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Abstract. In the connectivity interdiction problem, we are asked to
find a global graph cut and remove a subset of edges under a budget
constraint, so that the total weight of the remaining edges in this cut
is minimized. This problem easily includes the knapsack problem as a
special case, hence it is NP-hard. For this problem, Zenklusen [Zen14]
designed a polynomial-time approximation scheme (PTAS), and for the
special case of unit edge costs, exact algorithms. He posed the question
of whether a fully polynomial-time approximation scheme (FPTAS) is
possible for the general case. We give an affirmative answer. For the spe-
cial case of unit edge costs, we also give faster exact and approximation
algorithms.
Our main technical contribution is to establish a connection with an
intermediate graph cut problem, called the normalized min-cut, which,
roughly speaking, penalizes the edge weights of the remaining edges more
severely, when more edges are taken out for free.

1 Introduction

We study the connectivity interdiction problem [Zen14]. In this problem, we are
given an instance (G = (V,E), w, c, b), where G is an undirected multi-graph
which has weights w : E → Z>0 and costs c : E → Z>0 associated with its
edges. A subset of edges F ⊆ E is feasible if c(F ) =

∑
e∈F c(e) is no more than

the budget b ∈ Z>0. The objective is to remove a feasible set of edges so that
in the remaining graph G′ = (V,E\F ), the minimum weight of a global cut is
minimized. Connectivity interdiction arises as a natural optimization problem
in graphs. The potential applications include drug delivery intersection [Woo93],
nuclear smuggling interdiction [MPS07], security of electric grids under terrorist
attacks [SWB04], hospital infection control [Ass87], the vulnerability of the net-
work infrastructure [MM09], and strategic military planning in the battlefield
[GMT71].

⋆ A preliminary version of this paper has appeared in Proceeding of Integer Program-
ming and Combinatorial Optimization - 25th International Conference, IPCO 2024,
Wroc law, Poland, July 3-5, 2024.
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We note that connectivity interdiction can also be regarded as the b-free min-
cut problem, that is, we aim at finding a vertex set S ⊊ V and a feasible subset
of edges F ⊆ δ(S) (where δ(S) is the set of edges with exactly one endpoint in
S), so that

∑
e∈F c(e) ≤ b and

∑
e∈δ(S)\F w(e) is minimized.

It is easy to see that even in a graph as simple as two vertices connected by
parallel edges, the b-free min-cut problem already contains the knapsack problem
as a special case, and hence is NP-hard. A very natural special case is that of
unit edge costs, that is when c(e) = 1 for all e ∈ E. This case is known to be in
P.

In the rest of this paper, we assume that n = |V | and m = |E|. For conve-
nience, we define a cut as the set of edges instead of the set of vertices. That is,
we say that a set of edges C is a cut if C = δ(S) for some S ⊊ V . We denote the
weight of a cut C, as w(C) =

∑
e∈C w(e): the total sum of the weight of its edges.

Throughout the paper, the notation Õ(·) hides poly-logarithmic factors in n and
m. Zenklusen [Zen14] has shown the following two results for the connectivity
problem.

– A PTAS for arbitrary edge costs.
– For the unit edge costs, an Õ(m2n4) deterministic exact algorithm and an

Õ(mn4) randomized exact algorithm4.

In [Zen14] Zenklusen has posed the open question whether it is possible to
obtain an FPTAS with arbitrary edge costs.

1.1 Our Results and Techniques

We give an affirmative answer to Zenklusen’s question, showing an FPTAS for
arbitrary edge costs. Let (G = (V,E), w, c, b) be an instance of the b-free min-cut
problem.

Theorem 1 (FPTAS). With arbitrary edge costs, there is a fully polynomial
time approximation scheme for the b-free min-cut problem: given δ > 0, in time

O(m
2n4

δ log(nwmaxb)), where wmax = maxe∈E w(e), we can find an (1 + δ)-
approximate solution.

For the special case of unit edge costs, we also improve on the running time
of Zenklusen. We design three algorithms that offer varying trade-offs between
the running time and the accuracy.

Theorem 2. With unit edge costs and for positive accuracy parameter ε <
1/100, we can

1. find an exact solution in Õ(m+ n4b) time;
2. or find an (1 + ε)-approximate solution in Õ(mε + n3b) time;

3. or find an (2 + ε)-approximate solution in Õ(mε + n2b) time.

All these algorithms are randomized and succeed with high probability.

4 Õ(·) hides poly-logarithmic factors.
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Our Proof Method. Let positive ε < 1/100 be an accuracy parameter. Let α1 =
2+ 2ε, α2 = 2− 4ε, α3 = 1.5− 2ε. We say that a cut C is an α-approximate cut
if the weight of C is at most α factor times the value of a global min-cut. The
key approach is to show the following.

Theorem 3. We can re-define a weight function w̃(i) where i ∈ {1, 2, 3} in the
same graph G so that at least one αi-approximate min-cut C w.r.t. w̃(i) contains
a feasible edge-set F ⊆ C such that w(C \ F ) is βi-approximation to the b-free
min-cut problem where β1 = 1, β2 = 1 +O(ε), β3 = 2 +O(ε).

To design an FPTAS for general connectivity interdiction, we use the weight
function5 w̃(1) as stated in Theorem 3 for which one of the α1-approximate
cut C (w.r.t. the weight function w̃(1)) has a feasible set F ⊆ C such that
w(C \ F ) is an optimal solution to the interdiction problem. Then, we enu-
merate all α1-approximate cuts in Õ(n⌊2α1⌋) = Õ(n4) time using Nagamochi et.
al [NNI97] cut enumeration algorithm. Given a cut, computing the optimal feasi-
ble edge-set corresponds to a knapsack minimization problem, where an FPTAS
is known [GL80].

Remark 1. Since our algorithm is a polynomial-time reduction to a knapsack
minimization problem, this also implies a pseudo-polynomial time algorithm for
general connectivity interdiction by using the pseudo-polynomial time algorithm
for the knapsack minimization problem [Isl09]. For details, see Remark 2 in
Section 3.

For the case of unit edge costs, we could use any w̃(i) where i ∈ {1, 2, 3}. By
Theorem 3, either exact, 1+O(ε)-,2+O(ε)-approximate solutions for connectivity
interdiction can be found in the enumeration of αi-approximate cuts where i =
1, 2, 3, respectively. By adapting the tree packing theorem [Kar00], we can show
that the number of approximate cuts is O(n4), O(n3), O(n2), respectively. Given
a cut, the optimal feasible edge set corresponds to the b heaviest edges in the
cut w.r.t. w (since the cost is uniform).

Here as our goal is to have really fast algorithms; it would be inefficient to
“explicitly” list all the αi-approximate cuts and then sum up the edge weights
after removing the heaviest b edges. To do so, we design a data structure that can
output the value w(C \F ) quickly. Such a data structure uses several ideas from
a recent work of Chekuri and Quanrud [CQ17a] (cf. [Kar00]). They introduced
the data structures for enumerating and evaluating the weights of O(n2) many
(1+ ϵ)-approximate cuts. We extend their framework to enumerate and evaluate
the weights of O(n3) and O(n4) approximate cuts. To evaluate w(C \ F ) =
w(C) − w(F ) quickly, we use priority queues on top of their data structures
to evaluate w(F ) in Õ(b) time. This explains the terms Õ(n4b), Õ(n3b), Õ(n2b),
respectively in Theorem 2.

5 we will discuss how to compute w(1) efficiently later.
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Normalized min-cut. The proof of Theorem 3 hinges on an intermediate problem
that we call the normalized min-cut problem, defined as follows.

Definition 1 (Normalized min-cut). Given (G,w, c, b) (originally an in-
stance of a b-free min-cut problem), here the objective is to find a cut C, and a

subset of its edges F ⊂ C satisfying 0 ≤ c(F ) ≤ b, so that w(C\F )
δc(F )

is minimized

where δi := b− i+ 1.

Intuitively, the cost of a cut is “normalized” according to the total cost of
edges that are taken out: the less costly the subset F taken out, the more heavily
the rest of the edges C\F would be normalized.

In fact, originally, the normalized min-cut problem arises in a different (but
related) context. In a recent paper of Chalermsook et el. [CHN+22] on survivable
network design, the same problem was first introduced (under a different name
“minimum normalized free cut”) to deal with a certain boxing constraint in the
LPs. There, a special case of unit-edge costs is actually solved as a technical
necessity. To obtain an FPTAS in this paper, we emphasize that we do not need
to solve the normalized min-cut problem per se, but rather we use its optimal
solution as a certificate in the analysis of the weight function w̃(i) in Theorem 3.
We introduce another notation to facilitate our discussion.

Definition 2. For each 0 ≤ i ≤ b, let λi = minC,F⊆C,c(F )=i w(C\F ). (In case
that there is no C and F ⊆ C so that c(F ) = i, λi is understood to be infinity.)

Furthermore, let OPT and OPTN denote the value of the optimal solution for
the b-free min-cut and the normalized min-cut, repsectively. Then by definition,

OPT = min
0≤i≤b

λi, OPTN = min{ λ0

b+ 1
,
λ1

b
, . . . ,

λi

b− i+ 1
, . . . ,

λb−1

2
,
λb

1
}.

Note that when c is unit edge costs, OPT = λb, but for arbitrary costs this
might not be true.

For both b-free min-cut and normalized min-cut, a solution involves a cut C
and its feasible set of edges F ⊆ C. In our presentation, we often write them as
a pair (C,F ).

We now explain how the normalized min-cut problem comes into the picture.
To define the intermediate weight function, we truncate the weights as follows.

Definition 3. Let τ be a parameter. Define a global min-cut problem (G =
(V,E), w̃τ ) by truncating the weights w as follows:

w̃τ (e) =

{
τ · c(e) if w(e) ≥ τ · c(e),
w(e) otherwise.

An edge e ∈ E is heavy if w(e) ≥ τ · c(e). Otherwise, it is light.

Assuming that we are given an estimate τ of OPTN (we will explain later how
such guesses can be made and how to bound the number of such guesses). The
following relations of the various optimal cuts (of different problems) is crucial.
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Theorem 4 (Main).
Let (CN , FN ) be the solution that realizes OPTN in the normalized min-cut

problem, i.e., OPTN = w(CN\FN )
b−c(FN )+1

. Similarly, let (C∗, F ∗) be a solution that

realizes OPT in the b-free min-cut problem, i.e., w(C∗ \ F ∗) = OPT.
Suppose that OPTN (1− ε) ≤ τ ≤ OPTN where 0 < ε ≤ 1/100. Consider the

instance (G, w̃τ ) of the global min-cut problem, and denote Cmin as an optimal
solution.

Finally, let α1 = 2 + 2ε, α2 = 2− 4ε, and α3 = 1.5− 2ε. Then the following
facts hold.

(i) w̃τ (C
∗) ≤ α1 · w̃τ (C

min). That is, C∗ is α1-approximate min-cut w.r.t. w̃τ .
(ii) If w̃τ (C

∗) > α2 · w̃τ (C
min), then w̃τ (C

N ) ≤ α2 · w̃τ (C
min) and (CN , FN ) is

an (1 +O(ε))-approximate solution to the b-free min-cut problem.
(iii) If w̃τ (C

∗) > α3 · w̃τ (C
min), then w̃τ (C

N ) ≤ α3 · w̃τ (C
min) and (CN , FN ) is

an (2 +O(ε))-approximate solution to the b-free min-cut problem.

Theorem 4 immediately implies Theorem 3, and gives us a trade-off in terms
of the number of cuts to enumerate and the quality of the solutions from the
normalized min-cut problem. Namely, the number of approximate cuts w.r.t. w̃
to enumerate is O(n⌊2α1⌋), O(n⌊2α2⌋), O(n⌊2α3⌋), which is O(n4), O(n3), O(n2),
respectively, in order to obtain exact, (1 + O(ε)) and (2 + O(ε)) approximate
solutions respectively. To remove the assumption, OPTN (1 − ε) ≤ τ ≤ OPTN ,
we guess the value of τ by the geometric series (1 + ε)i in an appropriate range.

Other Related Work. For many optimization problems, one can introduce a
corresponding interdiction problem. See [SS19] for a recent survey on the in-
terdiction problem in general. Roughly speaking, in the interdiction problem,
there is a certain “interdictor”, who tries to worsen the optimal value of the op-
timization problem as much as possible. The present work focuses on the global
cut problem. But in fact, a large variety of classical optimization problems have
been studied from the point of view of interdiction. Examples include: short-
est paths [MMG89,SBNK95,BGV89,BSR20], network design [ASG13,DXT+12],
minimum spanning tree [Zen15], graph matching [Zen10], clustering [BTV10],
and network flows [CZ17].

1.2 Organization

In section 2, we establish the connections between the normalized min-cut and
the b-free min-cut problems, which allows us to prove our main technical result,
theorem 4. In section 3, we show our FPTAS for general edge costs, and in
section 4 we show our algorithms for unit edge costs. Appendix 5.1 and 5.2
contain the details of implementing the data structures described in section 4.

2 The Normalized Min-cut Problem

We prove Theorem 4 in this section.
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Proof Outline. We first show the two structural properties of the optimal solution
(CN , FN ) to the normalized min-cut problem: (1) every e ∈ FN is heavy, i.e.,
every edge in the optimal free-edge set is heavy, and (2) CN is an (1 + 2ε)-
approximate cut in the new weight function w̃τ (Definition 3). Next, we prove
that if C∗ is not α-approximate cut in w̃τ , then we can establish a good lower
bound on OPT in the original weight function w. This allows us to show that
the optimal solution to the normalized min-cut (CN , FN ) is a good approximate
solution to the b-free min-cut problem. Depending on the parameter α, we obtain
different guarantees as shown in Theorem 4. We now formalize the proofs.

Structures of (CN , FN ). The following fact will be useful.

Lemma 1. Suppose that OPTN is realized by (CN , FN ), namely, OPTN =
w(CN\FN )

δc(F )
. Then every edge e ∈ FN is a heavy edge.

Proof. Suppose, for a contradiction, that e ∈ FN is a light edge. Then w(e) <
τc(e). Let F ′ = FN\{e}. Then

w(CN\F ′)

δc(F ′)
=

w(CN\FN ) + w(e)

δc(FN ) + c(e)
<

w(CN\FN ) + τc(e)

δc(FN ) + c(e)

≤
w(CN\FN ) + (w(CN\FN )

δc(FN )
)c(e)

δc(FN ) + c(e)
=

w(CN\FN )

δc(FN )

where in the first inequality we use the fact that τ ≤ OPTN . As c(F ′) ≤ c(FN ) ≤
b, we have obtained a contradiction, since the pair (CN , F ′) reaches a value
smaller than OPTN .

A main subroutine of our algorithms is to enumerate all α-approximate cuts
in the global cut instance (G, w̃τ ). We will first establish a lower bound on the
optimal value of the global cut in the latter.

Lemma 2. Given any cut C in (G, w̃τ ), then w̃τ (C) ≥ τ(1 + b).

Proof. Let F ⊆ C be the set of heavy edges of C. Suppose that c(F ) ≥ b + 1.
Then w̃τ (C) ≥ w̃τ (F ) ≥ τc(F ) ≥ τ(1 + b). On the other hand, suppose that
c(F ) = i < b+ 1. Then

w̃τ (C) = w̃τ (F )+w̃τ (C\F ) = iτ+w(C\F ) ≥ iτ+OPTNδi ≥ iτ+τδi = τ(1+b),

where in the second inequality we use the fact that w(C\F ) ≥ λi ≥ OPTNδi.

Lemma 3. Suppose that OPTN is realized by (CN , FN ). Furthermore, Cmin is
the optimal global cut in the instance (G, w̃τ ). Then

w̃τ (C
N )

w̃τ (Cmin)
< 1 + 2ε,

assuming that ε < 1/2.
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Proof. By Lemma 2, we already know that w̃τ (C
min) ≥ τ(1 + b). It remains to

upper bound w̃τ (C
N ). By Lemma 1, all edges in FN are heavy. Thus w̃τ (F

N ) =
τc(FN ). Furthermore, as w̃τ (C

N\FN ) ≤ w(CN\FN ) = δc(FN )OPT
N . Therefore

w̃τ (C
N ) ≤ τc(FN ) + δc(FN )OPT

N ≤ τc(FN ) +
τ

1− ε
δc(FN )

≤ τ

1− ε
(c(FN ) + δc(FN )) =

τ

1− ε
(1 + b).

In conclusion, we have w̃τ (C
N )

w̃τ (Cmin) < 1/(1− ε) < 1 + 2ε.

Lower bound on OPT. The next lemma states that if after enumerating all α-
approximate cuts in (G, w̃τ ), we still cannot find an optimal solution in the
original b-free min-cut instance, we can then establish a lower bound on OPT.

Lemma 4. Let C∗ denote the optimal solution in the b-free min-cut instance
(G,w, c, b). Namely, there exists F ∗ ⊆ C∗ so that c(F ∗) ≤ b and w(C∗\F ∗) =
OPT. Then either C∗ is an α-approximate cut in the instance (G, w̃τ ), for some
α ≥ 1, or OPT ≥ τ(α+ (α− 1)b).

Proof. Suppose that C∗ is not an α-approximate cut in (G, w̃τ ). Let C
min denote

the optimal global cut in (G, w̃τ ). Then

α ≤ w̃τ (C
∗)

w̃τ (Cmin)
≤ w̃τ (F

∗) + w̃τ (C
∗\F ∗)

τ(1 + b)
≤ c(F ∗)τ + w(C∗\F ∗)

τ(1 + b)
≤ bτ + OPT

τ(1 + b)
,

where the second inequality uses Lemma 2.

Corollary 1. Suppose that OPTN and OPT are realized by (CN , FN ) and

(C∗, F ∗) respectively, namely, OPTN = w(CN\FN )
δc(FN )

, and w(C∗\F ∗) = OPT. Fur-

thermore, C∗ is not an α-approximate cut in (G, w̃τ ) for some α ≥ 1. Then

w(CN\FN )

w(C∗\F ∗)
≤ 1 + b

(1− ε)(α+ (α− 1)b)
.

Proof.

w(CN\FN )

w(C∗\F ∗)
=

OPTN · δc(FN )

OPT
≤

OPTN · δc(FN )

τ(α+ (α− 1)b)

≤
τ

1−ε (1 + b− c(FN ))

τ(α+ (α− 1)b)
≤ 1 + b

(1− ε)(α+ (α− 1)b)
,

where the first inequality uses Lemma 4.
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Finishing the proof. We are now ready to prove Theorem 4. For each item of
the statement, we need to set an appropriate value of α. We next show that by
setting α to be suitably large, the optimal solution in b-free min-cut must be
an α-approximate cut in (G, w̃τ )—this leads to an FPTAS for non-uniform cost
and an exact algorithm for uniform costs.

Theorem 5. Suppose that α = 2 + 2ε, with 0 < ε ≤ 1/2. Then the optimal cut
C∗ that realizes OPT must be α-approximate cut in (G, w̃τ ).

Proof. For a contradiction, suppose that C∗ is not α-approximate in (G, w̃τ ).
Then by Corollary 1,

w(CN\FN )

w(C∗\F ∗)
≤ 1 + b

(1− ε)(α+ (α− 1)b)
< 1,

where the last inequality can be easily verified. Then we reach a contradiction
that CN\FN is an even cheaper solution than C∗\F ∗.

Proof (Proof of Theorem 4).
We first prove part 1. Let α = 2+2ε with ε = 0.01. Theorem 5 already gives

us that the optimal cut C∗ which realizes OPT must be a 2 + 2ε-approximate
cut in (G, w̃τ ) as desired.

We next proceed to prove Parts 2 & 3. First note that by lemma 3, w̃τ (C
N ) ≤

α · w̃τ (C
min) for α = 2− 4ε and α = 1.5− 2ε.

Let α = 2− 4ε, note that contrary to part 1, we cannot ensure that the cut
C∗ which obtains OPT will be a 2−4ε-approx cut in (G, w̃τ ). However, we know
that by corollary 1 the cut CN achieving the optimal value in the normalized
mincut problem is an approximation to the optimum b-free min cut as follows:

w(CN\FN )

w(C∗\F ∗)
≤ 1 + b

(1− ε)(α+ (α− 1)b)
=

1 + b

(1− ε)((2− 4ε) + (1− 4ε)b)

≤ 1

(1− ε)(1− 4ε)
≤ 1 + 8ε.

For α = 3
2 − 2ε we have:

w(CN\FN )

w(C∗\F ∗)
≤ 1 + b

(1− ε)(( 32 − 2ε) + ( 12 − 2ε)b)
≤ 1

(1− ε)( 12 − 2ε)
≤ 2 + 13ε.

3 An FPTAS for General Connectivity Interdiction

We explain how to obtain an FPTAS with arbitrary edge costs, proving Theo-
rem 1.
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Theorem 6. Let (C∗, F ∗) be an optimal b-free min-cut of the instance (G =
(V,E), w, c, b). There is a weight function w̃∗ : E → R≥0 such that C∗ is a (2.01)-
approximate min-cut w.r.t. w̃∗. Furthermore, there is an efficient algorithm that
outputs a collection W of weight functions such that (1) W contains such a
function w̃∗ and (2) |W| = O(log(m · wmax · b)).

Theorem 6 follows from Theorem 4(i) by guessing the appropriate value of τ in
the range of (1 + ε)i for some fixed ε. For each guess τ , we define the weight
function as in Definition 3 according to τ . We defer the proof to the end of the
section.

Proposition 1. Given a cut C, suppose that F ⊆ C is the optimal feasible edge-
set, then we can compute, in O(m2/δ) time for δ > 0, a feasible edge-set F ′ so
that c(F ′) ≤ b and w(C\F ′) ≤ (1 + δ)w(C\F ).

Proposition 1 follows from a simple reduction to knapsack minimization problem
for which an FPTAS is known [GL80].

Furthermore, in [Isl09] a pseudo-polynomial time algorithm running in time
O(n2W ) for the knapsack minimization is shown (where W = maxwi). As we
will see in remark 2 this allows us to get a pseudo-polynomial time algorithm
for the general case of connectivity interdiction. We will prove Proposition 1 at
the end of the section.

We are now ready to state the FPTAS. We try all weight functions from
Theorem 6. For each weight function, we enumerate all 2.1-approximate cuts
w.r.t. w̃τ . For each cut C, we compute (1 + δ)-approximate feasible edge-set
F ⊆ C using Proposition 1. Finally, we output the best pair of a cut and its
free-edge set found so far. The algorithm is summarized in Algorithm 1.

Algorithm 1: FPTAS for general connectivity interdiction

Input: b-free min-cut instance (G, c, w, b) and accuracy parameter δ > 0.
Output: (C′, F ′), where C′ is a cut in G and F ′ is its free edge-set F ′ ⊆ C′.
foreach w̃τ ∈ W in the set of weight functions in Theorem 6 do

1. Enumerate C1, . . . , Cℓ, all 2.1-approximate cuts with respect to w̃τ .
2. For all i ≤ ℓ, Compute Fi an (1 + δ)-approximate feasible edge-set of Ci as

described in Proposition 1.

Return the cut and its free edge-set (C′, F ′), such that
w(C′ \ F ′) ≤ w(C \ F ) for all pairs (C,F ) computed in the previous step.

Running Time. We use Nagamochi et. al [NNI97] cut enumeration algorithm
along with the fact that the number of α-approximate min-cuts is O(n⌊2α⌋) =
O(n4) [Kar00]. We can compute (1+δ)-approximate feasible edge-set in O( 1δ ·m

2)
time using Proposition 1. By Theorem 6, we repeat for |W| = O(log(n ·wmax ·b))
iterations. Therefore, the algorithm runs in O(m

2n4

δ log(nwmaxb)) time.
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Correctness. By Theorem 6, there is w̃∗ ∈ W such that C∗ is an (2 + 2ε)-
min-cut w.r.t. w̃∗ for ε < 1/100. Since we enumerate all 2.1-approximate min-
cuts in w∗, we are bound to encounter C∗ at some point in the enumeration.
By Proposition 1, we can compute a set F ⊆ C∗ so that w(C∗\F ) ≤ (1 +
δ)w(C∗\F ∗) ≤ (1 + δ)OPT∗. As a result, the solution (C ′, F ′) returned by the
algorithm must be an (1+δ)-approximate solution to the b-free min-cut problem.

Remark 2. Note that to obtain a polynomial time algorithm for the general
connectivity interdiction problem when the value W = maxwi is polynomial in
the input size, we replace step 2 in algorithm 1 with the pseudo-polynomial time
algorithm from [Isl09].

We now prove Theorem 6 and proposition 1.

Proof (Proof of Theorem 6). Observe that by the definition of OPTN , it follows
easily that6

1

b+ 1
≤ OPTN ≤ λ0.

Trivially, λ0 ≤ mwmax. Thus OPT
N ∈ [ 1

b+1 ,mwmax]. We define the collection
of weight functions as follows. Let W = {} and let ε ≤ 1/100. For all j = 0, 1, · · ·
so that (1+ε)j

b+1 ≤ mwmax, set τ = (1+ε)j

b+1 , and define w̃τ according to τ (as in
Definition 3) and add it into W. The number of weight functions is |W| =
O(logmwmaxb); furthermore, one of the τs must satisfy OPTN (1 − ε) ≤ τ ≤
OPTN for ε ≤ 1/100. Therefore, Theorem 4(i) applies to that weight function.

Proof (Proof of Proposition 1). Finding the optimal set F ∗ reduces to the fol-
lowing knapsack minimization problem.

(Knapsack Minimization) Find a subsetA∗ ⊆ C∗, which respects c(A∗) ≥
(
∑

e∈C∗ c(e))− b, so that w(A∗) is minimized.

C∗\F ∗ is exactly the optimal solution A∗ in the above knapsack problem. It
is known [GL80] that, in O(m2/δ) time for δ > 0, one can find a solution A so
that c(A) ≥ (

∑
e∈E c(e)) − b and w(A) ≥ (1 + δ)w(A∗). Setting F to be C∗\A

gives the desired proof.

4 Fast Algorithms for Unit Edge Costs

We prove Theorem 2 in this section. We assume that the given instance (G, c, w, b)
has unit edge costs c : E → 1. Notice that in this setting, once a cut C is chosen,
the best feasible set of edges F ⊆ C to be removed is simply the b heaviest edges
according to w. We will call these edges the free set (of C).

6 We can assume that there is no cut C such that w(C) ≤ b. Therefore, all of the λis
have value at least 1.
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4.1 The Schematic Algorithm

We now describe the algorithm. The inputs consist of an b-free mincut instance
(G, c, w, b) and two positive parameters ε < 1/100 and α ∈ {α1, α2, α3} where
α1 := 2 + 2ϵ, α2 := 2 − 4ϵ, α3 := 1.5 − 2ϵ. The parameter α controls the trade-
off between the approximation ratio and running time. First, we compute an
estimate τ such that OPTN (1 − ε) ≤ τ ≤ OPTN . Then, we define the weight
function w̃τ according to Definition 3. We enumerate all α-approximate cuts,
and for each cut C we compute w(C \ F ) where F is the free set of C. Finally,
we return the cut C ′ and its free set F ′ with the smallest value of w(C ′ \ F ′) so
far. We summarize the algorithm in Algorithm 2.

Algorithm 2: The algorithm for the unit edge costs

Input: A b-free mincut instance (G, c, w, b) and two positive parameters
ε < 1/100 and α ∈ {α1, α2, α3} where
α1 := 2 + 2ϵ, α2 := 2 − 4ϵ, α3 := 1.5 − 2ϵ .

Output: (C′, F ′), where C′ is a cut in G and F ′ is its free edge-set F ′ ⊂ C′.
1. Let τ be an estimate of OPTN such that OPTN (1 − ε) ≤ τ ≤ OPTN .
2. Let Cw̃τ be the set of α-approximate min-cuts in the instance (G, w̃τ ) where

w̃τ is defined in Definition 3, which depends on the value τ .
3. For each cut C ∈ Cw̃τ , compute w(C \ F ) where F is the free set of C.
4. Return the cut and its free set (C′, F ′) such that w(C′ \ F ′) ≤ w(C \ F ) for

all pairs (C,F ) computed in the previous step.

Analysis. We next describe the analysis of Algorithm 2.

Theorem 7. Let (C ′, F ′) be the solution returned by Algorithm 2 on the b-free
mincut instance (G, c, w, b) with parameters ε < 1/100 and α ∈ {α1, α2, α3}.

1. If α = α1, and ε = 0.001, then (C ′, F ′) is optimal and it can be implemented
to run in Õ(m+ n4b) time.

2. If α = α2, then (C ′, F ′) is (1 + O(ε))-approximation and it can be imple-
mented to run in Õ( 1ε ·m+ n3b) time.

3. If α = α3, then (C ′, F ′) is (2 + O(ε))-approximation and it can be imple-
mented to run in Õ( 1ε ·m+ n2b) time.

Every implementation is randomized and succeeds with high probability.

Theorem 2 follows immediately from Theorem 7. For implementation and
running time analysis, we will discuss the necessary tools in Section 4.2. Here
we just focus on proving the correctness.
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Correctness. We now prove the correctness of the algorithm in Theorem 7. Let
(C∗, F ∗) be an optimal solution to b-free min-cut problem, and (CN , FN ) be
an optimal solution to the normalized min-cut problem. In each case of α ∈
{α1, α2, α3}, we apply Theorem 4 using w̃τ as defined in Definition 3, where
OPTN (1− ϵ) ≤ τ ≤ OPTN .

1. If α = α1 and ϵ = 0.001, then Cw̃τ
contains C∗, and thus F ∗ was computed

in step 3 of the algorithm. Therefore, at the end we have w(C ′ \ F ′) ≤
w(C∗ \ F ∗).

2. If α ∈ {α2, α3}, then we consider two different cases depending on w̃τ (C
∗).

If w̃τ (C
∗) ≤ αw̃τ (C

min), where Cmin is global min-cut w.r.t. w̃τ , then Cw̃τ

contains C∗, and then we are done by the same argument in as the previous
case. Otherwise, by Theorem 4, w̃τ (C

N ) is α-approximate cut in w̃τ . Thus,
CN ∈ Cw̃τ . In this case, FN was also computed in step 3 of the algorithm.
Therefore, if α = α2, then w(C ′ \ F ′) ≤ w(CN \ FN ) ≤ (1 + O(ε))w(C∗ \
F ∗), where the last inequality follows from Theorem 4(ii). If α = α3, then
w(C ′ \F ′) ≤ w(CN \FN ) ≤ (2+O(ε))w(C∗ \F ∗), where the last inequality
follows from Theorem 4(iii).

4.2 Fast Implementation

For the fast implementation of algorithm 2, we need an efficient enumeration
of α-approximate cuts and the efficient evaluation of weights of cuts when their
b heaviest edges are removed. We achieve the enumeration via the adaptation
of the tree packing theorem by Karger [Kar00] for 3 and 4-respecting cuts (see
Definition 4 below).

For the evaluation of cuts with respect to the original weight w when their
b-heaviest edges are removed, we generalize a cut oracle data structure from
[CQ17a] that efficiently computes the weight of 1 and 2-respecting cuts, to also
handle 3 and 4-respecting cuts and to handle the computation of their b heaviest
edges via the addition of a max-heap data structure to cut oracle.

Definition 4 (r-respecting cut). Let G = (V,E) be a graph and let T be a
spanning tree of G. We say that a cut C in G r-respects T , if |C ∩ E(T )| = r.

We remark that given a spanning tree T , each set of r tree edges in T induces
a unique cut in G.

Karger [Kar00] (see also the discussion [CQ17a]) gave a randomized algorithm
to compute a collection ofO(log n) spanning trees such that with high probability
every α-approximate min-cut r-respects some spanning tree in the collection.

Theorem 8 (Tree Packing Theorem [Kar00] (Restated)).
Let G = (V,E,w) be an undirected weighted graph. There is an algorithm

that takes G and a parameter α (where α ∈ {α1, α2, α3}, and ε < 1/100) as
input and outputs a collection T of O(log n) spanning trees (the constant factor
in O(·) depends on α) satisfying the following with high probability:

– If α = α1, then every α1-approx. min-cut 4-respects a spanning tree in T ,
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– If α = α2, then every α2-approx. min-cut 3-respects a spanning tree in T ,
– If α = α3, then every α3-approx. min-cut 2-respects a spanning tree in T .

Our approximate cut enumeration task now reduces to the enumeration of all
2, 3 and 4-respecting cuts of T , and hence the enumeration of all O(n2), O(n3)
or O(n4) possible combinations of 2, 3 or 4 edges from T , respectively.

Let U be a set of edges drawn from tree T in the enumeration process,
and C the corresponding cut induced by U in G. We denote U as [[C]]T to
represent the encoding of C via the tree T . By Theorem 8, every α-approximate
min-cut r-respects some tree in the tree packing T for some r ≤ 4 with high
probability. Then, every α-approximate min-cut is listed in the enumeration with
high probability.

However, during the enumeration, we need to compute the value w(C \F ) =
w(C)−w(F ) where F is the set of b heaviest edges in C. Naively, this takes O(m)
time per iteration. To speed up this computation, we preprocess each tree in the
tree packing so that for any cut [[C]]T represented by the tree, we can compute
w(C \ F ) in Õ(b) time. This data structure is formalized in the following:

Lemma 5 (Cut Oracle). There is a data structure O that given a weighted
graph G = (V,E,w), and a spanning tree T of G, supports the following opera-
tions, where [[C]]T is the set of at most 4 tree edges of T that induces C.

– O.Weight([[C]]T ): Return w(C) in Õ(1) time.
– O.kFreeWeight([[C]]T , k): Return w(C \ F ) where F ⊆ C is the set of k

heaviest edges in C in Õ(k) time.
– O.Cut([[C]]T ): returns the cut C in O(m) time.

The data structure can be constructed in Õ(m) time.

See the appendix for the proof of lemma 5 and the details about the fast
implementation and the analysis of running time.
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5 Appendix

5.1 Proof of theorem 8 & Fast Implementation

5.1.1 Proof of theorem 8 We now show the proof of the tree packing the-
orem (theorem 8) with the parameters adapted to our purposes.

Let α1 = 2 + 2ε, α2 = 2− 4ε & α3 = 3
2 − 2ε.

We recall Theorem 8.

Theorem 8 (Tree Packing Theorem [Kar00] (Restated)).
Let G = (V,E,w) be an undirected weighted graph. There is an algorithm

that takes G and a parameter α (where α ∈ {α1, α2, α3}, and ε < 1/100) as
input and outputs a collection T of O(log n) spanning trees (the constant factor
in O(·) depends on α) satisfying the following with high probability:

– If α = α1, then every α1-approx. min-cut 4-respects a spanning tree in T ,
– If α = α2, then every α2-approx. min-cut 3-respects a spanning tree in T ,
– If α = α3, then every α3-approx. min-cut 2-respects a spanning tree in T .

Definition 5 (Tree packing). Let G = (V,E,w) be a weighted graph. A tree
packing is a non-negatively weighted set of spanning trees such that for each edge
e ∈ E, the total weight of the tree on e is at most w(e).
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The weight of a tree packing is the sum of the weights of all the trees contained
in it, and a maximum tree packing is a tree packing with maximum weight.

In fact, Karger’s [Kar00] randomized algorithm finds a tree packing ofO(log n)
spanning trees, whose value is at least (1− ε) times the value of the maximum
tree packing and such that the minimum cut 2-respects 1/3 of them with high
probability in O(m+n log3 n) time, using a previous construction based on ran-
dom sampling [TLK99].

In [CQ17b], they show an algorithm to find a deterministic near-linear-time
(1− ε)-approximate packing, in Õ(mε2 ) time.

An easy corollary of Nash-Williams’ [NW61] work on the characterization of
the value of a maximum tree packing implies that this value is at least half of
the value of the min-cut. In turn, this implies that on average any tree selected
at random (in proportion to its weight) from a maximum tree packing contains
≤ 2 edges from the min-cut and strictly less than 3 edges from the min-cut with
a constant probability.

Lemma 6 (cf. Lemma 2.3 of [Kar00]). Let λ denote the value of the mini-
mum cut in G. Given any weighted tree packing of value βλ and any cut of value
αλ, at least a 1

r · ((r+1)−α/β) fraction of the trees (by weight) r-constrain the
cut.

Corollary 2. Let α ∈ {α1, α2, α3} and ε < 1/100. In any (1−ε)-approximation
to the maximum tree packing, at least a constant fraction (the constant depends
on α) of the trees (by weight)

– 4-constrain an α-approximate min-cut if α = α1,
– 3-constrain an α-approximate min-cut if α = α2, and
– 2-constrain an α-approximate min-cut if α = α3.

Proof. The results follow by plugging in lemma 6 the values β = (1− ϵ)/2, and
α ∈ {α1, α2, α3} for r = 4, 3, & 2, respectively. The corresponding constant
fractions we obtain are ≥ 23

100 for α1, ≥ 13
1000 for α2 and ≥ 50

10000 for α3.

To prove Theorem 8, we construct a (1−ε)-approximate tree packing in Õ(mε2 )
time using the algorithm by [CQ17b]. From the tree packing, we select O(log n)
random trees according to the weights. Since the number of α-approximate min-
cuts is O(n⌊2α⌋) = nO(1), Corollary 2 and the union bounds imply Theorem 8
as desired.

5.1.2 Cut Enumeration. Now that we can change the task of enumerating
all α-approximate cuts to that of enumerating over all 2, 3 or 4-respecting cuts
of a collection of spanning trees T , we need to show how to enumerate such
respecting cuts efficiently. First, we compute the collection of spanning trees T
using the algorithm in Theorem 8 with parameter α. For each tree T :

– If α = α1, then we enumerate all possible combinations of (e1, e2, e3, e4) tree
edges where e2, e3, e4 could possibly be empty. The number combinations is
O(n4).
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– If α = α2, then we enumerate all possible combinations of (e1, e2, e3) tree
edges where e2, e3 could possibly be empty. The number of combinations is
O(n3).

– If α = α3, then we enumerate all possible combinations of (e1, e2) tree edges
where e2 could possibly be empty. The number of combinations is O(n2).

5.1.3 The Implementation. Let us now look more closely at the fast im-
plementation of our Algorithm 2:

In Step 1 of Algorithm 2, the value OPTN can be (1+ ϵ)-approximated using
the algorithm by [CHN+22] in Õ( 1ϵ ·m) time.

It remains to describe the fast implementation of Steps 2 and 3 of Algo-
rithm 2. Recall that at this step, we are given w̃, a weight function on the input
graph G = (V,E). This differs from the input weight function w. We are also
given α ∈ {α1, α2, α3} and ε < 1/100 as parameters.

1. Call the algorithm in Theorem 8 using parameter α and weight function w̃
to compute the collection of spanning trees T in Õ(m) time.

2. For each tree T ∈ T ,
(a) Construct the cut oracle (Lemma 5) OT given the tree T in Õ(m) time.
(b) For each [[C]]T in the enumeration (see the section 5.1.2 above), call

OT .kFreeWeight([[C]]T , b) to obtain w(C \ F ) where F ⊂ C is the b
heaviest edges in C. If the value is the smallest so far, update the solution
to [[C]]T .

3. Let [[C ′]]T ′ be a solution with the smallest value ofOT ′ .kFreeWeight([[C ′]]T ′ , b)
among all trees in T . We then extract (C ′, F ′) as follows. First, compute
C ′ = OT ′ .Cut([[C ′]]T ′) and F ′, which is the b heaviest edges in C ′.

Analysis. The correctness follows immediately from Theorem 8 that every α-
approximate cut can be enumerated via tree packing and the correctness of the
data structures in Lemma 5. We now analyze the running time. We run the
algorithm by [CHN+22] to obtain an estimate τ in Õ( 1ε ·m) time. Tree packing

and data structure preprocessing can be done in Õ(m) time. The number of it-
erations in the enumeration is Õ(n4b), Õ(n3b), Õ(n2b) for α = α1, α2, α3, respec-
tively. The evaluation of the value w̃(C \ F ) from the implicit representation of
the cut [[C]]T can be done in Õ(b) time. In total, it takes Õ(n4b), Õ(n3b), Õ(n2b)
time for α = α1, α2, α3, respectively.

5.2 Data Structures

This section is devoted to proving lemma 5, which is the result of an extension of
the data structure in [CQ17a] for cuts that 1, 2, 3 and 4 respect a given spanning
tree and which additionally computes the set of k heaviest edges of such 1,2, 3
or 4 respecting cuts.

The proof of Lemma 5 is a straightforward extension of the construction
in [CQ17a] using Euler tour tree and range tree data structures. In order to
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implement the operation O.kFreeWeight, we use priority queues on top of
the data structures provided by [CQ17a] to extract the top b edges efficiently.

We start by giving some preliminaries and definitions, and we then prove
in lemma 7 our extension to the data structure in [CQ17a] by first giving an
overview of their construction and then explaining how to easily generalize it for
3 and 4 respecting cuts. At the end of the section, we explain how to use lemma 7
to prove lemma 5 by making use of an additional max-heap data structure.

Basic graph notations. For convenience, when we say a cut we mean a set of
edges E(A, V \ A) for some vertex set A such that ∅ ̸= A ⊊ V . For any graph
G, we denote V (G) and E(G) as the set of vertices and edges in G, respectively.

Let G = (V,E) be a graph and let T be a spanning tree of G.
Recall definition 4 for r-respecting cuts.

Definition 4 (r-respecting cut). Let G = (V,E) be a graph and let T be a
spanning tree of G. We say that a cut C in G r-respects T , if |C ∩ E(T )| = r.

Remark 3. As we mentioned earlier a given set r of tree edges induces a unique
cut back in G as follows: take the graph obtained after the removal of r edges
in T and contract each of the r + 1 connected components into a single node to
obtain TC . This graph TC is a tree, hence can be 2-colored with colors red and
blue. Each node in V (G) will get the same color as the connected component
in which it is contained. This partition of the nodes in V (G) into red and blue
defines the cut in G.

We say that the cut is induced by the set of r tree edges. See fig. 1 for
examples of cuts induced by the removal of 1, 2 and 3 edges of a spanning tree.

Tree packing and cut oracle. Let T be a spanning tree. If C is a cut that t-
respects the tree T for some t ≤ 4, we denote [[C]]T := E(T ) ∩ C, a set of tree
edges in T that induces the cut C. We extend the canonical cuts data structure
presented in [CQ17a] to support up tp 4-respecting cuts.

Lemma 7. There is a data structure D that takes as inputs a weighted graph
G = (V,E,w), and a spanning tree T of G, and supports the following operations.

– D.Preprocess(G,T ): preprocess the inputs and return C a family of edge
sets D ⊆ E called canonical cuts such that

∑
D∈C |D| = Õ(m). This opera-

tion takes Õ(m) time.
– D.Decompose([[C]]T ): Return D1, . . . , Dℓ ∈ C such that C =

⊔
i≤ℓ Di and

ℓ ≤ Õ(1) where
⊔

denotes the disjoint union operation. This operation takes
Õ(1) time.

The operation D.Decompose is usable after the operation D.Preprocessing
is completed.

Proof. The construction of this data structure is as follows:
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(a) Edge (v5, v7) defines a 1-respecting cut (b) 2-respecting cut defined by edges
(v3, v4) and (v5, v7)

(c) 3-respecting cut defined by edges
(v3, v4), (v5, v7) and (v7, v6)

Fig. 1: A spanning tree T and examples of 1, 2 and 3-respecting cuts defined by
the removal of 1, 2 and 3 edges of the tree. Each set of removed edges defines a
unique separation of the nodes in T into two sets, red and blue.

Euler tours. Let T be a rooted spanning tree of G on V (G) = n vertices. We
begin by computing an Eulerian Tour of T starting from the root r. We delete
from the Eulerian tour all occurrences of a node v which are not the first or the
last occurrences in the tour, and we then replace the first occurrence of node
v by the labelled node v− and its last occurrence by the labelled node v+. We
denote the obtained sequence of labelled nodes by S.

Range Trees. We build a range tree R from S as follows. Place the labeled
vertices of S as leaves in a tree and build a natural balanced tree out of these
leaves by creating internal nodes denoted by the set I. Each such node a ∈ I
induces a unique interval in sequence S defined by the sequence of leaves in the
sub-tree rooted at node a in R.

Canonical Intervals. We refer to an interval in S as canonical, whenever it
corresponds to a sequence induced by the sub-tree rooted at a node in R. Note
that there exist O(n) many such canonical intervals and we denote the set of all
of them by DI .
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Claim. Take any interval I in S (not necessarily canonical), then I can be de-
composed into the sequence of at most O(log n) canonical intervals from DI .

Proof. Let I = (w1, ..., wf ) be an interval where the w′
is are labelled nodes in

S. Take the path p1 in R from w1 to the root. Assume that w1 is on the left
sub-tree (equivalently, right sub-tree) of the root. Take as canonical intervals all
the sub-trees of all right (left) children of nodes in p1 which are not themselves
in p1. We do the same for wf and take the disjoint union of the intervals found.
Note that this ensures that the canonical intervals chosen are disjoint and at the
same time that all vertices wi ∈ S are contained in a canonical interval. Since p1
contains O(log n) nodes in R, this gives a decomposition into at most O(log n)
many canonical intervals.

Note further, that one can similarly decompose into O(log n) canonical intervals
the union and the complement of the union of any constant number of intervals
in S.

Canonical cuts. Let I1, I2 be two canonical intervals, then we denote by C the
set of all edges (u, v) in E(G) such that the labeled nodes u− and v− appear
one in I1 and the other in I2. We call the set C a canonical cut induced by I1
and I2. Note that each labelled endpoint of an edge can be contained in at most
O(log n) canonical intervals (since the height of R is O(log n)) and hence each
edge can be contained in O(log2 n) canonical cuts.

We are now ready to show how to compute the operationsD.Preprocess(G,T )
and D.Decompose([[C]]T ).

Preprocessing. For the operation D.Preprocess(G,T ), note that one can cal-
culate the set of canonical cuts in Õ(m) time as follows: First, calculate all the
canonical intervals of T by computing an Eulerian tour of T , constructing its
corresponding range tree R of size O(n) in Õ(m) time and by looking at the
subtree of each node in R. Second, for every such pair of canonical intervals, we
can compute its set of induced non-empty canonical cuts in O(m log2 n) time as
follows: note that as we argued before each edge e ∈ E(G) appears in at most
O(log2 n) canonical cuts, so there are at most O(m log2 n) nonempty canonical
cuts so we can construct them by adding each edge e to the O(log2 n) canonical
cuts which contain it.

This also shows that
∑

D∈C |D| = Õ(m). Note that our data structure stores
both the set of canonical intervals and the set of canonical cuts, each identified
by the pair of canonical intervals that induce it.

Decomposition. In [CQ17a], it is shown that all 1-or-2 respecting cuts of T can be
decomposed into the disjoint union of O(log2 n) canonical cuts. For our purposes,
we need the generalization of this argument for r-respecting cuts, with r ≤ 4.

Let us show first the idea of [CQ17a] for 1 and 2 respecting cuts and we will
show that this easily generalizes to 3 and 4 respecting cuts.

Let s be a sequence of elements w1, ..., wf and let us define the square brackets
notation as follows:



An FPTAS for Connectivity Interdiction 21

(a) 2-respecting cut where v1 and v2 are
on edge-disjoint paths to the root.

(b) 3-respecting cut where v1, v2 and v3 are
on the same path to the root.

(c) 4-respecting cut where v2 is in the
paths from v3 to the root and v4 to the
root and the path from v1 to the root is
edge disjoint of that from v3 and v4 to the
root

Fig. 2: Examples for 2,3 and 4 -respecting cuts and their induced intervals. These
intervals partition the leaf nodes into two sets, red and blue. An arrow head
lays above a node when such node is included in the interval.

– [wi, wj ] with i ≤ j denotes the interval starting at and including element wi

and ending at and including element wj .
– ]wi, wj [ denotes the interval starting at the element appearing immediately

after and not including wi and ending at the element appearing immediately
before and not including element wj .

– [wi, wj [ denotes the interval starting at and including element wi and ending
at the element appearing immediately before and not including element wj .

– ]wi, wj ] denotes the interval starting at the element appearing immediately
after and not including wi and ending at and including element wj .

1-respecting cuts Let C be a 1-respecting cut of T which is induced by the re-
moval of an edge (u, v) in T . Assume u is contained in the unique path from v
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to the root. Note that in S, the removal of edge (u, v) also defines a partition
into intervals, in particular, the interval defined by the sub-tree rooted at v ∈ T
is equivalent to the interval I2 = [v−, ..., v+], and its complement is the union of
intervals I1 = [w−

1 , ..., v[ and I3 =]v+, ..., w+
f ]. The edges in cut C hence corre-

spond to edges between intervals I1 and I2, and between I2 and I3. Additionally,
note that each such interval I1, I2, I3 can be in turn decomposed into a set of
O(log n) canonical intervals by claim 5.2. This implies that we can compute the
edges in G of the 1-respecting cut C of T by computing all the canonical cuts
between all pairs of canonical intervals (I2, Ii) for i = 1, 3. Note that there are
at most O(log2 n) many pairs of canonical intervals and hence such 1-respecting
cut can be represented by O(log2 n) canonical cuts.

Note that to generalize this argument to r-respecting cuts, where r is a
constant, the only change to the arguments above is the partition into intervals
in S one would obtain from a given r-respecting cut. If we can show as above that
each cut C which is r-respecting T (and which can be represented as the deletion
of r edges of T ) produces only a partition into constant number of intervals in
S, we can use the decomposition of each of the constant many intervals into
O(log n) many canonical intervals, and hence there would be O(log2 n) many
canonical cuts representing the edges between each pair of intervals.

We will show the details for the case of r = 2, 3 and 4-respecting cuts.

2-respecting cuts. Let (u1, v1) and (u2, v2) be the two edges which are cut in the
2-respecting cut C and assume w.l.o.g. that u1 is on the path from v1 to the root
and that u2 is on the path from v2 to the root. We have two cases: either one
of the edges appears in the other’s path to the root or they have (edge) disjoint
paths to the root. Assume the latter and note that the removal of edge (u1, v1)
in T defines the separation of the nodes in the sub-tree rooted at v1 and hence
corresponds to the interval I2 = [v−1 , ..., v

+
1 ] in S; similarly, the removal of edge

(u2, v2) in T defines the separation of the nodes in the sub-tree rooted at v2 and
hence corresponds to the interval I4 = [v−2 , ..., v

+
2 ] in S. Define I1 = [w−

1 , ..., v1[,
I3 =]v+1 , ..., v2 − [ and I5 =]v+2 , ..., w

+
f ], the complement intervals to I2 and I4 in

S (see fig. 2a). Finally note that since (u1, v1) and (u2, v2) are on edge disjoint
paths to the root, the nodes on their sub-trees rooted at v1 and v2 in T will be
at the same side of the cut. This implies that the edges C in G correspond to
those edges between the 6 pairs of intervals (Ia, Ib), with a = 2, 4 and b = 1, 3, 5.

For the case when the paths from v1 to the root and v2 to the root are not edge
disjoint, assume w.l.o.g. that v1 is on v2’s path to the root. The removal of edge
(u1, v1) corresponds to an interval [v−1 , ..., v

+
1 ] in S, while the additional removal

of edge (u2, v2) further divides this interval into intervals I2 = [v−1 , ..., v
−
2 [, I3 =

[v−2 , ..., v
+
2 ] and I4 =]v+2 , ..., v

+
1 ], where I2 and I4 are on different sides of the

cut than I3. Define I1 = [w−
1 , ..., v

−
1 [ and I5 = [v+1 , ..., w

+
f ] be the complement

intervals in S. Now, the edges in C will be given by the edges between the 6
pairs of intervals (Ia, Ib) with a = 2, 4 and b = 1, 3, 5.
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3-respecting cuts. Let e1 = (u1, v1), e2 = (u2, v2) and e3 = (u3, v3) be the edges
to be removed with ui on the path from vi to the root for i = 1, 2, 3. We have
three cases:

– e1, e2 and e3 are all in the same path from v3 to the root (with (u1, v1)
being the closest of them to the root). We can decompose into intervals
I1 = [w−

1 , ..., v
−
1 [, I2 = [v−1 , ..., v

−
2 [, I3 = [v−2 , ..., v

−
3 [, I4 = [v−3 , ..., v

+
3 ], I5 =

]v+3 , ..., v
+
2 ], I6 =]v+2 , ..., v

+
1 ] and I7 =]v+1 , ..., w

+
f ] (see fig. 2b). The edges of

the cut are given by the 12 pairs of intervals (Ia, Ib) with a = 2, 4, 6 and
b = 1, 3, 5, 7.

– e1, e2 and e3 are all on edge disjoint paths to the root. In this case, we have
that the removal of e1 defines the interval I2 = [v−1 , ..., v

+
1 ], the removal of e2

defines the interval I4 = [v−2 , ..., v
+
2 ] and the removal of e3 defines the interval

I6 = [v−3 , ..., v
+
3 ]. The complements of these intervals in S are the intervals

I1 = [w−
1 , ..., v

−
1 [, I3 = [v+1 , ..., v

−
2 [, I5 = [v+2 , ..., v

−
3 [ and I7 = [v+3 , ..., w

+
f ].

The edges of the cut in G is given by the edges between the 12 pairs of
intervals (Ia, Ib), with a = 2, 4, 6, b = 1, 3, 5, 7.

– e1 and e2 are in the same path from v2 to the root and the path from v3 to the
root is edge disjoint of that from v2 to the root. Furthermore, assume w.l.o.g.
that v−3 appears after v−2 in S. Then we have the intervals: I1 = [w−

1 , ..., v
−
1 [,

I2 = [v−1 , ..., v
−
2 [, I3 = [v−2 , ..., v

+
2 ], I4 =]v+2 , ..., v

+
1 ], I5 =]v+1 , ..., v

−
3 [, I6 =

[v−3 , ..., v
+
3 ] and I7 =]v+3 , ..., w

+
f ]. The edges of the cut are given by the 12

pairs of intervals (Ia, Ib) with a = 2, 4, 6 and b = 1, 3, 5, 7.
– e1 is in the path from v2 to the root and in the path from v3 to the root, but

v2 is not on the path from v3 to the root and neither v3 is in the path from v2
to the root. Furthermore, assume w.l.o.g. that v−3 appears after v−2 in S. Then
we have the intervals: I1 = [w−

1 , ..., v
−
1 [, I2 = [v−1 , ..., v

−
2 [, I3 = [v−2 , ..., v

+
2 ],

I4 =]v+2 , ..., v
−
3 [, I5 = [v−3 , ..., v

+
3 ], I6 =]v+3 , ..., v

+
1 ] and I7 =]v+1 , ..., w

+
f ]. The

edges of the cut are given by the 12 pairs of intervals (Ia, Ib) with a = 2, 4, 6
and b = 1, 3, 5, 7.

4-respecting cuts. Let e1 = (u1, v1), e2 = (u2, v2), e3 = (u3, v3) and e4 = (u4, v4)
be the edges to be removed with ui on the path from vi to the root for i = 1, 2, 3, 4
and v−i appearing before v−i+1 in S for i = 1, 2, 3. We have five cases:

– e2 is in the paths from v3 to the root and v4 to the root, e3 is not on the path
from v4 to the root, e4 is not on the path from v3 to the root and the path
from v1 to the root is edge disjoint of that from v3 and v4 to the root. Then
we have the intervals: I1 = [w−

1 , ..., v
−
1 [, I2 = [v−1 , ..., v

+
1 ], I3 =]v+1 , ..., v

−
2 [,

I4 = [v−2 , ..., v
−
3 [, I5 = [v−3 , ..., v

+
3 ], I6 =]v+3 , ..., v

−
4 [, I7 = [v−4 , ..., v

+
4 ], I8 =

]v+4 , ..., v
+
2 ] and I9 =]v+2 , ..., wf ]

+ (see fig. 2c). The edges of the cut are given
by the 20 pairs of intervals (Ia, Ib) with a = 2, 4, 6, 8 and b = 1, 3, 5, 7, 9.

– e1, e2, e3 and e4 are all on edge disjoint paths to the root. In this case, we have
that the removal of e1 defines the interval I2 = [v−1 , ..., v

+
1 ], the removal of

e2 defines the interval I4 = [v−2 , ..., v
+
2 ], the removal of e3 defines the interval

I6 = [v−3 , ..., v
+
3 ] and the removal of e4 defines the interval I8 = [v−4 , ..., v

+
4 ].

The complements of these intervals in S are the intervals I1 = [w−
1 , ..., v

−
1 [,
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I3 = [v+1 , ..., v
−
2 [, I5 = [v+2 , ..., v

−
3 [, I7 = [v+3 , ..., v

−
4 [, and I9 = [v+4 , ..., w

+
f ].

The edges of the cut in G is given by the edges between the 20 pairs of
intervals (Ia, Ib), with a = 1, 2, 3, 4 and b = 5, 6, 7, 8, 9.

– e1, e2, e3 and e4 are all in the same path from v4 to the root. We can de-
compose into intervals I1 = [w−

1 , ..., v
−
1 [, I2 = [v−1 , ..., v

−
2 [, I3 = [v−2 , ..., v

−
3 [,

I4 = [v−3 , ..., v
−
4 [, I5 = [v−4 , ..., v

+
4 ], I6 =]v+4 , ..., v

−
3 ], I7 =]v+3 , ..., v

−
2 ], I8 =

]v+2 , ..., v
+
1 ] and I9 =]v+1 , ..., w

+
f ]. The edges of the cut are given by the 20

pairs of intervals (Ia, Ib) with a = 2, 4, 6, 8 and b = 1, 3, 5, 7, 9.

– e1 and e2 are in the same path from v2 to the root and the paths from
v3 and v4 to the root are edge disjoint of that from v2 to the root and of
the other’s path to the root. Then we have the intervals: I1 = [w−

1 , ..., v
−
1 [,

I2 = [v−1 , ..., v
−
2 [, I3 = [v−2 , ..., v

+
2 ], I4 =]v+2 , ..., v

+
1 ], I5 =]v+1 , ..., v

−
3 [, I6 =

[v−3 , ..., v
+
3 ], I7 =]v+3 , ..., v

−
4 [, I8 = [v−4 , ..., v

+
4 ] and I9 =]v+4 , ..., w

+
f ]. The edges

of the cut are given by the 20 pairs of intervals (Ia, Ib) with a = 2, 4, 6, 8 and
b = 1, 3, 5, 7, 9.

– e1 and e2 are on the same path from v2 to the root, e3 and e4 are on the same
path from v4 to the root, and the path from v4 to the root is edge disjoint
of that from v2 to the root. Then we have the intervals: I1 = [w−

1 , ..., v
−
1 [,

I2 = [v−1 , ..., v
−
2 [, I3 = [v−2 , ..., v

+
2 ], I4 =]v+2 , ..., v

+
1 ], I5 =]v+1 , ..., v

−
3 [, I6 =

[v−3 , ..., v
−
4 [, I7 = [v−4 , ..., v

+
4 ] I8 =]v+4 , ..., v

+
3 ], and I9 =]v+3 , ..., w

+
f ]. The edges

of the cut are given by the 20 pairs of intervals (Ia, Ib) with a = 2, 4, 6, 8 and
b = 1, 3, 5, 7, 9.

– e1, e2 and e3 are in the same path from v3 to the root and the path from v4 to
the root is edge disjoint of that from v3 to the root. Then we have the inter-
vals: I1 = [w−

1 , ..., v
−
1 [, I2 = [v−1 , ..., v

−
2 [, I3 = [v−2 , ..., v

−
3 [, I4 = [v−3 , ..., v

+
3 ],

I5 =]v+3 , ..., v
+
2 ], I6 =]v+2 , ..., v

+
1 ], I7 =]v+1 , ..., v

−
4 [, I8 = [v−4 , ..., v

+
4 ] and

I9 =]v+4 , ..., w
+
f ]. The edges of the cut are given by the 20 pairs of inter-

vals (Ia, Ib) with a = 2, 4, 6, 8 and b = 1, 3, 5, 7, 9.

– e1 is in the paths from v2 to the root, v3 to the root and v4 to the root, e2
is in the paths from v3 to the root and v4 to the root and e3 is not on the
path from v4 to the root, neither e4 is in the path from v3 to the root. Then
we have the intervals: I1 = [w−

1 , ..., v
−
1 [, I2 = [v−1 , ..., v

−
2 [, I3 = [v−2 , ..., v

−
3 [,

I4 = [v−3 , ..., v
+
3 ], I5 = [v+3 , ..., v

−
4 [, I6 = [v−4 , ..., v

+
4 ], I7 =]v+4 , ..., v

+
2 ], I8 =

]v+2 , ..., v
+
1 ] and I9 =]v+1 , ..., wf ]

+. The edges of the cut are given by the 20
pairs of intervals (Ia, Ib) with a = 2, 4, 6, 8 and b = 1, 3, 5, 7, 9.

For the operation D.Decompose([[C]]T ), given a 1, 2, 3 or 4-respecting cut
C as a set of edges to be removed we can use the above and decompose such
cut C into constant many intervals in S and assigning each of them as described
above, into their corresponding side of the cut a or b; then, we use claim 5.2 and
decompose each such interval I into O(log n) canonical intervals in Õ(1) time by
traversing R from the endpoints of I to the root. Finally, for each pair of such
canonical intervals I1 and I2, we can query its induced canonical cut from the
preprocessing step in constant time. This gives us a decomposition of cut C into
O(log2 n) canonical cuts in Õ(1) time.
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Let us now show how to use Lemma 7 to construct the cut oracle data
structure of lemma 5.

Proof (Proof of lemma 5). We will use the data structure from lemma 7 and will
additionally store the weights of edges in each canonical cut so that retrieving
the b edges of maximal weight in each of them can be done efficiently.

Let CC = (I1, I2) be the set of edges in a canonical cut induced by the pair
of canonical intervals I1 and I2. For each such canonical cut, we will create a
max-heap H(I1,I2) with keys equal to the weights of the edges in CC, that is,
we construct H(I1,I2) by inserting w(e) into the heap every time a new edge e is
added into the canonical cut CC. Notice that the construction of such max-heap
can be implemented in linear time.

Also note that we can easily compute the total weight of each canonical
cut while preprocessing each canonical cut and we can store its value together
with its corresponding canonical cut. Then, given a cut [[C]]T , we can compute
O.Weight([[C]]T ) by computing the sum of the weights of all canonical cuts in
which cut [[C]]T decomposes by the function D.Decompose([[C]]T ) of lemma
7.

For O.kFreeWeight([[C]]T , k), we do as follows: for each of the canoni-
cal cuts that [[C]]T decomposes into, we look at its max-heap and query its
maximum (in O(1) time). We then select the maximum value from all the max
queries to each canonical cut’s max-heap and pop that value from the max-
heap which contained it and store it in a variable k-sum. This ensures that the
maximum weight in cut [[C]]T is removed. This whole process takes Õ(1) time.
We can iterate this process by popping the current maximum element among
all the max-heaps and adding it to the current value of the variable k-sum.
Note that after k iterations, k-sum contains the sum of the weights of the k
heaviest edges in cut [[C]]T , so that O.kFreeWeight([[C]]T , k) is computed by
O.Weight([[C]]T ) − (k-sum). After k-sum is computed, we can re-insert back
the elements which we popped out during the max queries (note that there will
be k re-insertions).

Finally, O.Cut([[C]]T ) returns the cut C by finding the connected compo-
nents in T (see remark 3) after the removal of the r edges in C respecting it.
This can be done via DFS traversal in O(m) time.


