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‘We investigate a quadratic dynamical system known as nonlinear recom-
binations. This system models the evolution of a probability measure over
the Boolean cube, converging to the stationary state obtained as the product
of the initial marginals. Our main result reveals a cutoff phenomenon for the
total variation distance in both discrete and continuous time. Additionally, we
derive the explicit cutoff profiles in the case of monochromatic initial distri-
butions. These profiles are different in the discrete and continuous time set-
tings. The proof leverages a pathwise representation of the solution in terms
of a fragmentation process associated to a binary tree. In continuous time, the
underlying binary tree is given by a branching random process, thus requiring
a more elaborate probabilistic analysis.

1. Introduction. Consider (), the transition matrix of an aperiodic, irreducible Markov
chain on a finite state space (2, and let 7w denote the corresponding stationary measure. A
classic result states that the distribution of the Markov chain, starting from an arbitrary initial
distribution p, converges to w. Equivalently, if we define a map 7" on P(2) — the set of
probability measures on ) — by setting 7'(u) = p@Q, then the sequence of iterations of 7'
forms a linear dynamical system converging towards its unique fixed point 7.

In our setup a nonlinear evolution is the sequence of iterations of a nonlinear transfor-
mation 7" : P(€2) — P(2). Natural examples of nonlinear evolution include the so-called
nonlinear Markov chains which are time-inhomogenous Markov chain whose transition rule
at time ¢ depends on the distribution of the system at time ¢ [1].

The study of the cutoff phenomenon in high dimensional Markov chains has emerged as an
intriguing area of research in recent decades. This phenomenon captures the abrupt conver-
gence to stationarity, characterized by the total variation distance from equilibrium behaving
as an approximate step function as the dimension approaches infinity [9, 14]. While a con-
clusive theoretical framework is yet to be established, the pursuit of a theory regarding cutoff
phenomena has paved the way for substantial progress in deepening our comprehension of
finite Markov chains’ convergence to equilibrium; see, e.g., [13, 15, 21].

The analogous phenomenon in the context of nonlinear evolutions such as nonlinear
Markov chains has received comparatively little attention. This can be attributed to the in-
herent challenges associated with analyzing fixed point convergence in nonlinear dynamical
systems. To illustrate these difficulties, it is worth noting that even fundamental properties
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such as the monotonicity of the total variation distance over time, a common feature in linear
systems, are not readily available in nonlinear evolutions. As a consequence, it seems that de-
veloping a nonlinear counterpart to the analysis of mixing times will require some significant
innovations.

In this paper, we explore the matter in the simple context of the quadratic system known as
nonlinear recombinations. The model has its roots in the classical Hardy-Weinberg model of
genetic recombination [10, 11, 23], and has been more recently revisited within the general
context of quadratic reversible dynamical systems [5, 19, 20], which provide a combinatorial
counterpart to well studied evolutions such as the Boltzmann equation from kinetic theory.
The state of the system at time ¢ is a probability vector over the Boolean cube, interpreted
as the distribution of genotypes at time ¢ in a given population, and the evolution is dictated
by a simple quadratic recombination mechanism to be described shortly below. The nonlin-
ear dynamics converges to the product distribution in which all bits are independent, with
marginal probabilities at each position given by those in the initial distribution at time zero.
Quantitative statements about the convergence to stationarity in total variation distance were
previously obtained in [19] for the discrete time model and in [4] for the continuous time
case. In this paper we provide a more detailed analysis of the convergence, and demonstrate
the presence of a cutoff phenomenon in both discrete and continuous time models.

1.1. Discrete time dynamics. Fix n € N, let 2 = {—1,1}" denote the Boolean cube, and
let P(£2) denote the set of probability measures on 2. We write [n] = {1,...,n} for the
set of coordinates and A C [n] for a generic subset thereof. Given A C [n] and pu € P(Q2),
14 denotes the marginal of ;1 on A, that is the push forward of y for the natural projection
o~ o4 0f Qonto {—1,1}4. Given p,v € P(Q) and A C [n], the recombination of 1, v at A
is defined as the measure p 4 ® v4. € P(€2) obtained by taking the product of the marginals
A, Vae, Where A° = [n] \ A denotes the complement of A. We then consider the averaged
uniform recombination of p, v, defined as

(1) pov=2""%" ua@va,
AC([n]

which yields a commutative product in P(£2). In analogy with kinetic theory, we sometimes
refer to it as the collision product. Note that ;1 o v may be interpreted as follows. Let o, 0’ € Q)
denote two independent random arrays with distribution p, v respectively, let A C [n] be
chosen uniformly at random and call 1,77’ € € the new pair of arrays obtained by swapping
the content of the original ones on the set A, that is 7 := 0 40”4 and i := 0’40 4. Then prov
is the distribution of 7.

The discrete time dynamics is defined as follows. For every initial state © € P(2), the
state at time ¢ € N is given by the recursive relations

() ft = [t—1 O [bt—1, o = [
We shall also write iy = T3(1), t € N, so that T; defines a nonlinear semigroup acting on

P(Q): To=1d, Ti+s = T1Ts = T, Ty, for integers ¢, s > 0. It is not difficult to see that one has
convergence in P(£2), namely that

Ti(p) — mp, t — o0,

where 7, := @} pug;y is the product measure on {2 with the same marginals as 4. Indeed,
each recombination preserves the single site marginals and the repeated recombinations pro-
duce a fragmentation process, which eventually outputs the fully fragmented distribution 7.
We note that the equilibrium distribution depends on the initial state y, through its marginal
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distributions, reflecting the conservation law associated to the recombination mechanism. To
quantify the distance from equilibrium we use the total variation norm

D(p,t) = ||Ti(p) — mpullTv,

where the TV distance between two measures u, v € P(£2) is defined, as usual, by
— = E)—-v(E)|.
ln = vlirv = max |u(E) — v(E)|

It is worth noting that, in contrast with the case of ordinary Markov chains, the distance
D(p,t), for afixed u € P(£2), is not necessarily a monotone function of ¢. We refer to Remark
2.7 for counterexamples and a more detailed discussion of this point. As observed in [19],
however, for all ;1 € P(€2) one has

3) D(p,t) < gn(n—1)27".

The above estimate can be obtained by considering the event, in the fragmentation process
alluded to above, that full fragmentation has not yet occurred at time ¢. Indeed, at each step,
for each 1 <i < j < n, there is a probability 1/2 that sites ¢ and j get separated by the
uniform random choice of A C [n], namely that i € A and j € A€ or viceversa. Therefore,
by a union bound, the probability that there exists an unseparated pair of sites at time ¢
satisfies the estimate (3). In fact, a similar argument provides an upper bound for more gen-
eral nonlinear recombinations where the uniform distribution 27" in (1) is replaced by a
generic distribution v over subsets A C [n], see [19, Theorem 5]. The estimate (3) predicts
that 21log, n + O(1) steps suffice to obtain a small distance to equilibrium. This estimate is
rather tight, in the sense that, if © = %1_ + %Lr is the monochromatic distribution (all +1 or
all —1 with equal probabilities) then, as shown in [19, Theorem 11], one has D(u,t) > 1/4
at time %logg n — C for some constant C' > 0. Closing the gap between these two bounds,
and determining the precise asymptotic behavior of the distance to equilibrium, remained an
open problem. A remark after [19, Theorem 11], suggests that the correct behavior at leading
order should be log, n. Noting that the random time associated to full fragmentation can be
shown to be concentrated around 2 log, n, this says in particular that convergence should oc-
cur precisely at one half of the fragmentation time. Our findings confirm this prediction in a
strong sense, and establish the cutoff phenomenon for the nonlinear recombination dynamics
defined above. For simplicity of exposition, we state and prove our result in the setting of
balanced initial conditions. The result however holds in greater generality, as we discuss in
Section 2.5. We define balanced distributions as the measures with symmetric marginals, that
is we consider the set

B, :={peP(): Viec[n], ulo;==+1)=1/2}.
and define
4 Dy (t) := max | Ty (p) — 7| 7v,
neB,

where 7 is now the uniform distribution over €2. It is not hard to check that D,,(-) defined in
(4) is a non increasing function for each n € N.

THEOREM 1.1. There exists a constant ¢ > 0 such that, for every integer n > 1 and every
t > 1, setting s := n2~t one has

(5) Dy(t) <s,
(6) Dy(t)>1—2e .
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In particular, if t,, x = |logon + A|, A€R, then

7 lim limsup Dy, (t, ) =0,
A—=00 n—oo
) lim liminf D, (t, ) = 1.

A——00 N—00

In the above statement and in the remainder of the paper we use the notation |« | for the
integer part. In the language of Markov chain mixing, equations (7) and (8) state that the
discrete time nonlinear recombination exhibits cutoff at time log, n with window size O(1).
While Theorem 1.1 settles the issue for the cutoff phenomenon, it does not specify the precise
profile of the function D,,(-) within the cutoff window, that is when |t — logy 1| = O(1). One
reason why this profile is difficult to determine is that the worst initial condition (the one
for which the max in (4) is attained) varies when ¢ fluctuates within the cutoff window. On
the other hand, our asymptotics (5) and (6) are in a sense “sharp up to constant” in the limit
when s — 0 and s — oo respectively (see the discussion in Section 1.3 and Lemma 2.3). We
content ourselves with the profile of convergence to equilibrium in the monochromatic case,
that is when the initial distribution is either all +1 or all —1 with probability 1/2. In this case
we adopt the notation

©) Dy(t):=Ty(p) = wllvy,  p=351_+4314,
where 7 is the uniform distribution over 2. For all s > 0, write
(10) SO(S) = ||N(O’]-+S) 7N(071)|’TV5

for the total variation distance between two centered normal random variables with variance
14 s and 1 respectively.

THEOREM 1.2.  If (t,,) is a sequence of integers such that lim,,_,, n27'" = s, then
(11) lim D, (t,) = ¢(s).
n—00

Roughly speaking, the above result says that if ¢,, = logy n + A then lim,, oo Dy, (t,) =
©(27*); however, t,, needs to be an integer for D, (¢,) to make sense and only a discrete
n-dependent set of values for A can be attained.

I I I . .
-100 -50 0 50 100 150

FIG 1. Plot of the cutoff profile @(2_’\) Sor A € [-150,150].
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1.2. Continuous time dynamics. We turn to the analysis of the continuous time version
of nonlinear recombinations. Given an initial state ;1 € P(£2), we define S;(u) € P(2),t > 0,
by the differential equation

(12) L8 =S o Silw) — Si), Solw) =,

where the symbol ‘o’ is defined by the averaged uniform recombination in (1). It can be
checked that for each p € P(£2) there exists a unique solution to the above Cauchy problem,
see e.g. [2] for more general statements in this direction. We will actually provide an explicit
construction of such a solution. Thus, equation (12) defines a nonlinear semigroup acting on
P(Q): So =1d, Sis = SiSs = SsSy, for all t, s > 0, which is the natural continuous time
analog of the semigroup 73, t € N, defined in (2).

We stress, however, that in contrast with linear Markov chains, the continuous time evolu-
tion here cannot be obtained by a simple randomization of the number of steps taken by the
discrete time dynamics. This is due to the fact that the collision product defined by (1) does
not have the associativity property. For instance, in general one has

(rop)o(pwon)# ((op)op)op.

Therefore, the “collision history”, not only the number of collisions, affects the final distribu-
tion. In fact, as we will see, solutions to the continuous time equation (12) admit an explicit
representation in terms of a growing random binary rooted tree {7;,¢ > 0}, which records the
history of all collisions contributing to the final state. This is equivalent to the classical repre-
sentation of the solution of the Boltzmann equation in terms of Wild sums and McKean trees
[7, 17, 18, 24]. The continuous model displays a behavior which is quite different from the
discrete one: the value of the mixing time as well as the shape of the profile of convergence
to equilibrium are changed. As in the discrete time model, one has the convergence

Si(p) — 7y, t — 00,

to the product measure 7, with the same marginals as the initial state ;. Quantitative bounds
for the speed of convergence have been obtained for the relative entropy and for the total
variation distance [4, 5]. In particular, for any 1 € P(£2) one has

(13) 1Se(p) — 7oy < dn(n—1)e 2, t>0,

see Remark 3.4. Thus, a time ¢ = 4logn 4+ O(1) is sufficient to achieve a small TV distance,
regardless of the initial state. Here, we prove that the optimal location is actually 2logn and
show that the dynamics displays a cutoff phenomenon. Again, for simplicity, we restrict to
balanced initial states p € BB,,, and define
dn(t) := S — ,
n(t) = max [ Sy(u) = mllwv

n

where 7 is the uniform distribution over ).

THEOREM 1.3. There exist a constant ¢ > 0 such that, for all integern > 1 and all t > 0,
setting r 1= ne‘t/Q, one has

(14) do(t) <7

(15) dn(t) >1—2exp <—cmin(\/r(l v log(l/t)),n))
In particular, if t,, \ :==2logn + A, with A € R, then
lim limsupdy,(t, ) =0

A—00 p—oo

lim liminfd,(t, ) =1

A——00 N—00



We remark that (14) is entirely analogous to the upper bound in discrete time (5). On the
other hand, the lower bound (15), which is in some sense optimal as discussed in Remark 3.8,
displays a different asymptotics with respect to (6). Moreover, we note that the logarithmic
term in 1/¢ in the exponent allows us to capture some nontrivial behavior for the time window
t € (0,1) during which d,, (t) drops from 1 — 2" to 1 — e~ ©(V7),

As for the analog of Theorem 1.2, we obtain the following cutoff profile in the case of
monochromatic initial states. In analogy with (9), we write d,,(¢) for the distance to station-
arity when p = %1_ + %Lr.

THEOREM 1.4. Ift, \=2logn+ A with A € R, then d,(-) satisfies
(16) lim_dn(tn,x) = f(A),

where f: R — [0,1] is a decreasing continuous function with f(\) — 1, as A — —oo, and
f(A) =0, as A\ — oc.

As we will see, the function f appearing in Theorem 1.4 admits the following more explicit
representation: there exists a positive random variable W, with expected value E[W] =1,
such that

(17) FO) =||N(0,1) = E[N(0,1+ e M2W)]

that is f(\) is the total variation distance between the standard normal and a mixture of nor-
mal distributions, defined as the expected value of the centered normal with random variance
1 + e 2W. Note that if W is replaced deterministically by 1, then one recovers the pro-
file p(e=*/2), a rescaled version of the discrete time result in Theorem 1.2. In a sense, the
random variable W serves as a witness to the presence of additional randomness within the
collision history in the continuous time setting, see Proposition 3.9. We conclude this intro-
duction with some of the ideas involved in the proofs of the results presented so far, and with
some further comments and open questions.

v

1.3. Ideas of proof, comments, and open problems. We start with the observation that,
in discrete time, by the definitions (1) and (2), p; = T3(1) can be viewed graphically as the
average of the distribution at the root of a rooted regular binary tree with depth ¢, where each
internal node represents a random collision and the 2! leaves of the tree are assigned i.i.d.
samples from p, which we denote by € = {£(z), z = 1,...,2!}, and the distribution at each
internal node u is computed as the collision product of the two distributions at the children
of u. Indeed, the case t = 1 was discussed after (1), and the case of general ¢ is obtained by
recursion, see Lemma 2.1. Thus we write p; = E[uf}, where uf is the conditional distribution
at the root given the realization £. Equivalently, we view ¢ as a random environment, and
the measure ,uf as a quenched distribution. By convexity, an upper bound is obtained by
estimating the TV distance by the average of the quenched L? norm:

(18) e = wllrv = S 1B (h§ = Dllpagm) < SENA; — Ul r2(ny »

where hf = duf / d is the relative density, ﬁf = hf + ¢ for any function g¢ such that E[¢¢] =
0,and | - [| L+ () denotes the norm in LP(€2, ). The proof of the upper bound in Theorem 1.1
then proceeds with an estimation of the quenched L? norm featuring in (18), which in turn is
obtained by an expansion of the shifted density ﬁf for a suitable choice of ¢¢.

Before discussing the proof of the lower bound in Theorem 1.1, it is convenient to address
first the profile result in Theorem 1.2. The proof of this is based on showing that for the
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monochromatic 4, if o € € is uniformly distributed, then i (o) = (o) /7 (o), the density of
1 with respect to , is well approximated, as n — oo and n2~* — s, by the random variable

1 ox S(Z?:l"@'f
ot P\ Tons 1) )

Once this is achieved, the representation in terms of normal random variables appearing in
(11) follows by using the CLT to replace (3_, 0;)?/n by the square of a standard normal.

The function ¢(s) in Theorem 1.2 satisfies ¢(s) = \/2567 +o0(s) as s — 0, see Appendix A.

This shows that the upper bound (5) captures the optimal linear dependence in s, as s becomes
small. On the other hand, 1 — ¢(s) = %(1 +0(1)) as s — oo, see again Appendix A.
Therefore, the lower bound (6) cannot be achieved by the monochromatic distribution  when
s is large. Indeed, the proof of the lower bound in Theorem 1.1 will use an initial condition
w consisting of a suitable product of monochromatic distributions on distinct blocks, which
achieves a better lower bound than the monochromatic distribution on a single block. The
analysis for this product measure is based on the detailed knowledge of the monochromatic
case gathered within the proof of Theorem 1.2.

The strategy of proof in the continuous time setting is similar, with the crucial difference
that in the graphical construction mentioned above the deterministic binary tree must be
replaced by a random binary tree 7; encoding the collision history. The tree 7; can be defined,
recursively, as follows: at time zero there is only one node, the root; after an exponentially
distributed random time with mean 1, the root gives rise to two new particles; independently,
each newly created particle repeats the same random splitting, and so on. 7; represents the
resulting random tree at time ¢, and the distribution S; (1) is calculated as an average over the
realization of T; of the distribution obtained at the root when each internal node is assigned
the distribution given by the collision product of the distributions assigned to its two children,
and the leaves are assigned the distribution 4, see Lemma 3.1. We let L(7;) denote the set of
leaves of 7; and write |z| for the depth of a leaf « € L(7;), which is defined as the number of
splittings along the path from the root to x. An important role in the analysis of the continuous
time dynamics is played by the process defined as

Wy=e? > a7kl >0
z€L(Tz)

Using size-biasing, and a spinal representation in the spirit of [8, 12, 16], the process W}
will be shown to define a uniformly integrable martingale, converging to a positive random
variable W, with mean E[W ] = 1. In a sense that will be made more precise by our results
later on, one can say that the order parameter s = n2~¢, governing the cutoff transition in
the discrete time dynamics, must be replaced in the continuous time setting by the random
variable

ne_t/QWt — W

In particular, the random variable W appearing in the limiting profile function in Theorem
1.4 is precisely W.

As anticipated, there are no conceptual difficulties in extending our cutoff result to more
general settings where balanced distributions ;. € B,, are replaced by arbitrary probability dis-
tributions p on €2, provided that one assumes that the family of measures p considered is such
that the marginals y(o; = 1) are uniformly bounded away from 0 and 1. We give some more
detailed comments in Section 2.5 below. Moreover, we believe that a cutoff phenomenon
should continue to hold even for more general state spaces, that is when Q = {—1,+1}"
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is replaced by X", with X a generic finite alphabet, and all marginals are assumed to be
uniformly nondegenerate.

Finally, let’s address some open questions that naturally emerge from the preceding dis-
cussion. A first question concerns the existence of a cutoff phenomenon for nonlinear recom-
binations where the uniform choice of A in the single recombination step (1) is replaced by a
more general distribution v over subsets of [n]. The speed of convergence in such models can
be related to the probability, under v, of separating any two given sites at each step, which
gives the natural analog of (3) and (13), see [19] for the discrete time, and [4] for the contin-
uous time. We believe that a cutoff phenomenon should occur for such cases as well, but our
proofs make explicit use of the uniformity in (1). A second problem concerns the analysis of
more general quadratic systems with nontrivial interactions in the stationary distribution, see
[5, 20] for the definition of a general framework for quadratic reversible dynamical systems
in combinatorial settings. A particular example is the nonlinear dynamics for Ising systems,
obtained by a modification of the one step recombination (1) where the content swap on the
set A is accepted or rejected, in such a way that the dynamics converges to the Ising dis-
tribution on a given interaction graph. This may be seen as a nonlinear version of the usual
Metropolis algorithm. In the high-temperature regime, tight bounds on the speed of conver-
gence for these models were recently derived [6]. Drawing an analogy with the known cutoff
results for high-temperature spin systems [15], we conjecture a similar cutoff phenomenon
in the nonlinear version as well.

2. Discrete time. We start with a representation of the distribution p; = T3 (p) at time ¢ €
N, valid for any 1 € P(£2). This representation is convenient since it provides, conditionally
given some random environment ¢ to be defined below, an independence between the n bits.

2.1. Graphical construction and fragmentation. By definition, the solution p; = T;(p),
of the dynamical system (2) admits the following simple graphical interpretation. Consider
the rooted regular binary tree with depth ¢, and assign to each node v a distribution v,, € P(2)
in such a way that each of the 2! leaves is assigned the distribution y and the distribution at
each internal node w is computed as the collision product of the two distributions at the
children of u. Then p; is the distribution at the root of the tree, see Figure 2.1 for the case
t=2.

FIG 2. To(u) is the distribution at the root of the binary tree with depth 2.

It is useful to have a pathwise implementation of this graphical construction. Set IV := 2¢,
and let £(1),...,&(N) denote N independent random variables with law &(x) ~ u for every
leaf z € {1,..., N}. Define

1 N
(19) (i) := NZ i € [n],
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where &;(z) € {—1,+1} denotes the i-th bit in the string £(x) € €. The next lemma expresses
[b¢ as an average E[uf} where [E denotes the expectation w.r.t. the random variables £ =

{{(z),z=1,...,N}, and the quenched measure ,uf is a product of n Bernoulli random
variables each with marginal

pi (i =+1) = (1£¢°(1)) /2.

LEMMA 2.1.  Forany i € P (), we have iy = E[pt], where
n

(20) p5 (o) =27 [[(1 + 0 (4)).
=1

PROOF. We start by observing that for every t € N, u € P(Q),

1

(21) b = Nn

Z HA, @ pa, @ @ Ay,
(A1,...,AN):
UA;=[n]

where the sum is taken over all partitions of [n] into N = 2! disjoint sets (which are allowed
to be empty). The case ¢ = 1 is just the definition of uniform recombination (1) and the
case ¢t > 2 follows by induction since if (Ai,..., An), (4],...,Ay) are two independent
uniformly random partitions of [n] into N disjoint sets, and A C [n] is taken independently
and uniformly at random, then

(AiNA,...,AyNA A NAS ... Ay N A

yields a uniformly random partition of [n] into 2V disjoint sets.
A way to sample such a partition uniformly at random amongst the N™ possibilities is to

assign to each i € [n] independently a uniformly random number U; in [N] = {1,..., N} and
define
(22) Ay :={i€n] : U=z}, x=1,...,N.

We denote the associated probability by P, and write F for the corresponding expectation.
With this definition, (21) becomes

pe=Epa, @pa, @@ payl.
Thus, if {(z) = (&1(x), ..., &n(x)), € [N], are IID with distribution p, then for any o € €2,
using Fubini Theorem

ui(0) = B |T12 1a. (0a,)

— B[P[Vz € [N], Vi € Ay, &(x) = 0]

=E[P[Vz € [N], Vi€ A,, &(x) =0]]

=E[P[Vie[n], &(U;) =0i]].
Therefore, p; = E[uf}, where the quenched probability ,uf coincides with the distribution

of (&(U;))i-, given &. Since, conditionally on &, the &;(U;), i € [n], are independent and
&;(U;) = £1 with probability (1 4 ¢%(i))/2, this proves (20). O

The above lemma can be summarized as follows. If each leaf = € [N] is assigned the
configuration £(z), where the (£(x)) are IID with law p and each i € [n] is assigned the
leaf U;, where the (U;) are IID uniform in [N], then the configuration at the root given by
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o= (&(U1),...,£0(Uy)) has law ;. Conditionally on the variables (U;) the vector o has
the law g4, ® -+ ® pa,, where the subsets A, are given in (22). The partition (A,) can
be seen as the result of a fragmentation of the set [n] at time ¢. More precisely, we define

a discrete time fragmentation process A; such that Ay = [n], and if A; = (A,)2_,, then
A1 = (A )§t+1 is obtained by replacing each A, by the two sets A, N A and A, N A°,

where A is a uniformly random subset of [n]. Note that at each time ¢ this gives a uniformly
random partition of [n] into N = 2 subsets. We may define the fragmentation time Ti;ag as
the first time ¢ such that all subsets in .4; are either empty or a singleton. This coincides with
the first time such that for all indexes 1 <17 < £ < n, one has ¢ and ¢ in different subsets of the
partition. By the above construction one sees that conditionally on {7¢..e < t}, the random
vector ¢ at the root at time ¢ is a product of independent bits, and is thus distributed according
to 7. It follows that

(23) 1t = Tpllry < P(Teag > 1) < gn(n—1)277,

where we use a union bound over pairs 1 <7 < ¢ <n and the fact that for a given such pair,
the probability to have i and / in the same set of the partition 4; at time ¢ is exactly 2.
Moreover, it is not hard to see that 7¢.,, is actually concentrated around 2log, n, that is the
function ¢ > P(7g.e > t) has a cutoff behavior at ¢ = 2log, n with an O(1) window.

2.2. Upper bound for discrete time. We provide now a better strategy, which allows us
to prove the upper bound (5) on the TV distance. This improves the bound given in (23) by
a factor (n — 1)/2, thus achieving the optimal bound log, n + O(1) for the cutoff time. The
next lemma establishes the upper bound in Theorem 1.1.

LEMMA 2.2.  Foreveryn,t €N, forall p € B,

e = ml|lov <nm27".

PROOF. From Lemma 2.1 we have y; = E[1}], where pi¢ € P(€2) has density
du -
hS (o) = ——L( H (14 0iq*(
=1
Using EE [¢*(¢)] =0 for all i € [n], we obtain
e = ey =5 1B (B = 1)l 2r)
= 5 I (hf = 3271 03¢* () = Dl ey

<LE|Rf — 31y 015 (6) — |11 ()

On the one hand, using at the last line that g; are IID centered r.v. under 7
17§ = 571y 0igt () = 1| )

g/hfdw+1+/\Eg?zlaiqf(i)\dn

1/2
<2+ </ (Cr oia () dﬂ) =2+ (a",a)"2,
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where we use the notation (z,y) = > ;" ; z(¢)y(¢). On the other hand, writing ﬁf = hf _
Z?ZI Uiqg(i), we estimate

~ ~ 2
I = S22y 0364(6) = Uy < = U3y = [ (i) e — 1

=TT (1 +af6?) =X af@? -1
i=1 =1
< el —(gf gf) — 1.

Using the inequality
1/2
min { (e<q§’q§> —(¢%q%) - 1) 2+ (b, qs>1/2} <2(¢%,¢%),
we have thus shown that
liae = 7llrv <E[{af,¢°)] = nE [ (¢£(1))?] =n2~".
O]

The previous result establishes an upper bound on D,,(¢) which, for large ¢ or equivalently
for small s = n2~%, is asymptotically sharp up to constant (cf. the discussion in Section 1.3
or Section 2.4 below). However it does not yield any information about the case ¢ small or
equivalently s large. The following lemma fills this gap by providing a bound, which captures
the decay of the distance to equilibrium at times ¢ = log, n — K for large constants K. It is
in a sense quite close to the asymptotic lower bound (6) which we will obtain in Section 2.4,
as the two only differ by the constant that appears in the exponential.

LEMMA 2.3. Forevery n,t €N, setting s :=n2~t, and for all u € By,
(24) lpe — mljov <1— %e_zs, s >log(2)/2.
PROOF. We proceed as in the previous proof but instead of using only Schwarz’ inequality

to bound the L'(7) norm by the L?(7) norm, we use the following finer inequality, whose
proof is given in Appendix B, namely

(25) 1=y <o (I1f = Ulzegm) s
with
x/2, ifx <1,
oa)y={ "2
Note that

1§ = 172y = / (hf)zdvr —1= H (1+46)?) — 1< elar -1,

=1

Using monotonicity of ¢ and (25),
e — mllTv <E [gzb < elasa®) — 1)} )

Moreover, E [(¢°,¢%)] =n2~" = s, and therefore, by Markov’s inequality,

P (<q57q5> > 25) < % :
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Since ¢ is non-decreasing and bounded by 1, and provided 2s > log 2, we obtain
e — 7|l Tv <E {1<qs7qs>225 + (1= Lige g6y>25)@ ( e2s — 1)}

<P((g5,¢5) > 25) + (1 —P((g,¢8) > 25)) (1 — %)
<1- %6725.

O]

2.3. Explicit profile for monochromatic initial states. Here we prove Theorem 1.2. We
take the monochromatic distribution p = % 1_+ % 1 asinitial state. Using the notation from

Lemma 2.1, we note that now ¢%(i) does not depend on i. We let ¢* denote this common
value, and write p; for the probability density

plo) = P (0)=E 1] =E

[+

i=1

PROPOSITION 2.4. Ift, € N is such that lim,,_,o, n2~" = s for some s > 0, then for
any bounded continuous function F': Ry — R,

n—oo

6) lim [ F(p, (0))m(do) = / “m P () ¢

with

522

e2(+1)
27 vs(2) ::\/ﬁ’ z€R.

The asserted convergence can be interpreted as convergence in distribution of p; viewed
as ar.v. on (9, ) towards -y, viewed as a r.v. on (R,N'(0,1)). As a consequence, we can
restrict ourselves to smoother functions F' in the proof (we will take Lipschitz bounded func-
tions). Let us first observe that Proposition 2.4 implies Theorem 1.2.

PROOF OF THEOREM 1.2. By definition (10) and since <, is the relative density of
N(0,1 + s) with respect to N'(0, 1), one has

P(8) = IN0.1+9) MO Dlley = 5 [ = () =1/

Thus, we need to prove that for ¢,, € N such that lim,,_,o, n27 " = s,

2

8) i [ 1on, () = 1Um(do) = [ S ) =1 e
n—oo ™

Since the map F' : x — 1 4+ x — |x — 1] is bounded and continuous on R, Proposition 2.4
yields

lim [ [(1+pt,(9)) = |ps, (o) = 1]} w(do)

n—o0

= [ Sl — ) - 1

Since [(1+ py, (0))m(do) =2= [ <2 (1+7,(2)) dz, (28) follows. O
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PROOF OF PROPOSITION 2.4. Without loss of generality, we can assume F' Lipschitz and
bounded. To prove (26) we are going to show that p;, (o) is well approximated by

. 52

7D 1 <
29 s(On) = y Op = —— G-
(29) W)= =gy O ﬁ;a
That is, we show that
(30) Jim [ 1F(pr, () = P | (o) 0.
Once (30) is available, it is sufficient to prove (26) with p;, (o) replaced by 75(5,,), that is
e_é
lim | F(~s(6,))m(do) = F (~vs(z)) dz.
Jm [ Fon@)(dn) = [ S P2

However, since F' o 7y, is bounded and continuous, the above convergence follows simply
from the fact that &,, converges in distribution, under 7, to a standard Gaussian. We are left
with the proof of (30). Observing that

n

[10+0a9)? = (1469 (1) (1= @)

i=1
one has
(1) pr,(0) = E |27 55
where
n 1+ (jg n B
(32) 04751 = \g log (1(15> ) Bg = §log (1 - (q£)2) )

with appropriate convention for the special case ¢ = 1. The key observation for the proof is
the following joint convergence in distribution

(33) lim (a$,, 55) 2 (Zs 1Z§> :

n—o00 79

where Zs ~ N(0, s). Indeed, (33) is a direct consequence of an expansion of the logarithm
in (32), using n2 7% — s and the convergence in distribution of

to a standard gaussian.

If in (31) we replace formally the variables a%, Bg by their limits, then the computation of
a gaussian integral gives the desired result, namely that p; is well approximated by (29). At
this point, to conclude the proof there are two issues one has to consider: (a) we need more
than convergence in distribution to replace of, and B,% in the expectation, (b) the fact that the
space in which ¢ lives depends on n makes passing to the limit more tricky. Given a € R, we
set

— 3 3
gn(a,q*) := et
Note that a$, and ,8,% only depend on ¢¢ so that this definition makes sense. Note the depen-

dence on n is also hidden in the fact that £ depends on ¢ = £,,. An important observation is
the following
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LEMMA 2.5. Iflim, oo n27 " = s, then for all a € R,

S (1,2

50 = 74(a),

. _é‘ _
Jim E [gn(a,q )] -

vVs+1

and the convergence is uniform on the interval a € [— A, A] for any A > 0.

The proof of Lemma 2.5 will be given below. We can now conclude the proof of (30). To
that end, it suffices to show that for any given A > 0

(34) limsup/‘F P, ( F(vys(on) ‘]—{|a |<aym(do) =0,
n—oo
and that
(35) hm hmsup/’F o, ( F(vs(an) ‘1{‘0 >437(do) =0.
A—00 n—oo

We start with the latter. By Hoeffding’s inequality
m({|7n] > A}) <2742, A>0.

Since F' is bounded, we easily deduce (35). On the other hand, since p;, (') coincides with
E [gn(a,§)] evaluated at a = G,,, (34) follows from Lemma 2.5 and the fact that F' is Lips-
chitz. O

PROOF OF LEMMA 2.5. We claim that for any A > 0,

(36) sup limsup max {||gn(a,")||cos [|0agn(a, )]s} < 0.

la|]<A n>1
Indeed, computing the derivative in g* of g, (a, ¢®) shows that it is maximized at ¢* = a/\/n
and from this, we deduce the bound on ||g,(a, -)||~. Regarding the bound on 9,g,(a, ), we
observe that |Jagn (a, ¢*)| < max{gn(a +1,¢%);gn(a = 1,¢°)}.

As a consequence of the bound (36), we deduce that for a € [—A, A], the map g,(a, )
coincides with gy, (a, -) A M for some positive constant M. The latter is a continuous bounded

function of afl and ﬂg, so the convergence in law (33) implies that
10 1 sa?
i V| = aZs—57435 | _ 2(s+1
37 nlgl;oE {gn(a,q )] =E [e } \/me (+D)

The bound on the derivative in a of g,(a,g*) proven above suffices to deduce that a
E [gn(a,q%)] is equicontinuous on [—A, A]. From this property, we deduce that the conver-
gence (37) holds uniformly. ]

We conclude with some remarks on the asymptotic behavior in the regime where n2~* —
oo. For instance, when ¢ € N is fixed one has the following behavior.

LEMMA 2.6. Ift € Nis fixed, and = %1+ + %1_, then

26\ o
(38) lim || — 7l|pv =1 — < >22.

n—00 2t—1
PROOF. From Lemma 2.1,

[ = llrv <E [Hﬂf - TrHTV} :
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Since we are in the monochromatic case, under ,u,f, the (o;) are IID {—1, 1} valued Bernoulli

variables with parameter #. In particular p; = 7 if g¢ = 0. Hence we have

E [lf — o] <Blat 2011 ()27

In order to prove a matching lower bound, consider the event
A= {‘Z?:l ol > n2*t}.
Then,

e = wllrv = e (Ar) = w(Ar) = E |1 (A7) | = m(A2)

> B [1ge00(1 - 14§ (49))] = 7(4r)

By Hoeffding’s inequality, we know that m(A;) < 2e~"2""/2_ On the other hand, note that
Jc takes its values in the set {2k27": k= —2¢=1 ... 2!} Consequently, assuming g* # 0,
we have |¢¢| > 2!~ and therefore Hoeffding’s inequality yields

1 (A7) < i (10106 —ngt| > n27") < 2e7277/2,
Hence we have
e — 7lloy > Plgs #0] — de ™27 /2,

which concludes our proof. O

REMARK 2.7. Lemma 2.6 shows in particular that the distance to equilibrium is far
from being monotone for monochromatic initial states, see Figure 3. Indeed, in the limit of
n large, it drops from 1 to 1/2 in one step, it is macroscopically increasing during the first
few subsequent steps and then it gradually increases to 1 before entering the cutoff window
tnx = [logon + A, A €R, where it settles to the cutoff profile as stated in Theorem 1.2.

06
04l

0.2+

10 15 20

FI1G 3. Plot of the function in the right hand side of (38) expressing the total variation distance after t steps,
started from the monochromatic distribution, in the limit n — oco.

REMARK 2.8. We observe that, with minor modifications, the argument in Lemma 2.6
can be extended to obtain the following statement: if 1 < 2t < \/n, then

[T - \/7%<1+o<1>>.
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On the other hand, with a bit of extra work, the argument in the proof of Theorem 1.2, com-
bined with the asymptotics o(s) =1 — %V;is(l +0(1)), as s — oo, see Appendix A, can be

seen to imply that if \/n < 2! < n, then we have

2/log(n/2t) (1+0(1))

— T =1—
e = 7l v = rYED)

2.4. Lower bound for discrete time. The lower bound obtained in Theorem 1.2 for the
monochromatic state is of order s when s is small. More precisely, as shown in Appendix A

(1+0(1)),  sl0,

p(s) = Joen

which matches up to constant with the upper bound we found in Theorem 1.1. However, for
large values of s,

24/log s

21s

p(s)=1- (1+o0(1)), 5 — 00,

which is very different from (24), see Appendix A. It turns out that non monochromatic
initial condition obtained by taking products of monochromatic distributions can produce
something much closer to (24).

PROPOSITION 2.9. There exists ¢ > 0 such that for every n > 1 and t > 1, setting s =
n27t we have

D,(t)>1—2e".
Combining Lemma 2.2 and Proposition 2.9, we obtain Theorem 1.1.

PROOF. First of all, assume that the result holds under the further restriction that s > 80.
Then, one can diminish the value of ¢ in such a way that 1 —2e™“* is negative for all s € [0, 80]
so that the asserted bound trivially holds for these s. We can therefore assume that s > 80.
We split the set [n] of coordinates into groups of cardinality p := 80 x 2! and, if n is not a
multiple of p, an additional group of cardinality strictly less than p. We let « = | s/80] denote
the number of group of cardinality p that one obtains in this manner, note that o > 1 since
we work with s > 80. Thus, it is sufficient to find a measure ;4 and an event A which are such
that

m(A) <e “ and py(A°) <e .

We let =; denote the squared magnetization of the ¢-th group.

. 2
p

We set

o
(6%
X =Lz, Z:=3 X; andA:= {Z > 173} :
=1

Finally we set /1 = (1)® ® Vy,—pq, Where v denotes the monochromatic measure (1 +
1_)on{—1,1}*. Thatis to say that under y the spin configuration is monochromatic on each
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block of size p, but the spins given to blocks are IID. Let us first estimate 7(A). We have by
Markov’s inequality
mE) _ 1

20p 20
(where we used the short hand notation v(f) = [ fdv). Since the (Z;); are IID under P, Z
is a sum of I1ID Bernoulli variables with parameter smaller than 1/20. By a standard large
deviation computation there exists a universal constant ¢ > 0 such that 7(A) < e™“*.

Under the measure 4, the variables (Z;)$ , are still IID, since block independence is

preserved through the iterations. We have

1t (Z1) =pp—1)2~" +p=280(p — 1) + p > 40p.

To compute the second moment, we simply expand the product and compute the expectation
of each type of term appearing in the expansion and the number of times they appear. This
yields

m(Z1 >20p) <

39) 1 (Z1) =pp — 1) (0 —2)(p — 3)p (01020304)
+6p(p = 1)(p — 2t (970203) + dp(p — Vpe (0702)
+3p(p — Dt (0703) + ppu (o) -
and thus
pe(E1) =plp -1 —2)(p—3) (3x47 (1 -27") +87)
+[6p(p—1)(p—2) +4pp - 1)]27" + B(p — V)p +p].
Simplifying a couple of terms we obtain
pe (1) <3p(p = 1)%47" +6p°(p — 1)27" + 3p” = 3 (51)
Hence using Paley-Zygmund’s Inequality we have
- N p(Z1)* 1
=1 >20p) > =1 > — (2 > = —.
pe (E1>20p) > g ( 12> 2Mt( 1)) 2 @) 12

The variables (X;)* ; thus dominate IID Bernoulli with parameter 1/12, therefore by
a standard large deviation computation there exists a universal constant ¢ > 0 such that
pt (A€) < e, which concludes the proof. O]

2.5. Remarks on more general initial distributions. The proofs given above can be ex-
tended with minor modifications to prove the cutoff result (7)-(8) beyond the case of bal-
anced initial distributions. Let us give the details of this result in the case where p € P(Q)
has marginals p(o; = +1) =p and p(o; = —1) =1 — p, for some fixed p € (0,1).

In order to simplify the notation, it is convenient to take the spins o; as elements of

{=\/15 /1%1’} rather than {—1,1} so that
1—

40) ,u<a7;:,/p>:p and u(oi:— p)zl—p.
p V1-p

Clearly, renaming the values of the spin has no effect on the results. Note that o; has variance

1 under p. Note also that Lemma 2.1 holds for any p € P(€2), and thus p; = E[,uf], with ,uf
the measure with density

hf(o’) = i{f(a) = ﬁ (1 + Uz‘qé(i)) J

=1
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where 7 denotes the product measure with marginals as in (40), and ¢¢ is defined as before,
see (19).

Then, the proof presented in the balanced case can be adapted to this setting and allows us to
establish a cutoff phenomenon. In particular, the proof of Lemma 2.2 applies verbatim and
yields

e —7llrv <E [<qf,q5>} —nE [(qf(l))ﬂ —n2t,

Similarly, one can follow the proof of Theorem 1.2 provided one takes

14, /L2g
= /np(1—p)log | —F——

of :
1— /g
1—
55 :=n<plog <1+ Fq§> + (1 —p)log (1 — 4 /1pq5>> .
p —-p

It is elementary to check that (33) still holds in this context, and the subsequent arguments
apply. The conclusion is that the same profile result in the statement (11) holds for all fixed
p € (0,1) as n — oo. In particular, one has a lower bound on the total variation distance, and
thus the cutoff displayed in (7)-(8) holds for all fixed p € (0, 1). We note that while the upper
bound applies without restrictions on p, some degree of nondegeneracy of p as n — oo is
needed for the argument in the lower bound.

Moreover, the cutoff result holds also in the non-homogeneous case j1(o; = +1) = p; and
pu(o; =—1)=1—p;, as long as p; € [§,1 — 0] for some fixed § € (0,1/2). The proof of
the upper bound goes exactly as above, with the only modification that the p in (40) now
depends on ¢. For the lower bound, more work is required since one has to introduce a non-
homogeneous analogue of the monochromatic distribution. We omit the details to maintain a
more concise presentation.

Furthermore, we believe that a similar cutoff result also holds in the more general setting
where the Boolean cube is replaced by an arbitrary product space X", where X is a finite
set, provided that the marginals /.(;) are given by probability vectors with uniformly positive
entries. However, we do not address this general problem in the present work.

3. Continuous time. We start with a graphical construction for the solution p; = Sy (1)
of the continuous time equation (12). In analogy with the discussion in Section 2.1, this
involves a binary tree and a fragmentation process. The main difference is that the tree itself
is given by a branching random process.

3.1. Graphical construction and fragmentation in continuous time.

Tree considerations. We define the infinite rooted binary tree as T := {#}| |,~,{0,1}*
(L] being used to denote the disjoint union), and for = € T we let |x| denote the length of
the sequence x. We equip T with the order < by saying that z < y, if || < |y| and y can be
written as (z, z) for some z € {0, 1}¥I~1#l (with some slight abuse of notation (z, z) denotes
the concatenation of the two sequences). A finite rooted binary tree is a finite subset v of T
which satisfies the following:

1. Forany x € yandany y € T, if y < x then y € v.
2. For any x € 7 either {(z,0), (x,1)} C v or {(z,0), (z,1)} N~y =0.
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The set of maximal elements in v (for <) that is, its leaves, is denoted by

(4D L(y):={z€v : fy€r, = <y}
Given a finite rooted binary tree v and x € v, we define *, the subtree of + rooted at x, by
42) v i={yeT: (x,y) €7}

Thus, if v # {0}, then 1%, 4! denote, respectively, the “left” and “right” subtrees of ~y after
the first splitting.

Finite binary tree and measure recombination. For any finite binary rooted tree v, and
any p € P(Q2), we define the distribution p(y, i) as follows. Assign to each node u of v a
distribution v, € P(2) in such a way that each of the leaves is assigned the distribution s
and the distribution at each internal node v is computed as the collision product of the two
distributions at the children of u. Then p(~, i) is the distribution at the root of the tree, see
Figure 4 for an example.

FIG 4. A possible tree ~ with 4 leaves, and the corresponding distribution at the root p(y, ) = (o p) o ) o .

The fragmentation process. We consider a process (7¢):>o taking values in the set of
finite rooted binary trees which we define as follows. We start with 7 = {(}. Then each leaf
of the tree is equipped with a clock that rings after an exponentially distributed random time
of mean one. When a clock rings on a leaf x at time ¢ the vertices (x,0) and (z,1) are added
to 7; (x gives birth to two new leaves). Equivalently, the process 7; can be seen as the result
of first passage percolation on a complete binary rooted tree: We consider (&) et to be a
collection of exponential random variables of mean one. To each vertex we associate a time
o 1=y < €y, and define

(43) Tii={zeT 7, <t}

We denote by P the probability measure under which 7; is defined, and write E for the
corresponding expectation.

LEMMA 3.1. Let (T;) be the branching process defined above. Then, for any p € P(€2),
the solution to (12) is given by

(44) pe=E[p(Ti, p)] .
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PROOF. We set p; := E [p(T¢, )] clearly we have py = 11 so we only need to show that p;
satisfies (12). Setting v4(v) := P [T; = 7] we have

(45) pr= ZVt p(y, ) = ve({0}) e + Z ve()p(y, 1) -
y#{0}

By definition of 7; one has (recall the notation (42))

(46) v({0})=e™" and  B(v) = Lz pn(Vurh) —mly).

The second identity in (46) can be checked as follows. If v = {@}, then v4() = e~ and the
identity follows. If v # {()} then the first branching occurs at some time s € [0,¢] and we
have

t
v(y) = /0 90, ()0 (11 ds |

and differentiating this expression yields the asserted identity.
By construction, if y # {0}, one has that p(~y, 1) = p(7°, ) op(y*, it). Thus differentiating
(45) and using (46) we obtain

Opr=—e"p+ D [y p(Y° 1) 0 p(Yh 1) = v (V)P (7, )]

y#{0}

=—¢"lut Y (G 1) o p(y 1) = Y n()p(ys )
v 7#{0}

=PtO Pt — Pt

where the sum in 7/, " runs over all finite binary rooted trees. This concludes the proof. [J

We turn to a pathwise description of the above construction. Recalling (41), given a finite
binary rooted tree v we let U;, i € [n] be IID random variables taking values in L(-y) with
distribution given by

(47) P(U=z)=271 2ecL(y).

Since ) . ) 2~ 12l = 1 for any ~, P, is indeed a probability measure. Considering a random
walk that starts at the root of v and climbs the tree left or right with equal probability at each
step, P, is the law of the leaf at which this random walk ends. Equivalently, if we let I/ be a
uniform random variable in [0, 1] and let = z(I/) be the unique element of L(+y) such that
the first |z| digits in the dyadic expansion of / (which naturally encodes a random walk on
T) are given by x, then P, is the law of = (U/).

Next, using (U;);c|n], we define a random partition (A ),cr,(y) of [n], by setting
(48) Ay ={ien]: U=uz}.

We call again P, the law of the random partition of [n] obtained in this way, and write £,
for the expectation with respect to P,

LEMMA 3.2.  For any finite binary rooted tree vy, for any p € P(€),

(49) p()=Ey | Q) pa.
zE€L(v)
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PROOF. We are going to prove (49) by induction on the height max,¢y,-) || of the tree

7. The case v = {0} is immediate. For any ~ # {(}}, recall that we have p(v, 1) = p(7°, 1) o
p(7Y, 1). Assuming, inductively, the validity of (49) for v and !, if A is a uniformly random
subset of [n], one has

p(v,p)=E Q) mara|le| &Q panall,
z€L(7°) yeL(y')

where (Az)zer(y0) and (A})yer(y1) denote the partitions distributed according to Py
and P, respectively, and the expectation E is with respect to the independent triple
(};4, (Az), (A})). On the other hand, it is not hard to see that if (4, (A,), (Aj})) is as above,
then

(A% N A)peryo), (A, N A)yer (1))

has (after an appropriate relabelling which makes it a sequence indexed by L(~)) the distri-
bution P, defined by (47)-(48). O

Finally we consider £ = ({(x),z € T) a field of IID random variables with law p and let
P denote the associated distribution. Then for a finite binary rooted tree v we define

n

(o) =27 T](1 +01g57(3)),

=1

where

(50) (i)=Y 27 lg(a).
z€L(y)

Repeating the argument of Lemma 2.1, we see that the probability u§ can be sampled by first
sampling (U;);e[,) IID with law P, and then setting o; = &;(U;). Hence as a consequence of

Lemma 3.2 we have p(y,u) =E [,ug} and thus Lemma 3.1 yields
(51) ,ut:E@E[,u%}.

3.2. The martingale W, size-biasing and spinal decomposition. We consider the ran-
dom variable

(52) Wy=el/2 Y a4l >
z€L(Tz)

and let F; := o (75, s <t), t > 0 be the natural filtration associated to Tz, t > 0.

The paragraphs below will establish that this process is a uniformly integrable martingale.
This is a known fact in the literature on branching processes, see [22] and [3, Section 5],
which deal with a large class of branching processes and establish the uniform integrability
of the associated additive martingale. However, in [22] a technical assumption excludes our
process from the scope of the result while in [3, Section 5] the proof is provided in details
for a discrete-time version of the branching process and the adaption to the continuous-time
setting is left to the reader. Thus for the comfort of the reader, and although the result nor the
techniques involved are original, we provide a short and complete proof of uniform integra-
bility (Lemma 3.5).
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Recalling the definition (47) and the discussion and notation introduced below it, we have

(53) Wo= b [0 = [ 2yl )] gy,
0

We set Xy(u) := x7; (u). Now the important observation is that for any fixed u € [0, 1], the
process (| X¢(u)|)¢>o is an intensity 1 Poisson process. Indeed, from the construction pre-
sented in the last paragraph, given v (which fixes an infinite path in T to be followed), the time
spacings between the increments of | X;(u)| are IID exponentials. Furthermore, the construc-
tion, and the memoryless property of exponential variables, implies that | X4 (u)| — | X¢(u)
is independent of ;. From the above observation we obtain that for every u € [0, 1], ¢,s > 0,

E [e<t+s>/22f|xt+s(u>| | | = et/2o- 1%,

Integrating over [0, 1] we obtain E [W; 4| F;] = W; as. for all ¢,s > 0. Summarizing, one
has the following

PROPOSITION 3.3.  The process (Wy)i>0 is a martingale for the filtration F;. In partic-
ular,

E Z L e

x€L(Te)

REMARK 3.4. Using (44), (49) and the last proposition, we can deduce the upper bound
(13). Indeed, for any finite binary tree v, let I, be the event where full fragmentation has
occurred, that is, where every Ay, x € L(v), is either a singleton or empty. Then a union
bound shows that

o 1 s
(s 1) = mullrv < Py (F3) < onln — 1) S oatld
z€L(7)

Consequently,
1Se (1) = mullrv < E[|lp(Te, ) — 7l Tv]
<E[Pr(F%)] < In(n—1)e V2

Being a nonnegative martingale, W; converges a.s. to a limit W,. We are going to prove
now that W; is uniformly integrable, so that E[W] = 1 and hence the limit is non-trivial.
For this we rely on the study of the size biased measure f’t defined by df’t = W;dP. From
(53) we have

1
P, = / P, du  where dP;, =et/2271X:Wlgp,
0

Informally, the change of measure P — f’t,u has the effect of slowing the exponential clocks
along the path in T which starts from the root and follows the dyadic expansion of wu.
We denote this path by (u;);>0 and refer to it as the spine. Note that the change of mea-

sure P — Py, has no effect on the distribution of the clocks for vertices outside the spine
(€2)zeT\{us}:0» Which remain independent exponential variables of parameters 1 that are
indendent of the process (| Xs(u)|)s>0: by construction | X¢(u)|s>0 is a function of (€, )i>0

and is therefore independent of (gw)xeﬂr\{ui}izo- It is then easy to describe the distribution of
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(| Xs(u)|)s>0 under f’t,u. It is an inhomogeneous Poisson process which has intensity 1/2 on
[0,¢] and 1 on (¢, 00), cf. Appendix C for a proof of this fact. Using this description we prove
the following

LEMMA 3.5.  The martingale (Wy)¢>o is uniformly integrable.

PROOF. We are going to show that B[] is uniformly bounded in ¢ for some 6 € (0,1).

We have
1 ~
E[Wﬁﬂ _ / Ei. [Wf] du
0

where Et,u denotes the expectation with respect to f’t,u- Recalling (43), we set T} := 7,,,. For
1> 1 we let v; € T be the child of w;_; which does not belong to the spine. By definition for
any t > 0, we have t € [T|x, ()|, 1| x,(u)|+1)- We then rewrite (52) as follows

[ X (u)|—1
W, =et/2 [ 41Xl 4 Z Z 4= 1=yl
=0 yern(1,")
so that using subadditivity
X (w)|-1 ’

WP < 82 [ 401Xl Z Z 4—i—1-ly]

yeL(T,™)

By construction, under f’t,u conditionally given (X(u))seo,4> for i < |Xy(u)| — 1 the sub-
tree (7,7*") is distributed like 7;_7,,, under P. Hence, using Jensen’s inequality and Propo-
sition 3.3, we have

0
Bua || > 47 | (Xe()sepon
yeT,
0
SEuu | Y AW (X()aepy| =002,
yeT,
Therefore,
N N | X (u)|—1 ,
E.. [WﬂSEt,u /240X (w)] 4 Z A(=i=1)0 , =5
=0

By the observation in Appendix C, one has E [0/24= 01X (W] = e20+47"=1) " \which is
bounded uniformly in ¢ if 6 € [0, 1/2]. On the other hand we have

| X (u)|—1

(54) Bro | > 4000 <Z4 SR [T

1=0

where under Eoo, the variables 7; are sums of IID exponential with mean 2. Since
T;q1

Eoo [ee 2 } = (1 —0)~0*D, the sum in (54) is bounded provided 47(1 — ) > 1. This is
satisfied for instance for § = 1/4. O
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The following result provides some information about the distribution of W; and is proved
in Appendix D.

LEMMA 3.6.  There exist constants ¢,C > 0 such that for every t € (0,00] and € € (0,1)

exp<_CK1Vk¥‘”f”>f;p<wggg)ggem)(_cﬂ‘”%¥L“”>.

In particular, P(Wo, > 0) = 1.

3.3. Upper bound for continuous time. Before we proceed with the upper bound, let us
state and prove an identity which is important for what follows:

Zqﬁ’%ﬁ] —ne /2,

=1

(55) E®E

Indeed, the ¢&7 (1), © € [n], as defined in (50), have the same laws, and therefore

(56) E [quf*ﬂ(w? —nE T (12 =n Y a7l —pe 2w,
=1

z€L(T:)

To compute the above expectation we used that & (x), x € L(7;) are IID {+1}-valued
r.v. with mean 0. Using Proposition 3.3, we obtain the desired result (55).

LEMMA 3.7. For every integer n > 1, t > 0 and p € B, setting r := ne_t/Q,

(57) llpee — ||l ov <.

Moreover, there exists a constant C' > 0 such that

(58) llpe — l|ry <1— %e—c r(1Viog(1/1))

REMARK 3.8.  We always have ||y — ||ty < 1—27". Indeed, w(c) = 27" forall o € )
while there exists o’ € Q such that (') > 2™ and therefore

e = 7llry = S (7(0) = ()4 < 3 mlo) =1 27"
o o#o’!

Consequently (58) is not optimal for very small values of t (when log(1/t) is of order n). On
the other hand this bound is in a sense optimal for t > e~ /™, see Proposition 3.13.

PROOF. Repeating the exact same steps as in the proof of Lemma 2.2, we obtain

[ —7llrv <EQE [(qg’ﬁ,q&ﬁﬁ .

The statement (57) then follows by (55).

To prove (58), we first observe that from (57), we only need to worry about the case
where 7 > 1/2. Secondly if log(1/t) > n then /(1 V log(1/t)) > ne~'/* so that Remark
3.8 already provides a bound of the right order. Consequently we only need to prove the result
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when log(1/t) < n. We proceed by combining the ideas used in the proof of Lemma 2.3 with
Lemma 3.6. We have

|t —7llTv <P @P [éf) ( ela® a7 — 1)]
<PQP ((qf’ﬁ,qsm> > 2r5) +EQE [1{<q5,ﬁ7q5,n><2m}¢ ( el T T 1)]
<1-PP ((qé’ﬂ,qém> < 2r6> +¢ (\/627“5——1) PP <<q5’7’f,q5’7—t) < 2r€)
<1-— <1 —¢ (W)) PP <<q5’7—t,q5’7§> < 27“5) )

From (56) we have E [(¢* T gt 7?)] = rW;, so that by Markov’s Inequality

P ({07 <2W) =1 =P ((¢"7,¢"T) > 2rW;) > 1/2.

Therefore, for any ¢ € (0, 1),

P®]P’<<q£m,q§’ﬁ> <2r5> 2P®P(Wt <eg; (qg’ﬁ,qg’ﬁ> <27“Wt> >-P(W;<e¢).

N | —

Hence for any € > 0 we have

g — 7oy <1— %P (W<e) (10 (Ve —1)).

1Vlog(1/t)

We chose € = <. ——. Note that e < 1 if ¢ > 1 since we assumed r > 1/2. If instead

t <1, then ¢ <4/ % < 1 because of our assumption log(1/t) < n. We can thus
apply Lemma 3.6 and recalling that ¢(z) = 22/(1 + x2) for > 1, we obtain the desired
result.

U

3.4. Profile for monochromatic initial states. We now prove Theorem 1.4. We take the
monochromatic distribution p = % 1_+ % 1. as initial state and rely on the construction of
Section 3.1. More precisely given a process (7¢,¢ > 0) and IID r.v. ({(x),x € T) with law
we use the representation (51) for y;. Note that for this choice of i, the value of ¢&7¢ (i) from

(50) does not depend on i. Letting ¢7¢ denote their common value, we have

n

H (1 + O'iq{’ﬂ)

i=1

_ 4w

pe(o) : . (0)=E®E

In analogy with the discrete time case, we have the following convergence in distribution.
Recall that W, denotes the limit of the martingale W; associated with the process Ty (cf.
Proposition 3.3).

PROPOSITION 3.9. Given r > 0, if t,, :== 2log(n/r), then for any bounded continuous

Sfunction F: R, — R,

n—o0

e_é
lim [ F o))r(do)= | —=F (E z)|) dz,
(. ()eldo) = [ =P Eaw ()
where vy, denotes the function defined in (27) with s = rW.

Before proving Proposition 3.9 we show how to use it to prove our profile result in contin-
uous time.
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PROOF OF THEOREM 1.4. We are going to prove that

22
2

(59) lim / |1, (0) =1 m(do) = %
n—r00 ™

Note that this establishes (16) with the representation (17), where W = W .
Since the map F' : z +— 1+ = — |z — 1] is bounded and continuous on R, Proposition 3.9
yields

|E [’YTW(X, (Z)} — 1| dz.

lim [ [(1+ pr,.(0)) = |pe, (0) — 1] w(do)

n—o0

2

= [ [(1+ Bl 2)]) - BB (2] - 1] 0=

Since f(l +pt,(0))m(do) =2 = f em

22
3

(1+E [vw.(2)]) dz, (59) follows. O

The proof of Proposition 3.9 follows the same line of argument as its discrete counterpart,
Proposition 2.4, however some steps need some additional work: for the sake of clarity, we
thus provide a rather complete proof.

PROOF OF PROPOSITION 3.9. The convergence in the statement can be interpreted as
convergence in distribution of the r.v. p;, under m towards the r.v. Ey,w__(Z) with Z ~
N(0,1). Without loss of generality, we can assume that F': Ry — R is Lipschitz and
bounded. We then set

G(a) :=E[vw_(a)], a€R.

It is not hard to check that GG is continuous. Assume that

(60) lim | / Flpr. (0))r(do) — / FoG(o,)n(do)| =0,

n—o0

where 7, := ﬁ > i, 0. With this convergence at hand, it only remains to show that

lim FoG(an)ﬂ(da):/i/%FoG(z)dz.

n—o0

Since F' o GG is bounded and continuous, this convergence follows simply from the fact that
oy, converges in distribution, under m, to a standard Gaussian.

We are left with the proof of (60). As in the discrete case, we observe that

n

W T (o) = H(l + oy T) = BT

i=1
where
76T
eT._ V10 1+q &7, _ 1 < (T 2)

with an appropriate convention for the special case §&7tn = 1.

We need the following convergence in distribution, which is slightly more delicate than its
discrete counterpart since one has to take into account the randomness coming from the tree.
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LEMMA 3.10. Under P ® P, the pair (ag’ﬂ" Sﬂ”) converges in distribution towards

the pair (Y, —%er), where Y, = /Wy Z,, and Z,. ~ N(0,r) is independent of W .
PROOF OF LEMMA 3.10. Using Taylor’s expansion in the expressions (61), and the fact
that \/ne~ /4 = /r the result boils down to proving

(d)

(62) Jim 1T 2y

Recall that ¢57 =3 L(T) 2-17l¢; (). In order to prove (62) we compute the correspond-

ing Fourier transform. Averaging first w.r.t. to the IID variables £(z) we obtain that for all
beR

E [eibet/4’j€’ﬁ] =exp <zx€L(7;) log cos (bet/42121) > .

Now we claim that we have the following convergence in probability

(63) lim max 2 *let/* =0,
t—ooze L(Ty)

This implies via the use of Taylor expansion the following convergence in probability

1 1
. ) t/do—|z|\ _ 713 212 t/20—x| _ 32
1thm E log cos(be"/ 27 1*1) = thm E 2b e'’“4 = 2() Weo.

z€L(Ty) x€L(T:)

The Dominated Convergence Theorem then yields that for all b € R

lim EQRE [eibemq&%} =E [exp (—%b2Woo)] .

t—o00

To conclude the proof we just need to justify (63). Repeating the proof of Proposition 3.3, if
X is a Poisson r.v. of parameter ¢ then for any given A > 2 one has

E| Y A0 =g | YT 2kl 2) 7 et0-D T = Bl(A/2) 7Y ) = 1
z€L(T;) z€L(Ty)

Thus, by Markov’s inequality we have
P[3z € L(Ty),|z| <m] < A 1073,
This implies (63) provided
1log A 2
og 1

Zlog2< A

which holds true with A = 2°/2 for instance. O

$Ten | 46T
Given a € R, we set Gp(a) :=E QR | " @+5 " | 50 that

P, (0) = Gn(Gn).

The next lemma follows from the same arguments as in the proof of Lemma 2.5.

LEMMA 3.11. Forall a € R,
lim G,(a) =G(a),

n—oo

and the convergence is uniform on the interval [— A, A] for any A > 0.
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We can now conclude the proof of (60). We show that for any given A > 0,

(64) lim sup / ]F(ptn(a» — FoG(0n)|1{z,<ay7(do) =0,
n—oo
and that
hrn hmsup/‘F (pt,(0)) = FoG(on) |15, >437(do) =0.
A—00 n—oo

The latter follows as in (35). To prove (64), since F' is Lipschitz, it suffices to show that for
any given A >0

limsup/‘pt G(0n) |15, 1<aym(do) =0.

n—oo

Since p;, (0) = Gy, (dy), Lemma 3.11 allows us to conclude. O

ETt

REMARK 3.12.  Ifwe set for all a € R, G(a,T;) :=E ‘”‘Bf’n] and we define the

e
random probability measure on Q) v, (o) := G, (6, Ty, )7(0) , then almost surely

nh_}m lvn — 7| v :go(rWoo)

Note that ., = E[vy] , so that ||y, — || vv < E[||lvn — | 1v] - Passing to the limit we thus
get

1 e‘é
= E |y, Z)|—1]dz<E rWs)| -
3 [ S B b ()] - 1] 42 < B [ (7))
When r = e~>2, the left hand side above is precisely the function f (N) in (17).
3.5. Lower bound for continuous time.

PROPOSITION 3.13.  There exists ¢ > 0 and ng such that for every n > ng and t > e~ 17,
setting r =ne~'/2, one has

dn(t) >1— 2¢¢ r(1Vlog(1/t)) )

For a comment on the restriction for ¢ we refer the reader to Remark 3.8. Note also that
Lemma 3.7 and Proposition 3.13 complete the proof of Theorem 1.3 (the case t < e 107 in
the theorem follows by monotonicity of ¢ — d,(t)).

PROOF. The proof follows the same plan as that of Proposition 2.9. We split the set of
coordinates into groups of size p := [v/80ne*/*(1 v log(1/t))~ /2], with a leftover and let
a = |n/p| denote the number of blocks thus obtained. The result is equivalent to showing
that (for a different ¢ > 0) d,,(t) > 1 — 2e~“*. If av < 1 this trivially holds provided c is small
enough. We thus assume that o > 1. In the remainder of the computation we neglect the effect
of integer rounding for better readability. We are going to find a measure ;1 and an event A
such that

m(A) <e “ and p(A°) <3e .

Adjusting the value of the constant ¢ will then conclude the proof.
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We let =; denote the squared magnetization of the i-th group.

. 2
p

= g oj

Jj=(i—1)p+1

1]

We set

o
o
Xii=1lzso0p, Z:=) X; andA:= {Z > 1—5}
=1

Finally we let the initial condition be monochromatic in each block and independent between
blocks, that is y1 = () ®* ® 1, pq. As shown in the proof of Proposition 2.9 we have m(A4) <

e*Ca

Now, under the measure /i, the variables (=Z;)$ ; are not IID, for this reason, recalling
(51), we rather consider 7, defined by 7, :=E [uﬁ} . It follows that (neglecting the effect
of integer rounding)

(1Vvlog(1/t))

u(A%) = B [ (4] < P [Wt < } B 17 (A1 gy, sy |

Due to our assumptions log(1/t) < n/10% and « > 1, one has M < 1. By Lemma

3.6 there exists ¢ > 0 such that

(1 log(1/1))
e

P |:Wt < :| < 2e%,

It remains thus to estimate the second term. We compute the first two moments of =; under
T, . We have

_ e _ r
pr, (E1)=p(p—1) Y 4" 4p=pp-1)e t/QWter:(p—l)&Wter-
z€L(Tz)

(1Vlog 1/t))

Hence on the event {IV; > } we have (note that by definition p > 2)

(p—1)r(1Vlog(1/t))

(65) pr, (Z1) > 3

Next, we compute the second moment. Recalling (39),

= 80(p — 1) > 40p.

ur; (E1) =plp —1)(p—2)(p — 3)u7, (01020304)
+6p(p—1)(p — 2)pu7; (030203) +4p(p — D, (0502)
+3p(p — V)7, (0303) + pur, (of) -

and then

pr (B =plp-1)(p-2)(p-3) [3 D allarbly 3N~ 167N

z,yeL(T;) z€L(T:)
TFY
+6p(p—(p—2) +4p(p—1)] > 4"+ Bp—1)p+pl.

z€L(T:)
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Therefore,

3% 4l S gkl <3 ST gkl Zget2,

z,yeL(T;) x€L(T:) x,y€L(T)
T#y

and hence,
pr, (E7) <3plp — 1)(p - 2)(p — 3)e W7
+[6p(p— 1)(p— 2) +4p(p — 1)] e /> W, + 3p?
<3p?(p— 1)%e "W} + 6p*(p — 1)e ™2 W, + 3p”

r 2
:3[(P—1)5Wt+p} :
Thus, by Paley-Zygmund’s inequality, on the event {W; > W} using (65),

= SN pri(E1)* 1
p, (21 >20p) > p; <:1 > SUT, (:1)> > =

Ty (B2) 12

The variables (X;)$_; thus dominate IID Bernoulli with parameter 1/12, therefore by a stan-
dard large deviation computation there exists a universal constant ¢ > 0 such that

-2

cx

o, (A°) 1{Wt2““"i“/”’} <e
We have shown that y;(A€) < 3e~“*, which concludes the proof. O
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APPENDIX A: GAUSSIAN COMPUTATIONS

We compute the asymptotics of ¢(s) = [|N(0,1+ s) — N (0,1)||rv as s | 0 or s T +o0.
Let z4 be the unique positive real at which the densities of A/(0,1) and A(0, 1 + s) meet.
In the regime s | 0, z; = 1 + o(1) and we obtain

p(s) =PN(0,1+5) ¢ [—2s,25]) —P(NV(0,1) & [—25, 2])
1)

=2PN (0,14 s) > z5) — 2P(N(0,1) > z4)

:2}P’(zs/\/1+s<N(O,1)<zs)
Zs e ””22

:2/ dr .
zs/V1+s m

A simple computation then shows that

Pls) = (1 +0(1)).
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In the regime s T +o00, we have z; = v/log s(1 + 0o(1)) (as s T +00). We thus get
p(s) =P(=2s <N(0,1) < z5) = P(—2s SN(0,1+5) < 2)

=1-P(N(0,1)] > 2z,) — P(IN(0,1)| < \/%) .
We then compute
2
P(|N(0, 1)‘ > 25) S W s
while
Zs o\ 2 Zs _ 2y/logs
so that

2y/log s

2rs

1—p(s)= (1+o0(1)), st+oo.

APPENDIX B: A TRICKY INEQUALITY
The next lemma proves the inequality (25).

LEMMA B.1. Let 7 be a probability measure on some measurable space (£, A). Let
f:Q — Ry be adensity w.rt. w. Then

(66) SIF =l <o (If = Ulren)
where
z ifx <1,
owy=12, 7
Tz ezl

The reader can check that the proof below implies that the inequality is sharp in the sense
that if 7 has no atom, then for any value = > 0, it is possible to find some density function f
such that || f — 1|[ z2(r) = x and (66) is an equality.

PROOF. Werecall that || f —1||pv = 4[| f —1 |21 (x)- We are going to prove the (equivalent)
inverse inequality, that is

(67) I1f = Ulzaemy =6~ (I1f = Llv) |
where
2u, ifu<1/2,
¢_1(u) = u if

Assume that the inequality holds for functions that assume only two values, i.e. functions of
the form

(68) f:(1+a)1,4+<1—%> 14

where necessarily a € [0, 1;@({)4)] and A € A. Then for a generic density function f, we

introduce the density function f by setting

_ f1 dm
f_f ED LU PN

_ J <y dr
J 1oy dr

Jigsydr U
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It is straightforward to check that
If = v == 1lvv  and [|f = lzegr) > [1f = Ulzze) -

Since the density function f only takes two values, it satisfies the inequality of the statement
and we deduce that

1f = ey 2 1 = Uz 2 67 (I = Lrv) = o7 (I = Lv) |

as required. We are left with checking the inequality in the case where f is of the form (68).
In that case we have

If = Llrv = am(A)
and
a’r(A) _ If = 1lTv
1—7(4) /a2 A1 —n(A)

The above mentioned constraint on the parameter a implies that 7(A) <1 — || f — 1|pv.
Consequently

If = Urem =

=1
— 1|2 > min Vull—u)
1= Uz 2 o Iy = )

The minimum is attained at u = 1/2if || f — 1||pv <1/2andatu =1 —|| f — 1||pv otherwise.
Hence we obtain the desired inequality (67). O
APPENDIX C: POISSONIAN COMPUTATIONS

Let X and Y be two Poisson processes of intensity 1 and 1/2 respectively. Fix t > 0.
We aim at proving that for every measurable and bounded map GG defined on the Skorohod’s
space of cadlag processes on [0, ¢], the following identity holds

E [etﬂz—XtG(X)} —E[G(Y)] .
To that end, it suffices to prove that for any integer £k > 1, forall 0 =ty <t; < ... <t =t
andall ¢1,...,qx €R

k

k
1
X -4 Xy | ) ; Gk _
E |et/22 ||e G | = | |1exp <2(t]—t]_1)(e 4 aw 1)) .
j:

J=1

Set g := g; for all j <k and g, := g, + log 2. Using the independence and stationarity of
the increments of a Poisson process, we find

k k
E |et/29—X: Hequxtj — 2R Hef(qj+...+qk)(xtfxtjfl)
j=1 j=1

k
= et/? H exp ((tj — tjoq)(e BB — 1))

j=1
i 1
= ]]es (-t -)
j:

Since e!/2 = H?:l exp(5(t; — tj—1)), we easily conclude. O
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APPENDIX D: PROOF OF LEMMA 3.6

We start with the upper bound. The martingale property together with Markov’s inequality
show that P(W, < 2¢ | W; <¢) > 1/2 and therefore

P(W;<e) <2P (W < 2¢).

We will use the above estimate when ¢ > 1, in which case we can further assume that ¢ is
sufficiently small. For any k£ € N, a.s.

2k
Woo =478y "W,
=1

where (W(Eé) )321 are the limits of the martingales corresponding to the trees rooted at the 2*
leaves of generation k in the tree T. Hence

2k
P <Woo < 2—<k+1)> <P (Y W <2t

i=1
The variables (Wéé))fil are IID with the same distribution as W,. Since E[W] = 1, the
above is a large deviation event for a sequence of IID random variables and thus has a
probability smaller that exp(—c2¥) for some constant ¢ > 0. Hence, taking e.g. k such that
2Fe € [1/8,1/4], the previous estimates are sufficient to prove the desired upper bound in
Lemma 3.6 forall ¢ > 1, and all € € (0,1).

When ¢ € (0, 1], then W; < 1 if and only if there has been a splitting at the root at time ¢.

Therefore,

(69) PW,<1]=P[py<t]=1—-e"

For the remainder of the proof we can assume that € < ¢ sufficiently small since (69) allows
us to deal with ¢ € [gg, 1), by tuning the constant in the inequality appropriately. We notice
that since W; = e*/2 B [271U11], by Markov’s inequality W; < € only if

Pr, et/29-IU:] < 45} > Z

The above implies that a portion at least 3/4 of the vertices at generation h.; :=
[—logy(4e) + @] have to be in 7;. This implies in particular (recall (43)) that the ex-
ponential clocks corresponding to the parents of those vertices are smaller than ¢, or in other
words that

#{reT : |z|=hey —1and & <t} >3 x 2P =3,

To conclude we only need to prove that

_ c(1viog(1/t))

700 P [#{:c €T : |z|=h.y—land & <t} >3 x 2hf~f*3] < e

First observe that by Cramér’s Theorem (the cardinality to estimate is a sum of Bernoulli
variables of parameter 1 — e, and note that 3 /4>1— e~ 1) we have

o

3 [#{x €T : o) =hoy—land & <1} >3 x zhe’f*ﬂ < <o F

for suitable constants c, ¢’ > 0. Thus, to conclude we only need to prove that (70) holds for
sufficiently small values of ¢. In that case, we observe that #{x € T : |z|=h.;—1and &, <
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t} is a Binomial r.v. with parameters 4N and 1 — et where N = 2P=+=3 and we thus use
the following rough bound on the binomial distribution:

AN
3N

for a suitable constant C'. This ends the proof of the upper bound in Lemma 3.6.

P [Bln(l o e_t,4N) 2 SN] S ( )(1 o 6—t>3N S €3N(logt)+CN’

For the lower-bound, we start with the case ¢ € (0, 1]. We consider the event Ag) that for

generations numbered from 0 to k — 1, the splitting times are smaller than t21*1=F that is to

say, the root splits after a time smaller than t27%, its descendent split after an additional time
smaller than (£2' % etc...). Using 1 — et > /2 for t € [0,1],

k—1
P(A,(f)) _ H(l _ e—tzl—k)w > 2" -1g- bl (k1-i)2°
i=0

C2k+1
’

2 t2k—12—2k+1 Zj20j27j S t2k—12—

for some constant ¢ > 0. On the event A,(f), T: has a complete k-th generation. Therefore,
Wt < 61/227]6.
Choosing k = k. such that €'/227% ¢ (¢/2, £] we obtain that for ¢ <1,

PW; < €] > P(Ay) > exp (¢ (loa(1/1) + 1)2*)

and we can conclude using the fact that 2* is of order e~'. This settles the lower bound for

t € (0,1].
When ¢t > 1, using the martingale property at time 1 and Markov’s inequality,
1/29—k
P W <e| Al 21-——
€

Hence for every k > 0

1/22—/€
P (W, <¢] > P(A})) (1 - 65> '

and we conclude by taking e.g. k = k” > 1 such that '/227% ¢ (3, %]. This ends the proof

of the lower bound in Lemma 3.6. O
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