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Effects of size polydispersity and dense media on
quantitative ultrasound estimates

Olivier Lombard, Emilie Franceschini
Aix-Marseille Univ, CNRS, Centrale Marseille, LMA, Turing Centre for Living Systems, Marseille, France

Abstract—Quantitative ultrasound (QUS) techniques based
on the backscatter coefficient (BSC) aim to characterize the
scattering properties of biological tissues. A scattering model is fit
to the measured BSC and the fitted QUS parameters can provide
local tissue microstructure, namely scatterer size and acoustic
concentration. However, these techniques may fail to provide a
correct description of tissue microstructure when the medium
is polydisperse and/or dense. The objective of this study is to
investigate the effects of scatterer size polydispersity in sparse
or dense media on the QUS estimates. Four scattering models
(i.e. the monodisperse and polydisperse sparse models, and the
monodisperse and polydisperse concentrated models based on
the structure factor) are compared to assess their accuracy
and reliability in quantifying the QUS estimates. Simulations
are conducted with different scatterer size distributions for
sparse, moderately dense and dense media (volume fractions
of 1%, 20% and 73%, respectively). The QUS parameters are
estimated by using model-based inverse methods at different
center frequencies between 8 MHz and 50 MHz. Experimental
data are also analyzed using colon adenocarcinoma HT29 cell
pellet biophantoms to further validate the results obtained from
simulations at the volume fraction of 73%. Our findings reveal
that the choice of scattering model has a significant impact on the
accuracy of QUS estimates. For sufficiently high frequencies and
dense media, the polydisperse concentrated model outperforms
the other models and enables more accurate quantification. Fur-
thermore, our results contribute to advancing our understanding
of the complexities associated with scatterer size polydispersity
and dense media in spectral-based QUS techniques. Simulations
are conducted with different scatterer size distributions for
sparse, moderately dense and dense media (volume fractions
of 1%, 20% and 73%, respectively). The QUS parameters are
estimated by using model-based inverse methods at different
center frequencies between 8 MHz and 50 MHz. Experimental
data are also analyzed using colon adenocarcinoma HT29 cell
pellet biophantoms to further validate the results obtained from
simulations at the volume fraction of 73%. Our findings reveal
that the choice of scattering model has a significant impact on the
accuracy of QUS estimates. For sufficiently high frequencies and
dense media, the polydisperse concentrated model outperforms
the other models and enables more accurate quantification. Fur-
thermore, our results contribute to advancing our understanding
of the complexities associated with scatterer size polydispersity
and dense media in spectral-based QUS techniques.

I. INTRODUCTION

The spectral-based quantitative ultrasound (QUS)
techniques aim to differentiate between healthy and
pathological tissues, detect cancers or monitor tumor response
to treatment [1]. These techniques are based on the analysis
of the spectral content of signals backscattered from tissues,
and more specifically on the analysis of frequency-dependent
backscatter coefficient (BSC) (which is defined as the power

backscattered by a unit volume of scatterers per unit incident
intensity per unit solid angle). The BSC is a fundamental
property of tissue similar to the sound speed and attenuation of
tissue, and is a system-independent and operator-independent
quantity. Most of QUS techniques are model-based. A
theoretical scattering model is fit to the measured BSC in
order to estimate the fitted parameters, termed QUS estimates.
These QUS estimates are used to characterize the scattering
properties of the tissue under investigation related to the
underlying tissue microstructure. The most widely used
scattering models are the spherical Gaussian model [2] that
describes tissues as a random inhomogeneous continuum with
acoustic impedance fluctuations, and the fluid-filled sphere
model [3] that considers tissue as an ensemble of discrete
spherical scatterers. Both the spherical Gaussian model and
the fluid-filled sphere model assume sparse scattering media
and yield two QUS estimates: the effective scatterer radius
a and the effective acoustic concentration nz , defined as the
product of the scatterer number density and the square of the
relative acoustic impedance difference between the scatterers
and the surrounding medium [4]. The effective scatterer
size corresponds to the correlation length of impedance
fluctuations when using the continuous scattering model, or
to the characteristic size of scatterers when using the discrete
scattering model.

However, the estimation of a single-scatterer size may not
be representative of the actual tissue microstructure, since
biological tissues often have structures of many sizes. Roberjot
et al. [5] and Mamou et al. [6] studied sparse scattering media
containing two-population sizes of scatterers and estimated
the effective scatterer size by using single-size models. They
demonstrated that scatterer size estimates vary depending upon
the chosen frequency bandwidth [5], and that the smaller
scatterers are resolved only when the number density or
acoustic impedance contrast of the smaller scatterers is much
larger than that of the larger scatterers [6]. Lavarello & Oelze
[7] showed that single-size scattering models may not provide
the size of actual physical structures when the medium under
investigation contains sparse scatterers whose sizes follow
a continuous probability density function (PDF). Strategies
based on different estimator algorithms can help in reducing
the effects of scatterer size distribution on the final single-
size estimate [8]. Other strategies are more model-based
to characterize polydisperse media. Nordberg and Hall [9]
suggested the use of an exponential form factor to identify



the presence of broad scatterer distribution, and demonstrated
that the single-size exponential form factor model provides
better fit to the simulated data from broad polydisperse media
when compared to the single-size Gaussian form factor model.
Jafarpisheh et al. [10] proposed to use the linear combination
of single-size form factors to account for any scatterer size
distribution and directly estimate the size distribution from
simulated data. The aforementioned model-based approaches
[2]–[4], [9], [10] assume sparse media and are not adapted
to model concentrated media such as densely packed cells
in tumors. Another class of scattering models consider the
combined effects of scatterer size polydispersity and dense
media, like the concentrated structure factor model (SFM)
[11]–[13]. The concentrated SFM describes tissue as an en-
semble of discrete scatterers and models the interference
effects caused by correlations among scatterers’ positions
(i.e. caused by coherent scattering) with a structure factor.
The polydisperse concentrated SFM parameterizes the BSC
with four parameters: the mean scatterer size ā∗, the stan-
dard deviation SD∗, the volume fraction φ∗ and the relative
acoustic impedance contrast γ∗z (and only three parameters
in the special case of the monodisperse concentrated SFM).
The polydisperse concentrated SFM was used to explain the
increase in BSC amplitude of cell biophantoms caused by an
increase in cellular size variance during chemotherapy [12],
[13]. The combination of the polydisperse concentrated SFM
with an effective medium theory was proposed to estimate
the polydispersity in size of aggregates of red blood cells
in flowing blood [14]. Franceschini et al. [15] compared the
performance of two sparse models (i.e., Gaussian model, fluid-
filled sphere model) and the concentrated SFM to estimate
scatterer size and acoustic concentration from simulations and
experiments on cell pellet biophantoms with a range of scat-
terer volume fractions. Results demonstrated the superiority
of the concentrated SFM1 over sparse models for the narrow
size distribution studied. Although it is now well established
that the concentrated SFM outperforms sparse models in
characterizing dense media, caution should be exercised in
interpreting QUS estimates, as inaccurate models and/or an
inappropriate frequency range can result in unreliable QUS
estimates [5]–[8]. Little attention has been paid to the influence
of broad scatterer size distribution on scatterer size estimates
when considering dense media. Our preliminary simulation
results [16] showed biases in the scatterer size estimated with
the sparse models or with the monodisperse concentrated SFM
for highly polydisperse media at volume fractions of 1%
and 20%. The work proposed here extends this preliminary
study to more dense media by considering both simulated
and experimental data. Moreover, the performance of the
polydisperse concentrated SFM to estimate QUS parameters
is studied for the first time.

The goal of the present work is to study the effects of scat-

1Note that in this work [15], both monodisperse and polydisperse concen-
trated SFM were examined. When using the polydisperse concentrated SFM,
the whole cell size variance was assumed to be known a priori in order to
reduce the number of unknown parameters in the inverse problem.

terer size polydispersity on QUS estimates for sparse or dense
media by considering four scattering models: the monodis-
perse and polydisperse sparse models, and the monodisperse
and polydisperse concentrated SFM. The performance of scat-
tering models to estimate QUS parameters was investigated by
simulations and experiments for different frequency ranges.
Controlled simulations of BSCs were conducted with differ-
ent scatterer size distributions for sparse, moderately dense
and dense media (volume fractions of 1%, 20% and 73%,
respectively). The QUS estimates are obtained by fitting the
simulated BSC with one of the four scattering models at
different center frequencies f0 from 8 MHz up to 50 MHz.
Experimental data were also considered using colon adenocar-
cinoma HT29 cell pellet biophantoms to further validate the
results obtained from simulations at the volume fraction of
73%.

II. ULTRASONIC SCATTERING MODELS FOR THE
ESTIMATION OF QUS PARAMETERS

This section presents the four ultrasonic scattering models
used in the present study to estimate the QUS parameters:
the monodisperse sparse model (model 1, usually termed
the fluid-filled sphere model), the polydisperse sparse model
(model 2), the monodisperse concentrated SFM (model 3)
and the polydisperse concentrated SFM (model 4). All four
models consider ensembles of discrete fluid-filled spheres in
a surrounding fluid medium.

We assume weak scattering contrast such that the differ-
ential backscattering cross section from a single fluid-filled
sphere σb is given by [4]:

σb(k, r) =
k4V 2

s γ
2
z

4π2

(
3

2kr
j1(2kr)

)2

, (1)

where k is the wavenumber, r is the sphere radius, Vs is the
sphere volume, j1 is the spherical Bessel function of the first
kind of order 1 and γz is the relative acoustic impedance
difference between the scatterers and the surrounding tissue
γz = (z − z0)/z0.

A. Monodisperse sparse model - Model 1

By considering an ensemble of identical discrete scatterers
of radius a that are randomly and independently distributed,
each scatterer equally and individually contributes to the
backscattered power. It means that each scatterer scatters
the incident waves unaffected by the presence of the other
scatterers. The BSC is thus proportional to the average number
of scatterers per unit volume n (also called the number density
related to the volume fraction of scatterers φ and the scatterer
volume Vs as n=φ/Vs) as follows:

BSCsparse,mono(k) = nσb(k, a)

= nz
k4V 2

s

4π2

(
3

2ka
j1(2ka)

)2

.
(2)

With model 1, the two unknown parameters are the scatterer
radius a∗ and the acoustic concentration n∗z .



B. Polydisperse sparse model - Model 2

When considering a polydisperse size distribution, i.e., an
ensemble of scatterers differing only in size with radius r, the
BSC is given by:

BSCsparse,poly(k) = n
∫∞

0
σb(k, r)p(r)dr,

= nz
4k4

9

∫ ∞
0

(
3

2kr
j1(2kr)

)2

r6p(r)dr,

(3)
where p is the sphere radius probability distribution function
(PDF). The acoustic concentration nz is defined as nz =

φγ2
z

(4/3)π
∫∞
0
p(r)r3dr

. The sphere radius distribution is assumed
to be gamma (Γ) distributed with a PDF given by:

p(ζ,ā)(r) =
1

Γ(ζ + 1)

(
ζ + 1

ā

)ζ+1

rζe−(ζ+1)r/ā, (4)

where ā is the mean radius and ζ is the gamma width
parameter (a large value of ζ corresponds to a narrow size
distribution). In this paper, p will always be a gamma PDF
and the subscript (ζ, ā) will be omitted.

With model 2, the three unknown parameters are the mean
scatterer radius ā∗, the gamma width factor ζ∗ (or equiva-
lently standard deviation SD∗a=ā∗/

√
ζ∗ + 1) and the acoustic

concentration n∗z .

C. Monodisperse concentrated Structure Factor Model (SFM)
- Model 3

Models 1 and 2 are only valid if the medium has a
low scatterer concentration. For a dense and monodisperse
scattering medium, the presence of densely packed scattering
sources introduces correlation between the phases of individ-
ually scattered waves, that can be modeled with the structure
factor S [17]. When considering a concentrated medium with
identical scatterers of radius a, the BSC using the monodis-
perse concentrated SFM is expressed as [15], [17]

BSCSFM,mono(k) = nσb(k, a)S(k, a, φ). (5)

For an ensemble of identical hard (i.e., non-deformable)
spheres that are homogeneously distributed, the structure fac-
tor S can be analytically computed as established by Ashcroft
(see Eqs. (3)-(5) in [19]). With model 3, the three unknown
parameters are the radius a∗, the volume fraction φ∗ and the
relative acoustic impedance difference γ∗z .

D. Polydisperse concentrated Structure Factor Model (SFM)
- Model 4

When considering a polydisperse size distribution, with an
ensemble of scatterers differing in size with radius r and
scattering amplitudes Φ(k, r), the BSC using the polydisperse
SFM is given by [11], [18] (referred as polydisperse model II
in Ref. [11]):

BSCSFM,poly(k) = n
∫∞

0
|Φ(k, r)|2 p(r)dr+

n
∫∞

0

∫∞
0

Φ(k, r1)Φ(k, r2)H12(k)p(r1)p(r2)dr1dr2,
(6)

where H12 is the partial structure function. The analytical
expression of Eq. (6) can be obtained by considering fluid

spheres with scattering amplitude Φ(k, r) derived from the
fluid sphere form factor (as |Φ(k, r)|2=σb(k, r)) and by
considering that the sphere radii follow a gamma PDF. With
model 4, the four unknown parameters are the mean scatterer
radius ā∗, the gamma width factor ζ∗ (or equivalently
standard deviation SD∗a=ā∗/

√
ζ∗ + 1), the volume fraction

φ∗ and the relative acoustic impedance difference γ∗z .

Figure 1 shows examples of theoretical BSCs computed
with model 4 for sets of fluid spheres with different mean
radii ā, standard deviations SDa, and volume fractions φ.
The wavenumber in model 4 was computed as k=2πf/c0,
where c0=1490 m.s−1 is the speed of sound in the sur-
rounding medium. For all configurations studied, the acoustic
impedance is identical γz=0.13. Changes in ā, SDa or φ
produce changes in the slope and amplitude of the BSCs.
Specifically, increases in ā or SDa produce an increase in BSC
amplitude at low frequencies (Figs. 1.a and 1.b). Whereas the
BSC amplitude has a nonlinear relationship with the volume
fraction of the scatterers (Fig. 1.c).

III. MATERIAL AND METHODS

A. Experiments

Three dense ensembles of cells with broad or narrow cell
size distributions were considered in this study to investigate
the effects of scatterer size distribution on QUS estimates.
The BSCs measured on these dense ensembles of cells were
obtained from experiments performed in Ref. [13]. Cell pellet
fabrication, ultrasound acquisition and BSC measurements are
described in details in Section Material and Methods of Ref.
[13]. In summary, the cell pellets were created by centrifuga-
tion of colon adenocarcinoma (HT29) cells and thus consisted
of densely packed cells with high cellular volume fractions
around 73% [13]. This value of 73% is close to the maximum
volume fraction of gamma-distributed hard spheres in random
close packing and lower than the maximum volume fraction of
log-normal-distributed hard spheres in random close packing
(≈92%) [20]. Two cell pellets were treated with staurosporine,
an inducer of apoptotic cell death, to obtain broad cell size
distributions and one untreated cell pellet gave a narrower
cell size distribution. Ultrasonic backscatter measurements
were performed with a Vevo 770 high-frequency ultrasound
system (Visualsonics Inc., Fujifilm, Toronto, Canada) with
two oscillating single-element focused transducers with center
frequencies 20 MHz and 28 MHz to cover a wide frequency
range from 10 to 42 MHz. The BSCs are then compensated for
the effects of attenuation by using attenuation values obtained
by an insertion-loss broadband technique [13]. Examples of
measured BSCmeas in the 10-42 MHz bandwidth are given in
Fig. 2.

HT29 cell pellet biophantoms are an excellent experimental
tool to test the performance of scattering models, since the
large whole cells were identified to be the sources of scattering
in the cell pellets [13]. So the consideration of an ensemble
of polydisperse fluid spheres (with the sizes of the whole cells
and with uniform acoustic properties) is sufficient to model the



10-7

10-6

10-5

10-4

10-3

10-2

10 20 30 40 50 60 70 80 90
10-7

10-6

10-5

10-4

10-3

10-2

10 20 30 40 50 60 70 80 90
10-7

10-6

10-5

10-4

10-3

10-2

10-1

Frequency (MHz)Frequency (MHz)

10 20 30 40 50 60 70 80 90

Frequency (MHz)

0

0.5

1

1.5

2

0

0.1

0.2

0.3

0.4

0.5
10 15 200 5

0

0.1

0.2

0.3

0.4

0.5
10 15 200 510 15 200 5

Fig. 1. Theoretical BSCs computed with the polydisperse concentration SFM (model 4) for different ensembles of fluid spheres with identical relative acoustic
impedance difference γz=0.13 with (a) varying size standard deviations SDa, (b) varying mean sphere radii ā and (c) varying volume fractions φ.

BSCs from these HT29 cell pellets. The radius distribution of
the large whole cells was fitted with a gamma PDF given in
Eq. (4). Table I summarizes the mean radius ā and the gamma
width parameter ζ of the whole cells measured with a cell
counter for the three cell pellets, as well as the corresponding
standard deviation SDa. Also given in Table I are the relative
impedance contrast γz and cell volume fraction φ obtained by
the optimization procedure developed in Ref. [13] to explain
the behavior of the measured BSCs.

TABLE I
CHARACTERISTICS OF THE HT29 CELL PELLETS TREATED AND

NON-TREATED WITH STAUROSPORINE

Non-treated Treated Treated
no1 no2 no3

Mean radius ā (µm) 6.8 7.2 5.7
Standard deviation SDa (µm) 0.9 1.77 1.75
Gamma width parameter ζ 55.6 16.4 10.6
Impedance contrast γz 0.25 0.25 0.25
Volume fraction φ 0.73 0.73 0.73

B. Simulated BSC data

To study the effects of scatterer size distribution on QUS
estimates, we perform inversions with controlled BSC data.
These controlled BSC data consists in theoretical predictions
of the BSCs (by using model 4) for which random noise was
added to mimic experimental BSC noise. By abuse of lan-
guage, these BSCs are called the simulated BSC data, denoted
BSCsim, in the remainder of the paper. The simulated data
were computed as: BSCsim(k) = BSCSFM,poly(k)×noise. The
noise term was produced using a random number generator
(with the routine randn in Matlab - The MathWorks, Inc.,
Natick, MA) which was a normal distribution of a mean of 1
and a standard deviation of 0.2.
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Fig. 2. (Top left) Examples of histological images of HT29 cell pellet
biophantoms non-treated and treated with staurosporine. (Top right) Examples
of whole cell-radius distribution for cells non-treated and treated with stau-
rosporine. (Bottom) Corresponding measured BSCmeas and simulated BSCsim
by using γz=0.25 and φ=73% .

First, ensembles of polydisperse fluid spheres were consid-
ered with mean radius ā=6.8 µm, gamma width parameters
ζ=4, 20, 50 and 80 (corresponding to standard deviations of
SDa=3.0, 1.5, 1.0 and 0.8 µm) and volume fractions φ=1%
and 20%. The relative acoustic impedance difference was cho-
sen to be equal to γz =0.13 by considering impedance values of
1.48 MRayl for background and of 1.67 MRayl for scatterers
[21]. Second, ensembles of dense polydisperse fluid spheres
(φ=73%) were studied to mimic the experimental data for the



HT29 cell pellets treated and untreated with staurospaurine
with the characteristics given in Table I. Example of simulated
BSCsim are given in Fig. 2.

C. Estimation of QUS parameters

The simulated or experimental BSC was fitted to a the-
oretical model (presented in section II) to estimate QUS
parameters. Table II summarizes the estimated QUS param-
eters according to the scattering model used for the fitting
procedure.

TABLE II
QUS ESTIMATES ACCORDING TO THE MODEL USED.

Model Estimated QUS parameters
Model 1 - Monodisperse sparse a∗, n∗

z
Model 2 - Polydisperse sparse ā∗, SD∗, n∗

z
Model 3 - Monodisperse SFM a∗, φ∗, γ∗z
Model 4 - Polydisperse SFM ā∗, SD∗, φ∗, γ∗z

The optimization procedure to determine the QUS estimates
consists in minimizing the relative mean error between the
measured BSCmeas and the theoretical BSCtheo:

F =
∑
j

‖BSCmeas(kj)− BSCtheo(kj)

BSCmeas(kj)
‖

2

. (7)

In the case of the sparse models 1 and 2, the fitting proce-
dure was performed by using the routine fminsearch of MAT-
LAB (The Mathworks Inc., Natick, MA), i.e. the Nelder-Mead
simplex method. In the case of the concentrated models 3 and
4, the fitting procedure was performed by using the constrained
minimization routine fmincon of MATLAB with the fol-
lowing constraint conditions: [1≤a≤100µm, 0.005≤γz≤0.4
and 0≤φ≤74%] for model 3, and [1≤a≤100µm, 1≤ζ≤150,
0.005≤γz≤0.4 and 0≤φ≤100%] for model 4. The fmincon
routine was used mainly to avoid the unrealistic γ∗z values
that can occur with the fminsearch routine, as discussed later in
section IV-D. Ten and twenty random initializations were used
in our implementation for model 3 and model 4, respectively.

When using the sparse models 1 and 2, the volume fraction
and the acoustic parameters cannot be estimated separately,
such that the QUS parameters are the mean scatterer radius
ā∗ and the acoustic concentration n∗z . In order to compare
the QUS estimates of the four models, n∗z was also calculated
when using models 3 and 4:

n∗z =
φ∗γ∗2z
E[Vs]

=
φ∗γ∗2z

(ζ+3)(ζ+2)
(ζ+1)2

4πā∗3

3

. (8)

Note that, when using model 3, ζ tends towards ∞ and the
value of (ζ + 3)(ζ + 2)/(ζ + 1)2 in Eq. (8) tends towards 1.

The QUS parameters were estimated at different center
frequencies f0 by fitting the measured or simulated BSC in
the frequency bandwidth [fmin − fmax] = [0.5f0 − 1.5f0], i.e.,
corresponding to transducers with 100% usable bandwidth.

IV. RESULTS AND DISCUSSION

A. QUS estimates from simulations with fluid spheres for
sparse media (φ=1%)

Figure 3 gives the radius ā∗ and the acoustic concentration
n∗z estimated by the four scattering models when considering
an ensemble of fluid spheres sparsely distributed at φ=1% and
ζ=4, 20, 50 and 80.

Model 1, that does not take into account the polydispersity,
estimates correctly the radius and the acoustic concentration
for the narrower size distributions (ζ=50 and 80) for fre-
quencies above 16 MHz. In these cases, the relative errors
are less than 10% for f0≥16 MHz. However, when the size
distribution becomes wider with ζ=5 and 20, the assumption
of monodisperse media breaks down, so that model 1 overesti-
mates the actual scatterer radius and underestimate the acoustic
concentration, even more so for ζ=4 (i.e., the largest SDa).
The scatterer size estimates are larger than the reality, because
the increase in scatterer size variance modifies the BSC slope
that is more influenced by the largest scatterers. Since larger
scatterer radii have the effect to rise the BSC amplitude, model
1 underestimates the acoustic concentration to compensate for
this effect. Note that for the highly polydisperse media, model
1 does not provide good fits to the data with goodness-of-fit
statistic r2< 0 for f0≥ 31 MHz at ζ=4 and for f0≥49 MHz
at ζ=20.

One can notice that both monodisperse models 1 and
3 gave similar QUS parameters for high frequency values
f0>26 MHz (corresponding to ka>0.75) whatever the studied
gamma width parameters. However, at low frequencies, the
monodisperse concentrated model 3 converge more slowly
towards actual values when compared to the monodisperse
sparse model 1. Indeed, for the polydispersities ζ= 20, 50
and 80 at lower frequencies f0 <26 MHz, scatterer sizes
are largely overestimated, acoustic concentrations are under-
estimated (as shown in Fig. 3), and volume fractions are
overestimated for f0 <26 MHz (data not shown). This is due to
the difficulty to estimate simultaneously three parameters a, φ
and γz with model 3 for sparse media, as discussed previously
in [15]. Briefly, model 3 uses the frequency-dependent BSC
behavior, defined by the product σb(k, a)S(k, a, φ), to estimate
the parameters a and φ. However, for sparse media, the
structure factor is approximately equal to 1 at all frequencies
and does not modify the BSC slope. That is why model 3
encounters difficulty to estimate the parameters a and φ, and
cannot provide robust estimation of QUS parameters at low
frequencies in the case of sparse media.

Models 2 and 4 considering polydisperse media show differ-
ent results. The mean scatterer radii estimated by the sparse
model 2 match well the actual mean radius for the highly
polydisperse medias ζ=4 and 20 (see QUS estimates in Fig.
3 from 22 MHz to 50 MHz for ζ=4, and from 26 MHz to
50 MHz for ζ=20). But for the narrower size distributions
ζ=50 and 80, the polydisperse sparse model 2 is less efficient
than the monodisperse sparse model 1. This limitation is
caused by the fact that both mean radius and size variance



10 20 30 40 50

R
a

d
iu

s
 (

  
 m

) 
 (

d
B

)
A

c
o

u
s
ti
c
 c

o
n

c
e

n
tr

a
ti
o

n

Center Frequency (MHz) Center Frequency (MHz)

0

5

10

15

20

25

30

10 20 30 40 50
0

10

20

30

40

50

Center Frequency (MHz)

0

5

10

15

20

25

30

10 20 30 40 50
0

10

20

30

40

50

Center Frequency (MHz)

0

5

10

15

20

25

30

10 20 30 40 50
0

10

20

30

40

50

0

5

10

15

20

25

30

0

5

10

15

20

25

30

Model 1 - Monodisperse sparse

Model 2 - Polydisperse sparse

Model 3 - Monodisperse dense

Model 4 - Polydisperse dense

Model 1 with

Model 3 with  

Model 1 with

Model 3 with  

Fig. 3. Scatterer radii ā∗ and acoustic concentration n∗
z estimated by inversion procedure. Results are obtained from the simulated BSCsim for an ensemble

of fluid spheres at φ=1%, ā=6.8 µm, ζ=4, 20, 50 and 80 (corresponding to SDa=3.0, 1.5, 1.0 and 0.8 µm). The black solid lines represent the expected
values. In the top panel, the horizontal dashed lines indicate the lower and upper bounds of scatterer radii in the actual radius distribution (full width at half
maximum). The empty symbols represent the inversion results for which models 1 and 3 do not provide good fits to the data (r2 <0).

influence the BSC slope. Model 2 uses the slope of the BSC to
jointly estimate the radius and the polydispersity, which is less
efficient than model 1, which only estimates radius by using
the BSC slope. Similarly, model 4 is less efficient than model 2
in estimating QUS parameters. All QUS parameters (ā∗, SD∗a,
φ∗ and γ∗z ) estimated by model 4 are very unstable for f0 <40
MHz. The cause of this problem is the number of parameters
estimated with model 4. An inversion performed to estimate
four parameters is more unstable than an inversion performed
to estimate three parameters. Therefore, the estimations of ā∗,
SD∗a, n∗z is less reliable with the polydisperse concentrated
model 4 than with the polydisperse sparse model 2. Model 4
only provides satisfactory QUS estimates for f0>42 MHz.

B. QUS estimates from simulations with fluid spheres for
moderately dense media (φ=20%)

The estimated values of a∗ and n∗z are presented in Fig.
4 considering an ensemble of fluid spheres for φ=20% and
different gamma width factors ζ=4, 20, 50 and 80. Figure 5
gives some examples of SD∗a=ā∗/

√
ζ∗ + 1 estimated by the

polydisperse models 2 and 4.
For the polydispersities ζ=20, 50 and 80, the sparse models

1 and 2 gave similar QUS estimates a∗ and n∗z , since the
standard deviations SD∗a estimated by model 2 tend towards
the zero value (Fig. 5(b)). For frequencies less than 40 MHz,
the sparse models 1 and 2 underestimate the mean radius and
overestimate the acoustic concentration for the polydispersities
ζ= 20, 50 and 80, as expected for concentrated media [15]. A
contrario, for frequencies above 40 MHz, both models 1 and
2 estimate correctly the QUS parameters, which constitutes

surprising results for models not adapted to concentrated
media. To interpret these results, it is useful to pay attention to
the behavior of the structure factors for different ζ values given
in Fig. 6(a), since the structure factor gives the frequencies that
are influenced by the correlation position of the scatterers.
One can observe that the structure factor oscillates around
the value of 1 with a deviation of less than 0.2 for f0>40
MHz, meaning that the correlation position effect is weaker for
these frequencies. Moreover, the frequencies f0>40 MHz are
sufficiently high to obtain accurate measurements of scatterer
sizes, since the product ka is greater than 1.1 [22]. The mean
scatterer’s size is thus the principal factor determining the
frequency dependence of the BSC for frequencies above 40
MHz, so models 1 and 2 perform well in estimating the
QUS parameters. For f0<40 MHz, the structure factors are
much smaller than 1, as shown in Fig. 6(a), which means that
destructive interferences occur. The sparse models 1 and 2
do not account for these interference effects and thus cannot
correctly estimate the QUS parameters.

For the highly polydisperse medium ζ=4, the polydisperse
sparse model 2 provides better QUS estimates a∗ and n∗z than
the concentrated model 4 (Fig. 4), especially for 30≤f0≤40
MHz, since the structure factor is approximately equal to
1 for ζ=4 for f0>30 MHz (Fig. 6(a)). However, model 2
underestimates the standard deviation SDa. The monodisperse
sparse model 1 overestimates the mean scatterer size and does
not provide good fits to the data with goodness-of-fit statistic
r2 <0 for f0 ≥38 MHz (just like model 3, since monodisperse
models are not suitable for this highly polydisperse medium).
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Fig. 5. Standard deviation SD∗
a estimated by inversion procedure. Results

are obtained from the simulated BSCsim for fluid spheres with (a) φ=20% and
ζ=4 and (b) φ=20% and ζ=50. The black solid lines represent the expected
values.

However, for f0<14 MHz, model 1 matches the expected
values better than the other models. It is due to the fact that
(by chance) model 1 with [a=8 µm and nz=31.97 dB] and
model 4 with [ā=6.8 µm, ζ=4, γz=0.13 and φ=20%] produce
the same BSC at low frequencies fc<20 MHz (Fig. 7).

The concentrated models 3 and 4 provide mean radii and
acoustic concentrations closer to the expected values for a wide
range of frequencies, when compared to the sparse models 1
and 2. As the frequency f0 decreased, both models 3 and 4
give scatterer radius estimates that fell outside the range of
underlying scatterer sizes. Overall, the QUS estimates a∗ and
n∗z obtained with models 3 and 4 are in good agreement for
moderate to high f0 values. However, model 3 outperforms
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Fig. 6. Structure factors S(k) as a function of frequency for ensembles of
fluid spheres (a) for φ=20% and (b) for φ=73%.

model 4 for moderate f0 values: model 4 fails in estimating the
mean scatterer size for f0≤23 MHz, against f0≤15 MHz for
model 3 (see QUS estimates in Fig. 4 for ζ=20 and 50). Using
model 4, all three parameters ā, ζ, and φ can influence the
frequency dependence of the BSC, and therefore, it is difficult
to separate their effects.
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C. QUS estimates from simulations and experiments for con-
centrated media (φ=73%)

The parameters a∗ and n∗z estimated by the four scatter-
ing models are presented in Fig. 8 for concentrated media
(φ=73%). Results are given for the simulated BSCsim (solid
lines) and for the measured BSCmeas obtained from the cell
pellet biophantoms (symbols). Also represented in Fig. 8 are
the parameters SD∗a estimated by the polydisperse models 2
and 4, and φ∗ and γ∗z estimated by the concentrated models 3
and 4.

The sparse models 1 and 2 underestimate the mean radius
and overestimate the acoustic concentration for moderate to
high f0 values, as expected for concentrated media. One can
notice that the mean radius estimated with model 1 fell within
the actual size range for low f0 values in the case of the broad
cell size distribution (for f0 <12 MHz with ζ=16.4 and for
f0 <27 MHz with ζ=10.6). This result was unexpected since
the structure factors are very different for the value of 1, as
shown in Fig. 6(b). In this scattering regime kā <0.7, the
structure factor obtained at φ=73% causes a large decrease in
the BSC amplitude and a slight increase in the BSC spectral
slope. Whereas the increase in scatterer size distribution has
the effect to increase the BSC amplitude and to decrease the
BSC spectral slope. These combined effects seem to cancel, so
that model 1 produces quite satisfactory mean scatterer radii
for low f0 values.

Model 3 provides a∗ and n∗z estimates that match well the
actual parameters for the narrow size distribution (ā=6.8 µm,
ζ=55.6) and for high f0 values (f0>35 MHz corresponding
to kā≈1), as expected. For broad scatterer size distribution,
model 3 produces QUS estimates that are most of the time
outside the range of expected values. The volume fraction
φ∗ is largely underestimated whatever the considered f0. The
estimated radius a∗ and acoustic concentration n∗z are unstable:
a∗ has the tendency to decrease (and n∗z to increase) as
f0 increases. Whereas, model 4 provides satisfactory QUS
estimates for the three considered cases for high f0 values
(f0>40 MHz).

Overall, the simulated and experimental results yielded QUS
estimates that fell within the same range of values when using
the four scattering models. Nevertheless, it can be observed in
Fig. 2 that the QUS estimates obtained by simulations and
experiments may differ even if both simulated and measured
BSC follow the same trends (Fig. 2). When using model 4,
the 28 MHz probe is more efficient to estimate the parameters
a∗ and n∗z , when compared to the 20 MHz probe.

D. Choice of the optimization procedure

In the present study, the QUS parameters estimated with
the concentrated SFM models 3 and 4 are estimated by
using the constrained minimization routine fmincon. One may
question the choice of an optimization method with or without
constraints. As an example, Fig. 8(d) compares the QUS
parameters estimated by models 3 and 4 by using the routines
fmincon (optimization with constraints) and fminsearch
(optimization without constraint) for a given example of
[ā=7.2 µm, ζ=16.4, γz=25%, φ=73%]. When using model
4, both routines fmincon and fminsearch give similar mean
scatterer radius ā∗ and acoustic concentration n∗z . When using
model 3, the estimates a∗ and n∗z may differ depending on
the routine used. We observed that the fminsearch routine
provides the global minimum (data not shown), but could
result in unrealistic values with a large overestimation of
γ∗z (>40%) (Fig. 8d). That is why the fmincon routine was
used to avoid the unrealistic γ∗z values that can occur with
the fminsearch routine. Note that a systematic comparison
between the routines fmincon and fminsearch was previously
performed by Muleki-Seya et al. [25] on ex vivo tumor
models using model 3, and these unrealistic values of QUS
parameters were also found. As it can be observed in Fig.
8d, no improvement on the QUS estimates was observed by
using the fminsearch routine, as the behaviors of the QUS
estimates versus frequency curves are still very unstable when
considering model 3. (Similar results were obtained with the
other scatterer size distributions - data not shown.)

In this article, the cost function uses the relative mean
squared error of the BSCs to provide the QUS parameters.
However, it is important to recall that the QUS parameters
can be affected by the choice of cost functions [8] [15].
In a previous study, Franceschini et al. [15] compared two
optimization strategies that consist of minimizing either the
relative mean squared error (Eq. (7) in the present study)
or the absolute mean squared error (Eq. (14) in Ref. [15])
for studying media with scatterer volume fractions ranging
from 0.6% and 30%. The relative mean squared error mainly
weights all the frequencies equally in the frequency bandwidth
studied, whereas the absolute mean squared error penalizes
large absolute difference at high frequencies more strongly.
Both optimization strategies in [15] were used to estimate QUS
parameters by fitting the measured BSC to a theoretical BSC
by investigating several scattering models: the sparse spherical
Gaussian model, the sparse fluid-filled sphere model (model
1 here) and the monodisperse structure factor model (model
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3 here). As it can be observed in Fig. 7 of Ref. [15], the
two cost functions can yield different estimates of a∗ and
n∗z: estimates with model 3 differ mainly for lower volume
fractions (φ≤5%), while estimates with sparse model 1 differ
for higher volume fractions (φ≥12%). In a similar way to that
was done in Ref. [15], Fig. 9 compares the estimates of a∗ and
n∗z by using the relative mean squared error or the absolute
mean squared error for two concentrated scattering configura-
tions with φ=73%. Whatever the cost functions used, model
3 underestimates the scatterer radius at high frequencies, but
the estimates are generally closer to the values expected with
the cost function using the mean-square absolute error. It is
interesting to observe that the radii estimated with model 4
are similar for both cost functions at high frequencies fc≥30
MHz, whereas they can differ strongly with model 3 (e.g., for
ā=5.7 µm and ζ=10.6 at 36≤fc≤50 MHz) and with models
1 and 2 (e.g., for ā=7.2 µm and ζ=16 at fc≥44 MHz). This
suggests that the QUS parameters vary more strongly with the
two cost functions considered when the scattering models are
not adapted.

E. Choice of the simulation methods

In our previous numerical studies [15], [16], the simulated
BSCsim was obtained using a semi-analytical approach. This
approach involved a two-step process. Firstly, a random distri-
bution of cells with non-overlapping positions was generated.
Secondly, the BSCsim was computed by summing the contri-

bution of each scatterer while considering the associated phase
terms related to their locations (see Eq. (9) in Ref. [15]). The
different realizations of the medium allowed us to mimic the
experimental noise of the BSC. This semi-analytical approach
has the advantage to take into account different scatterer sizes,
shapes and acoustic properties. However, it is generally limited
to a moderate volume fraction (up to 30%). To overcome this
limitation, we opted for an alternative approach in the current
study by introducing noise into the theoretical BSC prediction
obtained with model 4. This allowed us to reach a higher
volume fraction φ=73%. It is interesting to note that the QUS
estimates obtained in the present numerical studies show a
remarkable similarity with the preliminary results based on
the semi-analytical approach [16] (at φ=1% and 20%). The
agreement of the results obtained by the alternative method
presented here further strengthens its validity. By adopting
this alternative simulation method, we were able to address
the limitations associated with the semi-analytical approach,
allowing for the investigation of higher volume fractions and
broadening the scope of our study.

Finally, it is worth noting that the results in the present study
are not universal and are most likely affected by the chosen
optimization procedure (as discussed earlier in IV-D), but also
by the chosen scattering configuration (i.e., the chosen ā, ζ
and φ) and measurement noise. Complementary simulations
were conducted to study the influence of the noise levels on
QUS estimates. Figure 10 shows examples of QUS estimates
obtained from the simulated scattering configuration [ā=5.7
µm, ζ=10.6, γz=25%, φ=73%] with increasing noise levels
using different standard deviations of 0.1, 0.2 and 0.3 for the
random noise term. As expected, noise level has an impact on
the behavior of QUS estimates. Overall, the standard deviation
of the estimates increases with measurement noise. One can
observe that model 4, which is the most adapted for this scat-
tering configuration, converges more slowly towards the actual
radii as the noise level increases. Noise reduction in BSC
experiments is therefore of major interest. Several methods
have been proposed in the literature, such as the increase of
the number of independent data acquired using different angles
of incidence under the assumption of isotropic scattering [23],
or signal-processing techniques such as multitaper or Welch’s
method [24].

F. Choice of scattering models & Interpretation of QUS
estimates for soft tissues

Previous works studied the effects of scatterer size dis-
tribution and/or frequency range on the scatterer size es-
timates when considering sparse media [5]–[8]. The work
presented here complement these earlier works by focusing on
moderately and highly concentrated media with gamma size
distribution. Not surprisingly, models 1, 2 and 3 cannot provide
physically meaningful estimates when the scattering media
are polydisperse and dense, as shown in Fig.8. However, of
particular interest are the results obtained with the moderately
concentrated media (φ=20%) shown in Fig. 4. All the four
models were able to correctly estimate the a∗ and n∗z at high
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Fig. 10. Comparisons of the estimates of ā∗ and n∗
z for different levels of

noise. The noise term used for the simulated BSCsim had a normal distribution
of a mean of 1 and a standard deviation SDn of 0.1, 0.2 or 0.3. Standard
deviations of QUS estimates are only presented for SDn=0.1 and SDn=0.3.
The reader can refer to Fig. 8 for the results of SDn=0.2. Results are obtained
from the simulated scattering configuration [ā=5.7 µm, ζ=10.6, γz=25%,
φ=73%].

frequencies (f0>40 MHz), mainly because the interference
effects caused by spatial correlations between scatterers are
weaker for these frequencies at φ=20% (as already discussed
in subsection IV-B). At sufficiently high frequencies, the
structure factor oscillates around the value of 1, such that the
correlation position effects can be neglected and sparse models
can be efficient. In the present scattering configurations, the
frequencies for which coherent scattering can be neglected are
very high: more than 40 MHz at φ=20% and more than 80
MHz at φ=73% (Fig. 6).

The results presented here demonstrate that the scatterer
size estimated by the monodisperse model 3 fail to repre-
sent actual tissue microstructure for polydisperse media, as
expected. When using model 3, the most important biases
in QUS estimates were obtained for the highly concentrated
media φ=73%: a∗ is overestimated at low frequencies and
underestimated at high frequencies, and φ∗ is underestimated
at all frequencies. The wider the size distribution, the larger the
radius errors for frequencies more than 25 MHz, as it can be
observed in Fig. 8. In light of these results, the polydispersity
in hepatocyte size explain why contradictory results have been
found by using model 3 and model 4 in liver tissues: a∗=5.3
µm using model 3 in canine liver at 25 MHz (close to nuclear
size) [25], against ā∗≈14 µm using model 4 in rabbit liver
or in human liver at 30 MHz (close to whole cell size) [26]
[27]. (Note that the hepatocytes in canine livers in Ref. [25]
present a wide distribution of the whole cell size: a=16.2±2.6
µm corresponding to ζ=38.) As it is more likely that the whole

cells are the dominant sources of scattering in normal liver [26]
[27], our results obtained for dense and polydisperse media in
Fig. 8 may explain why the size of whole hepatocytes was
underestimated in [25].

Contradictory results were also obtained with model 3 in ex
vivo tumor models. The scatterer size estimates from model 3
were hypothesized to represent the whole cells in HT29 tumors
at 30 MHz [25], as opposed to nuclei in 4T1, JC, LMTK
and MAT tumors at 40 MHz [28]. Further studies need to be
conducted in light of model 4 (or even other more elaborate
modeling) to determine the actual sources responsible for
scattering, which always remain a challenging question in the
field of QUS.

Model 4 may provide a useful scattering model to progress
in the understanding of the scattering sources in soft tissues for
sufficiently high frequencies (f0 >38 MHz corresponding to
kā value more than 1). This need of using high frequencies ob-
viously limits the applications to fundamental research studies
for the understanding of scattering from ex vivo soft tissues and
to clinical research studies on in vivo superficial tissues (e.g.,
skin, eye, blood vessel). The simulation results demonstrate
that model 4 converges towards precise QUS estimates at
sufficiently high frequencies. However, further studies need to
be conducted on controlled experiments (i.e. cellular biophan-
toms, ex vivo tumors) to confirm these trends. In particular,
stable QUS estimates with model 4 at different frequencies f0

may help to be more confident about the physical meaning
of the parameters. The effects related to mixtures of different
scatterer types (e.g., tumor cell structures together with blood
microvessels and/or fibrotic tissues implying different acoustic
impedance properties and different size ranges) on the QUS
estimates should also be investigated.

V. CONCLUSION

Four scattering models were assessed to study the effects of
scatterer polydispersity and volume fraction on QUS estimates,
namely scatterer size and acoustic concentration. Our findings
reveal that the choice of scattering model has a significant
impact on the accuracy of the QUS estimates. The effective-
ness of a scattering model in determining QUS parameters is
obviously closely linked to its ability to model the scattering
medium. For sparse media, models 1 and 2 proved to be the
most suitable options due to their ability to estimate a reduced
number of parameters. For moderately dense media, model 4
gave promising results for high polydispersity values, while
model 3 proved effective for lower polydispersity values. For
dense media, model 4 proved the most accurate for quantifying
QUS estimates at sufficiently high frequencies. However, since
no a priori information can be used to determine whether a
scattering medium is sparse, moderately dense or dense, the
choice of scattering model is therefore not straightforward.
In blind estimation of QUS parameters, the polydisperse
concentrated model 4 can be recommended, provided it could
be used at high enough frequencies.

This work provides valuable insights into the effects of
size polydispersity and dense media on spectral-based QUS



techniques. By deepening further our understanding of these
factors, we can enhance the interpretation and application of
QUS techniques for diagnostic ultrasound in a wide range of
clinical applications: disease assessment, tumor detection or
treatment monitoring.
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