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On a system of PDEs modeling a non-isothermal
adsorption column with a single species.

C. Bourdarias * M. Gisclon fand Timack Ngom?

July 4, 2024

Abstract

We present a study of some theoretical aspects for a model describing a nonisothermal
adsorption column without axial diffusion, with a single gaseous species and adiabatic op-
eration. In this model, the velocity of the gas is part of the unknown (sorption effect). We
obtain an existence and uniqueness result in a variational framework. We then consider the
particular case of instantaneous equilibrium between the gaseous and solid phases.

Key words: gas chromatography, nonlinear chromatography, nonisothermal adsorp-
tion, systems of conservation laws, boundary conditions.
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1 Introduction

Pressure Swing Adsorption (PSA) is a technology that is used to separate some species from
a gas under pressure according to these species’ molecular characteristics and affinity for
an adsorbent material (activated carbon, silica gel, alumina, resin, zeolite...). One of the
primary applications of PSA is in the removal of carbon dioxide (CO2) as the final step
in the large-scale commercial synthesis of hydrogen (H2) for use in oil refineries and in the
production of ammonia (NH3). PSA is used extensively in the production and purification
of oxygen for medical uses. Another application of PSA is the separation of carbon dioxide
from biogas to increase the methane (CH4) ratio. A typical PSA system involves a cyclic
process where a number of connected vessels containing adsorbent material undergo succes-
sive pressurization and depressurization steps in order to produce a continuous stream of
purified product gas.

In previous papers by some of the present authors on this topic, we focused on a model
describing a step of the cyclic process, restricted to isothermal behavior [2| and, in a particular
situation leading to a hyperbolic system, two species [4, 5, 7, 8, 9, 10] (see also [14]). Working
with two species is of course restrictive in view of industrial applications but remains relevant
because this corresponds to an important field of applications: for example separation of
an He-COgy mixture [21], of CO2-N2, CO2-CH4 or CO2-H2 mixtures. As examples of more
complex situations, the reader will find in [1] a numerical approach to the oxygen enrichment
of a mixture of three components (main constituents of air) and in [13] a theoretical and
experimental study for the bulk separation of a ternary mixture Ho-CHy4-COo.

In this paper, we are interested in some theoretical aspects for a model describing a
nonisothermal adsorption column, with only one component and adiabatic operation. For a
description of the general model and a classification of the various systems with respect to
their complexity, we refer to Ruthwen ([20] chapter 9). In general fixed bed chromatography,
each of the N components simultaneously exists under two phases, a gaseous and movable
one with concentration C;(t, x) and velocity u or a solid (adsorbed) other with concentration
q;(t,x), 1 <i<N.
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The system describing there evolution, in a simplified and adimensional form, may be
written as follows

0Ci + i + 0, (uC;) = ad?,Ci, 1<i<N, (1)
hgi+Aigi = Aig (C), 1<i<N, (2)
N
T — B0, T = —kp(t)dsu—Y v0ig—kp(t) (3)
i=1
pT = p(t), (4)
where C' = (Cy,--- ,Cn), p= Zf\;l C;. T is the temperature of the gaseous mixture as well

as that of the solid part (the adsorbent bed and the adsorbed components), see Remark 2.1.
The given constants «, k, A;, 7; are non negative.

The so-called isotherms ¢} quantify the amount of adsorbate ¢ on the adsorbent as a function
of the concentrations. A given species i is said at equilibrium when it satisfies ¢; = ¢;(C).
The precise form of the isotherms is usually unknown and is experimentally obtained, but
there exists empirical models as the linear isotherm due to Henry [22] given by ¢f = K, ¢;,

with K; > 0, semi-empirical models as the Langmuir isotherm [17] ¢ = %, with
j=115Cj

K; >0, Q; > 0 (see also [14, 18]) and theoretical models as the Brunauer-Emmett-Teller
(BET) isotherm [12] which writes, for a single adsorbate with concentration ¢, ¢*(c) =
Q

(1+(K7ich)(lfi) with @, K >0and 0 < ¢, < L.

Notice that the BET theory is an extension of the Langmuir theory, which is a theory for
monolayer molecular adsorption, to multilayer adsorption: gas molecules physically adsorb
on a solid in layers infinitely, only interact with adjacent layers and the Langmuir theory can
be applied to each layer. This model is mainly suitable for materials with pores larger than
a few nanometers.

In each of these models, the isotherms are smooth and increasing with respect to the
concentration of the corresponding adsorbate, thus we assume that ¢} is defined on (R*)N
and satisfies

N
¢;(C — D) < Cy|C — D| with C; >0, |C = D| = > |C; — Dj| (5)
i=1
. Oq; .
qi<017"'7Ci717O7C7;+17"'7CN):0; 804 207 Ze{la"'aN}' (6)

The function p, in Equation (4), is the given total pressure, depending only upon ¢. The
unknown are C, ¢, v and T'. In gas chromatography, velocity variations accompany changes
in gas composition, especially in the case of high concentration solute: it is known as the
sorption effect. This effect is taken into account through Equation (4), which comes from
the law of perfect gas assumed to be valid here. The reader can refer for instance to [14].
The isothermal model consists of the set of Equations (1), (2) and (4) which means that p is
a given function depending only upon ¢. It was studied by one of the authors |2, 3] from both
theoretical and numerical points of view (without axial dispersion, i.e. a = 0). Notice that
in this model, the case N =1 is of poor interest because C(t,x) = Cy (¢, z) = p(t) is a given
function and the system is solved analytically. On the contrary, in the model studied in this
paper, the case of a single species is interesting because it presents most of the difficulties
with simpler notations.

The paper is organized as follows: in a first section we present the physical model. Next
we show how to build the dimensionless model (1)-(2)-(3)-(4). In Section 4, we focus on the
resolution of a simplified case with only one species and no diffusion. Next, in section 5, we
consider the case of the instantaneous equilibrium between the gaseous and solid phases and
show how to adapt the previous case. Finally we evoke certain variants of the problem, in
particular with regard to the initial and boundary conditions, and the general case of N > 1
species.



2 A general model for a nonisothermal multicomponent
adsorption column

We present here the model described by Ruthwen ([20] chapter 9) and which is the starting
point of our study. It consists of a set of fluid phase mass balance for each of N species

]_i
6701+8Z(u0i)+T€8Tqi:DLasz’i, 1<i<N, 7>0, 0<z<L (7)

a set of NV o.d.e’s describing the exchanges of mass between the gaseous phase ads the solid
(or adsorbed) phase
Orqi = f(¢,C), 1<i<N, 7>0, 0<z<L (8)

where ¢ = (q1,--- ,qn), C = (C1,---,Cn), and a set of two equations governing the tem-
perature T of the gaseous mixture, the temperature T of the solid phase (the temperature
Ty, of the wall is known)

0y [eC,T, + (1 — €)CT] + €0, (CyuT,) — eA02,T, =

4hy
(1-2)) (~AH)0-q; - — (T =Tw), 7>0, 0<z<L, (9)
3h
Cs0.Ts — R—(Tg —Ts)=(-AH;)0;¢;, 7>0, 0<z<L. (10)
P

In this study we use a classical form of Equation (8) with f(g,C) = A; (¢; (C) — ¢;) where
A; > 0 is a constant, ¢ satisfying (5)-(6).
We assume also that the perfect gas law is valid for the mixture, namely

P(t)=pRT (11)

with a pressure P depending only upon ¢ and p = Zf\; C; (total concentration in fluid
phase).

In appendix A the various unknown, functions and constants are given with the corre-
sponding physical units (Tables 1, 2).

Remark 2.1 In the sequel we choose to focus on the case of an adiabatic process, so that
in (9) we have T, = T,,. Next we assume that the temperatures of the gas and the adsorbent
are the same, i.e. Tg =T, and the common value is noted T in the sequel. Notice that these
assumptions in no way modify the difficulty of the problem but make it possible to lighten the
notations.

3 The dimensionless model

Let C, T*, u* be respectively a characteristic concentration, a characteristic temperature
and a characteristic velocity. We set

- C 1—
C’i:éandq}:E—ngifori:l,n-,N,
N
. P ~ & T u « L
p—a—;ChT—F,U—EaHdT —E

pT _ P) _ P()
CT*  RCT* L
pressure. Dividing (7) by C, (8) by %, (9) by (1 —e)CsT* and using the change of

We have then 57T = = p(t) where P* = RCT* is a characteristic

T z
variables t = —, x = 7 we get the system under its adimensional form

0iCi + 0uGi + 0u(0Cy) = adZ,Ci,
oG +Aigi = A;q,(C),

N
T —B2,T = —kp(t)deu—> 70 —kp (1),
i=1

~
Il

p p(t)



where we have set

DL 3 )\L eC eCC,
_ L 5 _ AH: k= —— P9 A _ A *
T Tu h (1—¢)CsLu*’ i (1—e)C, T~ 7" (1-e)C," " i
and 1
~ = —€
* = (cc
FAC) = e (C0)
with 5 R ~
C=(Cy,--,Chn).
. . 1—
Notice that ¢*; is lipschitz continuous with constant C;; = 6C'q.

Omiting the ~ over the various unknown, functions and constants we obtain the dimen-
sionless model (1)-(2)-(3)-(4).

4 A single species without axial diffusion

In this section we focus on the case of a single species, i.e. N = 1, with gaseous concentration
p, solid concentration g and neglect the axial diffusion i.e. a = 0. Moreover, for the sake of
simplicity, we assume that the total pressure is a constant pg > 0 but we could easily obtain
the same results assuming

p € H'(0,+00) with p(t) > pg > 0.

We write the system in the following form for (¢,x) € (0,7) x (0,1) where 7 > 0, in the
sequel, is no longer a variable but the fixed final time:

Ohp+0:(up) = Alg—4q"(p)), (12)
Oqg = —Ag—4q"(p)), (13)
[“)tT—ﬁ(“)in = —kpodsu-+v0iq (14)

with A, k, v > 0 and the constraint
pT=py, 0<t<7, 0<z<l. (15)
In view of (5)-(6) the function ¢* is C,-lipschitzian and satisfies
¢"(0)=0, (¢°) 0.

Setting B = A~, we can also replace the term v 9,q in (14) by —B (¢ — ¢*(p))-
The initial and boundary conditions are

vt e (0,7), T'(t,0) =T;

Vi € (0,7), 0;T(t,1) =

(IBC) Yt € (0,7), u(t,0) = u(t) > 0,
Ve e (0,1), T

Vz e (0,1), q

3

—~
~

~—

The Neumann condition (4) for T at the outlet is convenient because (see the next section)
we seek a solution such that w(¢,1) > 0, which is not a priori garanteed whithout some
various constraints on the initial and boundary data in order to get sufficient regularity on
the temperature and the velocity.

In all the sequel L?, resp. L*°, stands for L?((0,7) x (0,1)), resp. L>((0,7) x (0,1)) and for
all t € (0, 7] we note L? the space L?((0,t) x (0,1)). We introduce also the Hilbert space

99

MW= {¢ € H'(0.1); 6(0) =0, 35(1) = 0}.

The main result is

Theorem 4.1 Let 7 > 0. We assume that Ty > 0 is constant on (0,1), ¢qo € H*(0,1),
Uin € W2(0,7) and Ty, € H?(0,7) with T, (0) = Tp.
In addition we assume that the function

( _n_ Fpo AT, B o) — g
wu= (-5 (20 2 o)~ oo/ ) - 7400

4



belongs to H.

Then there exists Ty, > 0, pp, > 0 and uy,, > 0 such that if Ty, > T, po < Dm and
Ui > Um, the problem (12)-(13)-(14)-(15)-(IBC) has a unique global solution (u, q, p,T)
with

u € L*(0,7; L2(0,1)), (16)
dpu € L>=(0,7; L*(0,1)) N L*(0,7; H*(0,1)), (17)
0y0,u € L*(0,7; L*(0,1)), (18)
oT, 9,T € L™, (19)
0:0,T, 92, T € L>(0,7; L?(0,1)), (20)
0T € I? (21)

and there exists two real numbers a and b such that 0 < a <T <b.

Comments. The conditions ¢, (0) = 0 and ¢/,(1) = 0 (g, € H), together with the choice
of the initial and boundary conditions ensure the validity of the compatibility conditions
intended to get sufficient regularity to obtain the outlet condition u(¢,1) > 0. They are for
instance realized if T} (0) = 0 (or even T}, = Ty on (0,7)) and go(z) = ¢*(po/To) on (0,1)
(equlibrium at ¢ = 0), which is physically relevant in an experimental setting.

In order to prove Theorem 4.1 we need an intermediate result

Proposition 4.1 Let 7 > 0. Let u such that
we L%(0,73 L2(0, 1)),

Oyu € L>=(0,7; L2(0,1)),
(H,1)
0:0,u € LZ,

u(t, 1) > 0.

Then there exists a real number T,, > 0 such that if T;, > T,, then there exists constants
0 < a < b and a unique couple (q,T) solution of

Oq+Aq = Aq'(po/T), (22)
T —BI2,T = —kpydyu— B(q—q (po/T)), (23)

q(0,) = go € H'(0,1),
T(-,0) = Ty, € H*(0,7),
T(07 ) =Ty = Tm(o)

such that
0<a<T<b

and
T € L>(0,7; H*(0,1)) N L*(0,7; H*(0, 1)),

815T S L2.

Moreover, assuming
(H,2) 0,0,u € L>(0,7;L*0,1)),

if po is small enough and if the following compatibility condition is fulfilled
(CC) = kpodsu(0,-) = B(go — q"(po/To)) — T;,(0) € H
then
0T, 9, T € L™,
0:0,T, 02, T € L>(0,7; L*(0,1)),
OLT € L2

To prove the main result (Theorem 4.1) as well as Proposition 4.1, we will have to use some
classical estimates in the domain of parabolic PDE that we recall in the next subsection.



4.1 Classical estimates

We recall the following classic result adapted to the context of our study (see for instance
[16], [11]).

Proposition 4.2 Let 7 >0, 3> 0, Dy € H and f € L*([0,7) x [0,1]). Let D the unique
weak solution of

D~ B0;,D = f,
D(t,0) =0, t >0,
0,D(t,1)=0,t >0,
D(0,z) = Do(z),0 <z <1

then
IDI[72 <7e (If1172 + |1 Doll72(0.1)); (24)
10:D|[72 < I£I72 + BlIDo1Z2(0.1)» (25)
1 1
107, D]7- < @IIfIIiz + BHD(/)H%Z(OJV (26)
1
teS(t(l)p)l\axDH%z(o,l)(t) < Bllflliz +1D5172(0,1- (27)

In order to get more regularity fot T' we will use the following result

Proposition 4.3 Let 7 >0, >0, Go € HN H?(0,1) and h € H*((0,7); L*(0,1)). Let G
the unique weak solution of

oG — p0?,G =h,
G(t,0)=0,t >0,
0:G(t,1) =0, t >0,
G(0,2) = Go(z), ,0 <z <1.
If the following compatibility condition is fulfilled

g:=h(0,")+BGy €H (28)
then
10:Gl172 < |IhllZ2 + BlIIGHI72(0,1)s (29)
105 GII72 < 2[10ehl| 72 + 2819 [[72(0,1): (30)
1 1
10:03,Gl[72 < @H@thﬂiz + BHg/H%ﬁ(O,l)a (31)
1
t:(l(l)PT) 110:0:G|[72(0,1) (1) < BHathHQL? +119'172(0,1)- (32)

4.2 Proof of Proposition 4.1

We use an argument of fixed point on 7" in a ball of L?(0,7*; H'(0,1)) with 0 < 7* < 7 small
enough and we show that it is possible to iterate this process until reaching time 7. Let E.
be the closed convex set defined by

E; = {¢ € Lz(ovT;Hl(Oa 1))a0 <a<¢<h, ¢(Oaz) = Tp, ¢(t,0) = Tm(t)ﬁz(ﬁ(tv 1) = O}

where the reals a and b are defined further. The space L?(0,7; H(0,1)) is equipped with
the classical norm

A= 11f 122 + 110 fll 2
We introduce the mapping

® : B, — L*(0,7; H(0,1)) N L2(0, 7; H*(0,1))

by setting ®(S) = T where T is the unique weak solution of



T — 92, T = —kpodpu — B(q - ¢"(po/95)), (33)
T(t,0) = T;,(t) > 0, t € (0,7),
T(0,z) =Tp, z € (0,1),
0, T(t,1) =0,¢t € (0,7)
with ¢ solution of
q+Aq=Aq (po/9), (34)
q(0,2) = qo(z), x € (0,1).

Using Proposition 4.2 with D = T — T;,, (notice that Dy = Ty — T;,,(0) = 0) we get the
following estimates on T’

1T = Tinl[72 < 7€ IIf1172

where we have set

f=—kpodu— B(q—q"(po/S)) — T}, (35)
and thus

ITNZ: <27elIfl172 + 2] TinllZ2 (0.7 (36)
10:TNIZ2 < 20If1172 + 211 T7nl172(0,1)> (37)

2 2 1 2
102 T[|72 < @Ilfl\m (38)

2 1 2

sup [|0:T'/720,1)(t) < 2| fll72- (39)

te(0,7) 6

We also need L? estimates for ¢ and ¢*.

Lemma 4.1 Let 7 >0, A >0, S a measurable function satisfying S > a > 0, qo € L?(0,1)
and q a solution of

Oq+Aq=Aq (po/S)
with q(0, ) = qo(z) and ¢* Cq-lipschitzian then for all t € (0,7]:

« (Do 2 Cz?p(%
e G, <% w
S/ Lz a?
AC2p}
||11||2Lg <t <||(J0||%2(o,1) +7 2;2 . (41)

Proof: We have
9q+ Agq = Aq*(po/5S)

with ¢(0,x) = go(z). We multiply by 2¢ and integrate on (0,1) then

d [ 1 1
7 q2da:+2A/ q2d3:=2A/ qq*(po/S) dx.
0 0 0

We integrate with respect to time on (0,0) where o € (0,¢), then

1 o 1 o 1 1
/ ¢*(o,z)dx + 2A/ / ¢*(s,x)drds = 2A/ / qq*(po/S)dxds + / g2 (z) da.
0 0o Jo o Jo 0

A
But 2Aqq* <2A¢% + 5((]*)2 then

1

llallZ20.1)(0) = ¢*(0, x)dx

N

A
gy d + 5 lla (Po/9)|72-

/01
f

7



q* is Cy-lipschitzian then

4" (po/S) 12

/ / )2(po/S) dx ds

2 po
tCy a2

IN

namely (40). Finally
! AC?p3
2 2 g0
lall72(0,1y(0) < /0 gy dx + 7 5.2

ACp
ol < (Il 4250

namely (41). O

We will prove that for T;, large enough and a convenient choice of ¢ and b we have
¢(F;) C E;. Next we will show that, for a time 7* < 7, ¢ is stictly contracting on E -
Then, thanks to Schauder’s theorem, there exists a unique fixed point T+ for ¢ in E,« and
this fixed point is solution of

T — B0O2,T = —kpyOyu— B(q—q*(p))

and

on [0,7*] x [0,1] with p = %. In a first step we have to find a, b such that if 0 <a <5 <b
then a < T = ®(S) < b. For this, we are looking for L>° estimates on 7'. First, we have

Tt x) = Tin()] = [T(t,2)—T(0)|

/ (0:T)(t, s) ds
0

10T | 2(0,1) (1)- (42)

Next, using (27) with D =T — Tm and f defined in (35) we have

IN

1
10T 72001y (8) < IITo||L2+ ||f||L2:*||f|\iz
— B

0
4 *
< 5 (PrRlowuls + B2 gl + Blla" (o/S)IE: +1Thl 12 0.r)
4 Capg At
< (Wil + BPr(laollE + —27 00+ 50)
1Tl 20,r)) (43)

In the sequel, the total pressure pg will have to be adjusted in order to ensure the contracting
property of ® and we assume that py < pps where py; > 0 is some arbitrary constant.
Setting

1/2
C’Zp2 At
é6(a) = l <k2p?w |0zul[3 + B0l + —L5- (1 + <)+ T[22 0,

B
we get
Tin(t) —d(a) <T(t,x) < d(a) + Tin(t).
The real number a > 0 has to be defined such that T;,(t) > a and T}, (t) — d(a) > a for
all t € (0,7), i.e

d
Tin(t) >a and (Ti,(t) —a)®* —C — — >0
a
where we have set
4 2 2
C =5 (Wllpar drel 3 +7 B ol + 1Tl o)) > 0

and

4B2 022 A
:775 aPM <1+r2> > 0.



Lemma 4.2 There exists a real number T,, > 0 which depends on the various constants of
the problem (except pg) and the intial-boundary data such that if T;, > T, then there exists
a real number a > 0 independant of py such that

Tin > a and T;p, — 6(a) > a.
Proof: we search a under the form a = AT}, A €]0, 1] where T, has to satisfy

d
(Tm—a)2—C—¥20

i.e. p(A) > 0 where we have set p(\) = T A2(1 — \)2 — C T2\ —d.

We have ¢'(\) = 2 A T2 P()\) where P(\) =22 —3\+1— 52” = 2(A — A1)(A — A2) has two

real roots A1, Ao such that, provided 1 — g%l > 0:
0<>\1:%(3—\/Z)<%<1<)\2:%(3+\/E)

with A =1+ % > 1. We have p(0) = —d < 0, (1) = —CT2 —d < 0 and ¢ reaches its

maximum on |0, 1[%r A = A1, thus a exists if and only if ¢(A;) > 0.

In order to get a lower bound A} > 0 for A\; we choose T, such that T2 — pC > 0 for
some fixed pu > 1 and we set
T3 = V/uC,

1 8
X{:(S—,/H) > 0.
n

1
Now, using P(A1) = 0 and A} < A; < - we have

S

\}

C
o(\1) = TEX2 <A%—2A1+1—T2>—d
= TIN (A -2\ —2X2+3)\) —d

m

= TAN1-)\)—d

m

)\* 3
> Tf;( ) d.
2
Thus ¢(A1) > 0 as soon as T, > T2 where (T,Sf ))4 = B
1
Finally we set T}, = max(T#ll), Tg*)) and a = A\ Tp,. O

It remains to define b by setting for instance b = ||T}y||oc + 0(a). Notice that a, b, T),, are
independant of py. With T;, > T,, defined in Lemma 4.2 and the corresponding choices of
a, b we get ®(E;) C E,.

Lemma 4.3 There exists a time 7 < 7 such that the application ¢ is contracting on E «.

Proof: let S1 € E;«, Sy € Er+,T1 = ¢(51),T> = ¢(52). Let ¢1 be associated with T;.
Let g2 be associated with T,. We put D =T — 17 and @ = ¢2 — ¢1. Then D, @Q satisfy

D — 92,D = —-BQ — B(q"(po/S2) — a*(po/S1)),

2Q+AQ = A(g"(po/S2) — " (po/S1)) (44)
with



In order to estimate ||Q|2, we mutliply Equation (44) by 2@ and we integrate on (0,1). We

obtain

d 1 1 1
G| @tra Qtar = 24 Q@ eo/S) - 0" n/5) do

IN

then
d ! 2 A ! * * 2
G [ @ar <5 [ @ /s~ a o/50)" o
dt J, 2 Jo

We integrate in time then

1
A, N
/o Q%dx < §Hq (po/S2) — q (pO/Sl)H%Q(OJ)‘

But ¢* is Cy;—lipschitzian then

11
lg" (po/S2) — 4" (po/S1)] < Copo| o — =
Sy 51
C
< 250\52*5“

because a? < |S1S2|. Then

C2
1" (po/S2) = " (po/S1)l[72(0.1) < — [P0 (S2 = SVl

and then 1 o2
A
| @de < 5 m(s: - Sl
Finally

A C?
vie (0,1], [Ql7: < ts a%fllpo(Sz — 81)l[Ze-

Using Estimate (27) with Dy = 0 and

f=-BQ+ B(q"(po/S2) — 4" (po/51))

we obtain, using (45) and (46)

t
10DIIZ; < lIblIZ:
2B2? 2 * * 2
< t? (111172 + lla*(po/S2) — a*(po/S1)|[72)
2B2 [ A
< tga (72 + 1) C2lpo(S2 — S1)72
2B2 [ A
< 15 (72 + 1) CZ|lpo(9:(S2 — S1))|17»

and we have also ||D|[3, < |0, D]|3.. It remains to choose ¢ < 7 such that

2B> (A
tW(TQ +1)C§<1.

2A/O QdeJr;l/O (¢"(po/S2) — q*(po/51))* da

(46)

(47)

Then there exists a time 7% < 7 such that ® is strictly contracting on E,+ and thus there
exists a unique fixed point for ®, denoted T« which is the unique solution of (14) where

p= %, q satisfying (13).

O

To obtain a global solution, it remains to show that we can iterate the above process on

[7*,27*] and so on until reaching the final time 7.

Let S € L?((7*,7); H'(0,1)) be a function satisfying the boundary conditions of the
problem, the initial condition S(7*,-) = T'(7*,-) on (0,1) and a < S < b. Let T the solution
of (33) on (7*,7) x (0,1) with S instead of S, with the same initial and boundary conditions

10



as 5.

Let S, resp. T, the function equal to Ty« for ¢t € [0,7*) and equal to S, resp. T, for
t € [7*,7). Let ¢ be the solution of (34) with ¢(0,-) = ¢o. Then S, T, ¢ satisty (33), (34) for
t € (0,7) with the initial and boundary conditions of the problem and the estimate (43) is
valid on (0,7), thus on (7*,7). This allows us to get a < T < b, to iterate the process on
(7*, max(27*,7)) and finally to get a solution on (0, 7).

In order to obtain the estimates of additional regularity under the assumptions (H,2)
and (CC), we set, using the notations of Proposition 4.3

h = —kpodyu— B(q—q*(po/T)) — Tp,(t), (48)

G=T- Tin7
Go =Ty — T;»(0) = 0,
g = h(0,.) = —kpo 0,u(0,-) — B(qo — ¢"(po/Tv)) — T;,(0)

where (gq,T) is the solution of (22)-(23). Then we have juste to apply Proposition (4.3) and
we get

18T < 2[Rl + 21T 0,0 (49)
102132 < 2 (1100l 32 + BlI9'| 320,y + IThl 20, (50)
1 1
1802, 7132 < 5 N10:hE2 + 511913200 (51)
B B
1
sup 00T 20, (1) < 110112 + 1191 Fa0,1) (52)
te(0,7)

In the sequel, C' denotes various constants depending only on initial and boundary data.
First we have, with (48)

I3 < 3 (K lpo duulZa + B2l — 4" (o/ )32 + 1Tkl B
C (1 + [lpo Dzl 32)

A

or, as well

1A1I22 < C (1 + [po 905l 22),

and we get
10:T|[72 < € (14 [po 0eDaull72)- (53)

Next we have

Ouh = ~kpoddu+ AB(q — " (0o/T)) — B(q") (o) T) 75 00T — Tis (1)

and thus
B2 2
10:h][72 < 4 | K2 [Ipo 9:0rull72 + A2B?[lq — ¢* (po/T)||72 +p37q||5tT||2Lz + Tl 20,0 | -

Finally, with (53)

[10:h][72 < C (1 + |lpo 0uBaul[72)- (54)
Using these estimates in (50), (51) and (52) we get similarly
105 T[72 < C (1 + [lpo 0:aull2), (55)
10002, T[22 < C (1 + |lpo 0edzull72), (56)
sup [100.T 120y < C (1 + [1po iyl 22): (57)

te(0,7)

11



The L*° bounds for d;T and 0, T follow easily. First

1
OT(tx)] < |Thlloo + / 10,0, (1,€)| de
0
< 1Tl + 5D 10:0.T] 120,10
< C(1+ [|po Ordyul [22)V2) (58)

Next we have, with Tj constant
02T = / 0102, T(s,z)ds,
0

(8§IT)2 <7 HataizTH%(zo )(CL’)

and thus, integrating over (0, 1) with respect to « we get, thanks to (56), 92,7 € L>(0,7; L?(0,1))
with the estimate

S(l(l)P ) HaixTH%%og)(t) <C7(1+]|lpo ataxu||2L2)'
te(0,7

Finally we write

0.T(t0) < 10.T(t1)] + / 92,7 (1,€)| de

1

< |05, T(t,€)| d€

< SlszainHH(o,l)(t)

< V20,03, T[7

< CTV2 (14 |[po raul[72)' 2. (59)
This concludes the proof of Proposition 4.1. O

Remark 4.1 Under the assumptions (H,2) and (CC), using the L™ estimate (58) we get
immediately new estimates for O,T and 0, T

10¢T |2 < C7 (1 + lIpo B:0sul22), (60)

S(UP) 02T |[72(0,1)(8) < C7 (1 + ||po B0l |72)- (61)
te (0,7

4.3 Proof of Theorem 4.1

The proof is based on a fixed point method for the velocity u, using Equation (12). More
precisely, for a velocity u given in a closed convex set U, defined below, with ¢, T the solutions
of (13)-(14) and p = po/T, we define v = 9)(u) as the solution of

Oz (pv) = =0ip+ Alg — ¢"(p)),
v(t,0) = win(t)

and we show that, for pg small enough, v is contracting for an appropriate norm and for a
small final time. Then we iterate the process as in the proof of Proposition 4.1.
The previous equation gives succesively

pov(t,x) = pT(t,x)v(t, x)
= T(t,) (pv)(1,0) + T(t,) / O (pu(t.€)) de
Tt 1) (oo win) (8) + T 2) / "o+ Alg—q*(p))) de
= Tt ) (pinuwin)t) + T(t,z) /Ow (—=0t(po/T) + Alqg — q¢*(po/T))) dE

= T (o)) + 7002 [ 06+ [ (A= 0 om0 )

12



and

Po azv(tv CL‘) = (pln Uzn)(t) aﬂcT(t’ :L') + azT(tv 1') Am [A(q - q* (pO/T)) + poajiiiz1 (tv f) df
(1 2) Alg — 4" (00/T))(1,2) + po (1), (62)

Assuming T(0, -) = T constant on (0,1) we have

atT(Ov l‘)

po 9,v(0,2) =Ty A(qo(z) — ¢"(po/T0)) + Po T,
Moreover, the compatibility conditions being fulfilled, we have

oT(0,z) = BTy — kpod,u(0,2) — B (qo(x) — ¢*(po/T0v))
= —kpo 9,u(0,z) — B (qo(x) — ¢" (po/T0))

and finally

9,0(0,2) = (";T - f) (@) — 4" (po/To)) — 22 0,00, 7), (63)

thus the fixed point w, if it exists, satisfies

AT, B

( po 1o
0pu(0, ) = -
I+

) (qo(z) — q¢"(po/Tv))- (64)

Using this expression of 9,u(0,x) we get, with the notations of Proposition 4.3

kp AT B . ’
g=00= (-8 i (S0 1)) (wlo) = o/ To) - Ti0)

and the asumptions of Theorem 4.1 ensure the compatility conditions. Of course, with this
choice, 0,v(0,z) = 9,1 (u)(0,2) = J,u(0,2) and the compatibility conditions remain valid
with v.

Now, let M >0, My > 0, u,, > 0 and

U, = {u € L>=(0,7; H'(0,1)), 0:0,u € L?, u(t,0) = win(t) > um > 0,

sup HPO ata$u”%2(0,1) (t) S Ml}

9,u(0, z) satifying (64) on (0,1), sup ||podyul[72(o 1y (1) < M,
) te(0,7)

te (0,7

The constants T}, a, b introduced in the proof of Proposition 4.1 are now associated to the
constant M in place of ||p0M8mu||%2(071)and thus no longer depend on the velocity u € U,.

We recall that for all T associated to some u € U, we have 0 < a < T < b as soon as
En > T’H’L'

Moreover the various estimates stated in the proof of Proposition 4.1 are used in the sequel
with ||podsul|2. and |[po 8,0, ul|?, respectively replaced by M and M;. The minimum input
velocity u,, must be defined such as u(t,1) > 0, but we have

1
u(t,1) = um(t)—l—/o O u(t, &) d

1
0
> Um — Sltlp [|0zul[ 20,1y (1)
>y, - YM
Po
thus we choose u,, such that
v M
Uy > ——. (65)

Po

In all the sequel, C denotes various constants depending only on the constants of the problem,
including 7, M, M7 and on the initial and boundary data via appropriate norms.
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Lemma 4.4 If py is small enough then there exists 7 € (0,7] such that for all u € U,, we
have ||poOyv|[3, < M.
T1

Proof: using (62) we can write

PoO0zv = Ay + A + A3 + Ay

with
A1 = (pin win)(t) 0T,
fb:@T/7ﬁ@@
0
where 5T
T:A@—f@MT»+m%§,
A3 =T A(q - q*(po/T)),
o,T
Ay = po tT
Then

vt € (0,7],  lpo ovll72 < A(IJA1l[T2 + || A2ll72 + [1As]175 + [|Aa][72).
We have first, thanks to Estimate (39)

HA1||2L’;‘ = ||uinpinamTHi$
< N[tin pinl12110:T 172
< Ct
Next we have
T
(A = o P
0

2

[ for([)

sup [[0:T[[72 0,1y ()71 72 (0,1 (1)
s€(0,7)

IN

then, using (40) and (41)

2

* p

42072 < 3 Sz‘ép)HabeH%Q(O,l)(S) <A2|Q|2Lg +A%(|q (po/T)HngJFCﬁHatTFLz)
se(0,7

< C(t+pp).

Next, with (40) and (41), we have

143172 = (1T Alg —¢*(po/T))][7:
< 26242 (llgll3; + lla” (po/T)I13;)
< (Ct
Finally, with (37)
oT
1AalZs = llpo 22
2
D
< Djjo,7
< Op}

and we can write finally
|lpo 3m”||%§ < C(t+pp).

M
we set 71 = — and we get finally ||pod,v||2. < M for u € Us,.
T1

If, for inst <M
, for instance, po < 5=, 50 -

14



Lemma 4.5 If py is small enough then there exists 7o € (0,7] such that for all u € U, we
have ||po0;0,v|[3, < M.
T2

Proof: we have

8
Podidsv =Y Bi (66)

=1

where

Bl - (uzn pzn)/(t)azTa
B2 = (uin pzn)(t)ataa:Ty

B3 = 8,58IT/ T
0

where again
T

r=Alg=q"(po/T)) + P07z

B4 = azT/ 8t’f',
0
Bs = A(q — q"(po/T)) 0:T,
B@ = T@tr,
Po
&Z?@ﬂ

p
Bg = ’T% (8,T)2.

Under the asumptions of Theorem 4.1, the compatibility conditions are satisfied and we will
have to use the various estimates (53) to (61) with ||p08t8ru||2L2((0 % (0,1)) S M;.
With (59) we get first

B2 < l(uin pin)' 1% 19:T1[22 < Ct.

Next, with (57)
1Bal|72 < |[uin pinll% [10:0:T|[72 < C't.

For B3 we proceed as above for Ay and we get

1Bl < sup 1182511005

se

Using (40), (41) and (60) we have finally

B33 < Ct.

Similar estimates are also obtained easily for ||B4||3., ||Bs||3. and ||Bg||3..
For By, using (55)
|Brl[72 < C 3.

For Bg, using (58)
|Bsll72 < Ctpj.

Finally
HpoatarUH%g <C(t+pj)

and we conclude as for ||pod,vl|7, in Lemma 4.4. O
t

From Lemma 4.4 and Lemma 4.5 we deduce that for pg small enough there exists 7/ =
min(7y,72) < 7 such that ¢ (U,) C U;. Now we show that for ¢ is contracting on a subset
of U,» under some conditions. More precisely

Lemma 4.6 For pg small enough there exists a time 7% < 7 such that the application 1 is
contracting on Uy~ for the norm

[lull = [Ju(t, 0)||L2(0,r+) + l[Podzul| 2, -
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Proof: Let ui,us € U, let Th, T, q1, g2 associated to wup, us respectiveley, with the
same boundary conditions and wu;(0,.) = u2(0,.). We set

Do Po

T, P2 = T, P(uy) = v1,¥(ug) = va.

P1=

As v1(t,0) = v2(t,0) = uin(t), we have just to control ||py 8, (ve —v1)|[3, for 0 < ¢ < 7.
t

Setting

. /T,
r1 = A(q1 — ¢"(po/T1)) ero%,

i

. T
ry = A(g2 — ¢"(po/T2)) + po }227

3

D=T,-T,
we have

PoOz(va —v1) = A1+ As + A3+ Ay + A5

Ay =uo(t) po 02D,

A = 8D/ e,
= 0,11 (/0 ‘(7"2 - rl)) ,

Ay = Drq,
As =Ta(rg —11)
and D = Ty — T satisfies
kD — B92,D = po (Ozuz — 0pur) + B (g2 — q1) — B(q¢" (po/T2) — ¢ (po/T1)).
D(t,0) =0,t € (0,7),
0. D(t,1) =0,t € (0,7),
D(0,z) =0,0 <z < 1.

Setting
h = po (Opuz — Opu1) + B (g2 — q1) — B (q" (po/T2) — ¢ (po/T1))

thanks to Proposition 4.2 and Equation (43) we have the following estimates

10:DIEs < A2, (67)
L2
sup |0, DHL2(0 1)( 5) < E”h”L% (68)
s€(0,t)
and the estimates (60)-(61) are valid for T} and T5.

Then ;
141172 < BHUOPOH;HhHQL%

t
| 42]7; < BHTQH%ZH}LH%%

1l = 1i0e ([ =) Ui

< sup (|01l 20,0)(5) |2 — (72
s€(0,7)

< Cllra —rillZs,
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|1 Aall7 | D172

t ol
/ / DQT%
o Jo

t pl T 2
< [ [ ([or)
0 JO 0
t 1 1
< [ ([eor) [
0 0 0
< sup [[0:Dl| 20,1y (8)]I71]]72
0<s<t
1
<

EHhH%erlH%f’

145|172 < C'l|ra — 1|7

Now, we have to estimate ||r1[[32, |[r2]|32, |2
t t
As seen before (proof of Lemma 4.4), we have for i

[Z2-

—r1l[2; and [|h][2,

=1,2

I7ll35 < C (¢ +p3).

Next,
* * ]- atD
r2 =11 =Alg2 — q1) = Alq" (po/T1) — " (po/T2)) + 1o | 72 — Tz 0Ty — —po-
2 2
With Equation (46) we have
02
gz —aillfs < tp f||D||L2
2 o ACT o
< 2R gl (69)
and with (45), where S; = T;
02
lg*(po/T1) = 4" (po/To)llzz - < —Lllpo DIz
cz
> tpo at B ||h||L2- (70)
For the third term
1 1 Ty + T3
— — ar L 22l Do, T
w(-m)om| = wig vt
2b
< P0¥|D|\atT1|
then, thanks to Equations (68) and (60)
2
11 4p?
— — =5 | 0T < D*(0,T)
V“@g ﬁ)fng— %*a// 1)
5 407 2
> Po ;8 SUP 102 DHL2(0 1)( MO ||72
a s€(0, ¢
< Cpj HhHLf

Finally, with Equation (67), we have

(lIr2 = 71172 < Cwg IRl

Using again Equations (69) and (70), we have

Il <
2 2 2 AC,
< 3{llpo 0u(uz —u)llZz + B* | £° 1 5 1
< 3 (lpo @z = w)lZ + K v 10]13;)
> x L2 0 L?

17
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with )
C A
_ 2 Vg
Thus, assuming pg small enough such that 3Kp2 < 1, we get

HhH%% < Cllpo (Ozug — 817“)”%?

and
llr2 = r1l1Z2 < Cpg [Ipo (Fouz — Qur)||Zs-

Finally, by gathering the previous estimates we obtain
[P0 82 (v2 — v1)| 22 < C (5 +1) lIpo (Do — Dour) |2

Now, we fix py satisfying all the previous constraints and being such that C'pZ < 1, then
there exists a time 7* < 7/ satisfying C (pg + 7*) < 1, so that 1 is contracting on U .
Let uw € U+ be the unique fixed point of v, let (¢,T) be the corresponding solution of (22)-

(23) and let be p = p?o, then we easily get that (u, ¢, p, T) is the unique solution of the

problem (12)—(4) on (0,7*) x (0,1). It remains to iterate the process on (7*,27*) and so on,
until reaching the final time 7. This is achieved in the same spirit than the end of the proof
of Proposition 4.1. The important point is that it is possible to use the same estimates as
on (0,7*), using only the initial data (it means ¢ = 0 and not ¢ = 7*) and boundary data of
the problem. O

5 The case of instantaneous equilibrium

We consider now, as in references [4] to [10], the case of instantaneous equilibrium : formally,
when A — oo, Equation (13) reduces to ¢ = ¢*(p) and the system of Equations (12)-(13)-
(14)-(15) becomes

A(p+q°(p) +0u(up) = 0, (71)
oI — B@ixT = —kpodzu—+v0q*(p), (72)
pT = Po, (73)

with the same initial-boundary conditions (IBC), without the one concerning q.
Notice that the problem of the convergence of the solution of System (12)-(13)-(14) towards
the solution of System (71)-(72)-(73) is open. We can observe that the key L? and H'
estimates obtained in Section 4 blow up as A — co. The same difficulty would arise in [2]
in the BV framework due to the same parameter. The corresponding system was sudied in
a serie of papers (|4, 5, 7, 8, 9, 10]) but the analogous problem of convergence remains also
open.

In the sequel we assume that ¢* € W2 (R*).
We will get an existence and uniqueness result for this problem using globally the same
procedure as in the previous case but the regularity needed to ensure u(t, 1) > 0 (in particular
02T € L?) cannot be obtained as in the proof of Proposition 4.1 because the function h in
(48) would become

h = —kpodyu+~0q*(p) — T, (t)
1
—k po Opu — 7po(q*)’(po/T)ﬁ(‘3tT —T;,(t) (74)

and 9;h involves 02T and (9,T)%. We must therefore take into account this regularity in the
space used for the fixed point.
Notice that, subject to sufficient regularity, Equation (72) implies

1
8tT(07 :L’) = BangO _pr amu(ov :L') — YPo (q*)/(pO/TO)ﬁatT(Ov :L’)
W—’O 0
and thus
—k po

0:T(0,z) =
(0, 2) 1+7P0(‘J*)'(po/To)T%2

9,u(0, ). (75)
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On the other hand, the formula (62) becomes

PoOx0(t,x) = (pin tin)(t) 0T (¢, x)
+0,100) [ @Y oo/T) 50T + | .60 dg
20 (1+ (&) (po/T) ) T (76)

thus, for the solution (u,T’) we get

1
po 9,u(0, ) = po (1 + (q*)’(po/To)?O) o:T'(0,x)
that is also T
8, T(0,2) = 0 9,u(0, 7). (77)

1+ (q%)'(po/To)
From (75) and (77) we deduce that necessarily 0,u(0,2) = 0 and thus 9,7(0,z) = 0. In
addition we get easily u(0,-) = u;,(0) on (0,1).

The main result for this problem is

Theorem 5.1 Let 7 > 0. We assume Ty > 0 constant on (0,1), u;, € W(0,7) and
Ty € H*(0,7) with T;,,(0) = Ty and T}, (0) = 0.

Then there exists some real numbers T, > 0, pp, and w,y, > 0 such that if T;y > T,
D0 < Dm and Uy > Uy, then the problem (71)-(72)-(73)-(IBC) has a unique global solution

(u, p, T) satisfying

u € L*(0,7; L2(0,1)), (78)
Oyu € L*(0,7; L*(0,1)) N L*(0,7; H'(0,1)), (79)
0:0,u € L>(0,7; L*(0,1)), (80)
oT, 9,T € L™, (81)
0:0,T, 92, T € L>=(0,7; L*(0,1)), (82)
oLT € L*. (83)

This solution satisfies u(0,-) = u;n(0), 0T(0,-) = 0 on (0,1) and there exists two reals
numbers a, b such that 0 < a <T <b.

As a first step we show the following result

Proposition 5.1 Let 7 > 0. Assume that Ty > 0 is constant on (0,1), T;, € H?(0,7) with
T;n(0) = Tp and T},(0) = 0.
Let u such that

u € L>=(0,7; L%(0,1)),
0;0,u € L>(0,7; L?(0,1)),

(H,1)
0,u(0,-) =0 on (0,1),

u(-,1) >0 on (0, 7).
If py is small enough, then there exists a real number T,,, > 0 such that if Ty, > T, then there
exists constants 0 < a < b and a unique function T € L>(0,7; H(0,1)) N L?(0,7; H*(0,1))
solution of Equation (72) with
T(0,-) =Ty on (0,1),
T(,O) = Tin, 8tT('7 1) =0on (077—)7
such that 0 <a <T <b and

6tT, 0, T € LOO,
0,0, T, 92, T € L>(0,7; L*(0,1)),
02T € L2,
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5.1 Proof of Proposition 5.1

We will start by giving some a priori estimates necessary for the definition of the workspace.
If T solves (71)-(72)-(IBC) and satisfies T' > a > 0 where a is some constant independant of
po, then applying Proposition 4.2 to D =T — Tj,, we get, with h defined in (74)

10T < 2llhl72 + 2Tl )

2 2 P3O 2 2 /2
< 6| Kllpodaullze + =7 10Tz + I Tinllz2 0,7y | + 2 Tinllz20.r)
where C; = ||(¢*)||r~. Thus, assuming pyg < py where py; > 0 is some arbitrary

constant, and for instance
2 202
6p5,Y C’q
al

1
< = 84
= (84)
we get

[|0:T||3: < Ny, (85)

where we have set
Ny = 12k [pasdyull3e + 1617, o 0.

Let E. the convex subset of H'((0,7) x (0,1)) defined by

By = {6 € H(0,7) % (0,1)); 016 € H'((0,7) % (0,1)), 0< a <6< b,

¢(0,$) = To, at¢(oax) =0, ¢(t70) = nn(t)aaz¢(tv 1) =0, HatQSHQL? <M ) ||at¢||%{1 < NQ}

where the real numbers Na, a and b are defined further. The space H'((0,7) x (0,1)) is
equipped with the classical norm

o[l = lIollz> + 1[0e@l|L> + [|020]| L2
We introduce the mapping

®: B, — H'Y((0,7) x (0,1))
by setting ®(S) = T where T is the unique weak solution of

T — B2, T = —k po Dyu — ’ypo(Q*)’(po/S)%atS, (86)
T(t,0) = Tin(t) > 0, t € (0,7),
T(0,z) =Ty, = € (0,1),
8,T(t,1) =0, t € (0, 7).

In order to define a, b such that a < T < b we proceed as in Section 4. First, with S € E;

and 1
f=—kpoOyu— ’Ypo(q*)/(Po/S)ﬁatS - Tiln

we have

sup ||8$T||2Lz
0<t<t

IN

1
Bllfl\iz

3 p2,72C2 d
< 3 <k2|PM<9xU|%2 + T3 72 0,0 + %Nl =C+ ps

After similar computations as in the proof of Proposition 4.1 we are led to set

6d 1/8
Tm = max(\/ [IJC, ((A*)5) ), a = )\1Tma b= ||,-r7,n||oo o)
1
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/ d
where p > 1 is some arbitrary constant, 6 = 1/C + — and
a

o B VIEAu 5 /T 2UC0/TE
1= L~ .

6 ’ B 6
With these values of a, b we have a < S < b = a < T < b and this value of a is used
n (84).
Next, with (84) we get immediately

10T < 2llf172 +2I|T7,17

IN

202
6 <k2||pMamu||%2 + B

< Ni.

N1+ || 17LHL2(0 7')) + 2‘|Hn||i2(077)

Now we redefine h as h = —k pg O,u — ypo(q*)’ (pO/S) 8tS T! (t). We have h € L?
and also d;h € L2, indeed:

o = —kpodhdeu+ 22 ((a) (bo/S) + 5 (a) (00/5) ) (@S (87)
I RS T ) (83)

and 0;¢ € HY((0,7) x (0,1)) = Vp > 2, &y¢ € LP, thus (9;5)? € L? and
10:8)?[122 = 110:SI1s < €l|0iS|[3 < e N3

where ¢ > 0 is a true constant. With the assumptions of Proposition 5.1 and 9;5(0,2) =0
we have h(0,z) = 0 and the compatibility condition needed to apply Proposition 4.3 to
D =T — T, is obviously fulfilled and we get in particular

10:T |13 < C (||kpridpdpul |22 + Ny + 1+ p2||8:S|2)

where C' is some constant depending only on the various constants of the problem, except py,
and the initial-boundary data. Choosing N> such that Ny > 2C' (\ |kpas0: Oz |2L2 + pm N1+ 1),
[|kpas 00, UHLz +pu Nt + 1
No

Moreover, with Equation (86) we get dT(0,-) = 0 on (0,1) and with the various constaints
on pg and a, b, Ny previously defined we hace ®(F,.) C E,. Next, we can proof that ® is
contracting on E.« for some 7* < 7 as in the proof of Proposition 4.1, but we have to impose
a supplementary constraint on py due to the term ||9;S> — 9,51||2,. The unique fixed point
lies in F,+ and we finally iterate the process until we reach the final time 7. (Il

we have [|9,T||3;, < N» provided p§ <

5.2 Short proof of Theorem 5.1
The proof is very similar to that of Theorem 4.1.With the same notations we work here with
U, = {u € L=(0,7; H'(0,1)), 8,9su € L, u(t,0) = win(t) > um > 0,
9zu(0,z) =0 on (0,1), b(uP Podaull72(0,1) < M, S(UP [P0 00zl |72(0,1y < Ml}
te(0,7)

and v = ¢ (u) satisfies

Po0u0ltn) = (i) (OOT(00) +0,T(0) [ [+ ") (oo/T)) B3 00T (1) e
0
+(L+(q7) (po/T)) 2OKT.
With T'(0,z) = Tp and 9;T(0,2) = 0 we get 0;v(0,x) = 0. the rest of the proof does not

involve any additional difficulty. O
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6 About some variants

The model studied in this paper admits multiple variants depending on the type of phe-
nomenon in which the experimenter is interested. Omne can take into account the axial
diffusion in the mass conservation equations (o # 0 in Equation (1)).

We could also take into account the pressure drop along the column according to the
Ergun Equation ([15])

or _ 150u (1—6)2u+1.75p91—6u2'

9z (2R,)? & 2R, &

The choice of boundary conditions is not always very explicit in the articles based on ex-
perimentation, but the velocity is often considered constant or, depending on the type of
phenomenon considered, its inlet or outlet sign is known a priori. This is the reason why
we have chosen to take a positive velocity at the column inlet and to set sufficient regula-
rity conditions to ensure a positive velocity at the outlet, which justifies the type of simple
boundary conditions envisaged. For other conditions one may consult for instance Ruthwen
[20], or [19] (Danckwerts boundary conditions).

To be closer to real conditions we could for example, with a inlet positive speed w;,, adopt
the following Danckwerts type conditions for the temperature in a dimensionless form

T(4,0) =T, 5o(01) = —Speu (1) (T 1) - ), (59)
where § is a constant, p. is the external pressure, T, is the external temperature at the
outlet (assumed constant) and v~ = — min(0, u). Of course we retrive the outlet boundary
condition used in this study when wu(¢,1) > 0. The main difficult here is of course the fact
that wu, thus its sign, is part of the unknown. Note that from a numerical point of view this
is not an obstacle because by using for example a splitting method (as in [3] for instance) it
is possible to predict the sign of the outlet speed then to apply the corresponding condition.
The case of N species, N > 2, and its numerical treatment with conditions of the type (91)
is the subject of a work in preparation by the same authors.

A Variables and constants

C; (mole - m=3) concentration in fluid phase for species ¢

¢ (mole -m™3) concentration in solid phase for species 4

u (m-s71) velocity of the gaseous mixture

Ty (K) temperature of the gaseous mixture

Ts (K) temperature of the solid phase

¢ (C1,-++,CN) (mole-m™3) " isotherm: concentration in solid phase at equilibrium for species i
P(t) (Pa) time-dependant pressure in the column

Table 1: Unknown and functions

Notice also that Cy = Cpgp.
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A; (s71) mass transfer rate for species ¢

Cy (J-m™3 K1) volumetric heat capacity of fluid phase

Cs (J-m™3- K1) volumetric heat capacity of solid phase

Cpg (J -mole™ - K~1)  heat capacity per unit volume of fluid phase
Cps (J - kg='- K1) heat capacity per unit volume of solid phase
Dy (m-s71) axial dispersion coefficient

L (m) lenght of the column

N number of species

R (J-mole™! - K1) molar gas constant

R, (m) adsorbent pellet radius

Ty (K) wall temperature

d (m) internal diameter of adsorbent bed
h(W-m=2. K1) overall heat transfer coefficient between adsorbent particle and ambient fluid
ho(W -m=2 . K1) overall heat transfer coefficient at column wall
z (m) distance measured from inlet

—AH; (J-mole™t) heat of adsorption for species 4

¢ (adim) voidage of adsorbent bed

AL (W-m~t. K1) effective axial thermal conductivity
p(kg-s~t-m™1) dynamic viscosity of a gas mixture

p (mole - m™3) total concentration in fluid phase

op (kg -m=3) density of adsorbent

T (s) time

Table 2: Constants
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