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ABSTRACT
In acoustical imaging and source localization, several methods for the exploitation of asynchronous
array measurements have been proposed, based on covariance matrix completion, Bayesian
estimation, fusion of beamforming maps, etc. The goal of asynchronous measurements is to reach
the performance of large and dense arrays, with reduced experimental effort, by moving an array
of limited size between experiments, and fuse the obtained data to produce an estimation of the
distribution of acoustical sources. In this study, we consider the performances that one can expect
from asynchronous measurements, and investigate the actual performances of several methods from
the state of the art. In particular, the mean squared errors of the estimation of the position and power
of an acoustical source are estimated using simulations and experimental measurements.

1. INTRODUCTION
To address the limitation of arrays of limited aperture or low density, many studies have explored

using a single microphone array sequentially moved to different locations. This approach yields
non-synchronized measurements from multiple subarrays, with each subarray corresponding to the
physical array in a different position. These measurements, called asynchronous measurements, can
be processed in different ways. Such measurements are expected to extend the frequency range of the
array and/or the imaging region.

There are mainly two types of approaches to process asynchronous measurements: the first
is to process the data from each subarray separately (e.g. by computing a beamforming map), and
combining the obtained results [1, 2], and the second aims to first estimate a full covariance matrix,
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as if the measurements had been obtained synchronously. In the case of asynchronous measurements,
the challenge arises from the lack of information to determine the inter-array covariance matrices,
as only the subarray data covariance matrix can be estimated. The completion of the full data
covariance matrix can be attempted using reference microphones that have a fixed position between
successive measurement [3]. Another technique was introduced in Antoni et al. [4], which enables
to reconstruct the sound field without the use of reference microphones. Several algorithms were
then developed using a similar approach. These algorithms enable to solve a low rank minimization
of the full covariance matrix combined with the fitting of individual covariance matrices estimated
for each measurement. First, cyclic projection (CP) was proposed [5], followed by the fast iterative
soft threshold algorithm (FISTA) [6]. Faster algorithms were proposed using augmented Lagrange
multiplier (ALM) or alternating direction method of multipliers (ADMM) [7] and other variants were
also studied [8, 9]. Finally, another approach was investigated to complete the full data covariance
matrix: the block hermitian matrix completion method (BHMC) proposed in [10] is based on the low
rank and Hermitian properties of the covariance matrix.

The aim of this study is to investigate the performances of these methods, in particular in terms
of the mean squared error (MSE) of the estimation of the position and power of a source. This is a
first step towards a quantitative assessment of asynchronous array methods for source localization.
Quantitative evaluation of asynchronous methods where already performed, however involving the
covariance matrix completion error, which is not relevant for methods not based on matrix completion,
or the reconstruction error of smooth distributions of sources.

We focus on two completion approaches to process asynchronous measurements : the BHMC
method [10] and an optimized fast iteration algorithm using ADMM, exploiting continuity constraints
on the acoustical field proposed in [7]. In addition, this paper also considers maximum likelihood
estimation (MLE) and the arithmetic averaging of beamforming maps obtained by each subarray,
approximating a variant of MLE where the power of the source can vary between measurements
[11]. Three array scenarios are considered: contiguous, interlaced and overlapped arrays. This paper
is organized as follows: Section 2 describes the asynchronous measurements’ principle. Section 3
presents the two covariance matrix completion techniques. Simulation results are presented in section
4. Section 5 shows experimental results, and Section 6 is the conclusion.

2. ASYNCHRONOUS MEASUREMENTS PRINCIPLE
This section introduces a statistical model for asynchronous measurements, presents three

scenarios for the configuration of the measurements, and finally discuss the Cramér-Rao bounds for
these scenarios.

2.1. Model
Acoustic measurements are acquired asynchronously using J subarrays. For the sake of

simplicity, we assume that these subarrays have the same number of microphones M, and the
measurement duration is equal for each array. In practice, the J subarrays can be obtained with only
one physical array which is moved to different positions. The temporal acoustical measurements are
analyzed by a short time Fourier transform, yielding S snapshots. For a given frequency f and K
sources, the measured data acquired at the jth subarray and at the sth snapshot can be expressed as:

p js =

K∑
k=1

ak jsg j(xk) + n js. (1)

where the ak js are the complex amplitudes of source k in each frame j, n js is the measurement noise
supposed to be white in space and in time. g j(xk) is the Green function vector between the source
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placed in xk and the microphones of the jth subarray. In free field propagation,

g j(x) =
exp(−iκ||x − y j||2)
||x − y j||2

, (2)

with κ being the wave-number corresponding to the frequency of interest f , and y j the position of the
microphones for the jth subarray. Note that the analysis proposed here does not make any assumption
on the Green function.

In the methods considered here, the complex amplitudes ak js are assumed to be random.
More precisely, the amplitudes ak js of the k-th source are drawn from the complex circular normal
distribution [12] with zero mean and variance pk, the power of source. For each subarray j, the
theoretical covariance matrix of the measurements is:

Σ j(θ) = E(p jspH
js) =

K∑
k=1

pkg j(xk)g j(xk)H + σ2I, , (3)

where θ is the vector of parameters to be estimated containing the positions xk and powers pk of the
sources, E(·) is the mathematical expectation.

The Sample Covariance Matrice (SCM) (or cross-spectral matrices) of the jth subarray is
estimated from the measurements by:

Σ̂ j =
1
S

S∑
s=1

p jspH
js. (4)

2.2. Microphone array configurations
We consider a single physical uniform linear array with 8 microphones, and the data are

generated from two asynchronous measurements, where the second measurement corresponds to a
shift of the physical array. Localization performance will be evaluated across three classical scenarios
found in the literature [4, 5]. These scenarios are depicted in Figure 1, where subarray 1 corresponds
to the first measurement, and subarray 2 pertains to the second measurement.

In the first scenario, the physical array is shifted by the aperture length, aligning the two
subarrays adjacently. In the second scenario, the two subarrays are interleaved, and in the last
scenario, the two subarrays overlap to include two reference microphones. The inter-sensor distance
of the physical array is 8 cm for scenarios 1 and 3, while it is 16 cm for scenario 2.

2.3. Cramér-Rao Bounds
The Cramér-Rao bound (CRB) is a lower bound on the variance of all unbiased estimators of the

parameters of a statistical model. Here, we consider the CRBs of the estimation of the position and
power of a source, which can be easily computed [11], for the three array configurations introduced
above. The CRB can be used to compare the performance that are to be expected for the three
configurations.

CRB are evaluated for a wave-number κ = 10 m−1 with sources power and a noise power of 1
Pa2. The distance between the array and the source is 1.5 m.

CRBs are plotted in Figure 2 for various source positions (in the ~x axis). For each scenario,
the CRB is evaluated for both synchronous and asynchronous cases. In the synchronous case, where
both subarrays acquire data simultaneously, the number of samples is twice that of each asynchronous
measurement, in order to maintain the same total measurement time.

As expected, synchronous arrays demonstrate the best performances compared to non-
synchronous arrays. For asynchronous measurements, the scenario 2 (with the interleaved array)
exhibits the best performance. Indeed, for this configuration, the aperture of the subarrays is similar
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Figure 1: Position of the microphones for the asynchronous measurements for three scenarios. The
rounds correspond to the first measurement and the crosses to the second measurement.

to the aperture of the complete array. In the overlapped case, the presence of common reference
microphones between the two subarrays does not significantly impact the CRB.

Figure 3 shows the CRB for the first scenario compared to the CRB of the two subarrays
used independently. When sources are positioned roughly in front of the center of the subarrays,
performances are better using the measurement of this subarray than using both asynchronous
measurements. However, in practice, the position of the source is not known before the measurements,
and thus it is impossible to select the subarray that would provide the best performance.

From the analysis of the CRB, we can conclude that while asynchronous arrays cannot reach
the performances of the complete synchronous array, they may be beneficial to the performances
compared to single arrays. Indeed, the maximum CRBs with respect to the source position is lower
than that of the elementary synchronous arrays considered separately.

3. MAXIMUM LIKELIHOOD BASED METHODS
Given data and a statistical model for the data (usually, Gaussian sources and noise), the

parameters of the source can be estimated by maximum likelihood estimation (MLE). In the case
of a unique source, beamforming was shown to be an instance of MLE [13].

In [11], MLE was considered for the localization of a unique source using asynchronous
measurements. In cases where the power of the source is assumed to be constant for every
measurement, as in (3), the position and the power of the source are jointly estimated by solving the
optimization problem:

(x̂, p̂) = argmin
x∈Ω,p∈R+

J∑
j=1

S j

− pg j(x)HΣ̂ jg j(x)
σ2(σ2 + p‖g j(x)‖2)

+ log(σ2 + p‖g j(x)‖2)
 (5)

In a relaxed model, where the power of the source is allowed to change between measurements,
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Figure 2: CRB for κ = 10 m−1, for different source positions, in the synchronous and asynchronous
cases. Blue squares, red plus and yellow crosses correspond respectively to the first, second and third
scenarios.

the position is estimated by maximizing the sum of the beamforming criteria computed for each
subarray:

B(x) =

J∑
j=1

S j

g j(x)HΣ̂ jg j(x)
‖g j(x)‖2σ2 − log

g j(x)HΣ̂ jg j(x)
‖g j(x)‖2σ2

 (6)

In the cases presented here, the log term can be neglected since it doesn’t bring significant changes
to the estimations. This method is called ΣBF in the following of the paper. This fusion method by
arithmetic averaging was considered in [14] and [1].

4. COVARIANCE MATRIX COMPLETION TECHNIQUES
In covariance matrix completion techniques, the full covariance matrix is first estimated to

approximate the covariance matrix that we would obtain if the measurements were made using a
synchronous array. This completed matrix is then used as input to a standard source localization
method. These matrix completion methods are based on the estimation of low-rank matrices, with the
optional addition of soundfield continuity constraints.

4.1. Block Hermitian Matrix Completion
BHMC [10] estimates a complete SCM under the assumption that the number of sources is

small compared to the dimension of the SCM, and that the contribution of the noise to the SCM is
negligible. In this case, the complete SCM has a low rank.

The estimated complete SCM is found by solving the following problem:

minimize rank(Σ̂c) subject toA(Σ̂c) = Σ̂m, (7)
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Figure 3: CRBs for κ = 10 m−1, for different source positions and in the first scenario.

with Σ̂c the estimated full matrix, Σ̂m a matrix containing all the partial covariance matrix Σ̂ j in
diagonal blocks, and A : CMJ×MJ → CMJ×MJ an operator that set to zero the elements out of the
M × M diagonal blocks. The minimization problem is solved non-iteratively by the algorithm given
in [10].

This method cannot be expected to yield accurate results. Indeed, the optimization problem (7)
on which BHMC is based is not capable of recovering the phase relationship between the subarrays
[5], as the phases of the diagonal blocks are non-uniquely defined. In the particular case of two
subarrays, we have the following result: let

M0 =

A C?

C B

 and Mψ =

 A eiψC?

e−iψC B

 , (8)

with M0 semi-definite positive. Then ∀ψ,Mψ is semi-definite positive and has the same rank as M0.
This is a direct consequence of the equality:

Mψ =

I 0
0 e−iψI

M0

I 0
0 eiψI

 . (9)

4.2. Soundfield continuity based methods
Methods based on the continuity of the soundfield add the constraint that the complete

covariance matrix should be representative of a soundfield compatible with the relative placement of
the subarrays and the sources. As an example, the completed covariance matrix can be recovered by
the optimization problem [7]:

minimize
Σ̂c

λ||Σ̂c||∗ +
1
2
||A(Σ̂c) − Σ̂m||2F subject to Σ̂c � 0 and ‖Σ̂c −ΨΣ̂cΨH‖22 ≤ ε, (10)
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with λ being a regularization parameter which balances the partial covariance matrix fitting term
and the rank minimization term. The constraint ‖Σ̂c − ΨΣ̂cΨH‖22 ≤ ε enforces the continuity of the
soundfield, whereΨ is the projection matrix onto a small dimension space, e.g., the space spanned by
the first K singular values of the propagation matrix.

The addition of the field continuity terms is expected to alleviate the non-uniqueness problems
encountered in BHMC. In this paper, we will consider the ADMM based approach of [7] that we will
call Soundfield Continuity Matrix Completion (SCMC). For the projection basis, a singular value
decomposition of the steering matrix D (containing all the green functions between the grid sources
and the microphone) is performed, D = UDΣDV∗D. Then Np singular vectors of UD are selected to
form the projection basis such as Ψ = UNpUNp

H.

5. NUMERICAL RESULTS
Numerical simulations are performed in the three scenarios to evaluate the performances of

BHMC and SCMC compared to the MLE defined in eq. (5), and to the averaged beamforming ΣBF.
In addition, the performance of beamforming with synchronous measurements is also considered.

MSE are first estimated, simulating fifty trials with 5000 snapshots, the source at position (0.73,
1.5) m and a signal-to-noise ratio (SNR) of 0.9 dB. The parameters for SCMC are the same as in [7]
except for the positive penalty parameter µ=0.5 and the number of singular vectors chosen Np = 10.
The value of µ is set to minimize the mean of MSEs obtained for the three scenarios with one source.

Figure 4 presents the MSE for the five methods. The results show that beamforming with
synchronous arrays gives the better performance in all cases as expected. In the three scenarios, ΣBF
and MLE give better results compared to other asynchronous methods, with a better performance
of MLE in low frequency. In the second scenario, there is a small gap between the synchronous
beamforming and the asynchronous methods, which confirms that this measurement scenario is better.

SCMC is on average close to ΣBF in all three scenarios. BHMC shows high errors in most
frequencies in the three scenarios, such that not all errors are visible in the figure.

These results confirm that BHMC, which results are arbitrarily dependent on the numerical
algorithm used to compute the eigenvectors of the SCMs, cannot estimate the position of the source
accurately. Comparing SCMC and the averaged beamforming ΣBF, SCMC does not exhibit better
performance than the averaged beamforming ΣBF which has also the lower computational cost.

6. EXPERIMENTAL RESULTS
Experiments have been conducted to compare with the results obtained in simulation. Array

geometries and scenarios are the same as those presented in section 2. The source is a white noise
emitted with a baffled Visaton-BF32 loudspeaker. The microphone used are MEMS microphones
(INVENSENSE - INMP441). Measurements were performed in an anechoic room.

MSE are first evaluated in function of the frequency. The source is placed at 1.5 m from the
array and at 0.73 m in the x-axis, and noise is added after the measurements such that the SNR is
around 0.78 dB. Signals are acquired 60 times each during around 5 s to estimate the MSE, with a
sampling frequency of 20 kHz.

Results are presented in Figure 5. As in the simulations, BHMC gives higher MSE than all
the other methods for most of the frequencies. The decrease in MSE with frequency is visible,
and the synchronous beamforming performs better than asynchronous methods. The gap between
synchronous beamforming and asynchronous methods (MLE and ΣBF) in the first and last scenario
is present as for the simulation, and the closeness between the three methods in the second scenario is
also visible. Conclusions consistent with the simulation results are reached, with good performances
of ΣBF compared to SCMC and BHMC.
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Figure 4: Experimental results: MSE and CRB vs frequency for the five methods presented, for the
position (top) and power (bottom) of the source.

7. CONCLUSION
This study investigated different methods to process asynchronous measurements. While

they do not reach the performances of synchronous measurements, asynchronous measurements are
beneficial to the performances of source localization compared to the use of a unique array, keeping
the total duration of the experiment constant, as shown by computing the CRBs for the estimation of
the parameters of the sources.

Simulations and experiments results show that in all the studied cases, completing the full
covariance matrix is not necessary to obtain accurate source localization results. In particular, the
simulations showed that simpler methods such as MLE and ΣBF reach the CRBs, a lower bounds on
the MSE of the estimation of the position and power of the source.

We note that matrix completion methods combined with beamforming have a higher
computational cost than ΣBF, as the computational complexity of computing a beamforming map of
L points is LJM2 for ΣBF, and LJ2M2 for beamforming after completion, to which the computational
complexity of the completion matrix should be added.

From these results, obtained for source localization by beamforming, we formulate the
hypothesis that, in general, asynchronous arrays data can be processed without completing a full
matrix without degrading localization performances, keeping the computational demands limited due
to the smaller data to be processed. This conjecture, of course, remains to be tested on more general
source localisation settings.
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