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Sample Average Approximation for Portfolio Optimization
under CVaR constraint in a (re)insurance context

Jérôme Lelong ∗ Véronique Maume-Deschamps †

William Thevenot ‡

February 7, 2026

Abstract

We consider optimal allocation problems with Conditional Value-At-Risk (CVaR) con-
straint. We prove, under very mild assumptions, the convergence of the Sample Average
Approximation method (SAA) applied to this problem, and we also exhibit a convergence
rate and discuss the uniqueness of the solution. These results provide (re)insurers with a
practical approach to portfolio optimization under regulatory risk constraints.

Keywords: Value-At-Risk, Conditional Value-At-Risk, Expected shortfall, Sample average approx-
imation, Portfolio optimization, Insurance, Reinsurance, Uniform strong large law of numbers,
Central limit theorem.

1 Introduction
It is in the interest of (re)insurance companies to reduce risk through diversification in order to
enhance their risk–return profile. The approach developed in this paper provides a quantitative
framework to identify an ideal mix of risk exposures that balances expected profit with the Solvency
Capital Requirement (SCR), which is represented in our model by the Conditional Value-at-Risk
(CVaR). In the European market, insurers are subject to Solvency II regulations, which require
that they hold an amount of eligible own funds at least equal to the SCR. This capital buffer is
defined as the amount needed to ensure that the (re)insurance company can meet its obligations
over the next 12 months with a probability of at least 99.5%. While the SCR is formally based on
the Value-at-Risk (VaR) at the confidence level 𝛼 = 0.995, the Conditional Value-at-Risk (CVaR)
is commonly used as a more tractable and conservative proxy. Accordingly, we adopt CVaR as
the risk measure in our analysis.

The classic approach to portfolio optimization was introduced by Markowitz in 1952 [3]. It consists
in maximizing the expected return of the portfolio subject to a constraint on its variance, or,
equivalently, in minimizing the variance for a fixed level of expected return. This framework
is known as the mean–variance optimization. The corresponding formulation with Conditional
Value-at-Risk (CVaR) as risk measure is referred to as the mean–CVaR optimization.
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We model the (re)insurance asset market with business lines represented by the random vector
X of asset returns, taking values in a subset RX of R𝑑. Unlike the classical financial case, X
cannot take negative values because it represents the results of the business lines. We assume that
E( |X|) < +∞. A (re)insurance portfolio is defined by a vector 𝜸 ∈ R𝑑 representing the quantity
held in each business line by the (re)insurer. In our business case, it cannot be interpreted in the
same way as in the classical finance formulation. There is no initial wealth and 𝜸 therefore does
not represent the repartition of it. Vector 𝜸 represents the (re)insurance company activity.

Let us fix some notations, with 𝛼 ∈]0, 1[:

𝑉𝛼 (𝜸) = 𝑉𝑎𝑅𝛼 (−𝜸𝑇X) = min
{
𝑀 ∈ R : P

(
−𝜸𝑇X ≤ 𝑀

)
≥ 𝛼

}
,

𝐶𝛼 (𝜸) = 𝐶𝑉𝑎𝑅𝛼 (−𝜸𝑇X) = 1

1 − 𝛼

∫ 1

𝛼

𝑉𝛽 (𝜸) 𝑑𝛽.

Our original goal is to solve the following problem with a fixed 𝛼 ∈]0, 1[ and constraints on the
weights, together with a capital-requirement limit 𝐾 > 0. We consider a loss function 𝐿0 , which
commonly depends on 𝐶𝛼 (𝜸). Even though 𝐿0 (𝜸,X) may already account for this dependency
implicitly, it is convenient to make the dependence on 𝐶𝛼 (𝜸) explicit for the purposes of future
analysis.

𝑣∗ := inf
𝜸∈R𝑑+

E(𝐿0 (𝜸, 𝐶𝛼 (𝜸),X))

s.t. 𝛾low
𝑖 ≤ 𝛾𝑖 ≤ 𝛾up

𝑖
∀𝑖 ∈ {1, .., 𝑑}

s.t. 𝐶𝛼 (𝜸) ≤ 𝐾.

(1.1)

Through reinsurance and other risk transfer solutions, (re)insurers can manage their exposure to
individual risks and improve overall diversification, thereby increasing the return per unit of risk.
Achieving this objective requires identifying an ideal risk composition, both at a given moment
and over time through underwriting and portfolio management. Reinsurers, in particular, steer
his portfolio by adjusting the reinsurance shares they offer during tenders, according to their
risk appetite and renewal strategy. This strategic allocation process, which does not rely on the
internal structure of each business line, is formalized in our model through the minimization of a
loss function, or equivalently the maximization of a return function, under the CVaR constraints
that reflect regulatory capital requirements. The allocation vector 𝜸 may also implicitly account
for market size, legacy positions, and underwriting partnerships, while supporting the design of
multi-period strategies aimed at gradually reaching a target risk exposure.

The standard formulation of CVaR is inconvenient because it requires computing VaR followed
by a conditional expectation. An alternative approach was introduced by R.T. Rockafellar and S.
Uryasev in 2000 [4], and later extended by P. Krokhmal, J. Palmquist, and S. Uryasev in 2002 [2].
They proposed an embedding technique that reformulates the CVaR as a minimization problem
involving an auxiliary parameter, which can be integrated into the global optimization framework.
This reformulation circumvents the complexity of the original approach and significantly reduces
computational burden.

When the distribution of the portfolio payoff is accessed through a finite sample, a common
approach in the literature consists in constructing a finite–dimensional empirical optimization
problem based on the available scenarios. In the presence of CVaR–type risk measures or con-
straints, this empirical formulation often admits a linear programming representation through the
Rockafellar–Uryasev reformulation, which can then be addressed using standard LP solvers such as
simplex or interior–point methods; see, e.g., [1]. More generally, depending on the structure of the
objective function, the resulting finite–dimensional problem may also be solved using first–order
optimization methods.
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In this work, we adopt the sample average approximation (SAA) framework [5] as a modeling device
to construct a finite–dimensional optimization problem from empirical data. It is important to
emphasize that the sample average approximation is not an optimization algorithm, but rather a
procedure for approximating the original stochastic problem by an empirical counterpart. While
SAA is most often used as a purely numerical tool, the originality of our contribution lies in
a detailed theoretical analysis of the optimal solutions generated by the SAA problem within a
risk–constrained portfolio optimization framework.

For this formulation with explicit constraints, no results on convergence or convergence rates of
the SAA method have been published, to the best of our knowledge. The closest work is [10],
where, however, the function to be minimized does not depend on the data sample. Two other
related contributions are [8] and [11], which employ a parametric approach: they first identify a
data structure through parameterization and then minimize over the resulting parameters. Such
methods can be advantageous with small sample sizes, but this setting does not apply to our
case. Moreover, the formulations in these works differ from ours, leading to distinct challenges
in solving the problem. Finally, we emphasize that SAA is non-parametric and does not require
prior knowledge of the underlying distribution of X, it only assumes access to samples from X.

In a related direction, Trindade, Uryasev, Shapiro, and Zrazhevsky (2007) [9] studied the asymp-
totic behavior of empirical CVaR estimators and established the consistency of CVaR-constrained
regression, showing that the limiting properties depend on whether the CVaR constraint is active.

Under assumptions of convexity, continuity, and integrability, which will be introduced progres-
sively, we prove almost sure convergence and find a rate of convergence for the SAA version in
the case where the function to be minimized depends on the data sample as do the constraint.
Moreover, if CVaR appears in the function to be minimized, we show that, under a monotonicity
assumption, it can be replaced by the auxiliary function introduced in [2] and [4]. We also provide
a sufficient condition for the uniqueness of the solution.

The paper is organized as follows. Section 2 describes the context and states the problem. Section
2.2 introduces the SAA method and presents our main results on convergence (Theorem 3.8),
uniqueness (Theorems 3.11 and 3.10) and convergence rate (Theorem 3.18). Section 4 is dedicated
to some numerical studies on two different cases, where we show how these results can be used
concretely in the context of a (re)insurer seeking to balance its various exposures.

2 Optimization with CVaR constraint
This section presents the transformation of the original problem and the application of the SAA
method to its equivalent formulation.

For any real number 𝑥, we write 𝑥+ := max(𝑥, 0) for its positive part.

2.1 An equivalent setting
Note that the Conditional Value-At-Risk can be rewritten using the Value-At-Risk as follows:

𝐶𝛼 (𝜸) = 𝑉𝛼 (𝜸) + (1 − 𝛼)−1E
(
(−𝜸𝑇X −𝑉𝛼 (𝜸))+

)
.

with We introduce 𝑔(𝜸, 𝜁) = 𝜁 + (1 − 𝛼)−1E
(
(−𝜸𝑇X − 𝜁)+

)
for any 𝜁 ∈ R.

Rockafellar, R. T., Uryasev, S. (2000) [4] showed that 𝑔(𝜸, .) is convex for any 𝜸, 𝐶𝛼 (𝜸) can be
determined by minimising 𝑔(𝜸, .):

𝐶𝛼 (𝜸) = min
𝜻∈R

𝑔(𝜸, 𝜁), 𝐴𝛼 (𝜸) = argmin
𝜻∈R

𝑔(𝜸, 𝜁),

𝑉𝛼 (𝜸) = min({𝑥 ∈ 𝐴𝛼 (𝜸)}), 𝐶𝛼 (𝜸) = 𝑔(𝜸, 𝑉𝛼 (𝜸)).
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Krokhmal P., Jonas Palmquist J., Uryasev S. (2002) [2] showed the equivalence of the following
two optimization problems in the sense that their objective functions attain the same minimum
value. (Proof in Annex 1)

Proposition 2.1. For any function 𝑅 : R𝑑 × R → R such that for any 𝜸 ∈ R𝑑, 𝑅(𝜸, .) is non-
increasing then the following two problems are equivalent

inf
𝜸∈Ξ

−𝑅(𝜸, 𝐶𝛼 (𝜸)) s.t. 𝐶𝛼 (𝜸) ≤ 𝐾 (2.1)

and
inf

(𝜸,𝜁 ) ∈Ξ×R
−𝑅(𝜸, 𝑔(𝜸, 𝜁)) s.t. 𝑔(𝜸, 𝜁) ≤ 𝐾. (2.2)

Moreover, if the 𝐶𝛼 constraint is active in (2.1), then (𝜸∗, 𝜁∗) solves (2.2) if and only if 𝜸∗ achieves
the minimum of (2.1) and 𝜁∗ ∈ 𝐴𝛼 (𝜸∗).

It is convenient to write 𝐿 (𝜸, 𝜁 ,X) = 𝐿0 (𝜸, 𝑔(𝜸, 𝜁),X) for future analysis.

Note that 𝑔 is also continuous and convex.

This result is key to simplifying our problem: we no longer need to compute 𝐶𝛼 (𝜸), which requires
first evaluating 𝑉𝛼 (𝜸) and is computationally expensive. Instead, we compute 𝑔(𝜸, 𝜁) which does
not involve solving an optimisation problem. Using the equivalence between (2.1) and (2.2), (1.1)
may be written as:

𝑣∗ := inf
𝜸,𝜁 ∈R𝑑+×R

E(𝐿 (𝜸, 𝜁 ,X))

s.t. 𝛾low
𝑖 ≤ 𝛾𝑖 ≤ 𝛾up

𝑖
∀𝑖

s.t. 𝜁 low ≤ 𝜁 ≤ 𝜁up

s.t. 𝑔(𝜸, 𝜁) ≤ 𝐾

(2.3)

where
𝜁 low ≤ min

𝛾low
𝑖

≤𝛾𝑖≤𝛾up
𝑖
, ∀𝑖

VaR𝛼 (−𝜸⊤X),

𝜁up ≥ max
𝛾low
𝑖

≤𝛾𝑖≤𝛾up
𝑖
, ∀𝑖

VaR𝛼 (−𝜸⊤X).

Remark 2.2. The most commonly used loss function is 𝐿0 (𝜸,X) = −𝜸𝑇X. A more realistic
formulation includes the cost of capital in insurance, it is usual to penalize the function with a
term proportional to the capital requirement i.e. the CVaR exceeding a threshold 0 < 𝐶0 < 𝐾. So
the loss could become 𝐿0 (𝜸,X) = −𝜸𝑇𝑋 + 𝑐 · (𝐶𝛼 (𝜸) − 𝐶0)+ = 𝐿0 (𝜸, 𝐶𝛼 (𝜸),X) with 𝑐 ∈]0, 1[ where
𝑐 typically equals 0.05. In this formulation, the loss becomes 𝐿 (𝜸, 𝜁 ,X) = −𝜸𝑇X+𝑐 · (𝑔(𝜸, 𝜁) − 𝐶0)+
as in Problem (2.3). The positive–part function could also be replaced by a more sophisticated
nonlinear function.

2.2 Sample Average Approximation
Since E(𝐿 (𝜸, 𝜁 ,X)), is generally not available, we rely on a real or simulated sample of X using the
Sample Average Approximation (SAA) method [6]). Let (X( 𝑗 ) ) 𝑗≥1 be a sequence of iid random
variables with the same distribution as X. We consider an approximation of Problem (2.3). For
𝑁 ≥ 1, consider

𝑔𝑁 (𝜸, 𝜁) := 𝜁 +
(1 − 𝛼)−1

𝑁

𝑁∑︁
𝑗=1

(−𝜸𝑇X( 𝑗 ) − 𝜁)+

and

ℓ𝑁 (𝜸, 𝜁) :=
1

𝑁

𝑁∑︁
𝑗=1

𝐿 (𝜸, 𝜁 ,X( 𝑗 ) ).
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The sample average approximation of (2.3) is given by

𝑣𝑁 := inf
𝜸,𝜁 ∈R𝑑+×R

ℓ𝑁 (𝜸, 𝜁)

s.t. 0 ≤ 𝛾low
𝑖 ≤ 𝛾𝑖 ≤ 𝛾up

𝑖
∀𝑖

𝜁 low ≤ 𝜁 ≤ 𝜁up

𝑔𝑁 (𝜸, 𝜁) ≤ 𝐾.

(2.4)

Let us introduce Γ :=
{
𝜸 : 0 ≤ 𝛾low

𝑖
≤ 𝛾𝑖 ≤ 𝛾up

𝑖
∀𝑖

}
and U := Γ ×

{
𝜁 : 𝜁 low ≤ 𝜁 ≤ 𝜁up

}
.

Define ℓ : (𝜸, 𝜁) ↦→ E(𝐿 (𝜸, 𝜁 ,X)), we assume the following properties

(P1) P((𝜸, 𝜁) → 𝐿 (𝜸, 𝜁 ,X) is continuous and convex) = 1.

(P2) E

(
sup

(𝜸,𝜁 ) ∈U
|𝐿 (𝜸, 𝜁 ,X) |

)
< +∞.

The functions ℓ𝑁 and ℓ are continuous and convex by (P1) and (P2). Note that 𝑔𝑁 and 𝑔 are
convex and continuous.

Now we define the feasibility sets of the original problem and of its SAA counterpart; U𝐾 :=
{(𝜸, 𝜁) : 𝑔(𝜸, 𝜁) ≤ 𝐾} ∩ U and U𝐾

𝑁
:= {(𝜸, 𝜁) : 𝑔𝑁 (𝜸, 𝜁) ≤ 𝐾} ∩ U. We assume that U,U𝐾 have

non-empty interiors.

We also define the solution sets of the original problem and of its SAA counterpart.

𝑆 := argmin
(𝜸,𝜁 ) ∈U𝐾

ℓ(𝜸, 𝜁) ; 𝑆𝑁 := argmin
(𝜸,𝜁 ) ∈U𝐾

𝑁

ℓ𝑁 (𝜸, 𝜁),

Our goal is to prove that 𝑣𝑁 converges to 𝑣∗ a.s. and D(𝑆𝑁 , 𝑆) −→
𝑁→∞

0 a.s. with D(𝐴, 𝐵) :=

sup
𝑥∈𝐴

inf
𝑥′∈𝐵

∥𝑥 − 𝑥′∥.

3 Main results

3.1 Convergence of the SAA method
We rely on two results from Shapiro et al. (2009) [7], to establish almost sure convergence of our
SAA method (Theorem 3.4/ Theorem 3.8).

Theorem 3.1 (Theorem 7.48 p375 in [7]).

Consider a random function 𝐻 : Ξ × R𝑋 → R, where Ξ is a non-empty compact subset of R𝑑.
Define ℎ(𝝃) := E(𝐻 (𝝃,X)) and ℎ𝑁 (𝝃) := 𝑁−1 ∑𝑁

𝑗=1 𝐻 (𝝃,X( 𝑗 ) ). Suppose that:

(i) P(𝜉 → 𝐻 (𝜉,X) is continuous) = 1.

(ii) E

(
sup
𝜉 ∈Ξ

|𝐻 (𝜉,X) |
)
< +∞.

Then, the function ℎ is continuous on Ξ, and (ℎ𝑁 )𝑁 ∈N∗ converges to ℎ a.s. uniformly on Ξ i.e.

sup
𝝃∈Ξ

|ℎ𝑁 (𝝃) − ℎ(𝝃) | → 0 a.s. as 𝑁 → ∞.

We use Theorem 3.1 with the functions 𝐿 and ℓ𝑁 on the compact set Γ using (P1) and (P2) to
obtain the following proposition.
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Proposition 3.2. If (P1) and (P2) hold, then, the function ℓ is continuous and the sequence
(ℓ𝑁 )𝑁 ∈N∗ converges to ℓ a.s. uniformly on Γ.

And we use Theorem 3.1 again with 𝐺 ((𝜸, 𝜁),X) = 𝜁 + (1 − 𝛼)−1(−𝜸𝑇X − 𝜁)+ and 𝑔𝑁 on the
compact set U to obtain the following proposition.

Proposition 3.3. The sequence (𝑔𝑁 )𝑁 ∈N∗ converges to 𝑔 a.s. uniformly on U.

The set U is compact and U𝐾 is non-empty by assumption, so neither is 𝑆. The function ℓ is
continuous and convex, by (P1) and (P2), and (ℓ𝑁 )𝑁 ∈N∗ converges to ℓ a.s. uniformly on U from
Proposition 3.2 with (P1) and (P2). Thanks to these results, we can state a modified version of
Theorem 5.5 p160 in [7] adapted to our framework.

Theorem 3.4 (Adapted from Theorem 5.5 p160 in [7]).

If the following conditions hold:

(a) Let (𝑢𝑁 )𝑁 be a sequence taking values in U and such that 𝑢𝑁 converges to 𝑢 a.s. If 𝑢𝑁 ∈ U𝐾
𝑁

for all 𝑁, then 𝑢 ∈ U𝐾 .

(b) For 𝑢 ∈ 𝑆, there exists a sequence (𝑢𝑁 )𝑁 ∈N∗ such that 𝑢𝑁 ∈ U𝐾
𝑁

for all 𝑁 and 𝑢𝑁 −→
𝑁→∞

𝑢 a.s.

(c) A.s. for 𝑁 large enough the set 𝑆𝑁 is nonempty and 𝑆𝑁 ⊂ U.

Then 𝑣𝑁 → 𝑣∗ a.s. and D(𝑆𝑁 , 𝑆) → 0 a.s. when 𝑁 → ∞.

Proposition 3.5. Let (𝑢𝑁 )𝑁 be a sequence taking values in U and such that 𝑢𝑁 converges to 𝑢
a.s. If 𝑢𝑁 ∈ U𝐾

𝑁
for all 𝑁, then 𝑢 ∈ U𝐾 .

Proof. Let (𝑢𝑁 )𝑁 ∈N∗ be a sequence taking values in U such that 𝑢𝑁 converges to 𝑢 a.s. and such
that 𝑢𝑁 ∈ U𝐾

𝑁
for all 𝑁. We have

𝑔𝑁 (𝑢𝑁 ) ≤ 𝐾. (3.1)

By Proposition 3.3, (𝑔𝑁 )𝑁 ∈N∗ converges to 𝑔 uniformly on U, so (𝑔𝑁 (𝑢𝑁 ))𝑁 ∈N∗ converges to 𝑔(𝑢)
a.s. and we deduce from (3.1), that 𝑔(𝑢) ≤ 𝐾 so (𝑢) ∈ U𝐾 . ■

Lemma 3.6. If the interior of U𝐾 is non-empty, there exists 𝑢 ∈ U𝐾 and 𝑁 ′ ∈ N∗ such that
𝑔𝑁 (𝑢) < 𝐾 for all 𝑁 > 𝑁 ′.

Proof. By assumption, U𝐾 has a non-empty interior, so that there exists 𝑢 such that 𝑔(𝑢) < 𝐾.
We apply Proposition 3.3 to prove the a.s. uniform convergence of (𝑔𝑁 )𝑁 ∈N∗ to 𝑔 on U. Then,
for 𝜀 = 𝐾 − 𝑔(𝑢) > 0, there exists 𝑁 ′ such that |𝑔𝑁 (𝑢) − 𝑔(𝑢) | < 𝜀 for all 𝑁 > 𝑁 ′. Therefore,
𝑔𝑁 (𝑢) < 𝐾. ■

Proposition 3.7. For any 𝑢 ∈ 𝑆, there exists a sequence (𝑢𝑁 )𝑁 ∈N∗ such that (𝑢𝑁 ) ∈ U𝐾
𝑁

for all
𝑁 ∈ N∗ and 𝑢𝑁 −→

𝑁→∞
𝑢 a.s.

Proof. It suffices to prove this for all 𝑢 ∈ U𝐾 since 𝑆 ⊂ U𝐾 . Let 𝑢∗ ∈ U𝐾 . We construct a sequence
𝑢𝑁 ∈ U𝐾

𝑁
which converges to 𝑢∗ a.s. Since the interior of U𝐾 is non-empty, by Lemma 3.6, there

exists 𝑢 = (𝜸̄, 𝜁) ∈ ⋂
𝑁>𝑁 ′

U𝐾
𝑁

for some 𝑁 ′ > 0. For 𝜆 ∈ [0, 1], we define 𝜃𝑁 (𝜆) := 𝑔𝑁 (𝜆𝑢 + (1 − 𝜆)𝑢∗)
and 𝜃 (𝜆) := 𝑔(𝜆𝑢 + (1 − 𝜆)𝑢∗). Note that 𝜃𝑁 (1) = 𝑔𝑁 (𝑢) < 𝐾 and 𝑔(𝑢∗) ≤ 𝐾.

Let us define 𝜆𝑁 = min{𝜆 ∈ [0, 1]; 𝜃𝑁 (𝜆) ≤ 𝐾} and 𝑢𝑁 = 𝜆𝑁𝑢 + (1 − 𝜆𝑁 )𝑢∗, 𝑢𝑁 ∈ U𝐾
𝑁

.

Case 1: 𝑔(𝑢∗) < 𝐾: For any 𝜀 > 0, by Proposition 3.3 there exists 𝑁 ′ such that for all 𝑁 > 𝑁 ′ we
have sup

U
|𝑔𝑁 − 𝑔 | ≤ 𝜀 so 𝜃𝑁 (0) = 𝑔𝑁 (𝑢∗) ≤ 𝐾 − 𝜀. We deduce that for 𝑁 large enough 𝜆𝑁 = 0 i.e.

𝑢𝑁 = 𝑢∗ so that 𝑢𝑁 → 𝑢∗ a.s.
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Case 2: 𝑔(𝑢∗) = 𝐾: Note that the function 𝜃𝑁 is convex because 𝑔𝑁 is convex. So that 𝜃𝑁 (𝜆𝑁 ) ≤
𝜃𝑁 (0)+𝜆𝑁 (𝜃𝑁 (1)−𝜃𝑁 (0)). As 𝜆𝑁 is bounded, we may extract a convergent sub-sequence 𝜆𝜙 (𝑁 ) →
𝜆 a.s. We assume that 𝜆 > 0 and we use a proof by contradiction. We have:

𝜃𝜙 (𝑁 ) (𝜆𝜙 (𝑁 ) ) ≤ 𝜃𝜙 (𝑁 ) (0) + 𝜆𝑁 (𝜃𝜙 (𝑁 ) (1) − 𝜃𝜙 (𝑁 ) (0))

taking the limit leads to
𝜃 (𝜆) − 𝜃 (0) ≤ 𝜆(𝜃 (1) − 𝜃 (0)).

Now 𝜃 (0) = 𝐾 and 𝜃 (1) < 𝐾. Therefore 𝜃 (𝜆) − 𝐾 < 0 which we rewrite as 𝜃 (𝜆) ≤ 𝐾 − 3𝜀
for some 𝜀 > 0. By continuity of 𝜃, there exists 𝛿 > 0 such that 𝜃 (𝜆 − 𝛿) ≤ 𝐾 − 2𝜀. Note that
sup𝜆 |𝜃𝑁 (𝜆)−𝜃 (𝜆) | −→

𝑁→∞
0 a.s. because of Proposition 3.3. Then, for N large enough |𝜃𝑁 (𝜆)−𝜃 (𝜆) | ≤

𝜀 for all 𝜆 ∈ [0, 1], so that 𝜃𝑁 (𝜆 − 𝛿) ≤ 𝐾 − 𝜀. Thus, 𝜆𝑁 ≤ 𝜆 − 𝛿. This contradicts 𝜆𝜙 (𝑁 ) → 𝜆 a.s.
Hence, (𝜆𝑁 )𝑁 ∈N∗ must converge to 0. We conclude that 𝜆𝑁 → 0 a.s., hence 𝑢𝑁 → 𝑢∗ a.s. which
completes the proof.

■

Theorem 3.8. Let 𝑣𝑁 define by (1.1) and 𝑣∗ define by (2.4). If (P1) and (P2) hold, then

𝑣𝑁
𝑎.𝑠.−→
𝑁→∞

𝑣∗

D(𝑆𝑁 , 𝑆)
𝑎.𝑠.−→
𝑁→∞

0.
(3.2)

Proof. We want to apply Theorem 3.4.
Assumption (a) holds thanks to Proposition 3.5 and Assumption (b) holds thanks to Proposi-
tion 3.7.

U𝐾 has a non-empty interior. We can apply Lemma 3.6 and find 𝑢 ∈ U𝐾 and 𝑁 ′ ∈ N∗ such that
𝑔𝑁 (𝑢) < 𝐾 for all 𝑁 > 𝑁 ′. So that for 𝑁 > 𝑁 ′, 𝑢 ∈ U𝐾

𝑁
, then U𝐾

𝑁
is non-empty. Finally, 𝑣𝑁 is well

defined. Since U𝐾
𝑁

is closed, we have 𝑆𝑁 ⊂ U𝐾
𝑁

⊂ U. Hence, assumption (c) holds.
We can therefore apply Theorem 3.4 and conclude the proof. ■

3.2 Uniqueness Condition
Let us focus on the uniqueness of the solution to (1.1) and therefore (2.3).

Let us define ℓ0 : 𝜸 ↦→ E(𝐿0 (𝜸,X)). We shall make the following assumptions:

(P3) ∀𝜸 ∈ R𝑑 \ {0}, 𝜸𝑇X has a density on R𝑑.

(P4) 𝐶𝛼 (𝜸) > 𝐾,∀𝜸 ∈ argmin
Γ

ℓ0.

(P5) For all 𝜸 ∈ Γ \ {0𝑑}, supp(𝜸𝑇X) is connected, i.e., an interval.

Remark 3.9. This setting is realistic, as capital naturally acts as a limiting constraint. Moreover,
the support of 𝜸𝑇X is typically an interval, since aggregated losses across business lines generally
have connected supports. Rare risk types with disconnected support, such as those related to
natural disasters, are usually smoothed out by other continuous components. Assumption (P3)
is satisfied when X admits a density, and (P4) ensures that the capital constraint is active at the
optimum.

Note that we exclude the case where 0𝑑 is an optimal solution because we choose a positive capital
requirement limit 𝐾.

Assumption (P2) implies E

(
sup
𝜸∈Γ

|𝐿0 (𝜸,X) |
)
< +∞ and assumption (P1) implies

P(𝜸 → 𝐿0 (𝜸,X) is continuous and convex) = 1 since 𝐿0 (𝜸,X) = 𝐿 (𝜸, 𝜁 ,X) with 𝜁 ∈ 𝐴𝛼 (𝛾).
Therefore, function ℓ0 is continuous and convex thanks to (P1) and (P2).
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Rockafellar and Uryasev (2000) [4] showed that, under assumption (P3), the function 𝑔(𝜸, ·) is
continuously differentiable for any 𝜸.

We are now in a position to state our main results. Theorem 3.10 establishes the uniqueness of
the solution to the original problem (1.1), while Theorem 3.11 extends this result to the equivalent
formulation (2.3).

Generally, the presence of a constraint does not guarantee uniqueness of the solution. However, in
our setting, the strict convexity of the constraint function plays a key role in ensuring uniqueness. A
crucial step in the analysis is to verify that the capital constraint is active at the optimum, allowing
this strict convexity to be exploited. This is established through Lemma 3.12 and Proposition 3.13.

Rather than proving Theorems 3.10 and 3.11 directly, we first present and prove intermediate
results from which they follow.

Theorem 3.10. If (P1) to (P4) hold, then Problem (1.1) has a unique solution 𝜸∗.

Theorem 3.11. If (P1) to (P5) hold, then Problem (2.3) has a unique solution (𝜸∗, 𝜁∗) and in
addition 𝜸∗ is the unique solution to Problem (1.1).

We now present the intermediate results used in the proofs.

Lemma 3.12. Let 𝜸∗ be an optimal solution to (1.1). If assumptions (P1), (P2), and (P4) hold,
then 𝐶𝛼 (𝜸∗) = 𝐾.

Proof. Suppose, for the sake of contradiction, that 𝐶𝛼 (𝜸∗) < 𝐾. Let 𝜸̃ ∈ argmin
Γ

ℓ0.

Define
𝜆 = max {𝜆 ∈ [0, 1] : 𝐶𝛼 (𝜆𝜸̃ + (1 − 𝜆)𝜸∗) ≤ 𝐾} .

By continuity of 𝐶𝛼, we have 𝜆 < 1, since 𝐶𝛼 (𝜸̃) > 𝐾 by (P4), and 𝐶𝛼 (𝜸∗) < 𝐾 by assumption.

Using the convexity of ℓ0 (from assumptions (P1) and (P2)), we obtain:

ℓ0 (𝜆𝜸̃ + (1 − 𝜆)𝜸∗) ≤ 𝜆ℓ0 (𝜸̃) + (1 − 𝜆)ℓ0 (𝜸∗) < ℓ0 (𝜸∗),

where the strict inequality follows from the fact that 𝜸∗ ∉ argmin
Γ

ℓ0 (by (P4)). This contradicts

the optimality of 𝜸∗. Hence, we conclude that 𝐶𝛼 (𝜸∗) = 𝐾. ■

Proposition 3.13. Under assumption (P3), 𝐶𝛼 is strictly convex on the unit sphere in R𝑑, i.e.,
strictly convex up to positive scaling. In contrast, it is linear along rays.

The proof of Proposition 3.13 is provided in the appendix.

We are now in a position to prove Theorem 3.10.

Proof of Theorem 3.10. Let 𝜸1, 𝜸2 be two optimal solutions of Problem (1.1). By Lemma 3.12,
both satisfy the capital constraint with equality:

ℓ0 (𝜸1) = ℓ0 (𝜸2) = 𝑣∗, 𝐶𝛼 (𝜸1) = 𝐶𝛼 (𝜸2) = 𝐾. (3.3)

Let 𝜸𝜇 := 𝜇𝜸1 + (1− 𝜇)𝜸2 for some 𝜇 ∈ (0, 1). Since 𝐶𝛼 is convex (by sub-additivity of CVaR), we
have:

𝐶𝛼 (𝜸𝜇) ≤ 𝜇𝐶𝛼 (𝜸1) + (1 − 𝜇)𝐶𝛼 (𝜸2) = 𝐾.
Similarly, convexity of ℓ0 (by assumptions (P1) and (P2)) gives:

ℓ0 (𝜸𝜇) ≤ 𝜇ℓ0 (𝜸1) + (1 − 𝜇)ℓ0 (𝜸2) = 𝑣∗.

If ℓ0 (𝜸𝜇) < 𝑣∗, this contradicts the optimality of 𝜸1 and 𝜸2. Thus, ℓ0 (𝜸𝜇) = 𝑣∗, and 𝜸𝜇 is optimal.
Applying Lemma 3.12 again yields 𝐶𝛼 (𝜸𝜇) = 𝐾.
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Therefore, for all 𝜇 ∈ [0, 1], we have:

𝐶𝛼 (𝜸𝜇) = 𝜇𝐶𝛼 (𝜸1) + (1 − 𝜇)𝐶𝛼 (𝜸2),

which implies equality in the convexity inequality. By Proposition 3.13, 𝐶𝛼 is strictly convex on
the unit sphere. Hence, if both 𝜸1 and 𝜸2 are optimal, they must lie on the same ray, i.e., 𝜸1 = 𝑎 𝜸2

for some 𝑎 > 0. Condition (3.3) then implies 𝑎 = 1, so the solution to Problem (1.1) is unique.

■

Proposition 3.14. For any fixed 𝜸 ≠ 0𝑑, if (P3) and (P5) holds, the function 𝜁 ↦→ 𝑔(𝜸, 𝜁) is
strictly convex on supp(−𝜸𝑇X).

Proof. Consider the derivative 𝜕𝑔

𝜕𝜁
(𝜸, 𝜁) = 1−(1−𝛼)−1E(−𝟙{−𝜸𝑇X−𝜁 >0}) = 1−(1−𝛼)−1P(−𝜸𝑇X > 𝜁).

Let us 𝜁1 < 𝜁2 ∈ supp(−𝜸𝑇X)

𝜕𝑔

𝜕𝜁
(𝜸, 𝜁2) −

𝜕𝑔

𝜕𝜁
(𝜸, 𝜁1) = (1 − 𝛼)−1

(
P(−𝜸𝑇X > 𝜁1) − P(−𝜸𝑇X > 𝜁2)

)
= (1 − 𝛼)−1P(𝜁1 < −𝜸𝑇X < 𝜁2) ≥ 0

this quantity is non negative on R and positive on supp(−𝜸𝑇X) because −𝜸𝑇X has a density by
(P3) and supp(−𝜸𝑇X) is an interval thanks to (P5). ■

We now proceed with the proof of Theorem 3.11.

Proof of Theorem 3.11. Using Theorem 3.10, let 𝜸∗ be the unique solution to Problem (1.1). The
equivalence between the Problems (2.1) and (2.2) implies that any (𝜸̃, 𝜁) solution to (2.3) satisfies
𝜸̃ = 𝜸∗.

Moreover 𝐶𝛼 (𝜸∗) = min
𝜻 ∈R

𝑔(𝜸∗, 𝜁) and thanks to Proposition 3.14, 𝐴𝛼 (𝛾∗) = {𝜁∗}. Therefore (𝜸∗, 𝜁∗)
is the unique solution of Problem (2.3). ■

3.3 Convergence rate
In Shapiro et al. (2009) [7] the rate of convergence is also obtained. We state a version (Theorem
3.16), adapted to our setting. It is used to get the convergence rate in Theorem 3.18.

Consider some additional notations and assumptions:

(P6) E( |X|2) < +∞.

(P7) E

(
sup

(𝜸,𝜁 ) ∈U
|𝐿 (𝜸, 𝜁 ,X) |2

)
< +∞.

(P8) There exists a measurable function 𝐶𝐿 : 𝑋 → R+ such that E(𝐶𝐿 (X)2) < ∞ and ∀𝑢, 𝑢′ ∈
U, |𝐿 (𝑢,X) − 𝐿 (𝑢′,X) | ≤ 𝐶𝐿 (X) |𝑢 − 𝑢′ |, almost surely.

(P9) (𝜸, 𝜁) → ℓ(𝜸, 𝜁) is differentiable.

Remark 3.15. For loss functions of the form 𝐿 (𝜸, 𝜁 ,X) = E
(
−𝜸𝑇X + c ·

(
𝜁 + 1

1−𝛼 (−𝜸
𝑇X − 𝜁)+

) )
,

or 𝐿 (𝜸,X) = E
(
−𝑈 (𝜸𝑇X)

)
where 𝑈 is a convex utility function, it is straightforward to establish

the existence of the associated function 𝐶𝐿.

Theorem (5.11 p173 [7]) deals with problems of the following form:

min
𝑢∈U

ℓ𝑁 (𝑢) s.t. 𝑔𝑖𝑁 (𝑢) ≤ 0, 𝑖 = 1, .., 𝑝. (3.4)
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In Problem (2.3) there are two types of constraints: one on the parameters 𝜸 and 𝜁 and another
involving the function 𝑔. Consider 𝑔1 : (𝜸, 𝜁) ↦→ 𝑔(𝜸, 𝜁)−𝐾, 𝑔2 : 𝜸 ↦→ 𝜸−𝜸up and 𝑔3 : 𝜸 ↦→ 𝜸low−𝜸.
We have 𝐺1 : ((𝜸, 𝜁),X) ↦→ 𝐺 ((𝜸, 𝜁),X) −𝐾 = 𝜁 + (1−𝛼)−1(−𝜸𝑇X− 𝜁)+ −𝐾,𝐺2 = 𝑔2 and 𝐺3 = 𝑔3.
They are defined such that for any 𝑢 ∈ U we have 𝑔𝑖 (𝑢) = E(𝐺𝑖 (𝑢,X)). We denote by 𝑔𝑖𝑁 the
approximated version of 𝑔𝑖.

Let 𝑢 ∈ U, then the empirical mean estimator ℓ𝑁 (𝑢) of ℓ(𝑢) is unbiased and has a variance
of 𝜎2 (𝑢) := V𝑎𝑟 (𝐿 (𝑢,X)) which is assumed to be finite. Moreover the standard Central Limit
Theorem gives:

𝑁1/2 (ℓ𝑁 (𝑢) − ℓ(𝑢))
D→

𝑁→+∞
N(0, 𝜎2 (𝑢))

where
D→ denotes the convergence in distribution. Let 𝑌 (𝑢) be a random variable such that 𝑌 (𝑢) ∼

N (0,V𝑎𝑟 (𝐿 (𝑢,X))). Let 𝑌𝑖 (𝑢) be a random variable such that 𝑌𝑖 (𝑢) ∼ N (0,V𝑎𝑟 (𝐺𝑖 (𝑢,X))), 𝑖 =
1, 2, 3.

We introduce the Lagrangian of Problem (3.4):

L(𝑢, 𝜆) := ℓ(𝑢) +
𝑝∑︁
𝑖=1

𝜆𝑖𝑔𝑖 (𝑢),

which can be rewritten as

L(𝜸, 𝜁 , (𝜆, 𝝁̄, 𝝁)) := ℓ(𝜸, 𝜁) + 𝜆(𝑔(𝜸, 𝜁) − 𝐾) + 𝝁̄⊤ (𝜸 − 𝜸up) − 𝝁⊤ (𝜸 − 𝜸low). (3.5)

In our context, Problem (2.3) is convex because ℓ is convex. In addition the set 𝑆 of optimal
solutions to the original problem (1.1) is non-empty and bounded. Moreover, ℓ and 𝑔𝑖 are bounded
on U and in a neighbourhood of 𝑆. Thanks to these results, we can state a modified version of
Theorem 5.11, p173, in [7], adapted to our framework.

Theorem 3.16 (Restatement of Theorem 5.11, p173, in [7]). Let 𝑣𝑁 be the optimal value of the
above problem (3.4). Assume that the following assumptions are satisfied:

(i) There exists 𝑢 ∈ U such that 𝑔𝑖 (𝑢) < 0, 𝑖 = 1, 2, 3. (Slater’s condition).

(ii) The following two assumptions are satisfied for 𝐻 = 𝐿, 𝐺𝑖 , 𝑖 = 1, 2, 3:

(𝐴1) There exists 𝑢 ∈ U such that E(𝐻 (𝑢,X)2) < +∞.

(𝐴2) There exists a measurable function 𝐶 : 𝑋 → R+ such that E(𝐶 (X)2) < ∞ and ∀𝑢, 𝑢′ ∈
U, |𝐻 (𝑢,X) − 𝐻 (𝑢′,X) | ≤ 𝐶 (X) |𝑢 − 𝑢′ | almost surely.

Then

𝑁1/2 (𝑣𝑁 − 𝑣∗) D→ inf
𝑢∈𝑆

sup
𝝀∈𝚲

[
𝑌 (𝑢) +

𝑝∑︁
𝑖=1

𝜆𝑖𝑌𝑖 (𝑢)
]
. (3.6)

A set Λ of Lagrange vectors 𝜆 = (𝜆1, .., 𝜆𝑝) is associated to each optimal solution 𝑢∗ ∈ 𝑆 which
satisfy,

𝑢∗ ∈ arg min
𝒖∈U

L(𝑢, 𝜆), 𝜆𝑖 ≤ 0 and 𝜆𝑖𝑔𝑖 (𝑢∗) = 0, 𝑖 = 1, .., 𝑝.

The set Λ coincides with the set of optimal solutions to the dual of the original problem and is
therefore the same for any optimal solution 𝑢∗ ∈ 𝑆.

Furthermore, if 𝑆 = {𝑢∗} and Λ = {𝜆∗} are singletons, then,

𝑁1/2 (𝑣𝑁 − 𝑣∗) D→ N(0, 𝜎2)
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with

𝜎2 := V𝑎𝑟

(
𝐿 (𝑢∗,X) +

𝑝∑︁
𝑖=1

𝜆∗𝑖𝐺𝑖 (𝑢∗,X)
)
.

Lemma 3.17. Given a set of constraints 𝜸up, 𝜸low and 𝜸 ∈ Γ, if (P1), (P2) hold, then there exists
at most a single 𝐾 ≤ min

𝜸∈argmin
Γ

ℓ0
𝐶𝛼 (𝜸) such that 𝜸 solves (1.1) with 𝐾 as the capital limit.

Proof. This is a corollary of Lemma 3.12, because if 𝜸 is solution of (1.1) with 𝐾 ′ ≤ 𝐶𝛼 (argmin
Γ

ℓ0),
then 𝐾 ′ = 𝐶𝛼 (𝜸) and so there can only be one 𝐾 ′. ■

Theorem 3.18. If (P1) to (P9) hold, denote by 𝑢∗ = (𝜸∗, 𝜁∗) the unique solution to Problem (2.3),
then

𝑁1/2 (𝑣𝑁 − 𝑣∗) D→ N(0, 𝜎2)

with
𝜎2 := V𝑎𝑟 (𝐿 (𝑢∗,X) + 𝜆∗ (𝐺 (𝑢∗,X) − 𝐾))

and 𝜆∗ is the maximum value of the Lagrange multiplier 𝜆 associated with the capital constraint.

Proof of Theorem 3.18. The uniqueness of 𝑢∗ is given by (P1) to (P5) using Theorem 3.11. We
look at the conditions for applying Theorem 3.16. Condition (i) holds because we assumed that
the interior of U𝐾 is non-empty which means that Slater’s condition is satisfied for 𝑔1, 𝑔2, 𝑔3. The
functions 𝐺2, 𝐺3 are deterministic and linear functions of 𝜸 so (𝐴1) and (𝐴2) hold. Conditions
(𝐴1) and (𝐴2) hold for 𝐿 by (P7) and (P8) and for 𝐺1 it is easy to prove with (P6).

We can apply Theorem 3.16 to obtain (3.6). 𝐺2 and 𝐺3 are deterministic so 𝑌2 = 𝑌3 = 0, therefore∑𝑝

𝑖=1 𝜆𝑖𝑌𝑖 ((𝜸, 𝜁)) = 𝜆1𝑌1 ((𝜸, 𝜁)). Thanks to the uniqueness of 𝑢∗, we only need the maximum value
of 𝜆1 or the uniqueness of 𝜆1 to apply the second part of Theorem 3.16.

Consider the Lagrangian associated with Problem (3.4),

L(𝜸, 𝜁 , (𝜆, 𝝁̄, 𝝁)) = ℓ(𝜸, 𝜁) + 𝜆
(
𝑔(𝜸, 𝜁) − 𝐾

)
+ 𝝁̄⊤ (𝜸 − 𝜸up) − 𝝁⊤ (𝜸 − 𝜸low),

where 𝑔(𝜸, 𝜁) = 𝜁 + (1 − 𝛼)−1E
[
(−𝜸⊤X − 𝜁)+

]
. Let (𝜸∗, 𝜁∗) be an optimal solution and (𝜆, 𝝁̄, 𝝁) a

corresponding vector of Lagrange multipliers. Since 𝜁∗ ∈ 𝐴𝛼 (𝜸∗), one has P(−𝜸∗⊤X−𝜁∗ ≥ 0) = 1−𝛼.

The stationarity condition with respect to 𝜁 yields

𝜕L
𝜕𝜁

(𝜸∗, 𝜁∗) = 𝜕ℓ

𝜕𝜁
(𝜸∗, 𝜁∗) + 𝜆

(
1 − (1 − 𝛼)−1P(−𝜸∗⊤X − 𝜁∗ ≥ 0)

)
=
𝜕ℓ

𝜕𝜁
(𝜸∗, 𝜁∗),

so that
𝜕ℓ

𝜕𝜁
(𝜸∗, 𝜁∗) = 0. (3.7)

The stationarity condition with respect to 𝜸 reads

𝜕ℓ

𝜕𝜸
(𝜸∗, 𝜁∗) + 𝜆 E

(
−X | −𝜸∗⊤X − 𝜁∗ ≥ 0

)
+ 𝝁̄ − 𝝁 = 0,

that is, for each 𝑖 = 1, . . . , 𝑑,

𝜕ℓ

𝜕𝛾𝑖
(𝜸∗, 𝜁∗) + 𝜆 E

(
−𝑋𝑖 | −𝜸∗⊤X − 𝜁∗ ≥ 0

)
+ 𝜇𝑖 − 𝜇

𝑖
= 0. (3.8)
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Since the CVaR constraint is active and ℓ is convex, there exists at least one index 𝑗 ∈ {1, . . . , 𝑑}
such that 𝜕ℓ

𝜕𝛾 𝑗
(𝜸∗, 𝜁∗) ≠ 0. This index cannot correspond to an active bound; otherwise, a feasible

perturbation would decrease the objective, contradicting optimality. Hence 𝜇 𝑗 = 𝜇
𝑗
= 0.

For such a free coordinate 𝑗 , (3.8) reduces to

𝜕ℓ

𝜕𝛾 𝑗
(𝜸∗, 𝜁∗) + 𝜆 E

(
−𝑋 𝑗 | −𝜸∗⊤X − 𝜁∗ ≥ 0

)
= 0.

Under the non–degeneracy condition E(−𝑋 𝑗 | −𝜸∗⊤X−𝜁∗ ≥ 0) ≠ 0, this identity uniquely determines
the Lagrange multiplier,

𝜆 = −
𝜕ℓ
𝜕𝛾 𝑗

(𝜸∗, 𝜁∗)
E(−𝑋 𝑗 | −𝜸∗⊤X − 𝜁∗ ≥ 0) .

Therefore, the Lagrange multiplier 𝜆 associated with the CVaR constraint is unique.

Moreover, if we denote this Lagrange multiplier by 𝜆∗, then V𝑎𝑟
(
𝐿 (𝑢∗,X) + ∑𝑝

𝑖=1 𝜆
∗
𝑖
𝐺𝑖 (𝑢∗,X)

)
becomes V𝑎𝑟 (𝐿 (𝑢∗,X) + 𝜆∗ (𝐺 (𝑢∗,X) − 𝐾)). ■

4 Numerical study
This section illustrates the results of section 3, focusing on convergence and convergence rates.
When possible, we compare the results of the SAA method with explicit computational solutions.
We first consider the Gaussian case for which an explicit solution is known for the mean-CVaR,
where the asset returns do not all follow the same distribution. This first case will allow us to
validate the algorithm by comparing it with theoretical solutions. Second, we consider a more
realistic case where all the asset returns do not follow the same distribution. This last case is close
to what can be found in (re)insurance.

All numerical examples are solved within a few seconds using first–order optimization methods
implemented in standard Python libraries, primarily SciPy and NumPy. These computation times
can be contrasted with those typically required by linear programming approaches, as discussed for
instance in [1]. In such formulations, the dimensionality of the optimization problem grows linearly
with the sample size, since each additional scenario introduces new variables and constraints. By
contrast, first–order methods operate in the original decision space and evaluate the empirical
objective and its subgradients through sample averages, without increasing the dimensionality of
the optimization problem. As a result, linear programming methods may become computationally
demanding when large data samples are considered, even though efficient and specialized solvers
are available.

4.1 Context
In what follows, we consider 𝐿0 (𝜸,X) = −𝜸𝑇X with a risk level 𝛼 = 0.99.

Note that 𝐿0 is convex and continuous so (P1) holds.

We rewrite 𝐿 (𝜸, 𝜁 ,X) = −𝜸𝑇X and ℓ𝑁 (𝜸, 𝜁) := −𝜸𝑇

𝑁

∑𝑁
𝑗=1 X( 𝑗 ) .

Once we have chosen the asset distributions and other parameters for the problem (𝐾, 𝜸up, 𝜸low),
for a given 𝑁, we solve the SAA problem (2.4) k times, using k independent i.i.d. samples of X of
size N to obtain a size-k sample of 𝜸𝑁 and 𝑣𝑁 values.

4.2 Gaussian case
We consider the Gaussian case, where X ∼ N𝑑 (1𝑑 , Σ), with Σ a positive definite matrix. Note that
𝜸𝑇X ∼ N(𝜸𝑇1𝑑 , 𝜸𝑇Σ𝜸) and 𝐶𝑉𝑎𝑅𝛼 (−𝜸𝑇X) = −𝜸𝑇1𝑑 + 𝑇𝑍

√︁
𝜸𝑇Σ𝜸, with 𝑇𝑍 = 𝐶𝑉𝑎𝑅𝛼 (N (0, 1)).
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If X̃ ∼ N(𝜇, Σ̃), then 𝜸𝑇X̃ = (𝜸 ⊙ 𝜇)𝑇X and with X ∼ N(1𝑑 , Σ) and Σ = 𝜇𝑇 Σ̃𝜇. Therefore,
assuming E(𝑋) = 1𝑑 is without loss of generality.

Denote 𝜸∗ the optimal solution to (1.1), if 𝛾low
𝑖

< 𝛾∗
𝑖
< 𝛾

up
𝑖

for 𝑖 = 1, . . . , 𝑑, then:

𝜸∗ = 𝐾
©­­«

1

𝑇𝑍 −
√︃

1𝑇
𝑑
Σ−11𝑑

ª®®¬
Σ−11𝑑√︃
1𝑇
𝑑
Σ−11𝑑

, (4.1)

See Appendix 2 for a proof.

Properties (P2), (P5) and (P6) hold immediately. We choose the parameter bounds for (P4) to
hold: 𝐶𝛼 (𝜸) > 𝐾,∀𝜸 ∈ argmin

𝜸∈Γ
ℓ0 (𝜸). Otherwise, the capital limit would not be reached. Note

also that (P7) through (P9) hold.

We set 𝑑 = 5, 𝛼 = 0.99, 𝐾 = 100, 𝑘 = 5000 runs and a covariance matrix Σ picked at random.

Σ =

©­­­­­«
4.490 −0.377 0.059 0.585 −1.709
−0.377 6.109 −1.300 0.229 1.380
0.059 −1.300 7.059 −1.401 0.210
0.585 0.229 −1.401 8.400 −1.250
−1.709 1.380 0.210 −1.250 19.934

ª®®®®®¬
.

4.2.1 Without bounds

This case is without bounds in the sense that we set 𝜸low, 𝜸up to have 𝛾low
𝑖

< 𝛾∗
𝑖
< 𝛾

up
𝑖

, in other
words in such a way that they are never reached. Therefore, we use equation (4.1) to compute
𝜸∗ = (15.113, 12.576, 12.610, 8.702, 3.958) and 𝑣∗ = −52.960.

We also compute the standard estimator of 𝜎2 = V𝑎𝑟
(
−𝜸∗𝑇X + 𝜆∗ (𝜁∗ + 1

1−𝛼 (−𝜸
∗𝑇X − 𝜁∗)+ − 𝐾)

)
from Theorem 3.18 and we obtain 𝜎̂ = 149.860.

Figures 1a to 1e and 4a illustrate Theorem 3.8, showing that the solution to the SAA formulation
(2.4) converges to the original solution found with (4.1). Indeed, the convergence of 𝜸𝑁 and 𝑣𝑁
is observed and a sample size of 105 is sufficient to obtain an acceptable error, here a 2% on each
component of 𝜸∗ and 1% on 𝑣∗.

Figure 4b illustrates a convergence rate of
√
𝑁 seen in Theorem 3.18 since the slope of each curve

is −0.5. In Figures 2a to 2e we observe the same empirical behavior.

The histogram of Figure 5 has a Gaussian shape with parameters (𝜇, 𝜎) = −9.15, 160.33. This
illustrates Theorem 3.18 with 𝜎̂ = 149.860.

While we do not claim a theoretical result for the weights, our experiments indicate that as the
sample size increases, their distribution converges toward Gaussian. This motivates fitting a nor-
mal model and aligns with a law of large numbers intuition. Figure 3 illustrates this phenomenon,
suggesting the asymptotic normality of the parameters.
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(a) 𝛾𝑁,1 − 𝛾∗1 (b) 𝛾𝑁,2 − 𝛾∗2 (c) 𝛾𝑁,3 − 𝛾∗3

(d) 𝛾𝑁,4 − 𝛾∗4 (e) 𝛾𝑁,5 − 𝛾∗5

Figure 1: Component-wise Boxplots of 𝜸𝑁 − 𝜸∗. (boxplot standard parameters: Q1-
1.5IQR,Q1,median,Q3,Q3+1.5IQR)

(a) log10

(√︁
𝑉𝑎𝑟 (𝛾𝑁,1 − 𝛾∗1)

)
(b) log10

(√︁
𝑉𝑎𝑟 (𝛾𝑁,2 − 𝛾∗2)

)
(c) log10

(√︁
𝑉𝑎𝑟 (𝛾𝑁,3 − 𝛾∗3)

)

(d) log10

(√︁
𝑉𝑎𝑟 (𝛾𝑁,4 − 𝛾∗4)

)
(e) log10

(√︁
𝑉𝑎𝑟 (𝛾𝑁,5 − 𝛾∗5)

)
Figure 2: Log plot of log10

(√︁
𝑉𝑎𝑟 (𝜸𝑁 − 𝜸∗)

)
components-wise.
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(a)
√
𝑁 (𝛾𝑁,1 − 𝛾∗1) (b)

√
𝑁 (𝛾𝑁,2 − 𝛾∗2) (c)

√
𝑁 (𝛾𝑁,3 − 𝛾∗3)

(d)
√
𝑁 (𝛾𝑁,4 − 𝛾∗4) (e)

√
𝑁 (𝛾𝑁,5 − 𝛾∗5)

Figure 3: Components-wise histograms of
√
𝑁 (𝜸𝑁 − 𝜸∗) for 𝑁 = 105 and plot of a fitted normal

distribution.

(a) 𝑣𝑁 − 𝑣∗ (b) log10

(√︁
𝑉𝑎𝑟 (𝑣𝑁 − 𝑣∗)

)
Figure 4: Boxplots of 𝑣𝑁 − 𝑣∗ and log10 plot of log10

(√︁
𝑉𝑎𝑟 (𝑣𝑁 − 𝑣∗)

)
.
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Figure 5: Histogram of
√
𝑁 (𝑣𝑁 − 𝑣∗) for 𝑁 = 105 and plot of a fitted normal distribution.

4.2.2 With bounds

Now, in the case where the optimal parameters reach at least one bound, we cannot compute the
theoretical values for 𝜸∗ and 𝑣∗.

Based on the unconstrained optimal values (15.113, 12.576, 12.610, 8.702, 3.958), we set the bounds
𝜸low = (0, 0, 15, 0, 6) and 𝜸up = (10, 30, 30, 30, 30) to ensure that some parameters hit their limits.
We expect parameter 1 to hit its higher limit and parameters 3 and 5 to hit their lower limits.
These claims are confirmed by a simulation with 𝑁 = 106, where 𝜸106 = (10, 9.747, 15, 7.867, 6) and
𝑣106 = −48.970, which is higher as expected, than in the unconstrained case (−52.960). Figures
6 and 8 show convergence to a solution 𝜸∗ in which components 1, 3, and 5 are bounded (see
Figures 6a, 6c, 6e), as expected. Figure 9 shows that 𝑁1/2 (𝑣𝑁 − 𝑣∗) ∼ N (0, 𝜎2), in accordance
with Theorem 3.18. We approximate 𝑣∗ by E(𝑣𝑁 ) and 𝜸∗ by E(𝜸𝑁 ) over k runs. Since we do
not have access to a theoretical 𝜎 value, we estimate it as 𝜎̃ = 226.99 using a Gaussian fit. Even
though we could not prove any central limit theorem for the portfolio weights, we wanted to see
how close to a Gaussian shape their distribution was. Figure 7a shows an approximately Gaussian
asymptotic behavior, whereas Figure 7b deviates more noticeably from a Gaussian distribution.
We believe that this deviation is partly explained by the fact that some weight components have
reached their bounds, which obscures the emergence of a clear Gaussian distribution.
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(a) 𝛾𝑁,1 (b) 𝛾𝑁,2 (c) 𝛾𝑁,3

(d) 𝛾𝑁,4 (e) 𝛾𝑁,5

Figure 6: Component-wise Boxplots of 𝜸𝑁 . (boxplot standard parameters: Q1-
1.5IQR,Q1,median,Q3,Q3+1.5IQR)

(a)
√
𝑁 (𝛾𝑁,2 − 𝛾𝑁,2) (b)

√
𝑁 (𝛾𝑁,4 − 𝛾𝑁,4)

Figure 7: Histograms of
√
𝑁 (𝜸𝑁 − 𝜸∗) for components 2 and 4, for 𝑁 = 105 and plot of a fitted

normal distribution on each.
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Figure 8: Boxplots of 𝑣𝑁 . (boxplot standard parameters: Q1-1.5IQR,Q1,median,Q3,Q3+1.5IQR)

Figure 9: Histogram of
√
𝑁 (𝑣𝑁 − 𝑣𝑁 ) for 𝑁 = 105 and plot of a fitted normal distribution.

4.3 Multi laws setting
In practice, we only have access to a sample of data for the returns of each Line of Business
(LoB). This sample may result from complex modeling and might not follow any known probability
distribution. Each LoB follows a distinct distribution and exhibits a markedly different risk profile.

We selected five LoBs and, for each, chose a distribution that we then shifted to have a mean of
1, as in the Gaussian case. Consider five random variables X̃𝑖, for 𝑖 = 1, . . . , 5. X̃1 and X̃2 follow
generalized Pareto distributions with shape parameters 𝛼pareto = 0.45 and 0.25, respectively, as
defined in the SciPy Python package. X̃3 and X̃4 follow log-normal distributions with parameters
(𝜇, 𝜎) = (1.7, 1) and (1.3, 1), respectively.

Finally, X̃5 follows a normal distribution with (𝜇, 𝜎) = (2, 6).

We define X𝑖 = 1 − (X̃𝑖 − ¯̃X𝑖) for 𝑖 = 1, . . . , 5. In such a setting, the standalone 𝑉𝑎𝑅 and 𝐶𝑉𝑎𝑅
can be calculated analytically. The resulting values are summarized in Table 1.

We choose three different dependency settings: a Gaussian copula, a clayton copula and the
independent case. For the clayton case we use 𝛼clayton = 2 and in the Gaussian case we use the
following correlation matrix picked at random.
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i 𝜇(X𝑖) 𝜎(X𝑖) 𝑉𝑎𝑅0.99(−X𝑖) 𝐶𝑉𝑎𝑅0.99(−X𝑖)
1 1 5.75 12.61 27.05
2 1 1.89 6.32 10.53
3 1 17.49 46.94 80.55
4 1 4.89 17.25 53.73
5 1 6 12.96 15.99

Table 1: distribution description for the multi laws case

Σ =

©­­­­­«
1 −0.1285 0.3979 −0.4731 0.3879

−0.1285 1 −0.0574 −0.2253 −0.3532
0.3979 −0.0574 1 −0.5363 0.12
−0.4731 −0.2253 −0.5363 1 0.0999
0.3879 −0.3532 0.12 0.0999 1

ª®®®®®¬
.

We run the optimization with 𝐾 = 100 and 𝑁 = 106, considering two cases: one without constraints,
and one with bounds defined by 𝜸low = (2, 0, 0, 1, 0) and 𝜸up = (10, 5, 10, 10, 10). The corresponding
optimization results are reported in Table 2.

𝑁 = 106 𝛾1 𝛾2 𝛾3 𝛾4 𝛾5 𝑣

without bound

independent 1.407 7.596 0.101 1.196 4.571 -14.922
Gaussian 0.575 10.386 0.0628 1.131 5.498 -17.655
clayton 0.7521 6.535 0.0178 0.656 3.794 -11.763

with bounds

independent 2 5 0.146 1.501 5.343 -13.987
Gaussian 2 5 0.0333 1.577 4.839 -13.404
clayton 2 5 2.968 1 2.969 -10.959

Table 2: multi laws results

At the optimum, and across all cases, we expect that the Lines of Business (LoBs) with the lowest
𝐶𝑉𝑎𝑅 values, such as LoBs 2 and 5, are prioritized over those with higher 𝐶𝑉𝑎𝑅, such as LoB
3. In the case without bounds, we expect LoBs 1 and 2 to reach their natural limits, which is
indeed what we observe. As expected, the presence of bounds dampens the diversification effects,
resulting in lower returns compared to the unconstrained case.

In the independent case, 𝛾𝑖 is approximately inversely proportional to 𝐶𝑉𝑎𝑅0.99(−X𝑖), except
for the bounded LoBs. In the Gaussian dependency case without bounds, returns improve due
to diversification enabled by the chosen correlation matrix. For instance, LoB 2 benefits from
negative correlations with LoBs 4 and 5, as given by Σ2,4 = −0.2253 and Σ2,5 = −0.3532. However,
this diversification benefit cannot be fully exploited under constraints, mainly because LoB 2
is limited to a maximum of 5. The Clayton copula introduces stronger tail dependence, which
weakens the diversification effect on 𝐶𝑉𝑎𝑅, leading to lower returns.

5 Appendix
This appendix has two parts: the first presents the proof of the Equivalent Theorem used in 2.1,
and the second provides the derivation of the optimal value formula for the Gaussian case when
bounds are not binding, as discussed in 4.2.
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5.1 Equivalent Theorem proof
In Section 2.1, we use a result from Krokhmal, Palmquist, and Uryasev (2002) [2] concerning the
equivalence of two optimization problems. Since this specific property is not explicitly proven in
the article, we provide a complete proof here.

The proof is based on the Karush-Kuhn-Tucker necessary and sufficient conditions.

Proposition 2.1. For any function 𝑅 : R𝑑 × R → R such that for any 𝜸 ∈ R𝑑, 𝑅(𝜸, .) is non-
increasing then the following two problems are equivalent

inf
𝜸∈Ξ

−𝑅(𝜸, 𝐶𝛼 (𝜸)) s.t. 𝐶𝛼 (𝜸) ≤ 𝐾 (2.1)

and
inf

(𝜸,𝜁 ) ∈Ξ×R
−𝑅(𝜸, 𝑔(𝜸, 𝜁)) s.t. 𝑔(𝜸, 𝜁) ≤ 𝐾. (2.2)

Moreover, if the 𝐶𝛼 constraint is active in (2.1), then (𝜸∗, 𝜁∗) solves (2.2) if and only if 𝜸∗ achieves
the minimum of (2.1) and 𝜁∗ ∈ 𝐴𝛼 (𝜸∗).

Proof. Let us write down the necessary and sufficient Karush-Kuhn-Tucker conditions for problems
(2.1) and (2.2).

For 𝑅(., 𝐶𝛼 (.)) to achive its minimum at 𝜸∗ ∈ Γ, it must exist a constant 𝜇1 such that, for all
𝜸 ∈ Γ:

−𝑅(𝜸∗, 𝐶𝛼 (𝜸∗)) + 𝜇1𝐶𝛼 (𝜸∗) ≤ −𝑅(𝜸, 𝐶𝛼 (𝜸)) + 𝜇1𝐶𝛼 (𝜸), (KKT-(2.1))
𝜇1 (𝐶𝛼 (𝜸∗) − 𝐾) = 0.

If 𝜇1 ≥ 0, then the conditions are also sufficient.

We have the same kind of conditions for (2.2). For (𝜸, 𝜁) ∈ U:

−𝑅(𝜸∗, 𝑔(𝜸∗, 𝜁∗)) + 𝜇2𝑔(𝜸∗, 𝜁∗) ≤ −𝑅(𝜸, 𝑔(𝜸, 𝜁)) + 𝜇2𝑔(𝜸, 𝜁), (KKT-(2.2))
𝜇2 (𝑔(𝜸∗, 𝜁∗) − 𝐾) = 0, 𝜇2 ≥ 0.

First, suppose that 𝜸∗ is a solution to (2.1) and 𝜁∗ ∈ 𝐴𝛼 (𝜸∗). Let us show that (𝜸∗, 𝜁∗) is a solution
to (2.2). Using necessary and sufficient conditions (KKT-(2.1))

− 𝑅(𝜸∗, 𝑔(𝜸∗, 𝜁∗)) + 𝜇1𝑔(𝜸∗, 𝜁∗) = −𝑅(𝜸∗, 𝐶𝛼 (𝜸∗)) + 𝜇2𝐶𝛼 (𝜸∗)
≤ −𝑅(𝜸, 𝐶𝛼 (𝜸)) + 𝜇1𝐶𝛼 (𝜸) = −𝑅(𝜸,min

𝜁
𝑔(𝜸, 𝜁)) + 𝜇1min

𝜁
𝑔(𝜸, 𝜁),

≤ −𝑅(𝜸, 𝑔(𝜸, 𝜁)) + 𝜇1𝑔(𝜸, 𝜁) because 𝑅(𝜸, .) is not increasing,

and

𝜇2 (𝑔(𝜸∗, 𝜁∗) − 𝐾) = 𝜇1 (𝐶𝛼 (𝜸∗) − 𝐾)0, 𝜇1 ≥ 0, (𝜸, 𝜁) ∈ U.

Thus, (KKT-(2.2)) conditions are satisfied and (𝜸∗, 𝜁∗) is a solution to (2.2).

Now, we suppose that (𝜸∗, 𝜁∗) achieves the minimum of (2.2) and 𝜇2 > 0. For a fixed 𝜸∗, 𝜁∗
minimizes the function 𝜁 ↦→ −𝑅(𝜸∗, 𝑔(𝜸∗, 𝜁)) + 𝜇2𝑔(𝜸∗, 𝜁), and, consequently, the function 𝜁 ↦→
𝑔(𝜸∗, 𝜁) because 𝑅(𝜸, .) is not increasing. Then, it implies that 𝜁∗ ∈ 𝐴𝛼 (𝜸∗). Thus

− 𝑅(𝜸∗, 𝐶𝛼 (𝜸∗)) + 𝜇2𝐶𝛼 (𝜸∗) = −𝑅(𝜸∗, 𝑔(𝜸∗, 𝜁∗)) + 𝜇2𝑔(𝜸∗, 𝜁∗)
≤ −𝑅(𝜸, 𝑔(𝜸, 𝑉𝛼 (𝜸))) + 𝜇2𝑔(𝜸, 𝑉𝛼 (𝜸)) = −𝑅(𝜸, 𝐶𝛼 (𝜸)) + 𝜇2𝐶𝛼 (𝜸)

and

𝜇2 (𝐶𝛼 (𝜸∗) − 𝐾) = 𝜇2 (𝑔(𝜸∗, 𝜁∗) − 𝐾) = 0, 𝜇2 ≥ 0, 𝜸 ∈ Γ.

We proved that (KKT-(2.2)) are satisfied, i.e. 𝜸∗ is a solution to (2.1) which completes the
proof. ■
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5.2 Proof of Proposition 3.13
This appendix presents two lemmas and provides the proof of Proposition 3.13

Lemma 5.1. Let 𝛼 ∈]0, 1[. For any real-valued random variable 𝑋 with cumulative distribution
function 𝐹𝑋, set 𝑈𝑋 := 𝐹𝑋 (𝑋) and 𝐴𝑋 := 𝟙{𝑈𝑋≥𝛼} . Let 𝑌 and 𝑍 be two real-valued random variables
with densities on R. If E(𝑌 𝐴𝑌 ) + E(𝑍𝐴𝑍 ) − E((𝑌 + 𝑍)𝐴𝑌+𝑍 ) = 0, then {𝑈𝑌 ≥ 𝛼} = {𝑈𝑌+𝑍 ≥ 𝛼} =

{𝑈𝑍 ≥ 𝛼}.

Proof. Note that 𝐴𝑌 and 𝐴𝑌+𝑍 have the same distribution, thus, E(𝐴𝑌 − 𝐴𝑌+𝑍 ) = 0. Then, for
all 𝑚 ∈ R we have E(𝑌 (𝐴𝑌 − 𝐴𝑌+𝑍 )) = E((𝑌 − 𝑚) (𝐴𝑌 − 𝐴𝑌+𝑍 )). Take 𝑚 = 𝐹−1

𝑌
(𝛼), with 𝐹−1 the

generalized inverse of the cdf. Then, (𝑌−𝑚) (𝐴𝑌−𝐴𝑌+𝑍 ) ≥ 0. As a consequence E(𝑌 (𝐴𝑌−𝐴𝑌+𝑍 )) ≥ 0
and E(𝑍 (𝐴𝑍−𝐴𝑌+𝑍 )) ≥ 0. The assumption can be rewritten as E(𝑌 (𝐴𝑌−𝐴𝑌+𝑍 ))+E(𝑍 (𝐴𝑍−𝐴𝑌+𝑍 )) =
0. We conclude that E(𝑌 (𝐴𝑌−𝐴𝑌+𝑍 )) = E(𝑍 (𝐴𝑍−𝐴𝑌+𝑍 )) = 0. In addition, E((𝑌−𝑚) (𝐴𝑌−𝐴𝑌+𝑍 )) =
0 if and only if 𝐴𝑌 = 𝐴𝑌+𝑍 almost surely. Similarly, 𝐴𝑍 = 𝐴𝑌+𝑍 almost surely, since (𝑌 − 𝑚) ≠ 0
almost surely on R. Finally, {𝑈𝑌 ≥ 𝛼} = {𝑈𝑌+𝑍 ≥ 𝛼} = {𝑈𝑍 ≥ 𝛼}. ■

Lemma 5.2. Let R be a 𝑑-dimensional connected subset of R𝑑, denote by R̊ its interior and let
𝜙1, 𝜙2 be two non-zero affine forms on R𝑑. If 𝜙1𝜙2 ≥ 0 on R, and R̊ ∩ker(𝜙𝑖) ≠ ∅ for 𝑖 = 1, 2, then
𝜙1 = 𝑎𝜙2 for some 𝑎 > 0.

Proof. Suppose ker(𝜙1) ≠ ker(𝜙2), which are two (d-1)-dimensional affine hyperplanes. There
exists 𝑥 ∈ R̊ ∩ (ker(𝜙1) \ ker(𝜙2)), so 𝜙1 (𝑥) = 0 and 𝜙2 (𝑥) ≠ 0. Assume 𝜙2 (𝑥) < 0. Then, there
exists an open neighbourhood 𝑣(𝑥) ⊂ R such that for all 𝑦 ∈ 𝑣(𝑥), 𝜙2 (𝑦) < 0. Since 𝑣(𝑥) is open
in R𝑑 and ker(𝜙1) is (𝑑 − 1)-dimensional, there exists 𝑦′ ∈ 𝑣(𝑥) such that 𝜙1 (𝑦′) > 0. This implies
𝜙1 (𝑦′)𝜙2 (𝑦′) < 0, contradicting the assumption. A symmetric argument applies if 𝜙2 (𝑥) > 0.
Therefore, ker(𝜙1) = ker(𝜙2), and it follows that 𝜙1 = 𝑎𝜙2 for some 𝑎 > 0. ■

Proof of Proposition 3.13. The function 𝜸 ↦→ 𝐶𝛼 (𝜸) is convex on R𝑑 due to the sub-additivity
property of the Conditional Value-at-Risk. We now aim to prove that this function is strictly
convex on the unit sphere. To this end, let 𝜸1, 𝜸2 ∈ R𝑑 \ {0} be such that, for all 𝜇 ∈ (0, 1), the
following equality holds:

𝐶𝛼 (𝜇𝜸1) + 𝐶𝛼 ((1 − 𝜇)𝜸2) = 𝐶𝛼 (𝜇𝜸1 + (1 − 𝜇)𝜸2). (5.1)

We adopt the notations from Lemma 5.1 and recall that

𝐶𝛼 (𝜸) =
1

1 − 𝛼 E
[
−𝜸𝑇X · 𝟙{𝑈−𝜸𝑇X

≥𝛼}
]
.

Let 𝑌 := −𝜇 𝜸𝑇1X and 𝑍 := −(1 − 𝜇) 𝜸𝑇2X. Then equality (5.1) can be rewritten as

E(𝑌 𝐴𝑌 ) + E(𝑍𝐴𝑍 ) = E((𝑌 + 𝑍)𝐴𝑌+𝑍 ),

Therefore, by Lemma 5.1 and (P3), we have

{𝑈𝑌 ≥ 𝛼} = {𝑈𝑍 ≥ 𝛼} = {𝑈𝑌+𝑍 ≥ 𝛼}.

These events can be rewritten as

{𝑈𝑌 ≥ 𝛼} = {𝑌 ≥ VaR𝛼 (𝑌 )} = {−𝜸𝑇1X ≥ 𝑡1}, with 𝑡1 := VaR𝛼 (−𝜸𝑇1X),

and similarly for 𝑍, with threshold 𝑡2. Therefore,

P
(
(−𝜸𝑇1X − 𝑡1) (−𝜸𝑇2X − 𝑡2) ≥ 0

)
= 1.
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Define 𝜙𝑖 (x) := −𝜸𝑇
𝑖
x− 𝑡𝑖 for 𝑖 = 1, 2. Then 𝜙1𝜙2 ≥ 0 almost surely on RX. Since 𝑡𝑖 ∈ supp(−𝜸𝑇

𝑖
X),

the level sets ker(𝜙𝑖) intersect the interior of the support. By Lemma 5.2, this implies 𝜙1 = 𝑎 𝜙2
for some 𝑎 > 0, hence 𝜸1 = 𝑎 𝜸2. Thus the two candidates belong to the same ray, reflecting that
𝐶𝛼 is linear along rays and only strictly convex once directions are normalized on the unit sphere.

■

5.3 The Gaussian case resolution
We provide here the proof of some theoretical results used in Section 4.2.

The Lagrangian of (1.1) in the Gaussian case can be written as:

L(𝜸, (𝜆, 𝝁̄, 𝝁)) := − 𝜸𝑇1𝑑 + 𝜆(−𝜸𝑇1𝑑 + 𝑇𝑍
√︁
𝜸𝑇Σ𝜸 − 𝐾)

+ 𝝁̄(𝜸 − 𝜸up) − 𝝁(𝜸 − 𝜸low).
(5.2)

𝜕L
𝜕𝜆

= 0 implies
𝐾 = −𝜸𝑇1𝑑 + 𝑇𝑍

√︁
𝜸𝑇Σ𝜸, (5.3)

and 𝜕L
𝜕𝜸 = 0 implies (

1 − ( 𝝁̄ − 𝝁)
𝜆

+ 1

)
1𝑑 = 𝑇𝑍

Σ𝜸√︁
𝜸𝑇Σ𝜸

. (5.4)

If the optimal solution does not activate the bounds, then 𝝁̄ = 𝝁 = 0. Let 𝑦 = 1
𝜆
+ 1 and define

𝜎𝑆 =
√︁
𝜸𝑇Σ𝜸.

Multiplying equation (5.4) on the left by 𝜸𝑇 , we obtain:

𝑦

𝑇𝑍
𝜸𝑇1𝑑 =

𝜸𝑇Σ𝜸√︁
𝜸𝑇Σ𝜸

,

so
𝑦

𝑇𝑍
𝜸𝑇1𝑑 = 𝜎𝑆 . (5.5)

Multiplying (5.4) on the left by 1𝑇
𝑑
Σ−1, we obtain:

𝑦(1𝑇𝑑Σ
−11𝑑) =

𝑇𝑍

𝜎𝑆
1𝑇𝑑𝜸.

Now we replace 1𝑇
𝑑
𝜸 by 𝑇𝑍

𝑦
𝜎𝑆 with (5.5) and isolate 𝑦,

𝑦 =
𝑇𝑍√︃

1𝑇
𝑑
Σ−11𝑑

. (5.6)

In the same way, we replace 1𝑇
𝑑
𝜸 by 𝑇𝑍

𝑦
𝜎𝑆 with (5.5) in (5.3),

𝐾 = −𝑇𝑍
𝑦
𝜎𝑆 + 𝑇𝑍𝜎𝑆 ,

and replace 𝑇𝑍
𝑦

by
√︃

1𝑇
𝑑
Σ−11𝑑 with (5.6) and isolate 𝜎𝑆,

𝜎𝑆 = 𝐾
©­­«

1

𝑇𝑍 −
√︃

1𝑇
𝑑
Σ−11𝑑

ª®®¬ . (5.7)
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We now substitute the expressions for 𝑦 and 𝜎𝑆 into equation (5.4):

𝑇𝑍√︃
1𝑇
𝑑
Σ−11𝑑

1𝑑 = 𝑇𝑍
Σ𝜸

𝐾

(
1

𝑇𝑍−
√

1𝑇
𝑑
Σ−11𝑑

) ,

finally

𝜸 = 𝐾
©­­«

1

𝑇𝑍 −
√︃

1𝑇
𝑑
Σ−11𝑑

ª®®¬
Σ−11𝑑√︃
1𝑇
𝑑
Σ−11𝑑

. (5.8)
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