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Weak Error on the densities for the Euler scheme of

stable additive SDEs with Hölder drift

Mathis Fitoussi∗, Stéphane Menozzi†

October 11, 2024

Abstract

We are interested in the Euler-Maruyama dicretization of the SDE

dXt = b(t,Xt) dt+ dZt, X0 = x ∈ R
d,

where Zt is a symmetric isotropic d-dimensional α-stable process, α ∈ (1, 2] and
the drift b ∈ L∞

(

[0, T ], Cβ(Rd,Rd)
)

, β ∈ (0, 1), is bounded and Hölder regular
in space. Using an Euler scheme with a randomization of the time variable, we
show that, denoting γ := α + β − 1, the weak error on densities related to this
discretization converges at the rate γ/α.

1 Introduction

For a fixed finite time horizon T > 0, we are interested in the Euler-Maruyama dicretization of the SDE

dXt = b(t,Xt) dt+ dZt, X0 = x, ∀t ∈ [0, T ], (1.1)

where Zt is a symmetric isotropic d-dimensional α-stable process, α ∈ (1, 2] and b ∈ L∞
(

[0, T ], Cβ(Rd,Rd)
)

,
β ∈ (0, 1), i.e. it is bounded and Hölder regular in space. In this setting, weak well-posedness holds for (1.1)
since the natural condition

γ := β + α− 1 > 0 ⇐⇒ β + α > 1, (1.2)

is always satisfied. The condition (1.2) actually ensures weak well-posedness for the SDE (1.1), even in the
super-critical case α ∈ (0, 1], provided the drift is time homogeneous or bounded in time (see [TTW74],
[MP14], [CZZ21], see also [Pri12], [CZZ21] for strong well-posedness established under the more stringent
condition β + α/2 > 1).

The goal of this paper is to prove a convergence rate for the weak error on densities associated with an
appropriate Euler scheme for (1.1).

1.1 Definition of the scheme

We will use a discretization scheme with n time steps over [0, T ], with constant step size h := T/n. For the
rest of this paper, we denote, ∀k ∈ {0, ..., n}, tk := kh and ∀s > 0, τhs := h⌊ s

h⌋ ∈ (s− h, s], which is the last
grid point before time s. Namely, if s ∈ [tk, tk+1), τ

h
s = tk.
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We define a step of the Euler scheme, starting from X0 = x, as

Xh
tk+1

= Xh
tk + hb(Uk, X

h
tk) + (Ztk+1

− Ztk), k ∈ N, (1.3)

where the (Uk)k∈N are independent random variables, independent as well from the driving noise, s.t.

Uk
(law)
= U([tk, tk+1]), i.e. Uk is uniform on the time interval [tk, tk+1]. We consider the corresponding

time interpolation defined as the solution to

dXh
t = b(Uτh

t /h, X
h
τh
t
) dt+ dZt. (1.4)

As b is bounded, equation (1.4) is well-posed and Xh
t admits a density for t > 0. We can refer to this end to

[FJM24] for related estimates. We will denote by Γh(0, x, t, ·) this density at time t ∈ (0, T ] when starting
from x at time 0.

1.2 Euler scheme - state of the art

For all 0 ≤ s < t ≤ T , it is known that the unique weak solution to (1.1), starting in x at time s admits a
density, which we will denote Γ(s, x, t, ·). It has as well been established in [MZ22] that in the current setting
Γ enjoys two-sided stable heat kernel estimates for α ∈ (1, 2) whereas this property can already be derived
from Friedman [Fri64] (under some additional smoothness in time for b) or [MPZ21] in the Brownian case.
In this paper, we are interested in the weak error on densities, which is defined as the quantity

|Γ(s, x, t, y)− Γh(s, x, t, y)|. (1.5)

In particular we want to bound it, up to a multiplicative constant, by the product of an appropriate power
of the time step h and a density which provides an upper bound for the one of the driving noise. This
would then in particular allow to integrate against possibly irregular test functions having the corresponding
convergence rate.

The general definition of the weak error is

E(f, t, x, h) := E0,x

[

f(Xh
t )− f(Xt)

]

, (1.6)

for f belonging to a suitable class of test functions, and where the expectation subscript means that
Xh

0 = X0 = x.

Deriving convergence results for the weak error involves studying the PDE

(∂s + b(s, x) · ∇x + Lα)u(s, x) = 0 on [0, T )× R
d, u(t, ·) = f on R

d, (1.7)

where Lα is the generator of the noise. When the coefficients of (1.1) and the test function f are smooth,
the seminal paper of Talay and Tubaro ([TT90]) gives a convergence rate of order 1 in h in the Brownian
case. Similar results were obtained for the densities in [KM02] and [KM10] respectively in the Brownian and
pure-jump settings. With β-Hölder coefficients and again a smooth f in (1.6), the work of Mikulevicius and

Platen ([MP91]) proves a convergence in h
β
2 in the Brownian case. This result was extended to densities in

[KM17]. In these works, when applying Itô’s formula, authors use the regularity of the drift to treat terms
of the form b(r,Xh

r )− b(Uτh
r /h, X

h
τh
r
) but do not exploit the full parabolic bootstrap associated with the PDE

(1.7). Note that this approach intrinsically leads to a strong convergence order and that all the previously
quoted results are for an SDE with multiplicative noise which is as well β-Hölder continuous in space. In
that setting, we believe that the rate is sharp. However, for an additive noise as in (1.1) (or a multiplicative
noise with smooth diffusion coefficient), the rate can be significantly improved.

In the Brownian setting, one way to proceed is to use the sewing lemma introduced in [Lê20], which
allows to quantify the discretization error along rough functionals of the Brownian path. In the specific
case of a β-Hölder continuous drift and terminal condition f , in the work [Hol24], the author improves the
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convergence rate from [MP91] to h
β+1
2 −ε, ε > 0. We aim to extend this result to the pure-jump setting

α ∈ (1, 2] and to a more general class of test functions by working on densities achieving as well ε = 0. Let
us also mention the work [LL21], which proves a strong (i.e. on trajectories) rate of convergence of order 1/2
(up to a logarithmic factor) in the Brownian setting for Lq

t −Lp
x drifts under the Serrin-Krylov-Röckner type

condition d/p+2/q < 1. However, the use of sewing techniques still does not allow to take full advantage of
the parabolic bootstrap associated with the fundamental solution of (1.7) when the test function is rough,
e.g. Dirac masses leading to the weak error on densities.

In the current work, we precisely focus on these types of errors of the form E(δy, t, x, h) (where δy is the
Dirac mass at point y). From Itô’s formula, (1.6) and (1.7), this formally writes

E(δy , t, x, h) = E0,x

[
∫ t

0

(

b(r,Xh
r )− b(Uτh

r /h, X
h
τh
r
))
)

· ∇zΓ(r, z, t, y)|z=Xh
r
dr

]

. (1.8)

To analyze the corresponding error, a new idea was introduced in [BJ22]. The drift was therein assumed to
be merely measurable and bounded so that no rate could be a priori derived from the difference in (1.8).
The point then consists in using the regularity of the solution to (1.7) instead of that of b. Namely, writing

E0,x[b(r,X
h
r ) · ∇Γ(r,Xh

r , t, y)− b(r,Xh
τh
r
) · ∇Γ(r,Xh

τh
r
, t, y)]

=

∫

[Γh(0, x, r, z)− Γh(0, x, τhr , z)]b(r, z) · ∇Γ(r, z, t, y) dz (1.9)

one can exploit some additional (or-bootstrapped regularity) of Γh in its forward time variable. Namely,
it was proved in the Brownian setting of [BJ22] that for a bounded drift, this regularity was of order 1/2,
which actually formally corresponds to the exponent γ/α (with γ defined in (1.2)) when taking β = 0. This
result still holds in the current setting with β ∈ (0, 1) and provides a significant improvement, corresponding
to the expected regularity deriving from the parabolic bootstrap in the forward variable, when compared to
the β-Hölder regularity of b in space. To handle the error from (1.8) one would need as well to investigate
a space sensitivity of the gradient of the density Γ in its backward variable. This could as well be done
exploiting the parabolic bootstrap.

On the other hand, we also have to account for terms involving b(r,Xr) − b(Uτh
r /h, Xr). One way to

achieve the expected convergence rate is to make strong assumptions on the time regularity of b: we would
need b(·, z) to be γ/α-Hölder. Importantly, without making any assumption on the time regularity of the
drift, those terms can be handled thanks to the randomization of the time argument introduced in (1.3),
which allows for a convenient use of the Fubini theorem in the error analysis (see (2.8) below). This averaging
procedure can somehow be seen as well as a regularization by noise phenomenon.

Let us mention that for the proofs below we will not rely on the previous expansion of the error, which
we presented here in order to give an idea of the main crucial steps and tools for the error analysis, but on
the Duhamel representations of the densities expanded using the density of the driving noise as proxy (see
Proposition 3 below).

From the above techniques (forward time regularity of Γh and time randomization), a rate of order
α−1−( d

p
+α

q )
α > 0 is derived in [JM24] and [FJM24], respectively in the Brownian and pure-jump settings, for

a Lebesgue drift in Lq
t − Lp

x for the difference of the densities (1.5). Comparing this rate to that of [LL21],
although 1/α is lost due to the gradient in (1.9) (time singularity induced by the gradient of the density of
the noise), one sees that the convergence rate displays explicitly the “gap to singularity” α− 1− (d/p+α/q)
or Serrin condition in that setting (critical stable parabolic scaling in Lebesgue spaces).

In Theorem 1, we derive a weak error rate in h
γ
α , where γ := β + α − 1 is the corresponding “gap

to singularity” in the Hölder case. Importantly, if we interpret −
(

d
p + α

q

)

as the regularity in the former
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works1, there is continuity of the rate of the convergence w.r.t. the regularity of the drift. Continuity w.r.t.
the stability index α also holds when comparing Theorem 1 to the results in [Hol24] (and getting rid of the
ε in the rate therein), thus extending the former to a more general class of test functions and noises.

The restriction to the sub-critical case α ∈ (1, 2), for which the intensity of the driving noise somehow
dominates the drift in small time, is here required mainly for approximation purposes. Again, in the [CZZ21]
paper, weak well-posedness is obtained under (1.2) without the restriction α ∈ (1, 2). On the other hand,
as we are interested in heat kernel estimates, it is also well known, see e.g. Kulik et al. [KK18], [Kul19],
[MZ22], that in the super-critical regime α ∈ (0, 1) for which the Hölder regularity needs to be large enough
to compensate the lower regularizing effects of the noise, considerations on some flows related to the drift
in (1.1) are needed. These aspects become a rather difficult issue when considering associated discretization
schemes (see Konakov et al. [KM23] in connection with stochastic algorithms of Robbins Monro type).

The paper is organized as follows: in Section 1.3 we specify some properties of the driving noise in (1.1).
Section 1.4 is then dedicated to the statement of the main results (we give some controls on the densities
of the SDE and the Euler scheme in Proposition 1 and the convergence rate for the weak error in Theorem
1). Section 2 is devoted to the proof of the main theorem. The proof is achieved exploiting some additional
quantitative properties of the density of the driving noise, the Duhamel representation of the densities (see
Proposition 3) and the regularity results of Proposition 1 which are in turn proved in Section 3.

1.3 Driving noise and related density properties

Let us denote by Lα the generator of the driving noise Z. In the case α = 2, Lα is the usual normalized
Laplacian 1

2∆. The noise is a Brownian Motion and its gaussian marginal densities are explicit.

When α ∈ (1, 2), in whole generality, the generator of a symmetric stable process writes, ∀φ ∈ C∞
0 (Rd,R)

(smooth compactly supported functions),

Lαφ(x) = p.v.

∫

Rd

[φ(x + z)− φ(x)] ν( dz)

= p.v.

∫

R+

∫

Sd−1

[φ(x+ ρξ)− φ(x)] µ( dξ)
dρ

ρ1+α

(see [Sat99] for the polar decomposition of the stable Lévy measure) where µ is a symmetric measure on the
unit sphere Sd−1. We will here restrict to the case where µ = m the Lebesgue measure on the sphere but it is
very likely that the analysis below can be extended to the case where µ is symmetric and ∃κ ≥ 1 : ∀λ ∈ Rd,

C−1m( dξ) ≤ µ( dξ) ≤ Cm( dξ),

i.e. it is equivalent to the Lebesgue measure on the sphere. Indeed, in that setting Watanabe (see [Wat07],
Theorem 1.5) and Kolokoltsov ([Kol00], Propositions 2.1–2.5) showed that if C−1m( dξ) ≤ µ( dξ) ≤ Cm( dξ),
the following estimates hold: there exists a constant C depending only on α, d, s.t. ∀v ∈ R∗

+, z ∈ Rd,

C−1v−
d
α

(

1 +
|z|

v
1
α

)−(d+α)

≤ pα(v, z) ≤ Cv−
d
α

(

1 +
|z|

v
1
α

)−(d+α)

. (1.10)

On the other hand let us mention that the sole non-degeneracy condition

κ−1|λ|α ≤

∫

Sd−1

|λ · ξ|αµ( dξ) ≤ κ|λ|α,

does not allow to derive global heat kernel estimates for the noise density. In [Wat07], Watanabe investigates
the behavior of the density of an α-stable process in terms of properties fulfilled by the support of its spectral

1actually this exponent naturally appears as the negative regularity parameter when embedding the time-space Lebesgue
space in a Besov space with infinite integrability indexes (which can be identified with a usual Hölder space when the regularity
index is positive), see e.g. [Saw18].
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measure µ. From this work, we know that whenever the measure µ is not equivalent to the Lebesgue measure
m on the unit sphere, accurate estimates on the density of the stable process are delicate to obtain.

From now on, and in particular in Section 3 which is dedicated to the proof of technical lemmas, we will
be using the proxy notation

p̄α(v, z) :=







Cαv
− d

α

(

1 + |z|

v
1
α

)−(d+α)

if α ∈ (1, 2)

(2πcv)−
d
2 exp

(

−c−1 |z|2

2v

)

, c ≥ 1 if α = 2,
, v > 0, z ∈ R

d, (1.11)

where, for α ∈ (1, 2), Cα is chosen so that ∀v > 0,
∫

p̄α(v, y) dy = 1, and c := c(d) is a global given constant
for α = 2. We will explicitly rely on the global bounds provided by p̄α. Observe importantly that, keeping
in mind that (1.10), in the pure jump case, there exists C ≥ 1 s.t. for all (v, z) ∈ R∗

+ × Rd,

C−1p̄α(v, z) ≤ pα(v, z) ≤ Cp̄α(v, z), (1.12)

and the results could be stated with either the proxy density p̄α or the density pα of the noise itself. However,
the equivalence in (1.12) fails in the Gaussian case, due to the exponential tails. This is why the results will
be stated in terms of p̄α. Observe as well that from the definition in (1.11) we readily have the following
important properties:

- (Approximate) convolution property: there exists a constant c ≥ 1 s.t. for all u, v ∈ R∗
+, x, y ∈ Rd,

∫

Rd

p̄α(u, z − x)p̄α(v, y − z) dz ≤ cp̄α(u+ v, y − x). (1.13)

In particular, for α = 2 the convolution is exact and c = 1.

- Time-scale for the spatial moments: for all 0 ≤ δ < α, α ∈ (1, 2) and for all δ ≥ 0 if α = 2, there exists Cα,δ

s.t.
∫

Rd

|z|δp̄α(v, z) dz ≤ Cα,δv
δ
α . (1.14)

Further properties related to the density of the driving noise, notably concerning its time-space deriva-
tives, are stated in Lemma 2 below.

1.4 Main results

We first give some important estimates concerning the densities of the SDE (1.1) and its associated Euler
scheme (1.4).

Proposition 1 (Density estimates for the diffusion and its Euler scheme). The unique weak solution to
Equation (1.1) starting from x at time s ∈ [0, T ] admits for all t ∈ (s, T ] a density Γ(s, x, t, ·). Furthermore
there exists a constant C := C(d, b, α, T ) s.t. for all y ∈ Rd the following upper-bound holds:

Γ(s, x, t, y) ≤ Cp̄α(t− s, y − x), (1.15)

with p̄α defined in (1.11), as well as the following control for the Hölder regularity in the forward time
variable:

∀0 ≤ s < t < t′ ≤ T, |t− t′| ≤ (t− s), |Γ(s, x, t, y)− Γ(s, x, t′, y)| ≤ C
(t′ − t)

γ
α

(t− s)
γ
α

p̄α(t
′ − s, y − x), (1.16)

Also, for ε ∈ (0, γ ∧ 1], there exists Cε := Cε(d, b, α, T ) s.t. forall 0 ≤ s < t ≤ T, x, y, w ∈ Rd s.t.

|y − w| ≤ (t− s)
1
α ,

|Γ(s, x, t, y)− Γ(s, x, t, w)| ≤ Cε

(

|y − w|

(t− s)
1
α

)γε

p̄α(t− s, w − x), γε := (γ ∧ 1)− ε. (1.17)
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Similarly, for h = T
n , n ∈ N∗, the corresponding Euler scheme Xh defined in (1.4) starting from x ∈ Rd

at time tk := kh, k ∈ J0, n − 1K admits for t ∈ (tk, T ] a transition density Γh(tk, x, t, ·), for which, for all
y ∈ Rd:

Γh(tk, x, t, y) ≤ Cp̄α(t− tk, y − x). (1.18)

Also, for all 0 < tj < tk ≤ T , x, y, w ∈ Rd, |y − w| ≤ (tk − tj)
1
α ,

|Γh(tj , x, tk, y)− Γh(tj , x, tk, w)| ≤ Cε

(

|y − w|+h
1
α

(tk − tj)
1
α

)γε

p̄α(tk − tj , w − x). (1.19)

Existence of the densities and the related Aronson type bounds (1.15) and (1.18) readily follow from
[JM24] and [FJM24]. The sensitivity controls (1.16), (1.17) and (1.19) are proven in Section 3.

Remark 1 (About additional controls on the density of the SDE and the Euler scheme). Let us point out
that the densities Γ,Γh also satisfy additional controls. Namely, some gradient controls in the backward
spatial variable could be established. Anyhow, for the error analysis, these controls are not needed. They
could be derived following the approach of [FJM24].

The main result of the paper is then the following theorem.

Theorem 1 (Convergence Rate for the stable-driven Euler scheme with L∞
t Cβ

x drift). Denoting by Γ and
Γh the respective densities of the SDE (1.1) and its Euler scheme defined in (1.3), there exists a constant
C := C(d, b, α, T ) < ∞ s.t. for all h = T/n with n ∈ N∗, and all t ∈ (0, T ], x, y ∈ Rd,

|Γh(0, x, t, y)− Γ(0, x, t, y)| ≤ C
(

1 + t−
β
α

)

h
γ
α p̄α(t, y − x), (1.20)

where γ = β + α− 1 > 0 is again the “gap to singularity” defined in (1.2).

Remark 2 (Weak error involving an additional test function). Let us mention that if one is interested in
the weak error for some test function f , E(f, x, t, h) := E0,x[f(X

h
t )−f(Xt)], as soon as f is δ ∈ [β, 1]-Hölder

(not necessarily bounded) then, a rate can be derived as a consequence of the convergence of |Γ(s, x, t, y) −
Γh(s, x, t, y)| using a simple cancellation argument:

E(f, x, t, h) =

∫

Rd

(Γh − Γ)(0, x, t, y)f(y) dy =

∫

Rd

(Γh − Γ)(0, x, t, y)
(

f(y)− f(x)
)

dy,

|E(f, x, t, h)| ≤Ch
γ
α

(

1 + t−
β
α

)

∫

Rd

p̄α(t, y − x)|x− y|δ dy ≤
(1.11)

C̃
(

1 + t−
β
α

)

t
δ
αh

γ
α .

Precisely, the smoothness of f allows to absorb the time-singularity from (1.20) in small time.

2 Proof of the main results

We begin this section recalling some quantitative properties of the density of the driving noise as well as the
Duhamel representations of the densities which will be the starting point to analyze the corresponding error.

2.1 Representation and Estimates on the densities of the diffusion and its Euler

scheme

As in the papers [JM24], [FJM24] in which the weak error was investigated for Lebesgue drifts, we will
expand the densities of the SDE and its Euler scheme along the underlying heat equation. In particular,
since the drift we consider is here bounded, existence of the density and related Aronson type upper-bounds
readily follow from these works (see e.g. Propositions 2.1. and 2.3 in [JM24] for the Brownian case and
Theorem 1 and Proposition 1 in [FJM24] for the pure jump one).

In the current Hölder setting in space, in order to explicitly take advantage of the additional spatial
regularity we will rely on appropriate cancellation techniques. We start recalling some useful controls for
the underlying heat kernel pα, density of the driving noise Z.
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2.1.1 Controls on the density of the stable noise

Proposition 2 (Density estimates for the heat equation). There exists C ≥ 1, c̄ ≥ 1 s.t. for all 0≤s < t ≤ T ,
x,w ∈ Rd, and any muti-index ζ ∈ Nd, |ζ| ∈ {1, 2}, θ ∈ {0, 1},

|∂θ
t ∇

ζ
xpα(t− s, w − x)| ≤ C(t− s)−(θ+ |ζ|+d

α
)

(

1 +
|w − x|

(t− s)
1
α

)−d−α−|ζ|

, α ∈ (1, 2),

|∂θ
t∇

ζ
xpα(t− s, w − x)| ≤ C(t− s)−(θ+

|ζ|+d

α
)gc̄(t− s, w − x), α = 2, (2.1)

where gc̄(u, z) :=
1

(2πc̄)
d
2
exp(− |z|2

2c̄u ) stands for the Gaussian density of the Gaussian vector with variance c̄Id.

In particular, under (1.2),

|w − y|β|∂θ
t ∇

ζ
wpα(t− s, y − w)| ≤ C(t− s)−θ+ β−|ζ|

α p̄α(t− s, y − w). (2.2)

and, for y ∈ Rd s.t. |y − y′| . (t− s)
1
α ,

|w − y|β|∂θ
t ∇

ζ
wpα (t− s, y − w + (y − y′)) | ≤ C(t− s)−θ+β−|ζ|

α p̄α(t− s, y − w). (2.3)

Proof. The estimates in (2.1) are plain to prove directly if α = 2. Turning now to α ∈ (1, 2), since we have
assumed Z to be isotropic, it is well known that the spatial derivatives of the density of the driving noise
enjoy better concentration properties, see e.g. Lemma 2.8 in [MZ22] for θ = 0. This is established through a
subordination argument, i.e. the isotropic stable process is viewed as a subordinated Brownian motion. An
additional time derivative, θ = 1, can be taken therein yielding the corresponding additional time singularity
with the same concentration improvement. It thus follows that:

|∂θ
t ∇

ζ
xpα(t− s, w − x)| ≤ C(t− s)−

(

θ+ |ζ|+d

α

)

(

1 +
|w − x|

(t− s)
1
α

)−d−α−|ζ|

.

This gives (2.1) in that case.
An important consequence of the above estimates is precisely (2.2). Namely, for α ∈ (1, 2) we get

|w − y|β|∂θ
t ∇

ζ
zpα(t− s, y − w)| ≤ C(t− s)−θ+

β−|ζ|
α

(

|y − w|

(t− s)
1
α

)β (

1 +
|y − w|

(t− s)
1
α

)−|ζ|

p̄α(t− s, w − y)

≤ C(t− s)−θ+ β−|ζ|
α p̄α(t− s, w − y).

Also, for α = 2,

|w − y|β |∂θ
t∇

ζ
zpα(t− s, y − w)| ≤ C(t− s)−θ+β−|ζ|

2

(

|w − z|

(t− s)
1
2

)β

gc̄(t− s, y − w)

≤ C(t− s)−θ+β−|ζ|
2 p̄2(t− s, w − y).

In that case the concentration constant is slightly deteriorated whereas in the pure jump case we took
advantage of the concentration improvement for the derivatives. In any case (2.2) is proven. Equation (2.3)

follows from the same proof as (2.2) noting that in the diagonal regime |y − y′| ≤ (t− s)
1
α ,

p̄α(t− s, y − w + (y − y′)) ≤ Cp̄α(t− s, y − w), α ∈ (1, 2),

gc̄(t− s, y − w + (y − y′)) ≤ Cgc̃(t− s, y − w), c̃ < c, α = 2.

Hence, |y − y′| can be seen as a negligible perturbation.
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2.1.2 Duhamel representation for the densities

To compute the error rate, we will start from the following Duhamel representations, which are proved
respectively in [JM24] and [FJM24] for α = 2 and α ∈ (1, 2):

Proposition 3 (Duhamel representations for the densities of the SDE and the Euler scheme). The density
Γ(s, x, t, ·) of the unique weak solution to Equation (1.1) starting from x at time s ∈ [0, T ) admits the
following Duhamel representation: for all t ∈ (s, T ], y ∈ Rd,

Γ(s, x, t, y) = pα(t− s, y − x)−

∫ t

s

Etk,x [b(r,Xr) · ∇ypα(t− r, y −Xr)] dr. (2.4)

Similarly, for k ∈ J0, n − 1K, t ∈ (tk, T ], the density of Xh
t admits, conditionally to Xh

tk = x, a transition

density Γh(tk, x, t, ·), which again enjoys a Duhamel type representation: for all y ∈ Rd,

Γh(tk, x, t, y) = pα(t− tk, y − x)−

∫ t

tk

Etk,x

[

b(Uτh
r /h, X

h
τh
r
) · ∇ypα(t− r, y −Xh

r )
]

dr. (2.5)

2.2 Proof of Theorem 1

In this section we will use for two quantities A and B the symbol A . B whenever there exists a constant
C := C(d, b, α, T ) s.t. A ≤ CB. Namely,

A . B ⇐⇒ ∃C := C(d, b, α, T ), A ≤ CB. (2.6)

Starting from Proposition 3 and comparing the Duhamel formula of the scheme, (2.5), to that of the
diffusion, (2.4), we get

Γh(0, x, t, y)− Γ(0, x, t, y)

= E0,x

[
∫ t

0

(

b(s,Xs) · ∇ypα(t− s, y −Xs)− b(Uτh
s /h, X

h
τh
s
) · ∇ypα(t− s, y −Xh

s )
)

ds

]

.

We will split the error in the following way:

Γh(0, x, t, y)− Γ(0, x, t, y)

=

∫ h

0

E0,x

[

b(s,Xs) · ∇ypα(t− s, y −Xs)− b(U0, x) · ∇ypα(t− s, y −Xh
s )
]

ds

+

∫ τh
t −h

h

E0,x

[

b(s,Xs) · ∇ypα(t− s, y −Xs)− b(s,Xτh
s
) · ∇ypα(t− s, y −Xτh

s
)
]

ds

+

∫ τh
t −h

h

E0,x

[

b(s,Xτh
s
) · ∇ypα(t− s, y −Xτh

s
)− b(s,Xh

τh
s
) · ∇ypα(t− s, y −Xh

τh
s
)

]

ds

+

∫ τh
t −h

h

E0,x

[

b(Uτh
s /h, X

h
τh
s
) ·
(

∇ypα(t− s, y −Xh
τh
s
)−∇ypα(t− s, y −Xh

s )
)]

ds

+

∫ τh
t −h

h

E0,x

[

b(Uτh
s /h, X

h
τh
s
) ·
(

∇ypα(t− Uτh
s /h, y −Xh

τh
s
)−∇ypα(t− s, y −Xh

τh
s
)
)]

ds

+

∫ t

τh
t −h

E0,x

[

b(s,Xs) · ∇zpα(t− s, y −Xs)− b(Uτh
s /h, X

h
τh
s
) · ∇ypα(t− s, y −Xh

s )
]

ds

=: ∆1 +∆2 +∆3 +∆4 +∆5 +∆6, (2.7)
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where we exploited that:

∫ τh
t −h

h

E0,x

[

b(U[τh
s /h], X

h
τh
s
) · ∇ypα(t− U[τh

s /h], y −Xh
τh
s
)
]

ds

=

τh
t /h−1
∑

i=1

1

h

∫ ti+1

ti

∫ ti+1

ti

E0,x

[

b(r,Xh
ti) · ∇ypα(t− r, y −Xh

ti)
]

ds dr

=

∫ τh
t −h

h

E0,x

[

b(s,Xh
τh
s
) · ∇ypα(t− s, y −Xh

τh
s
)
]

ds, (2.8)

for the correspondence between the last term in ∆3and the first one in ∆5.

For ∆1, we rely on the fact that we work on the first time step, and thus we do not even need the
smoothing effect in (t− s)β provided by the drift in (2.2). Let us first expand the expectation:

∆1 =

∫ h

0

∫

(

Γ(0, x, s, z)b(s, z) · ∇ypα(t− s, y − z)− Γh(0, x, s, z)b(U0, x) · ∇ypα(t− s, y − z)
)

dz ds.

Assuming w.l.o.g. that t > h, then using (1.18), (1.15), (2.1) and the boundedness of b, we have

|∆1| .

∫ h

0

∫

1

(t− s)
1
α

p̄α(s, z − x)p̄α(t− s, y − z) dz ds

. p̄α(t, y − x)

∫ h

0

1

(t− s)
1
α

ds . p̄α(t, y − x)ht−
1
α

. p̄α(t, y − x)h
γ
αh

1−β
α t−

1
α . p̄α(t, y − x)h

γ
α t−

β
α , (2.9)

exploiting the convolution property (1.13) of the density p̄α
2 for the second inequality and recalling that

h ≤ t for the last inequality.

Let us turn to ∆2. Expanding the inner expectation and using the time regularity of Γ in the forward
time variable (see (1.16))

|∆2| =

∣

∣

∣

∣

∣

∫ τh
t −h

h

∫

[

Γ(0, x, s, z)− Γ(0, x, τhs , z)
]

b(s, z) · ∇zpα(t− s, y − z) dz ds

∣

∣

∣

∣

∣

.

∫ t

h

∫

(s− τhs )
γ
α

(τhs )
γ
α

p̄α(s, z − x)(t − s)−
1
α p̄α(t− s, y − z) dz ds,

using as well (2.1) for the last inequality. Again, from (1.13), along with the fact that s− τhs ≤ h and that
for s ≥ h, (τhs )

−1 ≤ 2s−1, we can write

|∆2| . p̄α(t, y − x)h
γ
α

∫ t

h

s−
γ
α (t− s)−

1
α ds . p̄α(t, y − x)h

γ
α . (2.10)

The term ∆3, which is the one that will allow to apply a Gronwall type argument, will be treated at the
end of the current error analysis.

Let us turn to the term ∆4 in (2.7), which is by far the more delicate. Let us then introduce the following
lemma:

Lemma 1 (Smoothing effect of the drift). Let ζ be a multi-index with length 1 ≤ |ζ| ≤ 2 and δ ∈ {0, 1}.
Then, for all (x, y) ∈ (Rd)2, 0 ≤ h ≤ t/2 ≤ s < τht − h ≤ T , r > 0,

∣

∣

∣

∣

∫

Γh(0, x, τhs , z)b(r, z)∂
δ
t∇

ζ
ypα(t− τhs , y− z) dz

∣

∣

∣

∣

. p̄α(t, y− x)(t− τhs )
−δ+ β−|ζ|

α

(

1 + (τhs )
− β

α

)

. (2.11)

2which is actually just an approximate convolution property in the pure jump case.
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Proof. Let use the following cancellation argument:

I :=

∫

Γh(0, x, τhs , z)b(r, z)∂
δ
t∇

ζ
ypα(t− τhs , y− z) dz

=

∫

[Γh(0, x, τhs , z)b(r, z)− Γh(0, x, τhs , y)b(r, y)]∂
δ
t∇

ζ
ypα(t− τhs , y− z) dz.

Then, using the regularity of b and (1.19), taking therein ε such that γε ≥ β, we have

|Γh(0, x, τhs , z)b(r, z)− Γh(0, x, τhs , y)b(r, y)|

. p̄α(τ
h
s , z − x)|y − z|β + ‖b‖L∞

(|y − z|+ h
1
α )β

(τhs )
β
α

[

p̄α(τ
h
s , z − x) + p̄α(τ

h
s , y− x)1|y−z|α≥τh

s

]

(2.12)

. p̄α(τ
h
s , z − x)|y − z|β

(

1 + (τhs )
− β

α

)

+
(|y− z|β + (t− τhs )

β
α )

(τhs )
β
α

p̄α(t, y− x),

where we used the fact that we consider times s ≥ t/2 to write p̄α(τ
h
s , y− x) . p̄α(t, y−x) and the fact that

for s ≤ τht − h, h ≤ t− τhs for the last inequality. Plugging this into I and using (2.2), we get (2.11).

Going back to the bound for ∆4, let us write

∆4 =

∫ t/2

h

E0,x

[

b(Uτh
s /h, X

h
τh
s
) ·
(

∇ypα(t− s, y −Xh
τh
s
)−∇ypα(t− s, y −Xh

s )
)]

ds

+

∫ τh
t −h

t/2

E0,x

[

b(Uτh
s /h, X

h
τh
s
) ·
(

∇ypα(t− s, y −Xh
τh
s
)−∇ypα(t− s, y − (Xh

τh
s
+ Zs − Zτh

s
))
)]

ds

+

∫ τh
t −h

t/2

E0,x

[

b(Uτh
s /h, X

h
τh
s
) ·
(

∇ypα(t− s, y − (Xh
τh
s
+ Zs − Zτh

s
))

−∇ypα(t− s, y − (Xh
τh
s
+ b(Uτh

s /h, X
h
τh
s
)(s− τhs ) + Zs − Zτh

s
))
)]

ds

=

∫ t/2

h

E0,x

[

b(Uτh
s /h, X

h
τh
s
) ·
(

∇ypα(t− s, y −Xh
τh
s
)−∇ypα(t− τhs , y − (Xh

τh
s
+ b(Uτh

s /h, X
h
τh
s
)(s− τhs )))

)]

ds

+

∫ τh
t −h

t/2

E0,x

[

b(Uτh
s /h, X

h
τh
s
) ·
(

∇ypα(t− s, y −Xh
τh
s
)−∇ypα(t− τhs , y −Xh

τh
s
)
)]

ds

+

∫ τh
t −h

t/2

E0,x

[

b(Uτh
s /h, X

h
τh
s
) ·
(

∇ypα(t− τhs , y −Xh
τh
s
)

−∇ypα(t− τhs , y − (Xh
τh
s
+ b(Uτh

s /h, X
h
τh
s
)(s− τhs )))

)]

ds

=: ∆41 +∆42 +∆43, (2.13)

where we conditioned w.r.t. σ(Xh
τs , Uτh

s /h) and used the harmonicity of the (gradient of the) stable heat

kernel (or Itô’s formula between τhs and s) to get rid of the noise increment, going back to a time argument
in t− τhs for the latter.

For ∆41, there is no need to compensate for singularities in (t− s) on the considered time interval:

|∆41| =

∣

∣

∣

∣

∣

∫ t/2

h

1

h

∫ τh
s +h

τh
s

∫

Γh(0, x, τhs , z)b(r, z)
[

∇ypα(t− s, y − z)−∇ypα(t− τhs , y − z)

+∇ypα(t− τhs , y − z)−∇ypα(t− τhs , y − z − b(r, z)(s− τhs ))
]

dz dr ds
∣

∣

.

∫ t/2

h

∫

p̄α(τ
h
s , z − x)‖b‖L∞

[

(s− τhs )

(t− s)1+
1
α

+
(s− τhs )‖b‖L∞

(t− τhs )
2
α

]

p̄α(t− τhs , y − z) dz ds

. p̄α(t, y − x)h
γ
α

∫ t/2

h

[

(t− s)−
γ+1
α + (t− τhs )

1− γ+2
α

]

ds

. p̄α(t, y − x)h
γ
α t1−

γ+1
α = p̄α(t, y − x)h

γ
α t−

β
α . (2.14)
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For ∆42, we will make the same time sensitivity appear and then expand it with a Taylor formula:

∆42 =

∫ τh
t −h

t/2

1

h

∫ τh
s +h

τh
s

∫

Γh(0, x, τhs , z)b(r, z) ·
[

∇ypα(t− s, y − z)−∇ypα(t− τhs , y − z)
]

dz dr ds

= −

∫ τh
t −h

t/2

1

h

∫ τh
s +h

τh
s

∫

Γh(0, x, τhs , z)b(r, z) ·

∫ 1

0

∂t∇ypα(t− s+ µ(s− τhs ), y − z)(s− τhs ) dµ dz dr ds.

Then, using the same cancellation techniques as in the proof of (2.11) with y = y, we get

|∆42| . (1 + t−
β
α )

∫ τh
t −h

t/2

∫ 1

0

(s− τhs )

(t− s+ µ(s− τhs ))
1+ 1−β

α

p̄α(t+ τhs − s+ µ(s− τhs ), y − x) dµ ds

. p̄α(t, y − x)(1 + t−
β
α )

∫ τh
t −h

t/2

(s− τhs )

(t− τhs )
1+ 1−β

α

ds

. p̄α(t, y − x)(1 + t−
β
α )h

∫ τh
t −h

t/2

(t− s)−1+ β−1
α ds

. p̄α(t, y − x)(1 + t−
β
α )h(t− τht + h)

β−1
α . p̄α(t, y − z)(1 + t−

β
α )h

γ
α . (2.15)

Let us turn to ∆43, let us write

∆43 =

∫ τh
t −h

t/2

1

h

∫ τh
s +h

τh
s

∫

Γh(0, x, τhs , z)b(r, z) ·
[

∇ypα(t− τhs , y − z)−∇wpα(t− τhs , w)|w=y−z−b(r,y)(s−τh
s )

+∇wpα(t− τhs , w)|w=y−z−b(r,y)(s−τh
s ) −∇ypα(t− τhs , y − (z + b(r, z)(s− τhs )))

]

dz dr ds

:= ∆431 +∆432. (2.16)

We carefully mention that this additional pivot is needed in order to use cancellation arguments for the first
term (in order to have a drift which does not depend on the spatial integration variable) and to take full
force of the regularity of the drift for the second one. For ∆431, we use a Taylor expansion and then (2.11):

|∆431| =

∣

∣

∣

∣

∫ τh
t −h

t/2

1

h

∫ τh
s +h

τh
s

∫

Γh(0, x, τhs , z)b(r, z)

·

∫ 1

0

∇2
wpα(t− τhs , w)|w=y−z−µb(r,y)(s−τh

s ) · b(r, y)(s− τhs ) dµ dz dr ds

∣

∣

∣

∣

. (1 + t−
β
α )

∫ τh
t −h

t/2

1

h

∫ τh
s +h

τh
s

∫ 1

0

p̄α(t, y − µb(r, y)(s− τhs )− x)‖b‖L∞

(s− τhs )

(t− τhs )
2−β
α

dµ dr ds

. (1 + t−
β
α )p̄α(t, y − x)h

∫ τh
t −h

t/2

(t− τhs )
− 2−β

α ds.

recalling that p̄α(t, y−µb(r, y)(s− τhs )− x) . p̄α(t, y− x) for the second inequality (with a slight notational
abuse in the gaussian case since the variance is then modified). Now, if (2−β)/α < 1 ⇐⇒ α+β > 2 (which
is e.g. always the case in the Brownian setting), the time integral is convergent and uniformly bounded in h.
The term ∆431 then has order h regarding the time step. If now (2− β)/α = 1, it has order h| ln(h)| . h

γ
α .

We can thus assume w.l.o.g. that (2− β)/α > 1. Then,

|∆431| . (1 + t−
β
α )p̄α(t, y − x)h(t − τht + h)1−

2−β
α

. (1 + t−
β
α )p̄α(t, y − x)h

γ
α
+(1− 1

α
) . p̄α(t, y − x)(1 + t−

β
α )h

γ
α , (2.17)

Let us turn to ∆432, which we first expand with a Taylor formula:

∆432 =

∫ τh
t −h

t/2

1

h

∫ τh
s +h

τh
s

∫

Γh(0, x, τhs , z)b(r, z)

·

∫ 1

0

∇2
wpα

(

t− τhs , w
)

|w=y−z−[b(r,z)−µ[b(r,y)−b(r,z)]](s−τh
s ) · [b(r, y)− b(r, z)](s− τhs ) dµ dz dr ds.
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Since t− τhs ≥ s− τhs , using the boundedness and the Hölder regularity of b and then (2.3), we have
∣

∣∇2
wpα

(

t− τhs , w
)

|w=y−z−[b(r,z)−µ[b(r,y)−b(r,z)]](s−τh
s ) · [b(r, y)− b(r, z)]

∣

∣

. (t− τhs )
β−2
α p̄α(t− τhs , y − z), (2.18)

thus yielding, with the same computations of the time integrals as for ∆431,

|∆432| . (1 + t−
β
α )p̄α(t, y − x)

∫ τh
t −h

t/2

(s− τhs )(t− τhs )
β−2
α ds

. (1 + t−
β
α )p̄α(t, y − x)h

γ
α . (2.19)

Plugging (2.17) and (2.19) into (2.16) and from (2.14), (2.15) and (2.13) , we obtain

|∆4| . (1 + t−
β
α )p̄α(t, y − x)h

γ
α . (2.20)

Observe now that the term ∆5 in (2.7) could be handled just as ∆41 and ∆42 above. Indeed, the
time variable is there randomized, but once expanded through the density, the quantity is really similar.
Importantly, it makes a pure time sensitivity of the stable kernel appear. This therefore yields

|∆5| . (1 + t−
β
α )p̄α(t, y − x)h

γ
α . (2.21)

It thus remains to handle the contribution ∆6 associated with the last time steps. The quantities involved
can actually again be estimated using cancellation arguments. Write:

|∆6| ≤

∣

∣

∣

∣

∣

∫ t

τh
t −h

E0,x

[

b(s,Xs) · ∇zpα(t− s, y −Xs)− b(Uτh
s /h, X

h
τh
s
) · ∇ypα(t− s, y −Xh

s )
]

ds

∣

∣

∣

∣

∣

≤

∣

∣

∣

∣

∣

∫ t

τh
t −h

∫

(

Γ(0, s, x, z)b(s, z)− Γ(0, s, x, y)b(s, y)
)

∇ypα(t− s, y − z) dz ds

∣

∣

∣

∣

∣

+

∣

∣

∣

∣

∣

∫ t

τh
t −h

1

h

∫ τh
s +h

τh
s

∫

(

Γh(0, τhs , x, z)b(r, z)− Γh(0, τhs , x, y)b(r, y)
)

∇ypα(t− s, y − z) dz dr ds

∣

∣

∣

∣

∣

=: ∆61 +∆62.

Using (2.12) for ∆62 and the corresponding inequality based on the Hölder estimate (1.17) for the density
of the diffusion (still taking therein ε s.t. γε ≥ β), and exploiting (2.2) as in the proof of Lemma (2.11), we
then get:

|∆6| .

∫ t

τh
t −h

(

(t− s)−
1
α
+ β

α + (t− s)−
1
αh

β
α

)

(1 + (τhs )
− β

α )p̄α(t, y − x) ds . (1 + t−
β
α )p̄α(t, y − x)h

γ
α . (2.22)

Gathering estimates (2.9), (2.10), (2.20), (2.21), (2.22), we have

|Γh(0, x, t, y)− Γ(0, x, t, y)| . p̄α(t, y − x)h
γ
α (1 + t−

β
α )

+

∣

∣

∣

∣

∫ t

h

E0,x

[

b(s,Xτh
s
) · ∇ypα(t− τhs , y −Xτh

s
)− b(s,Xh

τh
s
) · ∇ypα(t− τhs , y −Xh

τh
s
)

]

ds

∣

∣

∣

∣

. (2.23)

Set

f(u) = sup
(x,z)∈(Rd)2

|Γh(0, x, u, z)− Γ(0, x, u, z)|

p̄α(u, z − x)
. (2.24)

Observe from (1.18) and (1.15) that f is bounded uniformly in h and the time variable. We then have, using
(2.2), the boundedness of b and the convolution property of the stable kernel,

|Γh(0, x, t, y)− Γ(0, x, t, y)|

pα(t, y − x)
. h

γ
α (1 + t−

β
α ) +

1

p̄α(t, y − x)

∫ t

h

f(τhs )

(t− τhs )
1
α

∫

p̄α(τ
h
s , z − x)p̄α(t− τhs , y − z) dz ds

. h
γ
α (1 + t−

β
α ) +

∫ t

h

f(τhs )

(t− τhs )
1
α

ds.
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The previous bound being uniform in x and y, we get

f(t) . h
γ
α (1 + t−

β
α ) +

∫ t

h

f(τhs )

(t− τhs )
1
α

ds.

Using a discrete Grönwall-Volterra lemma, we obtain Theorem 1.

3 Proof of the regularity results from Proposition 1

This section is devoted to the proof of the controls (1.17), (1.19) concerning the Hölder continuity in space in
the forward variable for the density of the diffusion and the scheme respectively as well as to (1.16), Hölder
regularity in time in the forward time variable. These estimates were crucial in order to prove the main
theorem in the previous section. Importantly, we achieve respectively the order γε = (γ ∧ 1) − ε, ε > 0 in
space and γ/α in time.

Note that the lower exponent attained in space is sufficient for the previous proof of the main result to
work. We actually used the spatial regularity of the densities of the diffusion and the scheme in a cancellation
argument involving a product with the drift (see former (2.12)). In this context, we just need in practice the
lower order β-regularity corresponding to the spatial smoothness of the drift. Indeed, for β ∈ (0, 1) one can
find ε s.t. (γ ∧ 1) − ε ≥ β. We mention as well that this first spatial estimate actually allows in a second
time to derive the expected exponent γ when γ < 1 for the Hölder regularity in the forward variable. The
proof is provided for completeness (since we actually insisted on the parabolic bootstrap phenomenon) for
the diffusion in Appendix A.

We start this section recalling some usual yet important controls on the density of the driving noise that
we will profusely use in order to prove (1.16). The proof is somehow standard and can be e.g. found in
[FJM24] for α ∈ (1, 2) and [JM24] in the gaussian case

Lemma 2 (Stable sensitivities - Estimates on the α-stable kernel). For each multi-index ζ with length
|ζ| ≤ 2, and for all 0 < u ≤ u′ ≤ T , x, x′ ∈ Rd,

• Time Hölder regularity: for all θ ∈ (0, 1],

∣

∣∇ζ
xpα(u, x)−∇ζ

xpα(u
′, x)

∣

∣ .
|u− u′|θ

uθ+ |ζ|
α

(p̄α(u, x) + p̄α(u
′, x)) . (3.1)

• Spatial Hölder regularity: for all θ ∈ (0, 1], u > 0, (x, x′) ∈ (Rd)2,

∣

∣∇ζ
xpα(u, x)−∇ζ

xpα(u, x
′)
∣

∣ .

(

|x− x′|θ

u
θ
α

∧ 1

)

1

u
|ζ|
α

(p̄α(u, x) + p̄α(u, x
′)) . (3.2)

3.1 Proof of the spatial regularity

We start this section providing the estimate (1.17) for the diffusion. We could actually have established
(1.19) only and then derive (1.17) passing to the limit exploiting the convergence in law of the Euler scheme
to the diffusion, which would have allowed to transfer the estimates on densities. However, we provide a
complete proof on the diffusion first since it is actually simpler than the one for the scheme and already
emphasizes the key ideas, which will as well appear in the proof of (1.16) (time regularity).

3.1.1 Proof of (1.17): forward spatial Hölder regularity for the diffusion

Define, for η > 0 meant to be small (viewed as a spatial viscosity parameter),

hε,η
s,x(t) := sup

(z,z′)∈(Rd)2

{

|Γ(s, x, t, z)− Γ(s, x, t, z′)|(t− s)
γε
α

(p̄α(t− s, z − x) + p̄α(t− s, z′ − x)) (|z − z′| ∨ η)γε

}

.
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Since we already know from (1.15) that |Γ(s,x,t,z)−Γ(s,x,t,z′)|
p̄α(t−s,z−x)+p̄α(t−s,z′−x) < ∞, we immediately have hε,η

s,x(t) . η−γε <

+∞. W.l.o.g., we take s = 0 for simplicity and assume T is small, in particular T ≤ 1. Let us write for
0 < t ≤ T, x, y, y′ ∈ Rd the following:

Γ(0, x, t, y′)− Γ(0, x, t, y) = pα(t, y
′ − x)− pα(t, y − x)

+

∫ t/2

0

∫

Γ(0, x, s, z)b(s, z) · (∇ypα(t− s, y − z)−∇ypα(t− s, y′ − z)) dz ds

+

∫ t−(|y′−y|∨η)α

t/2

∫

Γ(0, x, s, z)b(s, z) · (∇ypα(t− s, y − z)−∇ypα(t− s, y′ − z)) dz ds

+

∫ t

t−(|y′−y|∨η)α

∫

Γ(0, x, s, z)b(s, z) · (∇ypα(t− s, y − z)−∇ypα(t− s, y′ − z)) dz ds

=: ∆1 +∆2 +∆3 +∆4.

We tacitly assume as well that (|y′ − y| ∨ η)α ≤ t/2 since otherwise, i.e. in the off-diagonal case, the expected
control [(Γ(0, x, t, y)−Γ(0, x, t, y′))t

γε
α ]/[(p̄α(t, y−x)+ p̄α(t, y

′−x))(|y − y′| ∨ η)γε ] ≤ C readily follows from
the Aronson type bounds (1.15).

For ∆1, we use the regularity of the stable kernel, (3.2) to write

|∆1| .
|y − y′|γε

t
γε
α

(p̄α(t, y − x) + p̄α(t, y
′ − x)). (3.3)

For ∆2, using again (3.2), we write

|∇ypα(t− s, y − z)−∇ypα(t− s, y′ − z)| .
|y − y′|γε

(t− s)
γε+1

α

(p̄α(t− s, y − z) + p̄α(t− s, y′ − z))

which yields, along with (1.18) and the convolution property (1.13) of p̄α,

|∆2| .

∫ t/2

0

∫

p̄α(s, z − x)‖b‖L∞

|y − y′|γε

(t− s)
γε+1

α

(p̄α(t− s, y − z) + p̄α(t− s, y′ − z)) dz ds

.
|y − y′|γε

t
βε
α

(p̄α(t, y − x) + p̄α(t, y
′ − x)), (3.4)

where βε := β− ε, noting that for γ = α+ β − 1 ∈ [1, 2), γε +1−α = 2− (α+ ε) ≤ β− ε and recalling that
we have assumed T to be small.

For ∆3, using a Taylor expansion and then a cancellation argument, we have

∆3 =

∫ t−(|y−y′|∨η)α

t/2

∫ ∫ 1

0

Γ(0, x, s, z)b(s, z) · ∇2
ypα(t− s, y + λ(y′ − y)− z)(y′ − y) dλdz ds

=

∫ t−(|y−y′|∨η)α

t/2

∫ 1

0

∫

[Γ(0, x, s, z)b(s, z)− Γ(0, x, s, y + λ(y′ − y))b(s, y + λ(y′ − y))]

· ∇2
ypα(t− s, y + λ(y′ − y)− z)(y′ − y) dz dλds. (3.5)

We then write

|Γ(0, x, s, z)b(s, z)− Γ(0, x, s, y + λ(y′ − y))b(s, y + λ(y′ − y))|

. |y + λ(y′ − y)− z|β p̄α(s, z − x) + ‖b‖L∞

(

hε,η
0,x(s)

|y + λ(y′ − y)− z|γε

s
γε
α

1
|y+λ(y′−y)−z|≤s

1
α

+
|y + λ(y′ − y)− z|β

s
β
α

1
|y+λ(y′−y)−z|≥s

1
α

)

(p̄α(s, z − x) + p̄α(s, y + λ(y′ − y)− x))

. |y + λ(y′ − y)− z|β

(

1 + s−
β
α

(

1 + sup
r∈(0,T ]

hε,η
0,x(r)

))(

p̄α(s, z − x) + p̄α(s, y + λ(y′ − y)− x)

)

,

(3.6)
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recalling that β ≤ γε for the last inequality. Plugging this into (3.5) and using (2.2), recalling that on the
considered time integration, (t− s) ≥ |y′ − y|α (local diagonal regime), we get,

|∆3| .

∫ t−(|y−y′|∨η)α

t/2

∫ 1

0

∫

(

p̄α(s, z − x) + p̄α(s, y + λ(y′ − y)− x)
)

(

1 + s−
β
α

(

1 + sup
r∈(0,T ]

hε,η
0,x(r)

))

×
|y − y′|γε

(t− s)
1+γε−β

α

p̄α(t− s, y + λ(y′ − y)− z) dz dλds

.

∫ t−(|y−y′|∨η)α

t/2

∫ 1

0

p̄α(t, y + λ(y′ − y)− x)

(

1 + s−
β
α

(

1 + sup
r∈(0,T ]

hε,η
0,x(r)

))

|y − y′|γε

(t− s)
1+γε−β

α

dλds

.
(

p̄α(t, y − x) + p̄α(t, y
′ − x)

)

∫ t−(|y−y′|∨η)α

t/2

(

1 + s−
β
α

(

1 + sup
r∈(0,T ]

hε,η
0,x(r)

))

|y − y′|γε

(t− s)
1+γε−β

α

ds,

where, for the two last inequalities, we use the fact that for s ≥ t/2, up to a modification of the underlying

variance in the Brownian case, p̄α(s, y + λ(y′ − y) − x) . p̄α(t, y + λ(y′ − y) − x) and since |y − y′| ≤ t
1
α ,

p̄α(t, y + λ(y′ − y) − x) ≤ p̄α(t, y − x) + p̄α(t, y
′ − x) with the same previous abuse of notation if α = 2.

Finally, noting from the above definition of γε= (1 ∧ γ)− ε that (1 + γε − β)/α < 1 ⇐⇒ γ > γε, this yields

|∆3| . (p̄α(t, y − x) + p̄α(t, y
′ − x)) |y − y′|γε t

γ−γε
α

(

1 + t−
β
α

(

1 + sup
r∈(0,T ]

hε,η
0,x(r)

))

. (3.7)

For ∆4, write:

|∆4| ≤

∣

∣

∣

∣

∣

∫ t

t−(|y′−y|∨η)α

∫

[Γ(0, x, s, z)b(s, z)− Γ(0, x, s, y)b(s, y)] · ∇ypα(t− s, y − z) dz ds

∣

∣

∣

∣

∣

+

∣

∣

∣

∣

∣

∫ t

t−(|y′−y|∨η)α

∫

[Γ(0, x, s, z)b(s, z)− Γ(0, x, s, y′)b(s, y′)] · ∇ypα(t− s, y′ − z) dz ds

∣

∣

∣

∣

∣

.

∫ t

t−(|y′−y|∨η)α

∫

p̄α(s, z − x)

(

1 + s−
β
α

(

1 + sup
r∈(0,T ]

hε,η
0,x(r)

))

p̄α(t− s, y − z) + p̄α(t− s, y′ − z)

(t− s)
1
α
− β

α

dz ds,

where we used (3.6) (with respectively λ = 0 and λ = 1 therein) and (2.2) for the second inequality. We get:

|∆4|.(p̄α(t, y − x) + p̄α(t, y
′ − x))(|y′ − y| ∨ η)γ

(

1 + t−
β
α

(

1 + sup
r∈(0,T ]

hε,η
0,x(r)

))

.(p̄α(t, y − x) + p̄α(t, y
′ − x))(|y′ − y| ∨ η)γε t

γ−γε
α

(

1 + t−
β
α

(

1 + sup
r∈(0,T ]

hε,η
0,x(r)

))

, (3.8)

where we also used the fact that (|y − y′| ∨ η)α ≤ t/2 as previously mentioned for the last inequality.
Gathering estimates (3.3), (3.4), (3.7) and (3.8) and considering the fact that |y − y′|γε ≤ (|y′ − y| ∨ η)γε ,
we obtain

|Γ(0, x, t, y)− Γ(0, x, t, y′)| . (p̄α(t, y − x) + p̄α(t, y
′ − x))

(|y′ − y| ∨ η)γε

t
γε
α

×

[

1 + t
γε−βε

α + t
γ
α (1 + t−

β
α ) + t

γ−β
α sup

s∈(0,T ]

hε,η
0,x(s)

]

.

Noting that all the exponents of t appearing in brackets in the above equation are positive, we get, in turn
taking the supremum for t ∈ (0, T ] on the l.h.s.

hε,η
0,x(t) .

[

1 + T
γ−β
α sup

r∈(0,T ]

hε,η
0,x(r)

]

.

Provided T is small enough, we obtain the (uniform in η) boundedness of hε,η
0,x. Taking the limit η → 0

concludes the proof of (1.17). �
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3.1.2 Proof of (1.19): forward spatial Hölder regularity for the scheme

Let ε such that γε = (γ ∧ 1)− ε ≥ β and set

gh,εs,x(t) := sup
(z,z′)∈(Rd)2

{

|Γh(s, x, t, z)− Γh(s, x, t, z′)|(t− s)
γε
α

(pα(t− s, z − x) + pα(t− s, z′ − x)) (|z − z′|+h
1
α )γε

}

.

We emphasize that the time shift in the Duhamel representation of the scheme (2.5), associated with the
term b(Uτh

s /h, X
h
τs)∇ypα(t−s, y−Xh

s ), induces the additional term in h1/α in the normalization. Intuitively,
this can be explained since if |y′ − y|α ≤ h, then, close to the time-boundary, i.e. for s close to t, the local
drift transition of the scheme of order s− τhs is not negligible w.r.t t− s. When looking at the diffusion, this
is usually dealt with by introducing a cut-off level at t− |y′ − y|α. But on the remaining time interval, one
can still have s− τhs ≥ |y′ − y|α and the drift somehow prevails for the scheme.

Let us importantly point out that, from the Aronson type inequality (1.18) for the scheme, it readily
follows that gh,εs,x(t) . h− γε

α < +∞. In particular, this means that this quantity can be used in a Gronwall
or circular type procedure as we actually do below.

Let us then introduce the following lemma:

Lemma 3 (Smoothing effect of the drift). Let ζ be a multi-index with length 1 ≤ |ζ| ≤ 2. Then, for all
(x, y) ∈ (Rd)2, 0 ≤ t/2 ≤ s<t ≤ T , r > 0,

∣

∣

∣

∣

∫

Γh(0, x, τhs , z)b(r, z)∇
ζ
ypα(t− τhs , y− z) dz

∣

∣

∣

∣

.
(

(t− τhs )
β−|ζ|

α + h
β
α (t− τhs )

− |ζ|
α

)

(

1 +
1

(τhs )
β
α

+
gh,ε0,x(τ

h
s )

(τhs )
β
α

)

p̄α(t, y− x). (3.9)

Proof of Lemma 3. To prove this, let us use the following cancellation argument

I :=

∫

Γh(0, x, τhs , z)b(r, z)∇ypα(t− τhs , y− z) dz

=

∫

[Γh(0, x, τhs , z)b(r, z)− Γh(0, x, τhs , y)b(r, y)]∇ypα(t− s, y− z) dz. (3.10)

Then, we write similarly to (3.6),

|Γh(0, x, τhs , z)b(s, z)− Γh(0, x, τhs , y)b(s, y)|

. |y− z|β p̄α(τ
h
s , z − x) + ‖b‖L∞

(

1+gh,ε0,x(τ
h
s )
) (|y− z|+ h

1
α )β

(τhs )
β
α

(

p̄α(τ
h
s , z − x) + p̄α(τ

h
s , y− x)

)

. (|y− z|+ h
1
α )β

(

1 +
1

(τhs )
β
α

+
gh,ε0,x(τ

h
s )

(τhs )
β
α

)

(

p̄α(τ
h
s , z − x) + p̄α(τ

h
s , y− x)

)

. (3.11)

Plugging this into (3.10) and using (2.2), we get

∣

∣

∣

∣

∫

Γh(0, x, τhs , z)b(r, z)∇
ζ
ypα(t− τhs , y− z) dz

∣

∣

∣

∣

.
(

(t− τhs )
β−|ζ|

α + h
β
α (t− τhs )

−
|ζ|
α

)

(

1 +
1

(τhs )
β
α

+
gh,ε0,x(τ

h
s )

(τhs )
β
α

)

[

p̄α(t, y− x) + p̄α(τ
h
s , y− x)

]

.

Using the fact that s ≥ t/2, up to a modification of the underlying variance in the Brownian case, p̄α(τ
h
s , y−

x) . p̄α(t, y− x), we obtain (3.9).
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Let us first write

Γh(0, x, t, y′)− Γh(0, x, t, y) = pα(t, y
′ − x)− pα(t, y − x)

+

∫ t/2

0

1

h

∫ τh
s +h

τh
s

∫

Γh(0, x, τhs , z)b(r, z)

× Eτh
s ,z,r

[

∇ypα(t− s, y −Xh
s )−∇ypα(t− s, y′ −Xh

s )
]

dz dr ds

+

∫ t

t/2

1

h

∫ τh
s +h

τh
s

∫

Γh(0, x, τhs , z)b(r, z)

× Eτh
s ,z,r

[

∇ypα(t− s, y −Xh
s )−∇ypα(t− s, y′ −Xh

s )
]

dz dr ds

=: ∆1 +∆2 +∆3, (3.12)

where we denoted Eτh
s ,z,r[·] := E[·|Xh

τh
s
= z, Uτh

s /h = r]. For ∆1, we use (3.2) to write

|∆1| = |pα(t, y
′ − x) − pα(t, y − x)| .

|y − y′|γε

t
γε
α

(p̄α(t, y − x) + p̄α(t, y
′ − x))

.
(|y − y′|α ∨ h)

γε
α

t
γε
α

(p̄α(t, y − x) + p̄α(t, y
′ − x)). (3.13)

For ∆2, we use (3.2) to write

|∇ypα(t− s, y − w) −∇ypα(t− s, y′ − w)| .
|y − y′|γε

(t− s)
γε+1

α

(p̄α(t− s, y − w) + p̄α(t− s, y′ − w))

which yields, similarly to (3.4),

|∆2| .

∫ t/2

0

∫

p̄α(τ
h
s , z − x)‖b‖L∞

×

∫

p̄α(s− τhs , w − z)
|y − y′|γε

(t− s)
γε+1

α

(p̄α(t− s, y − w) + p̄α(t− s, y′ − w)) dw dz ds

.
(|y − y′|α ∨ h)

γε
α

t
βε
α

(p̄α(t, y − x) + p̄α(t, y
′ − x)), (3.14)

using the fact that the terms in (t− s) can be taken out from the integral on the considered time interval.

For ∆3, let us develop the conditional expectation as follows:

Eτh
s ,z,r

[

∇ypα(t− s, y −Xh
s )−∇ypα(t− s, y′ −Xh

s )
]

= Eτh
s ,z,r

[

∇ypα
(

t− s, y − (z + b (r, z) (s− τhs ) + Zs − Zτh
s
)
)]

− Eτh
s ,z,r

[

∇y′pα
(

t− s, y′ − (z + b (r, z) (s− τhs ) + Zs − Zτh
s
)
)]

= ∇ypα
(

t− τhs , y − z − b (r, z) (s− τhs )
)

−∇y′pα
(

t− τhs , y
′ − z − b (r, z) (s− τhs )

)

= ∇w2pα
(

t− τhs , w2

)

|w2=y−z−b(r,z)(s−τh
s ) −∇w1pα

(

t− τhs , w1

)

|w1=y−z−b(r,y)(s−τh
s )

+∇w1pα
(

t− τhs , w1

)

|w1=y−z−b(r,y)(s−τh
s ) −∇w′

1
pα
(

t− τhs , w
′
1

)

|w′
1=y′−z−b(r,y′)(s−τh

s )

+∇w′
1
pα
(

t− τhs , w
′
1

)

|w′
1=y′−z−b(r,y′)(s−τh

s ) −∇w′
2
pα
(

t− τhs , w
′
2

)

|w′
2=y′−z−b(r,z)(s−τh

s )

= −

∫ 1

0

∇2
w1

pα
(

t− τhs , w1 − µ[b(r, z)− b(r, y)](s− τhs )
)

|w1=y−z−b(r,y)(s−τh
s ) · [b (r, z)− b (r, y)] (s− τhs ) dµ

+∇w1pα
(

t− τhs , w1

)

|w1=y−z−b(r,y)(s−τh
s ) −∇w′

1
pα
(

t− τhs , w
′
1

)

|w′
1=y′−z−b(r,y′)(s−τh

s )

+

∫ 1

0

∇2
w′

1
pα
(

t− τhs , w
′
1 − µ[b(r, z)− b(r, y′)](s− τhs )

)

|w′
1=y′−z−b(r,y′)(s−τh

s ) · [b (r, z)− b (r, y′)] (s− τhs ) dµ,

(3.15)
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yielding the corresponding terms ∆31,∆32 and ∆33 once plugged into (3.12). For ∆31 and ∆33, since
t− τhs ≥ s− τhs , using the boundedness and the Hölder regularity of b and then (2.3), for ỹ ∈ {y, y′},

|∇2
w̃pα(t− τhs , w̃ − µ [b(r, z)− b(r, ỹ)] (s− τhs ))|w̃=ỹ−z−b(r,ỹ)(s−τh

s ) · [b (r, z)− b (r, ỹ)]

.(t− τhs )
β−2
α p̄α(t− τhs , ỹ − z). (3.16)

This then yields, using again s− τhs ≤ t− τhs ,

|∆31|+ |∆33| .

∫ t

t/2

∫

p̄α(τ
h
s , z − x)(s− τhs )(t− τhs )

β−2
α

(

p̄α(t− τhs , y − z) + p̄α(t− τhs , y
′ − z)

)

dz ds

. (p̄α(t, y − x) + p̄α(t, y
′ − x)) h

γε
α

∫ t

t/2

(t− τhs )
1+ β−2−γε

α ds.

Note that, by definition, γε =
(

(α+ β − 1) ∧ 1
)

− ε ≤ α+ β − 1− ε, so that

1 +
β − 2− γε

α
=

α+ β − 2− γε
α

=
γ − γε − 1

α
≥

−1 + ε

α
> −1,

using as well that α > 1 for the last inequality. In turn, we obtain

|∆31|+ |∆33| . (p̄α(t, y − x) + p̄α(t, y
′ − x)) h

γε
α t

γ−γε+α−1
α

. (p̄α(t, y − x) + p̄α(t, y
′ − x)) (|y − y′|α ∨ h)

γε
α T

γ−γε+α−1
α . (3.17)

Let us turn to ∆32, which we split into two parts depending on whether the inner gradient is in diagonal
(and in that case using a Taylor expansion) or off-diagonal regime:

∆32 =

∫ t−|y−y′|α∨h

t/2

1

h

∫ τh
s +h

τh
s

∫

Γh(0, x, τhs , z)b(r, z)

×

∫ 1

0

∇2
w1

pα
(

t− τhs , w1 + µ
[

y′ − y − (s− τhs )(b (r, y
′)− b (r, y))

])

|w1=y−z−b(r,y)(s−τh
s )

·
[

y′ − y − (s− τhs )(b (r, y
′)− b (r, y))

]

dµ dz dr ds

+

∫ t

t−|y−y′|α∨h

1

h

∫ τh
s +h

τh
s

∫

Γh(0, x, τhs , z)b(r, z)

×

[

∇w1pα
(

t− τhs , w1

)

|w1=y−z−b(r,y)(s−τh
s ) −∇w′

1
pα
(

t− τhs , w
′
1

)

w′
1=y−z−b(r,y)(s−τh

s )

]

dz dr ds

=:∆321 +∆322.

For ∆321, we use (3.9) with y = y − b(r, y)(s − τhs ) + µ
[

y′ − y − (b (r, y′)− b (r, y))(s− τhs )
]

. Note that the

term in hβ/α ≤ (t− τhs )
β/α on the associated time regime for ∆321.

Using as well the fact that, in the regime |y − y′| ≤ t
1
α ,

p̄α(t, y − x− b (r, y) (s− τhs ) + µ
[

y′ − y − (b (r, y′)− b (r, y))(s− τhs )
]

) . p̄α(t, y − x)

to obtain

|∆321| . p̄α(t, y − x)

∫ t−|y−y′|α∨h

t/2

[

|y − y′|+ (s− τhs )|y − y′|β
]

(t− τhs )
2−β
α

p̄α (t, y − x)

(

1 +
1

(τhs )
β
α

+
gh,ε0,x(τ

h
s )

(τhs )
β
α

)

ds.

Recall that on the considered time interval t − s ≥ |y′ − y|α ∨ h and |y − y′| ≤ t
1
α . From the fact that

s− τhs ≤ t− τhs , we then get

|∆321| . p̄α (t, y − x) (h
γε
α t

β
α + |y′ − y|γε)

∫ t−|y−y′|α∨h

t/2

(t− τhs )
β−1−γε

α

(

1 +
1

(τhs )
β
α

+
gh,ε0,x(τ

h
s )

(τhs )
β
α

)

ds

. p̄α (t, y − x) (h
γε
α + |y′ − y|γε)t

γ−γε
α

(

1 + t−
β
α

(

1 + sup
r∈(0,T ]

gh,ε0,x(r)

))

, (3.18)
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using as well β−1−γε

α > −1 ⇐⇒ γ > γε for the last inequality.
For ∆322, denote, for w ∈ {y, y′},

δ322(w) :=

∫ t

t−|y−y′|α∨h

1

h

∫ τh
s +h

τh
s

×

∣

∣

∣

∣

∫

Γh(0, x, τhs , z)b(r, z) · Eτh
s ,z

[

∇ypα
(

t− τhs ,w− z − b (r,w) (s− τhs )
)]

dz

∣

∣

∣

∣

dr ds

so that |∆322| ≤ δ322(y)+δ322(y
′). Similarly to ∆321, we now use (3.9) with y = w−b (r,w) (s−τhs ) observing

that on the considered time integration interval the term in hβ/α of (3.9) remains:

δ322(w) . p̄α(t,w− x)

∫ t

t−|y−y′|α∨h

(

(t− τhs )
β−1
α + h

β
α (t− τhs )

− 1
α

)

(

1 +
1

(τhs )
β
α

+
gh,ε0,x(τ

h
s )

(τhs )
β
α

)

ds

. p̄α(t,w− x)(|y − y′|α ∨ h)
γ
α

(

1 + t−
β
α

(

1 + sup
r∈(0,T ]

gh,ε0,x(r)

))

. (3.19)

Gathering (3.17), (3.18) and (3.19), we obtain

|∆3| . (p̄α(t, y − x) + p̄α(t, y
′ − x)) (|y − y′|α ∨ h)

γε
α

×

(

1 + t−
β
α

(

1 + sup
r∈(0,T ]

gh,ε0,x(r)

))

[

(|y − y′|α ∨ h)
γ−γε

α + t
γ−γε

α + t
γ−γε+α−1

α

]

. (3.20)

Along with (3.13) and (3.14), we eventually get

|Γh(0, x, t, y)− Γh(0, x, t, y′)|t
γε
α

(p̄α(t, y − x) + p̄α(t, y′ − x)) (|y − y′|α ∨ h)
γε
α

. 1 + T
γε−βε

α

+

(

1 + t−
β
α

(

1 + sup
r∈(0,T ]

gh,ε0,x(r)

))

[

(|y − y′|α ∨ h)
γ−γε

α t
γε
α + t

γ
α + t

γ+α−1
α

]

. 1 + T
γε−βε

α + T
γ−β
α + sup

r∈(0,T ]

gh,ε0,x(r)
[

t
γ−β
α + t

γ+α−1−β
α

]

,

using as well that |y′ − y|α ∨ h ≤ t for the last inequality. Since γ − β = α − 1 > 0, Equation (1.19) then
follows taking the supremum in time in the previous inequality provided T is small enough. �

3.2 Proof of (1.16): forward time Hölder regularity for the diffusion

Proof of (1.16). We proceed here with the proof of the forward time sensitivity. Importantly, the proof will
use the previously proved claim (1.17) which actually also gives β-Hölder sensitivity since β ≤ γε. W.l.o.g. we
take s = 0 for notational simplicity. Starting from the Duhamel representation (2.4) and using cancellation
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arguments, we have for 0 < t < t′ ≤ T, x, y ∈ Rd,

Γ(0, x, t, y)− Γ(0, x, t′, y) = pα(t, y − x)− pα(t
′, y − x)

+

∫ t′

t

∫

Γ(0, x, s, z)b(r, z) · ∇ypα(t
′ − s, y − z) dz ds

+

∫ t

0

∫

Γ(0, x, s, z)b(r, z) · [∇ypα(t
′ − s, y − z)−∇ypα(t− s, y − z)] dz ds

= pα(t, y − x)− pα(t
′, y − x)

+

∫ t′

t

∫

[Γ(0, x, s, z)b(r, z)− Γ(0, x, s, y)b(r, y)] · ∇ypα(t
′ − s, y − z) dz ds

+

∫ t

0

∫

Γ(0, x, s, z)b(r, z)

· [∇ypα(t
′ − s, y − z)−∇ypα(t− s, y − z)] dz ds

=: H1 +H2 +H3. (3.21)

For H1, we directly use (3.1) to write

|H1| = |pα(t, y − x) − pα(t
′, y − x)| .

(t′ − t)
γ
α

t
γ
α

pα(t, y − x). (3.22)

For H2, let us use the regularity of b and the forward spatial regularity of Γ, (1.17) to write:

|Γ(0, x, s, z)b(s, z)− Γ(0, x, s, y)b(s, y)| . p̄α(s, z − x)|y − z|β
(

1 +
1

s
β
α

)

+ p̄α(s, y − x)
|y − z|β

s
β
α

. (3.23)

Plugging this into H2 and using the fact that for s ≥ t, p̄α(s, y− x) . p̄α(t, y− x) along with (2.2), we have

|H2| .

∫ t′

t

∫

p̄α(s, z − x)|y − z|β
(

1 +
1

s
β
α

)

|∇ypα(t
′ − s, y − z)| dz ds

+

∫ t′

t

∫

p̄α(s, y − x)
|y − z|β

s
β
α

|∇ypα(t
′ − s, y − z)| dz ds

.

∫ t′

t

∫

p̄α(s, z − x)

(

1 +
1

s
β
α

)

(t′ − s)
β−1
α p̄α(t

′ − s, y − z) dz ds

+ p̄α(t, y − x)

∫ t′

t

∫

(t′ − s)
β−1
α

s
β
α

p̄α(t
′ − s, y − z)| dz ds

. p̄α(t, y − x)(1 + t−
β
α )(t− t′)

γ
α . (3.24)

For H3, let us split it into three parts again, using a cancellation argument on two of them:

H3 =

∫

t−(t′−t)
2

0

∫

Γ(0, x, s, z)b(r, z) · [∇ypα(t
′ − s, y − z)−∇ypα(t− s, y − z)] dz ds

+

∫ t−(t′−t)

t−(t′−t)
2

∫

[Γ(0, x, s, z)b(r, z)− Γ(0, x, s, y)b(r, y)] · [∇ypα(t
′ − s, y − z)−∇ypα(t− s, y − z)] dz ds

+

∫ t

t−(t′−t)

∫

[Γ(0, x, s, z)b(r, z)− Γ(0, x, s, y)b(r, y)] · [∇ypα(t
′ − s, y − z)−∇ypα(t− s, y − z)] dz ds

=: H31 +H32 +H33.

For H31, notice that for s ≤ (t − (t′ − t))/2 = t− t′/2, t′ − s ≥ 3t′/2 − t and t − s ≥ t′/2, there will be no
time singularities in (t− s) or (t′ − s) to integrate. There is thus no need to use a cancellation argument to
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derive a smoothing effect. Using simply (3.1), we get

|H31| .

∫

t−(t′−t)
2

0

∫

p̄α(s, z − x)‖b‖L∞

(t′ − t)
γ
α

(t− s)
γ+1
α

[p̄α(t
′ − s, y − z) + p̄α(t− s, y − z)] dz ds

. (t′ − t)
γ
α t−

β
α [p̄α(t, y − x) + p̄α(t

′, y − x)] . (3.25)

For H32, notice that on the considered time interval, t′ − s ≥ 2(t′ − t), so we are at the right time scale to
use a Taylor expansion in time:

H32

=

∫ t−(t′−t)

t−(t′−t)
2

∫

[Γ(0, x, s, z)b(r, z)− Γ(0, x, s, y)b(r, y)] ·

∫ 1

0

∂t∇ypα(t− s+ λ(t′ − t), y − z)(t′ − t) dλdz ds.

Using (3.23) and then (2.2) along with the fact that for on the considered time interval, we have t − s +
λ(t′ − t) ≍ t− s and p̄α(s, y − x) . p̄α(t, y − x), we get

|H32| . (t′ − t)

∫ t−(t′−t)

t−(t′−t)
2

∫

[

p̄α(s, z − x)
(

1 + s−
β
α

)

+ p̄α(s, y − x)s−
β
α

]

×

∫ 1

0

|y − z|β|∂t∇ypα(t− s+ λ(t′ − t), y − z)| dλdz ds

. (t′ − t)

∫ t−(t′−t)

t−(t′−t)
2

∫

[

p̄α(s, z − x)
(

1 + s−
β
α

)

+ p̄α(t, y − x)s−
β
α

]

(t− s)−1+ β−1
α p̄α(t− s, y − z)| dz ds

. (t′ − t)
γ
α (1 + t−

β
α )p̄α(t, y − x), (3.26)

observing that −1 + (β − 1)/α < −1 for the last inequality.

For H33, we take advantage of the fact that we integrate on a time interval whose length is corresponds
to the time difference. This means we can use the smoothing in time effect for each term of the difference
(no need to expand in space the difference of the gradients). Namely,

|H33| ≤

∣

∣

∣

∣

∣

∫ t

t−(t′−t)

∫

[Γ(0, x, s, z)b(r, z)− Γ(0, x, s, y)b(r, y)] · ∇ypα(t
′ − s, y − z)

∣

∣

∣

∣

∣

+

∣

∣

∣

∣

∣

∫ t

t−(t′−t)

∫

[Γ(0, x, s, z)b(r, z)− Γ(0, x, s, y)b(r, y)] · ∇ypα(t− s, y − z) dz ds

∣

∣

∣

∣

∣

≤

∫ t

t−(t′−t)

∫

[

p̄α(s, z − x)
(

1 + s−
β
α

)

+ p̄α(t, y − x)s−
β
α

]

(t− s)
β−1
α

×
(

p̄α(t− s, y − z) + p̄α(t
′ − s, y − z)

)

dz ds,

using again (3.23) for the last inequality. This eventually yields

|H33| . (t′ − t)
γ
α (1 + t−

β
α )(p̄α(t, y − x) + p̄α(t

′, y − x)). (3.27)

Gathering estimates (3.22), (3.24), (3.25), (3.26) and (3.27), we obtain

|Γ(0, x, t, y)− Γ(0, x, t′, y)| .

(

t′ − t

t

)

γ
α

[p̄α(t, y − x) + p̄α(t
′, y − x)] , (3.28)

which precisely gives (1.16) since we have assumed s = 0.
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A About the full parabolic bootstrap in the forward variable for

the diffusion

The point of this section is to provide a proof of the full parabolic bootstrap for the diffusion in its forward
variable in the case α+ β − 1 < 1. Indeed, when α+ β − 1 ≥ 1, it cannot be expected to have an exponent
greater than 1 and (1.17) is already sharp.

Namely, we prove the following : there exists C := C(d, b, α, T ) s.t. for all 0 ≤ s < t ≤ T, (x, y, w) ∈ (Rd)3

s.t. |y − w| ≤ (t− s)
1
α ,

|Γ(s, x, t, y)− Γ(s, x, t, w)| ≤ C

(

|y − w|

(t− s)
1
α

)γ

p̄α(t− s, w − x). (A.1)

The approach is very similar to the previous one to show (1.17) and we present here the result for the
sake of completeness only as we do not make use of it. Equation (1.17) (taking ε therein s.t. γε = β) is
enough for the proof of Theorem 1.

Proof. Set, for η meant to be small,

hη
s,x(t) := sup

(z,z′)∈(Rd)2

{

|Γ(s, x, t, z)− Γ(s, x, t, z′)|(t− s)
γ
α

(p̄α(t− s, z − x) + p̄α(t− s, z′ − x)) (|z − z′| ∨ η)γ

}

.

Since we already know from (1.15) that |Γ(s,x,t,z)−Γ(s,x,t,z′)|
p̄α(t−s,z−x)+p̄α(t−s,z′−x) < ∞, we immediately have hη

s,x(t) . η−γ <

+∞. W.l.o.g., we take s = 0 for simplicity and assume T is small, in particular T ≤ 1. Let us write for
0 < t ≤ T, (x, y, y′) ∈ (Rd)3 the following:

Γ(0, x, t, y′)− Γ(0, x, t, y) = pα(t, y
′ − x)− pα(t, y − x)

+

∫ t/2

0

∫

Γ(0, x, s, z)b(s, z) · (∇ypα(t− s, y − z)−∇ypα(t− s, y′ − z)) dz ds

+

∫ t−(|y′−y|∨η)α

t/2

∫

Γ(0, x, s, z)b(s, z) · (∇ypα(t− s, y − z)−∇ypα(t− s, y′ − z)) dz ds

+

∫ t

t−(|y′−y|∨η)α

∫

Γ(0, x, s, z)b(s, z) · (∇ypα(t− s, y − z)−∇ypα(t− s, y′ − z)) dz ds

=: ∆1 +∆2 +∆3 +∆4.

We tacitly assume as well that (|y′ − y| ∨ η)α ≤ t/2 since otherwise, i.e. in the off-diagonal case, the expected
control [(Γ(0, x, t, y)− Γ(0, x, t, y′))t

γ
α ]/[(p̄α(t, y − x) + p̄α(t, y

′ − x))(|y − y′| ∨ η)γ ] ≤ C readily follows from
the Aronson type bounds (1.15).

For ∆1, we use the regularity of the stable kernel, (3.2) to write

|∆1| .
|y − y′|γ

t
γ
α

(p̄α(t, y − x) + p̄α(t, y
′ − x)). (A.2)

For ∆2, using again (3.2), we write

|∇ypα(t− s, y − z)−∇ypα(t− s, y′ − z)| .
|y − y′|γ

(t− s)
γ+1
α

(p̄α(t− s, y − z) + p̄α(t− s, y′ − z))

which yields, along with (1.18) and the convolution property (1.13) of p̄α,

|∆2| .

∫ t/2

0

∫

p̄α(s, z − x)‖b‖L∞

|y − y′|γ

(t− s)
γ+1
α

(p̄α(t− s, y − z) + p̄α(t− s, y′ − z)) dz ds

.
|y − y′|γ

t
β
α

(p̄α(t, y − x) + p̄α(t, y
′ − x)). (A.3)
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For ∆3, using a Taylor expansion and then a cancellation argument, we have

∆3 =

∫ t−(|y−y′|∨η)α

t/2

∫ ∫ 1

0

Γ(0, x, s, z)b(s, z) · ∇2
ypα(t− s, y + λ(y′ − y)− z)(y′ − y) dλdz ds

=

∫ t−(|y−y′|∨η)α

t/2

∫ 1

0

∫

[Γ(0, x, s, z)b(s, z)− Γ(0, x, s, y + λ(y′ − y))b(s, y + λ(y′ − y))]

· ∇2
ypα(t− s, y + λ(y′ − y)− z)(y′ − y) dz dλds. (A.4)

We then write, using (1.17) with ε > 0 s.t. γε = β when |y+ λ(y′ − y)− z| ≤ s
1
α and a triangular inequality

when |y + λ(y′ − y)− z| ≥ s
1
α ,

|Γ(0, x, s, z)b(s, z)− Γ(0, x, s, y + λ(y′ − y))b(s, y + λ(y′ − y))|

. |y + λ(y′ − y)− z|β p̄α(s, z − x)

+ ‖b‖L∞

|y + λ(y′ − y)− z|β

s
β
α

1
|y+λ(y′−y)−z|≤s

1
α
(p̄α(s, z − x) + p̄α(s, y + λ(y′ − y)− x))

. |y + λ(y′ − y)− z|β
(

1 + s−
β
α

)

(

p̄α(s, z − x) + p̄α(s, y + λ(y′ − y)− x)

)

. (A.5)

Plugging this into (A.4) and using (2.2), recalling that on the considered time integration (t− s) ≥ |y′ − y|α

(local diagonal regime), we get for γ1 ∈ (γ, 1),

|∆3| .

∫ t−(|y−y′|∨η)α

t/2

∫ 1

0

∫

(

p̄α(s, z − x) + p̄α(s, y + λ(y′ − y)− x)
)

(

1 + s−
β
α

)

×
|y − y′|γ1

(t− s)
1+γ1−β

α

p̄α(t− s, y + λ(y′ − y)− z) dz dλds

.

∫ t−(|y−y′|∨η)α

t/2

∫ 1

0

p̄α(t, y + λ(y′ − y)− x)
(

1 + s−
β
α

) |y − y′|γ1

(t− s)
1+γ1−β

α

dλds

.
(

p̄α(t, y − x) + p̄α(t, y
′ − x)

)

∫ t−(|y−y′|∨η)α

t/2

(

1 + s−
β
α

) |y − y′|γ1

(t− s)
1+γ1−β

α

ds,

where, for the two last inequalities, we use the fact that for s ≥ t/2, up to a modification of the underlying

variance in the Brownian case, p̄α(s, y + λ(y′ − y) − x) . p̄α(t, y + λ(y′ − y) − x) and since |y − y′| ≤ t
1
α ,

p̄α(t, y + λ(y′ − y) − x) ≤ p̄α(t, y − x) + p̄α(t, y
′ − x) with the same previous abuse of notation if α = 2.

Finally, noting from the above γ1, that (1 + γ1 − β)/α > 1 ⇐⇒ γ1 > γ, this yields

|∆3| . (p̄α(t, y − x) + p̄α(t, y
′ − x)) |y − y′|γ1(|y − y′| ∨ η)γ−γ1 . (p̄α(t, y − x) + p̄α(t, y

′ − x)) (|y − y′| ∨ η)γ .
(A.6)

For ∆4, write:

|∆4| ≤

∣

∣

∣

∣

∣

∫ t

t−(|y′−y|∨η)α

∫

[Γ(0, x, s, z)b(s, z)− Γ(0, x, s, y)b(s, y)] · ∇ypα(t− s, y − z) dz ds

∣

∣

∣

∣

∣

+

∣

∣

∣

∣

∣

∫ t

t−(|y′−y|∨η)α

∫

[Γ(0, x, s, z)b(s, z)− Γ(0, x, s, y′)b(s, y′)] · ∇ypα(t− s, y′ − z) dz ds

∣

∣

∣

∣

∣

.

∫ t

t−(|y′−y|∨η)α

∫

p̄α(s, z − x)
(

1 + s−
β
α

) p̄α(t− s, y − z) + p̄α(t− s, y′ − z)

(t− s)
1
α
− β

α

ds dz,

where we used (1.17), with γε = β and (2.2) for the second inequality. We get:

|∆4|.(p̄α(t, y − x) + p̄α(t, y
′ − x))(|y′ − y| ∨ η)γ

(

1 + t−
β
α

)

. (A.7)
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Gathering estimates (A.2), (A.3), (A.6) and (A.7), we obtain

|Γ(0, x, t, y)− Γ(0, x, t, y′)| . (p̄α(t, y − x) + p̄α(t, y
′ − x))

(|y′ − y| ∨ η)γ

t
γ
α

[

1 + t
γ−β
α

]

.

Noting that γ − β = α− 1 > 0, we get, in turn

hη
0,x(t) . 1.

Taking the limit η → 0 concludes the proof of (A.1).
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operators in Hölder classes and the uniqueness of the martingale problem. Potential Anal.,
40(4):539–563, 2014.
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