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Artin motives in relative Nori and Voevodsky motives.

Swann Tubach

Abstract

Over a scheme of finite type over a field of characteristic zero, we prove that Nori an Voevod-
sky categories of relative Artin motives, that is the full subcategories generated by the motives
of étale morphisms in relative Nori and Voevodsky motives, are canonically equivalent. As an
application, we show that over a normal base of characteristic zero an Artin motive is dualisable
if and only if it lies in the thick category spanned by the motives of finite étale schemes. We
finish with an application to motivic Galois groups and obtain an analogue of the classical exact
sequence of étale fundamental groups relating a variety over a field and its base change to the
algebraic closure.
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1 Introduction.

Let k be a field of characteristic zero. As shown by Orgogozo in [Org04] following Voevodsky
[VSFO00], the category M°(k) of Artin motives over k, also known as Artin representations with
rational coefficients of the absolute Galois group Gal(k/k) of k form a semi-simple abelian category
which fits naturally as the heart of a motivic t-structure on a full subcategory DMY(k) of the
triangulated category of Voevodsky motives DMy, (k) over a field. Moreover it is not hard to see
that that MO(k) embeds fully faithfully in the abelian category M (k) of Nori motives, as shown by
Huber and Miiller-Stachs in [HMS17, Section 9.4] or [ABV15, Section 4]. By the work of Arapura
(see [HMS17, Section 10.2.2]) the abelian category M (k) admits a good theory of weights, and
in particular its full subcategory of pure objects is semi-simple, and stable under extensions and
subquotients in M (k). Because every Artin motive is of weight zero (indeed all of its objects are
subquotients of H?(X, Q) with X finite étale over k), we see for all i > 0 the group

Hompouqry) (M, N[i]) =0
vanishes if M and N are Artin motives. In particular the canonical functor

DP(M°(k)) — D" (M(k))
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is an equivalence, and we can identify its image as the thick full subcategory generated' by the
f:Qx ~ H(X,Q) for f: X — Spec(k) finite and étale. Here, we used the pushforward constructed
by Ivorra and Morel in [IM22]. The purpose of this note is to tell a similar story for relative Nori
motives, as constructed by Ivorra and Morel.

Let X be a finite type k-scheme?. F. Ivorra and S. Morel have constructed in [IM22] an abelian
category of perverse Nori motives Mpery(X) on X whose derived category D?(Mpery (X)) affords
the six operations (the tensor product and the internal homomorphisms were constructed by L.
Terenzi in [Ter24]). In our previous work [Tub23] we proved that this construction had a natural
lift to the work of oco-categories, and this is the language we will use in this note. In particular,
if one denote by DN(X) the indization of the derived category of perverse Nori motives on X, we
have a functor

Sch{? — CAlg(Pr")

with values in presentably symmetric monoidal oco-categories sending a finite type k-scheme to
DN(X) and a morphism f of scheme to the pullback functor f*. Denote by DM (X)) the presentable
oo-category of Voevodsky étale motives with rational coefficients (but without transfers). This
category consists of the P!-stabilisation of the co-category of Al-invariants étale hypersheaves on
the category Smyx of smooth X-schemes (see [Ayol4], [CD16] and [Rob14]). By [Tub23] there is a
functor

pn: DM — DN

that commutes with the 6 operations. Both the source and target of this functor afford the conti-
nuity property and h-descent.

Definition 1.1. Let k be a field and let X be a finite type k-scheme. For this definition, D(X)
denotes either DM(X) or DN(X).

1. The oo-category D?(X) of Artin motives in D(X) is the localising® subcategory of D(X)
spanned by the objects f.Qy where f : Y — X is finite. We denote by DY(X) its full
subcategory of compact objects, which is the thick full subcategory spanned by the f,Qy for
f:Y — X finite.

2. The oo-category D%¥™(X) of smooth Artin motives in D(X) is the localising subcategory of
D(X) spanned by the objects f.Qy where f : Y — X is finite and étale. We denote by
DYs™(X) its full subcategory of compact objects, which is the thick full subcategory spanned
by the f.Qy for f:Y — X finite and étale.

3. The oo-category D®P(X) of cohomological motives in D(X) is the localising subcategory of
D(X) spanned by the objects f.Qy where f : Y — X is proper. We denote by D& (X) its
full subcategory of compact objects, which is the thick full subcategory spanned by the f.Qy
for f:Y — X proper.

That is, the smallest co-category that contains the given generators and is stable under finite colimits, finite
limits and direct factors.

2In fact one could take any finite dimensional qcgs scheme of characteristic zero, because the derived category of
perverse Nori motives and all considered full subcategories afford continuity thus all statements that hold for varieties
over Q holds in this greater generality. We choose not to pursue this here, but this will be developed in [RT24] where
those are the schemes we consider naturally.

3That is, the smallest full subcategory that contains the generators and is stable under all colimits.



4. The oo-category D?"8(X) of rigid Artin motives in D(X) is full subcategory of D?(X) spanned
by the dualisable objects (seen as objects of D(X)). Because in D(X) the unit object Qx is
compact, we have D?"8(X) c DI(X).

We have the following inclusions:
DY (X)) ¢ DOME(X) ¢ DY(X) € DM (X) € Do(X).

Indeed the only nontrivial one is the first, which holds because for f : Y — X finite and étale, the
object f.Qy is dualisable with dual itself (this follows from the projection formula). If X = Spec(k)
is the spectrum of a field of characteristic zero, then the reverse inclusion D(X) C D% (X) holds.

By the work of S. Pépin-Lehalleur [PL19b] and [PL19a] the oo-category DM°(X) affords an
ordinary motivic t-structure which restricts to compact objects DMY(X), and for which each ¢-adic
realisation

DMY(X) — Db(X¢, Q)

is t-exact (and conservative) when DY(Xg, Q) is endowed with the ordinary t-structure whose
heart is the abelian category of constructible sheaves.

Because the functor py commutes with the 6 operations, it sends Artin motives to Artin mo-
tives, cohomological motives to cohomological motives, rigid objects to rigid objects etc. Moreover,
the conservativity and t-exactness of the ¢-adic realisation on Nori motives implies that the functor

pn: DM?(X) — DN(X)
is t-exact. Our first result is the comparison of the big categories of Artin motives:

Theorem 1.2 (Theorem 4.4). Let k be a field of characteristic zero and let X be a finite type
k-scheme. The functor
DM(X) — DN’(X)

is an equivalence.

The proof consists in first proving the result for lisse motives, and then use the localisation
sequence combined with Nair’s construction of the Artin truncation functor w® to do an Noetherian
induction. Our second result uses an adaptation of a proof of Haas ([Haal9]) in the case of 1-motives
to Artin motives and is a generalisation to normal schemes (but rational coefficients) of the result
of Ruimy [Rui23, Theorem 2.2.2.1] over regular schemes:

Theorem 1.3. Let X be a normal and connected finite type k-scheme. The inclusion
DM%5™(X) — DM'8(X)

is an equivalence, the t-structure on DMY(X) restricts to DMY*™(X) and the heart is canonically
identified (through the Artin motive functor) with Rep@(ﬂ‘ft(X)) the abelian category of Artin rep-
resentations of the étale fundamental group of X.

We finish with some application to motivic Galois groups in Proposition 5.13.

This work will be used in [RT24] to prove the same statements with integral coefficients, and
to extend Ruimy’s main theorem [Rui23, Theorem 3.2.3.7] to the characteristic zero case: the Artin
vanishing theorem for the perverse homotopy structure on Artin motives.



2 Artin motives over a field.
Let k be a field of characteristic zero. As reminded in the introduction we have:

Theorem 2.1 (Ayoub — Barbieri-Viale — Huber — Miiller-Stachs — Orgogozo — Pepin-Lehalleur).
Let k be a field a characteristic zero. The functor

PR : D' (Repg(Gal(k/k))) ~ DM(k) — DN (k)
is an equivalence of stable co-categories. Moreover, the composition with the inclusion
D’ (Repgy(Gal(F/k))) — DP(M(k))
s t-exact.

In the theorem we have denoted by RepS(Gal(E/ k)) the abelian category of Artin represen-
tations of the absolute Galois group of k, that is finite dimensional representation (V, p) such that
the induced morphism Gal(k/k) — GL(V) factors through a finite quotient, a category that we
also have denoted by M(k). We also have denoted by M (k) the abelian category of cohomological
Nori motives over k, which coincides with the category Mperv(Spec(k)) of perverse Nori motives
over Spec(k).

We begin with a statement about cohomological Nori motives.

Proposition 2.2. The t-structure on DP(M(k)) restricts to DN® (k). We denote by M (k) its
heart.

Proof. Let A be the full subcategory of M(k) whose objects are the M € M(k) satisfying the
following property (x): For all w € Z the graded piece Gr!V M is a direct sum of subquotients of
objects of the form H'(f,Qx) for i € Z and f: X — Spec(k) smooth and projective. Because for
such an f the object H'(f,Qx) is pure of weigh 4, it turns out that only i = w appears in the
property. Moreover, because the weight truncation functors are exact and the categories of objects
pure of a certain weight w € Z are semi-simple, the category A is a Serre abelian subcategory
of M(k), that is it is table under extensions and subquotients. In particular, the t-structure on
DN, (k) restricts to the stable co-category C consisting of complexes having cohomology sheaves in
A. By the decomposition theorem we have DNEOh(k‘) C C, and by dévissage and the decomposition
theorem again, the reverse inclusion is also true, finishing the proof. O

Remark 2.3. The above proposition works verbatim if one replaces cohomological motives DNEOh(k‘)
with n-motives DN7(k), the thick category spanned by the f.Qx for f a smooth proper morphism
of relative dimension < n, providing abelian categories of n-motives M" (k) for all n € N.

We use the ideas of Morel [Mor08], Nair and Vaish [NV15], and Ruimy [Rui23] to have a well
behaved Artin truncation functor on DN (k). Note that at first, there are a priori two ways
of producing an Artin motive out of a cohomological motive. The first one is tautological: the
inclusion DN%(k) — DN (k) preserves colimits by definition, hence admits a right adjoint w® by
Lurie’s adjoint functor theorem. The second one is inspired by [Mor08]:

Construction 2.4. Denote by

DN.(k)S := {M € DN.(k) | Vi € Z,H (M) is of weights < 0}
and by and by

DN.(k)>14 := {M € DN.(k) | Vi € Z,H (M) is of weights > 0}.



By [Mor08, Proposition 3.1.1], this form a t-structure t'9 on DN.(k). Denote by 75 be the
truncation functor right adjoint to the inclusion DN.(k)“<Y — DN.(k). As the t-structure on
DN (k) restricts to DN.(k), we see that the t-structure t'd of Morel on DN.(k) induces one on
DN(k) and the associated functor

<14 DN(k) — DN(k)<H

<Id

preserves compact objects, giving back the above 7519, Moreover, 7519 is an exact functor of stable

C
oo-categories.
Proposition 2.5. We and an equality
DNY(k) = DN"(k) N DN (k)<

of full subcategories of DN(k). Moreover, the restriction of 7<I9 to DNN(k) coincides with w°, so
that the latter preserves compact objects and is t-exact.

Proof. Because the generators of DNY(k) are in DN(k)S!4, we have a trivial inclusion
DN(k) ¢ DN (k) N DN(k)<'.

To prove the reverse inclusion, it suffices to prove that if M = f,Qx is a generator of DNCOh(k‘),
meaning that f: X — Spec(k) is smooth and proper, then the object 7<I9f,Qx is an Artin motive.
Denote by X % mo(X) = Speck the Stein factorisation of f (see [Gro61, Corollaire 4.3.3]). There
is a natural map m.Qr,(x) — f«Qx, which is an isomorphism on HO, as it can be seen after
realisation (H°(mo(X)) ~ H%(X) is of rank the number of connected components of X.) It is
also an isomorphism on H' for i < 0 because pushforward are left exact. As Hi(ﬂ*Qm( x)) = 0 if
i > 0 because 7 is finite étale hence 7, is t-exact, we have in fact that the cofiber C of the map
T:Qro(x) — f+Qx verifies H/(C) = 0 if i < 0 and H'(C) ~ H'(f.Qx) for i > 0. The cofiber
sequence

T Qrx) = f:Qx = C

is therefore equivalent to the truncation cofiber sequence

Tgof*QX — f*QX — T>Of*QX

for the canonical t-structure on D?(M (k)). For i > 1, the weight of H*(f,Qx) is i and the weight of
mQry(x) is zero, hence this cofiber sequence is also the truncation cofiber sequence for the Morel
t-structure: the map m.Qr x) — f«Qx coincides with the map < f Qx — f.Qx. In particular,
7ML is an Artin motive. The fact that

0

W ~ (Tgld)

‘DNCOh
can be seen by a direct application of the Yoneda lemma. Finally, the t-exactness of w® follows
from the t-exactness of the weight truncation functors. O

Corollary 2.6. Let w® : DM (k) — DM (k) be the right adjoint to the inclusion constructed by
[PL19b], [Vai20] and [ABV09]. Then the natural map px o w® — w® o px is an equivalence..

Proof. As px sends Artin motives to Artin motives we have a natural transformation pyow? — w%o
pN- To show that this map is an equivalence it suffices to check that this natural transformation is an
equivalence when evaluated at the generators f.Qx of cohomological motives, where f : X — Speck
is proper and smooth. This is the case by commutation of px with the operations and because of the
computation w® f,Qx ~ m,Qp,(x) with 7 : mo(X) — Spec(k) the Stein factorisation of X. Indeed
for Nori motives this has been proven in the previous proposition, and for Voevodsky motives this
is [PL19b, Proposition 3.7]. O



3 General permanence properties.

In order to do efficient dévissage, we will need our categories to have a good functorial behaviour.
We start with stability by the operations:

Proposition 3.1. Let k be a field of characteristic zero and let f: Y — X be a map of finite type
k-schemes. Then

1. The functor f* preserves all categories defined in Definition 1.1.
2. The functors f. and fi preserve DN gnd DM,

3. If f is quasi-finite the functor fi preserves DN® and DM

4. The functor f' preserves DN and DM®".

Proof. In each case, it suffices to check that the functor sends generators to the correct category. In
the case of DM this is [PL.19b, Propositions 1.12 and 1.14], if one notes that we work in characteristic
zero so that we even have resolutions by singularities. By commutation of px with the operations,
the result for DM implies the result for DN. Pépin-Lehalleur results are for separated morphisms
but we can do a Zariski covering to reduce to this case. O

To make the statement of the next proposition clearer we have to use that DN can be ex-
tended to all finite dimensional qcgs Q-schemes as a functor that sends limit of schemes with affine
transitions to colimits of presentable oco-categories. This follows from the presentations of DN as
modules in DM over an algebra .4~ € CAlg(DM(Q)), proven in [Tub23], and continuity of DM as
proven in [EHIK21, Lemma 5.1]. In this setting, all the definitions of Definition 1.1 make sense.

Proposition 3.2. Let X = lim; X; be a limit of finite dimension qcqgs Q-schemes with affine
transitions. Let C be one of the categories defined in Definition 1.1, and denote by C. its compact

version. Then the natural functor
colim;C(X;) — C(X)

(resp.
colim;C.(X;) — Ce(X5))

is an equivalence in PrY (tesp. in Catoo.)

Proof. We first deal with the case of rigid objects. In that case the colimit is in Cats,. Fully
faithfulness follows from the fully faithfulness for the ambient category DM, and DN.. Essential
surjectivity follows from the fact that the dualisability data is a finite data, so that each part of
the data (the dual, the evaluation, the co-evaluation etc.) can be reach at a finite level X; by the
essential surjectivity on the ambient category.

For the other categories, it suffices to deal with the compact versions. Fully faithfulness is as
above, a consequence of fully faithfulness of the ambient category. Essential surjectivity follows
from the approximation properties of finite type properties, as in [PL19b, Lemma 1.24]. O

Corollary 3.3. Let k be a field of characteristic zero and let X be a finite type k-scheme. Let
M € DN(X) (resp. M € DMY(X)). Then there exits a dense open subset U C X such that the
restriction My is in DNYS™(T]) (resp. in DMYS™(U)).

Proof. Indeed because over a field we have that all 0-motives are smooth, the continuity of smooth
motives around the scheme of generic points of X provides the wanted U. ]



The same proofs as [PL19b, Proposition 1.19 and Proposition 1.25] give :

Proposition 3.4. Let k be a field of characteristic zero and let X be a finite type k-scheme and
let M € DN.(X). The following are equivalent :

1. M € DN%*(X) (resp. in DNY(X))

2. There exists a closed subset v : Z — X with open complement j : U — X such that j*M €
DN () (resp. in DNY(U)) and i*M € DNY(Z) (resp. in DNY(Z)).

3. For all x € X, x*M € DN%"(k(z)) (resp. in DNO(k(z)))
The same result holds with DN replaced by DM.

Recall that the ordinary t-structure on X is the unique t-structure on DN.(X) such that all
pullback functors are t-exact. It can be constructed from the perverse t-structure using gluing (see
[Sai90, Remarks 4.6]). We denote by M.q(X) its heart.

Corollary 3.5. Let k be a field of characteristic zero and let X be a finite type k-scheme. Then
the ordinary t-structure on DN(X) restricts to DNY(X), DN*"8(X) and DN (X).

Proof. Tt restricts to DN"8(X) because the tensor product is t-exact in both variables. We
prove that the t-structure restricts to DN®P(X), the case of Artin motives being similar. Let
M € DN®E(X). We want to show that HO(M) is still a cohomological motive. By the above
Proposition 3.4 it suffices to prove that for all z € X the object *H°(M) is cohomological. This
follows from t-exactness of  and the case of fields Proposition 2.2. O

4 The equivalence of Artin motives.

In this section we prove that the functor pnx induces an equivalence on 0-motives. We begin by the
following computation:

Proposition 4.1. Let k be a field of characteristic zero and let X be a smooth k-scheme. Let
f:Y — X be a finite étale map and n € Z be an integer. Then the maps

H"(Yer, Q) — Hompyy(x)(Qx, f+Qy[n]) — Hompy(x)(Qx, f+Qy [n])
induced by the functors
D(X, @) = DM(X) — DN(X)
are both equivalences.

Proof. We can assume X connected. The computation for Voevodsky motives follows from [Rui23,
Proposition 1.7.2 and Corollary 2.1.4]. For Nori motives, the cases m # 0 are easy: both the étale
cohomology and the Hom group are vanishing, because of t-structure (m < 0) and weight (m > 0)
reasons. For m = 0 by adjunction we reduced to the case f = Id and it follows from the fact that
the group of endomorphisms of the unit object is Q (this is clear if k is a subfield of C because it
is a nonzero Q-vector space that embeds in Q = Endgyy(x(c))(Qx ), and then follows by continuity
for general fields). O

Corollary 4.2. Let k be a field of characteristic zero and let X be a smooth k-scheme. The functor
DM%™(X) — DN%s™(X)

induced by pN is an equivalence.



Proof. 1t suffices to show that it is fully faithful on the compact objects, and even, as compact
objects are the idempotent completion of the stable category generated by the f,Qy for f: Y — X
finite and étale, it suffices to prove that it is fully faithful on the smallest stable subcategory of
DM(X) that contains the f,Qy for f: Y — X. By dévissage, it suffices to prove that for all m € Z,
f:Y — X and g: Z — X both finite étale, the map

Hompni(x)(9+Qz, f+Qy [n]) — Hompy(x)(9+Qz, fxQy [n])

is an equivalence. Because g, = ¢i and ¢' = ¢*, by adjunction and proper base change we can
assume that ¢ = Idx and replace Y by Y x x Z. In this case, the result is the above computation
done in Proposition 4.1. O

We now deal with non necessarily smooth 0-motives. For this, we will need the truncation
functor of Vaish (see also [PL.19a]) over a general basis.

Proposition 4.3. Let k be a field of characteristic zero and let X be a finite type k-scheme. The
inclusion DNY(X) € DNY(X) admits a right adjoint w°. Moreover, px commutes with w°.

Proof. The existence of w® for Nori motives is proven exactly in the same way as for étale motives in
[Vai20, Theorem 5.2.2]. This uses the existence of a truncation functor over a field, a fact ensured
by Proposition 2.5. By definition, w® is a truncation functor for a m-structure ([Vai20, section
2.5]), obtained by punctual gluing. As pf\f is m-exact for all fields K by Corollary 2.6, we have that
P is also m-exact, hence commutes with truncations. O

We can now prove the main result of the section.

Theorem 4.4. Let k be a field of characteristic zero and let X be a finite type k-scheme. The
functor

DM(X) — DN°(X)
is an equivalence.

Proof. As the functor clearly reaches the generators and preserves compact objects, it suffices to
prove that it is an fully faithful on DM?(X). We do a Noetherian induction on X. Let M, N €
DMS(X ). By Corollary 3.3 and generic smoothness, there exists a nonempty smooth open subset
j: U — X such that both 7*M and j*N are smooth. Denote by i: Z — X the inclusion of the
reduced closed complement. By localisation, we have the following commutative diagram

| ! |

mappy(x) (ixi*N, M) —— mappyx) (N, M) —— mappyx)(jij*N, M)

where the lines are cofiber sequences of spectra. By the (ji,j*) adjunction and the smooth case
Corollary 4.2, the right vertical map is an equivalence. Using the (i, z'!) adjunction, the fact that
i being quasi-finite the functor i' preserves cohomological motives by Proposition 3.1 and the fact
that the truncation functor w® commutes with px by Proposition 4.3, we see that the left vertical
map is equivalent to the map

mappy(z) (i N, woi!M) — mappy(z) (N, woz’!M)

which is an equivalence by Noetherian induction, finishing the proof. O



5 Smooth and rigid Artin motives.

In this section we prove that smooth and rigid Artin coincide on a normal scheme, and we identify
the heart of the t-structure. We fix a field k& of characteristic zero.

Lemma 5.1. Let i : Z — S be a closed immersion of finite type k-schemes with S reqular, such
that the codimension of Z in S is > 1. Then for any M € DNY8(S) we have w°(i'M) = 0.

Proof. We argue as in [PL19a, Lemma 2.4]: If ¢ was a regular immersion of codimension ¢ > 0,
then by absolute purity as in [PL19b, Proposition 1.7] we would have an isomorphism i'M ~
i* M (—c)[~2¢]. Now, by Theorem 4.4, M = px(M'") for some M’ € DM?(S). By [PL19b, Corollary
3.9 (iii)], w?(i* M’ (—¢)[2¢]) = 0 (note that ' M’ € DM by [PL19b, Proposition 1.12 (iv)]) hence
WO(i'M) = pn(0) = 0. Now if i is not a regular immersion, we can find a dense open subset
u: U — Z, such that U is regular with reduced complement i : Z; — Z. As U and S are regular,
[Aut18, Tag 0E9J] ensures that iow is a regular immersion of codimension ¢ > 1. We have a cofiber
sequence

(i1)x(i 0 i)' M — i' M — uy(iou)' M (5.1.1)
which gives w®((i1)«(i 0i1)' M) ~ WO (i' M), because (i o u)'M =~ (i ou)*M[—2c](—c) thus w®(u,(i o

u)' M) = 0 by the same argument as above using [PL19b, Corollary 3.9 (iii)]. As i, is quasi-finite and
(i1)« = (i1)1, the functors (i), and w® commute, giving finally that (i1),w®((i 0i1)' M) ~ wO(i' M).
A Noetherian induction then implies that w°(i' M) = 0. O

Lemma 5.2. Let S be a normal and connected finite type k-scheme with generic point n. Let
M e Repé(ﬂft(n)) be an Artin representation such that there exists N € Rep@ . (w$4(8)) werifying
Ny, ~ M ®q Qq. Then there exists an object M' € Rep@(ﬂft(S)) such that M ~ M.

Proof. The object M corresponds to a morphism 7{‘(n) — GL,(Q). The hypothesis may be
translated as the existence of a commutative square

i'(n) —— GLn(Q)

| l

Wft(S) e GLn(Qg)

Now the right vertical map is injective, and the left vertical map is surjective (because S is normal,
by [SGAT1, Exposé V. Proposition 8.2]). Thus in fact the image of the lower horizontal map lands
in GL,(Q), providing the seeked M’. d

Recall that by Cavicchi, Déglise and Nagel [CDN23, Proposition 2.3.4] the canonical functor
D’(Repg (m{'(S5)) — DM ()

is an equivalence when S is a regular connected scheme. In particular the stable oco-category
DM%™(S) have a t-structure.

Proposition 5.3 (Haas). Let S be a connected smooth k-scheme of finite type. Let M € DMY(S)7.
The following are equivalent :

1. M € DMP*™(S)? ~ Repgy(m,(9)).


https://stacks.math.columbia.edu/tag/0E9J

2. M is dualisable as an object of DM(S).
3. M is dualisable as an object of DN(S).
4. The £-adic realisation of M is a lisse sheaf.

That is, the natural functors
Rep(y (4 (S)) — DMEE(S) N DMY(S)Y — DNYT8(S)Y — LS(Ser, Qr) X shve (5,0, PNO(S)Y
are equivalences, where LS(S¢t, Qp) consists of Qg-adic étale local systems on S.

Proof. Of course, 1. = 2. = 3. = 4. because of Poincaré duality for finite étale morphisms and
because a symmetric monoidal functor preserves dualisable objects.

We prove that 4. = 1. by adapting Johann Haas’ [Haal9, Lemma 6.12] to the simpler case of 0-
motives. Let 1 be the generic point of S. We first claim that the functor DN9™8(5)Y — DNY*&(5)¥
is fully faithful. Indeed for any dense open subset j : U — S, the combination of Lemma 5.1 and
of the localisation sequence gives that for M € DM®"8(S) M — w°(j,j*M) is an equivalence as
wO(i'M) = 0. Therefore the unit of the adjunction (j*, 7<%w%,) on DN?(S)? is an equivalence on
DN?"8($)Y | this means that j* is fully faithful on DN%"8(S)Y. Passing to the colimit, n* is fully
faithful.

Therefore there is a commutative diagram

Repd (m4,(S)) —— DNO+ig(§)®

J l (5.3.1)

Repgy(mg,(n)) ——— DN2(n)?

in which the lower horizontal functor is an equivalence of categories, the top functor is fully faithful
by Theorem 4.4 and the right vertical functor is fully faithful by what we’ve just seen. The left
vertical functor is then also fully faithful. But then by Lemma 5.2 if M € DN2"8(8)Y we can lift
to to S its pre-image in Repé(wét(n)) and the top functor is also essentially surjective.

Therefore if M € DMY(S)" is such that its f-adic realisation is lisse (i.e. dualisable), then its
image in the category of perverse Nori motives is in DN?"8($)Y | which is equivalent to Rep@(ﬂét(S )):
our object M is in DM25™(S)¥, and the proof is finished. O

Corollary 5.4. Let S be a reqular k-scheme of finite type. Let M € DM2(S) = DN(S). Then the
following are equivalent :

1. M € DM*™(S) = DP(Repg)(74,(S))).
2. M € DM(S) is dualisable.
3. The L-adic realisation of M is dualisable.

Moreover, in that case, the dual of M is also a O-motive. That is, the inclusion DM%™(S) —
DMYT8(S) is an equivalence of categories, with DMY8(S) the full subcategory of M € DMY(S)
that are dualisable in DM(S).

Proof. 2. = 3. is obvious, and the proof of 1. = 2. follows by dévissage, using that if 1., each
H'(M) are dualisable, that M is an iterated extension of its H'(M) and that the full subcategory of
dualisable objects in a symmetric monoidal stable co-category is thick. The proof of 3. = 1. goes
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as follow : the hypothesis on M implies that M, seen as an object of D?(M.q(S9)), is dualisable,
where we have denote by Mpa(S) the ordinary heart of DN.(S). Then because the t-structure
restricts to dualisable objects each H*(M) is dualisable hence by the previous proposition, H* (M) €
DM25™(S). As the latter category is thick and M is an iterated extension of its H!(M), we obtain
that M € DM2s™(S). O

In the case S is only normal, following Haas we also have a result in that direction, but not
as strong as the preceding corollary that would be false by [Rui23, Remark 2.1.2]. However this
enables us to endow DM%*™(S) with a t-structure.

Corollary 5.5. Let S be a normal finite type k-scheme. The natural functors DMY™(S) —
DM®"i8(S) — DNUTE(S) are equivalences of co-categories. If we transport the natural ordinary
t-structure from DNOM8(S) to DMYS™(S), the inclusion DM2*™(S) — DMY(S) is t-exact, and the
heart of DM%S™(S) is the category Rep@(ﬂét(S)).

Proof. We can assume S to be connected. By Theorem 4.4 the two functors are fully faithful.
Therefore it suffices to show that the composition functor is essentially surjective. By dévissage it
suffices to show that any object M € DN28(8)? is in the image of DM%*™(S) — DNY'8(S). For
this, we are going to show that the natural functor Repa(ﬂét(S )) — DNY2r&(5)¥ is an equivalence
of categories. Pick a dense regular open subset U of S, with immersion j : U — S. We have the
following commutative diagram :

Repgy(mh(S)) —— DNQE(S)Y

J J . (5.5.1)

Repd (m},(U)) —— DNOME(1)¥

In this diagram, the lower horizontal functor is an equivalence of categories. The left vertical functor
is fully faithful because both U and S are normal and j is dominant. The top horizontal functor is
fully faithful because the right vertical functor is faithful (it can be check on the ¢-adic realisation).
Now, the top functor is also essentially surjective hence an equivalence thanks to Lemma 5.2. This
shows Rep@(ﬂc}t(S)) — DM2*™(S) is fully faithful and that RepQ( 1(9)) — DNY"8($)? is an
equivalence of categories. Therefore, DM25™(S) has a t-structure whose heart is RepQ( (9)).
Now, if M € DM2"8(S), then px(M) has all its cohomology sheaves in RepQ( ,.(S)), hence
M € DM%¥™(S). This finishes the proof.

O

We now apply this computation of 0-motives to motivic Galois groups.

Notation 5.6. Let o : k — C be an embedding. Let X be a finite type k-scheme. We denote by
M8(X) the subcategory of Mora(X) whose objects are the dualisable objects. This means that for
M € Mua(X), we have M € M"8(X) if and only if M is dualisable and its dual is in Morq(X)
(that last condition is automatic).

Definition 5.7. Let X be a connected and normal finite type k-scheme with a geometric point
7 : Spec(k) — X. We define p : X — X to be the limit of all finite étale f : Y — X that factor
7. The limit exists as a scheme because the transitions morphisms have to be affine. There is a
morphism 7 X = Spec(k) compatible with p, which has a section Z. Therefore there is also
a map q : X — Xz. By construction, the point 7 factors through X to give a geometric point
i: Spec(k) = X.

11



Lemma 5.8. The scheme X is connected.

Proof. If U C Xisa clopen subset such that T does not factor through U, then there exists Y — X
finite étale factorising T and a clopen V of Y whose pullback to X is U. Let Z be the open
complement of V' in Y. Then T factors through V and Z — X is finite étale, so that X =lim; Y;
with Y; — Z finite étale factoring 7, and we see that U = (. O

Remark 5.9. We defined X for a normal scheme X because of the application we have in mind.
Of course the definition makes sense for any qcgs scheme. Although the author did not check the
details, it is probable that in the normal case the scheme X is the normalisation in Spec(L) of X,
where L is the maximal algebraic extension of k(X) which is unramified over X.

Base change gives a monoidal functor p* : DN.(X) — DN,(X) which sends M"8(X) to
MUE(X).

Lemma 5.10. Let = : Spec(k) — X be a geometric point of a connected finite type k scheme.
Let wy : M"8(X) — Vectg be the composition of x* with the Betti realisation (through o). Then
M"8(X) is a Tannakian category with fiber functor w,.

Proof. Every object of M(X) is dualsiable, the endomorphisms of the unit objects are one dimen-
sional and the functor w, is monoidal. O

Lemma 5.11. Let X and X as in Definition 5.7. The category Mrig()Z') together with the fiber
functor o
wz: M™8(X) — Vectg

is neutral Tannakian.

Proof. The category Mrig(ff ) is the colimit of all M*8(Y) with Y finite étale over X. Hence all of
its objects are dualisable. As X is connected, the category M™8(X) is Tannakian. It is neutralised
by Z. O

Notation 5.12. Let X be a connected normal finite type k-scheme with a geometric point x. We
denote by Gmot (X, 7, 0) the Tannakian group of M"8(X) and by Guet (X, &, o) the Tannakian group
of M*8(X)

Let s : X3 — X be the projection.

Proposition 5.13. Let X be a normal connected finite type k-scheme. The commutative diagram

*

DNO,rig(k)@ X DNO,rig(X)QQ DNO’rig(XE)Q

m J |

*
*

DNOrig(£)Y "X Aqris(x) —8 > MIE(X) (5.13.1)

. b Js

T~

DNO'E(%)? = Vectg —— MM 8(X) —I— M8(X)
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of categories gives by taking Tannakian duals in the following commutative diagram

0 0
0 — Gmot(X,7,0) —— Gmot(X,7,0) ——— 0
0 —— Gmot (X7, T,0) —— Gt (X, 2,0) —— Gal(k/k) —— 0 (5.13.2)

(X,z) —— Gal(k/k) —— 0

in which rows and columns are exact.

Proof. Taking Tannakian duals indeed give the commutative diagram of pro-algebraic Q-groups by
Proposition 5.3.

The facts that the second maps in each column and each row is faithfully flat is equivalent
to the fact that the maps between Tannakian categories are fully faithful and the image is closed
under sub-quotients. Therefore it suffices to check that Repﬁ(Gal(E/ k)) — Repa(ﬂc}t(X )) and
Repﬁ(wét(b’)) — M"8(X) are fully faithful with image closed under sub-quotients. For the first
map, this is [SGAT71]. The second is fully faithful, we have to check that it is closed under sub-
quotients. Working dually it suffices to check that the category Repa(ﬂét(X )) is stable under
subobjects in M™8(X). Let M — N be a monomorphism in M*8(X) with N a 0-motive. By
Proposition 3.4 to show that M is a O-motive it suffices to check that for all z € X the motive
M, is a O-motive. But by [HMS17, Theorem 9.1.16] the category of O-motives is closed under
sub-quotients in the categories of motives over a field.

We prove the middle exactitude and injectivity at the same time. As the proofs are the same,
we only deal with the sequence

DN (X)) 5 MUB(X) — MUE(X). (5.13.3)

As in the proof of [HMS17, Theorem 9.1.16 and Erratum p. 234], we first prove that any motive
M e M"8(X) is a direct factor of the image of a motive N € M"8(X). Indeed, if M € M"8(X),
there is a finite étale morphism f : Y — X (that we can assume to be Galois) such that M is
defined over Y that is M € M"8(Y). But as the composition M — f*f.M = f'fiM — M is the
multiplication by deg f, M is a direct factor of f*N with N = f,N € M"8(X).

Let U be the Tannakian full subcategory of M"& ()Z' ) generated by the unit object Q. We say
that elements of U are trivial. To finish the proof we just have to prove that M € M"8(X) has
trivial image in Mrig(f( ) if and only if it is in DN%™Y(X). Of course, as any representation of
7¢4(X) is trivialised after a base change to a finite étale cover of X, the image of Artin motives in
MYE(X) is trivial. Conversely, let M € M"8(X) with trivial image in M"8(X). This means that
there is a finite étale morphism f : Y — X such that f*M is trivial. We can assume that f is
Galois. We have that f.f*M is in the category generated by f.Qy, which is inside DNO’Sm@(X ).
As M is a direct factor of f,f*M, we get that M is an Artin motive.

O
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