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ABSTRACT. The objective of the present work is to describe a technique to approximate atmospheric
path transmissivities using a recurrent structure, following a method proposed recently but limited to
date to high temperature applications. The physical model together with its underlying statistical
assumptions is detailed. It is found to involve a rather simple analytical formula that applies both to
two-layers systems and to more general multi-layers non-uniform configurations. This treatment of
path non-uniformities uses several unknown parameters that are first trained on LBL reference data in
two-layers configurations to illustrate the relevance of the proposed approximate model. Then, in a
second time, model’s parameters are trained on non-uniform path transmission curves representative
of multi-layers atmospheres. The corresponding recurrent formulation is shown to provide accurate
estimates of transmissivities of non-uniform atmospheric paths (maximum relative errors are below

0.35% in all the considered test cases) at a very low CPU cost.
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1. INTRODUCTION

Satellite remote sensing is a widely spread method to characterize the state of the atmosphere and to
monitor atmospheric components such as water vapor, clouds and aerosols. Atmospheric instruments
measure radiances averaged over more or less narrow spectral bands. The most recent generations of
satellites produce large amounts of data that need to be converted into geophysical parameters. This
requires the developments of fast though accurate numerical methods to infer profiles of temperature,
species concentrations, efc, from satellite measurements. In most cases, when modeling a radiative
intensity in an atmospheric configuration, one needs to account for the contribution of the absorption
and / or emission of radiative energy by the gaseous components of the atmosphere. Due to the large
amount of data to analyze, the use of high-resolution Line-By-Line (LBL) calculations cannot be
considered for this purpose, even if the amount of computational power available has increased

significantly in the past years.

Gas radiation modeling has always been intimately connected with statistical sciences [1].

Statistical Narrow Band (SNB) models, for instance, are founded on assumptions about the locations
of line centers (randomly spread over the spectral interval) and about the distribution of linestrengths.
Combined with some realistic additional hypothesis (spectral lines are assumed entirely contained in
the narrow spectral interval, for instance), SNB model theory allows constructing simple though
accurate analytical models based on a few parameters (two, for example, in the case of the widely
spread SNB model for Lorentz lines based on Malkmus’ distribution of linestrengths [2]).

k-distribution methods are constructed, both over narrow spectral intervals [1] or over the full spectrum
[3], with the help of the distribution function of absorption coefficients over the spectral interval. In the
Correlated K-Distribution (CKD) method, statistical assumptions about the relationship between
spectra in distinct thermophysical states are made to extend the method from uniform to non-uniform

configurations: the so-called “correlation” assumption [1,3].
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In this context, it is not surprising to see the appearance, in the recent years, of new strategies based on
statistical learning methods [4] for fast though accurate modeling of non-uniform gaseous paths.
Principle Component Analysis (PCA) based models [5,6] or techniques founded on unsupervised
learning / cluster analysis [7] are two examples of such approaches. More recently, several attempts
have been reported in the literature to apply methods based on neural networks to model band averaged

gas transmittance [8,9] or to treat more general radiative transfer problems [10].

One of them, Ref. [9], proposes to apply Recurrent Neural Network (RNN) structures to model non-
uniform path transmissivities. The main originalities and advantages of this approach compared to brute
force machine learning methodologies are:

1/ to suggest an RNN-like model mostly built on physical arguments. Indeed, the method consists of
the reformulation of a physical model into a recurrent scheme using statistical assumptions on the
relationship between gas spectra in distinct states. The resulting network topology avoids the black box
disadvantage of most brute force Neural Network models, as all parameters have a clear physical
meaning. The proof of concept was given in Ref. [9]. This reference was however restricted to high
temperature applications.

2/ to propose the use of Exponential Linear Units - ELU [11] - as activation functions. It is well
known [12] that the choice of activation functions can have a significant impact both on the
computational effort required for the training process and on the extrapolation capability of Neural
Network models. The selection of activation functions based on physical arguments is sometimes
recommended for use in Physics Informed Neural Networks (PINN) [13]. This strategy consists of
selecting activation functions closely related to known solutions of the governing Ordinary / Partial
Differential Equations of the physical problem studied instead of generic ones. This approach cannot
be applied directly in the case of gas radiation modeling because the problem of path non-
uniformities cannot be fully formulated, to the best of our knowledge, using ODEs / PDEs, even if

some physical constraints can be expressed in terms of derivatives of the transmissivity (see

4
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Appendix III for details). The strategy proposed in Ref. [9], and explored further in the present
paper, mostly consists of finding the general form of the solution of implicit equations to treat non-
uniform paths (based on the quasi-scaling approximation described in section 2.2) and then use this
functional form to select appropriate activation functions. The proposed method thus replaces
solutions of ODEs / PDEs in PINN by implicit equations, but the main logic to incorporate physical
constraints in a statistical learning framework is the same in both approaches. As will be seen later
in this paper, ELUs are then natural choices.

3/ to embed physical constraints directly inside the structure of the recurrent network. This can be
considered as a type of mathematical induction approach, following the classification proposed in
Ref. [14]. Indeed, constraints on the derivative of the transmissivity are directly included in the
structure of the model without modifications of the loss function, as often done in Machine Learning
studies (called learning bias in Ref. [14]): only the raw data (set of non-uniform path

transmissivities) are used in the training process. This fact is discussed in Appendix III.

The application of recurrent networks to model non-uniform path transmissivities is explored in the
present work by treating the general case instead of the simplified model of Ref. [9]. For this purpose,
a generalization of the theoretical foundation of the model detailed in [9] is first proposed in section 2.
Both the physical model and the statistical assumptions needed to construct the recurrent approximation
are described. This section is rather technical but all the necessary details to fully understand the method
and follow the steps of the derivation are given. In section 3, a validation of the results of section 2 in
cases of two-layers systems (couples of successive layers along a non-uniform atmosphere) is first
provided to illustrate the relevance of the proposed approximation. Then, in a second time, the
functional form of section 2 is used as a prior knowledge to model non-uniform path transmissivities
in multi-layers configurations, using the same recurrent scheme as in Ref. [9]. The role of the functional
form of section 2 (that takes the form of a Lévy-Khintchine formula) combined with the recurrent

scheme is thus, in a statistical learning context, to reduce the size of the space of possible solutions with
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the aim of both simplifying the training process and increasing the quality of the transmissivity model.
Several application cases are studied in which the present method is assessed against reference LBL

calculations for realistic atmospheres.

Many elements used in the present paper are closely related to results already discussed within the

development of the ¢-distribution approach in Refs. [15-17]. However, no detailed knowledge about

this modeling strategy is required to fully understand the present developments, even if some of them

use exactly the same mathematical formalism for convenience. When needed, the elements of ¢

distribution modeling required to understand the present paper are reminded.
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2. GENERAL THEORY

Let us consider a non-uniform atmosphere divided into n uniform layers. A path in the atmosphere

can be represented by a sequence of lengths L,,..,L where each L, i=1,..,n is the total distance

traveled by the radiative energy in the i-th layer where the thermophysical state of the gas has index

i and where its spectral absorption coefficient at wavenumber v is k. The band averaged

transmissivity of the total path represents the fraction of radiative intensity, averaged over the

spectral interval written AV, that travels in the atmosphere without being absorbed. It is given by:

Y (Ll,..,Ln) =$DJ' exp(—/(%1 u,-.-k,, Rn) dv (1)
Av

In the present work, as well as in the ¢-distribution approach, we seek an approximation of this non-

uniform path transmissivity as:

(Lo L) =1 (L) )

where L, , is an effective absorption length defined in such a way that the transmissivity of the non-
uniform path is the same as the transmissivity of an equivalent path of length ,  in the gas in state
1. Values of L, , depend on the n lengths L,,...L, .

In the ¢-distribution approach, the effective absorption length L,  is constructed through a recurrent

process defined by the following set of relationships (identical to Eq. (23) of Ref. [9]):

Lnﬂ = Lﬂ 3
L,=L+¢o z-iA+I1/ (Li+l..n) ®
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In this method, the treatment of non-uniformities thus starts from one side of the radiation path,
where the state of the gas has index n, and propagates (index i varies from # to 1) until state 1. The

process involves the set of functions ¢, i =1,.., N defined as the inverses of the band averaged

transmissivities 7Y. These inverse functions obviously exist because band averaged
transmissivities are strictly decreasing functions of the geometrical lengths. The notation “o” is
used to represent the functional composition, i.e. ¢ oI/, (L) =¢ [Tﬂ (L)] .

1

The physical interpretation of the recurrent scheme is relatively straightforward. Indeed, it consists
of an iterative homogenization process as explained in depth in Ref. [15]. Interested readers should

consult this reference for more details.

Application of the recurrent method set by Eq. (3) to generate L, A requires evaluating the
“coupling” terms involved at each step of the propagative scheme, i.e., the set of functions

¢or’ (L) over the full collection of layers. We derive in this section an analytical formula to calculate

these functions. In order to simplify the notations, we focus on ¢ © 1'2A Y (L) only (coupling between

states 1 and 2) but the same functional form applies to any other couple of states i and i+1. Several

preliminary results are needed for the derivation. They are given in subsection 2.1 (physical model for
—0In TIAV (L) / OL) and 2.2 (statistical method used to represent the relationship between gas spectra in

distinct states). Section 2.3 and 2.4 provide the derivation of the coupling functions, first in a simplified

case (2.3) and then in the general situation (2.4).

2.1. Physical model for —dIn7;" (L) / oL
The derivation described in section 2.3, that focuses on the development of an approximation of the

quantity ¢ c>2'2A g (L) of Eq. (3), has strong connections with mathematical properties of
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—0In 2'1A g (L) / OL . The present section is devoted to the building of an approximate model for this

quantity from which some important and useful properties can be derived.

We consider a gas spectrum in state 1 made of N overlapping spectral lines. We approximate the
transmissivity of the array of N lines as the product of the transmissivities of the N spectral lines
considered separately, as done in Statistical Narrow Band model theory [1]. We thus consider that
absorption by a single spectral line is statistically independent from all other spectral lines. This

provides:
A 1 = Al A
()= e L3, | v =[] (1) @
4 Av i=1
where:
v _ 1
r (L)_EDAjvexp(—L X,,,) dv 5)

is the band averaged transmissivity of the i-th spectral line of the gas in the thermophysical state of
layer 1 for a gas path length L.

Let £ be a small and positive real number. We define a “useful” range of lengths, written

[L . (5) L (8)] , as the set of lengths such that the value of 7" (L) lies in the interval [é’,l —é’] ,

‘min > “max

where most of the dynamics of the transmission curve occurs. This means that the minimum and

maximum lengths are defined as solutions of the implicit equations:

(6)
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Over [me (8) L (8)], the array of N spectral lines absorbs a significant quantity of radiation but

each single line alone only absorbs a small amount of radiation: band averaged transmissivities of single

lines are thus close to 1. This is because, if we assume for simplification that all spectral lines are

identical and statistically independent, the transmissivity of a single line over [Lmin (E) L. (8)] takes

a value higher than £ which is thus close to 1 for large N (for instance, values £=0.001 and N =

1,000 provide &Y =0.993 — this means that if we have 1,000 identical lines such that the transmissivity
of the set of lines is 0.001, then each spectral line alone has a band averaged transmissivity of 0.993,

which is clearly close to 1). This allows writing:

Cin® (1) :—mm oo (L)} :—gln o (2)= 3 [1-72 (L)) o

i=1 i=1

Taking the derivative of the previous equation with respect to the gas path length L then provides the

following approximation:

_0lnr (L) :i{_arﬁ”(L)} ®)
As shown in Appendix I, —0In 7" (L) / OL can then be approximated as:

-0Inzp (L)/oL=k,, [j exp| ~k" (&)L ] d& 9)

0

10
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where k’ (f), 3 D[O, 1] plays the role of an absorption rate (the unit of k~ is cm™) that governs the
behavior of —1/k,,[@In Y (L) / OL with respect to the gas path length L.

Following Eq. (9), —1/k,, @In7;" (L) / OL is thus a Laplace transform.

In a neighborhood of a length L, chosen in the range [Lmin (E) L (é‘):l , application of the mean

> “max

value theorem to the integral of Eq. (9) ensures the existence of a real X (L“) U [O, l] such that:

1 dlnrV (L)

o i :exp(—k*[X(Lo)] ELO) (10)

For a small positive increment JL,, using again the mean value theorem and limiting the analysis

to a first order expansion in JL;, we receive the following approximation:

1 alnrlAV(Lo-l_é—LO):exp(—k*[X(Lo+O_lﬂ):|[Glﬂ+5lﬂ))

k,, oL
| 1 dlnr™ (L)) o
=-—— 2 axp| - [D.
R O
where, by reorganizing Eq. (11) and taking the limit L, — O
Av — 2 Av 2
SI(LO):()ln _ 1 omp¥(L=L)|_ 9 1nr1M (L,)/oL 12
oL | k,, oL oln7” (L,)/oL

11
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Moreover, one can notice that as —l/kp,1 [@In 2'1A Y (L) / OL is a Laplace transform, it is log-convex

[18]. This provides, following the definition Eq. (12), that s, (LO) is a positive and decreasing

function of L;:

0<s,(L)<s(0) (13)

The derivation provided in this section shares many similarities with SNB models, as the two
approaches are founded on the same starting point (a spectrum is assumed to be the superposition
of N statistically independent overlapping spectral lines). However, as our objective here is to
provide proofs of Egs. (11) and (13), that are the only results needed for our development, all
additional assumptions required by SNB models [1] (choice of a distribution of linestrengths and of
a line profile, assumption that spectral lines are fully included in AV and that the number of spectral

line N tends towards infinity) are not needed. It can be checked easily that the property
—1/ kp, [@In TlAV(L)/aL is a Laplace transform” applies to standard SNB model formulations, as

particular cases of the present derivation.

2.2. The concept of quasi-scaled spectra

This section is devoted to a description of the concept of quasi-scaled spectra, used in the present
work to construct an approximation of ¢, o 1'2A Y (L) as described in section 2.3.

The concept of quasi-scaled spectra is among the most important ones in the ¢-distribution approach,

at least as essential as that of “correlated” spectra in non-uniform k-distribution modeling, as they
both consist of statistical models of relationship between gas spectra in distinct thermophysical
states. We say that two spectra represented respectively by an index 1 and 2 are quasi-scaled if, by

writing K, , =K, [k, where u, is the non-constant scaling coefficient between the two gas spectra,

12
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,, and u, are statistically independent. In this case, we obtain the following relationship between

the transmissivities in the two states averaged over the spectral interval AV :

Ay 1 1 Av
(L) = = Aj exp(—«,,L) dv = l 2 [u(&)L]dé (14)

where u (f ) , & D[O, 1] , 1s the inverse of the distribution function F (u) of the spectral variable u, .

The concept of quasi-scaling was studied in depth in Ref. [19]. In this reference, it was verified that
within the assumption of quasi-scaled spectra, an approximation of the transmissivity of a non-

uniform path involving both states 1 and 2 can be obtained as:
1
iy (L,L) = [ [L+u(é) L Jdé =1 [ L +¢ 013" (L,) ] (15)
0

where ¢, is the inverse of the transmissivity function 7" defined as ¢ TIA g (L) =L for any gas path

length L. This formalism is almost the same as a technique proposed by Godson in the 50s [20] but,
due to the quasi-scaling assumption, the present approach is more restrictive as explained in Refs.

[16,17]. A theoretical justification of the approximation set by Eq. (15) is provided later in this

paper.

2.3. Lévy-Khintchine representation of ¢ o7, (L) in the case of weakly non-constant scaling

max] EEI[O 1] where |u

coefficients u (g( ) El[u

Several analytical functional forms for ¢ o 1'2A Y (L) were studied recently [9,19]. They were however

restricted to rather simple cases (gas spectrum in state 1 was gray, for instance, in Ref. [19]). In the

next two sections we consider the general situation. For this purpose, we first treat an intermediate

13
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problem for which the non-constant scaling coefficient u (f ) , & EI[O, 1] takes values inside a small

Upoo ~ U | <<u,. . The corresponding result is then generalized to arbitrary

‘min ? max] max mi!

interval [u

situations.

We consider a value ¢ inside the interval [0,1]. The transmissivity T IAV [u (f ) L:l can be written as:

(&)L Upnin L u(é)L Av (71
Tf”[u(f)L]=exp{ [ — Oln7;” dL}—exp{ j oz (L) dL}Exp{ | oz (L) dL}

X oL’

MminL

or equivalently:

u(é)L Av !
2 [u(é)L]=1" ummL)Bxp{ j 9z (L) dL} (17)

The change of variable V(f ) =u (f ) —u_. (notice from this definition that V(f ) >0) together with

Eq. (11) then provides (function s; is defined in Section 2.2):

, olnr (u,, L) l—exp[—s (L) (&) L]
i [u(é)L] =11 (u,,L) @xp[ T sf (D) (18)
As the width of the interval [um,um] is assumed small, one can write:
Y (up L) 2T [u ] & (o L) = T (i L) (19)

14
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that allows using the following approximation:

0] .

v (u L Y (u L)

min min

Eq. (20) provides, when combined with Eq. (18):

Ay o A 7™ (uy, L) 1=exp| =, (1, L) 3 (&) L]
Tl I:I/l (E) L:‘ - Tl ummL) I:El aL, 5, (I/lmmL) (21)

This estimate of the transmissivity 7" [u (f ) L] can then be plugged into Eq. (14) to yield:

Av v Oln TAV (ummL) 01 —GXPI:_SI (uminL) o (5) L:I
I (L) =T, (u L) [El L [J; ; (MminL) dé (22)

This result can be equivalently written in terms of the inverse of the band averaged transmissivity

i as:

av L1=-exp| =s, (L) (&)L
¢ ot (L):uminL+J' [ s((uAL)) (6)2]

d¢ (23)

Using Eq. (23) directly is not convenient because it involves the quantity s, (uminL) that depends on

the gas path length L. No simple model for s, (umL) seems to be available in the general frame

(see its definition, Eq. (12)). Consequently, in order to simplify the model, we rewrite Eq. (23) as:

qory" (L) =umL[E1+¢(L)]+i1_e"p[_:((8))@(5)@

dé (24)
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where:

The difference between the two integrals inside the brackets in Eq. (25) can be written as a double

integral to yield:

(exp[—s1 (L) (&) Lt] —exp[—s1 (0)(¢) Lt])dt dé< LT;A <<1

o24(1) =, r(e)g

min

© —_—

min

<1

(26)

The first inequality (on the left, viz. positivity) arises directly from application of the relationship

Eq. (13) that provides, for any (obviously positive value) of the product I/(g() Lz,
1

exp[—s1 (L, =u,, L)@ (&) Lt] > exp[—s1 (0)w(¢) Lt:l . In Eq. (26), u = Ju (€) d¢ is the mean
0

scaling coefficient equal to the ratio of the Planck mean absorption coefficients in states 1 and 2

(value at the optically thin limit).

Eq. (26) proves that Eq. (24) can be reasonably approximated as:

o1t (L) =umL+j1_eXp[_s‘ (0)5(¢) L]

0 5 (O)

d¢ 27)

that does not depend anymore on s, (uminL) . The parameter s, (0) that appears in Eq. (27) can be

estimated directly from LBL data following its definition:

16
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0’ In7 (0)/0L kg,
Sl (O) =~ Av -
oz (0)/oL  k,,

_kP,l’ kP,l :ALV Dj K, dav, kSP,l :ALV Dj (KV,1)2 dv
Av Av

(28)

In Eq. (28), k, is the Planck mean absorption coefficient, whereas k, denotes Super Planck mean

absorption coefficient [1]. These two mean absorption coefficients are both calculated in state 1 in

Eq. (28).

One can notice here that if the same assumptions and steps as used in this section are used to evaluate

¢oT, (Ll, Lz) , where T}, (l1, LZ) is defined as the first term at the RHS in Eq. (15), one obtains:

L= -5 (0) &
Gott (L L) = L+ L, + | il ((o)) L ig=rvqem () oo

Proving this statement mostly requires changing all the occurrences u,, L (resp. u(f) L) by

L +u,, L, (resp. L +u(&)L,) in Eqgs. (16-26). This modification only affects the definition of
function ¢ . This function remains however small compared to 1, yielding Eq. (29). This provides,

a posteriori, a theoretical justification of the approximation set by the second part of Eq. (15).

Eq. (27) also shows that ¢ o 1'2A g (L) is a Bernstein function [21] (also called Laplace exponent of a

Lévy subordinator in statistical science), viz. a function whose derivative is a Laplace transform.
Formula (27) is the Lévy-Khintchine representation of this Bernstein function. It has the same

mathematical form in the general case as in the previously treated simpler situations of Refs. [9,19].
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This appurtenance of ¢ o 2'2A v (L) to the family of Bernstein functions is central in the extension of

the case treated in this section, that implicitly assumes that the two states 1 and 2 are close to each

other, to more general scenarios. This generalization is discussed in the next section.

2.4. General case

It was shown in Ref. [19] that the quasi-scaling assumption is reasonable when the thermophysical
states 1 and 2 are close to each other. This constraint is not verified in general radiative transfer
calculations for which large gradients of temperature, pressure and species concentrations may be
encountered along a radiation path. However, for any given couple of states 1 and 2, we can assume
that there exists a sequence of N (finite) close intermediate states {1}=1, {2},..{N-1},{N}=2 such
that gas spectra between any couple of states {i} and {i+1} follow the assumptions of section 2.3.

In this case, using these intermediate states, one can write:
4ory" (L) = (i ° T (L)= Gy o7 [Z{z} oIy (---[‘{N-l} oIy, (L)})} (30)

i.e., function ¢ © 2'2A Y (L) can be constructed as the composition of N-1 intermediate functions. As

gas spectra between any couple of states {i} and {i+1} follow the assumptions of section 2.3, by

construction, all functions 4 or{ffl}, i=1,..,N—-1 in Eq. (30) are of the Bernstein type. Their

combination is thus also a Bernstein function [21], viz. of the form of Eq. (27). This property on
combinations of Bernstein functions thus allows generalizing very straightforwardly our physical
model of section 2.3 to more general situations. Notice that if the functional form of the solution is
known at this level, the set of states {2},..{N-1} is unknown. Its specification can be avoided by
using tools from statistical learning, as explained in the next section. The method proposed to derive
the model parameters from high resolution LBL data is adapted from Ref. [9] and is first described

in this specific application context. The model set by Egs. (15,27) is then applied to atmospheric
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400  calculations. Comparisons with reference LBL calculations over non-uniform atmospheric paths are
401  then provided.
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3. APPLICATION

In this section, we compare non-uniform atmospheric transmissivities obtained by application of

Eq. (27), combined with the propagative scheme of Eq. (3), with simulations obtained by the ¢-

distribution method based on mapping functions, as used for instance in Ref. [17]. These two
methods are assessed against reference LBL calculations. Results of CKD models for various
numbers of gray gases are also provided for completeness. All model parameters are constructed
with the help of the same high resolution LBL data. Water vapor was chosen for the present analysis
and the Mid Latitude Summer profile was selected. This profile is discretized in 49 uniform layers
between 0 km (ground) and 120 km (top of the atmosphere). The METimage / EPS-SG channel
VII-20 optical filter (that defines a spectral range that extends from 10579.7715 cm™ up to
11312.2172 cm!) is considered in the calculations. The spectral resolution of the LBL calculation
is 0.01 cm™! (the spectral band thus contains 73,245 values of wavenumbers). Section 3.1 is devoted

to the analysis of two-layers systems. Its main objective is to demonstrate the relevance of Eq. (27)
for the calculation of ¢, 01'2A Y (L) and to show how the unknown quantities in the model can be

obtained by regression using a standard algorithm from the machine learning community. Section
3.2 describes preliminary results of a prototype code used to extend the results of section 3.1. to real
non-uniform atmospheres made of n higher than 2 uniform sub-layers. In the same section 3.2,
additional test cases related to oxygen in the A-band as well as a mixture of CO2, H>0O and O3 are
also treated. For these supplementary cases, the optical filters of METimage / EPS-SG channel VII-
16 and METimage / EPS-SG channel VII-39 were selected respectively for Oz and the CO2-H>O-
O3 mixture. The test cases considered are limited to purely absorbing atmospheres but extension of

the method to scattering atmospheres can be made in exactly the same way as described in Ref. [17].
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3.1. Analysis of two-layers configurations
The objective of the present section is to study the validity of the functional form set by Eq. (27) to

treat two-layers configurations. For this purpose, the estimation of the unknown coefficients of the
model in the case of two-layers systems, that is to say the parameters u . and v (f ) , 1s first made
by applying the following steps:

Step 1/ for regression purpose, we select the following approximation of ¢ 02'2A Y (L) derived in

Appendix II (Eq. (IL.4)) and rigorously equivalent to Eq. (27):

6 o1y" (L) =y, L+ (7 —u,,) [jo' : _eXpSEESI)(;? (E;)(f) L]

d¢ €1y

that we approximate, using a Gauss Legendre quadrature to calculate the integral that appears at the

RHS (see Eq. (IL.5)), as:

I A N _ 1—exp[—s(0) o (xi)L]
gloTZ (L)~€10T2 I:umin’v (xi)’L:I_uminL-l-(u umin)lia)z S(O) m}* (.Xl.) (32)

i=1

The order of the Gauss Legendre quadrature (whose weights and nodes are written « and x,
respectively) was set to 16, as suggested in Ref. [9]. The main interest of this choice of functional

form for ¢ 02'2A Y (L) is that the initialization of the parameters to adjust is straightforward, as

discussed in Appendix II.

Step 2/ a loss function £ is defined:
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1 . (33)
= [0 (or® [’ (x):0s(6)]) [t
0
The integral from O to 1 is calculated, using a uniform discretization of the unit interval, as:
% 1 J * 2 j
Ll (0)]2 52 & =0 (o r [y (0)i6 (€)]) [ €25 @9

J=1

Application of the previous definition of the loss function requires evaluating the set of lengths
l, (f j) =¢, ( ilJ ), Jj =1,J . These quantities are calculated using high resolution (200,000 points)

mapping functions together with the “standard” ¢-distribution model formulation (see Ref. [15] for

details). Mapping functions at the same high resolution are also used to calculate the transmissivity

functions in state 1, i.e., 7", as required by Eq. (34). In our calculations, the total number of lengths

along the transmission curves was set to J=20,000.

Step 3/ the loss function is minimized using ADAM’s [22] method. ADAM is a first-order gradient
optimization method based on adaptative estimates of lower-order moments. An ADAM code using
explicit gradients (simple to evaluate analytically using the definitions of Eqgs. (32,34)) was written
in Fortran 90. The learning rate was set to 0.5 (rather standard value used in ADAM) and a simple
learning decay rate strategy was applied (for every step along the learning process where the loss
function increases, the learning rate is decreased by 0.05 percent — this simple strategy was found
to accelerate the convergence of the optimization process). The solution is attained when the loss
function between two successive iterations does not change from more than 10* %. In general, this
level of convergence is attained after a few dozen of thousands of iterations. Notice that in this

section, our objective is to validate Eq. (27), reason why such a strong convergence criterion was
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selected. In the optimization code, the following constraints are set to follow the definition of this

variable: v’ (xi) >0, i=1,N.

Results of the model after optimization of its parameters are depicted in Figures 1, 2 and 3 for layers
between 0 (ground surface) and 16 km. Preliminary numerical tests (not depicted here) have shown
that, in these cases, errors of more than a few percent of the full transmission scale can be observed
if a single scaling coefficient (either based on the optically thin limit, viz. defined as the ratio of
Planck mean absorption coefficients, or at the optically thick limit, for which the minimum value of
scaling coefficient over the band is obtained) is used: gas spectra are thus not rigorously scaled in

the configurations treated. However, in all cases of Figure 1-3, the residual defined as the difference
r[l’f" (L)] =7, (L) -1 (Zl ory” [umm,v* (xl.);L]) is lower than 10 indicating the relevance of
the functional form set by Eq. (IL.5), and thus as an extension of the model of Eq. (27), to calculate
¢ o T2A g (L) . The quality of the approximation shows, indirectly, that if all the assumptions made to

construct Eq. (27) are probably not rigorously verified, they are sufficiently realistic to provide

relevant and accurate estimates of ¢ © T2A v (L) .
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497 loss function given by Eq. (33).
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Figure 3. Residuals at the end of the fitting process for two-layers systems (for layers 11 to 15) —

loss function given by Eq. (33).

It is important to notice that at some locations along the non-uniform atmosphere, especially at high
altitudes where the gaseous absorption is small, the set of input lengths ¢, (E j) =¢, ( ilJ ) , J=LJ

required for the optimization may take rather unrealistic values (for instance, for layer 20 which is
20 km above the ground surface, the length required in the selected case of water vapor to absorb
1% of the incident radiation, i.e., the length to reach a value of transmissivity of 0.99, is higher than

3000 km which is rather unrealistic for standard Earth remote sensing applications). In this case, the

loss function is adapted to restrict the range of values of 2'2A Y (L) to the Optically Thin Limit

(exponent OTL):

Lo [umm,v* (xi)] = j [5_ 7 (el o [umm,v* (x,):¢, (E)])Tdf (35)

T,

min
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For the construction of Figure 4, that considers layers at altitudes located between 16 and 21 km,

the value 7, was set to 0.9. This choice means that in the regression process, only the values of
gas path lengths such that TZA v (L) 27 . =0.9 are considered to evaluate the model’s coefficients

u . and v (f ) With this new loss function, very low residuals (absolute value of maximum is

below 1.1x107®) are obtained at high altitudes as shown in Figure 4: the model set by Eq. (27) thus

remains valid.
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Figure 4. Residuals at the end of the fitting process for two-layers systems (for layers 16 to 20) —

Adjustment of the coefficients at the OTL (loss function defined by Eq. (35)).

3.2. Generalization to n-layer configurations
In the previous section, we have restricted our analysis to two-layers systems. We have shown that

the proposed functional form Eq. (27) provides, after an appropriate adjustment of the models’
coefficients, an accurate approximation of ¢ OTZA Y (L) In the present section, we treat the more
general case of non-uniform atmospheres made of n (higher than 2) layers. For this purpose, we

have combined the iterative scheme of Eq (3) with Eq. (27). This allows constructing a function of

the n lengths encountered along a non-uniform atmosphere made of n distinct uniform layers. This
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function can be trained over non-uniform path transmissivities following a logic similar to the one
described in the two-layers configurations of Section 3.1. But, in this case, the total number of
parameters to optimize is not 17 anymore but 17 (n-1) (the value n-1 arises from the fact that in the
recurrent process, only n-1 functions of the form of Eq. (27) are used as shown in Eq. (3)). The
prototype code to generate the model’s coefficients was written in Python using the PyTorch library.
The construction of the set of parameters for the n-layer system was done applying the following
steps (we provide here the main logic, as a proof of concept):

Step #1: a rough analysis of two-layers systems is first performed. ADAM method as provided in
PyTorch is used to improve the initial set (constructed in exactly the same way as in 3.1) but the full
convergence is not sought out in order to reduce the CPU cost. ADAM method is run for each couple
of layers for 500 iterations. This process is parallelized on 48 processors (one processor for each
couple of layers).

Step #2: at this level, we have a rough estimate of the model parameters. The full set of coefficients

is re-adjusted on non-uniform path transmissivities calculated with the help of the ¢-distribution

method based on mapping functions. For this purpose, approximations of non-uniform path

transmissivities using the ¢-distribution method are selected every 500 m (the full atmosphere has a

length of 120 km) and several relative air mass (1, 2, 4, 8, 16 and 24) are considered. The total
number of input data (values of non-uniform path transmissivities) used for the training process is
thus 1,440.

Step #3: non-uniform path transmissivities based on the ¢-distribution method, as used in Step #2 to

train the full model, are replaced by transmissivities evaluated LBL. The training set is constructed

using the same method as for the ¢-distribution training of Step #2 and also contains 1,440 values of

non-uniform path transmissivities. The main difference between Step #2 and Step #3 is that Step #2

uses non-uniform path transmissivities evaluated with the help of the ¢-distribution model whereas

in Step #3 reference LBL calculations are used.

27



556

557

558

559

560

561

562

563
564

565

566

567

568

569

570

571

Step #4: once the set of parameters is considered sufficiently close to the optimal solution, the
Bernstein functions Eq. (27) are used to update the mapping functions required by the ¢-distribution
method. This allows constructing a model that has the same accuracy as after Step #3 but with a
minimal CPU cost. The model at this level is called Augmented ¢-distribution. Additional details on
the transition between Steps #3 and #4 are provided in Appendix III. A diagram that summarizes

the various steps of the process is given in Figure 5.

Set of LBL spectra along a INPUT
non-uniform atmosphere; _ Non-uniform LBL
Optical filter response g transmissivities
function
4
¢-distribution model .| Step #1: regression over
database - two-layer systems
A 4 A 4 \ 4
. Step #2: regression over the Step #3: regression over the
Non-uniform P g P g
. full atmosphere R full atmosphere
¢-distribution C e . > .
L. (¢-distribution solution used (LBL solution used as
transmissivities
as reference) reference)

Full set of LK
OUTPUT | parameters

Figure 5. The several steps of the regression process. Input data (LBL spectra and optical filter)
are on the top left — output data (coefficients of the Lévy-Khintchine (LK) formula all along the

atmosphere) are on the bottom right. Step #4 is not depicted on the figure.

Figure 6 depicts results of comparisons for several values of Relative Air Mass, from 1 (single path
in the non-uniform atmosphere) up to 24 (relationships between RAM values and angles between

the incident radiation and the Earth surface can be found, for instance, in Ref. [17]). This figure
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illustrates how the quality of the model (measured in terms of the relative error of the model

compared with reference LBL calculations) evolves after each step of the process.

H,O (MidLatitudeSummer profile)

o 1oF — . —— ————r
= f ]
7 osf E
g : ]
g 0.6 3
B oafb Relative Air Mass| 1
= E (RAM) increases |1
= 02F E
L MR R S R | L T n I W W |
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T~ 00E M| - — T
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s 00F , L ) L — - ————————— ]
S g f R
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10" 10° 10 10°

Distance to the ground surface, in km

Figure 6. Evolution of the relative errors of the model at various stages of the training process.

In Figure 6, the top layer shows LBL transmission curves over the non-uniform atmospheres. At a
given distance from the ground surface (abscissa), it depicts the transmissivity of the path between
the top of the atmosphere and this location / abscissa.

The second layer (starting again from the top) displays results of the “standard” ¢-distribution model

based on mapping functions, as described in Refs. [15,17]. The accuracy of the method is rather
satisfying, with relative differences lower than 0.8% when compared with reference LBL
calculations.

The third layer was constructed using directly the outputs of Step #1 (parameters adjustments on
two-layers systems) combined with the iterative scheme of Eq. (3). Results are very close to those

of the ¢-distribution model based on mapping functions (second layer), but not rigorously the same.
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After Step #2 (fourth curve), the outputs of the “standard” ¢-distribution model and the combination

of Eqgs. (3,27) are virtually undistinguishable. This results can be explained by two factors: 1/ the
second training stage of Step #2 improves the initial learning stage of Step #1, which was probably
not pursued long enough to reach a full convergence, 2/ very likely, as only the set of lengths actually
used in the radiative transfer calculation are considered in the training, local adjustments are made
that allow improving further the model’s accuracy (in the same way, local adjustments at the OTL
were found to provide a slightly higher accuracy than if the full range of Eq. (33) was used in Section
3.1).

The fifth layer depicts results after Steps #3 and #4 (notice that when high resolution mapping
functions are constructed, as is the case here where 20,000 points are used for each updated mapping
function, results of Steps #3 and #4 are virtually identical). The gain in terms of accuracy compared

to the “standard” ¢-distribution model is significant (a factor of about 2) but the two models used to

construct the second and fifth layers share the same CPU cost (after Step #4). This figure illustrates
the importance of the results described in the present work. Indeed, the use of the functional form
Eq. (27) derived on the present paper together with the iterative scheme of Eq. (3) allows
constructing a model of non-uniform path transmissivity that can reach a very high accuracy (of
about 0.35 % when compared with LBL data) at a very low CPU cost (the CPU time to generate a
full transmission curve, made of 1,200 values of non-uniform path transmissivities, is 0.1 ms on a

single core of an Intel Xeon Silver 4214R 2.4 GHz processor).

Eventually, one can notice that Figure 6 depicts results associated with the training set, obtained by
considering the values of relative air mass of 1, 2, 4, 8, 16 and 24. In order to evaluate how the
method extends to more general radiative transfer scenarios, we have generated model parameters
(using steps from #1 to #4) over 6 standard atmospheric profiles (Mid-Latitude Summer and Winter,
US standard, Tropical, Sub-Arctic Summer and Winter). Then, for a given value of relative air mass

between 1 and 24 by unit step, we have searched over the full transmission curve (as already said,
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1,200 values of non-uniform path transmissivities are estimated for a given RAM) the maximum
relative error of the model when compared with reference LBL calculations. For comparison
purpose, we have made the same calculations for two CKD models based on Gauss-Legendre
quadratures at orders 64 and 256. Results are depicted in Figure 7 for H>O (same case as for Figure
6), Figure 8 for O, and Figure 9 for the mixture (treated as a single gas). The set of RAMs used for

the training is depicted by small vertical rectangles (connected to the RAM axis) in Figures 7-9.

045 T —T T T T T T T T
T A —o— Augmented ¢-distribution
040 , A A —e— CKD - 256 absorption coefficients|T]
035 L A o C 4 — CKD - 64 absorption coefficients |]
35 L i
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e e

— o

n S
I I
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- 5
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Relative Air Mass (RAM)

Figure 7. Maximum relative errors / LBL for 6 standard atmospheres and values of relative air

mass between 1 and 24 (case of water vapor).
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Figure 8. Maximum relative errors / LBL for 6 standard atmospheres and values of relative air

mass between 1 and 24 (case of oxygen A-band).
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Figure 9. Maximum relative errors / LBL for 6 standard atmospheres and values of relative air

mass between 1 and 24 (case of CO2-H>0O-0O3 mixture).
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From Figures 7 to 9, several conclusions and comments can be drawn:

The level of accuracy observed over the full set of RAMs indicates that the coefficients of
the sequence of Bernstein functions generalize well, even when applied to cases outside the

training set. The Augmented ¢-distribution model provides an accuracy higher than 0.35%

for water vapor when assessed against reference LBL calculations, over the 6 standard
atmospheres. It is below 0.35% for Oz and 0.20% for the mixture over the same set of cases.

In most cases, for water vapor (Figure 7), the accuracy of the Augmented ¢-distribution

method is lower than a CKD model with 256 gray gases but higher than a CKD model with
64 gray gases. This result cannot be considered as general (as illustrated by Figures 8 and 9)
because the CKD model performs particularly well for H>O, as absorption by water vapor
only occurs in the first gaseous layers close to the ground where almost no gradient of
pressure and species concentrations is found (see the top layer of Figure 6: all the dynamics
of the transmission curves is below 10 km).

Even if the Augmented ¢-distribution model provides a slightly lower accuracy for H>O than

the CKD model with 256 gray gases, it outperforms this method in terms of calculation cost.

Indeed, as shown in Ref. [17] where the “standard” ¢-distribution method was compared with
CKD-256 k in realistic cloudy atmospheres, the CPU cost of Augmented ¢-distribution
(which is the same as the ¢-distribution model of Ref. [15,17] as only the mapping functions
differ between the two techniques) is about ten times lower than CKD-256 k. In many
applications, the 0.35% accuracy of Augmented ¢-distribution method may be sufficient,
considering the significant gain in terms of CPU cost of this technique compared with the
more widely spread CKD model.

For the oxygen and mixture cases (Figures 8 and 9), the Augmented ¢-distribution model
provides a higher accuracy than both CKD-64 k and CKD-256 k methods at a lower

computational cost.
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6. CONCLUSION

This paper is the continuation and generalization of a recent paper dedicated to the use of recurrent
methods to approximate non-uniform path transmissivities. A general formula was derived and
found to yield exactly the same recurrent structure as in our previous work. This formula involves
coefficients that have a clear physical meaning. However, they cannot be specified directly. A
training process using as input LBL transmission curves was thus developed to allow the
identification of the unknown coefficients of the proposed model. The non-uniform path
transmissivity approximation was then assessed against reference LBL calculations and found to

provide the same level of accuracy as the ¢-distribution model with high-resolution (20,000 values)

mapping functions after a first training stage limited to the analysis of two-layers systems. A second
regression scheme was then added in which LBL data were used directly for the training of the
model’s coefficients. After this second step, the model was found to provide very accurate
approximations of non-uniform path transmissivities, with errors lower than 0.35 % compared to
LBL in all the cases considered. Adding this second learning stage was shown to have no impact on
the CPU cost of the method, leading to an approximate technique that is among the most accurate

and fastest in the field.

Implications of the present results are numerous. From a practical perspective, the present technique

allows reducing significantly the memory cost of the ¢-distribution method: indeed, look-up tables

of Gr functions using 20,000 points can be condensed into 17 parameters which can be useful in
terms of delivery of the model’s parameters. Moreover, it also increases significantly its level of
accuracy (a factor of about 2 in terms of relative errors was obtained in this work). From a theoretical

perspective, the present developments show that the copula model used in the ¢-distribution method

is of the Levy Subordinated type. The method developed here can be, a priori, extended to any other

LS-HAC copula models. The fact that a LS-HAC is obtained proves that the model embeds in its
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structure some physical constraints about the derivatives of the transmissivity. Eventually, the
present work shows that the use of recurrent network structures to model non-uniform path
transmissivities is not limited to the simplified ¢-distribution model treated in our previous paper but
that this property extends to LBL input data as considered here. Additionally, this result is not

limited to high temperature applications but it is shown to apply to atmospheric configurations too.
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APPENDIX I. Proof of Eq. (9)

The objective of this appendix is to provide a proof of Eq. (9). For this purpose, we first consider a
single spectral line (index i) of the gas in state 1. The derivative of the transmissivity of this single line
with respect to the gas path length L is (following a mathematical treatment similar to the one used in

k-distribution methods):

s

aH(k* —KV’U.)

. K, dv | dk
ok .

oYy 1 7 ’ 1

L.1)

where H is the Heaviside step function.

The sum over all spectral lines, i.e. over all indices i, then provides:

ok

i{_w}:]’”exp(_k*g) i{L JM K, dv} & a

Dividing both sides of Eq. (I.2) by the Planck mean absorption coefficient of the gas in state 1 yields:

(13)
= [exp(-k" EL)E—Ia— Li{in(k—K) K, dv} dk’
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786 It can be readily checked that F (k*) : 1/ is a strictly increasing function of the variables k", 2/ takes
787  value O for k" =0 and 1 for k" =+c0 . F (k*)is thus a distribution [23]. This allows rewriting (using

788 theinverse k' (&)of F(k')definedas F[k"(&)]=¢&, £0[0.1]):

789
13 oy (L) | :

790 a;{—T} ! exp| k" (§) L] d& (L4)

791

792 Eq. (I1.4) provides Eq. (9) when combined with Eq. (8).
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APPENDIX II. Reformulations of Eq. (27) and their properties

The objective of this second appendix is to derive two equivalent formulations of Eq. (27). It is
motivated by the observation that even if Eq. (27) has strong implications in terms of the statistical
analysis of the model (indeed, as the combinations of successive inverses of transmissivities and
transmissivities are Bernstein functions, application of the recurrent scheme of Eq. (3) is equivalent to
the construction of a Lévy Subordinated Hierarchical Archimedean Copula LS-HAC [24], for which
the so-called sufficient nesting condition [25,26] is naturally fulfilled - this “copula” view is not
analyzed further in the present work but additional details can be found in Ref. [17]), Eq. (27) is neither
the most convenient for regression purpose nor for a physical analysis of the model. Consequently, we
derive here two equivalent formulations of Eq. (27) and illustrate how they can be used to provide an
initialization of the regression scheme described in Section 3.1 and to a better understanding of the

physical model described in this work.

For this purpose, we first modify Eq. (27) into:

; l—exp[—sl (0) B(f)L:I o

o Av L = . L d .
b o0, ( ) Upin L+ ) s, (O) o (5) (6) 4 (IL.T)
Eq. (IL.1) can be equivalently rewritten as:
o (1) m tlmexp[ =5 (0)B(E)L] €
¢ or (L) ~uminL+0 NOEG d lv(f )dé (IL2)

1
that is to say, as Iv(f')dffﬁﬂj. (uv —umm) dv=u-u:
0 Ay
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_ ! l—exp[—s1 (O)@(f)L] 1 5
oty (L)=u L+ (i —u, d|— v(&)déE| (11.3)
en (L) ( )E! NOEG) u—umm['! (¢)
F(¢)
The quantity F~ (f ) is a distribution over the unit interval. This provides:
L= -5, (0)@" (&)L
Z1 © TZAV (L) = uminL + (L_t - umin ) EJ. expl: Sl ( ) (E) ] df (II4)

o (05 (¢)

where v" (E) =vo(F*)_1 (E), ED[O,l] )

Using a Gauss Legendre quadrature at order N to approximate the integral over [0,1] that appears

in Eq. (I.4), we obtain:

1- -5, (0)3" (x.)L
ot (1) = (-, ) g 2L O ()

2 " (0) o (X,») (L5)

where @, i =1,N and x,, i =1, N are respectively the weights and nodes of the Gauss Legendre

quadrature.
Eq. (I.5) can be compared with Egs. (19,29) from Ref. [9] that yields, in the case of gas spectra that
follow rigorously the assumptions of the SNB model for Lorentz lines with Malkmus’ distribution of

linestrengths:
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where (see Ref. [9]) parameters u (xi) , 1=1,N are obtained as solutions of the implicit equations (P

is the incomplete gamma function [27]):

P[1/2 su(x)]=x, P(a;u) ¢ exp(~t) dt (IL7)

Based on this result, we can use the formal analogy between Egs. (IL5) and (II.6) to initialize the

regression scheme by setting, at the first step of the minimization process: 1/ u_, « Min (KV,2 / Kv,l) ,

alitk, , B 1
B, S (O

and 2/ v' (xl.) - ) (4 (xl.)with a =2 at the OTL (in this case the model of Eq. (I1.6) is

almost exact [1,16,28]) and @ =4 when the full range of lengths is used (this value of a =4 was
found in practice to provide slightly more accurate results than & =2 when the loss function is defined

k
ralP as suggested by Eq. (I.6) was not found to yield, in

P11

by Eq. (33)). Selecting the value u_,

the treated cases, significant differences with u . Min(Kw2 / KVJ). Additional details about the

regression method are given in Section 3.1.

Moreover, Eq. (IL.4) can be written as:

¢ o0, (L) =uy, L+ (it —u,, )L dé (I1.8)

The quantity inside the integral at the RHS can be itself written as an integral to yield:

6 o1 (L) = uy, L+ (77 —u,, LEf j exp =5, (0 )Lt] dé dt (ILY9)
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Introducing the path dependent / effective scaling coefficient u (L) such that ¢ o 2'2A Y (L) =u (L) (L,

we eventually obtain (in the next equation as well as in Eq. (I1.9), variable ¢ is a dummy variable

only required to reformulate the integral. It has no physical meaning and no unit):
11
(L) = 1y, + (8 =105, ) [exp[ =5, (0) 5" (&) Lt | a it (IL.10)
00

This relationship shows that the effective scaling coefficient is a decreasing function of the gas path
length. It provides the proper asymptotic limits of the quasi-scaled model at the optically thin (z for

small values of L) and thick (u__ for large values of L) limits. Moreover, as the double integral

min

decreases with respect to L, we have u (L) <u and thus:
Y (L) =1 [u(L) L]z 7 (uL) (IL11)

This result is consistent with the following inequality (application of Jensen’s inequality to the

transmissivity function 7*"):

2 (L) :j:rf“ (&) L] = Du (6) ¢ EL} - 7 (1) aL12)
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APPENDIX III. Analysis of the transition from Step #2 up to #4 of section 3.2

The objective of this appendix is to provide details about the transition between the regression scheme
of Step #2 described in section 3.2 (based on adjustment of the parameters on solution of a “standard”

¢-distribution model), Step #3 (regression on non-uniform path LBL transmissivities) and Step #4

(update of the mapping functions used in the “standard” ¢-distribution formulation).

As can be seen on the fourth layer of Figure 6, the “standard” ¢-distribution model provides an estimate

of the non-uniform path transmissivity as:

i (L L) =1 (1) (IIL1)

where L, = is obtained by the following recurrent process:

1..n

L =
o 1.2
{Li..n =L +¢o TiA+lll (L ) ( )

i+l.n

in which (for instance for the couple of layers 1 and 2):

o (020 (1] ) B OO ()

i=1 i

(IIL.3)

The third step of section 3.2 consists of an adjustment of all the parameters involved in the recurrent

scheme on non-uniform LBL data. This produces a new estimate:
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(L. L) = (L) (IIL4)

where L’

1..n

is obtained by the following recurrent process:

L.n

L;n = n
IIL.5)
L=LeA (L) (
in which (for instance for the couple of layers 1 and 2):

N 1—exp[—s(0) " (xl.)L}

A(L)=A u v (x);L|=u L+(u-u 1.6
1( ) l[umm v ('xl) ] umm +(l/l umm)%a)z S(O) |]'+ (xi) ( )

In general, as can be seen by comparing the fourth and fifth layers of Figure 6:
i (L,)# 5 (L) (IIL7)

Let us now consider the case for which all lengths are set to O except in layer i chosen arbitrarily in

{2, N}. We have:

Ll“n :LI..n (Ll =0, L2 :O,..,L[,..,Ln :O) :I:Zl oZ'ZAleo[Z2 onV}o..O[Zi_l OTiAV}(L[) (IIL.8)

and thus:
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i (L,)=1"(L) (I11.9)

For the same set of lengths, we have:

L,=r,(L=0L=0,.L,.L=0)=A0A0.0A,(L) (IIL.10)

that leads to:

TlAV(LT..n) = TlAV oo o0, (Lx) =77 (Lx) TiAV (Ll) (IIL11)

The use of the propagative scheme set by Eq. (IIL.5) instead of Eq. (II1.2) does not allow recovering

the transmission curves encountered along the non-uniform path but generates a new set of functions

7/ of the gas path lengths L, i=2,.,n. These functions are obtained as the combination of

Bernstein functions (that also provides a Bernstein function [21]) and of a Laplace transform (the

true transmissivity in the first layer, as seen in Eq. (II.11)): 7" are consequently Laplace transforms
too. These new functions are strictly decreasing and thus invertible. Let us write ¢ these inverses.

From the definition of functions 7;” we have:

77 (L) =1 oA oA o0A  (L)=1" A, (L) (I11.12)

and thus:

AL (L)=¢. o1 (L) (IIL.13)
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This shows that the recurrent scheme of Eq. (III.5) takes exactly the same form as the one given by

Eq. (III.2). The same optimized code as used for the “standard” ¢-distribution method can thus be

used to apply the Augmented version, by simply replacing the look-up tables based on 77", i =1..n

by look-up tables based on {TIAV, T; sy T; } . Calculation of these new look-up tables can be made

by applying the definition of functions 7, given by Eq. (IIL.11).

One can eventually check without difficulty that the corresponding model (based on the set

+

{TIA“, P }) follows the following constraints on the derivative of the non-uniform path

transmissivity:
a z.Al/ +
_ﬂ <k, @ (L,). i=l..n (IIL.14)
oL,
and:
aZTAI/ L+
MEO, i=1,..,n, j=1,.,n (II1.15)
oL, aL,

Eq. (III.14), that follows here from the convexity property of Bernstein functions (see also Ref. [17]
for additional details), has a long history in the development of band model theory. Indeed, in some
configurations, the widely spread Curtis-Godson approximation was shown to fail to ensure this
inequality. This led to the development of the Lindquist-Simmons approximation [1]. Eq. (IIL.15), that
follows directly from the LS-HAC copula model, ensures the proper sign of the method when used for

the calculation of net exchange rates, as discussed in Ref. [17].
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