V)
h1
— VRhfan

where the first equality follows from Proposition (3), the second equality
follows from Proposition the third equality is a ®-Hom adjunction,
the fourth equality follows from the fact that D" (G, K) is an idempotent
D'(@, K)-algebra and that D(GM, K) is a D™ (G, K)-module for all hy big
enough, and the last equality is Proposition again. O

The following proposition provides a different way to compute locally an-
alytic vectors as a relative tensor product of D'(G, K)-modules.

Proposition 3.1.12. Let G be a compact p-adic Lie group. The following
assertions hold.

(1) Let V,W € Modxg(Km|G]). Let V ®,LC- W be endowed with the

diagonal action. Then there is a natural equivalence
RHomycg ) (K,V @kg W) = (K(xq,) ®%g t(V)) ®é.[G] W(—d]

where (V') is the right G-module induced by V under the natural
involution v : Km[G] — Km[G], xq, = det(gg,) !, and d = dimg, G.
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(2) Let D denote D'*(G, K) or D'(g,K). Let V,W € Modig(D), then
there is a natural equivalence
RHomp (K, V ©1g W) = (K(x) @y t(V)) ®p W[—d]
where (V') is the right D-module obtained by the involution of D,
x = det(g)~! and d = dim, G.

Proof. Without lose of generality we can take K to be a finite extension of
Qp, the general case is deduced by taking a base change. By Theorem 5.19
of [RJRC2I] one has that

RHomyg(c) (K, V ®kg W) = K(xq,) @k gic) (V Okg W)[—d].
where we see K(xq,) as a right representation. By Proposition m (4), we
have natural equivalences
K(xq,) ®;Lc.[c] (V @xg W)l-d =1 ®;Lc.[c] (L(K (xQ,)) ©kg V Okg W)[=d]

= (K(xq,) ®kg {V)) Okaic) WI—dl,
this shows (1). By Propositions and the trivial representation is
a perfect D-module, in particular dualizable, this implies that the natural
functor
RHomp (K, D) @5 W — RHomp, (K, W)

for any W € Modyg(D) is an equivalence. Then, for V,W € Modyg(D), by
Proposition [1.2.6] (4) we have natural equivalences
RHomp (K, VegW) = RHomp(K, D)@p(V@k,W) = (RHomp(K, D)@k gu(V))@pW.

We are left to compute RHomp,(K,D) = K(x). For D = D'(g, K) this
follows by an explicit computation using the Koszul resolution of Proposition
2.1.4, For D = D"(G, K) one argues as follows: K is a D*""(G, K)-module
and D*™(G, K) = K ®k, (0.5) Dla(G, K) by Proposition (3). Then
RHosza(G,K) (K, Dla(G, K)) = RHolea(GJ() (Dsm(G, K) ®é5m(G,K) K, Dla(G, K))

= RHomp.m (¢ gy (K, RHompia (¢ 0y (D*"(G, K), D'*(G, K)))

= RHompem (g, i) (K, RHompa g 10y (K, D'(G, K)))

= RHomDsm G,K) ( ( ) ®Dl‘l(g,K) Dla(Gu K))
= RHompem (g, i) (K, K(X) ®xg P*"(G, K))
= K(x).

O

Remark 3.1.13. The last calculation in the proof is a special case of our
cohomological comparison isomorphisms that will be shown in §6]

Remark 3.1.14. In Proposition [3.1.12| we see x as a right D'*(G, K')-module.
It arises as the determinant of the right action of G on gV given by

(H - g)(v) = H(gvg™")
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for H € gV, v € gand g € G. We will often consider x as a left representa-
tion as well, in this case, it arises as the determinant of the contragradient
representation gV with action

(9- H)(v) = H(g'vg).
Corollary 3.1.15. Let G be an arbitrary p-adic Lie group over L of dimen-
sion d. The following assertions hold.

(1) Let V € Modxg (D'*(G, K)), then for any open compact sugroup
Go C G one has

VS = ((C"(Go, K)xy) @ K(X)[=d]) @ia (1) V-

In particular, the functor (—)%¢ has cohomological dimension d.
(2) Suppose that G is defined over Q, and let V € Modxg(Km[G]). Then

for any open compact sugroup Go C G one has
VIS = ((C'(Go, K )wy) @ K(X)[~d]) @Kgicy) V

where the locally analytic vectors are as in Remark[3.1.6
(3) Let V,W € Modyg(D"(G, K)), there is a natural equivalence

(V ®]lé. WRla)Rla — VRla ®IC. WRla.

Proof. (1) By Proposition the locally analytic vectors are indepen-
dent of Gy C G compact open, so we can assume without loss of
generality that G is compact. Then, by Proposition 3.1.12f (2) one
has

VA = RHompua (e (K, C(G, K )., @Ky V)
= (L(C'"(G,K).,) ® K(x)) ®%la(G,K) V.

(2) This follows from the same argument of the previous point using

Proposition [3.1.12| (1) instead.

(3) We can assume that G is compact. The orbit map Oy, : WHe —
C' (G, K) ®,LC. W R induces a natural equivalence

(3.1) cl(G,whey, = ol whie),,

at the level of functions this maps sends f : G — W to the function
f:G— W given by f(g) =g¢- f(g). Then, one computes

(V @f WROFIE = (,(C"(G, K).,) @ K(X)) @b i) (V OFg WH)

= (U(C"(G, K)s, g W) @ K (X)) @11y V

(L(C(G, W), )@ K (X)) @5gp) V
(U(CM(G, W) @ K(X)) @iy V

K)
K)

( (C'(G, K)xy) ® K(X)) @pra(ari0) v) Rpg WH

_ RI RI
%4 “®,C_W e,



32 JOAQUIN RODRIGUES JACINTO AND JUAN ESTEBAN RODRIGUEZ CAMARGO

In the first equality we use part (1). In the second equality we move
W to the left part of the tensor using Proposition[1.2.6](4). The third
equality is the definition C**(G, W) = C'*(G, K) ®,LC. W. The fourth
equality uses the natural equivalence (3.1). In the fifth equality we
take out the tensor with W@ since D'(G, K) is acting trivially on

it. In the last equality we use part (1) again.
[l

The previous computation implies that there are representations with
higher locally analytic vectors.

Corollary 3.1.16. Let G be a p-adic Lie group over L of dimension d. Then
for any profinite set S we have

(D'(G, K) ©xa KulS) ™ = (C*(G, K) ® K(x)[~d]) ©xa KnlS5]
where C1(G, K) = D'*(G, K)®Dza(GoyK)Cla(Go, K) is the space of compactly
supported locally analytic functions of G. If G is defined over Q, we also have

(Km[G x S))f* = (CI(G, K) © K (x)[~d]) @xq Kn[S]-
Proof. By Corollary (1) we have that
(D(G, K) @xq Ku[S])™
= (L(C"™(Go, K))uy ® K(x)[—d]) @pia(g, 1) (D*(G, K) kg Ku[S])

_ ((L(Cla(Gm )y ® KOO[—]) @pte sy 1) D (G K)) ©rca KulS]

= (C(G, K) ® K(x)[~d]) ©xq KnlS].

The second claim follows by the same argument using Corollary [3.1.15( (2)
instead. O

3.2. The category of locally analytic representations. Let L be a finite
extension of Q,. Our next goal is to define the co-category of locally analytic
representations and discuss some general properties of it.

Definition 3.2.1. We define the oco-category of locally analytic representa-
tions, denoted as Repfg. (G), to be the full subcategory of Modyg (D'*(G, K))
whose objects are locally analytic representations of GG. In other words,
Repgg. (G) is the full subcategory of solid D'*(G, K)-modules whose objects

are the V such that Ve =V,
Our next task is to show that the derived category of locally analytic

representations has a natural ¢-structure and that it is the derived category
of its heart.

Lemma 3.2.2. Given V € Modxg(D'(G, K)), one has that
VRla — hAl gn (7_[11,12]‘/)Rla7

b—+o00 a——00
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[a,b] — 7= <b

in the homotopy category, where a,b € Z with a < b and T YoT1=Y g5
the canonical truncation in the interval [a,b] in cohomological notation.

Proof. This follows from the fact that (—)®@ has finite cohomological di-

mension, see Corollary [3.1.15| (1). O

We now prove some basic and fundamental properties of the category of
solid locally analytic representations.

Proposition 3.2.3. Repfg. (G) is stable under all small colimits of Modcg (D'*(G, K))
and tensor products over Ka.

Proof. This follows from the fact that taking locally analytic vectors pre-
serves colimits, cf. Proposition and the projection formula of Corollary
3.1.15 (2). O

Lemma 3.2.4. Let G be compact. Then Repfg.(G) is the full subcategory of

Modyg (D'%(G, K)) stable under all small colimits containing the categories
Modyg (P"(G, K)) for all h > 0.

Proof. This follows from Corollary [3.1.10] O

Proposition 3.2.5. An object V € Modxg(D'(G, K)) is locally analytic if
and only if H' (V') is non-derived locally analytic for all i € Z. In particular,
the t-structure of Modyg(D'“(G, K)) induces a t-structure on Repyg (G)-

Proof. We can assume without lose of generality that G is compact. If V' is
locally analytic then Ve = lim VEN'=em and H' (V) = lim, Hi(VFI"—om),
but VERT—an i 4 D"(G, K)-module. This shows that the cohomology groups
H*(V) are colimits of D"(G, K')-modules for h — oo and is locally analytic by
Lemmam (so afortriori non-derived locally analytic). Conversely, suppose
that H* (V) is non-derived locally analytic for all i € Z. We want to show
that V is locally analytic. By Lemma[3:2:2]we can assume that V' is bounded
with support in cohomological degrees [0, k]. By an inductive argument one
the lenght of the support of V', we can assume that 721V is locally analytic,
then V is an extension

HO(V) -V — 72V — HO(V)[1].
Since H°(V) is non-derived locally analytic, it can be written as a filtered
colimit of D"(G, L)-modules, then it is actually locally analytic by Lemma

3.2.4} This exhibits V as the fiber of 721V — HY(V)[1] which is a locally
analytic representation by Proposition [3:2.3] O

Proposition 3.2.6. The category Repig’:fG] is a Grothendieck abelian cate-
gory. Moreover Repfg.(G') is the co-derived category of Repig’:?G].
Proof. To show that Repgg’.@(G) is a Grothendieck category, by the above

results, it is enough to see that it has a small family of generators. Let
Gy C G be a compact open subgroup. Since we are working with k-small
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condensed sets, by Lemma the category Repgg.(G) is generated by
{D"(G,K) Qpla(Go,K) DGy, K) ®xq Km[S]}ns where h > 0 and S runs
over all the x-small profinite sets.

Let us first prove that the right adjoint of the fully faithful inclusion
Repgg’:?(G) — Mod” (D' (G, K)) of abelian categories is given by the (non-
derived) locally analytic vectors. Let V' & Repﬁg’.@(G) and W € Modyg (D'(G, K)),
we want to prove that the natural map

HOHlDla(G’K) (V, Wla) — HOHlDla(G’K)(‘/, W)

is an equivalence. Then, it suffices to take V = DG, K) Qpla(Go,K)
DGy, K) ®xq Km[S] and show that the natural map

RHompia(g ) (V, W) — RHompa (g 10y (V. W)
is an equivalence. Indeed, one can find a resolution P®* — V of V' where each
term is a direct sum of elements in {D'*(G, K) Qpla(Go,K) DMG, K) ®xg
Ku[S]}n,s and calculate RHompua (g x)(V, W) in terms of this resolution.
Let V = D"(G, K) @pla(Go,K) DGy, K) @rcq Km[S], since we are taking

internal Hom, we can assume that S = x. By Proposition [3.1.11| we have
that

RHompua (g 10y (V, W) = RHompa (g, 1) (D" (Go, K), W)
— WRh'*'fam

(WRla)Rh+ —an

= RHompya(g, g (V, W),

proving the claim.

Now, let I be a k-small injective D'(G, K)-module. By [Sta22, Tag 015Z]

I'e = [Fla is an injective object in Repég’:?(G). Moreover, we have that

Thle — lim RHompya (g, k) (D"(Go, K), )
h

= lim Hompua (g, k) (D"(Go, K), 1)
h
— Ila.

Then, if V € Repﬁg’:?(G) and I*® is an injective resolution of V as D'*(G, K)-
module, we have
V = VRla _ Io,Rla _ Io,la
so that I*!® is an injective resolution of V in Repgg’@(G). The previous
|
implies that the RHom in the derived category of Repﬁg’:?(G) can be com-
puted as the RHom in Modjg(D'*(G, K)). Since Repgg’:?(G) is left com-

plete by Lemma [3.2.2] one deduces that it is the oco-derived category of
Repig’.@(G). O
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As a byproduct of the proof of Proposition [3.2.6] we have the following
result.

Corollary 3.2.7. The fully faithful inclusion Repgg. (G) — Modxg (D'*(G, K))
has for right adjoint the functor of locally analytic vectors V — Ve,

We end this section briefly discussing some functorial properties of the
categories of locally analytic representations. Let H — G be a morphism of
p-adic Lie groups over L and denote by hh — g the corresponding map between
their Lie algebras. We have a natural morphism of projective systems of good
lattices {M}rco, — {L}rcg,- In particular, if M maps to £, we have a

morphism of distribution algebras U (M) — U (£). On the other hand, the
forgetful functor F : Modxg (D" (G, K)) — Modig(D'*(H, K)) restricts to
a forgetful functor Repfg.(G) — Rep%.(H ). It has a right adjoint which is
given by the locally analytic induction

F : Repj, (G) = Modg (H, K) : la-Tndf;(—)
where
la- Indf (V) := RHompua (g g (D'(G, K), V) ~te,
If H C G is an open subgroup, then the forgetful functor commutes with
limits in the category of locally analytic representations (computed as the
locally analytic vectors of the limit in Modxg(D'*(G, K))). Then it has a
left adjoint called the compactly supported induction and is given by

la-cInd% (V) = D"(G, K) ®%)la(H,K) V.

3.3. Detecting locally analyticity. We finish this section with some addi-
tional results that can come in handy when proving that a solid representa-
tion is locally analytic. In the following we let G be an uniform pro-p-group
over Q, of dimension d and let log : G — g = Lie G be its logarithm.

Lemma 3.3.1. Let g1,...,9s € G and let I'y,...,I's C G be their gener-
ated pro-p-groups. Suppose that the smallest Lie subalgebra of g containing
LieT'y + --- + LieD's is g itself. Then there exists a tuple (iy,...,i,) with
ij € {1,...,s} such that the multiplication map

m:Filx---xFiT—>G

has open image around 1 € G. Furthermore, the map m admits a section of
p-adic manifolds locally around 1 € G.

Proof. Let X; = log(g;) € Liel';. Let . C G be the subset of elements
that can be written as a product of powers of g/s. We claim that {hX;h~1:
1 <i<s, h € Y} contains a basis of g. Indeed, by density of .
in an open subset of G, the Qp-spam V' of the objects h%;h~ " is a G-stable
subspace of g which in addition is stable under the Lie bracket. By hypothesis
V = g and we can find such a base. Let us take hy,...,hy € &, and
Kly...,kq € {1,...,s} such that {9); := hi%,ﬂhi_l ¢ | is a basis of g, and
set g; = hig,ﬁihfl. Given a tuple ¢ = (t1,...,¢r) let us writeI', =T, x--- ',

i
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and let m(I',) C G be its image under the multiplication map. Let us take ¢
big enough so that h;, h; ' € m(T,) for all i = 1,...,d. We claim that

m: ([, xTy xT)x---x ([, xIy, xI') =G

has open image around 1 € G. Indeed, denoting L, = @Zp , we have inclusions
I, — (I', x I'y, x I',) induced by ¢ = hl-g,‘iih;l, but the multiplication
map m : [y x - x fd — G has open image around 1 € G since it is
an isomorphism at the tangent space of the identity. Finally, m is a local

isomorphism and we can find a local section s : G — I'y x --- x 'y C
(I, xTy xT) x---x (I, xI'y, xI')) as wanted. O

Proposition 3.3.2. Keep the hypothesis of Lemma[3.3.1. An object V €
Mody g (Km[G]) is locally analytic if and only if its restriction to I'; is locally
analytic for all i = 1,...,s. Furthermore, if the restriction to each I'; is h-
analytic for some h, then V is itself h-analytic representation of G for some

(maybe different) h.

Proof. If V' is an analytic representation of G it is obviously a analytic rep-
resentation of I'; for all 4. Let us show the converse. By Proposition [3.2.5
(2) we can assume that V € Modg. (Km[G]) is concentrated in degree 0. By
Lemma there is a tuple ¢ = (¢1,...,¢) of elements in {1,...,s} such
that the multiplication map

m:I,: =0, x---xI', -G
is surjective, and such that we can find a section s : Gy — I, from an open
compact subgroup.
For each i € {1,...,s} we let 0; : V — Cont(TI';,V) and 6/ : V —
C'*(I';, V) denote the orbit maps. Then, composing orbit maps we obtain a
commutative diagram

O, 0,
Cont(T',,, V) — Cont(T,, _, x T, V) y oo —2 Cont(T',, V)

o,

T

% /jla ﬁla

clr, V) —=% Cla(r, _, xT,.,V) y oo —Ls (T, V).

Lr

v

Then, taking pullbacks along s, we have a commutative diagram

Cont(T',, V) —" Cont(Gp, V)

V

T, V) — s Ol (G, V)



SOLID LOCALLY ANALYTIC REPRESENTATIONS 37

such that s* o 0, = Og, is the orbit map of Go. It is easy to see that
s* 0 0! lands in V' namely, we have to see that s* o &'*(V) lands in the
%1 3-invariant vectors of C'*(Gy, V), but this can be easily prove using the
fact that each ﬁf“ lands in the %1 3-invariant vectors of Cl“(l“i, V) for all
i. Thus, we find a Gg-equivariant map V — V' whose composition with
the natural map V! — V is the identity. One deduces that V is a direct
summand of V'@ and afortriori a locally analytic representation of G.

The proof for the h-analyticity follows the same lines as above, knowing
that the product mI', — G and the section s : Gy — I, is locally on the I';
and G given by some analytic power series. U

The following proposition tells us when the generic fiber of a p-adically
complete G-representation is locally analytic.

Proposition 3.3.3. Let V € Modig,>0(Km[G]) a connective solid Km[G]-
module. Suppose that the following holds:

(1) There exists a p-adically complete object V't € ModK: ~o(KalG])
with V@b K =V.

"

(2) The action of G on V't /p factors through a finite quotient, i.e. there
exists an open subgroup Go C G such that the restriction of V' /p
to Go belongs to the image of Mod((K ™ /p)m) into ModK;r (Kg[Gol)
via the trivial representation.

Then V is a h-analytic representation for some h > 0.

Proof. We can assume without loss of generality that K is a finite extension
of Qp. Let g1,...,9¢4 € G be a local basis of G, and set I'; = gin. By
Proposition [3.3.2] it is enough to show that the restriction of V' to I'; is h-
analytic for ¢ = 1,...,d. Thus, we can assume that G' = Z,. In this case we
have Ok m[Z,] = Ok[[X]] with X = [1] — 1, and being h-analytic for some
h > 0 is equivalent to the existence of € > 0 such that V' is a K (}%%module,
or equivalently, that K(%) ®éx[[X}] V=V.

The tensor product K <§) ®éK[[ X]] V' is represented by the cone

(3.2) cone[V ®%(7. K(T) Xy ®%(7. K(T)].

By taking the g; small enough, we can assume that the multiplication by X
is homotopic to 0 on V' /p. Then, the multiplication map X : V* — VT
factors through a map

Take € = 1, the cone (3.2)) is equivalent to the cone

cone[V ®f(7. K(T) v ®%<. K(T)]
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which is the generic fiber of

C = cone[V' @b, mOx(T) =5V b, g Ow(T)].

On the other hand, we have a natural equivalence

cone[V* @5, Ox[T] 7=5 V* @b Ok[T]] = V*.

Taking derived p-completions and using [Man22bl, Proposition 2.12.10] one
gets an equivalence

cone[V* 05, g Ox(T) =5V @k g Ox(T)] = V*.

By inverting p one deduces that (3.2)) is equivalent to V' finishing the proof.
O

Remark 3.3.4. The same proof of Proposition holds for a quotient
V*/p® for any € > 0, namely, it is enough to suppose that V*/p® arises
as a trivial Go-representation.

4. GEOMETRIC INTERPRETATION OF LOCALLY ANALYTIC
REPRESENTATIONS

Let G' be a p-adic Lie group over a finite extension L of Q,. The pur-
pose of this section is to identify the category of locally analytic represen-
tations inside the category Modig(D'(G, K)). If G is compact, the alge-
bra D!*(G, K) can be though as the global sections of a non-commutative
Stein space. Global sections of sheaves over this space will give objects of
Modyg (D'(G, K)), and we will prove that the functor of “global sections
with compact support” induces an equivalence of stable oco-categories be-
tween quasi-coherent sheaves of this space and Rep%. (G).

In a second interpretation, for general GG, we will show that the category
of solid locally analytic representations of G can be described as the derived
category of co-modules of the coalgebra C!'*(G, K) of L-analytic functions.
Heuristically, if G' denotes the “analytic spectrum of C'*(G, K)”, the previ-
ous description provides a natural equivalence between Repgg. (G) and solid

quasi-coherent sheaves of the classifying stack [*/G"].

4.1. Locally analytic representations as quasi-coherent Dla(G, K)-
modules.

Definition 4.1.1. Let us write D'*(G, K) = lim DM@, K) as a limit of

<—h—00
h-analytic distribution algebras. We define the category Mod?cc. (Dl*(G, K))
of solid quasi-coherent modules over D'%(G, K) as the co-category
Mody (D'(G, K)) := lim Modx (D" (G, K)),
h>0

where the transition maps in the limit are given by base change.
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Objects in the category C = Modq,CC. (D'*(G, K)) are sequences of mod-

ules (V3,)p, with V;, € Modgg(D"(G, K)) such that for K/ > h one has
DMG, K) ®éh’(G K) Viy = Vi. Given two objects (V3,)n, and (W3), in

Modq,cc. (D'(G, K)), the spectra of morphisms is given by

RHome ((Vi)n, (Wh)n) = lim RHompr ¢ ) (Vs Wh).
h

The following lemma will give a sufficient condition for a morphism of objects
in C to be an equivalence.

Lemma 4.1.2. Let (Ry,)nen be a limit sequence of Ei-Km-algebras and let
C = l&nn Modjcg (Rn) be the limit category along base change. Let fq :
(Xn)n = (Yn)n be a morphism of objects in C, and suppose that there are
arrows hpi1 @ Ypr1 — Xn of Rpi1-modules making the following diagram
commutative

Xn+1 — Xn

i

Y1 —— Y.
Then fo is an equivalence in C.

Proof. We have to prove that each f,4+1 : Xp41 — Yan41 is an equivalence.
We have a commutative diagram by extension of scalars

Xpir —— Ru @ Xopt — X,

lfnﬂ 1®fn+1l %4_1\%%

L ~
Yoy —— Ry @k Yo — Y.

~ 1®h,
A diagram chasing shows that the map Y,, — R, ®l%n+1 Yot1 RN X,
defines a homotopy inverse of f,, proving that f, is an equivalence. O

Next, we define natural functors between the category of modules over

D'*(G, K) and Mod{_ (D"(G, K)).
Lemma 4.1.3. Let j* : Modig(D"(G, K)) — Modi (D"(G, K)) be the
localization functor sending a D'(G, K)-module V to the sequence (Vi)

with Vi, = DMG, K) ®1L)la(G,K) V. Then j* has a right adjoint j, given by

J«(Vi)n = RIim V.
3

Proof. Let us denote C = Mod?cc. (DG, K)), let V = (V,) € Cand W €

Modyg (DP'%(G, K)). We have a natural map W — R lim, (DM@, K)®éla(G,K)
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W), and by construction we have

RHome (j*W, V) = Rlim RHompn ¢ i) (D" (G, K) @Fa .10y Ws Vi)
h
= Rlim RHompua (g ) (W, Vi)
h

= RHOHl'Dla(GJ() (VV, R %1 Vh),

proving that the right adjoint of j* is j, as wanted. O
Our next goal is to construct a left adjoint 5 for the localization functor

§* : Modig (D'(G, K)) — Mod;’(‘f. (D'*(G, K)). We shall exploit the fact
that the maps D" (G, K) — D"(G, K) and C"(G,K) — C" (G, K) are of
trace class for h' > h. Moreover, they factor through D'-modules

DY (G, K) —» D" (G, K) — DG, K)
and

oG, K) — TG, K) — C" (G, K)
with D" (G, K) and 5h(G , ') being compact projective as Km-vector spaces.
We will write C"B(G, K) and DB (G, K) for the duals of D' (G,K) and
Eh(G, K) respectively, these are K-Banach spaces.
Lemma 4.1.4. Let f : V — W be a trace class map of Km-vector spaces.

There is a morphism RHom g (W,—) — VV ®,LC. — making the following
diagram commutative

WY @k, — — RHomy (W, -)

|

VY @gg — — RHomg(V,—)

Proof. This is analogue to [CS22, Lemma 8.2]. By definition the map f arises
from a morphism K — V'V ®é. W. Let P € Mod(Km) we have morphisms
functorial in P

RHom (W, P) — RHom (VY ®xq W, V" @xg P)
— RHomy (K, VY @k P)
=V' Qxg P
— RHomy (V, P).
O

Corollary 4.1.5. Let f : V. — W be a morphism of D'*(G, K)-modules
which is trace class as Km-vector spaces such that the morphism f : K —
VV@%.W defining f is D'*(G, K)-equivariant. Then there is a map RHompa g ) (W®
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x[—d],—) = VV &k = (depending on f) making the following diagram

Dle(G,K
commutative
wY ®%ZQ(G,K) - RiHolea(G,K)(W ® X[_d]7 _>
VY @hiar — — RHompu g ) (V @ x[—d], -)

where VV = RHom (V, K), x = (detg) ™! and d = dim(G).
Proof. By Lemma [£.1.4] we have morphism functorial on P
RHom (W @ x[~d], P) = (V @ x[~d])" ®xq P — RHom (V ® x[~d], P),

since the map K — (V)" ®xq W is D'(G, K)-equivariant, then the pre-
vious are morphisms of D'(G, K)-modules. Taking invariants and using
Proposition |3.1.12| (2) one finds the desired commutative diagram. O

Lemma 4.1.6. Let h > I, the trace class maps D" (G, K) — D"(G, K) and

C"G,K) — CV(G,K) arise from a natural D'*(G, K)-equivariant arrow

K — C"(G,K) ®xq D"(G, K).

Proof. Without lose of generality we can assume that K is a finite extension

of Q,. We can factor D" (G, K) — D" (G,K) — D"(G, K) where D" (G,K)

is a distribution algebra whose underlying Km-vector space is compact pro-

jective with dual C"B(G, K). Then the morphism D" (G, K) — D"(G, K)

comes from the map

K — Homy (D" (G, K), D"(G, K)) = C"B(G, K)@xg D" (G, K) — C" (G, K)®xg D" (G, K),

which is D'*(G, K )-equivariant by construction. Similarly, the map C"(G, K) —

C" (@G, K) factors through a smith space 6h(G, K) with dual D"5(G, K).

Thus, C*(G, K) — C" (G, K) arises from the map

K — RHomy (C(G, K),C" (G, K)) = D"B(G, K)@xgC" (G, K) — D'(G, K)®xgC" (G, K).
([

Theorem 4.1.7. The map j* has a left adjoint j, given by

ji - Modje (D'(G, K)) — Modig (D' (G, K))

H(Vi)n = (Rli%nvh)ma-
The functor jy is fully faithful, and j7*W = W for all W € Modyg (Dl*(@G, K))
so that the essential image of ji is the category Repgg.(G). In particular, it
induces an equivalence of (stable 0o )-categories

Modie (D'(G, K)) = Repjtg (G).
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Proof. The lines of the proof are as follows. We will first prove that there
is a natural equivalence j*5V =5 V for V. € Mod%(D'(G, K)). Then,
we show that for W € Modig(D"(G, K)), the map W — j.j*W gives
rise a natural equivalence W1 =5 4 5*IW. Taking inverses, these define
a unit V.55 %4V and a counit jij*W = WY — W which will give
automatically an adjunction such that j is fully faithful with essential image
the category of locally analytic representations. To lighten notations, we will
denote D'* = DI*(G, K), D" = D"(G, K) and C" = C"(G, K) for any h > 0,
and we omit the decoration for derived limits and tensor products. We will
also use Corollary to write the locally analytic vectors as colimits of
Hom'’s spaces from distribution algebras.

Step 1. We first show that there is a natural equivalence j*ji(Vy,)n —
(Vi)n. Unravelling the definitions, we have

J h(Vi)p = (Dh3 Qpla @R@Dla (Dh2, m Vhl))hg'
hg hl

In the above description, observe that we can assume that hy > ho > hs.
Observe that the map D' — D" induces a map

(4.1) D" @pia lig RHompua (D2, 1im Vi, ) = Vg
hg hl

Indeed, this follows since

D" @pa lim RHompia (D', Jim V, ) = D™ @pia Lim Vi, — Vi
ha h1 h1

This provides a natural morphism j*51(Vi,)n, — (Vi)p, for (Vi) € Mod;]cc. (Dla).
We want to prove that this map is an equivalence, for this we will use Lemma
The key idea to will be to successively use that, for A > h’ the restric-
tion maps C" — Ch are trace class maps and use Corollary to move
from one sequencial diagram to the other.

Consider, for any hg > hs > hj the following commutative diagram:

D" @pia RHompa (DhQ,Lith1 Viy)

lim, (D" ®pte RHomp. (D", V,)) lim, (D" @pia RHompy. (D2, V3,))
RHomp. (C"* ® x[—d], RHomp. (D2, @hl Vi,)) —— RHomp. (C" @ x[—d], RHompua (DM’@}“

The horizontal maps are the obvious maps, and the first vertical maps are
the natural maps. The only maps needing explanation are the last verti-
cal ones and the dotted diagonal arrows. The last vertical arrows are con-

) hs _ 1; R’ hs _ 1; B _
structed as follows: we have C"3 = mh’<h3 C" and D™ = h—n>lh'<h3 DY =

ligh,< hs RHom . (C" | K) with trace class transition maps. The second equal-

ity for the distribution algebras follows since the maps C" — C" factor

D"s @pie RHompa (D2, lim, V)

Vi)
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. . —h . ..
through the compact projective Km-vector space C'', so in the colimit the
derived or non-derived Hom’s are equal. Then, the second vertical arrows
arise from the natural maps

lim V; ® (=) — lim RHom(V;, —) — RHom(R}im V;, —).

The dashed arrows are given by applying Corollary to the restriction
map f : V = C" — W = C" which is trace class and evaluating it
at RHomgpia (D"2,V3,) for each hy and passing to the limit. Furthermore,
evaluating Corollary at the object RHompuw (D2, X) with X = Vj,
and l'&lh1 Vi, gives us a map

RHom . (C" @ x[—d], RHomp (D2, X)) — D" ®@pie RHompi (D2, X).

Corollary [£.1.5 also implies that the previous functors are natural on X and
that the dashed arrows in the diagram above are compatible. We note that
by adjunction

RHomgpia (C" @ x[~d], RHompia (D"2, lim Vi, ))
h1
= RHompia (C"* @ x[~d] @pte D", lim V)

h1
= RHompia (C"* @ x[~d],lim Vi),
h1

where the last equality follows since C" is already a D"2-module, as ho > hs.
The same holds for the analogous term with hj.
On the other hand, we have another commutative diagram

lim, RHompi. (C" @ x[—d], Vi,) —— lim, RHompi (C" @ x[—d], Vi)

[ I

lim, (D" @p Vi) lim, (D" @k, Vi,)
ZT ZT
Vh3 > th

Summarizing, joining both diagrams and taking colimits as he — oo we get
a commutative diagram

D" @pu lim,  RHompy, (D", lim, Vi) —— DM @i lim,  RHompi (D"2, lim, V1)

I.thl RHompta (Chs ® X[_d]v Vh1> - @lu RHompia (Ché ® X[_d]7 Vhl)

| |

VhS 7 Vh/3 .
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Finally, a diagram chasing shows that the vertical maps commute with the
morphism (4.1]), obtaining a (final!) commutative diagram

D" @pia ling, RHompra (Dh2, lim, Vi) —— D" @pa ling, RHomgpra (Dh2, lim, Vi)

\

Now Lemma concludes the proof of Step 1.
Step 2. Next, we will prove that for W € Modxg(D'*(G, K)) the unit map

~

W — j.5*W induces an equivalence on locally analytic vectors W1 =
(joj*W)Fla = 5,5*IW. Composing the inverse of this map together with the
natural arrow WHe — W one obtains a counit jij*W — W. To prove the
equivalence on locally analytic vectors note

(43" W)™ = lim RHompia (D", im (D™ @5, W))
ha

h1
= lim lim RHompr. (D", D™ @5, W)
ha hi
= lim lim((C"2 @ x[—d]) @pi D" @0 W)
ho hi

= ling(C" © x[~d]) @, W
ho
= lim RHompya (D2, W)

RI
— whla

where the first equality is just the definition, the second one is obvious, in
the third and fifth equalities we use Corollary and the fourth follows
since C"2 is already a D" -module since one can assume ki > hs in the limit.

Step 8. We now show the adjunction using the first two steps. Indeed, let
V € Mod%(D'*(G, K)) and W € Mod(D"(G, K)). We have

RHompu (1V, W) = RHomp. (71 V, W)
(1V; (G5 W) )
= RHompua (71 V, 5. j*W)

= RHomy (571 V, j*W)
= RHom,(V, j*W),

= RHompia

where in the first and third equalities we used the adjunction of Corollary
since 71V is locally analytic. The second equality follows from Step 2,
the fourth equality follows from Lemma and the last equality follows
from Step 1.

Step 4. Finally, the last thing to check is that the essential image of j
are the locally analytic functions. But this follows immediately from Step 2
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since WHle = 5 *W for any W € Modg (D" (G, K)). This concludes the
proof of the theorem. O

Corollary 4.1.8. LetV € Mod%. (D'(G, K)), then the counit map j*j.V —
V is an equivalence. In particular, j, also defines a fully faithfull embedding
from Mod;lcc. (D'*(G, K)) into Modicg (D'*(G, K)) with essential image those
Dl(G, K)-modules W such that W = j,j*W.

Proof. By definition one has j,V = Rl'£1h Vi,. By Theorem j* is aright
adjoint, in particular it commutes with limits, one deduces that j*j,.V =
R@h 7*Vy, by definition this object is the sequence

(RYim j* Vi) ) = (Um(D" @pia Vi) = (Vi)
h h

which proves the corollary. O

We now give some examples showing how this equivalence behaves. In
particular, it does not preserve the natural t-structures on both sides and
hence does not induce at all an equivalence of abelian categories.

Example 4.1.9. We have

(1) j*D'(G, K) = (DM(G, K))i.

(2) jij*D"(G, K) = C"(G, K) ® x[~d].

(3) j*C'*(G. K) = (D"(G, K) ® x~[d])-

(4) If V is a D"(G, K)-module then the sequence (V )/~ defines an
element in Mod;’cc. (D'(G, K)) and one has ji(V), = j«(V), = V. In
particular, for each h > 0, Theorem {4.1.7|restricts to the equivalences
of [RJRC21, Theorem 4.36].

Proof. The first point follows by definition. Part (2) follows from (1) and
Corollary [3.1.16] Indeed, we have
j!j*Dla<G,K) — an'Dh(G, K))Rla — Dla(G, K)Rla.
h
Applying j* to the second example, we obtain

j*Cla(G7 K) = j*j!j*pla(G7 K)®X71[d] - j*Dla(Gv K)®X71[d] = (Dh(G7 K)®X71[d])h7

where for the second equality we used the equivalence of j*ji — id of
Theorem The last point follows directly from the definitions. In-
deed, if V' € Modig(D'(G, K)) is in fact a D*(G, K)-module, then j*V =
(D" (G, K) ®piac,x) V)n = (V)w>n, which is a constant sequence, and we
have j,.(V), = yinh V =V and (V) = (juV)Fle = VRle =y, O

Example 4.1.10. As the notation suggests, the functors j*, j. and j' should
come from a 6-functor formalism of “non-commutative spaces” which at the
moment is not available. When G = Z,, nevertheless, the functors j*, j.
and j) can be interpreted as part of the six functors of the open rigid ball of
radius one.
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Definition 4.1.11. We define a duality functor on C = Mod;lcc. (D'(G, K))
by mapping an object V = (V},), to

D(V) := j*(1im RHompw (Vi, D" (G, K)@x~'[d])) = lim j* RHompua (Vi, D" (G, K)@x ' [d]).
h h

Lemma 4.1.12. Let V € Modig (D'%(G, K)), then

j* RHomgy (V, D'(G, K)) = j*(lim(RHompr (Vi,, D"(G, K)).
h

Proof. We compute
j* RHompu. (V, D'*) = (D" ®F,. RHompue (V, D).
By Corollary this system is cofinal with the system
(RHompia (C" @ x[~d], RHompa (V, D)) .
But
RHomp. (C" ® x[—d], RHompu. (V, D'*)) = RHompi (C" @ x[—d] @pia V, D'?)
= RHomp (V, RHompra (C" ® x[—d), D'*)),

and hence, applying again Corollary we get that the Pro-system (RHompi. (C'®
x[—d], D))}, is equivalent to the Pro-system (D"®p1. D!?);, = (D");,. We de-

duce from Corollarya natural equivalence of Pro-systems j* RHompa (V, D'¢) =
(RHompu (Vy,, D™);, which proves the lemma. O

Proposition 4.1.13. Let V € Modxg (D'(G, K)), then
j*RHom(V, K) =D(j*V)

where we use the involution of D'*(G, K) to see both modules as left D'*(G, K)-
modules. In other words, the duality functors as K -vector space or D'*(G, K )-

module become the same (modulo a twist) in the category of quasi-coherent

Dl(G, K), e.q. in the category of solid locally analytic representations.

Proof. By definition we have that j* RHom, (V, K) = (Dh®ZL)la RHomy (K, V))p.

By Corollary the Pro-system j*(RHom (V, K)) is cofinal with the Pro-
system

(RHompi (C" © x[~d], RHom (V, K)))-
We also have that
RHomp. (C" @ y[—d], RHom (V, K)) = RHom (C" ® x[~d] ®%,. V, K)

= RHompw. (V, RHom  (C" @ x[—d], K)).

Using Lemma we see that the Pro-system (RHom ; (C"®@x[—d], K))p, is
cofinal with (D" ® x~![d]);. One deduces that j*(RHomx (V, K)) is cofinal

with the Pro-system (RHompuw. (V, D" ®x![d])). One concludes by Lemma
O
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4.2. Admissible and coadmissible representations.

Definition 4.2.1. We define the derived category of perfect D'*(G, K)-

modules to be the inverse limit Mod?<"/ (De(G)) = lim, Mod?™ (DM(G, K))

of perfect D"(G, K)-modules. Under the fully faithful embedding j, : Mod,qcc. (D(G,K)) —
Mod g (D'*(G, K)), we denote by Mod{2*(D(G)) the essential image of

Mod?™ (Dl(@)) and call it the derived category of coadmissible D'(G, K )-

modules. Analogously, under the equivalence j : Mod;lcc. (Dl*(G, K)) —

Repgg. (G), we denote by Rep(G) the essential image of Mod$2*4 (D' (@)

and call it the derived category of admissible locally L-analytic representa-

tions of G.

Let us relate Rep%d(G) with a more classical definition of the category of
admissible representations. We first need to recall some properties of the
distribution algebras.

Proposition 4.2.2 ([ST03]).

(1) There are Banach distribution algebras DU (G, K) with dense and
trace class transition maps D(h/)(G,K) — DW(G,K) for W > h,
such that D'*(G,K) = lim, DW(G, L) is presented as a Fréchet-
Stein algebra. In particular the rings DU (G, K) are noetherian so
any finite DM (G, K)-module is naturally a Banach space, and the
morphisms of algebras D'*(G, K) — DM(G, K) and D) (G, K) —
DW(G,K) for W > h are flat.

(2) The rings DW(G, K) are Auslander of dimension d = dimp, G. In
particular, any D(h)(G, K)-module of finite type has a finite projective
resolution of length at most d.

Remark 4.2.3. The algebras D(h)(G,K) used by Schneider and Teitelbaum
(denoted by D,(G,K) in loc. cit.) are different from those D"(G, K)
used in this paper. It should be true that that algebras D"(G, K) are
noetherian and Auslander of dimension d, and that the transition maps
Dl*(G,K) — D"G,K) and D" (G, K) — D"(G,K) are flat for K/ > h,
see [CS22, Theorem 10.5]. On the other hand, the systems (D" (G, K))y,
and (D"(G, K))j, are cofinal, this implies that we can also write
Mod§ (D'(G, K)) = y%nMod,C_ (D"(G, K)).

Corollary 4.2.4. The category Mod$2*4(D'(G, K)) has a natural t-structure
with heart given by the abelian category of coadmissible D'*(G, K)-modules,
i.e. DG, K)-modules of the form V = Y&nh(vh)h, where the Vi,’s are
DG, K)-modules of finite type such that DM (G, K) ®é<h,> Vi =V for
h' > h.

Proof. The flatness of the rings of distribution algebras implies that the ¢-
structures on the categories Mods<™/ (D((@, K)) are preserved under base
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change, this shows that Mod%%4(D!*(G, K)) has a natural t-structure and
that the heart is, by definition, the abelian category of coadmissible D'*(G, K)-
modules of [ST03]. O

Remark 4.2.5. One can ask for the relation of the (triangulated) bounded
derived category of the abelian category of coadmissible D'*(G, K )-modules
and the homotopy category of the bounded objects in Mod$2%(D'(G, K)).
We do not have an answer to this question, however the first could be poorly
behaved as the abelian category of coadmissible D' (G, K)-modules might
not have enough injectives or projectives.

Lemma 4.2.6. Let V € Modlfce:f’@(Dla(G)) be a perfect D'*(G, K)-module
in the heart. Then (5,V)VF% is a locally analytic representation concentrated
in degree 0.

Proof. Let V' = (V},), be a perfect D'*(G, K) module. By definition we have
(4. V)" = lim RHomp. (D", RHom (j..V, K)) = lim RHom (D™ @55,V K).
h h

By Corollary we have j*5,V = V, so that D" @1 j,.V = Vj,. Therefore
(4:V) V11 = lim RHom (Vi K),
h

but Vs is a D) _module of finite presentation, and Vj, = D" Qpmny Vi
One deduces that Vi — V3 is a trace class map, defined by a trace map
K — HY(V}Y) @xg Viv. Let Wy := HY(V}Y), one then has a factorization

V,/ = RHomy (W ®Kg Vi W)
— Wh/
— Vi

where the first map is the obvious one, the second follows from the trace map
K — H%(V}Y) ®xg Vi, and the last from the natural map Wy, = HO(V,Y) —
V. One concludes that

lim V," = limg W,
h h
sits in degree 0 which proves the lemma. ([

The reader might ask about the relation between the equivalence provided
by Theorem and the classical anti-equivalence of categories [ST03, The-
orem 6.3] of Schneider and Teitelbaum. In [RJRC2I], Proposition 4.42] we
have shown how one can recover this result from our previous work. The
following result, which is a summary of many of the previous results of this
section, shows how Schneider and Teitelbaum’s equivalence sits inside the
equivalence of Theorem proving that our theorem can be seen as a
refinement of [STO03| Theorem 6.3].
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Proposition 4.2.7. We have a commutative diagram

Modyg (D*(G, K)) —2— Modfs, (D'*(G, K))

[y |p)

Repley (G) +—2—— Mod}<, (D*(G, K)),

where the right vertical arrow is given by the dualizing functor of Definition
[£.1.11. Moreover, when restricted to the abelian category of coadmissible
Dla(G, K)-modules, the composition jioDoj* restricts to the anti-equivalence
of [ST03, Theorem 6.3].

Proof. We first prove that the diagram is commutative. By Proposition
4.1.13] we know that Do j*V = j* RHom (V, K), so that

ji ODOj* _ (]'j*v\/) — (V\/)Rla
by the second step of the proof of Theorem Lemma [4.2.6] shows
that, when we restrict to the subcategory Modfgzd’(Dla(G, K)), this com-
position of functors is concentrated in degree 0 and hence coincides with

V +— Hom (V, K) which is an admissible locally analytic representation. [J

Proposition 4.2.8. Let V € Rep(G) be an admissible locally analytic
representation. Then, letting V' := RHomy (V, K), we have

(V) =V
Proof. Since V is admissible one has that V = jiW for W € Mod?"/ (D'*(G, K)),
in particular j*V = W. The object W is reflexive for the functor D(—) be-
ing a limit diagram of perfect D*(G, K)-modules, one deduces that W =
D(D(W)). On the other hand, Proposition [4.1.13[says that D(W) = 5*(V'V),
one deduces that j*V = D(D(W)) = D(;*V") proving the proposition. [
We conclude by studying the dualizing functor in the non-compact case.

Let G be a locally profinite p-adic Lie group over L and Gy C G an open
compact subgroup. We denote

—la a a a
D“(G,K) = RHompu g, x)(D"(G, K), D"(Go, K)) =[] D"(Go, K),
9€G/Go

one easily verifies that this is the dual space of the locally analytic functions
of G with compact support. We define a duality functor in Mod g (D'(G, K))
by D(W) = RHompa (¢, iy (W, fla(G, K) ® x~![d]). Notice that by adjunc-
tion

D(W) = RHompua g, i) (W, D'*(Go, K) @ x ' [d])
so that it is the natural induction of the duality functors from compact p-

adic Lie groups. Observe that the duality functor just defined is compatible
with the duality functor on Modj (D'%(Gy, K)) of Definition 4.1.11} namely

if W € Modyg(D'"(Go, K)), then by Lemma [4.1.12| one has D(j*W) =
7*D(W). We have the following proposition.
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Corollary 4.2.9. We have a commutative diagram

(_)Rla

Repiy (G) <—— Modg (D"(@))

(_)V,Rlal JD(_)

Repiy(c) (S Modr (D'*(G)).

In other words, the duality functor D is compatible with the duality functor
(=) of Repid (G).

Proof. Observe that, if Gg C G is an open compact subgroup, since for
any W € Modig(D'*(G, K)) we have j*(W) = j*jij*(W) = j*(WH) by
Theorem [4.1.7], the diagram of Proposition [£.2.7] can be written as

Reply (Go) +~— Mod{, (D'*(Go, K))

(-yata |p)

Repj, (Go) —— Modj (D'*(Go, K)).

The corollary follows since D(W) = RHomg, (W, D"(Go, K)® x[d]) is the
duality functor for Gy, and the duality functor D : Mod?cc- (D'*(Go, K)) —
Modq,CC. (D'(Gy, K)) is the pullback by j* of the duality functor on Mod g (D" (Go, K))
by Lemma O

4.3. Locally analytic representations as comodules of C'*(G, K). Let
G be a p-adic Lie group over L. In this section we show that the category
of locally L-analytic representations of G can be undestood as the derived
category of quasi-coherent sheaves over a suitable “classifying stack” [*/G!?]
of G. Throughout this paper we will only see this stack as a formal object
for which the category of quasi-coherent sheaves can be defined by hand as
a limit of a cosimplicial diagram; an honest definition as a stack will require
a notion of stack on analytic rings that we will not explore in this work.

Definition 4.3.1.
(1) Let G be a group acting on a space X. We define the simplicial
diagram (G" x X){,jeaor With boundary maps dj, : G" x X — G 1 x
X for 0 < i <n defined by

, (Gns- - -+ 92, 17) if i =0
d;(gn,"‘,gl,ﬂf): (gn;---vgi+lgia-~-7gl,x) fo<i<n
(Yn—1,---,91,) ifi=n

and degeneracy maps s/ : G" x X — G"! x X for 0 <i < n given
by sending the tuple (gn,...,g91,2) to (gn,-..,1,...,91,2) with 1 in
the ¢ 4+ 1-th coordinate.
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(2) Let Gy C G be an open compact subgroup. We define the category
of quasi-coherent sheaves on G to be

Modf (G'*) := [ Modig(C"(9Go, K)).
geG/Go

(3) We define the category of quasi-coherent sheaves on the classifying
stack [*/G'?] to be the limit

Mod{;, ([+/G"]) = lim Modj (G™'").
[n]leA

Remark 4.3.2. The definition of Mod;’é. (G') is made in such a way that for
G compact we can see G' as the analytic spectrum of C'*(G, K), and that
for G arbitrary G'@ = Ugec/co gGY. Then, the definition of MoquC.([*/Gla])
follows the intuition that [*/G!?] is the geometric realization of the simplicial
space (G™!), caop.

Theorem 4.3.3. There is a natural equivalence of symmetric monoidal sta-
ble co-categories

Repiy (G) = Modi, ([+/G")),
where the tensor product in the LHS is the tensor product over Ku.

We need a lemma.

Lemma 4.3.4. There is a natural symmetric monoidal equivalence between
the abelian category Repgg’.@(G) of locally analytic representations of G, and

the abelian category of comodules of the functor C'*(G, =) mapping V €
Mod® (Km) to C'*(G,V) = [1,cq/a,(C*(9Go, K) ©xq V).

Proof. Givenamap & : V — C'%(G, V) we have a morphism V — C'*(G, V) —
Hom ; (D'*(G, K), V) which by adjunction gives rise a map p : D"(G, K) @
V — V. If 0 is a comodule then p is a module structure and V' defines an

object in Mod,%. (D'*(G, K)). Restricting the co-module structure to G one
finds that the morphism @|g, : V — C'%(Gy, K) kg V lands in the invari-
ants of the % 3-action of D'?(G, K) in right term. Thus, by taking invariants
one finds that V is a direct summand of V' which implies that V is locally
analytic itself, i.e. V € Repgg’:?(G). Conversely, given V € Repﬁg’.@(G) one

has an orbit map & : V — C!(G, V) which is clearly a comodule for the
functor C'*(G, —). It is easy to check that these constructions are inverse
each other. g

Proof of Theorem [4.53.3 By [Man22bl, Proposition A.1.2] the category Modq,cc. ([x/G")

is the derived category of descent datum of * over G'® via the trivial action,

which is the same as the abelian category of comodules V — C!(G, V). By

Lemma [4.3.4] this abelian category is naturally isomorphic to Repgg’.Q(G) as
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symmetric monoidal categories, taking derived categories one has an equiv-
alence

Repity (G) = Modi ([x/G™])
as symmetric monoidal stable co-categories. ([

Corollary 4.3.5. Let G be a compact p-adic Lie group over L, then we have
natural equivalences of stable co-categories

Modff, (D" (G. K)) = Repiéy () = Modity ([+/G™).

4.4. Classifying stack of rank one (p,I')-modules and locally ana-
lytic representations of GL;. In this section, we explore an interesting
application of Theorem for the group O to the locally analytic cate-
gorical p-adic Langlands correspondence for GL; as formulated in [EGH23].

We let X} be the classifying stack of rank 1 (¢, I')-modules over the Robba
ring on affinoid Tate algebras over K = (K, K™), cf. [EGH23|, §5]. This stack
is represented (cf. [EGH23| §7.1]) by the quotient

(W x G3) /G
with trivial action of G¥', where W is the rigid analytic weight space of O
whose points on an affinoid ring A are given by continuous (eq. Qp-locally
analytic) characters Hom(O;', A), and where G{" denotes the rigid analytic

multiplicative group. Let LX be the restriction of scalars of L* from L to
Qp. In [EGH23], the authors conJecture that the natural functor

(4.2) el Rep,‘é.(L@p) — Modg'(Xy)

given by Sﬁéa(ﬂ') Ox, ® 7w (cf. |[EGH23| Equation (7.1.3)]) is

Dla(LX JK)
fully faithful when restricted to a sultable category of “tempered” (or finite
slope) locally analytic representations.

On the other hand, for the functor )32;“ to be fully faithful without re-
stricting to a smaller subcategory of Repgg.(Lap), one can also modify the
stack X7, namely, we consider

leod [W % Galg/Galg]

where G&9 is the analytic space attached to the ring (K[TH], K*)g =
Km ®z Z[T*1]. To lighten notation we will use the version of X7 and X7"°%
involving the space W C W of L-locally analytic characters, and the group
L* instead. The same arguments will hold for the spaces defined over Q,,.

To describe the category of solid quasi-coherent sheaves of the original
stack A7 in terms of representation theory we need to introduce a certain
algebra of “tempered sequences” on Z.

Definition 4.4.1.
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1) We let ¢&mP < K be the subalgebra with respect to the point-
7K y/
wise multiplication consisting on sequences (a,)nez such that there
exists 7 > 0 such that sup,cz{|an|p~"""} < co. Equivalently, Let
O(Gyr) =lim  K(p"T,5r), then £7% = 6(Gg)Y . We let Z'emr
denote the analytic space defined by the algebra Etzenfzp .
(2) Welet L>t™P be the analytic space associated to the algebra C**"P(L* K) :=
Cl(OF, L) ®%I €tzefl'}p of tempered locally analytic functions on L*.
Equivalently, we have

ctmP (LK) = O(W x GV,
(3) We let Repfg:lp(LX) := Modg ([*/L**™P]) be the category of tem-
pered (locally analytic) representations of L*.

Remark 4.4.2. In |CS20, Definition 13.5] Clausen and Scholze have intro-
duced a notion of analytic space as certain sheaves in the category of ana-
lytic rings with respect to steady localizations. The analytic spaces Z!**™ and
L>*:tmP can be considered in this category, or equivalently, as the presheaves
on analytic rings corepresented by the corresponding algebra.

Lemma 4.4.3. The spaces Z'™ and L>'"™ have unique commutative
group structures compatible with the natural maps Z — ZP and L*'* —
Lx,temp'

Proof. A commutative group structure on Z™ and L*'*™P is the same
as a commutative Hopf algebra structure on their spaces of functions. But
by definition ftzeg'ép and C*™P([* K) are the duals of the global sections
of G¥' and W X G%" which are themselves commutative groups, proving
that ZtZeT(p and C*"P(L* | K) have a natural structure of commutative Hopf
algebra’s. O

Theorem 4.4.4. There are natural equivalences of stable co-categories
(4.3)
Mod§e, ([Z/L71]) = Modje (X7°%),  Modj, ([Z'™ /L7'™P]) = Modje, (A1)

Furthermore, the functor 22;“ defined in (4.2) induces equivalences
(4.4)
Repjly (LX) = Modis, (W x G49), Repica”(L*) = Modi, (W x Gi).

Remark 4.4.5. The equivalences of Theorem (1) should follow from
a Cartier duality theory for quasi-coherent sheaves in analytic spaces, this
would imply that the natural symmetric monoidal structures are transformed
in the convolution products via the Fourier-Moukai transform. In the cases
of the theorem, we will roughly prove that modules over the Hopf algebras
of the groups are equivalent to comodules of the dual Hopf algebras.

Proposition 4.4.6. Let A be a flat solid Km-algebra. Then there are natural
equivalences

Mod{, ([AnSpec A/G1f]) = Func(Z, Mod g (4))
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and

Modj (AnSpec A x Gy#) = Mod{_ ([AnSpec A/Z])

functorial with respect to base change B ®ﬁ7. —. In particular, the same
statement hold for analytic spaces glued from flat IC-algebras.

Proof. By [Man22b), Proposition A.1.2], the co-category Modj:_ ([AnSpec 4/ Ga))

is the derived category of A[T*!]-comodules over A. The data of a A[T*!]-
comodule is the same as the data of a Z-graded A-algebra, namely, given M
an A[T*!]-comodule and & : M — M ® 4 A[+1] the co-module map, one has
a graduation M = @, M (i) by defining M (i) = 61 (M @ T~%). Conversely,
if M = @,c;, M (i) one defines the co-module structure & : M — M®A[T*!]
by mapping & : M (i) = M (i) @ T~%. We have constructed a natural equiv-
alence

Modg. (AnSpec A/G,,) = Func(Z, Modg. (A)),
taking derived categories we get the first equivalence.
For the second one, the category Mod?cc. (AnSpec A x G29) is by defi-
nition the derived category of Km-solid A[T*!'] = A[Z]-modules, i.e. Z-
representations on solid A-modules. This gives a natural equivalence

Mody (A[T*1]) = Mod{5.” ([AnSpec A/Z]),

taking derived categories one obtains the second equivalence of the lemma.

O

Remark 4.4.7. In the proof of the following lemma we are going to use some
facts coming from a 6-functor formalism for solid quasi-coherent sheaves of
analytic stacks over Q, m in the Z-topology as in [Sch23| Definition 4.14].
This theory has been partially constructed in [CS19| and [CS22| for schemes
or complex analytic spaces, and the methods of [Man22b, Appendix A.5],
[Man22al, §5-9] and [Sch23| are enough to give proper foundations. In par-
ticular, we assume that:

(1) The family F of morphisms in the 6-functor formalism (see [Man22bl,
Definition A.5.7]) contains all maps f : X — Y of rigid spaces. In
particular, we have shriek functors f; and f' satisfying proper base
change and projection formula, and compatible under compositions.

(2) Let f : A — B be a map of analytic rings that defines a map
of analytic spectra f : AnSpecBB — AnSpecA. If the pullback
f* : Modyg — Modpg is an open immersion in the sense of [CS22,
Proposition 6.5], then f € E and f; is the left adjoint of f*. Simi-
larly, if B = B4, has the induced analytic ring structure, then f € E
and fi = f, is the right adjoint of f*.

(3) Smooth morphisms of rigid spaces are cohomologically smooth (cf.
[Sch23, Definition 5.1]). For partially proper smooth rigid spaces
over a point this follows from the proof of [CS22, Proposition 13.1]
for complex analytic spaces. Moreover, given f : X — Y a smooth



SOLID LOCALLY ANALYTIC REPRESENTATIONS 55

map of rigid spaces, we have that f' = f'0y ® f* and we have a
natural isomorphism f'@y = Q‘}i(h/nYX ~dmY dim X — dim Y], the last
equality can be proven via the same argument of [CS19, Theorem
11.6).

(4) Being cohomologically smooth is local in the target for the Z-topology
(see [Sch23| Definition 4.18 (2)]), this follows from arguments ana-
logue to those of [Man22al Lemma 8.7 (ii)]. In particular, if G is a
smooth rigid group over K = (K, K™), and * = AnSpec Km, then
f : x — [¥/G] is cohomologically smooth. Indeed, by definition
[%/G] is the geometric realization of the Cech nerve {G"},epor, 50
that the map * — [x/G] is a Z-cover and * x|, /g * = G which is
cohomologically smooth over * by (3).

(5) Being cohomologically proper is local in the target for the Z-topology,
this follows from the same arguments of [Man22a, Lemma 9.8 (iii)].
In particular, if G = AnSpec A is the analytic affinoid group associ-
ated to a Km-algebra with the induced analytic structure, then the
map * — [x/G] is cohomologically proper.

In this section we do not pretend to give proper foundations of the theory
of analytic stacks or the 6-functor formalism of solid quasi-coherent sheaves.
Instead, we only give an example of the power of these abstract tools, and
their relation with our Theorem and categorical Langlands for GLj.
This section is completely independent of the rest of the paper.

Before stating the next proposition, we explain how the formalism of cat-
egorified locales of [CS22| allows us to see G and G in the same footing.
let P;’m be the projective space over K with coordinates [z, y| seen as a rigid
space, let 0 = [0 : 1] and co = [1 : 0] be marked points. Then P}%an can be
given a structure of categorified local as in [CS22), Definition 11.14]. We can
identify G as the complement of {0, 00} in P}%an as rigid analytic spaces.
We can embed

j:G¥ c Gdls
as the open subspace in the sense of categorified locales whose complement
is the idempotent K[T*']-algebra

C = K{T}[T~"] & K{T~"}[T]
where K{U} = lim K <%> is the algebra of germs of functions of AR®"
at 0, and unit map K[T*!] — C given by (1, —1). Indeed, by [CS22], Propo-
sition 5.3 (4)] the idempotent algebra defined by {0,00} in P is equal
to
D=K{T}o K{T™'}

with T' = z/y, namely, we can write {0,000} as the intersection of the union
of two discs centered in 0 and oo and radius going to 0. By [CS22, Theorem

6.10] we have a natural isomorphism of analytic spaces P}é‘m = P}%alg between
the rigid analytic and the schematic projective spaces (in the notation of
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loc. cit. the rigid analytic and the schematic projective space correspond
to C(X, X) and C(X) respectively). Taking pullbacks of D through the
map Ga? — Pp™ one obtains that C = K{T}[T~'] @ K{T~'}[T] is the
complement idempotent algebra of G in G%g as claimed.

Proposition 4.4.8. Let A be an animated solid Km-algebra. There are nat-
ural equivalences

Modf, ([AnSpec 4/G7) = Modf, (AnSpec(A @iy (7))

and

Modif_ (AnSpec A x GJ') = Mod;lcc.([AnSpec(A)/Ztemp])

natural with respect to base change B®£§—. In particular, the same statement
holds for analytic spaces glued from animated Km-algebras.

Proof. To simplify notation we will assume that A = K, the same arguments
hold for general A. Let x = AnSpec Km. We start with the proof of the first
equivalence. Consider the map f : * — [x/G"] of stacks obtained as the
geometric realization of the morphism of simplicial analytic spaces

(45) fo : (G%7n+1)n€A0P — (G%Lm)nGAW?

where the map f,, : Gy’ Ly GE™ s the projection towards the first n
components. In particular, as G%' is cohomologically smooth, the map f
is cohomologicaly smooth. This implies that f' = f* ® f'1 and f'1 invert-
ible, which shows that f* has a left adjoint given by f, = fi(— ® f'1) (the
homology). Then, f* is a conservative functor that preserves limits and col-
imits and, by Barr-Beck-Lurie theorem [Lurl7, Theorem 4.7.3.5], we have a
natural equivalence

Modi_ ([+/G7y']) = Mod g+, (Mod (Km)).
By the projection formula, f* f; is a Mod(/Km)-linear functor, this shows that
Mod g, (Mod(Km)) = Modxg(f*fi(K)) by [Lurl?, Theorem 4.8.4.1]. By
Lemma below we have that the object f* f;(K) is naturally isomorphic
to EtZe;"{p as Hopf algebras, and hence we obtain

Mod{%, ([+/Gi]) = Modg (477)
which shows the first part of the lemma.
For the second part, we consider the projection map ¢ : G&' — % and let
g: GM9 s & 50 that ¢ = g o j, we also write h : % — [x/Zt¢™P]. Tt suffices to

prove that the adjunction g, = ¢* is co-monadic. Indeed, assuming this, by
Barr-Beck-Lurie one has

Mod{ (G&") = CoModg,q+ (Mod(Km)).

The projection formula implies that the functor gy¢* is Mod(Km)-linear so
that by Lemma [1.4.9 we have

CoModg, o+ (Mod(Km)) = CoMod@e?{w(Mod(lC.)).
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Finally, by [Lurl7, Theorem 4.7.5.2] (3) we have a natural equivalence
CoModp+p, (Mod(Km)) = Mod;’cc. ([*/ZtmP)).

Indeed, the left adjointable condition is a consequence of proper base change
as h is a proper map (cf. Remark (5)). By projection formula and
proper base change h*h, is Mod(Km)-linear and one has CoModj»p,, (Mod(Km)) =
CoModyp, (k) (Mod(Km)), but [Lurl7, Theorem 4.7.5.2] (2) implies that

h*he(K) = €% as co-algebra, proving what we wanted.
We are left to prove co-monadicity of the adjunction g, = ¢*:

e The functor g, is conservative: it is (modulo a twist) the composition
of the forgetful functor g, : Modig (K[T*1]) — Mod(Km) and the
fully faithful inclusion ji : Modf (G%) — Modjcg (K[T*1]).

|
e The functor ¢, preserves g;-split totalizations. Since ¢y = ¢i(— ®

Qfan[1]), it suffices to see that g preserves g-split totalizations. Let
M € Modyg (K[T*']), we can write

@(*M) = g.(jij*M) = [K[T*'] = C) @ 41 m M,
and since K[T*!] is a Hopf-algebra we have that
(4.6) [K[TH] = C) @ pen @ M = ([K[TH] = O] @kg M) @ e K

where K[T*!] acts antidiagonally in [K[T*!] — C] ®k. M and K
is the trivial representation of GY9. Observe that K is a perfect
K[T*'-module by the exact sequence

0— K[T%) =% K[T%) = K -0
and hence the functor — ®%{[Tﬂ} K commutes with limits. Let
(Mp)njea be a cosimplicial diagram in Modcg (K[T*!]) such that
(7" Mp)mjea is g-split. Then we have

@(lim j*My) = q(lim j*j15" M)

[nleA [n]eA
= q (" Hm jij*My)
[nleA
= (K[T*™'] = C] ®kq lm j*Mp) @ e K
[n]leA

= ( 1&1 ([K[Til] — C} ®k. Q!j*Mn)) ®%[Ti1} K
[n]eA

= @ (([K[Til — (] ®£. Qj" Mp) ®%<[Ti1} K)
[nleA

= @ Q!j*Mn-
[nleA

In the first equivalence we used that j* 7 is the identity. In the second
equivalence we used that j* commute with limits being the pullback
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of an open immersion. In the third equality we use . The fourth
equivalence follows by [Matl6l Examples 3.11 and 3.13|. The fifth
follows since the functor — ®%([Ti1} K commutes with limits. The
last equality follows from again.

O
Lemma 4.4.9. Consider the cartesian square

G — 4«

o

Then f* fyK = quq* K is canonically isomorphic to £, . as Hopf algebras.

Proof. Let 7 : G C G and g: G219 _5 «. We have that
f H(K) = ¢¢"(K)
= q(Qpgp [1])
= q(Tcgr[1])
= 9+(j1(Ogy))[1]
= [K[T*'] = C][1]

b7

The first equality follows from proper base change. The second one follows
from the identity ¢; = ¢(— ® (¢!K)) and Remark (3). The third
one follows since Q%;,m & Ogaer by taking the differential d7'/T" as a basis.

The fourth one follows since f = g o j, j is an open immersion, and GY9 =
AnSpec K[T*!] has the induced analytic structure from K, see Remark
(2). The fifth one follows from the formula for j for an open immersion
given in [CS22, Lecture V]. In the last isomorphism we write [K[T*!] —
Cll] = TK{T}@P KPP T K{T~'} to identify it with etze;}p. This shows
that f*f,(K) is a solid Km-vector space that is abstractly isomorphic to
€tZe7"[}p , which is an LB space of compact type.

We claim moreover that they are actually naturally isomorphic. For this,
by the duality of LB and Fréchet spaces of compact type (see [RJRC2I]
Theorem 3.40]) it suffices to see that their duals are naturally isomorphic.
Indeed

RHom (f*fyK, K) = RHomy (K, f* f. K)
and f*f,K is naturally isomomorphic to ¢.¢*K = €(G%") by smooth base
change [Man22al Proposition 8.5 (ii.b)]. This shows that f*f, K is naturally
isomorphic to the (abelian) dual of &(G%") which by definition is thenIzp .

It is left to see that the Hopf algebra structure of f*fiK = q&q*K is
identified with the Hopf algebra structure of Etzey(p . The proof of this fact is
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probably standard but we include it for completeness. Let us start with the
algebra structure. Let us write G = G{', and consider the Cech nerve G*
and G**! of the maps * — [*/G] and G — [G/G] with respect to the left
multiplication map, see Definition Let fo : G*t! — G* be the natural
map of simplicial spaces corresponding to the G-equivariant map G — .
The boundary map d° : [n — 1] — [n] defines a functor df : A% — A°P. Let
Modm(G*) be the category of quasi-coherent sheaves of the simplicial analytic
space G®. The pullback of G* along d? is the simplicial space G**! and the
associated map d? : G**' — G* is equal to f,. This shows that the co-unit
forfe — 1is computed in a co-cartesian section (My)pjea € Modm(G®) as
the co-unit
dQ ,dy* My — M,.

This map is adjoint to the orbit or co-multiplication map M, — d(,)’*d(.)’*M.
This proves that the algebra structure of f*f,(K) is the dual of the coalge-

temp

bra structure of ¢'(G), which by definition is the algebra structure of ¢, ;.
We now prove that the natural isomorphism f*fK = Ktzi?ép = q,q"K is as
coalgebras, namely, it arises from the diagonal map G%' — G%' x G%" (equiv-

alently, from the comonad ¢y¢*), and this map is dual to the multiplication
map O(G¥") ® O0(G¥) — 0(G%"), proving what we wanted. O

We now show the analogue of Proposition for the weight space W.

Proposition 4.4.10. Let A be an animated Km-algebra. Then there are
natural equivalences

Mod,qcc. (AnSpec A x W) = Modjg ([AnSpec A/(’)Z’la])
and

Modycg (AnSpec A x O ') = Modyg ([AnSpec A/W])
natural with respect to base change B®ﬁ—. In particular, the same statement
hold for analytic spaces glued from animated Km-algebras.
Proof. We just mention how to modify the main points of the proof of
Proposition Since W is a smooth group over K, the only differ-
ence with the case of G' is to find a replacement for G%' C G¥9. Let
D = D%(Of, K) be the distribution algebra over K. We claim that the
pullback map j* : Modxg(D) — Mod?cc. (W) is an open localization as in
[CS22, Proposition 6.5|. Indeed, by Theorems and J* has a fully
faithful left adjoint

Jr: Mod;lcc. W) — Modjcg (D)

such that
(47) "M = RHomp (K, C'*(O5) ey M) = (0}, K) @™ o w M.

where w is a suitable dualizing sheaf. This implies that j satisfies the pro-
jection formula and that j* is indeed an open localization. Then, replacing
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K|[T*'] with D and (4.6]) with (4.7)) the same proof of Proposition holds

in this situation. O

Remark 4.4.11. The first equivalence of Proposition for A = K is
Theorem for G = Of. It should be possible to give a proof of Theorem
using the more categorical approach of the Proposition 4.4.10}

Remark 4.4.12. The flatness assumption in Proposition can be dropped
by using the same arguments as in Proposition Indeed, one considers
the Cartesian square

Z—1—

lq ; lf
« —— [* /Z

]7

then one computes that the Hopf algebra f*f, K is naturally isomorphic to
K[T*'], and that the conditions of the (co)monadicity theorem are satisfied.

We can finally move to the proof of the main result of this section.

Proof of Theorem[].4.4. We start with the proof of the first equivalence. By
Propositions 4.4.6| and |4.4.10| we have natural equivalences

Modie (W x Gf /Gi9)) = Modj, (W x Gf x Z)
= Modf, (W x /7))
= Mod{, ([Z/O;" x Z])
= Mod{ ([Z/L*").

Observe that, in the third equivalence, we used that

Modiy (W x Z/Z]) = lim Modxg(W x Z x Z")

[nleA

= lim Modyg([Z x Z"/O;")
[nleA

= lim lim Modgg(Z x Z" x (O'")™)
[n]€EA [m]eA

= lim Modig(Z x Z" x (O ')")
[nleA

— Modg ([Z/O x 7).
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Analogously, Propositions [4.4.8 and [4.4.10] show that
Mod?cc.([W x GoV /G = Mod?cc.(W x G x Ztemp)
= Modq,Cc.([W x Ztemp [7temp])
= Modf, ([Z'*™? /O x 7temP])

— MOquCC. ([Ztemp/Lx,temp])_

This finishes the proof of the first equivalences. The second equivalences
follow from the exact same arguments and Theorem [£.3.3] the fact that the
functor defining the equivalence if given by ££% follows from construction
and the adjunction of j; and j* in Theorem “ O

5. SOLID SMOOTH REPRESENTATIONS

Let G be a p-adic Lie group over a finite extension L of @, and let K =
(K, K™) be a complete non-archimedean field extension of L. In this section
we construct the oo-category of smooth representations of G on Km-vector
spaces and study its main properties.

5.1. Solid smooth representations. Let G be a p-adic Lie group, and
let Mod(Dy'g (G, K)) be the derived (co-)category of D™ (G, K)-modules on
Km-vector spaces. In this paragraph we will define the category of smooth

representations of G on Km-vector spaces as a suitable full subcategory of
Modyg (D*"(G, K)).

Definition 5.1.1.

(1) Let V € Modg. (D*™(G, K)), the smooth vectors of V are defined
by
Ve = lim VI = lim Hompem ¢ k) (Km[G/H], V)
HCG HCG
where H runs over all the open compact subgroups of G. We say
that V' is a smooth representation of GG is the natural map V5" — V'
is an isomorphism.
(2) We let (—)fsm . Modjcg (D*™(G, K)) — Modicg (D*™(G, K)) be the
functor of derived smooth vectors
HcG HCG
We say that an object in Modicg (P*™(G, K)) is smooth if the nat-
ural arrow V™ — V is an equivalence. We let Repig (G) C

Mody g (D*™(G, K)) be the full subcategory consisting of smooth ob-
jects.

Remark 5.1.2. In (1) of the previous definition we defined smooth vectors
for a module over the smooth distribution algebra. One can of course give a
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similar definition for a solid G representation, namely, if V € Mod” (Ka[G])
one defines

Vo = lim V' = lim Homyey ) (KnlG/H], V).
HCG HcG

If V is in addition a D*™(G, K) then both definitions are the same. However,
at derived level it turns out that the smooth distribution algebra is better
suited to define derived smooth representations, e.g., the derived smooth
representations will embed fully faithfully into Modjcg (D*™(G, K)), but not
into Mod(Km[G]), see §6| for a more concrete explanation of this fact.

We start by proving some basic facts on smooth representations.

Lemma 5.1.3. Let V € Modxg (D" (G, K)), then

yhsm — lim RHompem (¢ iy (Km[G'/H|, V')
HCG!

for any open subgroup G' C G. Moreover, we have (VFsm)fsm — y/Rsm
particular, the derived category Repi'g (G) C Modig(D*™(G, K)) is stable
under all colimits.

Proof. Observe that, for V'€ Mod(D*™(G, K)), G’ C G an open subgroup,
Go C G’ open compact and H C Gy an open compact, since Km[G'/H] =
D"™(G', K) ®ésm(Go,K) Ku[Go/H], by a base change we have

%ﬂ RHomDsm(G/’K) (’C. [G,/H], V) = hﬂ RHomDsm(GmK) (IC. [GO/H], V)
HCG HCGy

This shows the first claim. For the second one, let Gy C G be a compact
open subgroup. Then we have

(Vs Em = iy RHompem ) (Km(Go/H], lim RHompem q, ) (Km[Go/H], V)

HCGyp H'CGo
= llﬂ llﬂ RHomDsm(GO) (IC. [GO/H], RHomDsm(GmK) (IC. [GO/H], V))
HCGo H'CGo
= lim RHompem (g, (Km[Go/H] @Bon(gy 1) Km[Go/H], V)
HCGy
HCGy
— VRsm

where the first and last equalities follow from definition, the second one from
the fact that Km[Go/H] is a compact D*"(Gy, K )-module and the third one
follows since Km[Go/H] is idempotent over D™ (Gy, K) (cf. Corollary [2.2.6).

Finally, for the last statement, let {V;};c; be a colimit diagram of smooth
representations, to check that hﬂl V; is smooth we can restrict to G compact,
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in this case we have that

HCG
= lim lim RHompsm g, r) (Ku[G/H], Vi)
i HCG
— hgq V;Rsm — hﬂ- %7
where in the second equality we used again the compacity of the D% (G, K)-
module ’C.[GQ/H] O

The following two lemmas describe the smooth vectors in a similar way
as we have previously defined continuous and loclaly analytic vectors (cf.
[RJRC21]).

Lemma 5.1.4. The functor V. +— C*™(G,V) of smooth functions induces
an exact functor of derived categories

C*™(G, —) : Mod(Ka[G]) — Mod(Ka[G?])
and
C*™(G, —) : Modig (D*™(G, K)) — Modxg(D*"(G?, K))
where (g1,92,93) acts on a function f : G — V by ((91,92,92) - f)(h) =
93f (91 " hg2).

Proof. Let V € Mod” (Km). If Gy is compact we have that C*™(Gy, V) =
@HCGO Hompg (Km[Go/H], V). One deduces that the functor V — C*™(Gy, V)
is exact and that it is a D*"*(G, K)-module for the left and right regular ac-
tions. This implies the lemma for G = Gy compact. For general G and V €
Mod® (Km), by definition we have that C*™(G, V) = [sec/c, € (9Go, V) =
Hompsm g, 1) (D™ (G, K), C*™(Go, V)) for both the left or right regular ac-
tion of Go on C*"(Gy, V). Therefore the functor V +— C*"(G,V) is exact
and the left and right regular actions of G are upgraded to left and right
regular actions of D*™ (G, K), proving the lemma. O

Lemma 5.1.5. Let V € Modicg (D*™(G, K)). Then, for any open subgroup
G’ C G we have

VI — RHompom (o) (B, C¥™(G', V) 1,3)-

Proof. We start by proving the result for a compact subgroup. Let now

Go C G be a compact open and let V' € Modxg (D" (Go, K)). We recall

that we have

(5.1) C"™(Go,V) = hﬂ C(Go/H,V) = hﬂ RHom ;. (Km[Go/H],V)
HCGo HCGo

where H runs over all the normal open compact subgroups. Notice that the

%13 on the LHS translates to the contragradient action of the RHS (heuris-
tically we have g - f(z) = gf(g 'x) for f € RHom,(Km[Go/H],V) and
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x € Km[Go/H]). Taking Go-invariants in Equation (5.1)) (cf. Proposition
1.2.6/ (4)) and since K is a direct summand of D*™ (G, K'), we obtain
R@DSW(GO7K)(K, C*(Go, V)x13) = RHC’J@W(GO,K)(Ka hﬂ RHomy-(Km[Go/H],V))
HCGy
= hA’l RHomDsm(GO,K) (K, RHOH’I’C (IC. [GO/H], V))
HCGy
= hA’l RHompsm(GO,K) (K.[GO/H],V)
HCGy
— VRsm'

Let now G’ C G be an open subgroup and Gy C G be an open compact
subgroup. Without loss of generality we can assume G’ = G. First observe
that for V e Modz. (D*™(G, K)) we have a natural isomorphism

mDsm(GO,K) (Dsm(Gv K)7 Csm(G07 V)*l,S)
= Hompem (o 100 ( € D™ (Go, K) - g,C*™(Go, V)

g€Go\G
= ] Howpom(g,x) (D" (Go, K) - g, C*™(Go, V)
g€GO\G
= H Csm(Gog’V):Csm(G’V)ﬂ,s
9€Go\G

where the G-action on the first term is induced by the right action on
D*"(G, K). The inverse C*™(G, V)ks — Hoimpsm(GO’K) (D"™(G,K),C™(Go, V )x1.5)
is given by sending a smooth function f : G — V to the map f : G —
C*™(Go, V) given by f(g) = (9*1,3 f)|lc,- We deduce a natural equivalence
C™(G,V )y — RHompsm (o, 1) (P (G, K), C*"(Go, V) )
for all V'€ Modjcg (P*™(G, K)), so that
RI—IoirnDsm(G’,K) (Kv Csm(G7 V)*1,3)
= RHompsm (g, i) (K, RHompsm (G, 1) (DG, K), O™ (Go, V)i 5))
= RHomp.m Gy, 1) (K, O™ (G0, V) 5)

proving the statement. ([l
Lemma 5.1.6. Let V € Modig(D™(G, K)), then H (V)™ = Hi(VEsm)

for all i € Z, i.e., taking smooth vectors is exact in the abelian category of
solid D*™ (G, K)-modules.

Proof. Taking smooth vectors is independent of the open subgroup of G,
so we can assume that G is compact. In this case we can write V5" =
lim, RHom(Km[G/H],V) where H runs over all the normal open com-
pact subgroups of G, but Km[G/H] is a projective D*"* (G, K)-algebra, the
lemma follows since taking filtered colimits is exact. O
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Proposition 5.1.7. An object V. € Modig(D*™(G, K)) is smooth if and
only if H'(V') is smooth for all i € 7. Therefore, the natural t-structure of
Modig (D™ (G, K)) induces a t-structure on Repi'g (G). Moreover, Repfcm Q?(G)
is a Grothendieck abelian category and Repig (G) is the derived category of
its heart.

Proof. An object V' € Modig (DP*™ (G, K)) is smooth if and only if the natu-
ral map V™ — V is an equivalence if and only if H!(V)*™ = H!(Vsm) =
H(V) for all i € Z. the fact that the category Mod*™" (G, Km) is an abelian
Grothendieck is clear, cf. [Man22bl Lemma 3.4.10]. Note that a system of
generators of the category is given by the objects Km[G/H|®xq Km[S] where
H runs over the open compact subgroups of G and S over the (k-small) profi-

nite sets. Let € be the derived category of Repsm C?(G). By |[Lurl7, Propo-
sition 1.3.3.7| we have a natural morphism ¢ — Rep,“'g:(G). To prove that

this is an equivalence it suffices to show that for V, W € Modg. (D"(G,K))
smooth representations we have that

Let I* be an injective resolution of W as D*™(G, K )-modules, then %75 =
I**™ is an injective resolution of W in €V = Repgy “(G). We have that
RHOm'Dsm(G7K) (V, W) - Hom'Dsm (G7K) (‘/7 I.)
= HOHlem (G7K) (‘/7 I.7Sm)
= Homgo (V, I*°™)
= RHom¢(V, W),
finishing the proof of the result. ]

Proposition 5.1.8. The inclusion Repgy (G) — Modxg (D" (G, K)) has a
right adjoint given by the smooth vectors functor V — VEs™,

Proof. Assume first that G is compact. Let V be a smooth representation
of G and W € Modg(D*"(G, K)), then

RHompen g i) (Vs W) = lim RHompem g, i) (VI W)
HCG

= m RHomDsm(G K K.[G/H] ®%sm(G7K) VRH, W)

jay
gT

RHompen ¢ iy (VI RHompen o) (Km[G/H],

T
gTa

RHompen g iy (VI W)

T
gTs

TET

RHompam (g oy (VI (WHsm) R

I
=
@Q

Hompsm(GK) (‘/, WRsm),

W)
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where in the first equality we used the fact that V is (derived) smooth,
the second follows from the fact that V7 is a K[G/H]-module and that
Km[G/H] is idempotent over D*™(G, K) (cf. Corollary 2.1.6), the third
equality follows by adjunction, the fourth by definition, the fifth one is ob-
vious, and the last one follows by applying all the first four equalities in a
reverse order with W replaced by Wsm,

Let G be a general p-adic Lie group and let V € Repr”:(G) and W €
Modyg(D*™(G, K)). It suffices to show the adjunction at the level of abelian
categories (cf. [Sta22l Tag OFNC]), so we can assume both V' and W to be in
degree 0. Moreover, since by Proposition[5.1.7the abelian category of smooth
representations is generated by Km|G/H|®x g Km[S] for H C G open compact
and S profinite, we can assume V = Ku[G/H| @xq Ku[S]. Moreover, since
we are computing the internal Hom we can even assume that V = Ku|G/H].
But then we have that RHompsm ¢ i) (Km[G/H], W) = WHEH = WH are the
H-invariant vectors which coincide with the H-invariant vectors of W™, i.e.

RHOmDsm(G,K) (]C. [G/H] y W) = RHOmDsnL (G,K) (}C. [G/H], Wsm)

proving what we wanted. O

5.2. Smooth representations as quasi-coherent D*"*(G, K)-modules.
In this section we will give two alternative descriptions of the categories of
solid smooth representations which are the analogue of those appearing in

Corollary [£.3.5

Definition 5.2.1. Let G be a compact p-adic Lie group, we define the
category of solid quasi-coherent modules over D*™ (G, K) as
Modq,Cc.(Dsm(G, K)) = l&n Modkg (D*"(G/H, K)),
HcG

where H runs over all the normal open subgroups and the transision maps
are base changes. We let j* : Modjcg (D" (G, K)) — Mod;lcc. (D™ (G, K))
be the pullback functor j*W = (D*"™(G/H) ®%SM(G) W)n.

Proposition 5.2.2. The pullback functor j* : Modx (D*"(G, K)) — Modq,cc. (D*™(G,K))
has a right adjoint (Vi) = Rlim Vi and a left adjoint jiVy = (V) B,
Furthermore, 7%,V = 5V =V forV € Mod;]CC.(Dsm(G, K)) and jij*W =

WHEs™ for W € Modycg (D*™(G, K)). The functor is a fully faithful embed-

ding with essential image Repyg (G).

Proof. LetV = (Vy)g € Mod,qcc. (D™(G, K)) and W € Modyg(D*"(G, K)).

One has

RHomDsm(GK) (VI/, ]* V) =R 1&1 RHomDsm (G,K) (W, VH)
H

= Rlim RHomp.n g, i) (K G/ H] @Bom (i) W: Vi)
H
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where H runs over open compact subgroups of G, proving that j,V is the
right adjoint of j7*. The other statements of the proposition follow easily
by unraveling the definitions, ®-Hom adjunction and using the fact that
K[G/H] is a direct summand of D*™(G, K), so in particular compact and
dualizable. O

5.3. Smooth dualizing functors. The following result answers a question
raised by Schneider and Teitelbaum in [ST05, p. 26| on the extension of the
contragradient functor for smooth representation to the category of locally
analytic representations.

Proposition 5.3.1. Let V € Repgg(G). Then
(VV)Rsm _ (VV)Rla'
In other words, there is a commutative diagram

Rep{l(G) —— Repléy (G)

[y Ly
Rep{ (G) — Repléy (G

Proof. This is a consequence of Corollary [£.2.9 and the analogous calculation
for smooth representations, which follow from [ST05, Corollary 3.7|. Indeed
these statements assert that both functors are given by the same duality
functor in the category Modicg (D'*(G, K)). But we give a direct proof. We
can and do assume that G is compact, or even a uniform pro-p-group. We
have

(V¥)f = lig RHompa ¢ ) (D"(G, K), RHomy (V, K))

h

= MRMK(D}L(Q K) ®piaa,x) D" (G, K) @pam (G i) V, K)
h

= @RMK(K[G/GU#)(L)] ®psm(a,x) Vs K)
h

= lig RHompern g 1) (K [G/G" (L)), V)
h

— (V\/)Rsm’

where the first, second and fourth equalities follow from definition and ad-
junction, and the third one follows from the equality D"(G, K) Qpla(a,K)
D" (G, K) = K[G/G(h+)(L)] of Lemma m The fifth one follows since
the groups G(H)(L) form a cofinal system of open neighbourhoods of the
identity in G. (|
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5.4. Smooth representations as comodules over C*"(G, K). We now
explain the analogue equivalence of Theorem for smooth representa-
tions.

Definition 5.4.1. Let GG be a p-adic Lie group and Gg C G an open compact
subgroup. We let

Modit (G*") = ]] Modia(C™"(9G0, K)).
g€G/Go

We define the quasi-coherent modules of [x/G*™] to be

Mody, ([+/G*™]) = R lim Modic_ (G™*™).
neA
Proposition 5.4.2. There is a natural equivalence of symmetric monoidal
stable co-categories

Repig (G) = Modit ([+/G*™]).
In particular, if G is compact, we have natural equivalences of stable co-
categories
Modq,Cc (D™(G,K)) = Rep,sC":(G) = MoquC.([*/Gsm]).

Proof. This follows by the same proof of Theorem the only thing to
verify is that the abelian category of smooth representations is naturally
equivalent to the abelian category of comodules V' — C*™(G, V'), which is
obvious. ([

5.5. Locally algebraic representations of reductive groups. In this
last section we introduce a category of solid locally algebraic representations
for the L-points of a reductive group G/L. Let C*8(G, K) be the ring of
algebraic functions of G, i.e., the global sections of the affine group scheme
Gg. For Gy € G(L) a compact open subgroup we define the space of locally
algebraic functions of Gy (relative to G) to be

CHe (G, K) = C*™(Gy, K) @i C¥8(G, K).

We let D'*8(Gy, K) = Hom; (C8(Gy, K), K) be the locally algebraic dis-
tribution algebra of Gy and for any Gy C G C G(L) an open subgroup we
denote

D*E(G, K) := Ku[G] @rcg(co) D*8(Go, K)

the locally algebraic distribution algebra functions of G.

Definition 5.5.1. Let V € Modyg (D'(G, K)).
(1) We let C'¥8(G, V) := ngG/GO(C’lalg(gGo,K) ®,Ig. V') be the space

of locally algebraic functions of G with values in V. The space
C'218(G, V) has three commuting actions of D'¥8(G, K) given by the
left x; and right %o regular actions, and the action x3 on V.
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(2) Define the functor of locally algebraic vectors (—)%13le : Modycg (D'*8(G, K)) —
Modg (DP'*8(G, K)) to be

VARE .= RHompiue g 1) (K, C™&(G, V)., 5)

endowed with the xo-action of D'8(G, K).

(3) We say that an object V € Modig(D®™8(G, K)) is locally alge-
braic if the natural map VF2E — V is an equivalence. We let
Rep}gl.g(G) C Modyg (DP'8(G, K)) be the full subcategory of locally
algebraic functions.

Lemma 5.5.2. Let G be a compact open subgroup of G(L). We have natural
isomorphisms of D'*&(G2, K)-modules (for the actions x1 and x3)

CHE(GLK) = D(r @ V), @ (m@ V),
A
and
DG, K) = [[(r@ V) @ (re V),
™A
where © runs over all the smooth irreducible representations of G, and V>
over all the irreducible representations of G.

Proof. This follows from Lemma and [GW09, Theorem 4.2.7] describing
the algebra of functions of G in terms of irreducible representations. O

Proposition 5.5.3. The following assertions hold.

(1) LetV € Modig(D™8(G, K)), the natural map (V1als)ftlals _, y/Rlalg
s an equivalence.

(2) The functor (—)*128 commute with colimits.

(3) Let V,W € Modig(D?8(G, K)), then (VFEgL W)ille — yRlalggh
Whlle 1y particular, Rep}gl.g(G) has a natural symmetric monoidal
structure.

(4) The functor (—)E'18 s the right adjoint of the inclusion Rep}gl.g(G) C
Modyg (DP"?8(G, K)).

(5) The functor (—)1818 js exact in the abelian category Modg. (D8 (G, K)).

In particular, Rep}gl-g(G) has a natural t-structure.

(6) The oco-category Rep}gl.g(G, K) is the derived category of its heart.
Proof. This follows the same arguments of Propositions[3.2.3] [3.2.5] and [3.2.6
in the locally analytic case, or the Propositions and in the smooth

case. We give a sketch for completeness. Let Gy C G be an open compact
subgroup, by adjunction we have that

W — RHompuug g o) (K, C™8(G, W)) = RHompuaie g, 1) (K, C™¢(Go, W),

then for (1)-(3) and (5) we can assume that G is compact. By Lemma
5.5.2] any finite dimensional representation of G is a direct summand of
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DRg(G K), in particular they are projective. This implies that (—)?121s
is an exact functor in the abelian category and that it commutes with col-
imits. Moreover, we have that

WRlalg _ RMDlalg(G7K) (K, (Clalg(G’ K) ®k. W)*Lg)

— hﬂ,RHolealg(G’K)<K, TRV (e V)V W)iis)
A

= lim RHompwis(g, 10 (1 @ V)Y, W) @ (1 @ V)",
A

Then, to prove that the functor (=) is idempotent it suffices to prove
it for the representations of the form W = (7 ® V)V, which follows from
the previous formula and the irreducibility and projectiveness of 7 ® V* as
DY (G, K)-modules. So far we have proven parts (1), (2) and (5). For part
(3) we can assume that W = C'#8(G, K) in which case we can untwist the
diagonal action of C'8(G, K) ® C'¥8(G, K) ® V to a representation where
Dlg(G | K) acts trivially on the first factor. Taking invariants by D'¥8(G, K)
one gets that

(Clalg(G’ K) ® W)Rlalg _ Clalg(G,K) ® WRlalg.

Parts (4) and (6) follow the same lines of their analogues for smooth repre-

sentations, see Propositions and O

6. ADJUNCTIONS AND COHOMOLOGY

In this final section, we show how the cohomology comparison theorems
of [RJRC21 §5.2| are explained in terms of adjunctions.

6.1. Geometric solid representations. Following the interpretation of
the categories of locally analytic and smooth representations as quasi-coherent
sheaves of “classifying stacks of G'* and G*™”, one can introduce a different
category of “continuous geometric” representations where now G is the ana-
lytic space defined by the algebra of its continuous functions.

Definition 6.1.1. Let Gy C G be an open compact subgroup.
(1) Let V € Mod(Km), we define the space of “geometric continuous”
functions of G on V' to be
C9(G, V)= [ (ClgGo, K)®g V).
g€G/Go
(2) We define the category of quasi-coherent sheaves of the underlying
profinite group GP™*/ to be Mod%(GP"*f) = [Tsec/c, Modig (C9Go, K)).
(3) We define the category of “continuous geometric” representations of

G to be the simplicial limit

Repfg(G) := Mod®([x/GP"/]) := lim Mod®“(G""/™).
neA
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Lemma 6.1.2. Let V € Mod” (Km) and S a profinite set. Then the natural
map C(S, K) @xg V — C(S,V) is an injection.

Proof. Tt is enough to take K = Q,. Since any solid QQp-vector space is a
colimit of quotients of compact projective @, m-vector spaces, we can assume
that V fits in a short exact sequence 0 — Q, m[S] — Q, m[S'] = V — 0.
Taking lattices 0 — Z,[S] — Z,[S'] — Q — 0 (after rescaling if necessary),
it suffices to show that the map

C(Sa Zp) ®Zp Q - C(Sa Q)

is injective. But both objects are p-adically complete, so it suffices to show
that their reduction modulo p” are injective, i.e. that we have monomor-
phisms

(S, Q/p") = C(S,Q/p").
This is Lemma 3.4.8 (iii) of [Man22b). O

Lemma 6.1.3. Let A be the category of comodules V- — C9°°(G, V) with
V e Modo(lC.). Then A is a Grothendieck abelian full subcategory of
Mod,%. (Km[G]) with derived oo-category naturally equivalent to RepgKe:(G).

Proof. The fact that A is an abelian category follows from the fact that
V = C9%°(V,K) is an exact functor. We have a natural functor A —
Modz- (Km[G]) sending the comodule V' to the representation defined by
the orbit map V. — C9°(G,V) — C(G,V). It is clear that for V,IW € A
one has Hom 4(V, W) C Homyg((V,W). Conversely, let f : V — W be
a morphism of Km[G]-modules. We have a diagram whose lower square is
commutative

v— I w
C90(G, V) —— C9°(G, V)

| |

C(G,V) ——— C(G, W)

and the such that lower vertical arrows are injective by Lemmal[6.1.2] then the

upper square must be commutative proving that Hom 4(V, W) = Homyg g (V, W).
To prove that A is a Grothendieck abelian category, it is left to show that

A has enough compact generators. Using [Man22bl, Proposition A.1.2|, one

deduces that RepgKE:(G) is the derived category of A. Let V € A, the orbit

map gives a G-equivariant injection

V = C9°(G,V)

for the x3-action. Then, writing V" as a colimit of quotients ) = coker(Km[S] —
Km[S’]) of compact projective generators, one sees that a family of generators

are the subobjects of C9°°(G, Q) for @ as before. O
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We have a natural morphism of coalgebras C'*(G, K) — C(G, K) which
heuristically should induce a group homomorphism GP™/ — G'® and as con-
sequence a morphism of their classifying stacks f : [/GP"f] — [*/G'%]. We
can define a pullback functor f* : Mod?%([*/G"]) — Mod?“([*/GP"°/]) which

geo

corresponds to a forgetful functor F' : Repﬁg.(G) — Repjc (G) sending the

co-module V — C"(G, V) to the co-module V — C*(G, V) — C9°(G, V).

The functor f* preserves colimits, so it admits a right adjoint that we can

call the pushforward f, : Mod?([x/GP°f]) — Mod?“([x/G'%]). At the level

of representations we can think of f, as a locally analytic vectors functor
(—)Fla . Repicg (G) — Repﬁg.(G).

Definition 6.1.4. We define the “continuous geometric” cohomology RI'9°°(G, —) :
Repicg (G) — Mod(Km) to be the right adjoint of the trivial representation
functor Mod(Km) — Repjy (G).

We have the following proposition.

Proposition 6.1.5. The forgetful functor f* : Mod?%([x/G']) — Mod®([+/GPr*/])
is fully faithful. The right adjoint of f* on a geometric representation V' can

be computed as
f:V = RI9°(G, C"(G, Vs, 5)-

Proof. By Lemma the category Repfg. (@) is the derived category of
comodules of the functor C'*(G, —). Similarly, by Lemma the category
Rep,’f:(G) is the derived category of the abelian category of comodules of
C9°°(G, —). Moreover, we have fully faithful inclusion of abelian categories
Repﬁg’.@(G) C Rep,%e:’@(G) C Mod"(Km[G]). This implies that the right
adjoint of the first inclusion is given by the locally anlaytic vectors functor
that can be computed as C'(G, V)G*lﬁ. Taking right derived functors we
see that f,V = RIY9°(G, C'*(G,V)) for any V € RepgKe:[G].

It is left to show that the unit map 1 — f.f* is an equivalence. Let
Go C G be a compact open subgroup, we have a commutative diagram of
morphisms of stacks

[+ jaurel) Lo [« /Gl

s s
[+ jarrel] L [« /Gl

The pullback functors correspond to forgetful functors, and the vertical push-
forward functions are given by inductions. Indeed, we can check this at the
level of abelian categories where the right adjoint of a forgetful functor is
clearly an induction. As a consequence one deduces that

RI¥*°(G,C"(G, V) = RT9°(Go, C'*(Go, V).

Thus, we can assume without loss of generality that G is compact. In this

case Cl4(G,V) = C'*(G,K) ®% V and C9°(G,V) = C(G,K) @k V.
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Notice that for V € Repfg. (G) we have a natural equivalence of repre-

sentations C'*(G, V), , — C'(G,V),,. Thus, it suffices to show that for
a trivial representation V' one has RI'9*°(G, C'*(G,V),,) = V, equivalently,
that RTY9°(G, C'(G,V),,) = V. Writing V as limit of canonical and stupid
truncations we can assume that V is a solid Km-vector space in degree 0.
But by Proposition down below one can compute this geometric coho-
mology using geometric cochains, i.e. RI'Y*°(G, C(G,V),,) is represented
by the bar complex of geometric cochains

[C'*(G,V) — C9°(G,C'*(G,V)) = C9°(G?,C'*(G,V)) — -],
which is the same as the tensor product of the bar complex
la L ~la L

But C'*(G, K) is a nuclear Km-vector space, so that the geometric bar
complex of C!(G, K) is equal to the solid bar complex which computes
RHomycg (K, C'"(G, K)) = K proving what we wanted. O

Remark 6.1.6. Under the hypothesis of a formalism of six functor for analytic
stacks, the previous proof simplifies a lot. Let f : [/G9°°] — [¥/G'?] be the
natural map of stacks, it suffices to prove that the natural map id — f,f* is
an equivalence. The map f is going to be a cohomologically proper map as
the fibers are isomorphic to [Gé“ /G{°] for Gy any compact open subgroup,
so fx = fi and by projection formula we only need to prove that 1y, /i) —
T+l Goeo] 1s an equivalence, this follows from the explicit computation using
the bar complexes and the description of fi.

6.2. Adjunctions. Let G be as always a p-adic Lie group defined over a
finite extension L of Q,, Km = (K, K™) a complete non-achimedean exten-
sion of L and Km = (K, K*)m. To avoid any confusion, when talking about
locally analytic representations, in this section we will note G = G to stress
that we see the group G defined over L and we denote by Gq, the p-adic
Lie group G viewed over Q,. For continuous and smooth representations
this disctinction is unnecessary since their definition is independent of the
Lie group structures, and we will simply use the notation G. We have the
following diagram of categories.

sm F a F a F
(6.1) Repig (G) RN RepﬁC-(GL) =2 Repﬁc.(GQp) = Repyg (G),

where Repyg (G) = Modxg (Km[G]) denotes the category of solid representa-
tions of GG, and where the natural functors F; are just the forgetful functors.
Since all these functors commute with colimits, they all have right adjoints
and the purpose of this first section is to calculate each of them.

Proposition 6.2.1.
(1) The right adjoint of Fy is given by Lie algebra cohomology RT'(gr,, —) :=
RHomU(gL) (K, —)
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(2) The right adjoint of Fy is given by RI'(¢,—) := RHomy ) (K, —),
where £ = ker(gq, ®q, L — 9L)-

(3) The right adjoint of Fs3 is given by the functor of locally analytic
vectors (—)file,

Proof. Let V € Rep'®(G) and W € Repla’(GQp). Then

RHompia(gq r)(V;W) = RHompia(gq k) (D"(GL, K) ®éla(GL7K) V.W)
= RHompua (g, i) (V. RHompia (g k) (DG, K), W)
= RHompua (¢, ) (V, RHomy ) (K, W)),

where the first two equalities are trivial and the last one follows from ad-

junction via Lemma [2.2.8] This proves (2).

Recall from Proposition that D" (G, K) = K®él“(gL K)DZQ(GL, K).

Then, using the exact same argument as in the proof of (2), we have, for
V € Repi'g (G) and W € Rep%.(GL),

RHolea(GbK) (V, W) = RHom’Dsm(GL,K) (V, RHolea(gLK) (K, W) ),

proving (1).

By point (1) of Proposition the right adjoint to the fully faithful in-
clusion Repﬁg.(GQp) — Modig (D" (Gq,, L)) is given by the functor (—).
Since the (fully faithful) inclusion Modxg (D" (Gg,, K)) — Modig (Ka[G])
has a right adjoint given by RHomyc ¢ (Dl“(GQp, K),—), the third assertion

follows since we know that (RHom,C.[G] (D'*(Gy,, K), W))Rla =Wwhle O

Remark 6.2.2. Consider the following sequence of adjunctions

R ! P2 ! Fs
Repgg(G) _ Repgp(Gr) _ Repig(Gq,) —_ Repiy(G).
RI(gr,—) RT(¢,—) (—)Rla

One can define functors of smooth or locally analytic vectors from different
categories of representations as right adjoint of forgetful functors. For exam-
ple, let I be the composite forgetful functor Repig (G) — Repgg(G), then
its right adjoint can be computed as the composite of the right adjoints of
the forgetful functors

Repig (G) — Modyg (D*™(G, K)) — Modig (Km[G]) = Repicg (G).

This can be computed by applying simple adjunctions as follows: if V €
Repyg (G) and W € Repig (G), then

RHomyeg 1 (V, W) = RHompsm iy (V, RHomye g1 (D" (G, K), W)
sm Rsm
= RHompen (g i) (V, (RHomyeg (o1 (D*™(G, K), W) ™™)

where the first equality follows using the fact that V' is a D*"(G, K )-module
and adjunction, the second one by Proposition [5.1.8] Thus, the right adjoint
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of F'is
WhS™ .= (RHomycg o (D™ (G, K), W)) "
= h%In RHOIHDSM(G,K) (’C. [G/H], RHOHIIC. tel (Dsm(G, K), W))
HCG
HcG
6.3. Cohomology and comparison theorems. We now introduce all the
cohomology theories we are interested in, namely, Lie algebra, smooth, lo-
cally L and Qp-analytic, and solid group cohomologies. We will first define
them and show that these definitions recover the usual ones at abelian level.
Finally, we will show how they compare to each other by some formal ad-
junctions.
There is a natural map from the category Mod(Km) to each of the cate-
gories appearing in (6.1]) given by trivial representations.

Definition 6.3.1. We define
e Solid group cohomology RI'(G, —) : Repyg(G) — Mod(Kn),
e (Q,-)Locally analytic group cohomology RFl“(GQp, —): Repﬁg. (Gq,) —
Mod(Km),
e (L-)Locally analytic group cohomology RT'*(Gp, —) : Repfg. (Gp) —
Mod(Km),
¢ Smooth group cohomology RI*™(G, —) : Repiy (G) — Mod(Km)
e Lie algebra cohomology RI'(g, —) : Modxg(U(g)) = Mod(Kn),
as the right adjoint functor of the map from Mod(Km) to the corresponding
category.

Remark 6.3.2. As the categories Repiy(G), Repfg. (Gr) and Repﬁg.(GQp)
embed fully faithfully, respectively, in the categories Modxg(D*" (G, K)),
Modxg(P"(G, K)) and Modyg (D" (Gq,, K)), we also have that

RI'(Gq,,V) = RHompia(q, i) (K, V),

RT'(GL,V) = RHompua (g, (K, V),
RT*™(G, V) = RHompenm ¢ 1) (K, V).

Moreover, since the categories Repi'g (G) and Repfg. (Gr) are the derived
categories of their heart, the smooth and locally analytic cohomology func-
tors can be computed as the right derived functors of the G-invariants of
their respective representation categories.

By [Man22bl, Corollary 3.4.17], smooth cohomology can be computed us-
ing smooth cochains. We prove the same for geometric, solid and locally
analytic representations.

Proposition 6.3.3. Let Rep;C.(G) denote the category of smooth, L-locally

analytic, geometric or solid representations of G, and let RT'? (G, —) denote



76 JOAQUIN RODRIGUES JACINTO AND JUAN ESTEBAN RODRIGUEZ CAMARGO

their corresponding cohomology functor. Let V &€ Rep}%f(G) be a representa-

tion in degree 0 and let [C*(G*®,V),d"] be the bar complex in Mod(Km) with
n-th term C*(G™, V) and n-th boundary map

d"(f)(g1,-- - gn1) = 91 (92, -, gnt1)
n
+ Z(—l)lf(gb e Gi=159iGit 15 -+ > Gn+1)
i=1

+ (_1)n+1f(glv s ;gn)

Then there is a natural equivalence
RTY(G,V) = [C"(G*,V),d"].

Proof. We follow the same proof of [Man22bl Lemma 3.4.15|. Let ? —Ind :
Mod(Km) — Rep}’c. (G) be the right adjoint of the forgetful functor, and let

r denote the composition of the forgetful functor of Rep?,c. (G) with ? —Ind,
for n > 0 we let 7"(—) denote the application of n-times r. By adjunction,
we have natural transformations r"(—) — r"*!(—) for all n > 0. For M €
Rep;?c’f(G), we claim that the complex

(6'2) 0—>M—>T‘(M)—>r2(M)_>...

is exact and that (M) = C*(G™, M). First, we claim that for any W €
Mod(Km) one has ?—Ind(W) = C*(G, W). It suffices to take W € Mod" (Km),
in which case we need to compute the right adjoint of the forgetful func-
tor of abelian categories Rep;?c’:?(G) — Mod”(Km). For 7 solid one has

Rep,?c- (G) = Mod" (Km[G]) and the induction is just C(G, V). For ? being
smooth, locally analytic or geometric, the category Rep;éf(G) is the cate-

gory of comodules of the exact functor C*(G, —), and one easily checks that
the right adjoint of the forgetful functor is simply V ~ C*(G,V) proving
the claim.

Now, unraveling the definitions, one has that the sequence is given
by the usual bar complex of the respective representation category, which is
an exact complex as they are constructed functorially from the augmented
cosimplicial object (G™*1),caop = %. To conclude the proof we need to
show that RT'?(G,? —Ind(W)) = W for any W € Mod(Km), but the functor
RT?(G,? —Ind(—)) is the right adjoint of the composite of the trivial repre-
sentation and the forgetful functor which is the identity on Mod(Km), so it
is equivalent to the identity. This finishes the proof. [l

All our comparison results are subsumed in the following statement, which
generalizes in particular our main results [RJRC21, Theorem 5.3 and The-
orem 5.5 from the case of a compact p-adic Lie group defined over Q, to
that of a (non-necessarily compact) p-adic Lie group defined over a finite
extension of Q, .



SOLID LOCALLY ANALYTIC REPRESENTATIONS 7

Theorem 6.3.4. We have the following commutative diagram:

RF(E -
( )Rla Replc. GQP Replc. (GL) RF( )
g
RI'*(Gq,,—)  RI'(GL,— \
Rep;c.(G) Repy!
RI(G,— RT*™(G,—)
Mod(Km)

Moreover, since the embedding Repfg.(GQp) in Repyg(G) is fully faithful
then, for any V' € Repyg(G), we have RI'(G,V) = RI(G, VB In partic-
ular, if G is defined over Q,, we have

RT(G,V) = RI'(G, VEa) = Rr'e(G, vIie) = RT*™(G, RT (g, VH9)).
Proof. Tt follows by the adjunctions of Proposition [6.2.1] O
6.4. Homology and duality. We conclude with some applications to du-

ality between cohomology and homology. The following result is the infini-
tesimal analoge of [RJRC21, Theorem 5.19].

Proposition 6.4.1. Let V € Modicg(U(g)). Then we have
RT(g,V) = K(O[—d] &y V-
In particular, if V' € Repyg(G), then
RI(G,V) = RT*™(G, K(x)[~d] &5 V).

Proof. This follows exactly the same argument as in [RJRC21, Theorem
5.19] replacing the Lazard-Serre resolution by Chevalley-Eilenberg resolution
to calculate cohomology. The last assertion follows from the first one and
Theorem [6.3.4 O

The problem for showing a global result when G is not compact is that
the trivial object K might not be a perfect Km|[G]-module. Nevertheless,
this is indeed the case when either G = G(Q,) arises as the Q,-points of a
connected reductive group over Q,, by [Kohl11l Theorem 6.6] or G is solvable
by [Kohlll, Theorem 6.5]. From these facts, one immediately deduces the
following:

Corollary 6.4.2. Let G be either given by the Qp-point of a connected re-
ductive group G defined over Q, or solvable and let V' € Repyg(G). Then

RT(G,V) = RHompua (g ) (K, D" (G, K)) @éla@ ) yhila,

‘w(G)
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