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SUPERSPACE REALIZATIONS OF THE BANNAI-ITO
ALGEBRA

NICOLAS CRAMPE, HENDRIK DE BIE, PLAMEN ILIEV, AND LUC VINET

ABSTRACT. A model of the Bannai—Ito algebra in a superspace is in-
troduced. It is obtained from the three-fold tensor product of the basic
realization of the Lie superalgebra osp(1]|2) in terms of operators in one
continuous and one Grassmanian variable. The basis vectors of the re-
sulting Bannai-Ito algebra module involve Jacobi polynomials.

1. INTRODUCTION

This paper offers a realization of the Bannai—Ito algebra in superspace.
Models of algebras with operators acting on spaces of functions are especially
relevant in mathematical physics and allow also to enrich the understanding
of special functions [I]. This is the basic motivation here. The Bannai-Ito
algebra [2] encodes the bispectral properties of the eponymous polynomials
which were first introduced in the context of P- and Q- polynomial associa-
tion schemes [3]. Their characterization as eigenfunctions of shift operators
of Dunkl type was given in [4].

The Bannai—Ito polynomials have explicit expressions as combinations
of two Racah polynomials [5]. Moreover, the Racah algebra [6] that is ab-
stracted from the relations verified by the difference and recurrence operators
corresponding to these last polynomials can be embedded in the Bannai-Ito
algebra [7] much like the even Lie algebra part of a superalgebra can be
obtained from quadratic expressions in the odd generators.

As a matter of fact, it was also observed that the Racah algebra can
be directly embedded in the universal enveloping algebra U(sl(2)) of sl(2)
[8]. Calling upon the Bargmann realization of s[(2) in terms of differential
operators in one variable [9], this last embedding thus immediately provides
a realization of the Racah algebra in terms of differential operators of the
hypergeometric type.

Given that the Racah polynomials arise in the 6 — j recoupling coefficients
of the s[(2) representations, it is not surprising that a centrally extended ver-
sion of the Racah algebra arises by taking as generators the intermediate
Casimir in a three-fold product of representations [10]. Here, the Bargmann
realization produces a model of the Racah algebra in terms of differential op-
erators in three variables. The dimensional reduction of this three-variable
realization through separation of variables has been examined in [I1] and
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shown to yield the one-variable model of the Racah algebra mentioned be-
fore. It has been shown in this spirit how the higher rank Racah algebras
[12] constructed in this fashion using the n variables associated to an n-
fold product of irreducible s[(2) representations can be reduced to a model
involving differential operators in only n — 2 variables [13].

The Bannai-Ito algebra can also be viewed as the commutant of a di-
agonal embedding of an algebra module in a three-fold tensor product of
representations. In this case the underlying algebraic structure is the Lie
superalgebra 0sp(1|2) and it is hence understood that the Bannai-Ito poly-
nomials are essentially the Racah coefficients of this superalgebra [14]. Now
one extension to 0sp(1]2) of the Bargmann model of s[(2) involves thicken-
ing the one-dimensional space by the addition of a real Grassmann variable;
this leads to using operators acting on functions defined on the resulting
superspace [I5]. Considering the tensor product of three irreducible (dis-
crete series) representations of osp(1|2) [16] in this picture therefore brings
three continuous variables and three Grasmannian ones. In view of the
corresponding studies of the Racah realizations mentioned before, natural
questions we address in this paper are: What is the Bannai—Ito algebra
model that the irreducible decomposition of this tensor product representa-
tion brings? To how many variables does this reduction yield? What are
the special functions involved?

The remainder of the paper is organized as follows. The fundamental
superspace model of osp(1]2) is recalled in Section 2. The construction of
the Bannai-Ito algebra generated by the intermediate Casimir operators of
three copies of this 0sp(1]2) realization is described in Section 3. This module
decomposes into an even and an odd part each with four components. The
dimensional reduction that occurs upon requesting that the representation
space be bounded from below is discussed in Section 4. It will be shown
that the kernel of the total lowering operator is such that its even and odd
part only have two components. The action of the intermediate Casimir
operators in each of these 4 parts will be given in Section 5. The construction
of the irreducible representations is carried out by considering in turn the
even subspace in Section 6 and the odd one in Section 7. In each case,
first, the concrete representation basis will be obtained by diagonalizing
the total Casimir operator and one of the intermediate Casimir elements
and second, the tridiagonal action of the other independent intermediate
Casimir element will be computed. The Jacobi polynomials will be seen to
appear in the expression of these basis elements. The concluding section
will offer summary, remarks and outlook.
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2. THE FUNDAMENTAL REALIZATION OF 0sp(1]2) ON SUPERSPACE

Consider the operators

A_ =00, + 0y,
Ag =220, + 00y + 2v,
Ay =200, + x0p + 200,

where 6 is a Grassmann variable 2 = 0 commuting with z. It is easy to
check that the operators satisfy the following relations

[Ag, Ax] =+Ay  and  {A4, A} = Ao,

where as usual [a,b] = ab — ab denotes the commutator of the operators a
and b, and {a,b} = ab + ba denotes the anticommutator. Therefore, the
operators fli =244, flo = A define a representation of the superalgebra
osp(1]2). Moreover

A% =0,.
Let P be the operator acting on functions f(x,6) by
P(f(z,0)) = f(z,—0).

Clearly, P is an involution, i.e. P2 =1 and

[P, Ap] =0, {P,A L} =0.
This operator P is realized as follows

P =1-200,.

The Casimir operator

Q=(Ay—24,A_—-1/2)P

commutes with Ag, A+ and P. One can also easily check that in our current
realization it holds that

Q=2v—1/2.

3. THREE COPIES AND THE BANNAI-ITO ALGEBRA
For j =1,2,3, let

A9 = 0,0, + 8y,

AY) = 22;0,, + 6,04, + 2,

Ag) = 200y, + 09, + 2v;0;,
where {6;} are anticommuting, i.e.

0;0; = —0,0;.

Note that for ¢ # j we have
A, AP =0, (40, 491=0, (Al aP}=0, {4l 4V} =0
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In particular, these commutativity relations imply that for every nonempty
S C {1,2,3} we obtain another representation of osp(1]2) with operators
defined by

Aés) _ ZASZ')’ Af) _ ZA@’ ps) — Hp(i)7
€S €S €S
and associated Casimir operator
Q) = (AP =244 _1/2)p®),
Note that Q) usually called intermediate Casimir operator, commutes
with A(()T), Ag) and P) for every T'D> S and Q) = 2u; — 1/2.

The Casimir operators Q) provide a realisation of the Bannai-Ito alge-
bra i.e. they satisfy the following relations

{QU2) Q1 = Q13) 4 20 QB 4 2@ Q123) | (3.1)
{QU2, QU3 = Q) 4 20 QB) 4 2 Q123 (3.2)
{QM), Q™) = QU 420 QA 4 2@ QU (3:3)

In this realisation of the Bannai—Ito algebra, the following relation also holds

(QU2)2 4 (@I + (QP) + 7 = (QU)? + (@) + (QP) +(QV)*.

4
4. DIMENSIONAL REDUCTION

Below we work with the superspace
V= (C[l‘l, 9, ZE3]<91, 92, 93>

We can decompose V as the direct sum of the odd subspace V° and the even
subspace V¢ as follows

V=V’ Ve, (4.1)
where
VO = Clz1, x2, x3)61 ® Cla1, 22, 23]02 ® Clr1, 22, 23]03 ® Cl1, 22, 23]010203
V¢ = Clxy, z2, 23] ® Clz1, 22, 23]0102 & Clr1, 22, 23)60105 © Clx1, 22, 23]0203.

These subspaces can be characterized as the spaces consisting of skew-

symmetric and symmetric functions with respect to the involution P123) on

V. Since P123) anti commutes with A(_123), we can decompose the ker(A(_123))

on V as a direct sum of odd and even functions
ker(A(_l23)) = (ker(A(_lzg)) NV @ (ker(A(_123)) NnVve).
To describe each component, we fix
U =T — Ty and v =Ty — I3,
and we consider the linear transformations
01,0 : Clu,v] — V°
&1,& : Clu,v] — V°©
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defined as follows

O1(h(u,v)) = h(u,v)(61 — 02) + hy(u,v)01020,

Oz (h(u,v)) = h(u,v)(02 — 03) — hy(u,v)010203,

E1(h(u,v)) = h(u,v)(6162 — 6103 + 6203),

Ea(h(u,v)) = h(u,v) + hy(u, v)0162 + hy(u,v)0203,
-

Proposition 4.1. Let F € V. Then F solves the equation

A E =, (4.2)
if and only if F' can be written as
F=F,+F,, (4.3)
where
F, = O1(h1(u,v)) + Oz(ha(u,v)) (4.4)
Fo = &1(g1(u,v)) + E2(g2(u, v)), (4.5)

for some hy(u,v), ha(u,v), g1(u,v), g2(u,v) € Clu,v].
Proof. Since
(A2 = (9, + Oy, + 00y )F =0,

we see that the z dependence in F' is only through the variables u and v,
i.e. we can write F' as

1
F = Z Gl yigyi (U, 0)07' 057057,
i1,12,i3=0
where Gj, j,.i,(u,v) € Clu,v]. Substituting this into (4.2)) and equating the

coefficients in the different powers of 61, 05, 03 shows that F will satisty (4.2])
if and only if the representation in (43]) holds. O

12
5. ACTION OF THE INTERMEDIATE CASIMIR OPERATORS ON ker(A(_ 3))

Since for every nonempty S C {1,2,3} the Casimir operator QY com-

mutes with A(_123), it follows that Q) preserves the space of solutions of
equation (£2]). Below we compute the action of the intermediate Casimir
operators Q12 Q13 and Q) on the basis of solutions of ([#2) described
in Proposition @Il For i # j we set v;; = v; + v;.

5.1. Action of Q2. We have
Q1 0 O] = — 01 0 (2udy + 2v12 + 1/2) — Og 0 (2ud,),
Q(m) 0 Oy =04 o (2ud, + 4v1) + Oz 0 (2ud,, + 2112 — 1/2),
QU 0 & = — & o (2udy + w12 +1/2) + & 0 (2u),
QP o&=—&o (2u0y 0y + 4110,) + E 0 (2udy + 2v12 — 1/2).



6 N. CRAMPE, H. DE BIE, P. ILIEV, AND L. VINET

5.2. Action of Q(3), We have
QU 00 =— 010 (20 —2u3 —1/2) — Og 0 (2(u + ), + 4v3),
QU 00y =— 010 (2(u+ )0y + 411) — Oy 0 (201 — 2u3 +1/2),
Qo =—&o (2v13 — 3/2) — E9 0 (2u + 20),
Q(13) 08 =—E& o (2(u+v)0,0y + 430, + 4110,) + E3 0 (2113 — 1/2).
5.3. Action of Q3. We have
Q®) 00 =05 o (200, + 2193 — 1/2) + Oz 0 (200, + 4v3),
Q%) 0 Oy = — 01 0 (208,) — Oy 0 (209, + 2va3 + 1/2),
QP og=—¢&o0 (200, + 2v93 + 1/2) + &3 0 (20),
Q@) ol =—&o0 (200y,0y + 4v30y,) + E2 0 (200, + 2193 — 1/2).

6. DIAGONALIZATION OF Q(123) AND Q(!2) IN THE ODD SUBSPACE

6.1. Spectral equations for Q(!23), Consider an odd element
f(x:6) = O1(h(u, v)) + Os(g(u.v)) € ker AT, (6.1)
where x = (z1, 2, z3) and 6 = (01,02,03). Then the spectral equation
QU f(x;0) = pf (x: ) (6.2)

is equivalent to the equations
why, + vhy = —(1/123 + /L/Q + 1/4)h,
ugy +vgy = —(v123 + p/2 + 1/4)g,

where v193 = 11 + 5 + v3. The last two equations are satisfied if and only
if h and g are homogeneous in u and v of the same degree N, where

N = —(vi23 + p/2 +1/4),
or equivalently

n= —(2N + 2v193 + 1/2).
Since Q(123) commutes with each of the operators Q12 , Q13), Q23 we can
look at their restrictions on the space of solutions of (G.2]).

6.2. Spectral equations for Q(!2). Consider now the equation
QU f(x:0) = Mf(x:0), (6.3)
where A € C and f(x;0) is the element in ker AU (610). The coefficient
of 65 shows that
(142X +4v; — 4de)g = (1 + 2X + 4v12)h + 4uhy, — 4uh,. (6.4)

It is straightforward to check that if g and h are homogeneous polynomials
in u and v of the same degree satisfying (6.3]), then 1 4+ 2\ + 417 — 45 can
be zero only when 11 = 9 = 0. Thus for generic vq, 5 we can assume that
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14+ 2\ + 41 — 4y # 0 and therefore ([6.4]) determines g uniquely from h as
follows
. (1 + 2\ + 41/12)h + 4uh,, — duh,
- 1—|—2)\—|—4I/1—4V2 )
Substituting the last formula into (6.3)), we see that (6.3) holds if and only
if h(u,v) satisfies the equation

(6.5)

(w07 — u? 04,0y + (2v12 + 1)udy, — (201 + Dudy + (i3 — (2A+1)?/16)) h = 0.
(6.6)
If h(u,v) is homogeneous of degree N we can write it as

h(u,v) = u™ ¢(v/u), (6.7)

and substituting the last equation in (6.6]), we obtain the following equation
for ¢(2):

<z(1—|—z)8§—((2V12+2N—1)z+2y1—|—N)8Z+(N—|—y12)2—(2)\+1)2 /16) $(z) = 0.

(6.8)
If the last equation has a solution which is a polynomial of degree k < N,
then the coefficient of z* yields

2\ +1)2
N- 2 AL
( k+112) 16
This leads to
2 1 1
)\: = +(N—k+v12), orequivalently X\ = :l:2(N—/€+V12)—§ (6.9)

and for these values of A\, equation (6.8]) reduces to

(2(1 +2)0% — ((2v12 + 2N — 1)z + 201 + N)O, + k(2N + 2015 — k;)) é(2) = 0.

(6.10)
Note that this equation is the hypergeometric differential equation with three
regular singular points: 0, —1 and oco. For generic parameters v, o, up to
a constant factor, it has a unique polynomial solution of degree k given in
terms of the Jacobi polynomial by

$(z) = PUNVTRATLINT) (1 4 9y (6.11)

Let us recall that the Jacobi polynomials are expressed as follows in terms
of the hypergeometric functions

a 1 — 1-—
pled) gy = @t D )%m( htarfrl, x) (6.12)

k! a+1 T2

Summarizing the above computations we obtain the following theorem de-
scribing the common eigenfunctions of the operators Q@(123) and Q') which

can be simultaneously diagonalized on ker(A(_123)) nve.
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Theorem 6.1. For N € Ny and k € {0,...,N}, let

he N (u,v) = UNPig_N_%_L_N_M) <

1+ 23) , (6.13a)
u

2N + 2119 — k ~_N—2 —N—
g]::N(u7v) e & ,U“NPIE N 21/17 N 21/2) <1+2%)’ (613b)

N+ 21 — k
G (w0) = —uN PR (1 2%) . (6.13¢)
Then
{fin(0), frn(x:0) : N € No,0 < k < N}
where

fan(x:0) = O1(hy n (u,v)) + Oa(gp y (u, ),
form a basis of ker(A"*)) N V° and
Q) fif\(x:0) = —(2N + 2u193 + 1/2) fif y (%3 6), (6.14a)
Q) fEy(x;0) = (£2(N — & + v19) — 1/2) fiey (x;0). (6.14b)

Proof. The result for hy n(u,v) follows directly from the discussion pre-
ceding the theorem. Using this result for hy n(u,v) and the eigenvalues
A= £2(N — k +v12) — 1/2 in (6.5]), one gets the following expressions for

91:;]\[(“,”):

(N —k+ 2V12)hk7]\[(u, ’U) + u(@uhkw(u, ’U) — avhk,N(u, ’U))

+ _
9&]\[(%”) = N —k+ 20, )
- (uw) = (N = k)hg N (u,v) — w(Ouhg, N (u,v) — Oyhy, N (u,v))
I, N U) = N — &+ 2v; ‘
Note that

it h=uNo(v/u), then (ud,—ud,)h=u"[(N—(t+ D)) ()]l i=vu-
Using the above formula and the identity

(—k+ (t+1)9) PP (1 4 2t) = (kb + )P (1 4 2t)
we obtain the explicit formulas (6.13b)-(6.13d) for gf; N (w,v). O

Using the fact that the intermediate Casimir operators satisfy the Bannai—
Ito algebra and knowing the spectrum of Q%) and Q(123), one can deduce
that the action of Q®® is tridiagonal as follows

QP fifn(x:0) = of fiy(50) + B fify (50) + 7 firyy n(:0), (6.16a)
Q(23)f];N(x; 0) = a,;_lf,j_LN(x; 0) + Bk_f,;N(x; 0) + ’yk_f,IN(x; ). (6.16b)
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The coefficients are also constrained by the algebra as follows:
4(k’ + 1)(N — k)(27/12 + 2N — k)(27/12 + N —k— 1)

-
e = (2013 + 2N — 2k — 1) - (617)
(2V1 + N — k‘)(2V2 + N — k‘)(2V3 + k’)(21/123 + 2N — k’)
Oé—kl—’yk = (]/12 T N — k‘)2 ) (618)
ﬁi _ :I:(Vl — Vg)(Vlg + 2v3 + N) (2V12 — 1)(21/12 + 2N + 1) (6 19)
k vig+ N —k 2(2u19 + 2N — 2k F 1) ‘

The exact expressions of these coefficients are given in the following corollary.

Corollary 6.2. The coefficients in relations ([6.16]) are
(21/2 + N — k‘)(2V123 + 2N — k‘)

-

= vig+ N —k ’
o — 221+ N —k+1)2uvi2 + N — k)
ko 2v19 + 2N — 2k + 1 ’
= 2(N — k)(k+1)(2v12 + 2N — k)

B (2u1 + N — k) (2v12 + 2N — 2k — 1)’

(21/3 + k‘)(2V1 + N — k‘)

vig+ N —k '
Proof. The coefficients of ; in the relations (6.16]), computed by using the
explicit formulas for f];tN(x; 0), provide constraints between the coefficients

a*t, B* and v*. Combing these constraints with the expression (6.19) of
ﬁf:, one gets the expressions in the corollary. O

The values of these coefficients are compatible with the relations (6.17])-
7. DIAGONALIZATION OF Q123 AND QU2 IN THE EVEN SUBSPACE

7.1. Spectral equations for Q(!2¥), Consider an even element

F(x:0) = & (h(u,v)) + Ex(g(u, v)) € ker AT (7.1)
Then the spectral equation
QU f(x;0) = pf (x:6) (7.2)

is equivalent to the equations
uh,, + vhy = (—V123 + /L/Q — 3/4)h,
ugy +vgy = (—v123 + /2 + 1/4)g.

The last two equations are satisfied if and only if g is homogeneous of degree
N and h is homogeneous of degree N — 1, where

N = —vq93 —l—,u/2 + 1/4.

or equivalently
w=2N + 2v193 — 1/2
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7.2. Spectral equations for Q(!?). Consider now the equation

QU f(x;0) = Mf(x;0), (7.3)

(123

where A € C and f(x;0) is the element in ker A ) in ([@I). The free term

(i.e. the coefficient of 96969) shows that
(1 + 2\ — 41/12)

h(u,v) = " g(u,v) — dyg(u,v). (7.4)

Substituting the last formula into (7Z.3)), we see that (7.3) holds if and only
if g(u,v) satisfies the equation

(u02 — 1?0, 0y + 2v12udy — 201Uy + vi2(v12 — 1)+ 1/4— (2A—1)*/16) g = 0.
(7.5)
If g(u,v) is homogeneous of degree N we can write it as

g(“? U) = UN¢(U/U)7 (76)

and substituting the last formula in (7.3]), we obtain the following equation

for ¢(2):
<z(1 +2)92 — (212 + N — 1)z + 201 + N — 1)8,
+ (N 42 —1/2)2 — (20— 1)? /16)¢(z) =0.  (7.7)

If the last equation has a solution ¢(z) which is a polynomial of degree
k < N, then the coefficient of z* yields

2 (22 -1)°

(N—k?—i—VlQ—l/Z) 6

Equivalently
)\::EQ(N—IC+V12—1/2)+1/2 (7.8)
and for these values of A\ equation (7.7 reduces to
<z(1 4 2)8% — (2(vis + N — 1)z + 201 + N — 1)d,
RN + 2010 — k — 1))¢(z) = 0. (7.9)

For generic parameters 1,5 and up to a constant factor, this equation
has a unique polynomial solution of degree k given by

$(z) = PUNTETNTER) (1 4 9y (7.10)

where Py is the Jacobi polynomial (6.12)). The next theorem describes the
common eigenfunctions of the commuting operators Q123 and Q') which
can be simultaneously diagonalized on ker(A(_123)) nve.
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Theorem 7.1. For N € Ny and k € {0,...,N}, let

G (u,v) = o PN 2N (1 + 2%) , (7.11a)

Bt o, 0) = uN U N 20 — k)P TR N (1 + 2%) . (7.11b)

B (1,0) = (k41 = 2N = 2pp) uN PN 2Nt (1 2%) .
(7.11c)
Then
{f;:N(X;H):NGNO, 0<k < NIU{fpn(x:0): NeNy, 0<k <N}
where
Fen(60) = Ex(hyc y(u,0) + Ex(gr,n (u, 0)),
form a basis of ker(A(_123)) NVe and
QU fin(x:0) = (2N + 2123 — 1/2) firy (x:6), (7.12a)
QU fif(x:0) = (£2(N — k + 112 — 1/2) + 1/2) £y (x;0).  (7.12b)

Proof. The result for gi n(u, v) follows directly from the discussion preceding
the theorem. Using the formula for gi ny(u,v) and the eigenvalues A\ =
+2(N —k+v12 —1/2) +1/2 in (74)), one gets the following expressions for
hf’ N (u,v):

) =
) =

N -k
iy (1:0) = =——ge.n (,0) = Bugi v (1), (7.13)
_ N—-k+2v—-1
hk7N(u,v) =— " -2 9re,N (0, v) = Ougr, N (u, ). (7.14)
Note that

if g=u"p(v/u), then udug=uN[(N —t0)Gt)]li=v/u-
Using the above formula and the identity
(k —ta) P (1 4 2t) = (a+ K)PLP (1 4 2t)

we can write explicit formulas for hff n(u,v) in terms of the Jacobi polyno-
mials as stated in the theorem. O

Similarly to the arguments in the odd space, combining the fact that
the intermediate Casimir operators satisfy the Bannai—Ito algebra with the
spectrum of Q2 and Q123 one can deduce that the action of Q) is
tridiagonal as follows

QB (x:0) = af fr_y v (x:0) + B Fif p(x:0) + 4 frn(x:0),  (7.15a)

QP fin(x:0) = o il (x:0) + By Fin(%50) + Vi Fif v (x5 6).
(7.15b)
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The coefficients are also constrained by the algebra as follows:
+ o+ k(2V1 + N —k)(2ve + N — k)(2v12 + 2N — k)

QY = (s + N — k)2 ; (7.16)
a_fy+ _ 4(21/3 + k)(N — k)(2V12 + N —k— 1)(21/123 + 2N — k — 1)7
koK (2v19 + 2N — 2k — 1)2
(7.17)
— N 2 —1)(2 4 2N +1
Bt — :F(V1 v2)(vi2 + N) n (2v12 — 1)(2v12 + 43+ 2N + 1) (718)

vig+ N —k 2(2V12—|—2N—2]€:Fl)

The exact expressions of these coefficients are given in the following corollary.

Corollary 7.2. The coefficients in relations (TI5]) are

a+ . (21/1—|—N—k‘)(2l/2+N—k‘)
ko vig+ N —k ’
2(2V12 + N —Fk— 1)(2V123 +2N —-k—-1)
2ui9 + 2N — 2k — 1 ’
v 2QusH+E)(N — k)
o 2up+2N — 2k — 1
_ k(2vi9 + 2N — k)
Tk = vis+ N —k
Proof. The coefficients without 0’s in the relations (7.I5]), computed by us-
ing the explicit expressions for f,ij(x; 0), provide constraints between the

Q. =

~

coefficients a*, BT and 4*. Combining these constraints with formula (ZI8))
for 5,?, one gets the expressions stated in the corollary. O

The values of these coefficients are compatible with the relations (7.16)-

8. CONCLUSION

Summing up, we have provided a model for the Bannai—Ito algebra on a
superspace with C? as body and with soul generated by three anticommuting
Grassmann variables. The even and odd basis vectors were found to each
have two components and to be realized in terms of Jacobi polynomials. The
tridiagonal action of one Bannai—Ito generator in the eigenbasis of the other
was explicitly calculated. The formulas thus obtained reflect contiguous
relations of the Jacobi polynomials.

It is worth mentioning that the Bannai-Ito algebra is isomorphic to the
degenerate double affine Hecke algebra (DAHA) [17] which has thus been
modelled here in superspace by the same token.

For the sake of completeness, let us mention that an embedding of the
Bannai-Ito algebra into osp(1]|2) was presented in [I8] where an analytic
realization of 0sp(1|2) in terms of Dunkl operators was used to connect to
some —1 - polynomials. It should be stressed that the Bannai—Ito model
that results from combining the realization of osp(1|2) used throughout in
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this paper with this embedding is clearly not the one that is attained from
the dimensional reduction performed here.

Finally, it would definitely be of interest to develop along the lines pursued
here realizations on superspaces of the higher rank Bannai-Ito algebras that
have been constructed from the intermediate Casimir operators arising in
manifold tensor products of osp(1]2) [19].
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