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ON THE COEFFICIENTS OF THE ZETA-FUNCTION’S
L-POLYNOMIAL FOR ALGEBRAIC FUNCTION FIELDS OVER

FINITE CONSTANT FIELDS.

M. KOUTCHOUKALI

Abstract. We give an explicit formula of the coefficients of the Zeta-Function’s
L-polynomial for algebraic function fields over finite constant fields. Thus, we
deduce an expression of the class number of algebraic function fields defined
over finite fields. Moreover, we give an application of this formula in the case
of the curves of defect 2 defined over F2.

1. Introduction

1.1. Context and motivation. It is well known that the arithmetic and geometry
of algebraic function fields is partly reflected in the properties of their Zeta-functions
(cf. [7] of Tsfasman and Vladut). For example, it is the case if we are interested
in the existence of non-special divisors of degree g − 1 in algebraic function fields
of genus g defined over a finite field. Indeed, such an existence was proved in
[1] or in [2] from the properties of the Zeta-function’s L-polynomial for algebraic
function fields over finite constant fields. In particular, the existence is guaranteed
when the coefficients of the L-polynomial are all positive (which is the case for
maximal function fields). More generally, this is the case when the quantity S =

ag +2
∑g−1

i=0 ai is positive. So the main motivation behind this article is ultimately
to show methods for obtaining information about the sign of the coefficients or the
sign of the quantity S.

1.2. New results and organisation. This paper is organized as follow. In section
2, we introduce notations and we recall a few results which we will use to prove
the main result Theorem 3.1. In section 3, we give a new explicit formula of the
coefficients of the L-polynomial. So far, these coefficients were defined only by
induction (see [5]). Moreover, we apply this formula to give a new expression of the
class number h (see notations in section 2). Finally, in section 4 and for a defect
2 curves over F2, we use the explicit formula and a result on the reciprocals of
the roots of L, given by J.P. Serre to establish a few properties of the coefficients
concluding with their sign and variation.

2. Preliminaries

2.1. Notation. Let us recall the usual notation (for the basic notions related to
an algebraic function field F/Fq see [5]). Let F/Fq be a function field of genus g.
For any integer k ≥ 1 we denote by Pk(F/Fq) the set of places of degree k, by
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Bk(F/Fq) the cardinality of this set and by P(F/Fq) = ∪kPk(F/Fq). The divisor
group of F/Fq is denoted by D(F/Fq). If a divisor D ∈ D(F/Fq) is such that

D =
∑

P∈P(F/Fq)

nPP,

the support of D is the following finite set

supp (D) = {P ∈ P(F/Fq) | nP ̸= 0}

and its degree is
deg(D) =

∑
P∈P(F/Fq)

nP deg(P ).

We denote by Dn(F/Fq) the set of divisors of degree n. We say that the divisor D
is effective if for each P ∈ supp (D) we have nP ≥ 0 and we denote D+

n (F/Fq) the
set of effective divisors of degree n and An = #D+

n (F/Fq).

Let x ∈ F/Fq, we denote by (x) the divisor associated to the rational function
x, namely

(x) =
∑

P∈P(F/Fq)

vP (x)P,

where vP is the valuation at the place P . Such a divisor (x) is called a principal
divisor, and the set of principal divisors is a subgroup of D0(F/Fq) denoted by
Princ(F/Fq). The factor group

C(F/Fq) = D(Fq)/Princ(F/Fq)

is called the divisor class group. If D1 and D2 are in the same class, namely if the
divisor D1 − D2 is principal, we will write D1 ∼ D2. We will denote by [D] the
class of the divisor D.

The dimension of a divisor D, denoted by dim(D), is the dimension of the vector
space L(D) defined by the formula

L(D) = {x ∈ F | (x) ≥ −D} ∪ {0}.

By Riemann-Roch Theorem we know that the dimension of this vector space is
related to the genus of F and the degree of D by

(1) dim(D) = deg(D)− g + 1 + dim(κ−D),

where κ denotes a canonical divisor of F/Fq of degree 2g − 2. In this relation, the
complementary term i(D) = dim(κ−D) is called the index of speciality and is not
easy to compute in general. In particular, a divisor D is non-special when the index
of speciality i(D) is zero.

If D1 ∼ D2, the following holds

deg(D1) = deg(D2), dim(D1) = dim(D2),

so that we can define the degree deg([D]) and the dimension dim([D]) of a class.
Since the degree of a principal divisor is 0, we can define the subgroup C(F/Fq)

0 of
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classes of degree 0 divisors in C(F/Fq). It is a finite group and we denote by h its
order, called the class number of F/Fq. Moreover if

L(t) =

2g∑
i=0

ait
i =

g∏
i=1

[(1− αit)(1− αit)]

with |αi| =
√
q is the numerator of the Zeta function of F/Fq, we have h = L(1).

2.2. Elementary results. The following results will be applied to prove the main
results.
We consider for r ≥ 1 the number

Nr := N(Fr) = |{P ∈ PFr
; deg(P ) = 1}|

where Fr = FFqr is the constant field extension of F/Fq of degree r. Let us remind
the equation from [5, Corollary 5.1.16], for all r ≥ 1,

(2) Nr = qr + 1−
2g∑
i=1

αr
i

where α1, . . . , α2g ∈ C are the reciprocals of the roots of L(t). In particular, since
N1 = N(F), we have

N(F) = q + 1−
2g∑
i=1

αi.

Proposition 2.1. [5, Corollary 5.1.17] Let L(t) =
∑2g

i=0 ait
i be the L-polynomial

of F/Fq, and Sr := Nr − (qr + 1). Then we have:
(a) L′(t)/L(t) =

∑∞
r=1 Srt

r−1.
(b) a0 = 1 and

(3) iai = Sia0 + Si−1a1 + · · ·+ S1ai−1

for i = 1, . . . , g.

Given N1, . . . , Ng and using a2g−i = qg−iai, we can determine L(t) from (3).

Let
S = (S1, S2, S3, . . .)

be an infinite sequence of integers with Si defined in Proposition 2.1, then the
equality (3) can be defined as a linear infinite recurrence relation, for n ≥ 1

(4) an =
1

n

∞∑
i=1

Sian−i

with a0 = 1 and a<0 = 0.

T. Goy and R. Zatorsky [3] studied a similar infinite recurrence using the para-
permanent of a triangular matrix defined below. The same tools will be used in the
proof of our main result.
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A triangular number table

(5) Bn =


b1,1
b2,1 b2,2

...
...

. . .
bn,1 bn,2 . . . bn,n


is a triangular matrix of order n. We note Bn = (bi,j)1≤j≤i≤n.
To each element bi,j of matrix (5) we assign (i − j + 1) elements bi,k, where k =
j, . . . , i, which are called the derived elements of the matrix determined by the key
element bi,j . The product of all derived elements determined by an element bi,j is
called the factorial product of the element bi,j and denoted by

{bi,j} =

i∏
k=j

bi,k.

A tuple of key elements is called a normal tuple if their derived elements form a
set of elements of cardinality n, no two of which belong to the same column of the
matrix.
Let P(n) be the set of all ordered partitions of a positive integer n into positive
integer summands, we said that P(n) is the set of compositions of n, each integer
of a composition is called a part. We know, also, that #P(n) = 2n−1. A one-to-
one correspondence between elements of P(n) and normal tuples of key elements of
matrix (5) was established by Tarakanov and Zatorsky [6], namely,

(n1, n2, . . . , nr) ∈ P(n) ↔
{

the normal tuple: (bN1,N0+1, bN2,N1+1, . . . , bNr,Nr−1+1),
where N0 = 0 and Ns =

∑s
i=1 ni for s = 1, 2, . . . , r.

The parapermanent of the matrix (5) is defined as

pper(Bn) =
∑

(m1,··· ,mr)∈P(n)

r∏
s=1

{bi(s),j(s)}

where bi(s),j(s) is the key element corresponding to ms, the s-th component of the
composition (m1, . . . ,mr) ∈ P(n). It can also be written as follow

(6) pper(Bn) =

n∑
r=1

∑
m1+···+mr=n

r∏
s=1

{bm1+···+ms,m1+···+ms−1+1}.

and can be decomposed by elements of the last row as mentioned in [8], i.e.,

(7) pper(Bn) =

n∑
s=1

{bn,s}pper(Bs−1),

where by definition, pper(B0) = 1.

Example 2.2. Let us determine pper(B3), we have for

r = 3 → (1, 1, 1) →

 s = 1 → {bi(1),j(1)} = {b1,1} = b1,1,
s = 2 → {bi(2),j(2)} = {b2,2} = b2,2,
s = 3 → {bi(3),j(3)} = {b3,3} = b3,3
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r = 2 →


(1, 2) →

{
s = 1 → {bi(1),j(1)} = {b1,1} = b1,1,
s = 2 → {bi(2),j(2)} = {b3,2} = b3,2 · b3,3,

(2, 1) →
{

s = 1 → {bi(1),j(1)} = {b2,1} = b2,1 · b2,2,
s = 2 → {bi(2),j(2)} = {b3,3} = b3,3

r = 1 → (3) → {bi(1),j(1)} = {b3,1} = b3,1 · b3,2 · b3,3
Thus,

pper(B3) = b1,1 · b2,2 · b3,3 + b1,1 · b3,2 · b3,3 + b2,1 · b2,2 · b3,3 + b3,1 · b3,2 · b3,3.

3. Main result

In this section, we provide an explicit formula of the coefficients of the L-
polynomial. From this formula, we deduce a new expression of the class number
h.

Theorem 3.1. Let L(t) =
∑2g

i=0 ait
i be the L-polynomial of F/Fq, and

Sr := Nr − (qr + 1). For i = 1, . . . , g, the following equations are equivalent:
(a)

ai =
1

i

∞∑
j=1

Sjai−j

where a0 = 1 and a<0 = 0.
(b)

ai = pper


S1
S2

S1

S1

2
S3

S2

S2

S1

S1

3
...

...
...

. . .
Si

Si−1

Si−1

Si−2

Si−2

Si−3
. . . S1

i


(c)

ai =
∑

(m1,...,mr)∈P(i)

r∏
s=1

Sms

m1 + · · ·+ms
=

∑
(m1,...,mr)∈P(i)

r∏
s=1

Nms
− (qms + 1)

m1 + · · ·+ms

Proof. Let

Bn =


S1
S2

S1

S1

2
S3

S2

S2

S1

S1

3
...

...
...

. . .
Sn

Sn−1

Sn−1

Sn−2

Sn−2

Sn−3
. . . S1

n


First, we prove the equivalence between (a) and (b) by induction. By definition,
pper(B0) = 1 = a0. Suppose that the equivalence is true for all i < n. by (7), we
have

pper(Bn) =

n∑
j=1

{bn,j}pper(Bj−1)

by induction hypothesis, we have
pper(Bj−1) = aj−1
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finally, by construction we have

bn,j =
Sn+1−j

Sn−j
⇔ {bn,j} =

{
Sn+1−j

Sn−j

}
=

Sn+1−j

n
.

Thus,

an = pper(Bn) =

n∑
j=1

{
Sn+1−j

Sn−j

}
aj−1

an =

n∑
j=1

Sn+1−j

n
aj−1

an =
1

n

n−1∑
j=0

Sn−jaj

Now, we prove the equivalence between (b) and (c). Since by (6)

pper(Bn) =

n∑
r=1

∑
m1+···+mr=n

r∏
s=1

{bm1+···+ms,m1+···+ms−1+1}

pper(Bn) =
∑

(m1,...,mr)∈P(n)

r∏
s=1

{bm1+···+ms,m1+···+ms−1+1}

it is sufficient to notice, as in the first part of the proof, that

bn,j =
Sn+1−j

Sn−j
⇔ {bn,j} =

{
Sn+1−j

Sn−j

}
=

Sn+1−j

n

thus

{bm1+···+ms,m1+···+ms−1+1} =
Sm1+···+ms+1−(m1+···+ms−1+1)

m1 + . . .+ms

{bm1+···+ms,m1+···+ms−1+1} =
Sms

m1 + · · ·+ms
.

□

Example 3.2. We want to determine a4. We have

P(4) = {(4), (1, 3), (3, 1), (2, 2), (1, 1, 2), (1, 2, 1), (2, 1, 1), (1, 1, 1, 1)}

r = 1 −→ {(4)} ∈ P(4) −→
∑
4

1∏
s=1

{bm1+···+ms,m1+···+ms−1+1} = {b4,1} =
S4

4

r = 2 −→ {(1, 3), (3, 1), (2, 2)} ∈ P(4) −→
∑
1+3
3+1
2+2

2∏
s=1

{bm1+···+ms,m1+···+ms−1+1} =

{b1,1} · {b4,2}+ {b3,1} · {b4,4}+ {b2,1} · {b4,3} =
S1

1

S3

4
+

S3

3

S1

4
+

S2

2

S2

4
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r = 3 −→ {(1, 1, 2), (1, 2, 1), (2, 1, 1)} ∈ P(4) −→
∑

1+1+2
1+2+1
2+1+1

3∏
s=1

{bm1+···+ms,m1+···+ms−1+1} =

{b1,1} · {b2,2} · {b4,3}+ {b1,1} · {b3,2} · {b4,4}+ {b2,1} · {b3,3} · {b4,4} =

S1

1

S1

2

S2

4
+

S1

1

S2

3

S1

4
+

S2

2

S1

3

S1

4

r = 4 −→ {(1, 1, 1, 1)} ∈ P(4) −→
∑

1+1+1+1

4∏
s=1

{bm1+···+ms,m1+···+ms−1+1} =

{b1,1} · {b2,2} · {b3,3} · {b4,4} =
S1

1

S1

2

S1

3

S1

4
finally

a4 =
S4

4
+

S1

1

S3

4
+

S3

3

S1

4
+

S2

2

S2

4
+

S1

1

S1

2

S2

4
+

S1

1

S2

3

S1

4
+

S2

2

S1

3

S1

4
+

S1

1

S1

2

S1

3

S1

4

=
S4

4
+

S1S3

3
+

S2
2

8
+

S2
1S2

4
+

S4
1

24
.

with this, we conclude our example.
We can also give an explicit formula of the coefficients ai depending on the

reciprocals of the roots of L. But first, let’s give an expression of Nm depending
on these roots, see [5, Corollary 5.1.16]:

Nm = qm + 1−
2g∑
i=1

αm
i

which can also be written

(8) Nm = qm + 1−
g∑

i=1

2qm/2cos(πmϕi)

where (α1, . . . , α2g) = (q1/2eiπϕ1 , . . . , q1/2eiπϕg , q1/2e−iπϕ1 , . . . , q1/2e−iπϕg ) are
the reciprocals of the roots of L(t) with ϕi ∈ [0, 1]. The following results are the
consequences of Theorem 3.1, (2) and (8).

Proposition 3.3. Let L(t) =
∑2g

i=0 ait
i be the L-polynomial of F/Fq. We have

ai =
∑

(m1,...,mr)∈P(i)

r∏
s=1

(−1)r
∑g

j=1 2q
ms/2cos(πmsϕj)

m1 + · · ·+ms

=
∑

(m1,...,mr)∈P(i)

r∏
s=1

(−1)r
∑2g

j=1 α
ms
j

m1 + · · ·+ms

for i = 1, . . . , g and a2g−i = qg−iai with a0 = 1.
Proof. We use Theorem 3.1 (3) and

Nm = qm + 1−
g∑

i=1

2qm/2cos(πmϕi) = qm + 1−
2g∑
i=1

αm
i .
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□
We conclude by a new expression of the class number h depending on the previous

parameters.

Proposition 3.4. Let L(t) =
∑2g

i=0 ait
i be the L-polynomial of F/Fq and h the

class number. We have

h = 1 + qg +

g−1∑
i=1

(1 + qg−i)
∑

(m1,...,mr)∈P(i)

r∏
s=1

(−1)r
∑g

j=1 2q
ms/2cos(πmsϕj)

m1 + · · ·+ms
+

∑
(m1,...,mr)∈P(g)

r∏
s=1

(−1)r
∑g

j=1 2q
ms/2cos(πmsϕj)

m1 + · · ·+ms

= 1 + qg +

g−1∑
i=1

(1 + qg−i)
∑

(m1,...,mr)∈P(i)

r∏
s=1

(−1)r
∑2g

j=1 α
ms
j

m1 + · · ·+ms
+

∑
(m1,...,mr)∈P(g)

r∏
s=1

(−1)r
∑2g

j=1 α
ms
j

m1 + · · ·+ms

= 1 + qg +

g−1∑
i=1

(1 + qg−i)
∑

(m1,...,mr)∈P(i)

r∏
s=1

Nms
− (qms + 1)

m1 + · · ·+ms
+

∑
(m1,...,mr)∈P(g)

r∏
s=1

Nms
− (qms + 1)

m1 + · · ·+ms

Proof. Since h = L(1) =
∑2g

i=0 ai with a0 = 1 and a2g = qga0, this result is
a consequence of Proposition 3.3. Note that the case i = g has to be treated
separately, otherwise ag will be counted twice. □

4. Example of application

In this section, we will exhibit an application for the explicit formula in Propo-
sition 3.3. This application is not the simple calculation of the coefficients of the
L-polynomial, since one can easily show that the complexity of the formula in 3.1
is exponential.
This application consists of giving some of these coefficients properties. These lat-
ter will allow us to determine the sign and the variation of the sequence (an)0≤n≤g.
We will focus on curves of defect 2 over the finite field F2 i.e.

|N1(F/F2)− (q + 1)| = |N1(F/F2)− 3| = g[2
√
q]− 2 = g[2

√
2]− 2 = 2g − 2,

where [x] denotes the largest integer ≤ x. The general case was studied By J.P.
Serre in [4, Theorem 2.5.1].

Theorem 4.1. For a curve over Fq such that |N1(F/Fq)− (q + 1)| = g[2
√
q]− 2,

there are six possibilities for (α1 + α1, . . . , αg + αg) :
(a) ±([2

√
q], . . . , [2

√
q], [2

√
q]− 2) for g ≥ 1.

(b) ±([2
√
q], . . . , [2

√
q], [2

√
q] +

√
2− 1, [2

√
q]−

√
2− 1) for g = 2.

(c) ±([2
√
q], . . . , [2

√
q], [2

√
q]− 1, [2

√
q]− 1) for g = 2.

(d) ±([2
√
q], . . . , [2

√
q], [2

√
q] +

√
3− 1, [2

√
q]−

√
3− 1) for g ≥ 2.
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(e) ±([2
√
q], . . . , [2

√
q], [2

√
q] + −1+

√
5

2 , [2
√
q] + −1+

√
5

2 , [2
√
q] + −1−

√
5

2 , [2
√
q] +

−1−
√
5

2 ) for g = 4.
(f) ±([2

√
q], . . . , [2

√
q], [2

√
q]+1− 4cos2(π7 ), [2

√
q]+1− 4cos2( 2π7 ), [2

√
q]+1−

4cos2( 3π7 )) for g = 3.

We are interested here by the case (a) of Theorem 4.1 for q = 2. This case offers
possibly infinitely many examples of curves.

Let q = 2, we can easily deduce that under the conditions of Theorem 4.1 case
(a), we have (α1+α1, . . . , αg+αg) = ±([2

√
q], . . . , [2

√
q], [2

√
q]−2) = ±(2, . . . , 2, 0).

Thus, with equation (8) notations we have ϕi = 1/4 or 3/4 since 2
√
2cos(π·ϕi) = ±2

for i ∈ {1, . . . , g − 1} and ϕg = 1/2 since 2
√
2cos(π · ϕg) = 0.

Proposition 4.2. Let L(t) =
∑2g

n=0 ant
n be the L-polynomial of F/F2, under the

conditions of case (a) we have

an = an,π/4 =
∑

(m1,...,mr)∈P(n)

(−1)r·2r·2n/2
r∏

s=1

(g − 1)cos(ms · π/4) + cos(ms · π/2)
m1 + · · ·+ms

or

an = an,3π/4 =
∑

(m1,...,mr)∈P(n)

(−1)r·2r·2n/2
r∏

s=1

(g − 1)cos(ms · 3π/4) + cos(ms · π/2)
m1 + · · ·+ms

for n = 1, . . . , g and a2g−n = qg−nan with a0 = 1.

Proof. By Proposition 3.3 and the conditions of case (a), we have

an,π/4 =
∑

(m1,...,mr)∈P(n)

r∏
s=1

(−1)r
∑g

j=1 2q
ms/2cos(πmsϕj)

m1 + · · ·+ms

=
∑

(m1,...,mr)∈P(n)

r∏
s=1

(−1)r
(
∑g−1

j=1 2q
ms/2cos(ms · π/4)) + 2qms/2cos(ms · π/2)

m1 + · · ·+ms

=
∑

(m1,...,mr)∈P(n)

(−1)r · 2r · 2n/2
r∏

s=1

(g − 1)cos(ms · π/4) + cos(ms · π/2)
m1 + · · ·+ms

The second equality can be proven similarly. □

For what comes next, we need the following notations:
En := {n+ 8k, k ∈ N∗}.
Cπ/4(n) := (g − 1)cos(n · π/4) + cos(n · π/2).
C3π/4(n) := (g − 1)cos(n · 3π/4) + cos(n · π/2).
P+
π/4(n) := {(m1, . . . ,mr) ∈ P(n)|(−1)r · 2r · 2n/2

∏r
s=1

Cπ/4(ms)

m1+···+ms
> 0}.

P−
π/4(n) := {(m1, . . . ,mr) ∈ P(n)|(−1)r.2r.2n/2

∏r
s=1

Cπ/4(ms)

m1+···+ms
< 0}.

P+
3π/4(n) := {(m1, . . . ,mr) ∈ P(n)|(−1)r · 2r · 2n/2

∏r
s=1

C3π/4(ms)

m1+···+ms
> 0}.

P−
3π/4(n) := {(m1, . . . ,mr) ∈ P(n)|(−1)r · 2r · 2n/2

∏r
s=1

C3π/4(ms)

m1+···+ms
< 0}.

P+
π/4(n) := #P+

π/4(n), P−
π/4(n) = #P−

π/4(n), P+
3π/4(n) = #P+

3π/4(n),
P−
3π/4(n) = #P−

3π/4(n).
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CRπ/4 : P(n) → Q the map defined by:

CRπ/4((m1, . . . ,mr)) = (−1)r · 2r · 2n/2
r∏

s=1

Cπ/4(ms)

m1 + · · ·+ms
.

CR3π/4 : P(n) → Q the map defined by:

CR3π/4((m1, . . . ,mr)) = (−1)r · 2r · 2n/2
r∏

s=1

C3π/4(ms)

m1 + · · ·+ms
.

Proposition 4.3. Let L(t) =
∑2g

n=0 ant
n be the L-polynomial of F/F2. Under the

conditions of case (a) we have

an =
∑

(m1,...,mr)∈P(n)
mr ̸=i

(−1)r · 2r · 2n/2
r∏

s=1

Cθ(ms)

m1 + · · ·+ms
− 2

i+2
2

Cθ(i)

n
an−i

and

an =

n∑
i=1

−2
i+2
2 · Cθ(i)

n
an−i

for n = 1, . . . , g and a2g−n = qg−nan with a0 = 1 and θ = π/4 or 3π/4.

Proof. The main idea is to notice that

P(n) =
n∪

i=1

{(m1, . . . ,mr, i) with (m1, . . . ,mr) ∈ P(n− i)}

then
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an =
∑

(m1,...,mr)∈P(n)

(−1)r · 2r · 2n/2
r∏

s=1

Cθ(ms)

m1 + · · ·+ms

=
∑

(m1,...,mr)∈P(n)
mr ̸=i

(−1)r · 2r · 2n/2
r∏

s=1

Cθ(ms)

m1 + · · ·+ms
+

∑
(m1,...,mr−1,i)∈P(n)

(−1)r · 2r · 2n/2
r∏

s=1

Cθ(ms)

m1 + · · ·+ms

=
∑

(m1,...,mr)∈P(n)
mr ̸=i

(−1)r · 2r · 2n/2
r∏

s=1

Cθ(ms)

m1 + · · ·+ms
+

−2 · 2i/2Cθ(i)

n
·

∑
(m1,...,mr−1,i)∈P(n)

(−1)r−1 · 2r−1 · 2(n−i)/2
r−1∏
s=1

Cθ(ms)

m1 + · · ·+ms

=
∑

(m1,...,mr)∈P(n)
mr ̸=i

(−1)r · 2r · 2n/2
r∏

s=1

Cθ(ms)

m1 + · · ·+ms
+

−2 · 2i/2Cθ(i)

n
·

∑
(m1,...,mr−1)∈P(n−i)

(−1)r−1 · 2r−1 · 2(n−i)/2
r−1∏
s=1

Cθ(ms)

m1 + · · ·+ms

=
∑

(m1,...,mr)∈P(n)
mr ̸=i

(−1)r · 2r · 2n/2
r∏

s=1

Cθ(ms)

m1 + · · ·+ms
− 2(i+2)/2Cθ(i)

n
an−i

The second equality can be proven similarly.
□

Remark 4.4. The second equality could also be proved applying Proposition 2.1.

Notice that

Cπ/4(ms) =


(g − 1)

√
2/2 if ms ∈ E1 ∪ E7

−(g − 1)
√
2/2 if ms ∈ E3 ∪ E5

−1 if ms ∈ E2 ∪ E6

−(g − 2) if ms ∈ E4

g if ms ∈ E8

and

C3π/4(ms) =


(g − 1)

√
2/2 if ms ∈ E3 ∪ E5

−(g − 1)
√
2/2 if ms ∈ E1 ∪ E7

−1 if ms ∈ E2 ∪ E6

−(g − 2) if ms ∈ E4

g if ms ∈ E8

it is clear (for g > 2) that m ∈ P+
π/4(n), if and only if, the number of parts of m

that are in E2∪E3∪E4∪E5∪E6 has the same parity as r the number of all parts.
m ∈ P−

π/4(n), if and only if, this number and r have not the same parity.
Similarly, we can characterize P+

3π/4(n) and P−
3π/4(n) by replacing E3 and E5 with
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E1 and E7.

The following proposition, is a second characterization which is less obvious.

Proposition 4.5. Let L(t) =
∑2g

n=0 ant
n be the L-polynomial of F/F2,

m = (m1, . . . ,mr) ∈ P(n) a composition of an integer n ≤ g with g > 2. Un-
der the conditions of case (a) we have

i) The cardinality of (E1 ∪ E7 ∪ E8) ∩ {m1, . . . ,mr} is even, if and only if,
m ∈ P+

π/4(n). It is odd, if and only if, m ∈ P−
π/4(n).

ii) The cardinality of (E3 ∪ E5 ∪ E8) ∩ {m1, . . . ,mr} is even, if and only if,
m ∈ P+

3π/4(n). It is odd, if and only if, m ∈ P−
3π/4(n).

Proof. i) By induction, we have for n = 1: P(1) = {(1)} then CRπ/4((1)) =

−1 · 2 · 21/2 · (g−1)
√
2/2

1 = −2(g − 1) < 0.
For n = 2: P(2) = {(1, 1), (2)} then

CRπ/4((1, 1)) = (−1)2 · 22 · 22/2 · (g − 1)
√
2/2

1
· (g − 1)

√
2/2

2
= 2(g − 1)2 > 0,

and

CRπ/4((2)) = −1 · 2 · 22/2 · −1

2
= 2 > 0.

Suppose that the equivalence is true for n′ < n. Let
m = (m1, . . . ,mr) ∈ P+

π/4(n), then:
• If (E1∪E7∪E8)∩{m1, . . . ,mr} = ∅, the cardinality of this set is even.
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• If mi < n such that {mi} ⊂ (E1 ∪ E7 ∪ E8) ∩ {m1, . . . ,mr}, we have

CRπ/4(m) = (−1)r · 2r · 2n/2
r∏

s=1

Cπ/4(ms)

m1 + · · ·+ms

= (−1)r · 2r · 2n/2
i−1∏
s=1

Cπ/4(ms)

m1 + · · ·+ms
·

Cπ/4(mi)

m1 + · · ·+mi
.

r∏
s=i+1

Cπ/4(ms)

m1 + · · ·+mi + · · ·+ms

= (−1)r · 2r · 2n/2
i−1∏
s=1

Cπ/4(ms)

m1 + · · ·+ms
·

Cπ/4(mi)

m1 + · · ·+mi
.

r∏
s=i+1

Cπ/4(ms)

m1 + · · ·+mi−1 +mi+1 + · · ·+ms
.

r∏
s=i+1

m1 + · · ·+mi−1 +mi+1 + · · ·+ms

m1 + · · ·+mi−1 +mi +mi+1 + · · ·+ms

= −2.2mi/2Cπ/4(mi).

r∏
s=i+1

m1 + · · ·+mi−1 +mi+1 + · · ·+ms

m1 + · · ·+mi−1 +mi +mi+1 + · · ·+ms
.

(−1)r−1 · 2r−1 · 2(n−mi)/2
r−1∏
s=1

Cπ/4(ms)

m1 + · · ·+ms

= −2 · 2mi/2Cπ/4(mi).

r∏
s=i+1

m1 + · · ·+mi−1 +mi+1 + · · ·+ms

m1 + · · ·+mi + · · ·+ms
.

CRπ/4((m1, · · · ,mi−1,mi+1, · · · ,mr))

Since Cπ/4(mi) > 0 and CRπ/4(m) > 0, we have

CRπ/4((m1, . . . ,mi−1,mi+1, . . . ,mr)) < 0.

By induction hypothesis, the cardinality of

(E1 ∪ E7 ∪ E8) ∩ {m1, . . . ,mi−1,mi+1, . . . ,mr}

is odd, thus the cardinality of (E1 ∪ E7 ∪ E8) ∩ {m1, . . . ,mr} is even.
ii) The second equivalence can be proven similarly by replacing E3, E5 with

E1, E7.
□

Proposition 4.6. Let L(t) =
∑2g

n=0 ant
n be the L-polynomial of F/F2. Under the

conditions of case (a) and with Proposition 4.2 notations, we have

an,π/4 =

{
an,3π/4 if n is even
−an,3π/4 if n is odd

for n = 1, . . . , g and a2g−n = qg−nan with a0 = 1.

Proof. Let m = (m1, . . . ,mr) ∈ P(n) a composition of an integer n ≤ g. The main
idea here, is to notice that if n is even then the cardinality of

(E3 ∪ E5 ∪ E8) ∩ {m1, . . . ,mr}
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and
(E1 ∪ E7 ∪ E8) ∩ {m1, . . . ,mr}

are both even or both odd (1, 3, 5, 7 are the only odd numbers modulo 8). If n is
odd, then one is even and the second is odd. Thus, by Proposition 4.5

CRπ/4(m) =

{
CR3π/4(m) if n is even
−CR3π/4(m) if n is odd

we conclude by noticing that

an,π/4 =
∑

m∈P(n)

CRπ/4(m) and an,3π/4 =
∑

m∈P(n)

CR3π/4(m)

□

Proposition 4.7. Let n ≤ g be an integer with g > 2. then P+
π/4(n) > P−

π/4(n) if
n is even, P+

π/4(n) < P−
π/4(n) if n is odd and P+

3π/4(n) > P−
3π/4(n) for all n. More

precisely
(a) P+

π/4(2)− P−
π/4(2) = 2.

(b) P−
π/4(3)− P+

π/4(3) = 2.
(c) P+

π/4(4)− P−
π/4(4) = 4.

(d) P−
π/4(5)− P+

π/4(5) = 4.
(e) P+

π/4(n)− P−
π/4(n) > n for n ≥ 6 if n is even.

(f) P−
π/4(n)− P+

π/4(n) > n for n ≥ 6 if n is odd.
(g) P δ

π/4(n) := |P+
π/4(n)− P−

π/4(n)| is a strictly increasing sequence for n ≥ 6.
(h) P+

3π/4(n)− P−
3π/4(n) = 2 for n = 2 and 3.

(i) P+
3π/4(n)− P−

3π/4(n) = 4 for n = 4 and 5.
(j) P+

3π/4(n)− P−
3π/4(n) > n and P δ

3π/4(n) := P+
3π/4(n)− P−

3π/4(n) is a strictly
increasing sequence for n ≥ 6.

Proof. The equalities (a), (b), (c), (d), (h) and (i) follow from a simple calculation.
(e), (f) and (g) follow from (j) by noticing that

CRπ/4(m) =

{
CR3π/4(m) if n is even
−CR3π/4(m) if n is odd

see the proof of Proposition 4.6.
Let’s prove inequality (j). For n = 6, P+

3π/4(6) − P−
3π/4(6) = 8 > 6. For n = 7,

P+
3π/4(7)− P−

3π/4(7) = 10 > 7. By induction, suppose that for n′ < n the property
(j) is true. By Proposition 4.3

an,3π/4 =

n∑
i=1

−2(i+2)/2 ·
C3π/4(i)

n
an−i

thus,
for 1 ≤ i ≤ n, P+

3π/4(n − i) − P−
3π/4(n − i) > n − i and P δ

3π/4(n − i) is strictly
increasing by induction hypothesis,
for i ∈ E1 ∪E2 ∪E4 ∪E6 ∪E7, −2(i+2)/2 · C3π/4(i)

n > 0. The difference between the
positive and the negative terms of −2(i+2)/2 · C3π/4(i)

n an−i is equal to P δ
3π/4(n− i).

and for i ∈ E3∪E5∪E8, −2(i+2)/2 · C3π/4(i)

n < 0. the positive and the negative terms
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of −2(i+2)/2.
C3π/4(i)

n an−i are reversed, the difference is equal to −P δ
3π/4(n− i).

We conclude that

P δ
3π/4(n) =

∑
i∈E1∪E2∪E4∪E6∪E7

P δ
3π/4(n− i)−

∑
i∈E3∪E5∪E8

P δ
3π/4(n− i).

Finally, if i ∈ E3∪E5∪E8, we have P δ
3π/4(n−i+1)−P δ

3π/4(n−i) ≥ 1 for n−i ̸= 2 or
4, and P δ

3π/4(n−i+1)−P δ
3π/4(n−i) = 0 for n−i = 2 or 4. Since P δ

3π/4(n−1) > n−1,
we conclude that P δ

3π/4(n) > n and P δ
3π/4(n) > P δ

3π/4(n− 1). □

Theorem 4.8. Let L(t) =
∑2g

n=0 ant
n be the L-polynomial of a function field F/F2

with 1 ≤ g ≤ 6. Under the conditions of case (a) and for n ∈ {0, . . . , g} we have
(a) an,π/4 < 0 if n is odd and an,π/4 > 0 if n is even.
(b) an,3π/4 > 0.
(c) The sequence |an,θ| with θ = π/4 or 3π/4 is increasing.

Proof. We will prove the theorem for θ = π/4, the second part is obvious by
Proposition 4.6.
By Proposition 4.2 we have

an,π/4 =
∑

(m1,...,mr)∈P(n)

(−1)r.2r+n/2
r∏

s=1

(g − 1)cos(ms · π/4) + cos(ms · π/2)
m1 + · · ·+ms

Suppose that n is even. Let m = (m1, . . . ,mr) ∈ P−
π/4(n). Our aim here, is to as-

sociate to m another composition m′ such that Pm′ ∈ P+
π/4(n) and

|CRπ/4(m)| ≤ |CRπ/4(m
′)|.

First, let’s prove that ∃j ∈ {1, . . . , r} such that mj ∈ E3 ∪ E5. Suppose the
opposite, since m ∈ P−

π/4(n) by Proposition 4.5, the number #[E1 ∩ {m1, . . . ,mr}]
is odd (there are no elements in E7∪E8 because n ≤ g < 7), but the other numbers
in m are all even (2, 4, 6), then m1 + · · · + mr = n is odd. This contradicts the
supposition that n is even. We conclude that ∃j ∈ {1, . . . , r} such that mj ∈ E3∪E5.

• If m contains mj ∈ E5, we associate to

m = (m1, . . . ,mj−1,mj ,mj+1, . . . ,mr)

m′ such that

m′ = (m1, . . . ,mj−1,mj1 ,mj2 ,mj+1, . . . ,mr)

with mj1 ∈ E1 and mj2 ∈ E4. It is clear, by Proposition 4.5, that
Pm′ ∈ P+

π/4(n). Moreover, we have

CRπ/4(m) = (−1)r · 2r · 2n/2
j−1∏
s=1

(g − 1)cos(ms · π/4) + cos(ms · π/2)
m1 + · · ·+ms

· −(g − 1) ·
√
2/2

m1 + · · ·+mj
·

r∏
s=j+1

(g − 1)cos(ms · π/4) + cos(ms · π/2)
m1 + · · ·+ms

and
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CRπ/4(m
′) = (−1)r+1 · 2r+1 · 2n/2

j−1∏
s=1

(g − 1)cos(ms · π/4) + cos(ms · π/2)
m1 + · · ·+ms

·

−(g − 2)

m1 + · · ·+mj−1 +mj1

· (g − 1) ·
√
2/2

m1 + · · ·+mj
·

r∏
s=j+1

(g − 1)cos(ms · π/4) + cos(ms · π/2)
m1 + · · ·+ms

since

(9) 2 · (g − 2)

m1 + · · ·+mj−1 +mj1

· (g − 1) ·
√
2/2

m1 + · · ·+mj
>

(g − 1) ·
√
2/2

m1 + · · ·+mj

(m1 + . . . + mj−1 + mj1 ≤ n − 4 and n ≤ g) we conclude that
|CRπ/4(m)| < |CRπ/4(m

′)|.
• If m contains mj ∈ E3, we associate to

m = (m1, . . . ,mj−1,mj ,mj+1, . . . ,mr)

m′ such that

m′ = (m1, . . . ,mj−1,mj1 ,mj2 ,mj3 ,mj+1, . . . ,mr)

with mj1 ,mj2 ,mj3 ∈ E1. It is clear, by Proposition 4.5, that Pm′ ∈ P+
π/4(n).

Moreover, we have

CRπ/4(m) = (−1)r · 2r · 2n/2
j−1∏
s=1

(g − 1)cos(ms · π/4) + cos(ms · π/2)
m1 + · · ·+ms

· −(g − 1) ·
√
2/2

m1 + · · ·+mj
·

r∏
s=j+1

(g − 1)cos(ms · π/4) + cos(ms · π/2)
m1 + · · ·+ms

and

CRπ/4(m
′) = (−1)r+2 · 2r+2 · 2n/2

j−1∏
s=1

(g − 1)cos(ms · π/4) + cos(ms · π/2)
m1 + · · ·+ms

·

(g − 1) ·
√
2/2

m1 + · · ·+mj−1 +mj1

· (g − 1) ·
√
2/2

m1 + · · ·+mj2

· (g − 1) ·
√
2/2

m1 + · · ·+mj
·

r∏
s=j+1

(g − 1)cos(ms · π/4) + cos(ms · π/2)
m1 + · · ·+ms

since

(10) 4· (g − 1) ·
√
2/2

m1 + · · ·+mj−1 +mj1

· (g − 1) ·
√
2/2

m1 + · · ·+mj2

· (g − 1) ·
√
2/2

m1 + · · ·+mj
>

(g − 1) ·
√
2/2

m1 + · · ·+mj

we conclude that |CRπ/4(m)| < |CRπ/4(m
′)|.

Notice that in both inequalities (9) and (10), we can have the stronger conclusion:
2 · |CRπ/4(m)| < |CRπ/4(m

′)| (because of the coefficients 2 and 4). That means
that we can associate at least two negative compositions with one positive.
That is why we have limited the theorem to 1 ≤ g ≤ 6. There are not enough
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compositions to be required to associate more than two compositions with only
one, except for g = 6 where we associate

(1, 1, 1, 3) with (1, 1, 1, 1, 1, 1)

(1, 1, 3, 1) with (1, 1, 1, 1, 1, 1)

(1, 3, 1, 1) with (1, 1, 4)

(1, 5) with (1, 1, 4)

(3, 1, 1, 1) with (1, 4, 1)

(5, 1) with (1, 4, 1)

we prove this easily as we shown above. We conclude that an,π/4 > 0 if n is even.
Similarly, we prove that an,π/4 < 0 if n is odd, and the exception here is for g = 5:

(1, 1, 3) with (1, 1, 1, 1, 1)

(1, 3, 1) with (1, 1, 1, 1, 1)

(3, 1, 1) with (1, 4)

(5) with (1, 4)

Let’s prove (c). Suppose n is even, let m = (m1, . . . ,mr) ∈ P(n− 1),
• If m = (m1, . . . ,mr) ∈ P+

π/4(n − 1), let m′ = (m′
1, . . . ,m

′
r′) ∈ P−

π/4(n − 1)

such that they are associated as we saw previously. There is M and M ′ such
that M = (m1, . . . ,mr, 1) ∈ P−

π/4(n) and M ′ = (m′
1, . . . ,m

′
r′ , 1) ∈ P+

π/4(n)

(if we add "1" to a composition, its sign changes by Proposition 4.5). It is
clear that M and M ′ are associated then

|CRπ/4(m)| < |CRπ/4(m
′)| , |CRπ/4(M)| < |CRπ/4(M

′)|
and

|CRπ/4(m) + CRπ/4(m
′)| < |CRπ/4(M) + CRπ/4(M

′)|
Since 2(g−1)/n.|CRπ/4(m)+CRπ/4(m

′)| = |CRπ/4(M)+CRπ/4(M
′)| (see

the first part of the proof).
• let m′ = (m′

1, . . . ,m
′
r′) ∈ P−

π/4(n − 1) that is not associated with any
P+
π/4(n− 1) elements (it is possible by Proposition 4.7), then

M ′ = (m′
1, . . . ,m

′
r′ , 1) or M ′ = (1,m′

1, . . . ,m
′
r′)

are in P+
π/4(n) and one of them is associated with no element of P−

π/4(n)

(because g ≤ 6, we can avoid the paths 1, 1, 1 and 1, 4 ). Moreover,
|CRπ/4(m

′)| < |CRπ/4(M
′)|.

We conclude that
|an−1,π/4| = |

∑
m∈P(n−1)

CRπ/4(m)| < |an,π/4| = |
∑

m∈P(n)

CRπ/4(m)|.

□

Remark 4.9. • In fact, Theorem 4.8 is true for 1 ≤ g and the proof is still
valid while we know how to deal with the exceptions, as we have seen for
g = 5 and 6. The problem is that the number of the exceptions is quickly
very large. We keep seeking for a stronger proof with no restriction for g,
the idea is to organize P(n) following an ascending order of CRθ(m) for
analysing their distribution (Proposition 4.7 is a good beginning).
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• We know that if N1 ≥ g + 1, there exists a non-special divisor of degree
g − 1. Moreover we know all the curves which contain this kind of divisors
over F2 for g = 1 and 2 (see [1]). Since for defect 2 curves over F2 with
g ≥ 3 one has

|N1 − 3| = 2g − 2 ⇒ N1 = 2g + 1 ⇒ N1 ≥ g + 1

the existence of these divisors is obvious. Thus, we do not need to use the
coefficients an for this purpose. Nevertheless, for the defect 3 curves over
F2 with g ≥ 3, one has

|N1 − 3| = 2g − 3 ⇒ N1 = 2g or N1 = −2g + 6

our next goal, is to use the method of section 4 to prove the existence of
non-special divisor of degree g − 1 for these curves (the case N1 = −2g + 6
with g = 3).
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