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Abstract

The bivariate P- and @-polynomial structures of association schemes based
on attenuated spaces are examined using recurrence and difference relations
of the bivariate polynomials which form the eigenvalues of the scheme. These
bispectral properties are obtained from contiguity relations of univariate dual
g-Hahn and affine ¢-Krawtchouk polynomials. The bispectral algebra associ-
ated to the bivariate polynomials is investigated, as well as the subconstituent
algebra of the schemes. The properties of the schemes are compared to those
of the non-binary Johnson schemes through a limit.
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1 Introduction

An N-class symmetric association scheme on a set X is a partition of X x X into binary relations {R; | i =
0,1,..., N}, which satisfies certain properties. The adjacency matrix A; associated to R; is a 0l-matrix
of size | X| x |X|, with rows and columns indexed by elements of X and verifies (A4;), = 1 if and only if
(a,b) € R;. In terms of these adjacency matrices Ao, ..., Ay, these properties are formulated as

(i

) Ap =1, where I is the | X| x | X| identity matrix;

(ii) ZZ o Ai = J, where J is the | X| x | X] all-ones matrix;
) A
)

(iii =A; fori=0,1,...,N, where T stands for the transposition;

(iv) The following relations hold: A;A; = A;A; = M =0 prk,

where pfj are constants, called intersection numbers of the scheme. More details can be found in [1, 17, 18].

Over the years, this construction has demonstrated its potency in establishing connections with various
fields in algebra, combinatorics, and the study of special functions. Pioneer works [13, 1] have shown
that schemes whose intersection numbers verify a metric condition are in correspondence with distance-
regular graphs [6] and are associated to orthogonal polynomials. Such schemes are said to be P-polynomial.
Similarly, schemes whose Krein parameters verify a similar metric condition are said to be Q-polynomial.
A noteworthy advancement was realized by Leonard [22] who demonstrated that association schemes
satisfying both P- and Q-polynomial properties could be described by the families of hypergeometric
orthogonal polynomials of the terminating branch of the Askey scheme [20]. Hence, P- and @Q-polynomial
association schemes such as the Hamming scheme or the Johnson scheme are characterized respectively by
Krawtchouk and dual Hahn polynomials. These polynomials satisfy both a three-term recurrence relation
and a three-term difference relation, and are solutions to a bispectral problem. Leonard’s theorem has also
been understood algebraically through the introduction and classification of Leonard pairs [29, 30, 31]. In
this algebraic interpretation, the two bispectral operators (that is, the recurrence and difference operators)
associated to a family of orthogonal polynomials of the Askey scheme, as well as the two generators of
the subconstituent (or Terwilliger) algebra [26, 27, 28] of a P- and @Q-polynomial association scheme, are
represented by a Leonard pair on certain (finite-dimensional) irreducible modules.

As a mean to extend these correspondences, recent investigations have considered the connection be-
tween symmetric association schemes, multivariate polynomials [4, 2] and m-distance-regular graphs [5].
This led to the definition of bivariate P- and @- polynomial association schemes of type («, ) [4] and
multivariate P- and Q- polynomial association schemes [2]. Many schemes were shown to fit these defi-
nitions, such as the direct product of P- or ()- polynomial association schemes, the symmetrization of an
association scheme of certain length (also called a generalized Hamming scheme), the non-binary John-
son scheme and schemes based on attenuated or isotropic subspaces. The bivariate P- and @-polynomial
structure of type (a, ) of the non-binary Johnson scheme was investigated in details in [11]. The P- and
@-polynomial structure in the sense of [2] of the non-binary Johnson scheme and those based on attenuated
spaces was examined in [3], where the Krein parameters of the scheme were obtained from a formula based
on convolutions of the dual eigenvalues.

This paper further examines the association schemes based on attenuated spaces and puts forward an
alternative approach to deriving its bivariate polynomial structures based on the recurrence and difference
relations satisfied by the eigenvalues of the scheme. This approach is similar to the one adopted in [11]
where the non-binary Johnson scheme is treated, but the techniques in the present paper benefit from
recent developments on bivariate polynomials which can be expressed in terms of univariate polynomials



satisfying recurrence, difference and contiguity relations [8, 9, 10, 12]. The work presented in [12] is
particularly relevant, as it studies a class of rank 2 Leonard pairs [19], called factorized Aj-Leonard pairs,
which appear in the context of association schemes with bivariate polynomial structures of certain type.
In terms of the notions introduced in [4] and further examined in [5], these association schemes involve
recurrence relations of type («, §) with either & = 0 or 5 = 0, implying that one of the recurrence relations
has three terms. The non-binary Johnson scheme and association schemes based on attenuated spaces both
are of these types and are related to factorized Ao-Leonard pairs. Another purpose of this paper is to explore
the algebras which arise from the association schemes based on attenuated spaces, that is the bispectral
algebra realized by the recurrence and difference operators of the associated bivariate polynomials, and the
subconstituent algebra of the scheme. Finally, we also consider in this paper the limit ¢ — 1 and discuss
the relation between schemes based on attenuated spaces and the non-binary and binary Johnson schemes.

The paper is organized as follows. Section 2 recalls the definition of association schemes based on
attenuated spaces and some of their properties, such as the eigenvalues and dual eigenvalues. In Section 3,
the bispectral properties (that is the recurrence relations and difference equations) of the eigenvalues are
obtained, and the associated bispectral algebra is discussed. The relevant definitions concerning bivariate
P- and Q-polynomial association schemes are presented in Section 4. The bivariate P-polynomial structure
for association schemes based on attenuated spaces is determined in Section 5, and similarly the bivariate
@-polynomial structure is determined in Section 6. The subconstituent algebra of the schemes is discussed
in Section 7. The ¢ — 1 limit and connections to the non-binary Johnson scheme are the objects of
Section 8 and Section 9 consists of concluding remarks. Appendix A gathers some useful and standard
notations concerning polynomials of (g-)hypergeometric type. Moreover, relevant recurrence, difference
and contiguity relations of univariate polynomials are collected in Appendix B.

2 Association schemes based on attenuated spaces

In this section, we recall the main properties of association schemes based on attenuated spaces. For more
details, the reader is encouraged to consult [21, 25, 34, 35].

Let FZ” be the vector space of dimension n + ¢ over the finite field IF,, with n a positive integer, ¢ a
non-negative integer and ¢ a prime power, and consider a fixed subspace w C IE‘ZM of dimension ¢. The
collection of all subspaces x C F;‘M such that x N"w = 0 is the attenuated space associated to w. Let
m be a non-negative integer (0 < m < n) and X be the collection of all m-dimensional subspaces in the
attenuated space associated to w. It is shown in [34] that the set X together with the relations

Rij={(x,y) e X x X | dim((x+w)/wnN(y+w)/w)=m —iand dim(xNy)=m—i—j} (2.1)

defines a symmetric association scheme that we will denote by A4(n,¢,m). The non-empty relations R;;
are those for which the pairs (7, j) belong to the set

D={(a,b)eN? |[a+b<m, a<n—m, b</(}, (2.2)

where N? denotes the set of pairs of non-negative integers. The cardinality of the vertex set X of the

scheme A, (n, ¢, m) is given by
_ml n

where [ 7?1 ] is the g-binomial coefficient (also called Gaussian coefficient, see Appendix A).



The adjacency matrices A;; for (i,j) € D of the scheme are | X| x | X| matrices, with rows and columns
indexed by elements of X such that

0 otherwise.

(Aij)xy _ {1 if (x,y) S Rij s (2'4)

It can be verified from the definition of the scheme that Agy is the identity matrix. The Bose-Mesner
algebra M is defined as the matrix algebra over C generated by {Aj;}; jjep under the usual matrix
product. The adjacency matrices A;; form a basis of M with

AmnAZJ - Z pmn z]A[lb7 (25)
(a,b)eD

where p2. ij are the intersection numbers. As for any association scheme, there exists a set of primitive
idempotents E,s labeled by pairs (r,s) in a subset D* C N2, with |D*| = |D|, (0,0) € D* and Egy = ﬁﬂ,
such that

Az] = Z Tij(’f'v S)Ersa Z Uq«s Z j ij (26)
(r,s)eD* (Z,])ED

where T;;(r,s) are the eigenvalues and U,s(i,7) are the dual eigenvalues of the scheme. Here we take
D* = D, but for clarity we keep the notation D* as this subset may differ in general. The primitive
idempotents E,; form another basis of the Bose-Mesner algebra M, and they satisfy

Z Ers = ]Ia EijET’s = 5i7’5jsErs . (27)
(r,s)eD*

The eigenvalues and dual eigenvalues are related by the Wilson duality:

Urs(iaj) _ Tij(rv 5)
Urs(0,0)  T;;(0,0)

(2.8)

The algebra M is in fact also closed under the Schur product o (or entrywise product), therefore there
exist scalars ¢ 4ij such that

Epn o —| Z qmnrs (2.9)

(a b)eD*

The numbers g%, rs are known as the Krein parameters of the scheme. The adjacency matrices A;; are

Schur 1dempotents since
Z Aij = J, Aij 9] Ars = 5@'7“53'3147"5 . (210)

(4,)€D

Tarnanen, Aaltonen, and Goethals developed a method to prove a given collection A = {4y =
I,A;,...,Aq} of symmetric Ol-matrices on a set X form an association scheme [24]. It says if there
exists a collection of matrices {Cy = J,C1,...,Cy} lying in the complex vector space spanned by A, such
that A; = Z?:o a;(7)C; and C,Cys = me{r B Br.s(t)Cy for some scalars «;(j) and S, s(t), then A forms
an association scheme and expressions of the eigenvalues of the scheme in terms of o;(j) and f, s(t) are
provided. They further provide a set of matrices Cy = J,. .., Cy satisfying the above conditions for the non-
binary Johnson schemes and obtain the eigenvalues of the scheme. Kurihara [21] used a different realization



of A4(n, ¢, m) rather than the one based on attenuated spaces. In fact, let V and E be n- and ¢-dimensional
vector spaces over [, respectively. Consider the set X, = {(U,¢) |U C V,dim(U) =m and ¢ € L(V,U)},
where L(V,U) denotes the set of all linear maps from V to U. By use of the binary relations of the
Grassmann scheme J,(n,m) on V' and the binary relations of the bilinear form schemes, Kurihara defines
a binary relation on X,, and obtains a different realization of A4(n, ¥, m). By using a similar approach
as in [24], constructing the matrices C; and calculating the scalars «;(j) and f, 5(t), all the eigenvalues of
Agy(n, £, m) are obtained, expressed in terms of the g-Eberlein polynomials and g-Krawtchouk polynomials,
in correspondence to the Grassmann scheme and bilinear form scheme realization.
Indeed, let us first define the following univariate polynomials for 0 < k < min(N, /)

— N a —x —f—
Ki(N, 4 q;2) = (q ZQQ)k[ ) ]qMkaf(q qUN; ), (2.11)

and for 0 < k < min(N —m,m)

m N —m =1  —N-tm—
Ek(N,m;q;w)zq“[ L ] [ f ]Rk(u(w);q Lg NN —mlq), (2.12)

Qr(N,m; q;x) = <[ ];r ] - [ k]fl D Ry(u(k); g™ g VLN —mlq), (2.13)

where (using the standard notations of [20], which are recalled in the Appendix A) K,Zf f (g™*) is the affine
g-Krawtchouk polynomial, Ry (y(z)) is the dual g-Hahn polynomial and ju(z) = ¢=% + ¢*~ V1. Note that
R, (u(k)) corresponds to the ¢g-Hahn polynomial. For k outside the domain, we will use the convention
that the polynomials K}, E) and (i vanish. With these notations, the eigenvalues and dual eigenvalues
of the association schemes A,(n, ¢, m) are given by', for (i,5) € D and (r, s) € D*,

ﬂj(ra 3) = qZZKJ(m - ia 67 q; S)EZ(TL — S, m — §;4; T) ) (214)
H
m
— K
n-—s
]
Up to factors, the bivariate polynomials (2.14) and (2.15) both have the structure of an intricate product

of a pair of polynomials of the g-Askey scheme, where the parameters of one depend in a specific way on
the degree or the variable of the other. Indeed, in terms of basic hypergeometric functions, one can write

m—y g7, q7Y 0 g g, gttt
TZJ(:E7 y) X |: i :| 3¢2 <q_£: q—ﬂ;—l—i q,9q 3¢2 q,—n-l-m’, q_m+y
m—x ¢’ ¢, ¢t ¢, 470
Uij(z,y) o i 302 S — L 302 R ——
where o refers to proportionality up to a function f(,7) which does not depend on z,y. Such bivariate
polynomials are said to be of Tratnik type in reference to [33]. They are shown in [12] to appear as the

entries of change of basis matrices in the study of factorized As-Leonard pairs, which form a special class
of rank 2 Leonard pairs [19]. The most general bivariate polynomials obtained in [12] involve a product of

Urs(iaj) = s(m—1i,6,¢;5)Qr(n — s,m — 8;¢;1) . (2.15)

q, q) , (2.16)

q,q>, (2.17)

'These correspond to Pi;(r + s,s) and Us,s(i,4) in the notations of [21].



g¢-Hahn and dual ¢g-Hahn polynomials (see equation (7.11) in [12]). These bivariate polynomials are shown
to satisfy two recurrence relations and two difference equations; in both cases (recurrence or difference), one
of the equations contains three terms and the other contains at most seven terms (which are related to the
root system of the Weyl group As). The eigenvalues T;;(r, s) and dual eigenvalues U,s(7,j) belong to the
framework studied in [12]: they both correspond to one of the limit cases given in that paper. This means
that they satisfy bispectral properties which are compatible with the bivariate polynomial structures of
association schemes. In the rest of this paper, we will obtain these properties explicitly and directly from
the expressions (2.14)—(2.15). The bispectral properties will then allow to identify the bivariate polynomial
structures of the association scheme.

Note that when ¢ = 0, the scheme Ay(n,¢,m) is isomorphic to the Grassmann scheme, and when
m = n, it is isomorphic to the bilinear forms scheme, both of which are known to be both (univariate)
P- and @Q-polynomial. In these two cases, all the points in the domain D in (2.2) lie on a horizontal or

a vertical line, respectively. It follows that exactly one of the two sets of eigenvalues {Tio}?:ig(m’n_m) or

{T¢ oj};n:iré(m’z) is defined, and similarly for the dual eigenvalues. These eigenvalues and dual eigenvalues
satisfy a three-term recurrence relation. Here we focus on the case when m > n and ¢ > 0.

3 Bispectral properties of the eigenvalues

In this section, we compute recurrence relations and difference equations for the bivariate polynomials
Ti;(r,s). These relations are referred to as the bispectral properties of Tj;(r, s).
3.1 Recurrence relations

We start by obtaining equations which relate polynomials T;;(r, s) with different degrees (3, 7).

Proposition 3.1. Let \(s) = ¢~° — 1, A(r,s) = (¢7" — 1)(1 — ¢"™7"71), then the polynomials T;j(r, s)
satisfy the following recurrence relations for all (i,7) € D and (r,s) € D*

As)Ty(rs) = > b6 J) Tyjuelr,s), (3.1a)
ee{0,+1,—1}

where
bt(i,j) = ¢ (@ - 1), (3.1b)
b~ (17]) = (qj—f—l - 1)(qi+j—m—1 - 1)7 (310)
%(i,5) = =bT (1,5 — 1) = b~ (i,j + 1), (3.1d)

and

q_sA(T7 S)E '(Tv 3) = Z CE’EI(L j) E-ﬁ-e,j-ﬁ-E’(ra 3) ) (32&)

e,e'e{0,+1,—1}



where

<03, 5) = ¢~ 1 — ¢, (3.2b)
(i) = T - ¢ - ¢, (3.2¢)
(i, g) = TG = 1) (¢ - 1), (3.2d)
i, j) = —(1— ¢ "M A = ¢ =g " 1= ¢’ = (1= ¢TI0, 4) (3.2¢)
7l g) ==L =g M)A -7 (A - g, (3.2f)
C_+(i,j) — qi—m—l(l _ qi—l—n+m)(qj+1 _ 1) ’ (3‘2g)
¢ i, j) = (1 =g~ — g7, (3.2h)
<™ (i, j) =c " (i,§) = 0. (3.2i)

Proof. Write the eigenvalues T;;(r, s) as in (2.14). Note that for i+s > m, we have E;(n—s,m—s,q,7) =0
and hence also Tj;(r, s) = 0. Equation (3.1a) follows from applying the recurrence relation (B.1) with e = 0
to the polynomial K;(m —i,¢;q;s).

To prove (3.2a), use the recurrence relation (B.7) on the polynomial E;(n — s, m — s,q,r) to find

g A(r,8)Ti(rys) = ¢“(1 = ¢ 2q 7" K (m — i, 6,5 8) Eiga (n — s,m — 53¢ 7)
—q" (L =aPa "+ Q=)L = ¢ ) K (m i, 6 g3 8) Ei(n — s,m — s45m)
+ qw(l - qi_l_"+m)(q_8 — qi_m_l)Kj(m —i,0;q;8)Ei—1(n — s,m — s;q;7) . (3.3)
The contiguity recurrence relation (B.1) with e = — can be used to rewrite the first term in the R.H.S.
of (3.3) in terms of polynomials K; with shifted parameter i — ¢ + 1. Similarly, the contiguity difference
relation (B.1) with € = + can be used to rewrite the third term in the R.H.S. of (3.3) in terms of polynomials
K; with shifted parameter ¢ — i — 1. Finally, the recurrence relation (B.1) with € = 0 can be used on the

second term in (3.3). Equation (3.2a) is then obtained by identifying the polynomials Tj ¢ ji¢(r, s) with
the help of (2.14). m

3.2 Difference equations
We now obtain equations which relate polynomials Tj;(r, s) at different values of the variables (7, s).

7

Proposition 3.2. Let 0; = ¢~' — 1, then the polynomials T;;(r,s) satisfy the following difference equations
for all (i,5) € D and (r,s) € D*

0;T;;(r,s) = Z B(r,s) Tij(r +e€,5s), (3.4a)
ee{0,+1,—1}

where

(1 _ qr-i—m—n)(l _ qr—l—s—m)(l _ qr—i-s—n—l)

B¥(r,s) = (1— gZrs—n-1)(1 _ g2r+s—n) ’ (3.4b)
r+s—n—1 1—a")(1 — r4+s—m—1 1— r+m—m—1

B~ (T’ S) = _q ((1 _ qgr-)i-(s—n—g)(l _ q27’)-£s—n—ql) ) ) (3'40)

B(r,s) = —BY(r,s) — B~ (r,s), (3.4d)



and

q0;Ti;(r,s) = Z CE’EI(T, s) Tij(r+e,s+¢€), (3.5a)
€,e'€{0,+1,-1}
where
C+O(r7 S) = _(1 - qs_é)B—i_(Tv 8) ) (35b)
C0(r,s) = —(1— ¢* B (r,s), (3.5¢)
CPr,s) = (1= )Br,s) = (L—¢" (1= ¢ ™) + ¢ "1 - ¢%), (3.5d)
3 qs—m 1— qs—é 1— qr 1— qr—i-m—n—l
CF(rs) = - ( 1 )_(q2r+s—)7(z—1 ) ) (3.5¢)
1— qs—Z 1— qr—l—s—n—l 1— qr—l—s—m
C't(r,s) = ( ) — qzm_nz(l ) (3.5f)
s—f—m—1 s r+m—n
_ q 1-¢°)1—¢q
Cr(rs) = - L (3.58)
r+s——0—n—1 s r4+s—m—1
_ q 1-¢°)1—¢q
CO(r,5) = — 1(_ q2r+)s(_n_1 ) (3.5h)
Ctt(r,s) =C " (r,s) =0. (3.51)

Proof. Equation (3.4a) is directly proven by writing the eigenvalues Tj;(r,s) as in (2.14) and using the
difference equation (B.9) with e = 0 on the polynomials E;(n — s,m — s;q,r).

To prove (3.5a), one starts similarly by using (2.14) and the difference equation (B.5) on the polynomials
Kj(m—1i,4;q;s):

a0 Ty(r,s) =¢" ¢ (¢ T = 1)1 — ¢*THK (m — i, b ¢35 + 1) Ey(n — s,m — s;¢;7)
-m“C%¢4—f”ﬂﬂ—q*6+q*“m*ﬂ—@ﬂ)Kﬂm—@&mSMﬂn—&m—sww)
—q" N1 — ) Kj(m — i, ¢35 — 1) Ei(n — s,m — s;q;7) . (3.6)

The contiguity difference relation (B.11) with e = — can be called upon to rewrite the first term in the
R.H.S. of (3.6) in terms of polynomials E; with shifted parameter s — s+ 1. Similarly, the contiguity
difference relation (B.11) with ¢ = + allows to rewrite the third term in the R.H.S. of (3.6) in terms of
polynomials FE; with shifted parameter s — s — 1. Finally, the difference relation (B.11) with € = 0 can
be used on the second term in (3.6). Equation (3.5a) is then obtained by identifying the polynomials
Tij(r +¢€,s + €) using (2.14). O

3.3 Bispectral algebra

As just shown, the polynomials Tj;(r,s) are bispectral. It is instructive to study the associated algebra
given that for the univariate Askey—Wilson polynomials this leads to the Askey—Wilson algebra [36, 7] and
its special cases.

Let W be the vector space spanned by {Tj;}(; jyep- Let &* and Y* be the matrices representing the
action of the difference operators on W

X*Ty(z,y) = ¢ '0;Tij(2,y) (3.7a)



and X and )Y be the matrices representing the action of the recurrence operators

XTj(zy) = Y b)) Thjrela,y), (3.82)
ec{0,+1,-1}

VTij(w,y) = Z (4, 5) Tipejre(®,y). (3.8b)
€,e'€{0,+1,-1}

The bispectral algebra of Tj;(r,s) is defined by the generators X', Y, &* and J* and their commutation
relations, more conveniently presented in terms of the following affine transformed operators:

n+1 l+1

q
(g — 1)

q

X=T+X, V=
(q—1)?

((+g" DT +X+Y), V' =T+D, X = L1y,

(3.9)

where 7 is the identity matrix. For these generators, a straightforward computation yields the following
commutation relations

[X,Y]=0, [X*Y*=0, (3.10)

but also
(X, Y*]=0. (3.11)

The relation (3.11) arises from the fact that the eigenvalues of Y are independent of the label j, while
the matrix X preserves the remaining index i. The pair X and X™* satisfies the defining relations of the
Askey—Wilson algebra with Y* as a central element,

(X2 X"} = (q+ ¢ HXX* X =¢ ™ g+ )T — ¢ ™ ¢ +1)X - Y*X, (3.12)
and

f—m
1
g _9r2) v Eq;)rz Vv« g 41X — YR X (3.13)

Similarly, Y and Y™ also satisfy the defining relations of the Askey—Wilson algebra with X as a central
element,

(X)X} = (g +q HX" XX =

V2Y*} - (¢ +¢ HY Yy :(;j11)2 ("™ T+ (¢™ T+ 20" X — ¢" (g + )XY
— (207 +¢"MY —¢" XY, (3.14)
and
{(Y*)Y} = (g+q¢ WYYY* ' =(1+q )T —¢"XY* — (2" +¢"™)Y™", (3.15)

4 Bivariate P- and ()-polynomial association schemes

In this section, we recall the definitions of bivariate P- and Q)-polynomial association schemes. The bivariate
case was first defined in [4], and a multivariate extension was proposed in [2]. In this paper, we will use
a refinement of the definitions of [2] which was considered in [5], focusing on the case of two variables.
The use of a refinement is appropriate here since the association schemes based on attenuated spaces have
a structure which can be described with more precision than the general characterization of [2], which
encompasses more possibilities.

We start with the definition of a special total order on the set of monomials in Clzy, x2].



Definition 4.1. A monomial order < on C[z1,x2] is a relation on the set of monomials x'{*x5?* satisfying:
(i) < is a total order;
(ii) for monomials u, v, w, if u < v, then wu < wv;

(iii) < is a well-ordering, i.e. any non-empty subset of the set of monomials has a minimum element
under <.
Each monomial z7'z5? can be associated to the tuple (ny,ng) € N2. We shall use the same notation <
to order tuples in N2. A monomial order allows to define a generalized notion of degree.

Definition 4.2. For a monomial order < on N2, a bivariate polynomial v(z1,x2) is said to be of multidegree
(n1,n2) € N? if v(x1,22) is of the form

v(zy,9) = Z Jmima®] tan 2, With fn, e # 0. (4.1)
(m1,m2)<(n1,n2)

To describe more precisely the bivariate polynomial structures of association schemes, it is useful to
introduce a partial order < on N2, in addition to a fixed monomial order <, with the following properties
(see [5] for more details):

(i) for all a,b € N2 if @ < b then a < b;
(i) for all a,b,c € N%2,if a < b then a+c = b+c;
(iii) for all a € N2, we have (0,0) < a.

The previous properties mean that the partial order < satisfies properties similar to a monomial order,
and is compatible with the fixed order < in the sense of (i). We shall assume in the following that (<, <)
is a pair of monomial order and partial order with the above properties.

Definition 4.3. A bivariate polynomial vy, n,(z1,72) of multidegree (n1,n2) € N? with respect to < is
called <-compatible if all monomials x5 appearing in vy, n,(x1,2) satisfy (m1,ma) < (n1,ng).

Let e; = (1,0) and e = (0,1). Using the ideas from [4], and based on the definition of bivariate
P-polynomial association scheme introduced in [2], we define bivariate P-polynomial association schemes
with a refined structure, which generalize the notion of P-polynomial association scheme.

Definition 4.4. Let D C N? contain ey, ea, and let (<, =) be a pair of monomial order and partial order
on N2. A commutative association scheme Z is called <-compatible bivariate P-polynomial on the domain
D with respect to < if the following three conditions are satisfied:

(i) If n = (n1,n2) € D and 0 < n) <n; fori=1,2, then n’ = (n},n)) € D;
(ii) There exists a relabeling of the adjacency matrices of Z:
Z={A, |neD} (4.2)

such that for all n € D we have
Ay = vp(Ar0, Ao1) (4.3)

where vy, (1, x2) is a <-compatible bivariate polynomial of multidegree n and all monomials (' x%?

in vy(z1,22) satisfy (a1,a2) € D;
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(iii) Fori=1,2 and a = (a1,a2) € D, the product A., AT} AG; is a linear combination of

{ABAR | b= (b1,b)) €D, b=Xa+e}. (4.4)

Such bivariate P-polynomial association schemes can be characterized in terms of conditions on their
intersection numbers, as shown in [4, 2, 5].

Proposition 4.5. Let D C N? such that e1,eo € D and Z = {A,, | n € D} be a commutative association
scheme. Then the following two statements are equivalent:

(i) Z is a 2-compatible bivariate P-polynomial association scheme on D with respect to <;

(ii) The condition (i) of Definition 4.4 holds for D and the intersection numbers satisfy, for each i = 1,2
and each a € D, plgm £ 0 for b € D implies b <X a+e;. Moreover, if a+e; € D, then pgj;@ # 0 holds.

An analogous definition exists for (refined) bivariate @Q-polynomial association schemes as well as a
characterization of such schemes in terms of Krein parameters.

Definition 4.6. Let D* C N? contain e1, ez, and let (<, <) be a pair of monomial order and partial order
on N2. A commutative association scheme Z is called <-compatible bivariate Q-polynomial on the domain
D* with respect to < if the following three conditions are satisfied:

(1) If n = (n1,n2) € D* and 0 < n} < n; fori=1,2, then n' = (n},n}) € D*;
(ii) There exists a relabeling of the primitive idempotent matrices of Z:
{E, | n € D"} (4.5)
such that for all n € D* we have
| X|Eyn = v (| X| Ero, | X | Eor) (under Schur product) (4.6)

where X is the vertex set of the scheme, and v}(zr1,x2) is a <-compatible bivariate polynomial of

multidegree n and all monomials z{*x5* in v}i(x1,x2) satisfy (a1, a2) € D*;

(iii) Fori=1,2 and a = (a1,a2) € D, the product E., o E{(* o Eg\? is a linear combination of
(BP0 B | b= (b1,ba) € D*, b=a+e}. (4.7)
Proposition 4.7. Let D* C N2 such that e1,es € D* and Z be a commutative association scheme with
primitive idempotents {Ey, | n € D*}. Then the following two statements are equivalent:
(i) Z is a 2-compatible bivariate Q-polynomial association scheme on D* with respect to <;

(i) The condition (i) of Definition 4.6 holds for D* and the Krein numbers satisfy, for each i =1,2 and
each a € D*, qle’iﬂ £ 0 for b € D implies b < a + e;. Moreover, if a + e; € D*, then qgj;z # 0 holds.

Remark 4.8. Let us emphasize that for a symmetric association scheme such as Aq(n,f,m), pS, = 0 if
and only if pgc = 0. Therefore, in item (ii) of Proposition 4.5 we also have that for a,b € D, pgi,a #0
implies a = b+ e;, and if a,a — e; € D then pg 7" # 0. Similar results hold for Qop N (ii) of Proposition
4.7.
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Remark 4.9. A <-compatible bivariate P- or Q-polynomial association scheme with respect to < is bi-
variate P- or Q-polynomial with respect to < in the sense of [2], as a < b implies a < b for any a,b € N2.

In the following, the monomial order that we will use is the deg-lez order, defined on N? by

m1+mo <N+ Ny,
(ml,mg) < (nl,nQ) < or (4.8)
my1+mo =ny +n9 and my < nq.

In terms of monomials x| z5?, the order (4.8) satisfies 9 < 1. An alternative deg-lex order that we will
also need, denoted here by <’, is obtained by exchanging the roles of the two coordinates,

my1 +mg < Ny -+ n2,
(m1,me) <' (n1,n9) < or (4.9)
mi1 +ms =n1 + no and mo < no.

Note that 21 <’ z».
Furthermore, we will use a partial order, denoted =, ), that depends on two parameters «, 3 satisfying
0<a,B<1and af # 1, and that is defined as follows on N?:

m1 + amg < nyp + ang
(m1,ma) <(a,) (n1,m2) <= ¢ and (4.10)
Bmy +ma < Bng +ng.

The partial order defined by (4.10) was used in [4] to study the bivariate P-polynomial structures of several
examples of higher rank association schemes, and it is further discussed in [5]. In order for <, ) to be
compatible with the deg-lex order < defined in (4.8), one must restrict 0 < o < 1 and 0 < g < 1, and to
be compatible with the deg-lex order <’ defined in (4.9) and used in [4], one must restrict 0 < o < 1 and
0<p<1.

Figures 1 and 2 illustrate which intersection numbers or Krein parameters can be non-zero, according
to Propositions 4.5 and 4.7; this will be helpful later when checking some specific examples of =, g)-
compatible bivariate P- or -polynomial structures. In addition to these possibly non-vanishing param-
eters, the general bivariate P- or @-polynomial association schemes defined in [2] (without the use of a
compatible partial order) allow more possibly non-vanishing intersection numbers or Krein parameters,
represented by the smaller dots in the figure. This illustrates that the compatibility of a bivariate P-
or Q-polynomial association scheme with a partial order carries important structural information of the
scheme.

5 Bivariate P-polynomial structure of A, (n, ¢, m)

We are now ready to identify the bivariate P-polynomial structure of association schemes based on atten-
uated spaces Ay (n, ¢, m), using the previous results and definitions.

From equation (2.14), one can obtain all the eigenvalues Tio(r, s) and Ty (r, s) of the matrices Ayp and
A1, respectively, with (r,s) € D*. These eigenvalues are written as follows in terms of A(s) = ¢~* — 1 and
Alr,s) = (¢ — 1)(1 — g +n-Ly;

1

Tio(r, s) = 1—q? (L=g7™(@ = g™ ™) + (1= g"A(s) +q °Alr,5)) , (5.1)
_qZ—i-m —Z 3

Ton(r,) = Fo (=070 —a ™) +A()) (5.2)
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Figure 1: Examples of possibly non-vanishing intersection numbers. For a fixed point m = (mq,mg), the
coordinates n = (n1,n2) of the larger dots in the graphs represent when (a) pf,,, and (b) pg, ,, may
be non-zero for a =<(g 1)-compatible bivariate P-polynomial association scheme with respect to <. The
smaller dots must be added without the =< 1)-compatibility. Note that all these dots lie on three lines:
n1 + no = m1 + mo and ny + no = mq1 + mo = 1 with the upper line truncated below, and the lower line

truncated above.
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Figure 2: Examples of possibly non-vanishing Krein parameters. For a fixed point m = (mq,ms), the
coordinates n = (ni,nz) of the larger dots in the graphs represent when (a) ¢f,,, and (b) qf; ,, may
be non-zero for a =<( g)-compatible bivariate ()-polynomial association scheme with respect to <’. The
smaller dots must be added without the =(; g)-compatibility. Note that all these dots lie on three lines:
n1 + ne = mq + mo and ny + no = my + my £ 1 with the upper line truncated above, and the lower line

truncated below.
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Using the recurrence relations in Proposition 3.1, we derive the following formulas for the product of the
eigenvalues T (r, s) and Tp1(r, s) with T;;(r, s).

Proposition 5.1. The eigenvalues Tj;(r, s) of association schemes based on attenuated spaces Aq(n, ¢, m)
satisfy the following relations for all (i,j) € D and (r,s) € D*:

Tor(r,s)Tij(r,s) = > B(i,4) Thjgelr,s), (5.3a)
ec{0,+1,—1}
where
_ i+j(1 — i+l
pt(i,j) =L ~——L - (5.3b)
l—q
B 0 i—1\(iti—1 _ om
(i) = (¢ —¢ N q") , (5.3¢)
l—q
_ Z_l 1_m_i+j—11_j_ 0 i+] _ M
B0, j) = (¢ -V -q") —¢ (1 -¢) = (¢ ~a)a™ —q") (5.3d)
l—q
and
TIO(Tv s)T’i,j (Tv 8) = Z EQE/(Lj) Ti—i—e,j-ﬁ-&’(r’ 8)7 (543)
€,e'€{0,+1,—1}
where
1,]) = —————5"—, 5.4b
()= E (5.40)
£ j—l)(l _ qi+1)2
(i) = (¢ —¢ 7 5.4c
A /O [ S )
EO—l— i,j) = q , 5.4d
(i,) T (5.4d)
(+1 i
NN q 1 - q n—m 7 m — 7 m
00(%])2#(1—61 +q' —q"—q ' (1—-¢")—q™°,7)) , (5.4c)
— g1 = i+j _ m+1
O (i) = (¢" =M1 —4¢")(q ) (5.4f)
(1-q)?
Z—l—i(l _ qj-l-l)(qz 1 _ qn—m)
T, j) =2 , 5.4g
(i,) T (5.4)
fi+) m—i—l)( i—1 _ n—m)
E_01.7.:q(q ¢ a - —dm ) 5.4h
(i,5) T (5.4)
(i, 4) =€ (6,4) = 0. (5.4i)
Proof. The two product formulas follow straightforwardly from equations (5.1), (5.2) and Proposition 3.1.
O

Intersection numbers. By substituting the first relation of (2.6) in (2.5), and using the property
EijEmn = 6imdjnFij, one can identify the coefficients in the product formulas of the eigenvalues Tj;(r, s)
with the intersection numbers of A,(n,f,m), i.e.

Tonn(r, 8)T, Z . ijTan(r, ) . (5.5)
(a,b)eD
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Therefore, one obtains the following from Proposition 5.1.

Corollary 5.2. The non-vanishing intersection numbers p‘f(b]’ij and pgl{’ij of the association schemes based
on attenuated spaces Ay(n,l,m) are given by

Progl T =g, ol =vg),  Jored €{0,41,-1}, (5.6)
where b<(i,7) and T (i, ) are the coefficients given in Proposition 5.1.

Note that the intersection numbers of the association schemes based on attenuated spaces were obtained
in [4] by a direct combinatorial counting argument. The above is a different approach making use of the
recurrence, contiguity, and difference relations of the g-Krawtchouk and the dual ¢-Hahn polynomials.

Corollary 5.3. The association scheme based on attenuated spaces Aq(n,t, m) is =(0,1)-compatible bivari-
ate P-polynomial on the domain D with repsect to < (as in (4.8)).

Proof. The domain D of the scheme as defined in (2.2) satisfies condition (i) of Definition 4.4. Recall that
the partial order =g 1) is compatible with the monomial order <. Using equations (5.6), it is easy to check
that for k = 1,2, all pairs (a,b) such that p? .. # 0 satisfy (a,b) =(0,1) ek + (i,7) (see also Figure 1), and

€k,L]
if e, + (4,7) € D then pzzjj(l’]) # 0. By Proposition 4.5, the result follows. O

The bivariate polynomials v, of Definition 4.4 satisfy

Ti;i(r,s) = vij(Tho(r, s), To1 (1, s)), (5.7)

and hence

o~ ! . .
xvij(x7y) = Z co” (27]) Ui+e,j+e’(xay) )
€,e'€{0,+1,-1}

yuig(z,y) = Y B(65) vijre(n,y).
ec{0,+1,~1}

All the bivariate polynomials v;;(x,y) can be deduced from the initial conditions vgg = 1, vig = = and
vo1 = y and the above recurrence relations.

Remark 5.4. A bivariate P-polynomial structure of Aq(n, ¢, m) was obtained in [4] for restricted param-
eter £, because of a restriction on the admissible domains D in the definition of bivariate P-polynomial
association scheme proposed in [4]. The restriction is removed in [2], where the definition of multivariate
P-polynomial association scheme differs. For a comparison between the two definitions and discussion of
their implications, see [5].

6 Bivariate )-polynomial structure of A,(n, ¢, m)

We now proceed similarly to identify a bivariate Q-polynomial structure for the association scheme A, (n, £, m).
The dual eigenvalues Ujg(i,j) and Up;(i,7) respectively associated to the idempotents Eyp and Eyj,
with (i,7) € D, are computed from equation (2.15) and written in terms of §; = ¢=* — 1 as follows:

otid) = =5 (1+ Tt g ) o)
N (A (e 0 q'0;
Uo1(i, ) = 1—¢q <1 T Tas q"”)({ - q*)) ' (62)
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Proposition 6.1. The dual eigenvalues U,5(ij) of association schemes based on attenuated spaces Aq(n, £, m)
satisfy the following relations for all (i,j) € D and (r,s) € D*:

Urolis ))Urs (i §) = Y B(r,s) Upte,s(i, ), (6.3a)
ec{0,+1,—1}
where
= _ - —gHA - (L = g (A = g
) = T T A g (I = PRI ) (60
= g =" A =g M)A =g (A — g1 — ¢t
Bns) = (1—q)1 =g ™)1 =g )1 —g¥tsn=2)(1 — g2rts—n=3) - (6:3c)
~0 Cq(l—¢") g(1—g" N0 =) o
S e (e R R (0:34)
and
U (i, NUrs(i,5) = Y Co(r5) Uppesra(is ), (6.4)
€,e'€{0,+1,-1}
where
5 R R e e a [V D)
C+0(T’ S) - (1 _ q)(l m)(l _ q2r+s—n)(1 _ q2r+s—n+1) ’ (653')
~ 1— s o 7"+s—n—2 1— r+s—m—1 1— r+m—n—1
Co(r,s) = Ree ()1( )q(l)( (1 — q2)r(+s—nq—2)(1 _ ng’ﬁ-s—g—i&) ) ) (6.5b)
C~00(r, s) = ((i :q §1 o )) (q +¢"— ¢ — ¢ =14 ¢"B(r, s)> ) (6.5¢)
A A O O ) |
Cre) = - (1=q)(1—qg ™)1 —g¥tsn=2) ~ (6:5)
50-1-(7" S) _ r+s(1 —q n)( _ qs-i-l)(l _ qr-i-s—m) ’ (6'56)

1
(1-q)(1 —g™)(1 —g*+s—n)
—q

5 ¢ " e = HA =g (A — )1 — ¢

¢ =- (I=q)(1 =g ™)(1 — g?r+s—n) ’ (6.:56)
N Vo [ Rt [ R YO R
) = U e ey (0:58)

C~++(7‘, s) = C~__(7‘, s)=0. (6.5h)

Proof. Using the Wilson duality, one can rewrite the difference equations (3.4a) and (3.5a) of the polyno-
mials T;(r, s) as recurrence relations for U,4(i, j) of the following form:

.o .o e, Urs(oa 0) ..
V(Zy])Urs (Z,j) = § Fo (Ta 5) U /(0 0) UT+E,S+6’(27]) ) (6'6)
675/6{0,+1,—1} r+€,5+¢€ 9

where v(i, 7) is either equal to 6; or to q_iﬁj, and the coefficients F&¢ refer respectively to either coefficients
B¢ or C&¢ from Proposition 3.2. The dual eigenvalues Uy (i, j) and Upy (i, ) are given explicitly in terms
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of 6; and ¢~*0; in (6.1) and (6.2). Therefore, U1 (i, j)Uys(i, j) and UOl(z J)Uyrs(i,j) can be computed using
both recurrence relations of the form (6.6). The coefficients B and C of this proposition are obtained
by modifying the coefficients B and C as indicated in (6.6), and collecting similar terms together. The
following intermediate results are useful for this computation and are obtained from (2.15):

2r4+s—n—1
— ls —Z. n n—s 1—(]_
UTS(()’ O) — 4 (q ,Q)s |: S :| |: T :| 1— qr-i-s—n—l ’ (67)
which leads to
UTS(O, 0) B _qr-i-s—n( +1)(1 2r+s—n—1) (6 8)
Ur+17s(070) o (1 _ qT’+8 n— l)(l _ q2r+5 n+1) ) .
Urs(O,O) B q- ( 5+1) 1— 27“+s n— 1) (6 9)
Ur_17s+1(0, 0) (1 — g5~ )( 7‘)(1 _ q2r+s n— 2) .
Ups(0,0) g "1 —g*TH(1 — gt (6.10)
Up.s+1(0,0) T A=A =gt (1 — gZrts ) .
O

Krein parameters. By substituting the second relation of (2.6) in (2.9), and using the property A;; o
Apmn = 0im0jnA;ij, one obtains a correspondence between the coefficients in product formulas for the dual
eigenvalues and the Krein parameters of the scheme,

Umn(lj rs Z] Z qmn TS Uab Z]) (611)
(a,b)eD*

Therefore, the following result regarding the non-vanishing Krein parameters can be derived from the
product formulas of Proposition 6.1.

Corollary 6.2. The non-vanishing Krein parameters q10 rs ond qu s Of the association schemes based on
attenuated spaces Aq(n,f,m) are given by

q’{éfj = BE( s), qSIfjserEl = 5676/(7“, s), for e, e € {0,+1,—1}, (6.12)

where BE(r, s) and Co¢' (r,s) are the coefficients given in Proposition 6.1.

Note that the Krein parameters of the association schemes A, (n, £, m) have been obtained in [3] with

a different approach. Because of different choices of notations, the Krein parameters denoted qfntifjel in

[3] correspond to those labeled qiﬁf;ﬁe in the present paper.
Corollary 6.3. The association scheme based on attenuated spaces Aq(n,t, m) is =(1,0)-compatible bivari-
ate Q-polynomial on the domain D* = D with respect to <’ (as in (4.9)).

Proof. The domain D* = D as defined in (2.2) satisfies condition (i) of Definition 4.6. Note that the
partial order =(; ) is compatible with the monomial order <'. Direct verification using (6.12) confirms
that for k = 1,2, all pairs (a, b) such that ¢ # 0 satisfy (a,b) =(1,0) ex + (r,s) (see also Figure 2), and

ek—l— rs

if ey, + (r,s) € D* then ¢c s~ # 0. By Proposition 4.7, the result follows. O
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The bivariate polynomials v} of Definition 4.6 satisfy
UTS(i7j) = U:s(Ulo(iaj)v UOl (17])) ) (613)

and hence

xv:,s(x7 y) = Z B<(r, s) U:—l—e,s(x? Y),
ec{0,4+1,~1}

=~ !
zvy (x,y) = Z Cor,8) Vipesre(T,y)-
€,e'€{0,+1,—1}

All the bivariate polynomials vy (z,y) can be constructed from the initial conditions vgy = 1, vj; = = and
vy, = y and the above recurrence relations.

7 Subconstituent algebra

In this section, we explore the subconstituent algebra [26, 27, 28] of the association schemes based on
attenuated spaces following an approach similar to the one adopted for the non-binary Johnson schemes
in [11].

Recall that the vector space spanned by the adjacency matrices A;; of the scheme forms the commutative
algebra M under matrix product, with structure constants given by the intersection numbers p‘;;»’,rs. It is
possible to construct an analogous algebra, called dual Bose—Mesner algebra, from a set of matrices derived

from the idempotents F,;, with structure constants given by the Krein parameters qf”ﬁr <; this goes as follows.

Let x be a fixed element of the vertex set X of the association scheme A, (n, ¢, m). For (r,s) € D*, the
dual adjacency matrix AX, (with respect to x) is defined as the diagonal matrix with entries
(Ar)yy = 1 X|(Ers)xy forally € X. (7.1)

The vector space spanned by the dual adjacency matrices A%, forms a commutative algebra with

A:jA:S: Z qijljrs ;b' (72)
(a,b)eD*

This is the dual Bose-Mesner algebra (with respect to x), that we denote M*. For (i,j) € D, the dual
primitive idempotent E7; (with respect to x) is defined as the diagonal matrix with entries

(E)yy = (Aij)xy » forally € X. (7.3)
These dual idempotents E7; form another basis of M* and satisfy

o Ey=1,  EjEj, =6minEj. (7.4)
(4,7)€D

The dual adjacency matrices and dual idempotents are related as follows:

A:s = Z Urs(zaj)Ez;a Ez*] = v
(i.)€D
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The subconstituent algebra (with respect to x), also called the Terwilliger algebra, is defined as the
algebra generated by A;; and A}, for (i, j) € D and (r,s) € D*. It is in general a non-commutative algebra,
since the elements of the subalgebra M do not necessarily commute with the elements of the subalgebra
M*. The following lemma provides some useful relations which hold in the subconstituent algebra of an
association scheme.

Lemma 7.1. [26, Lemma 3.2] For any fized element x € X we have
ESAmEr, =0 < pio, =0, (i,5),(m,n),(r,s) €D (7.6)
EijA:rlnETS =0 <« =0, (27])7 (mv ’I’L), (7", S) €D . (77)

qzrﬁmn

In the univariate case, the subconstituent algebra of a P- and ()-polynomial association scheme is
generated by two elements A, A* which satisfy the tridiagonal relations [28]. For a bivariate P-polynomial
association scheme, the Bose-Mesner algebra is generated by Ajg and Ag; because of (4.3). Similarly, for
a bivariate @-polynomial association scheme, one deduces from (4.6) and (7.1) that

A:;ln = UZWL( 1(07 61)’ (78)

hence the dual Bose-Mesner algebra is generated by A7, and Af;. It follows that the subconstituent
algebra of a bivariate P- and @-polynomial association scheme such as A, (n, ¢, m) is generated by the four
elements Ajg, Ao1, ATy, Ay, with [A10, Ao1] = [A}y, Af;] = 0. In the next proposition, we obtain additional
relations satisfied by the generators.

Proposition 7.2. The following relations hold in the subconstituent algebra of the association schemes
based on attenuated spaces Aq(n,l,m). The elements Ao and Aj, commute:

[Ao1, AT] = 0. (7.9)

The elements A9 and A}, satisfy the tridiagonal relations
[A10, (¢ + a1 Ao ATgAro — {(A10)*, Afo} + {410, Alg} + pAfo] = 0, (7.10)
[A%o, (a4 a7 ") Ao A10 AT — {(AT0)%, A1} + (1 — @)x{ATo, Aro} + ax*A10] =0, (7.11)

where the elements v, p, x commute with A, A7, and are given by

qZZ—l (1 _ qn—m+2) (1 _ qn—m)

y=0—-gm+d "1+, p=agmlm+m)+ (e :
9 (1 _ qn—m—l) 1— qm (7.12)
with  mo = qe—l — + qn_m_l(l -q) |, m=-— — Aot ,
l—q 1—gq
3 1— qn—l 1— qn
=g (—L ) (1-¢gm— : 1
=i <1—q"‘m>< ¢ 1—qm> (7.13)
The elements Ag1 and Ay, satisfy the tridiagonal relations
[Aor, (¢ + ¢~ Aot Af Aot — {(Ao1)?, A} + (1 — @)¢{Aor, Afy } + ¢CP A5 =0, (7.14)
[Af1, (0 + ¢ )AL A Al — {(A51)% Aot + (1 — )&{ Al Aot} + q€%An] = 0, (7.15)
where the elements (,§ commute with Aoy, Ay, and are given by
(=q¢'(1-¢"—q"), (7.16)
V4 n n—m
-1 m_ ¢ (1=4¢") m—2 1—¢ «
= 1-— - 1—qg)——A7. 7.17
£=q ( q s >+q ( Q)l_qn_l 10 (7.17)
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Proof. Let us write the eigenvalues (5.1)—(5.2) and (6.1)—(6.2) as
Trs = T10(r,8) s s = Tor(r,s), 77 =Ui(i,5), wi; = Uoi(i, ). (7.18)

Note that Tp;(r, s) depends only on s and Ujg(4,j) depends only on 7, hence the notations us and 7. By
inserting the identity as a sum over the idempotents Fj;; on both sides and using the relation Ag E;; = pj Ej,
one finds
Ao, Al = > (1 — ) Eav AT Eeq - (7.19)
(a,b),(c,d)eD*

Using the values of the Krein parameters qf& ab> one deduces that the matrix Fy,AjyE. vanishes if b # d
(see Figure 2a). In the case where b = d, the factor (upy — pg) vanishes. Therefore the previous sum is zero.

Now we prove relation (7.10) by summing over the idempotents E;; again and using the relation
AE;; = 7;5F;; (noting that the elements ~, p commute with E;;, Ajp and A7):

[A10, (g + a7 ") A0 AToA10 — {(A10)%, AT} + v{A10, ATo} + pAT]

= Y (gt a Y TwTea— 3 — T2+ Y (Tab + Ted) + ) (Tab — Ted) EavAfo Eea (7.20)
(aib)7(c7d)€D*

where in the second line, the occurrences of Ag; in v and p are replaced by up. The only non-vanishing
Krein parameters qu a are those with ¢ =a —1,a,a + 1 and d = b (see Figure 2a). The factor (745 — 7cq)
in the previous sum (;bviously vanishes if (a,b) = (¢,d). Therefore we only need to consider the cases with
c=a=x1and d =0b. With the values of the elements ~, p given as in (7.12), the first factor in each of such
summand indeed vanishes. Note that it is apparent that v should be of maximum degree 1 in u; and p
should be of maximum degree 2 in order for the first factor in the summand to possibly vanish.

A similar approach can be used to prove relation (7.14). In this case, we have an expression similar
to (7.20), with v and p replaced by (1 — ¢)¢ and q(¢?, respectively, 74, and 7.4 replaced by pp and pg,
and EgAlgEcq replaced by Eg A5 Ecq. The other two relations are proved similarly, by multiplying
I= Z(T’ s)ep Lrs on both sides of the equations. O

Remark 7.3. Up to affine transformations, the operators X,Y,X*, Y™ acting on the vector space W
spanned by the polynomials {T;j}q jyep, as defined in Subsection 3.3, form a representation of the ma-
trices Ao1, A1o, Ay, Alg- In other words, there is an algebra homomorphism from the subconstituent al-
gebra to the bispectral algebra. The precise mappings of generators can be deduced from equation (3.9)
giving X, Y, X*, Y™ in terms of the bispectral operators X,Y,X*,V*, which are defined by their actions
(3.7)(3.8) on T;j, and from equations (5.1)—~(5.2) expressing the eigenvalues Tio(r,s), To1(r,s) in terms of
A(s),q %A(r,s). Note that this representation corresponds to the one on the primary module [26, 32]. See
also [11] for a more detailed explanation in case of the non-binary Johnson schemes.

Remark 7.4. The notion of an Apy; multivariate P- and Q-polynomial association scheme on a domain
D = {(n1,n2,...,np) €ENM | ny +ng+---+npy < N} has recently been introduced in [3]. It is shown in
[3] that the subconstituent algebra of such schemes, when acting on the primary module, has the structure
of an Apr-Leonard pair [19]. In particular, the association schemes based on attenuated spaces are A
bivariate P- and Q-polynomial if their domain is triangular, i.e. for m < min(n —m,{). Knowing that the
subconstituent algebra on the primary module is equivalent to the bispectral algebra in Subsection 3.3, we
deduce that it has more precisely the structure of a factorized As-Leonard pair, see Definition 3.3 of [12].
Indeed, this structure corresponds to one of the examples treated in [12].
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8 Relation to the non-binary Johnson scheme

The parameter r for the non-binary Johnson scheme (see its definition below) is the size of the alphabet
for the scheme. The parameter g for association schemes based on attenuated spaces is the size of the
underlying finite field, hence a prime power. Here we assume ¢ = p” for some prime number p.

It is asserted in the literature that association schemes based on attenuated spaces offer g-analogs of the
non-binary Johnson schemes. Here we confirm this observation by first offering a combinatorial argument to
embed certain non-binary Johnson schemes (when 7 = ¢‘+41 for some nonnegative integer £) into association
schemes based on attenuated spaces. Second, we note that the parameters (such as the eigenvalues, dual
eigenvalues, or cardinality of the vertex set) of association schemes based on attenuated spaces are well-
defined functions for any A € R. Now with the parameter ¢ written in the form ¢ = log,(r — 1)/h,
connecting the parameters r and h of the two schemes, we see that upon taking the limit h — 0 (¢ — 1),
all the relevant parameters of association schemes based on attenuated spaces approach the corresponding
parameters of the non-binary Johnson schemes.

8.1 Embedding of non-binary Johnson schemes

Here we provide a combinatorial argument in support of the assertion that the scheme A,(n,¢,m) is a
g-analog of the non-binary Johnson scheme by showing that there exists an embedding of the latter in
Ag(n, l,m) if r—1= ¢*. First we review the definition of non-binary Johnson scheme.

Let K = {0,1,...,7 — 1} be an alphabet of cardinality » > 2 and consider its n-th Cartesian power
K™. For x € K", the weight w(x) is defined to be the number of its nonzero components. Fix a positive
integer m and let X be the subset of K™ consisting of elements of weight m:

X={xe K" | wx)=m}. (8.1)
Then X has cardinality
n
= -1, 2
©= (1) (82)

The set of non-empty binary relations on X
mij = {()A(’ A) €eXxX ‘ e(f(a A) :m_i_ja C()A(7y) = m—z} (83)

with

e(x,y) =Hi[xi=9: 70}, cxy)=Hil%xi#0, yi#0} (8.4)
forms a symmetric association scheme on X, called the non-binary Johnson scheme [14, 24], denoted here
by J.(n,m).

Now, given an association scheme based on attenuated spaces A4(n,¢,m), consider the non-binary
Johnson scheme with r = ¢* 4 1 so that K\{0} and the subspace w C F;‘M of dimension ¢ share the same
cardinality. In particular, one can define a bijection ¢ : K\{0} — w between these two sets. Let us further
fix a set of n linearly independent vectors { f;}1<i<n in IF‘ZH whose span intersects w trivially. We can then
define the following map ¢ : X — X, from the vertex set X of J,(n,m) to the vertex set X of Ay(n,?¢, m),

o(x) = span{ f; + ¢(%;) | V i such that x; # 0} . (8.5)

Two notable observations can be made on ¢. First, stemming from the linear independence of the vectors
fi and the injective nature of ¢, it follows that ¢ is likewise injective. Second, we note that

dim((o(%) +w)/w 0 (0(¥) + w)/w) = c¢(X,¥), (8.6)
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dim(p(X) N e(y)) = e%,9), (8.7)

so that ¢ maps pairs of elements in X in relation 9;; to pairs of elements in X in relation R;;, i.e.
(%,9) € Ry = (p(x),¢(¥)) € Rij - (8.8)

Hence, one concludes that ¢ indeed provides an embedding of J,.(n,m) in Ag(n, £, m).

8.2 Limit for the polynomial structure

An alternative way to talk of g-analogs for association schemes is by considering the ¢ — 1 limit of its
defining quantities. Putting aside the combinatorial meaning of the parameters such as ¢ = p" or £ of
association schemes based on attenuated spaces, we see from equations (2.3) and (2.11)—(2.15) that the
cardinality | X|, the eigenvalues T;;, and the dual eigenvalues U;; are well defined functions for any h, ¢ € R.
Here we show that for special parametrization of ¢, connecting the parameters r and h of the two schemes,
all the functions such as Tj; of association schemes based on attenuated spaces approach the ones of the
non-binary Johnson schemes.

First recall that the eigenvalues and dual eigenvalues of J,.(n, m) are respectively given by (see [24, 11])

Ty(a,) = (r = ) Ki(m — jr — 1,2) Bj(n — z,m — 2,), (8.9)
Uij(x,y) = ((:,?) Ki(m—y,r—1,2)Qj(n—i,m—1i,y), (8.10)

where
Ki(m —jr—1,2) = <m ) =2 i (0= 2)/(r = 1),m = ), (8.11)
Ei(n—2,m—x,y) = <mj_ x) (” ; m>Rj(>\(y); —mtz—1,—n+m—1n-m)), (8.12)
Qj(n—im—iy) = <<";Z> - <;__i>> Ry\(G);—m+i—1,—n+m—1n—m)), (8.13)

with K;(z) the Krawtchouk polynomials and R;(A(y)) the dual-Hahn polynomials (see Appendix A).
Let £ = log,(r — 1)/h, where ¢ = p’, then

li = limp" =1 14
fimq = limp* =1, (8.14)
lim [ " } = (") (8.15)
h—0 m m

lim ¢ = lim phlogs(—D/h — 1 (8.16)

h—0 h—0

With these limits, it can be shown straightforwardly from the expressions (2.3), and (2.11)—(2.13) that:

. . n Im n m

1 X| =1 = 1" =1x 8.17
tig ¢ = gy | g = ()17 =131, (8.17)
lim K;(m — j,0;q;x) = Ki(m — j,r — 1,z), (8.18)
h—0

limEj(n—x,m—x;q;y):Ej(n—a:,m—x,y), (8.19)
h—0

lim Q;(n —i,m —1i;q;y) = Qj(n —i,m —i,y). (8.20)
h—0
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Therefore one deduces from (2.14), (2.15), (8.9) and (8.10) that

}Lli)%]}i(yyx) =Tii(z,y), }ng}) Uji(y,xz) = Uij(x,y), (8.21)

that is, that the cardinality, the eigenvalues and the dual eigenvalues of the association schemes based on
attenuated spaces Agy(n, ¢, m) correspond respectively in the limit ¢* = r—1 and ¢ — 1 to the cardinality,
the eigenvalues and the dual eigenvalues of the non-binary Johnson schemes J,.(n,m). Other parameters of
Jr(n,m) can be similarly recovered from those of Ag(n, ¢, m), such as the intersection numbers, the Krein
parameters and the relations of the subconstituent algebra (for the latter, compare Proposition 7.2 in the
present paper to Proposition 5.4 in [11], with the appropriate change of notations), or more directly, all
these parameters or relations are determined by the eigenvalues of the scheme.

Let us finally highlight that the limit ¢ — 1 of Ay (n,¢,m) with all parameters n,¢,m fixed (¢ is
independent of the parameters r and h) corresponds to the limit » — 2 of .J.(n,m), which is the binary
Johnson scheme.

9 Outlook

This paper examined the bivariate P- and @-polynomial structures of association schemes based on at-
tenuated spaces. Although these structures have been characterized in recent works [4, 2, 3], the present
paper features an original approach which is based on the determination of the recurrence relations and
difference equations of bivariate polynomials from the properties of the constituant univariate polynomials.
The intersection numbers and Krein parameters of the schemes were then identified from the coeflicients
of the bispectral equations of the eigenvalues, without need of combinatorial arguments. The bivariate P-
and @Q-polynomial structure of the scheme was further shown to satisfy a more refined structure, <, g)-
compatible for certain «, 8. As shown in Section 4, a lot of information is contained in this compatibility,
in particular the degree of recurrence or difference relations satisfied by the scheme, or by the associated
bivariate polynomials. The approach put forward in this paper naturally led to the exploration of the
bispectral algebra associated to the bivariate polynomials which form the eigenvalues. Algebraic relations
were obtained as well for the subconstituent (or Terwilliger) algebra of the association scheme. Finally, the
connection between the Johnson schemes and the schemes based on attenuated spaces was made explicit,
and the properties of both were compared.

Other higher rank association schemes whose eigenvalues can be expressed in terms of univariate polyno-
mials could benefit from the methods presented in this paper, which focus on the properties of polynomials
rather than specific combinatorial aspects. Among these are those based on isotropic subspaces, which are
related to the univariate ¢g-dual Hahn polynomial.

Concerning the algebraic aspects, the example of association schemes based on attenuated spaces
studied in the present paper (together with its limit, the non-binary Johnson schemes studied in [11])
provides grounds for further exploration of the higher rank algebras associated to multivariate orthogonal
polynomials. It would thus be valuable to get a complete description of the bispectral algebra investigated
in Subsection 3.3, or of the subconstituent algebra in Section 7. For the latter, an additional relation
between Ajg and Af; could exist, generalizing the tridiagonal relations derived in Proposition 7.2. These
tridiagonal relations are central in univariate P- and -polynomial schemes, and identifying a suitable
generalization is crucial for advancing our understanding of the subconstituent algebra of multivariate P-
and @Q-polynomial association schemes.

An intermediate step towards these goals would be to focus on a subclass of association schemes with
properties similar to those based on attenuated spaces. In terms of =<(, g)-compatible bivariate P- and
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(Q-polynomial association schemes, this corresponds to the subclass with either a =0 and f=1ora=1
and B = 0, so that the pair of recurrence relations satisfied by the eigenvalues (or dual eigenvalues) have
respectively three and nine terms. In fact, this subclass of schemes could be restrained further so that
the latter recurrence relation contains at most seven terms, as is actually the case for the schemes based
on attenuated spaces. On triangular domains D, such a subclass would correspond to a refinement of
the concept of Ag bivariate P- and Q-polynomial association scheme [3]. It would be interesting then to
determine if such schemes lead to factorized As-Leonard pairs [12], in the same way that Aj; multivariate
P- and @Q-polynomial association schemes lead more generally to Ajs-Leonard pairs [19, 3].

Acknowledgements. PAB and MZ hold an Alexander-Graham-Bell scholarship from the Natural Sciences
and Engineering Research Council (NSERC) of Canada. NC thanks the CRM for its hospitality and is
supported by the international research project AAPT of the CNRS. The research of LV is supported in
part by a Discovery Grant from the NSERC.

A Standard notations
We record here for reference the following definitions.

A.1 Basic hypergeometric functions

The g-Pochhammer symbol:

(a;q)0 =1, (a;q)n = H(l —ad®), n=12,... (A1)

The g-binomial coefficient:

nl_ @de
[ } (GG D (A.2)

The basic hypergeometric function:

ai, ..., ar (a5 (@ Dr sk (1s-r)(5) 2
rPs q,z2 | = -1 q 2) . A3
b, ..., bs = (bl;Q)k"'(bs;Q)k( ) (¢ @)k (4-3)
The affine g-Krawtchouk polynomials:
. —n7 07 —x
K (g ;p,N;q)=3¢2<q _?V q,q), n=0,1,...,N. (A.4)
pq, q
The dual g-Hahn polynomials:
q " v0gt T, g
R, (p(z);,0,Nl|q) :3<252< f;; N q,q> , n=0,1,...,N, (A.5)

where pu(z) = g% + v6g*t1.
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A.2 Hypergeometric functions

The Pochhammer symbol:

n—1
(@o:=1, (a)n=]]Jl@a+k), n=12.. (A.6)
k=0
The hypergeometric function:
at, .-, Qr — (a1)y, -+ (ar)g 2¥
+Fs z | = I A7
(bl, by ) 2B (e B (&.7)

The Krawtchouk polynomials:

. —n,—T
Kn(:n;pv N) =oF (

The dual-Hahn polynomials:

—n,—z,r+y+95+1
vy+1,—-N

Rn(A(); 7,0, N) =3F2<
where A(z) =z(z+vy+ 0+ 1).

B Relations for the univariate polynomials

The recurrence relations and difference equations of the univariate polynomials K;(N, ¢; ¢; s) and E;(N, m;q;7)
(see e.g. [20]) are recorded below. We provide also the contiguity recurrence relations for K;(N,/;¢; s) and
the contiguity difference equations for E;(N,m;q;r). These relations can be proven by induction on the
degree or the variable of the polynomials (see [8, 12]).

(Contiguity) recurrence relation for K;(N,¢;q;s). For e € {0,+1,—-1}, 0 < j < min(V,¢) and
0 < s <min(N,N +¢,/) one gets

NN, Gas)= Y af Ko (N +ebgs), (B.1)
¢'e{0,+1,-1}
where
Fle) — (0 —N—1y, £+1 ++ _ (i1 -N +- _

A(s)=("—q "), a; " =(" -1)g ", aj =0,

o’ =q—q", (B.2)
N(s)=q*—1, aft = (T -1V W) = (1N (-,

00 0 0—

a; = —ajJ_rl —a;q, (B.3)
A(s) =1, a; T =0, a; =¢"-¢7",

aj_o = . (B.4)
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Difference equation for K;(N,/;q;s). For 0 < j,s < min(N,£), the following difference relation holds:

0K (N, Gigss) = Y b(s)Ki(N,bg5s + ), (B.5)
e€{0,+1,—1}
where
0j=q 7 -1, br(s)=(1—¢" M1 -, b (s)=—¢"11-¢,
Wo(s) = —bT(s) — b (s). (B.6)

Recurrence relation for E;(N,m;q;r). For 0 < i,r < min(N — m,m), the polynomial E;(N,m;q;r)
satisfies the following recurrence relation:

A(PE(N,m;igir) = Y Af Eipe(N,mig;r), (B.7)
ec{0,+1,—1}

Ary=("-1D)A-¢ Y, Af=0-¢"™)? ¢, A7 =1 - V(1 - g,

3 3

AV=—AF - A7, (B.8)

(Contiguity) difference equations for FE;(N,m;q;r). For e € {0,41,—1} and 0 < 4,7 < min(N —
m,m), one gets

OE(N,mig;r) = > BY(E(N+em+eqr+e), (B.9)
ee€{0,+1,-1}
where
n — 1— qr—l—m—N e
0, =1, B (T):Wa BT (r)=0,
2r—N-—1 m+1—r
q I—gq
BY(r) = —=—— _(q%_N_l ) , (B.10)
Q00— i1 Bty = L= (A - g
v ’ (1 — g2r—N=1)(1 — g2r—N) )
B (1) = —gr-N-1 L= =g (A - g T
(1— g2 N-T)(1— g2 N-2) ’
BY(r) = —B""(r) — B~ (1), (B.11)
I _ _ (1—gNm=H1 —q")
O =4q -1, B~ (r)=0, B (r)=- 1—g2r—N-1 ?
r—N-—1 m r
o (1—gq (@™ —q")
B~(r) = 1 —g2r—N-1 ) (B.12)
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