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Abstract

The bivariate P - and Q-polynomial structures of association schemes based
on attenuated spaces are examined using recurrence and difference relations
of the bivariate polynomials which form the eigenvalues of the scheme. These
bispectral properties are obtained from contiguity relations of univariate dual
q-Hahn and affine q-Krawtchouk polynomials. The bispectral algebra associ-
ated to the bivariate polynomials is investigated, as well as the subconstituent
algebra of the schemes. The properties of the schemes are compared to those
of the non-binary Johnson schemes through a limit.
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1 Introduction

An N -class symmetric association scheme on a set X is a partition of X×X into binary relations {Ri | i =
0, 1, . . . , N}, which satisfies certain properties. The adjacency matrix Ai associated to Ri is a 01-matrix
of size |X| × |X|, with rows and columns indexed by elements of X and verifies (Ai)a,b = 1 if and only if
(a, b) ∈ Ri. In terms of these adjacency matrices A0, . . . , AN , these properties are formulated as

(i) A0 = I, where I is the |X| × |X| identity matrix;

(ii)
∑N

i=0 Ai = J, where J is the |X| × |X| all-ones matrix;

(iii) A⊤
i = Ai for i = 0, 1, . . . , N , where ⊤ stands for the transposition;

(iv) The following relations hold: AiAj = AjAi =
∑N

k=0 p
k
ijAk,

where pkij are constants, called intersection numbers of the scheme. More details can be found in [1, 17, 18].
Over the years, this construction has demonstrated its potency in establishing connections with various

fields in algebra, combinatorics, and the study of special functions. Pioneer works [13, 1] have shown
that schemes whose intersection numbers verify a metric condition are in correspondence with distance-
regular graphs [6] and are associated to orthogonal polynomials. Such schemes are said to be P -polynomial.
Similarly, schemes whose Krein parameters verify a similar metric condition are said to be Q-polynomial.
A noteworthy advancement was realized by Leonard [22] who demonstrated that association schemes
satisfying both P - and Q-polynomial properties could be described by the families of hypergeometric
orthogonal polynomials of the terminating branch of the Askey scheme [20]. Hence, P - and Q-polynomial
association schemes such as the Hamming scheme or the Johnson scheme are characterized respectively by
Krawtchouk and dual Hahn polynomials. These polynomials satisfy both a three-term recurrence relation
and a three-term difference relation, and are solutions to a bispectral problem. Leonard’s theorem has also
been understood algebraically through the introduction and classification of Leonard pairs [29, 30, 31]. In
this algebraic interpretation, the two bispectral operators (that is, the recurrence and difference operators)
associated to a family of orthogonal polynomials of the Askey scheme, as well as the two generators of
the subconstituent (or Terwilliger) algebra [26, 27, 28] of a P - and Q-polynomial association scheme, are
represented by a Leonard pair on certain (finite-dimensional) irreducible modules.

As a mean to extend these correspondences, recent investigations have considered the connection be-
tween symmetric association schemes, multivariate polynomials [4, 2] and m-distance-regular graphs [5].
This led to the definition of bivariate P - and Q- polynomial association schemes of type (α, β) [4] and
multivariate P - and Q- polynomial association schemes [2]. Many schemes were shown to fit these defi-
nitions, such as the direct product of P - or Q- polynomial association schemes, the symmetrization of an
association scheme of certain length (also called a generalized Hamming scheme), the non-binary John-
son scheme and schemes based on attenuated or isotropic subspaces. The bivariate P - and Q-polynomial
structure of type (α, β) of the non-binary Johnson scheme was investigated in details in [11]. The P - and
Q-polynomial structure in the sense of [2] of the non-binary Johnson scheme and those based on attenuated
spaces was examined in [3], where the Krein parameters of the scheme were obtained from a formula based
on convolutions of the dual eigenvalues.

This paper further examines the association schemes based on attenuated spaces and puts forward an
alternative approach to deriving its bivariate polynomial structures based on the recurrence and difference
relations satisfied by the eigenvalues of the scheme. This approach is similar to the one adopted in [11]
where the non-binary Johnson scheme is treated, but the techniques in the present paper benefit from
recent developments on bivariate polynomials which can be expressed in terms of univariate polynomials
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satisfying recurrence, difference and contiguity relations [8, 9, 10, 12]. The work presented in [12] is
particularly relevant, as it studies a class of rank 2 Leonard pairs [19], called factorized A2-Leonard pairs,
which appear in the context of association schemes with bivariate polynomial structures of certain type.
In terms of the notions introduced in [4] and further examined in [5], these association schemes involve
recurrence relations of type (α, β) with either α = 0 or β = 0, implying that one of the recurrence relations
has three terms. The non-binary Johnson scheme and association schemes based on attenuated spaces both
are of these types and are related to factorized A2-Leonard pairs. Another purpose of this paper is to explore
the algebras which arise from the association schemes based on attenuated spaces, that is the bispectral
algebra realized by the recurrence and difference operators of the associated bivariate polynomials, and the
subconstituent algebra of the scheme. Finally, we also consider in this paper the limit q → 1 and discuss
the relation between schemes based on attenuated spaces and the non-binary and binary Johnson schemes.

The paper is organized as follows. Section 2 recalls the definition of association schemes based on
attenuated spaces and some of their properties, such as the eigenvalues and dual eigenvalues. In Section 3,
the bispectral properties (that is the recurrence relations and difference equations) of the eigenvalues are
obtained, and the associated bispectral algebra is discussed. The relevant definitions concerning bivariate
P - and Q-polynomial association schemes are presented in Section 4. The bivariate P -polynomial structure
for association schemes based on attenuated spaces is determined in Section 5, and similarly the bivariate
Q-polynomial structure is determined in Section 6. The subconstituent algebra of the schemes is discussed
in Section 7. The q → 1 limit and connections to the non-binary Johnson scheme are the objects of
Section 8 and Section 9 consists of concluding remarks. Appendix A gathers some useful and standard
notations concerning polynomials of (q-)hypergeometric type. Moreover, relevant recurrence, difference
and contiguity relations of univariate polynomials are collected in Appendix B.

2 Association schemes based on attenuated spaces

In this section, we recall the main properties of association schemes based on attenuated spaces. For more
details, the reader is encouraged to consult [21, 25, 34, 35].

Let Fn+ℓ
q be the vector space of dimension n + ℓ over the finite field Fq, with n a positive integer, ℓ a

non-negative integer and q a prime power, and consider a fixed subspace w ⊂ Fn+ℓ
q of dimension ℓ. The

collection of all subspaces x ⊆ Fn+ℓ
q such that x ∩ w = 0 is the attenuated space associated to w. Let

m be a non-negative integer (0 ≤ m ≤ n) and X be the collection of all m-dimensional subspaces in the
attenuated space associated to w. It is shown in [34] that the set X together with the relations

Rij = {(x,y) ∈ X ×X | dim((x+w)/w ∩ (y +w)/w) = m− i and dim(x ∩ y) = m− i− j} (2.1)

defines a symmetric association scheme that we will denote by Aq(n, ℓ,m). The non-empty relations Rij

are those for which the pairs (i, j) belong to the set

D = {(a, b) ∈ N
2 | a+ b ≤ m, a ≤ n−m, b ≤ ℓ} , (2.2)

where N2 denotes the set of pairs of non-negative integers. The cardinality of the vertex set X of the
scheme Aq(n, ℓ,m) is given by

|X| = qmℓ

[
n
m

]
, (2.3)

where

[
n
m

]
is the q-binomial coefficient (also called Gaussian coefficient, see Appendix A).
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The adjacency matrices Aij for (i, j) ∈ D of the scheme are |X| × |X| matrices, with rows and columns
indexed by elements of X such that

(Aij)xy =

{
1 if (x,y) ∈ Rij ,

0 otherwise .
(2.4)

It can be verified from the definition of the scheme that A00 is the identity matrix. The Bose–Mesner
algebra M is defined as the matrix algebra over C generated by {Aij}(i,j)∈D under the usual matrix
product. The adjacency matrices Aij form a basis of M with

AmnAij =
∑

(a,b)∈D

pabmn,ijAab , (2.5)

where pabmn,ij are the intersection numbers. As for any association scheme, there exists a set of primitive

idempotents Ers labeled by pairs (r, s) in a subset D⋆ ⊂ N2, with |D⋆| = |D|, (0, 0) ∈ D⋆ and E00 = 1
|X|J,

such that

Aij =
∑

(r,s)∈D⋆

Tij(r, s)Ers , Ers =
1

|X|

∑

(i,j)∈D

Urs(i, j)Aij , (2.6)

where Tij(r, s) are the eigenvalues and Urs(i, j) are the dual eigenvalues of the scheme. Here we take
D⋆ = D, but for clarity we keep the notation D∗ as this subset may differ in general. The primitive
idempotents Ers form another basis of the Bose–Mesner algebra M, and they satisfy

∑

(r,s)∈D⋆

Ers = I , EijErs = δirδjsErs . (2.7)

The eigenvalues and dual eigenvalues are related by the Wilson duality:

Urs(i, j)

Urs(0, 0)
=

Tij(r, s)

Tij(0, 0)
. (2.8)

The algebra M is in fact also closed under the Schur product ◦ (or entrywise product), therefore there
exist scalars qabmn,ij such that

Emn ◦ Ers =
1

|X|

∑

(a,b)∈D⋆

qabmn,rsEab . (2.9)

The numbers qabmn,rs are known as the Krein parameters of the scheme. The adjacency matrices Aij are
Schur idempotents since ∑

(i,j)∈D

Aij = J , Aij ◦ Ars = δirδjsArs . (2.10)

Tarnanen, Aaltonen, and Goethals developed a method to prove a given collection A = {A0 =
I,A1, . . . , Ad} of symmetric 01-matrices on a set X form an association scheme [24]. It says if there
exists a collection of matrices {C0 = J,C1, . . . , Cd} lying in the complex vector space spanned by A, such

that Ai =
∑d

j=0 αi(j)Cj and CrCs =
∑min{r,s}

t=0 βr,s(t)Ct for some scalars αi(j) and βr,s(t), then A forms
an association scheme and expressions of the eigenvalues of the scheme in terms of αi(j) and βr,s(t) are
provided. They further provide a set of matrices C0 = J, . . . , Cd satisfying the above conditions for the non-
binary Johnson schemes and obtain the eigenvalues of the scheme. Kurihara [21] used a different realization
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of Aq(n, ℓ,m) rather than the one based on attenuated spaces. In fact, let V and E be n- and ℓ-dimensional
vector spaces over Fq, respectively. Consider the set Xm = {(U, ξ) |U ⊆ V,dim(U) = m and ξ ∈ L(V,U)},
where L(V,U) denotes the set of all linear maps from V to U . By use of the binary relations of the
Grassmann scheme Jq(n,m) on V and the binary relations of the bilinear form schemes, Kurihara defines
a binary relation on Xm and obtains a different realization of Aq(n, ℓ,m). By using a similar approach
as in [24], constructing the matrices Cj and calculating the scalars αi(j) and βr,s(t), all the eigenvalues of
Aq(n, ℓ,m) are obtained, expressed in terms of the q-Eberlein polynomials and q-Krawtchouk polynomials,
in correspondence to the Grassmann scheme and bilinear form scheme realization.

Indeed, let us first define the following univariate polynomials for 0 ≤ k ≤ min(N, ℓ)

Kk(N, ℓ; q;x) = (q−ℓ; q)k

[
N
k

]
qℓkKaff

k (q−x; q−ℓ−1, N ; q) , (2.11)

and for 0 ≤ k ≤ min(N −m,m)

Ek(N,m; q;x) = qk
2

[
m
k

] [
N −m

k

]
Rk(µ(x); q

−m−1, q−N+m−1, N −m|q) , (2.12)

Qk(N,m; q;x) =

([
N
k

]
−

[
N

k − 1

])
Rx(µ(k); q

−m−1, q−N+m−1, N −m|q) , (2.13)

where (using the standard notations of [20], which are recalled in the Appendix A) Kaff
k (q−x) is the affine

q-Krawtchouk polynomial, Rk(µ(x)) is the dual q-Hahn polynomial and µ(x) = q−x + qx−N−1. Note that
Rx(µ(k)) corresponds to the q-Hahn polynomial. For k outside the domain, we will use the convention
that the polynomials Kk, Ek and Qk vanish. With these notations, the eigenvalues and dual eigenvalues
of the association schemes Aq(n, ℓ,m) are given by1, for (i, j) ∈ D and (r, s) ∈ D⋆,

Tij(r, s) = qiℓKj(m− i, ℓ; q; s)Ei(n− s,m− s; q; r) , (2.14)

Urs(i, j) =

[
n
m

]

[
n− s
m− s

]Ks(m− i, ℓ; q; j)Qr(n− s,m− s; q; i) . (2.15)

Up to factors, the bivariate polynomials (2.14) and (2.15) both have the structure of an intricate product
of a pair of polynomials of the q-Askey scheme, where the parameters of one depend in a specific way on
the degree or the variable of the other. Indeed, in terms of basic hypergeometric functions, one can write

Tij(x, y) ∝

[
m− y

i

]
3φ2

(
q−j , q−y, 0

q−ℓ, q−m+i

∣∣∣∣∣ q, q
)

3φ2

(
q−i, q−x, qx+y−n−1

q−n+m, q−m+y

∣∣∣∣∣ q, q
)
, (2.16)

Uij(x, y) ∝

[
m− x

j

]
3φ2

(
q−i, q−x, qi+j−n−1

q−n+m, q−m+j

∣∣∣∣∣ q, q
)

3φ2

(
q−j, q−y, 0

q−ℓ, q−m+x

∣∣∣∣∣ q, q
)
, (2.17)

where ∝ refers to proportionality up to a function f(i, j) which does not depend on x, y. Such bivariate
polynomials are said to be of Tratnik type in reference to [33]. They are shown in [12] to appear as the
entries of change of basis matrices in the study of factorized A2-Leonard pairs, which form a special class
of rank 2 Leonard pairs [19]. The most general bivariate polynomials obtained in [12] involve a product of

1These correspond to Pij(r + s, s) and Ur+s,s(i, j) in the notations of [21].

5



q-Hahn and dual q-Hahn polynomials (see equation (7.11) in [12]). These bivariate polynomials are shown
to satisfy two recurrence relations and two difference equations; in both cases (recurrence or difference), one
of the equations contains three terms and the other contains at most seven terms (which are related to the
root system of the Weyl group A2). The eigenvalues Tij(r, s) and dual eigenvalues Urs(i, j) belong to the
framework studied in [12]: they both correspond to one of the limit cases given in that paper. This means
that they satisfy bispectral properties which are compatible with the bivariate polynomial structures of
association schemes. In the rest of this paper, we will obtain these properties explicitly and directly from
the expressions (2.14)–(2.15). The bispectral properties will then allow to identify the bivariate polynomial
structures of the association scheme.

Note that when ℓ = 0, the scheme Aq(n, ℓ,m) is isomorphic to the Grassmann scheme, and when
m = n, it is isomorphic to the bilinear forms scheme, both of which are known to be both (univariate)
P - and Q-polynomial. In these two cases, all the points in the domain D in (2.2) lie on a horizontal or

a vertical line, respectively. It follows that exactly one of the two sets of eigenvalues {Ti0}
min(m,n−m)
i=0 or

{T0j}
min(m,ℓ)
j=0 is defined, and similarly for the dual eigenvalues. These eigenvalues and dual eigenvalues

satisfy a three-term recurrence relation. Here we focus on the case when m > n and ℓ > 0.

3 Bispectral properties of the eigenvalues

In this section, we compute recurrence relations and difference equations for the bivariate polynomials
Tij(r, s). These relations are referred to as the bispectral properties of Tij(r, s).

3.1 Recurrence relations

We start by obtaining equations which relate polynomials Tij(r, s) with different degrees (i, j).

Proposition 3.1. Let λ(s) = q−s − 1, Λ(r, s) = (q−r − 1)(1 − qr+s−n−1), then the polynomials Tij(r, s)
satisfy the following recurrence relations for all (i, j) ∈ D and (r, s) ∈ D⋆

λ(s)Tij(r, s) =
∑

ǫ∈{0,+1,−1}

bǫ(i, j) Tij+ǫ(r, s) , (3.1a)

where

b+(i, j) = qi+j−ℓ−m(qj+1 − 1) , (3.1b)

b−(i, j) = (qj−ℓ−1 − 1)(qi+j−m−1 − 1) , (3.1c)

b0(i, j) = −b+(i, j − 1)− b−(i, j + 1) , (3.1d)

and

q−sΛ(r, s)Tij(r, s) =
∑

ǫ,ǫ′∈{0,+1,−1}

cǫ,ǫ
′

(i, j) Ti+ǫ,j+ǫ′(r, s) , (3.2a)
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where

c+0(i, j) = qj−ℓ−n−1(1− qi+1)2 , (3.2b)

c+−(i, j) = q−n−1(1− qi+1)2(1− qj−ℓ−1) , (3.2c)

c0+(i, j) = qi+j−ℓ−m(qi−n+m − 1)(qj+1 − 1) , (3.2d)

c00(i, j) = −(1− qi−n+m)(1 − qi−m)− q−n−1(1− qi)2 − (1− qi−n+m)b0(i, j) , (3.2e)

c0−(i, j) = −(1− qi−n+m)(1− qj−ℓ−1)(1 − qi+j−m−1) , (3.2f)

c−+(i, j) = qi−m−1(1− qi−1−n+m)(qj+1 − 1) , (3.2g)

c−0(i, j) = (1− qi−1−n+m)(1 − qj−m+i−1) , (3.2h)

c++(i, j) = c−−(i, j) = 0 . (3.2i)

Proof. Write the eigenvalues Tij(r, s) as in (2.14). Note that for i+s > m, we have Ei(n−s,m−s, q, r) = 0
and hence also Tij(r, s) = 0. Equation (3.1a) follows from applying the recurrence relation (B.1) with ǫ = 0
to the polynomial Kj(m− i, ℓ; q; s).

To prove (3.2a), use the recurrence relation (B.7) on the polynomial Ei(n− s,m− s, q, r) to find

q−sΛ(r, s)Tij(r, s) = qiℓ(1− qi+1)2q−n−1Kj(m− i, ℓ; q; s)Ei+1(n− s,m− s; q; r)

− qiℓ
(
(1− qi)2q−n−1 + (1− qi−n+m)(1 − qi−m+s)q−s

)
Kj(m− i, ℓ; q; s)Ei(n− s,m− s; q; r)

+ qiℓ(1− qi−1−n+m)(q−s − qi−m−1)Kj(m− i, ℓ; q; s)Ei−1(n− s,m− s; q; r) . (3.3)

The contiguity recurrence relation (B.1) with ǫ = − can be used to rewrite the first term in the R.H.S.
of (3.3) in terms of polynomials Kj with shifted parameter i → i+ 1. Similarly, the contiguity difference
relation (B.1) with ǫ = + can be used to rewrite the third term in the R.H.S. of (3.3) in terms of polynomials
Kj with shifted parameter i → i− 1. Finally, the recurrence relation (B.1) with ǫ = 0 can be used on the
second term in (3.3). Equation (3.2a) is then obtained by identifying the polynomials Ti+ǫ,j+ǫ′(r, s) with
the help of (2.14).

3.2 Difference equations

We now obtain equations which relate polynomials Tij(r, s) at different values of the variables (r, s).

Proposition 3.2. Let θi = q−i− 1, then the polynomials Tij(r, s) satisfy the following difference equations
for all (i, j) ∈ D and (r, s) ∈ D⋆

θiTij(r, s) =
∑

ǫ∈{0,+1,−1}

Bǫ(r, s) Tij(r + ǫ, s) , (3.4a)

where

B+(r, s) =
(1− qr+m−n)(1 − qr+s−m)(1 − qr+s−n−1)

(1− q2r+s−n−1)(1− q2r+s−n)
, (3.4b)

B−(r, s) = −
qr+s−n−1(1 − qr)(1 − qr+s−m−1)(1 − qr+m−n−1)

(1− q2r+s−n−2)(1 − q2r+s−n−1)
, (3.4c)

B0(r, s) = −B+(r, s) − B−(r, s) , (3.4d)

7



and

q−iθjTij(r, s) =
∑

ǫ,ǫ′∈{0,+1,−1}

Cǫ,ǫ′(r, s) Tij(r + ǫ, s+ ǫ′) , (3.5a)

where

C+0(r, s) = −(1− qs−ℓ)B+(r, s) , (3.5b)

C−0(r, s) = −(1− qs−ℓ)B−(r, s) , (3.5c)

C00(r, s) = −(1− qs−ℓ)B0(r, s)− (1− qs−ℓ)(1− qs−m) + qs−ℓ−m−1(1− qs) , (3.5d)

C−+(r, s) = −
qs−m(1− qs−ℓ)(1− qr)(1− qr+m−n−1)

1− q2r+s−n−1
, (3.5e)

C0+(r, s) =
(1− qs−ℓ)(1− qr+s−n−1)(1− qr+s−m)

1− q2r+s−n−1
, (3.5f)

C+−(r, s) = −
qs−ℓ−m−1(1− qs)(1− qr+m−n)

1− q2r+s−n−1
, (3.5g)

C0−(r, s) = −
qr+s−ℓ−n−1(1− qs)(1− qr+s−m−1)

1− q2r+s−n−1
, (3.5h)

C++(r, s) = C−−(r, s) = 0 . (3.5i)

Proof. Equation (3.4a) is directly proven by writing the eigenvalues Tij(r, s) as in (2.14) and using the
difference equation (B.9) with ǫ = 0 on the polynomials Ei(n− s,m− s; q, r).

To prove (3.5a), one starts similarly by using (2.14) and the difference equation (B.5) on the polynomials
Kj(m− i, ℓ; q; s):

q−iθjTij(r, s) =qiℓqs−m(qm−s−i − 1)(1 − qs−ℓ)Kj(m− i, ℓ; q; s + 1)Ei(n − s,m− s; q; r)

+qiℓ
(
−(q−i − qs−m)(1 − qs−ℓ) + qs−ℓ−m−1(1− qs)

)
Kj(m− i, ℓ; q; s)Ei(n− s,m− s; q; r)

−qiℓqs−ℓ−m−1(1− qs)Kj(m− i, ℓ; q; s − 1)Ei(n− s,m− s; q; r) . (3.6)

The contiguity difference relation (B.11) with ǫ = − can be called upon to rewrite the first term in the
R.H.S. of (3.6) in terms of polynomials Ei with shifted parameter s → s + 1. Similarly, the contiguity
difference relation (B.11) with ǫ = + allows to rewrite the third term in the R.H.S. of (3.6) in terms of
polynomials Ei with shifted parameter s → s − 1. Finally, the difference relation (B.11) with ǫ = 0 can
be used on the second term in (3.6). Equation (3.5a) is then obtained by identifying the polynomials
Tij(r + ǫ, s+ ǫ′) using (2.14).

3.3 Bispectral algebra

As just shown, the polynomials Tij(r, s) are bispectral. It is instructive to study the associated algebra
given that for the univariate Askey–Wilson polynomials this leads to the Askey–Wilson algebra [36, 7] and
its special cases.

Let W be the vector space spanned by {Tij}(i,j)∈D. Let X ⋆ and Y⋆ be the matrices representing the
action of the difference operators on W

X ⋆Tij(x, y) = q−iθjTij(x, y) , (3.7a)

Y⋆Tij(x, y) = θiTij(x, y) , (3.7b)
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and X and Y be the matrices representing the action of the recurrence operators

XTij(x, y) =
∑

ǫ∈{0,+1,−1}

bǫ(i, j) Tij+ǫ(x, y) , (3.8a)

YTij(x, y) =
∑

ǫ,ǫ′∈{0,+1,−1}

cǫ,ǫ
′

(i, j) Ti+ǫ,j+ǫ′(x, y) . (3.8b)

The bispectral algebra of Tij(r, s) is defined by the generators X , Y, X ∗ and Y∗ and their commutation
relations, more conveniently presented in terms of the following affine transformed operators:

X = I + X , Y =
qn+1

(q − 1)2
(
(1 + q−n−1)I +X + Y

)
, Y ⋆ = I + Y⋆ , X⋆ =

qℓ+1

(q − 1)2
(
I + Y⋆ + X ⋆) ,

(3.9)

where I is the identity matrix. For these generators, a straightforward computation yields the following
commutation relations

[X,Y ] = 0 , [X⋆, Y ⋆] = 0 , (3.10)

but also
[X,Y ⋆] = 0 . (3.11)

The relation (3.11) arises from the fact that the eigenvalues of Y are independent of the label j, while
the matrix X preserves the remaining index i. The pair X and X⋆ satisfies the defining relations of the
Askey–Wilson algebra with Y ⋆ as a central element,

{X2,X⋆} − (q + q−1)XX⋆X = q−m−1(q + 1)I − q−m−1(qℓ+1 + 1)X − Y ⋆X , (3.12)

and

{(X⋆)2,X} − (q + q−1)X⋆XX⋆ =
qℓ−m(q + 1)

(q − 1)2
Y ⋆ − q−m−1(qℓ+1 + 1)X⋆ − Y ⋆X⋆ . (3.13)

Similarly, Y and Y ⋆ also satisfy the defining relations of the Askey–Wilson algebra with X as a central
element,

{Y 2, Y ⋆} − (q + q−1)Y Y ⋆Y =
q + 1

(q − 1)2
(
qn−m−1I + (qm−1 + 2qn)X − qn−1(q + 1)XY ⋆

)

− (2q−1 + qn−m)Y − qmXY , (3.14)

and

{(Y ⋆)2, Y } − (q + q−1)Y ⋆Y Y ⋆ = (1 + q−1)I − qmXY ⋆ − (2q−1 + qn−m)Y ⋆ . (3.15)

4 Bivariate P - and Q-polynomial association schemes

In this section, we recall the definitions of bivariate P - and Q-polynomial association schemes. The bivariate
case was first defined in [4], and a multivariate extension was proposed in [2]. In this paper, we will use
a refinement of the definitions of [2] which was considered in [5], focusing on the case of two variables.
The use of a refinement is appropriate here since the association schemes based on attenuated spaces have
a structure which can be described with more precision than the general characterization of [2], which
encompasses more possibilities.

We start with the definition of a special total order on the set of monomials in C[x1, x2].
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Definition 4.1. A monomial order ≤ on C[x1, x2] is a relation on the set of monomials xn1

1 xn2

2 satisfying:

(i) ≤ is a total order;

(ii) for monomials u, v, w, if u ≤ v, then wu ≤ wv;

(iii) ≤ is a well-ordering, i.e. any non-empty subset of the set of monomials has a minimum element
under ≤.

Each monomial xn1

1 xn2

2 can be associated to the tuple (n1, n2) ∈ N2. We shall use the same notation ≤
to order tuples in N2. A monomial order allows to define a generalized notion of degree.

Definition 4.2. For a monomial order ≤ on N2, a bivariate polynomial v(x1, x2) is said to be of multidegree
(n1, n2) ∈ N2 if v(x1, x2) is of the form

v(x1, x2) =
∑

(m1,m2)≤(n1,n2)

fm1,m2
xm1

1 xm2

2 , with fn1,n2
6= 0 . (4.1)

To describe more precisely the bivariate polynomial structures of association schemes, it is useful to
introduce a partial order � on N2, in addition to a fixed monomial order ≤, with the following properties
(see [5] for more details):

(i) for all a, b ∈ N2, if a � b then a ≤ b;

(ii) for all a, b, c ∈ N2, if a � b then a+ c � b+ c;

(iii) for all a ∈ N2, we have (0, 0) � a.

The previous properties mean that the partial order � satisfies properties similar to a monomial order,
and is compatible with the fixed order ≤ in the sense of (i). We shall assume in the following that (≤,�)
is a pair of monomial order and partial order with the above properties.

Definition 4.3. A bivariate polynomial vn1,n2
(x1, x2) of multidegree (n1, n2) ∈ N2 with respect to ≤ is

called �-compatible if all monomials xm1

1 xm2

2 appearing in vn1,n2
(x1, x2) satisfy (m1,m2) � (n1, n2).

Let e1 = (1, 0) and e2 = (0, 1). Using the ideas from [4], and based on the definition of bivariate
P -polynomial association scheme introduced in [2], we define bivariate P -polynomial association schemes
with a refined structure, which generalize the notion of P -polynomial association scheme.

Definition 4.4. Let D ⊂ N2 contain e1, e2, and let (≤,�) be a pair of monomial order and partial order
on N2. A commutative association scheme Z is called �-compatible bivariate P -polynomial on the domain
D with respect to ≤ if the following three conditions are satisfied:

(i) If n = (n1, n2) ∈ D and 0 ≤ n′
i ≤ ni for i = 1, 2, then n′ = (n′

1, n
′
2) ∈ D;

(ii) There exists a relabeling of the adjacency matrices of Z:

Z = {An | n ∈ D} (4.2)

such that for all n ∈ D we have
An = vn(A10, A01) (4.3)

where vn(x1, x2) is a �-compatible bivariate polynomial of multidegree n and all monomials xa11 xa22
in vn(x1, x2) satisfy (a1, a2) ∈ D;
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(iii) For i = 1, 2 and a = (a1, a2) ∈ D, the product AeiA
a1
10A

a2
01 is a linear combination of

{Ab1
10A

b2
01 | b = (b1, b2) ∈ D, b � a+ ei} . (4.4)

Such bivariate P -polynomial association schemes can be characterized in terms of conditions on their
intersection numbers, as shown in [4, 2, 5].

Proposition 4.5. Let D ⊂ N2 such that e1, e2 ∈ D and Z = {An | n ∈ D} be a commutative association
scheme. Then the following two statements are equivalent:

(i) Z is a �-compatible bivariate P -polynomial association scheme on D with respect to ≤;

(ii) The condition (i) of Definition 4.4 holds for D and the intersection numbers satisfy, for each i = 1, 2
and each a ∈ D, pbei,a 6= 0 for b ∈ D implies b � a+ ei. Moreover, if a+ ei ∈ D, then pa+ei

ei,a 6= 0 holds.

An analogous definition exists for (refined) bivariate Q-polynomial association schemes as well as a
characterization of such schemes in terms of Krein parameters.

Definition 4.6. Let D⋆ ⊂ N2 contain e1, e2, and let (≤,�) be a pair of monomial order and partial order
on N2. A commutative association scheme Z is called �-compatible bivariate Q-polynomial on the domain
D⋆ with respect to ≤ if the following three conditions are satisfied:

(i) If n = (n1, n2) ∈ D⋆ and 0 ≤ n′
i ≤ ni for i = 1, 2, then n′ = (n′

1, n
′
2) ∈ D⋆;

(ii) There exists a relabeling of the primitive idempotent matrices of Z:

{En | n ∈ D⋆} (4.5)

such that for all n ∈ D⋆ we have

|X|En = v⋆n(|X|E10, |X|E01) (under Schur product) (4.6)

where X is the vertex set of the scheme, and v⋆n(x1, x2) is a �-compatible bivariate polynomial of
multidegree n and all monomials xa11 xa22 in v⋆n(x1, x2) satisfy (a1, a2) ∈ D⋆;

(iii) For i = 1, 2 and a = (a1, a2) ∈ D, the product Eei ◦E
◦a1
10 ◦ E◦a2

01 is a linear combination of

{E◦b1
10 ◦ E◦b2

01 | b = (b1, b2) ∈ D⋆, b � a+ ei} . (4.7)

Proposition 4.7. Let D⋆ ⊂ N2 such that e1, e2 ∈ D⋆ and Z be a commutative association scheme with
primitive idempotents {En | n ∈ D⋆}. Then the following two statements are equivalent:

(i) Z is a �-compatible bivariate Q-polynomial association scheme on D⋆ with respect to ≤;

(ii) The condition (i) of Definition 4.6 holds for D⋆ and the Krein numbers satisfy, for each i = 1, 2 and
each a ∈ D⋆, qbei,a 6= 0 for b ∈ D implies b � a+ ei. Moreover, if a+ ei ∈ D⋆, then qa+ei

ei,a 6= 0 holds.

Remark 4.8. Let us emphasize that for a symmetric association scheme such as Aq(n, ℓ,m), pca,b = 0 if

and only if pba,c = 0. Therefore, in item (ii) of Proposition 4.5 we also have that for a, b ∈ D, pbei,a 6= 0
implies a � b+ ei, and if a, a − ei ∈ D then pa−ei

ei,a 6= 0. Similar results hold for qca,b in (ii) of Proposition
4.7.
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Remark 4.9. A �-compatible bivariate P - or Q-polynomial association scheme with respect to ≤ is bi-
variate P - or Q-polynomial with respect to ≤ in the sense of [2], as a � b implies a ≤ b for any a, b ∈ N2.

In the following, the monomial order that we will use is the deg-lex order, defined on N2 by

(m1,m2) ≤ (n1, n2) ⇐⇒





m1 +m2 < n1 + n2 ,
or
m1 +m2 = n1 + n2 and m1 ≤ n1 .

(4.8)

In terms of monomials xn1

1 xn2

2 , the order (4.8) satisfies x2 < x1. An alternative deg-lex order that we will
also need, denoted here by ≤′, is obtained by exchanging the roles of the two coordinates,

(m1,m2) ≤
′ (n1, n2) ⇐⇒





m1 +m2 < n1 + n2 ,
or
m1 +m2 = n1 + n2 and m2 ≤ n2 .

(4.9)

Note that x1 <
′ x2.

Furthermore, we will use a partial order, denoted �(α,β), that depends on two parameters α, β satisfying
0 ≤ α, β ≤ 1 and αβ 6= 1, and that is defined as follows on N2:

(m1,m2) �(α,β) (n1, n2) ⇐⇒





m1 + αm2 ≤ n1 + αn2

and
βm1 +m2 ≤ βn1 + n2 .

(4.10)

The partial order defined by (4.10) was used in [4] to study the bivariate P -polynomial structures of several
examples of higher rank association schemes, and it is further discussed in [5]. In order for �(α,β) to be
compatible with the deg-lex order ≤ defined in (4.8), one must restrict 0 ≤ α < 1 and 0 ≤ β ≤ 1, and to
be compatible with the deg-lex order ≤′ defined in (4.9) and used in [4], one must restrict 0 ≤ α ≤ 1 and
0 ≤ β < 1.

Figures 1 and 2 illustrate which intersection numbers or Krein parameters can be non-zero, according
to Propositions 4.5 and 4.7; this will be helpful later when checking some specific examples of �(α,β)-
compatible bivariate P - or Q-polynomial structures. In addition to these possibly non-vanishing param-
eters, the general bivariate P - or Q-polynomial association schemes defined in [2] (without the use of a
compatible partial order) allow more possibly non-vanishing intersection numbers or Krein parameters,
represented by the smaller dots in the figure. This illustrates that the compatibility of a bivariate P -
or Q-polynomial association scheme with a partial order carries important structural information of the
scheme.

5 Bivariate P -polynomial structure of Aq(n, ℓ,m)

We are now ready to identify the bivariate P -polynomial structure of association schemes based on atten-
uated spaces Aq(n, ℓ,m), using the previous results and definitions.

From equation (2.14), one can obtain all the eigenvalues T10(r, s) and T01(r, s) of the matrices A10 and
A01, respectively, with (r, s) ∈ D⋆. These eigenvalues are written as follows in terms of λ(s) = q−s − 1 and
Λ(r, s) = (q−r − 1)(1 − qr+s−n−1):

T10(r, s) =
qℓ+n+1

(1− q)2
(
(1− q−m)(1 − qm−n) + (1− qm−n)λ(s) + q−sΛ(r, s)

)
, (5.1)

T01(r, s) =
−qℓ+m

1− q

(
(1− q−ℓ)(1− q−m) + λ(s)

)
. (5.2)
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n2

n1

m1

m2

(a) pn10,m, (≤,�(0,1))

n2

n1

m1

m2

(b) pn01,m, (≤,�(0,1))

Figure 1: Examples of possibly non-vanishing intersection numbers. For a fixed point m = (m1,m2), the
coordinates n = (n1, n2) of the larger dots in the graphs represent when (a) pn10,m and (b) pn01,m may
be non-zero for a �(0,1)-compatible bivariate P -polynomial association scheme with respect to ≤. The
smaller dots must be added without the �(0,1)-compatibility. Note that all these dots lie on three lines:
n1 + n2 = m1 +m2 and n1 + n2 = m1 +m2 ± 1 with the upper line truncated below, and the lower line
truncated above.

n2

n1

m1

m2

(a) qn10,m, (≤′,�(1,0))

n2

n1

m1

m2

(b) qn01,m, (≤′,�(1,0))

Figure 2: Examples of possibly non-vanishing Krein parameters. For a fixed point m = (m1,m2), the
coordinates n = (n1, n2) of the larger dots in the graphs represent when (a) qn10,m and (b) qn01,m may
be non-zero for a �(1,0)-compatible bivariate Q-polynomial association scheme with respect to ≤′. The
smaller dots must be added without the �(1,0)-compatibility. Note that all these dots lie on three lines:
n1 + n2 = m1 +m2 and n1 + n2 = m1 +m2 ± 1 with the upper line truncated above, and the lower line
truncated below.
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Using the recurrence relations in Proposition 3.1, we derive the following formulas for the product of the
eigenvalues T10(r, s) and T01(r, s) with Tij(r, s).

Proposition 5.1. The eigenvalues Tij(r, s) of association schemes based on attenuated spaces Aq(n, ℓ,m)
satisfy the following relations for all (i, j) ∈ D and (r, s) ∈ D⋆:

T01(r, s)Tij(r, s) =
∑

ǫ∈{0,+1,−1}

b̃ǫ(i, j) Ti,j+ǫ(r, s) , (5.3a)

where

b̃+(i, j) =
qi+j(1− qj+1)

1− q
, (5.3b)

b̃−(i, j) =
(qℓ − qj−1)(qi+j−1 − qm)

1− q
, (5.3c)

b̃0(i, j) =
(qℓ − 1)(1 − qm)− qi+j−1(1− qj)− (qℓ − qj)(qi+j − qm)

1− q
, (5.3d)

and

T10(r, s)Ti,j(r, s) =
∑

ǫ,ǫ′∈{0,+1,−1}

c̃ǫ,ǫ
′

(i, j) Ti+ǫ,j+ǫ′(r, s) , (5.4a)

where

c̃+0(i, j) =
qj(1− qi+1)2

(1− q)2
, (5.4b)

c̃+−(i, j) =
(qℓ − qj−1)(1 − qi+1)2

(1− q)2
, (5.4c)

c̃0+(i, j) =
qi+j+1(1 − qi)(1 − qj+1)

(1− q)2
, (5.4d)

c̃00(i, j) =
qℓ+1

(
1− qi

)

(1− q)2
(
1− qn−m + qi − qm − q−1(1− qi)− qmb0(i, j)

)
, (5.4e)

c̃0−(i, j) =
(qℓ − qj−1)(1− qi)(qi+j − qm+1)

(1− q)2
, (5.4f)

c̃−+(i, j) =
qℓ+i(1− qj+1)(qi−1 − qn−m)

(1− q)2
, (5.4g)

c̃−0(i, j) =
qℓ(qi+j − qm+1)(qi−1 − qn−m)

(1− q)2
, (5.4h)

c̃++(i, j) = c̃−−(i, j) = 0 . (5.4i)

Proof. The two product formulas follow straightforwardly from equations (5.1), (5.2) and Proposition 3.1.

Intersection numbers. By substituting the first relation of (2.6) in (2.5), and using the property
EijEmn = δimδjnEij , one can identify the coefficients in the product formulas of the eigenvalues Tij(r, s)
with the intersection numbers of Aq(n, ℓ,m), i.e.

Tmn(r, s)Tij(r, s) =
∑

(a,b)∈D

pabmn,ijTab(r, s) . (5.5)
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Therefore, one obtains the following from Proposition 5.1.

Corollary 5.2. The non-vanishing intersection numbers pab10,ij and pab01,ij of the association schemes based
on attenuated spaces Aq(n, ℓ,m) are given by

pi+ǫ,j+ǫ′

10,ij = c̃ǫ,ǫ
′

(i, j) , pi,j+ǫ
01,ij = b̃ǫ(i, j) , for ǫ, ǫ′ ∈ {0,+1,−1} , (5.6)

where b̃ǫ(i, j) and c̃ǫ,ǫ
′

(i, j) are the coefficients given in Proposition 5.1.

Note that the intersection numbers of the association schemes based on attenuated spaces were obtained
in [4] by a direct combinatorial counting argument. The above is a different approach making use of the
recurrence, contiguity, and difference relations of the q-Krawtchouk and the dual q-Hahn polynomials.

Corollary 5.3. The association scheme based on attenuated spaces Aq(n, ℓ,m) is �(0,1)-compatible bivari-
ate P -polynomial on the domain D with repsect to ≤ (as in (4.8)).

Proof. The domain D of the scheme as defined in (2.2) satisfies condition (i) of Definition 4.4. Recall that
the partial order �(0,1) is compatible with the monomial order ≤. Using equations (5.6), it is easy to check

that for k = 1, 2, all pairs (a, b) such that pabek,ij 6= 0 satisfy (a, b) �(0,1) ek + (i, j) (see also Figure 1), and

if ek + (i, j) ∈ D then p
ek+(i,j)
ek,ij

6= 0. By Proposition 4.5, the result follows.

The bivariate polynomials vn of Definition 4.4 satisfy

Tij(r, s) = vij(T10(r, s), T01(r, s)) , (5.7)

and hence

xvij(x, y) =
∑

ǫ,ǫ′∈{0,+1,−1}

c̃ǫ,ǫ
′

(i, j) vi+ǫ,j+ǫ′(x, y) ,

yvij(x, y) =
∑

ǫ∈{0,+1,−1}

b̃ǫ(i, j) vi,j+ǫ(x, y) .

All the bivariate polynomials vij(x, y) can be deduced from the initial conditions v00 = 1, v10 = x and
v01 = y and the above recurrence relations.

Remark 5.4. A bivariate P -polynomial structure of Aq(n, ℓ,m) was obtained in [4] for restricted param-
eter ℓ, because of a restriction on the admissible domains D in the definition of bivariate P -polynomial
association scheme proposed in [4]. The restriction is removed in [2], where the definition of multivariate
P -polynomial association scheme differs. For a comparison between the two definitions and discussion of
their implications, see [5].

6 Bivariate Q-polynomial structure of Aq(n, ℓ,m)

We now proceed similarly to identify a bivariateQ-polynomial structure for the association schemeAq(n, ℓ,m).
The dual eigenvalues U10(i, j) and U01(i, j) respectively associated to the idempotents E10 and E01,

with (i, j) ∈ D, are computed from equation (2.15) and written in terms of θi = q−i − 1 as follows:

U10(i, j) =
q − qn

1− q

(
1 +

(1− q−n)θi
(1− q−m)(1− qm−n)

)
, (6.1)

U01(i, j) =
(qℓ − 1)(1− qn)

1− q

(
1 +

θi
(1− q−m)

+
q−iθj

(1− q−m)(1− q−ℓ)

)
. (6.2)
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Proposition 6.1. The dual eigenvalues Urs(ij) of association schemes based on attenuated spaces Aq(n, ℓ,m)
satisfy the following relations for all (i, j) ∈ D and (r, s) ∈ D⋆:

U10(i, j)Urs(i, j) =
∑

ǫ∈{0,+1,−1}

B̃ǫ(r, s) Ur+ǫ,s(i, j) , (6.3a)

where

B̃+(r, s) =
qr+s(1− q−n)(1 − q−n+1)(1 − qr+1)(1− qr+m−n)(1− qr+s−m)

(1− q)(1 − q−m)(1− qm−n)(1 − q2r+s−n)(1− q2r+s−n+1)
, (6.3b)

B̃−(r, s) =
q(1− qn−1)(1− q−n)(1− qr+m−n−1)(1 − qr+s−m−1)(1 − qr+s−n−2)

(1− q)(1− q−m)(1 − qm−n)(1− q2r+s−n−2)(1 − q2r+s−n−3)
, (6.3c)

B̃0(r, s) =
q(1− qn−1)

1− q
+

q(1− qn−1)(1− q−n)

(1− q)(1− q−m)(1 − qm−n)
B0(r, s) , (6.3d)

and

U01(i, j)Urs(i, j) =
∑

ǫ,ǫ′∈{0,+1,−1}

C̃ǫ,ǫ′(r, s) Ur+ǫ,s+ǫ′(i, j) , (6.4)

where

C̃+0(r, s) = −
qr+s(1− q−n)(1− qs)(1− qr+1)(1 − qr+m−n)(1 − qr+s−m)

(1− q)(1 − q−m)(1− q2r+s−n)(1 − q2r+s−n+1)
, (6.5a)

C̃−0(r, s) = −
(1− qn)(1− qs)(1− qr+s−n−2)(1 − qr+s−m−1)(1 − qr+m−n−1)

(1− q)(1− q−m)(1 − q2r+s−n−2)(1− q2r+s−n−3)
, (6.5b)

C̃00(r, s) =
(1− qn)(1− qs)

(1− q)(1 − qm)

(
qℓ + qm − qs − qs−1 − 1 + qmB0(r, s)

)
, (6.5c)

C̃−+(r, s) = −
qs−m(1− qn)(1 − qs+1)(1− qr+m−n−1)

(1− q)(1− q−m)(1− q2r+s−n−2)
, (6.5d)

C̃0+(r, s) =
qr+s(1− q−n)(1 − qs+1)(1 − qr+s−m)

(1− q)(1− q−m)(1 − q2r+s−n)
, (6.5e)

C̃+−(r, s) = −
qs−m−1(qℓ − qs−1)(1− qr+m−n)(1− qn)(1 − qr+1)

(1− q)(1− q−m)(1− q2r+s−n)
, (6.5f)

C̃0−(r, s) =
(qℓ − qs−1)(1− qn)(1− qr+s−m−1)(1− qr+s−n−2)

(1− q)(1− q−m)(1 − q2r+s−n−2)
, (6.5g)

C̃++(r, s) = C̃−−(r, s) = 0 . (6.5h)

Proof. Using the Wilson duality, one can rewrite the difference equations (3.4a) and (3.5a) of the polyno-
mials Tij(r, s) as recurrence relations for Urs(i, j) of the following form:

ν(i, j)Urs(i, j) =
∑

ǫ,ǫ′∈{0,+1,−1}

F ǫ,ǫ′(r, s)
Urs(0, 0)

Ur+ǫ,s+ǫ′(0, 0)
Ur+ǫ,s+ǫ′(i, j) , (6.6)

where ν(i, j) is either equal to θi or to q−iθj, and the coefficients F ǫ,ǫ′ refer respectively to either coefficients
Bǫ or Cǫ,ǫ′ from Proposition 3.2. The dual eigenvalues U10(i, j) and U01(i, j) are given explicitly in terms
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of θi and q−iθj in (6.1) and (6.2). Therefore, U10(i, j)Urs(i, j) and U01(i, j)Urs(i, j) can be computed using

both recurrence relations of the form (6.6). The coefficients B̃ and C̃ of this proposition are obtained
by modifying the coefficients B and C as indicated in (6.6), and collecting similar terms together. The
following intermediate results are useful for this computation and are obtained from (2.15):

Urs(0, 0) = qℓs(q−ℓ; q)s

[
n
s

] [
n− s
r

]
1− q2r+s−n−1

1− qr+s−n−1
, (6.7)

which leads to

Urs(0, 0)

Ur+1,s(0, 0)
= −

qr+s−n(1− qr+1)(1− q2r+s−n−1)

(1− qr+s−n−1)(1− q2r+s−n+1)
, (6.8)

Urs(0, 0)

Ur−1,s+1(0, 0)
=

q−ℓ(1− qs+1)(1 − q2r+s−n−1)

(1− qs−ℓ)(1− qr)(1− q2r+s−n−2)
, (6.9)

Urs(0, 0)

Ur,s+1(0, 0)
= −

qr+s−n−ℓ(1− qs+1)(1 − q2r+s−n−1)

(1− qs−ℓ)(1 − qr+s−n−1)(1− q2r+s−n)
. (6.10)

Krein parameters. By substituting the second relation of (2.6) in (2.9), and using the property Aij ◦
Amn = δimδjnAij , one obtains a correspondence between the coefficients in product formulas for the dual
eigenvalues and the Krein parameters of the scheme,

Umn(ij)Urs(ij) =
∑

(a,b)∈D⋆

qabmn,rsUab(ij) . (6.11)

Therefore, the following result regarding the non-vanishing Krein parameters can be derived from the
product formulas of Proposition 6.1.

Corollary 6.2. The non-vanishing Krein parameters qab10,rs and qab01,rs of the association schemes based on
attenuated spaces Aq(n, ℓ,m) are given by

qr+ǫ,s
10,rs = B̃ǫ(r, s) , qr+ǫ,s+ǫ′

01,rs = C̃ǫ,ǫ′(r, s) , for ǫ, ǫ′ ∈ {0,+1,−1} , (6.12)

where B̃ǫ(r, s) and C̃ǫ,ǫ′(r, s) are the coefficients given in Proposition 6.1.

Note that the Krein parameters of the association schemes Aq(n, ℓ,m) have been obtained in [3] with

a different approach. Because of different choices of notations, the Krein parameters denoted qr+ǫ,s+ǫ′
mn,rs in

[3] correspond to those labeled qs+ǫ′,r+ǫ
nm,sr in the present paper.

Corollary 6.3. The association scheme based on attenuated spaces Aq(n, ℓ,m) is �(1,0)-compatible bivari-
ate Q-polynomial on the domain D⋆ = D with respect to ≤′ (as in (4.9)).

Proof. The domain D⋆ = D as defined in (2.2) satisfies condition (i) of Definition 4.6. Note that the
partial order �(1,0) is compatible with the monomial order ≤′. Direct verification using (6.12) confirms

that for k = 1, 2, all pairs (a, b) such that qabek,rs 6= 0 satisfy (a, b) �(1,0) ek + (r, s) (see also Figure 2), and

if ek + (r, s) ∈ D⋆ then q
ek+(r,s)
ek,rs 6= 0. By Proposition 4.7, the result follows.
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The bivariate polynomials v⋆n of Definition 4.6 satisfy

Urs(i, j) = v⋆rs(U10(i, j), U01(i, j)) , (6.13)

and hence

xv⋆r,s(x, y) =
∑

ǫ∈{0,+1,−1}

B̃ǫ(r, s) v⋆r+ǫ,s(x, y) ,

xv⋆r,s(x, y) =
∑

ǫ,ǫ′∈{0,+1,−1}

C̃ǫ,ǫ′(r, s) v⋆r+ǫ,s+ǫ′(x, y) .

All the bivariate polynomials v⋆r,s(x, y) can be constructed from the initial conditions v⋆00 = 1, v⋆10 = x and
v⋆01 = y and the above recurrence relations.

7 Subconstituent algebra

In this section, we explore the subconstituent algebra [26, 27, 28] of the association schemes based on
attenuated spaces following an approach similar to the one adopted for the non-binary Johnson schemes
in [11].

Recall that the vector space spanned by the adjacency matrices Aij of the scheme forms the commutative
algebra M under matrix product, with structure constants given by the intersection numbers pabij,rs. It is
possible to construct an analogous algebra, called dual Bose–Mesner algebra, from a set of matrices derived
from the idempotents Ers, with structure constants given by the Krein parameters qabij,rs; this goes as follows.

Let x be a fixed element of the vertex set X of the association scheme Aq(n, ℓ,m). For (r, s) ∈ D∗, the
dual adjacency matrix A⋆

rs (with respect to x) is defined as the diagonal matrix with entries

(A⋆
rs)yy = |X|(Ers)xy , for all y ∈ X . (7.1)

The vector space spanned by the dual adjacency matrices A⋆
rs forms a commutative algebra with

A⋆
ijA

⋆
rs =

∑

(a,b)∈D⋆

qabij,rsA
⋆
ab . (7.2)

This is the dual Bose–Mesner algebra (with respect to x), that we denote M⋆. For (i, j) ∈ D, the dual
primitive idempotent E⋆

ij (with respect to x) is defined as the diagonal matrix with entries

(E⋆
ij)yy = (Aij)xy , for all y ∈ X . (7.3)

These dual idempotents E⋆
ij form another basis of M⋆ and satisfy

∑

(i,j)∈D

E⋆
ij = I , E⋆

ijE
⋆
mn = δimδjnE

⋆
ij . (7.4)

The dual adjacency matrices and dual idempotents are related as follows:

A⋆
rs =

∑

(i,j)∈D

Urs(i, j)E
⋆
ij , E⋆

ij =
1

|X|

∑

(r,s)∈D⋆

Tij(r, s)A
⋆
rs . (7.5)
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The subconstituent algebra (with respect to x), also called the Terwilliger algebra, is defined as the
algebra generated by Aij and A⋆

rs for (i, j) ∈ D and (r, s) ∈ D⋆. It is in general a non-commutative algebra,
since the elements of the subalgebra M do not necessarily commute with the elements of the subalgebra
M⋆. The following lemma provides some useful relations which hold in the subconstituent algebra of an
association scheme.

Lemma 7.1. [26, Lemma 3.2] For any fixed element x ∈ X we have

E⋆
ijAmnE

⋆
rs = 0 ⇔ prsij,mn = 0 , (i, j), (m,n), (r, s) ∈ D (7.6)

EijA
⋆
mnErs = 0 ⇔ qrsij,mn = 0 , (i, j), (m,n), (r, s) ∈ D⋆ . (7.7)

In the univariate case, the subconstituent algebra of a P - and Q-polynomial association scheme is
generated by two elements A,A⋆ which satisfy the tridiagonal relations [28]. For a bivariate P -polynomial
association scheme, the Bose–Mesner algebra is generated by A10 and A01 because of (4.3). Similarly, for
a bivariate Q-polynomial association scheme, one deduces from (4.6) and (7.1) that

A⋆
mn = v⋆mn(A

⋆
10, A

⋆
01), (7.8)

hence the dual Bose–Mesner algebra is generated by A⋆
10 and A⋆

01. It follows that the subconstituent
algebra of a bivariate P - and Q-polynomial association scheme such as Aq(n, ℓ,m) is generated by the four
elements A10, A01, A

⋆
10, A

⋆
01, with [A10, A01] = [A⋆

10, A
⋆
01] = 0. In the next proposition, we obtain additional

relations satisfied by the generators.

Proposition 7.2. The following relations hold in the subconstituent algebra of the association schemes
based on attenuated spaces Aq(n, ℓ,m). The elements A01 and A⋆

10 commute:

[A01, A
⋆
10] = 0 . (7.9)

The elements A10 and A⋆
10 satisfy the tridiagonal relations

[A10, (q + q−1)A10A
⋆
10A10 − {(A10)

2, A⋆
10}+ γ{A10, A

⋆
10}+ ρA⋆

10] = 0 , (7.10)

[A⋆
10, (q + q−1)A⋆

10A10A
⋆
10 − {(A⋆

10)
2, A10}+ (1− q)χ{A⋆

10, A10}+ qχ2A10] = 0 , (7.11)

where the elements γ, ρ, χ commute with A10, A
⋆
10 and are given by

γ = (1− q)η1 + qℓ−1
(
1 + qn−m+1

)
, ρ = qη1(η1 + η0) +

q2ℓ−1
(
1− qn−m+2

)
(1− qn−m)

(1− q)2
,

with η0 = qℓ−1

(
2
(
1− qn−m−1

)

1− q
+ qn−m−1(1− q)

)
, η1 = −

1− qm

1− q
−A01 ,

(7.12)

χ = q−m

(
1− qn−1

1− qn−m

)(
1− qm −

1− qn

1− qm

)
. (7.13)

The elements A01 and A⋆
01 satisfy the tridiagonal relations

[A01, (q + q−1)A01A
⋆
01A01 − {(A01)

2, A⋆
01}+ (1− q)ζ{A01, A

⋆
01}+ qζ2A⋆

01] = 0 , (7.14)

[A⋆
01, (q + q−1)A⋆

01A01A
⋆
01 − {(A⋆

01)
2, A01}+ (1− q)ξ{A⋆

01, A01}+ qξ2A01] = 0 , (7.15)

where the elements ζ, ξ commute with A01, A
⋆
01 and are given by

ζ = q−1(1− qm − qℓ) , (7.16)

ξ = q−1

(
1− qm −

qℓ (1− qn)

1− qm

)
+ qm−2(1− q)

1− qn−m

1− qn−1
A⋆

10 . (7.17)

19



Proof. Let us write the eigenvalues (5.1)–(5.2) and (6.1)–(6.2) as

τrs = T10(r, s) , µs = T01(r, s) , τ⋆i = U10(i, j) , µ⋆
ij = U01(i, j) . (7.18)

Note that T01(r, s) depends only on s and U10(i, j) depends only on i, hence the notations µs and τ⋆i . By
inserting the identity as a sum over the idempotents Eij on both sides and using the relation A01Eij = µjEij ,
one finds

[A01, A
⋆
10] =

∑

(a,b),(c,d)∈D⋆

(µb − µd)EabA
⋆
10Ecd . (7.19)

Using the values of the Krein parameters qcd10,ab, one deduces that the matrix EabA
⋆
10Ecd vanishes if b 6= d

(see Figure 2a). In the case where b = d, the factor (µb−µd) vanishes. Therefore the previous sum is zero.
Now we prove relation (7.10) by summing over the idempotents Eij again and using the relation

A10Eij = τijEij (noting that the elements γ, ρ commute with Eij, A10 and A⋆
10):

[A10, (q + q−1)A10A
⋆
10A10 − {(A10)

2, A⋆
10}+ γ{A10, A

⋆
10}+ ρA⋆

10]

=
∑

(a,b),(c,d)∈D⋆

((q + q−1)τabτcd − τ2ab − τ2cd + γ(τab + τcd) + ρ)(τab − τcd)EabA
⋆
10Ecd , (7.20)

where in the second line, the occurrences of A01 in γ and ρ are replaced by µb. The only non-vanishing
Krein parameters qcd10,ab are those with c = a− 1, a, a+ 1 and d = b (see Figure 2a). The factor (τab − τcd)
in the previous sum obviously vanishes if (a, b) = (c, d). Therefore we only need to consider the cases with
c = a± 1 and d = b. With the values of the elements γ, ρ given as in (7.12), the first factor in each of such
summand indeed vanishes. Note that it is apparent that γ should be of maximum degree 1 in µb and ρ
should be of maximum degree 2 in order for the first factor in the summand to possibly vanish.

A similar approach can be used to prove relation (7.14). In this case, we have an expression similar
to (7.20), with γ and ρ replaced by (1 − q)ζ and qζ2, respectively, τab and τcd replaced by µb and µd,
and EabA

⋆
10Ecd replaced by EabA

⋆
01Ecd. The other two relations are proved similarly, by multiplying

I =
∑

(r,s)∈D E⋆
rs on both sides of the equations.

Remark 7.3. Up to affine transformations, the operators X,Y,X⋆, Y ⋆ acting on the vector space W
spanned by the polynomials {Tij}(i,j)∈D, as defined in Subsection 3.3, form a representation of the ma-
trices A01, A10, A

⋆
01, A

⋆
10. In other words, there is an algebra homomorphism from the subconstituent al-

gebra to the bispectral algebra. The precise mappings of generators can be deduced from equation (3.9)
giving X,Y,X⋆, Y ⋆ in terms of the bispectral operators X ,Y,X ⋆,Y⋆, which are defined by their actions
(3.7)–(3.8) on Tij , and from equations (5.1)–(5.2) expressing the eigenvalues T10(r, s), T01(r, s) in terms of
λ(s), q−sΛ(r, s). Note that this representation corresponds to the one on the primary module [26, 32]. See
also [11] for a more detailed explanation in case of the non-binary Johnson schemes.

Remark 7.4. The notion of an AM multivariate P - and Q-polynomial association scheme on a domain
D = {(n1, n2, . . . , nM ) ∈ NM | n1 + n2 + · · ·+ nM ≤ N} has recently been introduced in [3]. It is shown in
[3] that the subconstituent algebra of such schemes, when acting on the primary module, has the structure
of an AM -Leonard pair [19]. In particular, the association schemes based on attenuated spaces are A2

bivariate P - and Q-polynomial if their domain is triangular, i.e. for m ≤ min(n−m, ℓ). Knowing that the
subconstituent algebra on the primary module is equivalent to the bispectral algebra in Subsection 3.3, we
deduce that it has more precisely the structure of a factorized A2-Leonard pair, see Definition 3.3 of [12].
Indeed, this structure corresponds to one of the examples treated in [12].
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8 Relation to the non-binary Johnson scheme

The parameter r for the non-binary Johnson scheme (see its definition below) is the size of the alphabet
for the scheme. The parameter q for association schemes based on attenuated spaces is the size of the
underlying finite field, hence a prime power. Here we assume q = ph for some prime number p.

It is asserted in the literature that association schemes based on attenuated spaces offer q-analogs of the
non-binary Johnson schemes. Here we confirm this observation by first offering a combinatorial argument to
embed certain non-binary Johnson schemes (when r = qℓ+1 for some nonnegative integer ℓ) into association
schemes based on attenuated spaces. Second, we note that the parameters (such as the eigenvalues, dual
eigenvalues, or cardinality of the vertex set) of association schemes based on attenuated spaces are well-
defined functions for any h ∈ R. Now with the parameter ℓ written in the form ℓ = logp(r − 1)/h,
connecting the parameters r and h of the two schemes, we see that upon taking the limit h → 0 (q → 1),
all the relevant parameters of association schemes based on attenuated spaces approach the corresponding
parameters of the non-binary Johnson schemes.

8.1 Embedding of non-binary Johnson schemes

Here we provide a combinatorial argument in support of the assertion that the scheme Aq(n, ℓ,m) is a
q-analog of the non-binary Johnson scheme by showing that there exists an embedding of the latter in
Aq(n, ℓ,m) if r − 1 = qℓ. First we review the definition of non-binary Johnson scheme.

Let K = {0, 1, . . . , r − 1} be an alphabet of cardinality r > 2 and consider its n-th Cartesian power
Kn. For x̂ ∈ Kn, the weight w(x̂) is defined to be the number of its nonzero components. Fix a positive
integer m and let X be the subset of Kn consisting of elements of weight m:

X = {x̂ ∈ Kn | w(x̂) = m} . (8.1)

Then X has cardinality

|X| =

(
n

m

)
(r − 1)m . (8.2)

The set of non-empty binary relations on X

Rij = {(x̂, ŷ) ∈ X× X | e(x̂, ŷ) = m− i− j, c(x̂, ŷ) = m− i} (8.3)

with
e(x̂, ŷ) = |{i | x̂i = ŷi 6= 0}| , c(x̂, ŷ) = |{i | x̂i 6= 0, ŷi 6= 0}| (8.4)

forms a symmetric association scheme on X, called the non-binary Johnson scheme [14, 24], denoted here
by Jr(n,m).

Now, given an association scheme based on attenuated spaces Aq(n, ℓ,m), consider the non-binary
Johnson scheme with r = qℓ +1 so that K\{0} and the subspace w ⊂ Fn+ℓ

q of dimension ℓ share the same
cardinality. In particular, one can define a bijection φ : K\{0} → w between these two sets. Let us further
fix a set of n linearly independent vectors {fi}1≤i≤n in Fn+ℓ

q whose span intersects w trivially. We can then
define the following map ϕ : X → X, from the vertex set X of Jr(n,m) to the vertex set X of Aq(n, ℓ,m),

ϕ(x̂) = span{fi + φ(x̂i) | ∀ i such that x̂i 6= 0} . (8.5)

Two notable observations can be made on ϕ. First, stemming from the linear independence of the vectors
fi and the injective nature of φ, it follows that ϕ is likewise injective. Second, we note that

dim((ϕ(x̂) +w)/w ∩ (ϕ(ŷ) +w)/w) = c(x̂, ŷ) , (8.6)
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dim(ϕ(x̂) ∩ ϕ(ŷ)) = e(x̂, ŷ) , (8.7)

so that ϕ maps pairs of elements in X in relation Rij to pairs of elements in X in relation Rij, i.e.

(x̂, ŷ) ∈ Rij ⇒ (ϕ(x̂), ϕ(ŷ)) ∈ Rij . (8.8)

Hence, one concludes that ϕ indeed provides an embedding of Jr(n,m) in Aq(n, ℓ,m).

8.2 Limit for the polynomial structure

An alternative way to talk of q-analogs for association schemes is by considering the q → 1 limit of its
defining quantities. Putting aside the combinatorial meaning of the parameters such as q = ph or ℓ of
association schemes based on attenuated spaces, we see from equations (2.3) and (2.11)–(2.15) that the
cardinality |X|, the eigenvalues Tij , and the dual eigenvalues Uij are well defined functions for any h, ℓ ∈ R.
Here we show that for special parametrization of ℓ, connecting the parameters r and h of the two schemes,
all the functions such as Tij of association schemes based on attenuated spaces approach the ones of the
non-binary Johnson schemes.

First recall that the eigenvalues and dual eigenvalues of Jr(n,m) are respectively given by (see [24, 11])

T̃ij(x, y) = (r − 1)jK̃i(m− j, r − 1, x)Ẽj(n− x,m− x, y) , (8.9)

Ũij(x, y) =

(n
i

)
(m
i

)K̃i(m− y, r − 1, x)Q̃j(n− i,m− i, y) , (8.10)

where

K̃i(m− j, r − 1, x) =

(
m− j

i

)
(r − 2)i K̂i(x; (r − 2)/(r − 1),m− j) , (8.11)

Ẽj(n− x,m− x, y) =

(
m− x

j

)(
n−m

j

)
Rj(λ(y);−m+ x− 1,−n+m− 1, n−m) , (8.12)

Q̃j(n− i,m− i, y) =

((
n− i

j

)
−

(
n− i

j − 1

))
Ry(λ(j);−m + i− 1,−n+m− 1, n −m) , (8.13)

with K̂i(x) the Krawtchouk polynomials and Rj(λ(y)) the dual-Hahn polynomials (see Appendix A).
Let ℓ = logp(r − 1)/h, where q = ph, then

lim
h→0

q = lim
h→0

ph = 1 , (8.14)

lim
h→0

[
n
m

]
=

(
n

m

)
, (8.15)

lim
h→0

qℓ = lim
h→0

ph logp(r−1)/h = r − 1 . (8.16)

With these limits, it can be shown straightforwardly from the expressions (2.3), and (2.11)–(2.13) that:

lim
h→0

|X| = lim
h→0

[
n
m

]
qℓm =

(
n

m

)
(r − 1)m = |X| , (8.17)

lim
h→0

Ki(m− j, ℓ; q;x) = K̃i(m− j, r − 1, x) , (8.18)

lim
h→0

Ej(n− x,m− x; q; y) = Ẽj(n− x,m− x, y) , (8.19)

lim
h→0

Qj(n − i,m− i; q; y) = Q̃j(n− i,m− i, y) . (8.20)
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Therefore one deduces from (2.14), (2.15), (8.9) and (8.10) that

lim
h→0

Tji(y, x) = T̃ij(x, y) , lim
h→0

Uji(y, x) = Ũij(x, y) , (8.21)

that is, that the cardinality, the eigenvalues and the dual eigenvalues of the association schemes based on
attenuated spaces Aq(n, ℓ,m) correspond respectively in the limit qℓ → r− 1 and q → 1 to the cardinality,
the eigenvalues and the dual eigenvalues of the non-binary Johnson schemes Jr(n,m). Other parameters of
Jr(n,m) can be similarly recovered from those of Aq(n, ℓ,m), such as the intersection numbers, the Krein
parameters and the relations of the subconstituent algebra (for the latter, compare Proposition 7.2 in the
present paper to Proposition 5.4 in [11], with the appropriate change of notations), or more directly, all
these parameters or relations are determined by the eigenvalues of the scheme.

Let us finally highlight that the limit q → 1 of Aq(n, ℓ,m) with all parameters n, ℓ,m fixed (ℓ is
independent of the parameters r and h) corresponds to the limit r → 2 of Jr(n,m), which is the binary
Johnson scheme.

9 Outlook

This paper examined the bivariate P - and Q-polynomial structures of association schemes based on at-
tenuated spaces. Although these structures have been characterized in recent works [4, 2, 3], the present
paper features an original approach which is based on the determination of the recurrence relations and
difference equations of bivariate polynomials from the properties of the constituant univariate polynomials.
The intersection numbers and Krein parameters of the schemes were then identified from the coefficients
of the bispectral equations of the eigenvalues, without need of combinatorial arguments. The bivariate P -
and Q-polynomial structure of the scheme was further shown to satisfy a more refined structure, �(α,β)-
compatible for certain α, β. As shown in Section 4, a lot of information is contained in this compatibility,
in particular the degree of recurrence or difference relations satisfied by the scheme, or by the associated
bivariate polynomials. The approach put forward in this paper naturally led to the exploration of the
bispectral algebra associated to the bivariate polynomials which form the eigenvalues. Algebraic relations
were obtained as well for the subconstituent (or Terwilliger) algebra of the association scheme. Finally, the
connection between the Johnson schemes and the schemes based on attenuated spaces was made explicit,
and the properties of both were compared.

Other higher rank association schemes whose eigenvalues can be expressed in terms of univariate polyno-
mials could benefit from the methods presented in this paper, which focus on the properties of polynomials
rather than specific combinatorial aspects. Among these are those based on isotropic subspaces, which are
related to the univariate q-dual Hahn polynomial.

Concerning the algebraic aspects, the example of association schemes based on attenuated spaces
studied in the present paper (together with its limit, the non-binary Johnson schemes studied in [11])
provides grounds for further exploration of the higher rank algebras associated to multivariate orthogonal
polynomials. It would thus be valuable to get a complete description of the bispectral algebra investigated
in Subsection 3.3, or of the subconstituent algebra in Section 7. For the latter, an additional relation
between A10 and A∗

01 could exist, generalizing the tridiagonal relations derived in Proposition 7.2. These
tridiagonal relations are central in univariate P - and Q-polynomial schemes, and identifying a suitable
generalization is crucial for advancing our understanding of the subconstituent algebra of multivariate P -
and Q-polynomial association schemes.

An intermediate step towards these goals would be to focus on a subclass of association schemes with
properties similar to those based on attenuated spaces. In terms of �(α,β)-compatible bivariate P - and
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Q-polynomial association schemes, this corresponds to the subclass with either α = 0 and β = 1 or α = 1
and β = 0, so that the pair of recurrence relations satisfied by the eigenvalues (or dual eigenvalues) have
respectively three and nine terms. In fact, this subclass of schemes could be restrained further so that
the latter recurrence relation contains at most seven terms, as is actually the case for the schemes based
on attenuated spaces. On triangular domains D, such a subclass would correspond to a refinement of
the concept of A2 bivariate P - and Q-polynomial association scheme [3]. It would be interesting then to
determine if such schemes lead to factorized A2-Leonard pairs [12], in the same way that AM multivariate
P - and Q-polynomial association schemes lead more generally to AM -Leonard pairs [19, 3].
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A Standard notations

We record here for reference the following definitions.

A.1 Basic hypergeometric functions

The q-Pochhammer symbol:

(a; q)0 := 1 , (a; q)n =

n−1∏

k=0

(1− aqk) , n = 1, 2, . . . (A.1)

The q-binomial coefficient: [
n
k

]
=

(q; q)n
(q; q)k(q; q)n−k

. (A.2)

The basic hypergeometric function:

rφs

(
a1, . . . , ar
b1, . . . , bs

∣∣∣∣∣ q, z
)

=

∞∑

k=0

(a1; q)k · · · (ar; q)k
(b1; q)k · · · (bs; q)k

(−1)(1+s−r)kq(1+s−r)(k2)
zk

(q; q)k
. (A.3)

The affine q-Krawtchouk polynomials:

Kaff
n (q−x; p,N ; q) = 3φ2

(
q−n, 0, q−x

pq, q−N

∣∣∣∣∣ q, q
)
, n = 0, 1, . . . , N . (A.4)

The dual q-Hahn polynomials:

Rn(µ(x); γ, δ,N |q) = 3φ2

(
q−n, γδqx+1, q−x

γq, q−N

∣∣∣∣∣ q, q
)
, n = 0, 1, . . . , N , (A.5)

where µ(x) = q−x + γδqx+1.
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A.2 Hypergeometric functions

The Pochhammer symbol:

(a)0 := 1 , (a)n =

n−1∏

k=0

(a+ k) , n = 1, 2, . . . (A.6)

The hypergeometric function:

rFs

(
a1, . . . , ar
b1, . . . , bs

∣∣∣∣∣ z
)

=
∞∑

k=0

(a1)k · · · (ar)k
(b1)k · · · (bs)k

zk

k!
. (A.7)

The Krawtchouk polynomials:

K̂n(x; p,N) = 2F1

(
−n,−x

−N

∣∣∣∣∣
1

p

)
, n = 0, 1, . . . , N . (A.8)

The dual-Hahn polynomials:

Rn(λ(x); γ, δ,N) = 3F2

(
−n,−x, x+ γ + δ + 1

γ + 1,−N

∣∣∣∣∣ 1
)
, n = 0, 1, . . . , N , (A.9)

where λ(x) = x(x+ γ + δ + 1).

B Relations for the univariate polynomials

The recurrence relations and difference equations of the univariate polynomialsKj(N, ℓ; q; s) and Ei(N,m; q; r)
(see e.g. [20]) are recorded below. We provide also the contiguity recurrence relations for Kj(N, ℓ; q; s) and
the contiguity difference equations for Ei(N,m; q; r). These relations can be proven by induction on the
degree or the variable of the polynomials (see [8, 12]).

(Contiguity) recurrence relation for Kj(N, ℓ; q; s). For ǫ ∈ {0,+1,−1}, 0 ≤ j ≤ min(N, ℓ) and
0 ≤ s ≤ min(N,N + ǫ, ℓ) one gets

λǫ(s)Kj(N, ℓ; q; s) =
∑

ǫ′∈{0,+1,−1}

aǫ,ǫ
′

j Kj+ǫ′(N + ǫ, ℓ; q; s) , (B.1)

where

λ+(s) = (q−s − q−N−1)qℓ+1 , a++
j = (qj+1 − 1)q−N , a+−

j = 0 ,

a+0
j = q − qj−N , (B.2)

λ0(s) = q−s − 1 , a0+j = (qj+1 − 1)qj−N−ℓ , a0−j = (1− qj−N−1)(1− qj−ℓ−1) ,

a00j = −a0+j−1 − a0−j+1 , (B.3)

λ−(s) = 1 , a−+
j = 0 , a−−

j = qℓ − qj−1 ,

a−0
j = qj . (B.4)
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Difference equation for Kj(N, ℓ; q; s). For 0 ≤ j, s ≤ min(N, ℓ), the following difference relation holds:

θjKj(N, ℓ; q; s) =
∑

ǫ∈{0,+1,−1}

bǫ(s)Kj(N, ℓ; q; s + ǫ) , (B.5)

where

θj = q−j − 1 , b+(s) = (1− qs−N )(1− qs−ℓ) , b−(s) = −qs−ℓ−N−1(1− qs) ,

b0(s) = −b+(s)− b−(s) . (B.6)

Recurrence relation for Ei(N,m; q; r). For 0 ≤ i, r ≤ min(N −m,m), the polynomial Ei(N,m; q; r)
satisfies the following recurrence relation:

Λ(r)Ei(N,m; q; r) =
∑

ǫ∈{0,+1,−1}

Aǫ
i Ei+ǫ(N,m; q; r) , (B.7)

where

Λ(r) = (q−r − 1)(1− qr−N−1) , A+
i = (1− qi+1)2q−N−1 , A−

i = (1− qi−1−N+m)(1− qi−m−1) ,

A0
i = −A+

i−1 −A−
i+1 . (B.8)

(Contiguity) difference equations for Ei(N,m; q; r). For ǫ ∈ {0,+1,−1} and 0 ≤ i, r ≤ min(N −
m,m), one gets

Θǫ
iEi(N,m; q; r) =

∑

ǫ′∈{0,+1,−1}

Bǫ,ǫ′(r)Ei(N + ǫ,m+ ǫ; q; r + ǫ′) , (B.9)

where

Θ+
i = 1 , B++(r) =

1− qr+m−N

1− q2r−N−1
, B+−(r) = 0 ,

B+0(r) = −
q2r−N−1(1− qm+1−r)

1− q2r−N−1
, (B.10)

Θ0
i = q−i − 1 , B0+(r) =

(1− qr−N+m)(1− qr−N−1)(1− qr−m)

(1− q2r−N−1)(1 − q2r−N )
,

B0−(r) = −qr−N−1 (1− qr)(1− qr−m−1)(1− qr−N+m−1)

(1− q2r−N−1)(1− q2r−N−2)
,

B00(r) = −B0+(r)−B0−(r) , (B.11)

Θ−
i = qm−i − 1 , B−+(r) = 0 , B−−(r) = −

(1− qr−N+m−1)(1− qr)

1− q2r−N−1
,

B−0(r) =
(1− qr−N−1)(qm − qr)

1− q2r−N−1
. (B.12)
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