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CONVERGENCE OF DYNAMICAL STATIONARY FLUCTUATIONS

CYRIL LABBÉ, BENOÎT LASLIER, FABIO TONINELLI, AND LORENZO ZAMBOTTI

ABSTRACT. We present a general black box theorem that ensures convergence of
a sequence of stationary Markov processes, provided a few assumptions are satis-
fied. This theorem relies on a control of the resolvents of the sequence of Markov
processes, and on a suitable characterization of the resolvents of the limit. One
major advantage of this approach is that it circumvents the use of the Boltzmann-
Gibbs principle: in particular, we deduce in a rather simple way that the stationary
fluctuations of the one-dimensional zero-range process converge to the stochastic
heat equation. It also allows to establish results that were probably out of reach
of existing methods: using the black box result, we are able to prove that the sta-
tionary fluctuations of a discrete model of ordered interfaces, that was considered
previously in the statistical physics literature, converge to a system of reflected
stochastic PDEs.
AMS 2010 subject classifications: Primary 60H15, 60K35; Secondary 46N55.
Keywords: Markov processes; Resolvent; Integration by parts; Reflection; Sto-
chastic heat equation; statistical physics.

CONTENTS

1. Introduction 1
2. A black box theorem 5
3. The zero-range process 13
4. Pair of reflected interfaces 25
5. ∇� interfaces with convex potential in one dimension 38
References 39

1. INTRODUCTION

This work deals with scaling limits of stationary fluctuations ofMarkov processes.
We typically think of statistical physics models such as particle systems (exclusion
process, zero-range process), evolving interfaces (∇� interfaces, height functions)
or dimermodels, and the limiting process is usually given by a stochastic PDE. There
exists by now a large literature on this topic. However, establishing rigorously such
a convergence result often requires a delicate estimate, the so-called Boltzmann-
Gibbs principle, that allows to replace space-time averages of discrete observables
by a function of the local density up to some negligible error. We refer to [KL99,
Sec 11.1] for more details on the Boltzmann-Gibbs principle in a reversible set-
ting, [CLO01] in a non-reversible setting and also [GJ14] for an extension called a
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second order Boltzmann-Gibbs principle; let us mention also that the Boltzmann-
Gibbs principle, together with the relative entropy method, plays an important role
for the proof of convergence of non-equilibrium fluctuations in some interacting par-
ticle systems [JM18]. Moreover, there are some interesting models from statistical
physics for which the scaling limit of the stationary fluctuations is still out of reach
of existing methods.

In this article, we present a general theorem, dubbed “black box theorem” in the
sequel, that ensures convergence of a sequence of stationary Markov processes to-
wards some limiting stationary Markov process, provided a set of five assumptions
are fulfilled. Having in mind the models of statistical physics alluded to above, this
theorem is designed to circumvent the use of the Boltzmann-Gibbs principle. As
we will see, this theorem not only provides simpler proof for existing convergence
results (see the example of the zero-range process below) but it also allows to prove
new convergence results (see the pair of ordered interfaces below).
Our black box theorem relies on a change of perspective on how one characterizes
the limiting process. In classical methods, the characterization of the limit goes
through a martingale problem and the Boltzmann-Gibbs principle is used for com-
puting the quadratic variation of the scaling limits of the discrete martingales. In
our approach, we instead require a characterization of the limit through an identity
satisfied by its resolvents, see Assumption 2.1 below.
The remaining four assumptions concern the sequence of stationary Markov pro-
cesses. We naturally require the sequence of invariant measures to converge to the
invariant measure of the limit, Assumption 2.2, and we ask the sequence of Markov
processes to be tight, Assumption 2.3. The last two assumptions deal specifically
with the resolvents of the sequence of Markov processes. In Assumption 2.4, we re-
quire the sequence of resolvents to be equicontinuous in order to extract converging
subsequences. Finally, Assumption 2.5 imposes that the sequence of resolvents are
characterized by an identity that is asymptotically the same as the identity satisfied
by the resolvents of the limit.

Our black box theorem finds its origin in an article of the fourth author [Zam04]
on the convergence of the stationary fluctuations of a ∇� interface model with re-
flection towards the solution of a reflected SPDE introduced by Nualart and Par-
doux [NP92]. This convergence had been established by Funaki and Olla [FO01] us-
ing the Boltzmann-Gibbs principle: the proof in [Zam04] allowed to circumvent this
delicate step. Later this technique was turned into a "black box" result in [Zam06],
however this approach was restricted to continuous-in-time approximations, while
a paper of the first author [EL15] proved that the convergence result of [Zam04]
was true also for discrete approximations. This work generalises both techniques to
a much more general setting that encompasses both discrete and continuous state-
spaces.
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FIGURE 1. Example of a pair of reflected interfaces: k = 3 and k = 9
are contact points. At contact points, a reflection term prevents the
jumps that would break the ordering to occur.

In the present paper, we apply our general result to three models of statistical
physics. For pedagogical reasons, we first consider in Section 3 the one-dimensional
zero-range process on a segment and show how our approach circumvents the use
of the delicate Boltzmann-Gibbs principle, and simply requires some standard esti-
mates under the invariant measure of the discrete dynamics.

The second and main application of our general result concerns an evolving pair
of ordered lattice paths v ≥ w on [0, 2N], that are bound to the height 0 at 0 and 2N
and evolve according to a corner-flip dynamics: the corners of v and w flip at some
prescribed rates, except if the flip breaks the ordering of the two interfaces. This
last constraint gives rise to a pair of reflection measures in the evolution equations:
one that pushes up v and one that pushes down w. Note that this process is a par-
ticular instance of a model introduced previously in [LRS01, Wil04] in the context
of dynamics of planar structures and tilings. At a higher level, our motivation to
look at this process is the aim to understand the scaling limit of the evolution of two-
dimensional random surfaces. The Markov chain on a pair of ordered lattice paths
is then a toy model where the paths represent the level lines of the height function,
and only two level lines are present. See the end of this section, as well as Remark
4.8, for a natural generalization with an arbitrary number k of interacting level lines.
In Section 4, wewill show that the stationary fluctuations of thismodel of reflected

interfaces, under a diffusive rescaling, converge to the stationary solution of the
following system of stochastic PDEs driven by independent space-time white noises
�v, �w

⎧

⎪

⎨

⎪

⎩

)tv =
1
2
)2xv + �

v + 1
√

2
� , x ∈ [0, 1] , t ≥ 0 ,

)tw = 1
2
)2xw + �

w − 1
√

2
� , x ∈ [0, 1] , t ≥ 0 ,

v ≥ w , �(dt, dx) ≥ 0 , ∫ℝ+×(0,1)(v −w)(t, x)�(dt, dx) = 0 ,
(1.1)

In these equations, � is a random measure on ℝ+ × (0, 1), carried by the space-time
points where v and w meet, and whose role is to preserve the ordering v ≥ w.
This system of stochastic PDEs is intimately related to the reflected stochastic heat
equation introduced by Nualart and Pardoux [NP92], see Subsection 4.1. The main
difficulty in the proof of the convergence of the discrete dynamics consists in show-
ing that the two discrete reflection measures converge to the same reflection measure
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� in the limit: this question, for a very similar model, was left open in [EL15]. Im-
plementing the Boltzmann-Gibbs principle to prove such a statement seems quite
delicate: instead, checking the assumptions necessary for our black box theorem to
apply mainly boils down to obtaining some estimates under the invariant measure
of the process.

Finally we state a convergence result for discrete-time approximations of ∇� in-
terfaces (with or without a “hard wall constraint” that imposes positivity of �) with
convex potential in one dimension in Section 5, although we do not work out all
details. These models have relevance in statistical physics, as describing interface
pinning/wetting phenomena in two-dimensions, see for instance the classic reference
[Fis84] as well as the monograph [Gia07].

Although the three examples presented above are reversible w.r.t. their invariant
measures, our black box result does not require reversibility.

There is a number of directions that could be investigated in the future. First,
our proof of the convergence of an evolving pair of ordered interfaces could be ex-
tended to cover systems of k ordered interfaces for some arbitrary but fixed value
k ≥ 2, see Remark 4.8 for more details. Second, a very challenging question would
be to apply the black box theorem (or some generalization thereof) to prove the
convergence of the fluctuations of the height function of the dimer model on the
honeycomb graph (or rhombus tilings of the plane), under the “tower dynamic” in-
troduced in [LRS01, Wil04], to a two-dimensional stochastic heat equation with
additive noise. Informally speaking, this tiling dynamics corresponds to a system of
k ordered interfaces with k itself of orderN . The exact form of the limit stochastic
heat equation can be guessed from the hydrodynamic limit equation obtained by the
second and third authors in [LT17, LT18]. Third, it would be interesting to consider
non-reversible systems, in particular, weakly asymmetric particle systems whose
fluctuations converge to the KPZ equation.

Organization of the paper. Section 2 contains our “black box” theorem that, un-
der certain general assumptions, allows to obtain the scaling limit of the fluctuation
process of a sequence of Markov chains. The rest of the work applies the theorem to
concrete cases: the zero-range process on a segment (Section 3), the pair of reflected
interfaces (Section 4) and 1-dimensional∇� interfaces with convex potentials (Sec-
tion 5). In the latter case, we do not work out the details.

Acknowledgements. The work of CL and LZ was partially funded by the ANR
project Smooth ANR-22-CE40-0017. The work of BL was partially funded by the
ANR project DIMERS ANR-18-CE40-0033. The research of FT was funded in part
by the Austrian Science Fund (FWF) 10.55776/F1002. For open access purposes,
the author FT has applied a CC BY public copyright license to any author-accepted
manuscript version arising from this submission.
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2. A BLACK BOX THEOREM

This section presents a general result that ensures convergence in law of a se-
quence of stationary Markov processes (typically on discrete state-spaces) towards
some stationary Markov process (typically on a continuous state-space). It relies on
five assumptions: the first assumption concerns the limit process and the four others
concern the sequence of discrete processes.

Assumption on the limit. We consider a càdlàg Markov process u taking values in
a separable1 metric space E, that is stationary w.r.t. some probability measure m on
E with full support. We will present an assumption that asserts a characterization
of the law of this process through an identity satisfied by its resolvents. To spell it
out, we need to introduce a few notations.

We let Pt, t ≥ 0 be the semigroup associated with the Markov process u. The
resolvent operators �, � > 0 are defined as

�f ∶= ∫

∞

0
e−�tPtfdt , f ∈ L2(E, dm) .

It is well-known that the law of the process u is completely characterized by the
knowledge of the action of the operators �, � > 0 on a large enough set of func-
tions, see Subsection 2.1 for more details.

We can now spell out our assumption, we refer the reader to the discussion below
the statement for some explanations.

Assumption 2.1 (Characterization of the limit). There exists a collection of finite
complex measures Σ on E, indexed by  ∈  where  is some set of bounded and
continuous functions from E to ℂ, such that the following holds. For any � > 0 and
any bounded Lipschitz function f ∶ E → ℝ, �f is the unique bounded Lipschitz
function F ∶ E → ℝ that satisfies the identity

− ∫E
F (u) (u)Σ (du) + �∫E

F (u) (u)m(du) = ∫E
f (u) (u)m(du) , ∀ ∈  .

(2.1)

Let us give some explanations on this assumption. An alternative definition of the
resolvent operator can be given in terms of the generator of the process: � = (�−
)−1. Provided the class  is large enough, this leads to the weak characterization
of�f as the unique element such that

⟨(� − )�f,  ⟩ = ⟨f,  ⟩

for all  ∈ . By duality, we obtain

∀ ∈  ⟨�f, (� − ∗) ⟩ = ⟨f,  ⟩ . (2.2)

1We do not require E to be a Polish space since completeness is not necessary for our black box
theorem to hold. In concrete examples, we will actually consider spaces E that are not complete.
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Comparing with equation 2.1, this is consistent if ∗ (u)m(du) =  (u)Σ (du).
However we insist that in Assumption 2.1 the function  does not need to be in the
domain of ∗ (or  in the reversible case) so that the identity might only be formal.
For example, for the pair of reflected interfaces, one can think of as having a Dirac
weight on configurations where the interfaces meet at a point (the only situation
where the dynamics sees the reflection). At a rigorous level, this translates as the
fact that Σ gives positive mass to these configurations despite them having m-mass
0.
In the reversible case, an important tool to establish a characterization such as 2.1 is
the general theory of self-adjoint operator and Dirichlet forms. In particular [MR92,
Th I.2.8] says that for any f ∈ L2(E, dm) and for any � > 0, �f is the unique
element of the domain () of the Dirichlet form such that

(�f,  ) + �∫E
�f (u) (u)m(du) = ∫E

f (u) (u)m(du) , (2.3)

for all  that lie in (a dense subset of)(). When it is possible to determine()
and to justify an integration by parts in the Dirichlet form, this provides a sufficient
condition on the set , see the proof of Proposition 4.2 for an example of this method.

Let us illustrate the assumption on a concrete example. Take u to be the solution
of the stochastic heat equation in dimension 1

)tu =
1
2
)2xu + � , x ∈ [0, 1] , t ≥ 0 ,

endowed with Dirichlet b.c. where � is a space-time white noise. In this example,
E can be taken to be L1([0, 1], dx) and m the law of the Brownian bridge on [0, 1].
The above assumption is then satisfied with , the set of all maps  ' ∶ E → ℂ
defined by  '(u) = exp(i⟨u, '⟩) where i =

√

−1, ⟨⋅, ⋅⟩ is the usual inner product in
L2([0, 1], dx) and ' ∶ [0, 1] → ℝ is any C2-function that vanishes at 0 and 1. Then

dΣ '(u) =
( i
2
⟨u, '′′⟩ − 1

2
‖'‖2L2([0,1],dx)

)

m(du) .

Assumptions on the sequence of approximating processes. We are now given a
sequence of Markov processes uN on some spaces EN . Each process uN admits an
invariant probability measure mN on EN which has full support. We let N ,N

�
denote its generator and resolvent operator, respectively.

Assumption 2.2 (State-space). Each EN is a subset of E and the distance function
toEN is achieved: namely, there exists a map �N ∶ E → EN such that for all x ∈ E

dE(x, �N (x)) = inf
y∈EN

dE(x, y) .

In addition, the measure mN converges weakly towards m asN →∞.

The map �N will be called a projection. Let us emphasize that we do not assume
that this projection is unique nor that it is continuous. Important examples satisfying
this assumption are:
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(1) EN is a finite subset of E: in this case existence of �N holds but uniqueness
typically fails,

(2) E is a Hilbert space and EN is a closed convex subset (for instance, a finite-
dimensional subspace): existence and uniqueness hold by the Projection
Theorem,

(3) E is a subset of a Banach space B (endowed with the same distance/norm),
and EN ⊂ E is a closed subset of a finite dimensional subspace of B: ex-
istence holds but uniqueness may fail. For instance, take E to be the subset
of all functions of the Banach space L1([0, 1], dx) that are non-negative a.e.,
and let EN is the subset of all non-negative functions that are constant on
[k∕N, (k + 1)∕N) for every k ∈ {0,… , N − 1}.

Below, we identify three conditions on the sequence uN that ensure that it con-
verges in law towards u.

Assumption 2.3 (Tightness). There exists a Polish space E− in which E is contin-
uously embedded, and such that, if each uN starts from its invariant measure mN ,
then the sequence of processes (uN )N is tight in D([0,∞), E−).

This assumption spares us from proving tightness in D([0,∞), E). In the appli-
cations presented later on, E− will be a Sobolev space with a negative index and the
proof of the tightness will follow from the Lyons-Zheng decomposition [LZ88] for
reversible Markov processes.

We turn to a regularity assumption on the sequence of resolvents that will allow us
to extract converging subsequences. We denote by Lip(EN ) the set of all Lipschitz
functions f ∶ EN → ℝ, that is, the set of all maps f such that

[f ]Lip(EN ) ∶= sup
x,y∈EN

|f (x) − f (y)|
dE(x, y)

<∞ .

Assumption 2.4 (Equicontinuity). For any given � > 0, there exists a constant
C > 0 such that for allN ≥ 1

[N
� f ]Lip(EN ) ≤ C[f ]Lip(EN ) ,

for all f ∈ Lip(EN ).

This is the main place where specific properties of the approximating process are
used. Indeed in the applications that we will present, this estimate will be derived by
probabilistic means, through finding a coupling under which the distance between
two copies of the process is a sub-martingale. The choice of the underlying space E
plays an important role here: for instance, for some particle systems, the difference
of the height functions of two evolving configurations decays stochastically in L1
but not in L2.

Finally, we spell out an assumption that can be viewed as an approximation of the
characterization of u.
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Assumption 2.5 (Discrete characterization and convergence). For any  ∈ , there
exists a finite complex measure Σ N on EN such that the following holds. For any
� > 0 and any f ∈ L2(EN , dmN ), N

� f satisfies the identity

−∫EN
F (u) (u)Σ N (du)+�∫EN

F (u) (u)mN (du) = ∫EN
f (u) (u)mN (du) , ∀ ∈  .

(2.4)
In addition, the finite complex measure Σ N converges weakly to Σ asN →∞.

In the particular casewhereEN is a finite set and provided is dense inL2(EN , dmN ),
equation (2.4) is always verified with  (u)Σ N (du) ∶= ∗N (u)m(du). Indeed in that
case the discussion after Assumption 2.1 is always rigorous since it only involves
finite dimensional vector spaces. The core of the above assumption is therefore the
convergence of the measure Σ N to Σ , or equivalently of the typically well defined
∗N (u) to the maybe only formal ∗ (u).
As one can guess, wewill pass to the limit on identity (2.4) along some converging

subsequence of resolvents (that can be extracted by Assumption 2.4) and we will
identify limit points using Assumption 2.1.

We now have all the ingredients at hand to state our main result.

Theorem 2.6. Let uN start from its invariant measure mN for every N ≥ 1. Given
Assumptions (2.1), (2.2), (2.3), (2.4) and (2.5), the sequence (uN )N converges in law
in D([0,∞), E−) to the process u starting from its invariant measure m.

Let us mention that in practice the convergence can be strenghtened: if the tight-
ness (Assumption 2.3) is established using moment bounds, and if one can establish
uniform in N moment bounds under the invariant measure mN , then interpolation
inequalities allow to lift the tightness in D([0,∞), F ) where F is a space that inter-
polates between E− and E. We refer to [DZ07, Lemma 5.2] for an application of
this idea.

The rest of this section is devoted to the proof of this result.

2.1. Reduction to an identity on the resolvents. Let ℙN be the law of uN starting
from mN and let ℙ be the law of u starting from m. From the tightness Assumption
2.3, all we need to prove is that any limit of a converging subsequence of (ℙN )N
matches with ℙ. We claim that this is the case provided the following holds.

Assume that for any n ≥ 1, any bounded functions f0, f1,… , fn ∈ Lip(E−) ⊂
Lip(E) and any �1,… , �n > 0, the following convergence holds

∫EN
f0(u0)N

�1

(

f1N
�2

(

… fn−1N
�n
fn
)

…
)

(u0)mN (du0)

⟶
N→∞ ∫E

f0(u0)�1

(

f1�2

(

… fn−1�nfn
)

…
)

(u0)m(du0) .
(2.5)

Let us prove this claim. Let P be the limit of a converging subsequence (ℙNi
)i. A

monotone class argument yields P = ℙ provided P (u(t1) ∈ A1;… ; u(t1+…+ tn) ∈
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An) = ℙ(u(t1) ∈ A1;… ; u(t1 +… tn) ∈ An) for any collection A1,… , An of closed
sets of E−, any collection t1,… , tn ≥ 0 and any integer n ≥ 1. Since the indicator
of any closed set of E− is the bounded pointwise limit of a sequence of bounded
Lipschitz functions on E−, it suffices to show that

P
[

f0(u0)
n
∏

j=1
fj(ut1+…+tj )

]

= ℙ
[

f0(u0)
n
∏

j=1
fj(ut1+…+tj )

]

, (2.6)

holds for all n and bounded f0, f1,… , fn ∈ Lip(E−). By the uniqueness of the
Laplace transform of finite measures on ℝn

+, it boils down to proving
2

∫(0,∞)n
e−

∑n
j=1 �j tjP

[

f0(u0)
n
∏

j=1
fj(ut1+…+tj )

]

dt1… dtn

=∫(0,∞)n
e−

∑n
j=1 �j tjℙ

[

f0(u0)
n
∏

j=1
fj(ut1+…+tj )

]

dt1… dtn ,
(2.7)

for any n ≥ 1, any �1,… , �n > 0 and any bounded f0, f1,… , fn ∈ Lip(E−).
The Markov property applied to the process uN shows that

∫EN
f0(u0)N

�1

(

f1N
�2

(

… fn−1N
�n
fn
)

…
)

(u0)mN (du0)

=∫(0,∞)n
e−

∑

j �j tjℙN

[

f0(u0)
n
∏

j=1
fj(ut1+…+tj )

]

dt1… dtn .
(2.8)

The weak convergence of ℙNi
towards P ensures that the r.h.s. converges, along the

subsequenceNi, to

∫(0,∞)n
e−

∑

j �j tjP
[

f0(u0)
n
∏

j=1
fj(ut1+…+tj )

]

dt1… dtn . (2.9)

On the other hand, the identity (2.5) ensures that the l.h.s. of (2.8) converges to

∫E
f0(u0)�1

(

f1�2

(

… fn−1�nfn
)

…
)

m(du0)

=∫(0,∞)n
e−

∑

j �j tjℙ
[

f0(u0)
n
∏

j=1
fj(ut1+…+tj )

]

dt1… dtn ,

as N → ∞. Therefore, we have established (2.7), and the equality ℙ = P follows.
We have thus reduced the proof of Theorem 2.6 to the proof of (2.5).

2Of course P
[

f0(u0)
∏n

j=1 fj(ut1+…+tj )
]

dt1… dtn is not a finite measure, but

e−
∑n
j=1 tj"P

[

f0(u0)
∏n

j=1 fj(ut1+…+tj )
]

dt1… dtn is a finite measure on ℝn for any given " > 0.
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2.2. Some technical tools. In this paragraph, we collect some technical tools that
will eventually allow us to extract converging subsequences from the sequence of
discrete resolvents, and to pass to the limit on integrals involving these discrete re-
solvents against the discrete invariant measures. It turns out that our setting requires
some care since continuous maps onEN cannot be canonically lifted into continuous
maps onE. This is because in Assumption 2.2 we assumed existence of a projection
�N from E to EN without requiring its continuity. (It is worth keeping in mind that
�N cannot be continuous when EN is a discrete subset of a continuous set E).

Interestingly, our assumptions imply that the amplitude of the possible jumps of
the projection �N “vanish” as N → ∞. More precisely, for every set G ⊂ E, we
denote by G" the open set of all the points in E lying at a distance smaller than "
from G. For all " > 0, the weak convergence of mN to m implies that

E = lim
N→∞

E"
N . (2.10)

Indeed, for all x ∈ E and all " > 0, if we denote by B(x, ") the open ball in E
centered at x and of radius ", then we have

m
(

B(x, ")
)

≤ lim
N→∞

mN
(

B(x, ")
)

.

Since m has full support on E, we deduce that the l.h.s. is strictly positive so that,
for allN large enough B(x, ") ∩EN ≠ ∅, thus ensuring that x ∈ E"

N for allN large
enough. This implies that for allN large enough and all x, y ∈ E, d(�N (x), �N (y)) ≤
d(x, y) + 2" where we write d instead of dE to lighten notations.

We can now state a modification of Arzelà-Ascoli’s theorem.

Theorem 2.7 (Modified Arzelà-Ascoli’s theorem). Let FN ∶ EN → ℝ, N ≥ 1 be a
collection of uniformly bounded and equicontinuous maps, i.e. supN≥1 ‖FN‖∞ <∞
and

!(�) ∶= sup
N≥1

{

|FN (x) − FN (y)| ∶ x, y ∈ EN , d(x, y) ≤ �
}

, (2.11)

goes to 0 as � ↓ 0. Then, there exists a bounded and equicontinuous map F ∶ E →
ℝ, as well as a subsequence (Nj)j≥1 such that:

(1) For any compact set J ⊂ E , supx∈J∩ENj |F (x) − FNj
(x)| → 0 as j →∞,

(2) FNj

(

�Nj
x
)

converges to F (x) for all x ∈ E.

Remark 2.8. The proof shows that the modulus of continuity of F is bounded by
!(3 ⋅), and can be adjusted to show that it is actually bounded by !((1+ �)⋅) for any
� > 0. In particular, if the FN are uniformly Lipschitz, so is F .

Remark 2.9. In the case where EN is a finite dimensional subspace of a Hilbert
space E, the projection �N is 1-Lipschitz and then the classical Arzelà-Ascoli the-
orem can be applied to the sequence FN (�N ⋅). In our more general setting, this is
unfortunately not the case.

Proof. Let (xi)i≥1 ⊂ E be a dense sequence. By a diagonal argument, there exists
a subsequence Nj → ∞ such that, for every i ≥ 1, FNj

(�Nj
xi) converges to a limit,
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that we call F (xi). Necessarily, supi |F (xi)| ≤ supN ‖FN‖∞ < ∞. Fix i ≠ l ≥ 1.
From (2.10), we deduce that both d(xi, �Nj

xi) and d(xl, �Nj
xl) are smaller than

d(xi, xl)∕2 as soon as j is large enough. Then, we have

|F (xi) − F (xl)| = lim
j→∞

|FNj
(�Nj

xi) − FNj
(�Nj

xl)| ≤ !
(

2 d(xi, xl)
)

. (2.12)

Let x ∈ E. For each k ≥ 1, let ik ≥ 1 be such that x ∈ B(xik , k
−1). Using

(2.12), it is then elementary to check that F (xik), k ≥ 1 is a Cauchy sequence. Let
F (x) be its limit: using (2.12), it is straightfoward to check that this definition does
not depend on the choice of the sequence ik, and that it matches with the map F
already defined on {xi, i ≥ 1}. Using (2.12) once again, it is simple to obtain the
bound |F (x) − F (y)| ≤ !

(

3 d(x, y)
)

for all x, y ∈ E. The function F is therefore
equicontinuous on E.
Let J be a compact set of E. For any k ≥ 1, there exists pk ≥ 1 such that

∪i≤pkB(xi, k
−1) covers J . By (2.10), taking j = j(k) large enough, for all i ∈

{1,… , pk} we have xi ∈ E
1∕k
Nj

together with

|FNj
(�Nj

xi) − F (xi)| ≤
1
k
. (2.13)

Let x ∈ J . There exists ik ≤ pk such that d(x, xik) ≤ k−1. Then, for all j large
enough we get

|F (x) − FNj
(�Nj

x)| ≤ |F (x) − F (xik)| + |F (xik) − FNj
(�Nj

xik)|
+ |FNj

(�Nj
xik) − FNj

(�Nj
x)|

≤ !
(

3k−1
)

+ k−1 + !
(

2k−1 + d(x, �Nj
x)
)

.

If x ∈ J ∩ENj
, then x = �Nj

x and the first assertion of the theorem follows. Regard-
ing the second assertion, fix x ∈ E and observe that we can apply the previous argu-
ments to J = {x}. By (2.10), we know that for all j large enough d(x, �Nj

x) ≤ k−1

and therefore the previous bound ensures that FNj
(�Nj

x) converges to F (x). This
ends the proof. �

We conclude this section by a criteria for “diagonal” convergence where both the
measure and the integrand depend onN . The proof is very close to [Zam01, Lemma
1].

Lemma 2.10. Let  ∶ E → ℂ be a bounded and continuous function. Let FN ∶
EN → ℝ, N ≥ 1 be a sequence of uniformly bounded and equicontinuous maps in
the sense of Proposition 2.7, and assume that FN (�N ⋅) converges m-almost every-
where to some bounded continuous map F ∶ E → ℝ. Suppose that �N is a sequence
of complex finite measures on eachEN , that converges weakly to some complex finite
measure � on E. Then ∫ FN d�N → ∫ F d�.

Proof. Without loss of generality, we can assume that 0 ≤ FN ≤ 1, 0 ≤  ≤ 1 and
that the measures �N are real-valued and non-negative. LetNj , j ≥ 1 be a sequence
going to∞. By Theorem 2.7, we can extract a subsubsequenceFNij

such that the two
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assertions of the theorem are satisfied with the limit being necessarily the function
F by continuity. The tightness of the sequence �Nij

implies that for every n ≥ 1,

there exists a compact set Jn such that limj �Nij

(

J cn
)

≤ n−1. Using the fact that �Nij

is supported by ENij
, we write

∫E
FNij

 d�Nij
≤ �Nij

(

J cn
)

+ ∫Jn

(

FNij
(�Nij

⋅) − F (⋅)
)

 d�Nij
+ ∫Jn

F d�Nij
.

(2.14)
The first assertion of the theorem and the boundedness of  imply that

lim
j ∫Jn

|FNij
(�Nij

⋅) − F (⋅)| d�Nij
= 0. (2.15)

The weak convergence of F �N towards F � ensures that

lim
j ∫Jn

F d�Nij
≤ ∫Jn

F d�. (2.16)

Therefore, we get

lim
j ∫E

FNij
 d�Nij

≤ 1
n
+ ∫E

F d� . (2.17)

Passing to the limit on n, we obtain limj ∫ FNij
 d�Nij

≤ ∫ F d�. Upon replacing
FN by 1−FN , one obtains limj ∫ FNij

 d�Nij
≥ ∫ F d�. This ends the proof. �

2.3. Convergence of the resolvents. We come back to our original goal: the proof
of (2.5). It boils down to the following lemma.

Lemma 2.11. Let gN ∶ EN → ℝ, N ≥ 1 be a sequence of uniformly bounded and
uniformly Lipschitz maps, that converges m-a.e. to some bounded Lipschitz function
g ∶ E → ℝ. Then, for all � > 0, the mapN

� gN (�N ⋅) converges pointwise to�g(⋅)
asN → ∞.

Proof. Using Assumption 2.4, we know that the sequence FN (⋅) = N
� gN (⋅), N ≥

1, is uniformly bounded and equicontinuous in the sense of Theorem 2.7. Further-
more Assumption 2.5 states that for all  ∈ 

−∫EN
FN (u) (u)Σ

 
N (du) + �∫EN

FN (u) mN (du) = ∫EN
gN (u) (u)mN (du) .

Let FNi
, Ni ≥ 1 be an arbitrary subsequence. By Theorem 2.7, there exists a

bounded Lipschitz map F on E and a subsubsequence FNij
converging to F in the

sense of the statement. The weak convergences of Σ N and mN to Σ and m (guar-
anteed by Assumptions 2.5 and 2.2), together with the regularity properties of the
integrands are sufficient to apply Lemma 2.10 along the subsubsequence Nij and
deduce that

−∫E
F (u) (u)Σ (du) + �∫E

F (u) (u)m(du) = ∫E
g(u) (u)m(du) .
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Since this holds for all  ∈ , Assumption 2.1 ensures that F = �g. Since the
subsequenceNi was arbitrary, we can conclude. �

A recursion based on Lemmas 2.10 and 2.11 then yields (2.5).

3. THE ZERO-RANGE PROCESS

For pedagogical reasons, we show first how our method works when applied to the
one-dimensional zero-range process. In this case, the convergence of the fluctuation
process is already known (see [KL99, Chap. 11] and references therein), which
allows the reader to compare our new approach to the classical one. Note that we
bypass entirely the need to prove the so-called “Boltzmann-Gibbs principle” ([KL99,
Sec. 11.1]). The equicontinuity of the resolvents will follow from amodel dependent
but very soft argument, while the “replacement” part of the proof, Assumption 2.5,
uses technical but routine local CLT results.

3.1. Model and notations. A configuration n is a map from the lattice {1,… , N}
to ℕ and we interpret n(i) as a number of particles at site i. The jump rate of the
particles is given by a function � ∶ ℕ → ℝ+ on which we assume: (1) �(0) = 0, (2)
� is a non-decreasing function, (3) � grows at most polynomially at infinity. (The
second hypothesis implies attractiveness).

The dynamics is as follows: at rate N2�(n(i)) a Poisson clock rings at site i
and when this happens a particle jumps right or left by one step, each with prob-
ability 1∕2, except for i = 1 (resp. i = N) in which case the jump to the left
(resp. to the right) is not allowed. In other words, at rate N2�(n(i))∕2, (n(i), n(i +
1)) → (n(i) − 1, n(i + 1) + 1) whenever i ∈ {1,… , N − 1} and at the same rate
(n(i), n(i − 1)) → (n(i) − 1, n(i − 1) + 1) whenever i ∈ {2,… , N}.

Define the probability measure

�a(k) ∶=
1
Za

ak
∏k

i=1 �(i)
, k ∈ ℕ , Za ∶=

∑

j≥0

aj
∏j

i=1 �(i)
.

Let a∗ ∶= sup{a > 0 ∶ Za < ∞}. Depending on the growth rate of the function
�, this quantity is either finite or infinite. We introduce R(a) ∶=

∑

k k�a(k), the first
moment of �a, and R∗ ∶= lima↑a∗ R(a). We then let Φ ∶ (0, R∗) → (0, a∗) be the
reciprocal of R: for any parameter n ∈ (0, R∗), the measure �Φ(n) has mean n. Given
some n ∈ (0, R∗), the above dynamics, restricted to the set ΩN,n of configurations
with ⌊Nn⌋ particles, admits a unique invariant (and reversible) probability measure

�N,n(n) =
C(n,N)

∏N
i=1

∏n(i)
j=1 �(j)

, ∀n = (n(1),… , n(N)) ∈ ΩN,n .

This measure is nothing but the product measure of the �a conditioned to ΩN,n, for
any arbitrary parameter a ∈ (0, a∗). Let us point out however that a “natural” choice
of parameter a would be Φ(n).
From now on, n ∈ (0, R∗) is fixed but arbitrary.



14 CYRIL LABBÉ, BENOÎT LASLIER, FABIO TONINELLI, AND LORENZO ZAMBOTTI

Given an evolving configuration (nN (t, i), t ≥ 0, i ∈ {1,… , N}), we introduce
the evolving height function as follows

uN (t, x) ∶=
1

√

N

⌊xN⌋

∑

k=1

(

nN (t, k) − n
)

, x ∈ [0, 1] . (3.1)

It turns out that it is convenient to work on the Banach space E = L1([0, 1], dx).

Since the mapping nN → uN is bijective, (uN (t), t ≥ 0) is a Markov process tak-
ing values in E. We let N be its generator, mN its invariant probability measure,
and N the associated Dirichlet form under the invariant measure mN . Note that uN
actually takes values in a finite set EN ⊂ E.

For later purposes, we derive some scaling limits under the invariant measure.
These limits depend on a couple of parameters defined as follows. Set a ∶= Φ(n)
and
� = E�a[�(n)] =

∑

k
�(k)�a(k) , � = Cov�a(n, �(n)) =

∑

k
(k − n)(�(k) − �)�a(k) ,

� = Var�a(n) =
∑

k
(k − n)2�a(k) , 
 = Var�a(�(n)) =

∑

k
(�(k) − �)2�a(k) .

Elementary computations show that
� = � = a . (3.2)

Given a configuration nN we introduce the height function associated to the field of
jump rates:

qN (x) ∶=
1

√

N

⌊xN⌋

∑

k=1
(�(nN (k)) − �) , x ∈ [0, 1] .

Lemma 3.1. The pair (uN , qN ), under the probability measuremN , converges in law
to a centered Gaussian process (�(x), �(x))0≤x≤1 whose covariance is characterized
by

Cov(�(s), �(t)) = �min(s, t)(1 − max(s, t)) , Cov(� (s), �(t)) = 
 min(s, t) −
�2

�
st ,

Cov(�(s), �(t)) = �min(s, t)(1 − max(s, t)) .
In addition the following bounds hold: for all p ≥ 1
sup
N
mN [ sup

x∈[0,1]
|uN (x)|p] <∞ , sup

N
mN [ sup

x∈[0,1]
|qN (x)|p] <∞ , sup

N
mN [�(n(1))p] <∞ .

This result implies that 1
√

�
� is a standard Brownian bridge on [0, 1], and that

� − �
�
� is a centered Gaussian process independent of �.

Proof. To prove the convergence of (uN , qN ) undermN , one first considers the prod-
uct law �N ∶= ⊗N

k=1�a with a = Φ(n). It is standard to prove that under
3 �N , the pair

3with minor abuse of notation, we let �N denote also the law of (uN , qN ) when nN has law �N
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(uN , qN ) converges towards a centered Gaussian process (B,Z) with covariance

Cov(B(s), B(t)) = �min(s, t) , Cov(Z(s), Z(t)) = 
 min(s, t) ,
Cov(B(s), Z(t)) = �min(s, t) .

(B and Z are scaled and correlated Brownian motions). At this point, we observe
thatZ = �

�
B+Z ′ whereZ ′ is a centered Gaussian process independent of B. Con-

sequently if we let (�, �) be the centered Gaussian process obtained by conditioning
(B,Z) to B(1) = 0, then � is a scaled Brownian Bridge and � = �

�
� + Z ′, with �

independent of Z ′. The covariance structure of the statement follows.
We now concentrate on the proof of the convergence of uN under mN towards �: the
extension to the convergence of the pair (uN , qN ) under mN is relatively straightfor-
ward. By [Pet75, Th.1 Chap VII] a Local Limit Theorem holds: for all x ∈ (0, 1], if
we let kN ∶= ⌊xN⌋ then

sup
y∈ℕ−kNn

√

N

|

|

|

√

N�N (uN (kN∕N) = y) − g�x(y)
|

|

|

→ 0 , N →∞ , (3.3)

where g�2 denotes the density of the centered Gaussian of variance �2. The in-
dependence and stationarity of the increments allows to extend this LLT to finite
dimensional marginals.
Following an observation made earlier in this subsection and given the definition of
uN , we have

mN = �N (⋅ ∣ uN (1) = �N ) , �N ∶=
1

√

N
(⌊Nn̄⌋ −Nn̄) .

This allows to deduce the following uniform inN absolute continuity result. There
exists a constant C > 0 such that for all N large enough and all non-negative and
measurable map f ∶ ℝkN → ℝ+

mN
[

f (uN (1∕N),… , uN (kN∕N))
]

≤ C�N
[

f (uN (1∕N),… , uN (kN∕N))
]

(3.4)

where kN ∶= ⌈N∕2⌉. Indeed, C can simply be taken to be the supremum over all
N large enough of

sup
y∈ℕ−kNn

√

N

�N (uN (1) − uN (kN∕N) = −y)
�N (uN (1) = 0)

= sup
y∈ℕ−kNn

√

N

�N (uN (1 − kN∕N) = −y)
�N (uN (1) = 0)

,

and this quantity is finite thanks to (3.3).
Let us now establish that the sequence (uN )N is tight. Actually, our proof will also
establish the moment bounds of the statement on the expectation of the suprema of
uN . To that end, we establish an estimate on the Hölder semi-norm of uN : for any
� ∈ (0, 1∕2) and p ≥ 1

lim sup
N≥1

sup
k≠l∈{1,…,N}

mN

[(

|uN (k∕N) − uN (l∕N)|

|

k
N
− l

N
|

�

)p]

< ∞ . (3.5)
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By symmetry and using the triangle inequality, we can assume that k,l ≤ N∕2.
From the uniform absolute continuity (3.4), it suffices to establish (3.5) under �N
rather than mN . This estimate follows from standard techniques, using the fact that
under �a, n − n̄ admits moments of all orders.
Let us now deduce the convergence of the finite dimensional marginals of uN un-
der mN towards those of �. For simplicity, let us concentrate on one-dimensional
marginals. Fix a < b and x ∈ (0, 1), and set kN ∶= ⌊xN⌋. We compute

mN
(

a < uN (kN∕N) < b
)

=
∑

y∈ℕ−kNn
√

N
∶a<y<b

mN (uN (kN∕N) = y)

=
∑

y∈ℕ−kNn
√

N
∶a<y<b

�N (uN (kN∕N) = y)�N (uN (1 − kN∕N) = −y + �N )
�N (uN (1) = �N )

.

Now observe that
inf
y∈(a,b)

g�x(y) > 0 , inf
y∈(a,b)

g�(1−x)(−y + �N ) > 0 , g�(�N )→ g�(0) > 0 .

Consequently the LLT (3.3) allows to write (with o(1) being uniform over all y in
the sum)

mN
(

a < uN (kN∕N) < b
)

=
∑

y∈ℕ−kNn
√

N
∶a<y<b

1
√

N

g�x(y)g�(1−x)(−y + �N )
g�(�N )

(1 + o(1))

→ ∫a<y<b

g�x(y)g�(1−x)(−y)
g�(0)

dy = ℙ(a < �(x) < b) .

Combined with the bound (3.5) already established, this is sufficient to deduce that
the law of uN (x) under mN converges to that of �(x).
Let us finally establish the bound on the moments of �(n(1)). From the absolute
continuity (3.4), it is sufficient to prove

lim sup
N

�a[�(n(1))p] <∞ ,

and this follows from the fact that � grows at most polynomially at infinity. �

Note that Lemma 3.1 implies that Assumption 2.2 holds (recall item (3) in the
discussion after the formulation of that assumption).

3.2. The SPDE. Consider the solution u of
{

)tu = c)2xu + �� , x ∈ [0, 1] , t ≥ 0 ,
u(t = 0, ⋅) = u0(⋅) ,

(3.6)

endowed with Dirichlet b.c., where c, � > 0 are some constants, � is a gaussian
space-time white noise and u0 is some initial condition in E = L1([0, 1], dx). (We
refer to Subsection 4.1 for the precise meaning given to such an equation).

The process u admits a unique invariant and reversible measure mc,� which is the
law of a scaled Brownian bridge (pinned at 0 at x ∈ {0, 1}). More precisely, let
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Y (x), x ∈ [0, 1] be a standard Brownian bridge then mc,� is the law of
√

�2

2c
Y .

Since u is a Feller process, it is associated to a strongly continuous semigroup
Pt in L2(E,m), the latter being the space of all maps F ∶ E → ℝ that are square
integrable against m. The general theory ensures that Pt gives rise to a generator ,
a Dirichlet form  and resolvents�, � > 0.

Our next result shows that Assumption 2.1 is satisfied for the process u(t, ⋅). The
class  is taken to be the set of all functions  '(u) ∶= exp(i⟨u, '⟩), where ' ∶
[0, 1] → ℝ is a C2 function compactly supported in (0, 1), and where ⟨⋅, ⋅⟩ is the
inner product in L2([0, 1], dx).

Proposition 3.2. Let f ∈ L2(E, dm) be a Lipschitz function from E to ℝ. For
any � > 0, �f is the unique element of L2(E, dm) such that for any C2 function
' ∶ [0, 1]→ ℝ with compact support in (0, 1), the following holds:

∫ �f (u) '(u)
(

� + �2

2
‖'‖2L2 − ic⟨u, '

′′
⟩

)

m(du) = ∫ f (u) '(u)m(du) . (3.7)

As a consequence Assumption 2.1 is satisfied with the class  and the measures

Σ '(du) =
(

ic⟨u, '′′⟩ − �2

2
‖'‖2L2

)

dm(u) ,  ' ∈  . (3.8)

Such a result is certainly not new, but for the sake of completeness we provide
a proof. Let us emphasize that the uniqueness part relies on elementary facts on
finite-dimensional Ornstein-Uhlenbeck processes.

Proof. Step 1: extension to more general '. Assume that some map F ∈ L2(E, dm)
satisfies for all C2 function ' with compact support in (0, 1)

∫ F (u) '(u)
(

� + �2

2
‖'‖2L2 − ic⟨u, '

′′
⟩

)

m(du) = ∫ f (u) '(u)m(du) . (3.9)

Let us show that it remains true for allC2 function' that is not necessarily compactly
supported in (0, 1) but only vanishes at the boundaries. First of all, it is not hard to
prove the following moment bound on the Brownian bridge: for any given p ≥ 1

m
[

sup
x∈[0,2∕n]∪[1−2∕n,1]

|u(x)|p
]

≲ (1∕n)p∕2 .

uniformly over all n ≥ 1. Now let �n ∶ [0, 1] → [0, 1] be a smooth function that
equals 1 on [2∕n, 1 − 2∕n] and 0 outside [1∕n, 1 − 1∕n] and such that there exists
C > 0 such that for all n ≥ 1

sup
x
|� ′n(x)| ≤ Cn , sup

x
|� ′′n (x)| ≤ Cn2 .

Set 'n(x) ∶= '(x)�n(x). Then (3.9) evaluated at 'n converges to the same equation
with '. The only delicate term comes is ⟨u, '⟩, let us provide the details. Since
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' − 'n vanishes outside In ∶= [0, 2∕n] ∪ [1 − 2∕n, 1] we find

∫
|

|

|

F (u) '(u)⟨u, ('′′ − '′′n )⟩
|

|

|

m(du)

≤
(

∫ F (u)2m(du)
)1∕2

m
[

sup
x∈In

|u(x)|2
]1∕2

∫[0,2∕n]∪[1−2∕n,1]
|

|

|

'′′(1 − �n) + 2'′� ′n + '�
′′
n
|

|

|

.

The product of the first two terms go to 0 as n→ ∞. Since ' vanishes at 0 and 1, it
is of order 1∕n on In, and the integral can be bounded by a term of order 1 uniformly
over all n ≥ 1.
Step 2: existence. The general theory [MR92, Th I.2.8] ensures that�f is the only
F ∈ () satisfying

(F , g) + �∫ F (u)g(u)m(du) = ∫ f (u)g(u)m(du) , (3.10)

for all g ∈ (), the latter being the domain of the Dirichlet form. The general
theory again ensures that for any g ∈ (), the domain of the generator, it holds

(�f, g) = −∫ �f (u)g(u)m(du) .

Assume for now that  ' belongs to (), and that

 '(u) =  '(u)
(

ic⟨u, '′′⟩ − �2

2
‖'‖2L2

)

.

Combining the last three identities, and using the general fact that () ⊂ (),
we deduce that�f satisfies (3.7).
Step 3: computation of '. Let us show that ' belongs to(). Instead of identi-
fying explicitly the domain of the generator, we prove that the following convergence
holds in L2(E, dm)

Pt ' −  '
t

(u)→  '(u)
(

ic⟨u, '′′⟩ − �2

2
‖'‖2L2

)

, t ↓ 0 .

Recall that the Markov process u(t, ⋅) can be built as the solution of (3.6). From this
evolution equation, we deduce that

d⟨u(t, ⋅), '⟩ = c⟨u(t, ⋅), '′′⟩dt + �‖'‖L2dB(t) ,

where B is a Brownian motion. Since Pt '(u0) = E[ei⟨u(t,⋅),'⟩ ∣ u(t, 0) = u0], an
explicit computation yields the desired result.
Step 4: uniqueness. Let us show that this is the unique L2(E, dm)map that satisfies
this identity. Given the first step above, it suffices to prove that if F ∈ L2(E, dm)
satisfies

∫ F (u) '(u)
(

� + �2

2
‖'‖2L2 − ic⟨u, '

′′
⟩

)

m(du) = 0 ,

for all C2 function ' that vanishes at the boundaries, then F = 0.
Let F be such a function. Let e� be a normalized eigenfunction of the Dirichlet
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Laplacian on [0, 1] associated with some eigenvalue −� ≤ 0. For t ∈ ℝ, set ' ∶=
te�. Then

 '(u)(� +
�2

2
‖'‖2L2 − ic⟨u, '

′′
⟩) = eit⟨u,e�⟩(� + t2�

2

2
+ i�ct⟨u, e�⟩) .

Writing x ∶= ⟨u, e�⟩ and g(x) ∶= eitx, we observe that the last expression coincides
with (� − OU )g(x), where OU is the generator of the 1-d Ornstein-Uhlenbeck
process

dX(t) = −�cX(t)dt + �dB(t) .

Its invariant probability measure mOU is the pushforward of m through u ↦ ⟨u, e�⟩.
Let � be the sigma-field on E generated by this last map and let F� ∶ ℝ → ℝ be
the measurable map s.t. m[F ∣ �](u) = F�(⟨u, e�⟩). We have shown that

∫ℝ
F�(x)(� − OU )g(x)dmOU (x) = ∫E

F (u) '(u)
(

� + �2

2
‖'‖2L2 − ic⟨u, '

′′
⟩

)

m(du) = 0 .

As a consequence

∫ F�(x)(� − OU )ℎ(x)mOU (dx) = 0 ,

for all ℎ in the vector space spanned by {x ↦ eitx ∶ t ∈ ℝ}. By approximation
arguments, for any f ∈ L2(ℝ, dmOU ) there exists a sequence ℎn in the latter vector
space s.t. ‖(�−OU )ℎn−f‖L2(ℝ,dmOU ) goes to 0 as n →∞ and this suffices to deduce
that

∫ F�(x)f (x)mOU (dx) = 0 .

Consequently F� = 0 mOU -a.e., and in turn m[F ∣ �] = 0 m-a.e.
The very same arguments applies if we consider finitely many e�i simultaneously.
More precisely, if we enumerate the eigenvalues of the Dirichlet Laplacian 0 >
−�1 > −�2 > … and if we let n be the sigma-field on E generated by the maps
u ↦ ⟨u, e�1⟩, …, u ↦ ⟨u, e�n⟩, then m[F ∣ n] = 0 m-a.e. for any n ≥ 1. As a
consequence m[F ∣ ∞] = 0 m-a.e., where ∞ is the smallest �-field generated by
all the n, n ≥ 1 augmented with allm-null sets. Now we observe thatL2 ⊂ L1 = E
and that m(L2) = 1. Since the (e�n)n≥1 is a Hilbert basis of L

2, we deduce that for
m-a.e. u

F (u) = F
(

∑

n≥1
⟨u, e�n⟩e�n

)

.

We thus deduce that F coincides m-a.e. with a ∞-measurable map. Consequently
F = m[F ∣ ∞] = 0 m-a.e. �

3.3. Equicontinuity. Assume that for any v,w ∈ ΩN,n there exists a coupling of
the processes uvN and uwN starting respectively from v and w such that:

E[‖uvN (t, ⋅) − u
w
N (t, ⋅)‖L1] ≤ ‖v −w‖L1 . (3.11)
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Then we deduce that for any f ∈ Lip(EN )

|N
� f (v) −N

� f (w)| ≤ ∫

∞

0
e−�tE[|f (uvN (t, ⋅)) − f (u

w
N (t, ⋅))|]dt

≤ [f ]Lip(EN ) ∫

∞

0
e−�tE[‖uvN (t, ⋅) − u

w
N (t, ⋅)‖L1]dt

≤ �−1[f ]Lip(EN )‖v −w‖L1 ,

and Assumption 2.4 is proved.

Remark 3.3. Note that, if the r.h.s. of (3.11) were replaced by ‖v − w‖L1 times a
function that grows less than exponentially in t, Assumption 2.4 would still follow.

We are thus left with constructing the above coupling. Actually we will construct
a coupling of all processes uvN , v ∈ ΩN,n such that

(1) it preserves the ordering of the height functions: if v ≥ w then uvN (t, ⋅) ≥
uwN (t, ⋅) at all times t ≥ 0,

(2) for any v,w, at all times t ≥ 0 E[‖uvN (t, ⋅) − u
w
N (t, ⋅)‖L1] ≤ ‖v −w‖L1 .

To do so, consider a collection of independent Poisson clocks P k
i,i+1, i ∈ {1,… , n−

1}, k ≥ 1 and P k
i,i−1, i ∈ {2,… , n}, k ≥ 1 of rates 1

2
(�(k) − �(k − 1)). With these

Poisson clocks at hand, we can construct the processes nvN in the following way. If
P k
i,i±1 rings at time t then for all v such that nvN (t−, i) ≥ k we apply the following

transition: nvN (t, i) = n
v
N (t−, i) − 1 and n

v
N (t, i ± 1) = n

u0
N (t−, i ± 1) + 1.

It is then elementary to check that this coupling preserves the ordering of the height
functions. Regarding the second property, we first consider the particular case where
v ≥ w. Then at all times t ≥ 0

‖uwN (t, ⋅) − u
v
N (t, ⋅)‖L1 =

N
∑

i=1

1
N

(

uvN (t, i) − u
w
N (t, i)

)

.

Consequently

)tE[‖uvN (t, ⋅) − u
w
N (t, ⋅)‖L1] =

N−1
∑

i=1

1
N

E[N

(

uvN (t, i) − u
w
N (t, i)

)

] .

Since
E[Nu

v
N (t, i)] =

N3∕2

2
E[�(nvN (t, i + 1)) − �(n

v
N (t, i))] ,

and similarly with w, we obtain

)tE[‖uvN (t, ⋅) − u
w
N (t, ⋅)‖L1]

=

√

N
2

E[�(nvN (t,N)) − �(n
w
N (t,N))] −

√

N
2

E[�(nvN (t, 1)) − �(n
w
N (t, 1))] . (3.12)

Since uvN (t, ⋅) ≥ uwN (t, ⋅) and since the total number of particles is the same in both
configurations, we deduce that

nvN (t,N) ≤ nwN (t,N) , nvN (t, 1) ≥ nwN (t, 1) .
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Since k ↦ �(k) is non-decreasing, we deduce that )tE[‖uvN (t, ⋅) − u
w
N (t, ⋅)‖L1] ≤ 0

so that E[‖uvN (t, ⋅) − u
w
N (t, ⋅)‖L1] ≤ ‖v −w‖L1 .

Let us now consider the general case where v,w are not necessarily ordered. We
introduce the configurations

max(i) ∶= v(i) ∨w(i) , min(i) ∶= v(i) ∧w(i) .

Our coupling ensures that

uminN (t, ⋅) ≤ uvN (t, ⋅), u
w
N (t, ⋅) ≤ umaxN (t, ⋅) .

In addition
‖v −w‖L1 = ‖max−min ‖L1 .

From the first part of the argument, we thus deduce

E[‖uvN (t, ⋅)−u
w
N (t, ⋅)‖L1] ≤ E[‖umaxN (t, ⋅)−uminN (t, ⋅)‖L1] ≤ ‖max−min ‖L1 = ‖v−w‖L1 .

3.4. Discrete characterization and convergence. The goal of this subsection is
to check that Assumption 2.5 is fulfilled. Recall the parameters introduced above
Lemma 3.1. We set

c ∶=
�
2�

, � ∶=
√

� , (3.13)

and we let m = mc,� be the law on E of a scaled Brownian bridge, as introduced in
Subsection 3.2.

Recall that  is the set of all maps  '(u) = exp(i⟨u, '⟩), u ∈ E, where ' is a C2

function from [0, 1] into ℝ compactly supported in (0, 1). Recall the definition of
the measure Σ ' from Subsection 3.2

Σ '(du) =
(

ic⟨u, '′′⟩ − �2

2
‖'‖2L2

)

m(du) .

We set
 '(u)Σ

 '
N (du) ∶= N '(u) ⋅ mN (du) .

Proposition 3.4. The measure Σ 'N converges weakly towards Σ ' in the set of finite
complex measures on E.

Proof. We need to show that for any bounded and continuous function F ∶ E → ℝ

∫E
F (u)Σ 'N (du)→ ∫E

F (u)Σ '(du) , N → ∞ .

From now on, F will implicitly be such a function. Moreover, ' is a C2 function
compactly supported in (0, 1). In the computations below, some boundary terms
will therefore vanish providedN is large enough: we will always assume this is the
case, and we will not display these boundary terms.



22 CYRIL LABBÉ, BENOÎT LASLIER, FABIO TONINELLI, AND LORENZO ZAMBOTTI

We have

N '(u) =
N−1
∑

k=1
N2�(nk) '(u)

⎛

⎜

⎜

⎜

⎝

e
i

√

N
∫

k
N
k−1
N

'(x)dx
+ e

− i
√

N
∫
k+1
N
k
N

'(x)dx

2
− 1

⎞

⎟

⎟

⎟

⎠

=
N−1
∑

k=1
N2�(nk) '(u)(I1 + I2 + I3) ,

where

I1 = −
i

2N3∕2

(

'
( k
N

)

− '
(k − 1
N

))

, I2 = −
1
2N3

'2
( k
N

)

, I3 = O(N−7∕2) .

Let us control the term provided by I2, that is

− ∫E
1
2N

N−1
∑

k=1
�(nk) '(u)'2(k∕N)F (u)mN (du)

= − �
2 ∫E

1
N

N−1
∑

k=1
 '(u)'2(k∕N)F (u)mN (du)

− 1
2N ∫E

N−1
∑

k=1
(�(nk) − �) '(u)'2(k∕N)F (u)mN (du) .

The first term on the r.h.s. converges towards

−�
2 ∫E

F (u)‖'‖2m(du) .

The second term equals

− 1

2
√

N ∫E
 '(u)F (u)

(

N−1
∑

k=1
qN (

k
N
)['2( k

N
) − '2(k + 1

N
)]
)

mN (du) .

The last bound stated in Lemma 3.1 ensures that this quantity converges to 0 as
N →∞. Regarding I1, we first compute

−
N−1
∑

k=1
N2�(nk) '(u)

i
2N3∕2

(

'(k∕N) − '((k − 1)∕N)
)

= − i
2N

N−1
∑

k=1
N1∕2(�(nk) − �) '(u)N

(

'(k∕N) − '((k − 1)∕N)
)

= i
2N

N−1
∑

k=1
qN (k∕N)N2ΔN'(k∕N) '(u) ,

where ΔN'(k∕N) = '((k + 1)∕N) − 2'(k∕N) + '((k − 1)∕N). By Lemma 3.1,
this expression, multiplied by F and integrated against mN , converges to

i
2
E
[

F (�)⟨�, '′′⟩ '(�)
]

.
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Since � − �
�
� is a centered Gaussian process independent of �, we deduce that this

last expression coincides with

i
2
E
[

F (�)⟨
�
�
�, '′′⟩ '(�)

]

= i
2 ∫

F (u)
�
�
⟨u, '′′⟩ '(u)m(du) .

Finally, the term I3 has a negligible contribution. �

3.5. Tightness. LetH−� be the Sobolev space of all distributions f on (0, 1) such
that

‖f‖2H−� ∶=
∑

n≥1
n−2�⟨f, en⟩

2 <∞ ,

where (en)n≥1 is the usual eigenbasis of the Dirichlet Laplacian on [0, 1].
Note that L1 is continuously embedded in H−� as soon as � > 1∕2. The next

proposition shows that Assumption 2.3 is satisfied with E− = H−� for any � > 1.

Proposition 3.5. Take � > 1. The sequence uN , N ≥ 1 is tight in D([0,∞),H−�)
and all limiting points are in C([0,∞),H−�).

Proof. To obtain tightness inD([0,∞),H−�)with limiting points inℂ([0,∞),H−�)
it suffices to show that the sequence of initial laws uN (0, ⋅) is tight and that for all
T , � > 0 we have

lim
ℎ↓0

lim
N→∞

1
ℎ
sup
0≤s≤T

ℙ
(

sup
s≤t≤s+ℎ

‖uN (t) − uN (s)‖H−� > �
)

= 0 , (3.14)

see for instance [Bil99, Thm 13.2]. The former is immediate since we start from
the stationary measure mN that weakly converges to m. To check the latter condi-
tion, we apply the so-called Lyons-Zheng decomposition [LZ88] that exploits the
reversibility of the process w.r.t. its invariant measure. Fix some arbitrary T > 0.
Let t, t ≥ 0 be the filtration associated with uN (t), t ≥ 0, and let ̃t, t ∈ [0, T ] be the
filtration associated with the reversed process uN (T − t), t ∈ [0, T ]. For any n ≥ 1,
the process ûN (t, n) ∶= ⟨uN (t), en⟩ satisfies

ûN (t, n) − ûN (s, n) = ∫

t

s
N û(r, n)dr +MN (t, n) −MN (s, n) , (3.15)

where MN (t, n) is an t-martingale. Using the reversibility of the process, it is
simple to get the identity

ûN (T−(T−s), n)−ûN (T−(T−t), n) = ∫

T−s

T−t
N ûN (T−r, n)dr+M̃N (T−s, n)−M̃N (T−t, n) ,

(3.16)
where M̃N (t, n) is an ̃t martingale. Therefore,

ûN (t, n) − ûN (s, n) =
1
2

(

MN (t, n) −MN (s, n) + M̃N (T − t, n) − M̃N (T − s, n)
)

.
(3.17)
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Using the Burkhölder-Davis-Gundy inequality (see for instance [LLP80]) to themar-
tingales we deduce that for all p ≥ 2

EN
[

sup
t∈[s,s+ℎ]

|

|

|

MN (t, n) −MN (s, n)
|

|

|

p] 1p ≲ EN
[

sup
t∈[s,s+ℎ]

⟨

MN (⋅, n) −MN (s, n)
⟩

p
2
t

]
1
p

+ EN
[

sup
r∈(s,s+ℎ]

|

|

|

MN (r, n) −MN (r−, n)
|

|

|

p] 1p ,

uniformly over allN ≥ 1, all s, ℎ ≥ 0 and all n ≥ 1. The jumps ofMN are of size at
mostN−3∕2

|e′n| = O(nN
−3∕2) so that the second term is easily bounded. Regarding

the first term, observe that the predictable bracket is non-decreasing in time so that
it suffices to take t = s+ ℎ. Now observe that there exists C > 0 such that for allN
and n
⟨

MN (⋅, n) −MN (s, n)
⟩

s+ℎ = ∫

s+ℎ

s

1
N

N
∑

k=1

1
2
N2�(n(r, k)

((

en(
k
N
) − en(

k − 1
N

)
)2

+
(

en(
k + 1
N

) − en(
k
N
)
)2)

dr ≤ Cn2 ∫

s+ℎ

s

1
N

N
∑

k=1
�(n(r, k))dr.

By Jensen’s inequality

|

|

|∫

s+ℎ

s

1
N

N
∑

k=1
�(n(r, k))dr||

|

p
2 ≤ ℎ

p
2−1

∫

s+ℎ

s

1
N

N
∑

k=1
�(n(r, k))p∕2dr .

Noting that the law of {n(i), i ≤ N} is exchangeable under mN we get

EN
[

⟨

MN (⋅, n) −MN (s, n)
⟩

p
2
s+ℎ

]
1
p ≲ ℎ

1
2nmN [(�(n(1)))p∕2]1∕p .

The moment on the r.h.s. is controlled by the last estimate of Lemma 3.1. Conse-
quently,

EN
[

sup
t∈[s,s+ℎ]

|

|

|

MN (t, n) −MN (s, n)
|

|

|

p] 1p ≲ n(ℎ
1
2 +N− 3

2 ) . (3.18)

We deduce that

EN
[

sup
s≤t≤s+ℎ

|

|

|

ûN (t, n) − ûN (s, n)
|

|

|

p] 1p ≲ n(ℎ
1
2 +N− 3

2 ) ,

uniformly over allN ≥ 1, s ∈ [0, T −ℎ] and n ≥ 1. Applying the triangle inequality
w.r.t. the Lp∕2(Ω)-norm at the second line we get

EN
[

sup
s≤t≤s+ℎ

‖

‖

‖

uN (t) − uN (s)
‖

‖

‖

p

H−�

]
1
p ≤ EN

[

(

∑

n≥1
n−2� sup

s≤t≤s+ℎ

|

|

|

ûN (t, n) − ûN (s, n)
|

|

|

2)p∕2
]
1
p

≤
(

∑

n≥1
n−2�EN

[

sup
s≤t≤s+ℎ

|

|

|

ûN (t, n) − ûN (s, n)
|

|

|

p] 2p
)

1
2

≲ ℎ
1
2 +N− 3

2 ,
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if 2� − 1 > 1 so that (3.14) follows provided p ≥ 3. �

We have therefore completed the proof of the following result.

Theorem 3.6. The process (uN (t), t ≥ 0), starting from its stationary measure
mN , converges in law to the process (u(t), t ≥ 0), starting from mc,� , in the space
D([0,∞),H−�([0, 1])) for any given � > 1.

4. PAIR OF REFLECTED INTERFACES

The dynamics studied in this section is a special case of a dynamics of k ≥ 2
reflected interfaces, introduced previously in [LRS01, Wil04] in the context of dy-
namics of planar structures and tilings. See also Remark 4.8 below.

We consider the setΩN of all pairs u = (v, w) of lattice paths from {0,… , 2N} to
ℤ that make ±1 steps, are pinned at height 0 at both ends and are ordered, namely

v(k + 1) − v(k) ∈ {−1, 1} , w(k + 1) − w(k) ∈ {−1, 1} ,
v(0) = w(0) = v(2N) = w(2N) = 0 ,

v ≥ w .

We let mN be the uniform measure on ΩN . Let Δ be the discrete one-dimensional
Laplacian, that is

Δf (k) = f (k + 1) − 2f (k) + f (k − 1) . (4.1)

Given a configuration u = (v, w) ∈ ΩN , we say that k ∈ {1,… , 2N−1} is a contact
point if

v(l) = w(l) , ∀l ∈ {k − 1, k, k + 1} .
We also say that v forms an upward corner at k if Δv = −2 and a downward corner
at k ifΔv = 2. The same definition holds for w. OnΩN , we introduce a partial order
by saying that u = (v, w) ≥ u′ = (v′, w′) iff v(k) ≥ v′(k) and w(k) ≥ w′(k) for every
k. Given a lattice path v, if v forms an (upward or downward) corner at k, we let vk
denote the configuration where v(k) is flipped to v(k) + Δv(k).
Note that, if k is a contact point and v, w form an upward (resp. downward) cor-
ner there, then the configuration (vk, w) does not belong to ΩN , but (v, wk) does
(resp. (v, wk) does not belong to ΩN , but (vk, w) does).

We consider the following corner flip dynamics on ΩN :
(1) for every k ∈ {1,… , 2N − 1} which is not a contact point, if v (resp. w)

forms a corner at k, then v(k) (resp. w(k)) is flipped at rate (2N)2∕2, so that
the resulting configuration is (vk, w) (resp. (v, wk));

(2) for every contact point k, if v and w form an upward corner (resp. downward
corner) then w(k) (resp. v(k)) flips at rate (2N)2∕2, so that the resulting con-
figuration is (v, wk) (resp. (vk, w);

(3) for every contact point k, if v and w form a corner then they flip simultane-
ously at rate (2N)2∕4, so that the resulting configuration is (vk, wk).
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(2N)2∕4 (2N)2∕2

(2N)2∕4 (2N)2∕2

FIGURE 2. Dynamics at contact points

We refer to Figure 2 for an illustration. Let us emphasize that all these jumps are
driven by independent Poisson clocks. It is straightforward to check that this dy-
namics is reversible w.r.t. the uniform measure mN on ΩN .

Remark 4.1. Let us point out that the jump rates at contact points are chosen in
such a way that the generator satisfies

N [v(k) + w(k)] =
(2N)2

2
Δ(v(k) + w(k)) .

This identity would still hold if we imposed:
(2) for every contact point k, if v and w form an upward corner (resp. downward

corner) then w(k) (resp. v(k)) flips at rate �,
(3) for every contact point k, if v and w form a corner then they flip simultane-

ously at rate �
with �, � ≥ 0 satisfying �

2
+ � = (2N)2∕2. In this more general setting, the in-

variant measure is no longer uniform nor reversible (except if � = (2N)2∕2 and
� = (2N)2∕4).

In order to take the continuum limit N → ∞, we need to suitably rescale the
paths. Given u ∈ ΩN , we define u = (v,w) where v ∶ [0, 1] ↦ ℝ is the continuous
function defined via

v(k∕(2N)) ∶= 1
√

2N
v(k) , k ∈ {0, 1,… , 2N} (4.2)

and by linear interpolation in between. For lightness of notation, we do not give an
index N to the rescaled functions, in contrast with what we did for the zero-range
process. The function w is defined analogously. Then, u is an element of the space
E of all pairs u = (v,w) of continuous functions from [0, 1] into ℝ such that v ≥ w.
On E, we consider the distance ‖u − u′‖E ∶= ‖v − v′‖L1 + ‖w − w′

‖L1 . Note
that E is a separable metric space, but it is not complete, see the next subsection
for a discussion on that point. For fixed N , u belongs to the finite set EN ⊂ E
(obviously defined as the image of ΩN via the rescaling). Also, uu0(t) denotes the
rescaled configuration at time t, with rescaled initial configuration u0.
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4.1. The SPDE. The limiting dynamics is better described in terms of the sum and
difference of the interfaces. Let us introduced the associated stochastic PDEs. Given
a space-timewhite noise �S onℝ+×[0, 1]we consider the solutionS of the following
stochastic PDE

{

)tS(t, x) =
1
2
)2xS(t, x) + �

S , x ∈ [0, 1] , t ≥ 0 ,
S(t, 0) = S(t, 1) = 0 ,

where the initial condition S(0, ⋅) is any continuous function on [0, 1]. This equation
should be understood in the weak sense: for any C2 function ℎ ∶ [0, 1] → ℝ that
vanishes at 0 and 1, we have

⟨S(t, ⋅), ℎ⟩ = ⟨S(0, ⋅), ℎ⟩ + 1
2 ∫

t

0
⟨S(t, ⋅), ℎ′′⟩ + ∫

t

0
ℎ(x)�S(ds, dx) . (4.3)

It is well-known that there exists a unique solution S which is continuous in time
with values in C([0, 1]) (endowed with the sup-norm, i.e. the solution is continu-
ous in both variables on [0,+∞) × [0, 1]). Moreover the solution (S(t, ⋅))t≥0 is a
Markov process which admits a unique invariant (reversible) measure, given by the
law mbridge of the standard Brownian bridge on [0, 1].

Given a space-time white noise �D, independent of �S , we consider the solution
(D, �) of the following stochastic PDE

⎧

⎪

⎨

⎪

⎩

)tD(t, x) =
1
2
)2xD(t, x) + �

D + � , x ∈ [0, 1] , t ≥ 0 ,
D(t, x) ≥ 0 , ∫t∈ℝ+ ∫x∈(0,1)D(t, x)�(dt, dx) = 0 ,
D(t, 0) = D(t, 1) = 0 ,

(4.4)

where the initial condition D(0, ⋅) is any given non-negative continuous function.
Here � is a random non-negative Radon measure on ℝ+ × (0, 1) and the equation
is understood similarly as in (4.3) except that one considers the additional term
∫ t
0 ℎ(x)�(ds, dx). Nualart and Pardoux [NP92] showed that almost surely, there
exists a unique pair (D, �) satisfying the system above (note that the construction
therein is purely deterministic). The process (D(t, ⋅))t≥0 is Markov with values in
C+([0, 1]) ∶= {f ∈ C([0, 1]) ∶ f ≥ 0} and admits a unique invariant (reversible)
measure, given by the law mexc of the normalised Brownian excursion, see [Zam01,
Zam17].
Since (S,D) is an independent pair of Markov processes, then the pair (S,D) is it-
self a Markov process on E ∶= C([0, 1]) × C+([0, 1]) that admits an invariant and
reversible invariant measure mbridge ⊗mexc.

In this situation, E has a natural metric given by the sup-norm, which makes it
a Polish space and (S,D) an a.s. continuous process. However we have allowed
ourselves in the black box result of Section 2 to endow our state space E with a
distance d which makes it separable but not necessarily complete. Here we exploit
this freedom and we choose d as the L1([0, 1], dx) distance: for u = (u1, u2), v =
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(v1, v2) ∈ E = C([0, 1]) × C+([0, 1])

‖u − v‖E ∶=
2
∑

i=1
‖ui − vi‖L1([0,1],dx). (4.5)

The reason for this choice is that the contraction property (4.9) for the discrete pro-
cesses can be proved in this weaker distance.

We then define u = (v,w) through

v ∶= S +D
√

2
, w = S −D

√

2
.

It solves
⎧

⎪

⎨

⎪

⎩

)tv =
1
2
)2xv + �

v + 1
√

2
� , x ∈ [0, 1] , t ≥ 0 ,

)tw = 1
2
)2xw + �

w − 1
√

2
� , x ∈ [0, 1] , t ≥ 0 ,

v ≥ w , �(dt, dx) ≥ 0 , ∫(0,1)×ℝ+(v −w)(t, x)�(dt, dx) = 0 ,
(4.6)

where �v ∶= �S+�D
√

2
and �w ∶= �S−�D

√

2
are still independent space-time white noises.

We letm be the pushforward ofmbridge⊗mexc through themap (S,D)↦ (S+D√

2
, S−D√

2
).

The process u = (v,w) is a Markov process taking values in E with invariant (re-
versible) measure m. Our next proposition provides a characterization of its resol-
vents and thus establishes Assumption 2.1 in the present model. This proposition
takes advantage of the independence of S and D, and therefore mixes the two sets
of coordinates ((S,D) and (v,w)).

For any pair of continuous functions ('v, 'w) from [0, 1] intoℝ, we define for any
u ∈ E

 '(u) ∶= ei⟨v,'v⟩+i⟨w,'w⟩ .
We call (�)�>0 the resolvent family of the Markov process (S,D).

Proposition 4.2. Let f be a bounded Lipschitz function fromE toℝ. For any � > 0,
�f is the unique bounded Lipschitz-continuous function F ∶ E → ℝ such that for
any pair of C2 functions ('v, 'w) from [0, 1] into ℝ with compact supports in (0, 1),
the following holds:

∫ F (u) '(u)(�m(du) − Σ '(du)) = ∫ f (u) '(u)m(du) , (4.7)

where, writing S = v+w
√

2
and D = v−w

√

2

Σ '(du) =1
2

(

i⟨v, '′′v ⟩ + i⟨w,'
′′
w⟩ − ‖'v‖

2
L2 − ‖'w‖

2
L2

)

m(du)

+ i
2 ∫

1

0
dr 1

√

2�r3(1 − r)3
('v − 'w)

√

2
(r)mexc(dD ∣ D(r) = 0)mbridge(dS) .

(4.8)
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In this case, we let  denote the set of all functions '(⋅)with' as in the statement
of the proposition. Let us point out that the probability measuremexc(dD ∣ D(r) = 0)
can be defined by passing to the limit on a regular conditioning of the form {D(r) <
"}. This probability measure then concides with the law of the concatenation of two
Brownian excursions rescaled on (0, r) and (r, 1) respectively: we refer to Step 3 in
the proof of Proposition 4.4 for more details in this direction.
Proof. By [BH91, chapter V], the Markov process (S,D) is associated with the ten-
sor product  of the Dirichlet forms S , D of S andD respectively. Moreover�f
is the unique function in () such that (3.10) holds for all g ∈ (). Then if we
choose g =  ', we obtain by integration by parts that�f does satisfy (4.7), using
the explicit form of the integration by parts for D given in [Zam02]. On the other
hand, if F ∶ E → ℝ is bounded Lipschitz-continuous then F ∈ () and if F
also satisfies (4.7) then by integration by parts F satisfies (3.10) for g =  '. Since
exponential functions are a core in the domains (S) and (D), then F satisfies
(3.10) for all g ∈ (). �

Lemma 4.3. AsN → ∞, mN converges weakly to the measure m.

Proof. It is known, see for instance [Gil03, Theorem 2.7], thatmN converges weakly
to a probability measure on C([0, 1],ℝ2) (and a fortiori on E) under which (v,w)
solves

dv(t) = −
v(t)
1 − t

dt + dt
v(t) −w(t)

+ dBv(t) , v(0) = 0 ,

dw(t) = −
w(t)
1 − t

dt + dt
w(t) − v(t)

+ dBw(t) , w(0) = 0 ,

where Bv and Bw are independent standard Brownian motions. It is then straight-
forward to check that S ∶= (v +w)∕

√

2 and D ∶= (v −w)∕
√

2 solve

dS(t) = −
S(t)
1 − t

dt + dBS(t) , S(0) = 0 ,

dD(t) = −
D(t)
1 − t

dt + dt
D(t)

+ dBD(t) , D(0) = 0 ,

where BS and BD are independent standard Brownian motions. As a consequence
S is a Brownian bridge andD an independent normalised Brownian excursion. �

This lemma ensures that Assumption 2.2 is satisfied.

4.2. Equicontinuity. We follow the same strategy as in Subsection 3.3 in order to
establish Assumption 2.4. It suffices to show that for any u0, u′0 ∈ EN , there exists a
coupling under which

E
[

‖uu0(t) − uu′0(t)‖E
]

≤ ‖u0 − u′0‖E . (4.9)

From now on, we write u and u′ for uu0 and uu′0 .
There exists a global monotone coupling of the processes starting from all initial

configurations u0 ∈ ΩN such that if u0 ≥ u′0 then almost surely uu0(t) ≥ uu′0(t) for
all t ≥ 0. Indeed, the dynamics we are considering is a special case of a dynamics
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of k reflected interfaces (see Remark 4.8 below), for which the existence of a global
monotone coupling is known [Wil04].
With this coupling at hand, let us consider first the case u0 ≥ u′0. Then at all times
t ≥ 0

(2N)3∕2‖u(t) − u′(t)‖E =
2N−1
∑

k=1
v(t, k) − v′(t, k) + w(t, k) − w′(t, k) .

Consequently,

(2N)3∕2)tE
[

‖u(t) − u′(t)‖E
]

=
2N−1
∑

k=1
E
[

N (v(t, k) − v′(t, k) + w(t, k) − w′(t, k))
]

.

Thanks to Remark 4.1,

E
[

N (v(t, k) + w(t, k))
]

=
(2N)2

2
E
[

Δv(t, k) + Δw(t, k)
]

,

and similarly for v′ + w′. Since the interfaces are pinned at height 0 at k = 0 and
k = 2N , an integration by parts gives

(2N)3∕2)tE
[

‖uN (t) − u′N (t)‖E
]

= −
(2N)2

2
∑

k∈{1,2N−1}
E
[

v(t, k) − v′(t, k) + w(t, k) − w′(t, k)
]

,

which is non-positive, and therefore (4.9) is proved.
To treat the general case where u0 and u′0 are not ordered, we introduce

vmax(k) = max(v0(k), v′0(k)) , vmin(k) = min(v0(k), v′0(k)) ,

together with

wmax(k) = max(w0(k), w′0(k)) , wmin(k) = min(w0(k), w′0(k)) .

Our coupling implies that almost surely at all times t ≥ 0

vmax(k, t) ≥ v(k, t), v′(k, t) ≥ vmin(k, t) ,

and
wmax(k, t) ≥ w(k, t), w′(k, t) ≥ wmin(k, t) ,

with the notation that (vmax(t), wmax(t)) is the configuration at time t started from
(vmax, wmax), and analogously for the evolution starting from the minimal configura-
tion. Consequently,

E[‖u(t) − u′(t)‖E] ≤ E[‖umaxN (t) − uminN (t)‖E] ≤ ‖umax − umin‖E .

To conclude, one observes that

‖umax − umin‖E = ‖vmax − vmin‖L1 + ‖wmax −wmin
‖L1

= ‖v0 − v′0‖L1 + ‖w0 −w′
0‖L1

= ‖u0 − u′0‖E .



CONVERGENCE OF DYNAMICAL STATIONARY FLUCTUATIONS 31

4.3. Discrete characterization and convergence. In this subsection, we check that
Assumption 2.5 is satisfied. Recall the notation introduced right above Proposition
4.2. Given two functions 'v, 'w from [0, 1] into ℝ, we define the finite complex
measure Σ 'N on E by setting

Σ 'N (du) = N '(u)mN (du) . (4.10)

Proposition 4.4. Let 'v, 'w be two C2 functions from [0, 1] into ℝ with compact
supports in (0, 1). AsN → ∞, Σ 'N converges weakly to the finite complex measure
Σ ' which was defined in (4.8).

Proof. Wewrite vk, wk, k = 1,… , 2N−1, for the configurations vk, wk after rescal-
ing. Since v, w are obtained by affine interpolation in between their values at lattice
sites, one can check that

⟨v, 'v⟩ =
1

(2N)3∕2

2N−1
∑

k=1
v(k)Φv(k∕(2N)) ,

with

Φv(k∕(2N)) = 2N ∫

k∕(2N)

(k−1)∕(2N)
'v(x)(2Nx−(k−1))dx+2N ∫

(k+1)∕(2N)

k∕(2N)
'v(x)(k+1−2Nx)dx ,

and similarly for ⟨w,'w⟩ with a function Φw defined analogously.
A direct computation shows that the generator N can be written as a sum of A

N
and R

N where the former deals with non-reflected terms in the generator, that is

A
N '(u) =

2N−1
∑

k=1
(2N)2 '(u)Ak(u) ,

with

Ak(u) =
1
2

( '(vk, w)
 '(v,w)

− 1
)

1Δv(k)≠0 +
1
2

( '(v,wk)
 '(v,w)

− 1
)

1Δw(k)≠0 ,

while R
N is the part of the generator coming from the reflection, that is

R
N '(u) =

2N−1
∑

k=1
(2N)2 '(u)Rk(u) ,

with

Rk(u) = −
1
2

( '(vk, w)
 '(v,w)

− 1
)

1⩓(k) −
1
2

( '(v,wk)
 '(v,w)

− 1
)

1⩔(k)

+ 1
4

( '(vk, wk)
 '(v,w)

− 1
)

(1⩓(k) + 1⩔(k)) .

Here ⩓(k) (resp. ⩔(k)) is the event that k is a contact point and the interfaces v, w
have an upward (resp. downward) corner there. We control these terms separately.
From now on O(N−a) will denote a quantity that is bounded by CN−a where C > 0
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is independent ofN and k.

Step 1: non-reflected terms. One can check that

Ak(u) =
i

2(2N)3∕2
[Φv(k∕(2N))Δv(k) + Φw(k∕(2N))Δw(k)]

− 1
(2N)3

[(

Φv
( k
2N

)

)2
1Δv(k)≠0 +

(

Φw
( k
2N

)

)2
1Δw(k)≠0

]

+ O(N−9∕2) .

Via a summation by parts and recalling that 'v, 'w are C2 functions that have com-
pact support in (0, 1), we thus deduce that, up to negligible terms,A

N '(u) coincides
with

1
2
 '(u)

(

i⟨v, '′′v ⟩ + i⟨w,'
′′
w⟩ − ‖'v‖

2 − ‖'w‖
2
)

+ N (u) , (4.11)

where

N (u) ∶=  '(u)
1
N

2N−1
∑

k=1

(

Φv

( k
2N

)2(1
2
−1Δv(k)≠0

)

+Φw

( k
2N

)2(1
2
−1Δw(k)≠0

))

.

(4.12)

Let us show that N (u)mN (du) converges weakly to 0 asN →∞. Set

ak ∶= Φ2
v(k∕(2N)) . (4.13)

By symmetry, and since  ' is a bounded function, it is enough to prove that

1
N
mN

[

|

2N−1
∑

k=1
ak
(1
2
− 1Δv(k)≠0

)

|

]

(4.14)

tends to zero as N → ∞. Let ℙ⊗2 denote the law of two iid simple random walks
v, w started at zero, and set

DN ∶= {(v, w) ∶ ∀k , v(k) ≥ w(k) and v(2N) = w(2N)} .

We then have mN (⋅) = ℙ⊗2(⋅|DN ).
Using Jensen’s inequality for p > 1 and the definition of mN , (4.14) is smaller than

1
√

N

(

mN
[

|

|

|

1
√

N

2N−1
∑

k=1
ak
(1
2
− 1Δv(k)≠0

)

|

|

|

p]
)1∕p

≤ 1
√

N(ℙ⊗2(DN ))1∕p

(

E⊗2
[

|

|

|

1
√

N

2N−1
∑

k=1
ak
(1
2
− 1Δv(k)≠0

)

|

|

|

p]
)1∕p

. (4.15)

Since ℙ⊗2(DN ) is of order 1∕N2, the constants ak are bounded uniformly inN and
the random variables 1

2
− 1Δv(k)≠0 are i.i.d., centered and of finite variance under

ℙ⊗2, this expression is upper bounded by a p-dependent constant times N−1∕2+2∕p,
that tends to zero as soon as p > 4.
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Step 2: simplifying the reflection terms. It is straightforward to check that

Rk(u) =
i

2(2N)3∕2
(1⩔(k) + 1⩓(k))

(

Φv

( k
2N

)

− Φw

( k
2N

)

+ O(N−3∕2)
)

. (4.16)

Since 'v, 'w have compact supports in (0, 1), we can restrict ourselves to those k ∈
[�2N, (1−�)2N] for some � > 0 small enough but fixed w.r.t.N . By (1) of Lemma
4.6 below, the quantity O(N−3∕2) has a negligible contribution in R

N '(u)mN (du).
Furthermore, by (2) of Lemma 4.6 it suffices to show that, as N → ∞ and then
a ↑∞ the measure

(2N)2 '(u)
∑

k∈[�2N,(1−�)2N]

∑

j∈[−a
√

2N,a
√

2N]

i
2(2N)3∕2

(1⩔(k,j) + 1⩓(k,j))

×
(

Φv

( k
2N

)

− Φw

( k
2N

))

mN (du) ,
(4.17)

converges weakly to

i
2
 '(u)∫

1

0
dr 1

√

2�r3(1 − r)3
('v − 'w)

√

2
(r)dmexc(D ∣ D(r) = 0)dmbridge(S) ,

(4.18)
where S = (v + w)∕

√

2 and D = (v − w)∕
√

2. Here, ⩔(k, j) (resp. ⩓(k, j)) de-
notes the event that k is a contact point, the interfaces v, w have a downward (resp.
upward) corner there and v(k ± 1) = w(k ± 1) = j.

Step 3: concatenation maps and decomposition of the invariant measure - the con-
tinuous case. For any functions u1, u2 from [0, 1] intoℝ2 and for any given r ∈ (0, 1),
we define the concatenation map

Tr(u1, u2)(x) =
√

r u1
(x
r

)

1{x≤r} +
√

1 − r u2
(x − r
1 − r

)

1{x>r} , x ∈ [0, 1] . (4.19)

Note that this is a function from [0, 1] into ℝ2.
We observe that under m, S is a Brownian bridge on [0, 1] so that for any r ∈ (0, 1),
S(r) ∼ (0, r(1−r)), andD is an independent normalised Brownian excursion. Let
m(0,0)→(1,y) denote the probability measure on E under which S is a Brownian bridge
between (0, 0) and (1, y) andD is an independent Brownian excursion. In particular
m(0,0)→(1,0) = m. Let alsom(0,y)→(1,0) denote the probability measure onE under which
S is a Brownian bridge between (0, y) and (1, 0) andD is an independent Brownian
excursion.
The law of Tr(u1, u2) under the probability measure (on E × E)

∫y∈ℝ
1

√

2�r(1 − r)
e−

y2
2r(1−r)m(0,0)→(1,y)(du1)m(0,y)→(1,0)(du2) dy ,

coincides with the law of u under mbridge(dS)mexc(dD ∣ D(r) = 0).

Step 4: concatenation maps and decomposition of the invariant measure - the dis-
crete case. For any functions u1, u2 from [0, 1] into ℝ2 and for any given integer



34 CYRIL LABBÉ, BENOÎT LASLIER, FABIO TONINELLI, AND LORENZO ZAMBOTTI

k ∈ {2,… , N − 2} we let T ⩓
N,k(u1, u2) be the pair (v,w) defined by

(v,w)(x) ∶=

⎧

⎪

⎪

⎨

⎪

⎪

⎩

√

k−1
2N

u1
(

x2N
k−1

)

if x ≤ k−1
2N

,
√

k−1
2N

u1(1) +
(

1−|x2N−k|
√

2N
, 1−|x2N−k|√

2N

)

if k−1
2N

< x ≤ k+1
2N

,
√

1 − k+1
2N

u2
(

x− k+1
2N

1− k+1
2N

)

if k+1
2N

< x ≤ 1 .

T ⩔
N,k(u1, u2) is defined similarly except that 1−|x2N−k|√

2N
is replaced by |x2N−k|−1

√

2N
.

Let �(0,a)→(n,b) denote the uniform measure on the set of pairs (v, w) of lattice paths
of length n such that v ≥ w, v(0) = w(0) = a and v(n) = w(n) = b. We consider
the rescalings v = v(⋅n)∕

√

n and w = w(⋅n)∕
√

n. The law of T ⩓
N,k(u1, u2) under the

probability measure �(0,0)→(k−1,j)(du1)�(0,j)→(2N−k−1,0)(du2) coincides with the law of
u under mN (du ∣ ⩓(k, j)). The same assertion holds with ⩓ replaced by ⩔.

Step 5: end of proof. Let F ∶ E → ℝ be some bounded and continuous function
and set G ∶= F '. Note that mN (⩔(k, j))) = mN (⩓(k, j)) (by symmetry, or see
(4.27) below). Using the identity in law from Step 4, we deduce that the integral of
F (u) against (4.17) can be written
√

2N
∑

k∈[�2N,(1−�)2N]

∑

j∈[−a
√

2N,a
√

2N]

i
2
mN (⩔(k, j))

(

Φv

( k
2N

)

− Φw

( k
2N

))

(4.20)

× ∫E

∑

X∈{⩓,⩔}
G(T XN,k(u1, u2))�(0,0)→(k−1,j)(du1)�(0,j)→(2N−k−1,0)(du2) . (4.21)

Note that only those j whose parity matches with that of k−1 contribute in the sum.
Using in turn Lemma 4.6 (3) together with the change of variables r = k∕(2N) and
y =

√

2j∕
√

2N this equals

i
2 ∫

1

r=0

dr
√

2�r3(1 − r)3 ∫

√

2a

y=−
√

2a

e−
y2

2r(1−r)

√

2�r(1 − r)
dy

(

Φv

(

⌊r2N⌋

2N

)

− Φw

(

⌊r2N⌋

2N

))

√

2
(4.22)

× JN
(

⌊r2N⌋, ⌊

√

2Ny
√

2
⌋, G

)

(1 + o(1)) (4.23)

where

JN (k, j, G) ∶=
1
2 ∫E×E

∑

X∈{⩓,⩔}
G(T XN,k(u1, u2))�(0,0)→(k−1,j)(du1)�(0,j)→(2N−k−1,0)(du2) .

(4.24)

Since |JN (r, y, G)| is bounded uniformly over allN , r and y, Lemma 4.5 below and
the Dominated Convergence Theorem ensure that the whole expression we started
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from converges to

i
2 ∫E×E ∫

1

r=0

dr
√

2�r3(1 − r)3 ∫

√

2a

y=−
√

2a

e−
y2

2r(1−r)

√

2�r(1 − r)
dy

× G(Tr(u1, u2))
('v(r) − 'w(r))

√

2
m(0,0)→(1,y)(du1)m(0,y)→(1,0)(du2) .

Using the identity in law of Step 3, we deduce that this measure converges as a ↑∞
towards
i
2 ∫E ∫r∈[�,1−�]

dr
√

2�r3(1 − r)3
('v(r) − 'w(r))

√

2
G(u)mbridge(S)mexc(D ∣ D(r) = 0) ,

as required. �

Lemma 4.5. For any bounded continuous function G ∶ E → ℝ, any r ∈ (0, 1) and
y ∈ ℝ, JN (⌊r2N⌋, ⌊

√

2Ny∕
√

2⌋, G) converges asN →∞ towards

∫E
G(Tr(u1, u2))m(0,0)→(1,y)(du1)m(0,y)→(1,0)(du2) .

Proof. Let ẼN be the set of all pairs (v,w) obtained by rescaling ordered lattice paths
v ≥ w. Let us point out that, contrary to EN , we do not pin these lattice paths at sites
0 and 2N so that EN is a strict subset of ẼN . Let �N ∶ E → ẼN be a projection
map as defined in Subsection 2. For X ∈ {⩓,⩔} and r ∈ (0, 1), it is straighforward
to check that the maps T XN,⌊r2N⌋

, N ≥ 1 are uniformly (over N) Lipschitz from
ẼN × ẼN into ẼN . Of course, the Lipschitz constant depends on r and blows up
as r approaches 0 or 1. Furthermore, for any given y ∈ ℝ, T XN,⌊r2N⌋

(�Nu1, �Nu2)
converges to Tr(u1, u2) m(0,0)→(1,y)(du1)m(0,y)→(1,0)(du2)-almost everywhere.
A slight generalisation of Lemma 4.3 shows the following weak convergences hold
asN →∞

�(0,0)→(⌊r2N⌋−1,
√

2Ny∕
√

2)(du1)→ m(0,0)→(1,y)(du1) ,
�(0,√2Ny∕√2)→(2N−⌊r2N⌋−1,0)(du2)→ m(0,y)→(1,0)(du2) .

Wehave all the ingredients to apply Lemma 2.10 and deduce that JN (⌊r2N⌋, ⌊
√

2Ny∕
√

2⌋, G)
converges to

∫E
G(Tr(u1, u2))m(0,0)→(1,y)(du1)m(0,y)→(1,0)(du2) .

�

Lemma 4.6. Fix � > 0.
(1)

lim sup
N→∞

∑

k∈[�2N,(1−�)2N]

(

mN (⩔(k)) + mN (⩓(k))
)
√

2N <∞ .
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(2)

lim sup
a→∞

lim sup
N→∞

∑

k∈[�2N,(1−�)2N]

∑

j∉[−a
√

2N,a
√

2N]

(

mN (⩔(k, j))+mN (⩓(k, j))
)
√

2N = 0 .

(3) Uniformly over all k ∈ [�2N, (1 − �)2N] and all j ∈ [−(2N)2∕3, (2N)2∕3]
with the same parity as k − 1, asN → ∞

mN (⩔(k, j)) = mN (⩓(k, j) =
1

2�(2N)2
( (2N)2

k(2N − k)

)2
e−

j2
2N

(2N)2
k(2N−k) (1 + o(1)) .

Proof. By the Karlin-McGregor formula, see for instance [Gor21, Theorem 2.5],
the number of configurations in ΩN that have a contact point at k with an upward
(resp. downward) corner at k and are such that v(k − 1) = j equals

C(k − 1, j)C(2N − k − 1, j) , (4.25)
where

C(k, j) =
(

k
(k + j)∕2

)2

−
(

k
(k + j)∕2 − 1

)(

k
(k + j)∕2 + 1

)

(4.26)

is the number of pairs or ordered simple random walk trajectories of length k, start-
ing at 0 and ending at j. As a consequence

mN (⩔(k, j)) = mN (⩓(k, j)) =
C(k − 1, j)C(2N − k − 1, j)

C(2N, 0)
. (4.27)

We fix � > 0 and we always work with k ∈ [�2N, (1 − �)2N] so that k → ∞ as
N →∞. Define the function

f (x) = (1 + x) ln(1 + x) + (1 − x) ln(1 − x) , x ∈ [−1, 1] ,
and note that f (x) = x2 + O(x4) as x → 0. Note also that it is a convex function so
that f (x) ≥ x2 over [−1, 1]. A tedious computation shows that, provided (k − 1) −
j →∞ asN → ∞, we have

C(k − 1, j) ∼ 22k−1
4k(k − 1)

�((k − 1)2 − j2)((k + 1)2 − j2)
e−(k−1)f (

j
k−1 ) , N → ∞ .

A straightforward computation then leads to (3), noticing that in this statement j is
taken to be negligible compared toN and therefore to k.
To establish (1) and (2) we need to deal with values j that can be arbitrarily close to
±(k − 1) and ±(2N − k − 1). Actually the contributions coming from j ∈ {−k +
1, k−1,−2N +k+1, 2N −k−1} =∶  are easy to deal with since, in any of these
four cases, either C(k − 1, j) = 1 or C(2N − k − 1, j) = 1. We therefore exclude
these four values from now on. The same arguments as above show that there exists
some constant c > 0 such that for allN large enough

C(k − 1, j) ≤ c22k−1
4k(k − 1)

�((k − 1)2 − j2)((k + 1)2 − j2)
e−(k−1)f (

j
k−1 ) ,

and

C(2N−k−1, j) ≤ c24N−2k−1
4(2N − k)(2N − k − 1)

�((2N − k − 1)2 − j2)((2N − k + 1)2 − j2)
e−(2N−k−1)f (

j
2N−k−1 ) ,



CONVERGENCE OF DYNAMICAL STATIONARY FLUCTUATIONS 37

and we deduce that (recall that f (x) ≥ x2)
∑

k∈[�2N,(1−�)2N]

∑

j∉[−a
√

2N,a
√

2N]∪

(

mN (⩔(k, j)) + mN (⩓(k, j))
)
√

2N

≲
∑

k∈[�2N,(1−�)2N]

1
2N

∑

j∉[−a
√

2N,a
√

2N]

1
√

2N
e−

j2
2N

1
�(1−�) ,

which is bounded uniformly over allN large and its limsup inN goes to 0 as a→∞.
This establishes (2). The bound (1) can be deduced from (2) and (3). �

4.4. Tightness. We aim at checking Assumption 2.3. Recall the Sobolev space
H−�([0, 1],ℝ) introduced in Subsection 3.5. We define H−�([0, 1],ℝ2) as the set
of all pairs (v,w) such that both v and w belong to H−�([0, 1],ℝ). To show that
the sequence (u)N is tight in D([0,∞),H−�([0, 1],ℝ2)), it suffices to prove that
the sequences (v)N and (w)N separately are tight in D([0,∞),H−�([0, 1],ℝ)) for
any� > 1. The proof follows from the Lyons-Zheng decomposition [LZ88], exactly
like in Subsection 3.5 for the Zero-Range Process so we do not present the details.

We have therefore completed the proof of the following result.
Theorem 4.7. The discrete process (u(t), t ≥ 0), starting from its stationary measure
mN , converges in law to the process (u(t), t ≥ 0), starting from m, in the space

D([0,∞),H−�([0, 1],ℝ2)) (4.28)
for any given � > 1.

Remark 4.8. The dynamics of the two reflected interfaces can be easily generalised
[LRS01, Wil04] to k ≥ 2 reflected interfaces, v(1) ≥⋯ ≥ v(k) pinned at zero at their
endpoints: v(i)(0) = v(i)(2N) = 0 for all 1 ≤ i ≤ k. Assign the flip rates as follows.
If interface v(i) has an upward (resp. downward) corner at 1 ≤ x ≤ 2N − 1, call
Ni(x) ≥ 0 the number of interfaces with index j strictly larger (resp. smaller) than
i, such that v(j)(y) = v(i)(y), y = x, x + 1, x − 1. In other words, the j interfaces
below (resp. above) v(i) have a contact point with it at position x. Then, the corner
of v(i) is flipped, together with that of the other j mentioned interfaces, with rate
(2N)2∕(2(Ni(x) + 1)). See Fig. 3 for an illustration. The uniform measure over
the collections of ordered interfaces v(i), 1 ≤ i ≤ k, is stationary and reversible
for the process. Also, as already mentioned above, the existence of a monotone
global coupling under which the L1 distance contracts is known [Wil04]. It is very
likely that, modulo a certain amount of technical work (especially for the “discrete
characterization and convergence”, which requires applying the Karlin-McGregor
formula for k paths) one can use our method to show that, for k fixed and N →
∞, the stationary dynamics converges to a collection of k reflected SPDEs, that
generalises (4.6). A much more challenging situation is that where k is of order
N . In this case, the process can be seen as a dynamics for rhombus tilings of an
N ×N planar domain [Wil04] (the interfaces v(i) representing the level lines of the
height function), and we expect that the scaling limit of the stationary process is a
two-dimensional stochastic heat equation with additive noise.



38 CYRIL LABBÉ, BENOÎT LASLIER, FABIO TONINELLI, AND LORENZO ZAMBOTTI

v(1)

v(3)

v(2)

x1 x2 x3

FIGURE 3. An example of allowed configuration for k = 3 reflected
interfaces. At positions x1, x3 there is a triple contact with a down-
ward corner, and at x2 a double contact with an upward corner. The
rate at which v(3) flips upward at position x1 (together with the other
two interfaces) is (2N)2∕6, sinceN3(x1) = 2. On the other hand, v(2)
can also flip upward at x1 (together with v(1)) and it does so with rate
(2N)2∕4.

5. ∇� INTERFACES WITH CONVEX POTENTIAL IN ONE DIMENSION

To conclude, let us present yet another example of interesting Markov process
for which our general method should apply. Given a convex function V ∶ ℝ ↦ ℝ
bounded from below, consider the one-dimensional ∇� interface model described
by the height function ℎ = (ℎi)i=0,1,…,N with boundary conditions ℎ0 = ℎN = 0 and
with Boltzmann-Gibbs measure given as

mN (dℎ) ∝ e−
∑N
i=1 V (ℎi−ℎi−1)

N−1
∏

i=1
dℎi (5.1)

(the potential V should increase at least linearly at ±∞, so that the measure is nor-
malisable). One can consider two other variants of this model:

∙ the onewith “hardwall”, wheremN is restricted to the subspacewhereℎi ≥ 0
for every i;

∙ the discrete version (with or without the “hard wall” constraint ℎi ≥ 0)
where the heights ℎi are restricted to integer values and the Lebesgue mea-
sure

∏N−1
i=1 dℎi is replaced by the counting measure.

The following dynamics (Gibbs sampler) is reversible with respect to mN : with rate
N2, the height ℎi, 1 ≤ i ≤ N−1 is updated to a new value sampled frommN (⋅|ℎi±1),
i.e., the equilibrium measure conditioned to the value of the heights in neighboring
positions.

Let us point out that the dynamics with continuous heights and hard wall con-
straint can be seen as a Poissonian version of the dynamics considered by Funaki
and Olla [FO01].

For the dynamics with continuous heights and no hard-wall constraint, [CLL22]
identified precisely the spectral gap and proved the occurrence of total variation cut-
off, under the assumption that V is of at most polynomial growth at infinity. For the
case with discrete heights and hard-wall constraint, the mixing time was identified
in [MS09, Sec. 3], up to a global prefactor.
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We believe that the method of the present paper allows to prove that, under the
same assumptions on V , the stationary process of suitably rescaled height fluctua-
tions ℎ̃N (t, x) = N−1∕2ℎ

⌊xN⌋

(t), x ∈ [0, 1], t ≥ 0 converges in distribution to either
the stochastic heat equation with additive noise (if the hard wall constraint is absent)
or the Nualart-Pardoux equation (4.4) (if the hard wall constraint is present). We do
not expect the actual proof to be harder than or significantly different from that of
either the zero-range process or of the pair of reflected interfaces, given above, but
we preferred not to work it out, in order to keep this work within a reasonable length.

Let us just mention that it is easy to check that, because of the assumed convexity
of V , these interface dynamics admit a global monotone coupling, and that under this
coupling, theL1 distance between configurations contracts (this holds both with and
without hard-wall constraint). This allows to obtain equicontinuity of the sequence
of resolvants. The technical work that is left concerns the discrete integration by
parts, that involves arguments based on the local limit theorem for random walk
(and for random walks conditioned to be positive) [BJD06, CC08].

Data availability. We do not analyse or generate any datasets.
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