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Abstract

We consider the self-attention model—an interacting particle system on
the unit sphere, which serves as a toy model for Transformers, the deep
neural network architecture behind the recent successes of large language
models. We prove the appearance of dynamic metastability conjectured in
[GLPR23]—although particles collapse to a single cluster in infinite time,
they remain trapped near a configuration of several clusters for an expo-
nentially long period of time. By leveraging a gradient flow interpretation
of the system, we also connect our result to an overarching framework of
slow motion of gradient flows proposed by Otto and Reznikoff [OR07] in
the context of coarsening and the Allen-Cahn equation. We finally probe
the dynamics beyond the exponentially long period of metastability, and
illustrate that, under an appropriate time-rescaling, the energy reaches its
global maximum in finite time and has a staircase profile, with trajectories
manifesting saddle-to-saddle-like behavior, reminiscent of recent works in
the analysis of training dynamics via gradient descent for two-layer neural
networks.

Keywords. Transformers, slow motion, metastability, gradient flows, in-
teracting particle systems
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1 Introduction

Introduced in 2017 with the seminal paper [VSP ' 17], Transformers are the neu-
ral network architectures behind the recent successes of large language models.
Their impressive results are in part due to the way they process data: inputs are
length-n sequences of d-dimensional vectors called tokens (representing words,
or patches of an image, for example), which are processed over several layers of
parametrized nonlinearities. Unlike conventional neural networks, all tokens are
coupled and mixed at every layer via the so-called self-attention mechanism.

We make this discussion more transparent by following the mathematical
framework set out in [GLPR23]—itself based on and inspired by [SABP22, LLH 19]—
viewing layers as a continuous time variable ¢, and tokens as particles, we consider



the toy model

x;(t) fort > 0, (SA)

fori € {1,...,n};here P+ := I;—x2 " ensures that the particles z;(t) evolve on
the unit sphere S?~1. We dub (SA) the self-attention model: it has a single parame-
ter 8 > 0, designating an inverse temperature, is derived from Transformers, and
exhibits a remarkably similar qualitative behavior, as touched upon in [GLPR23].

To analyze the dynamics and the long-time behavior of (SA)—referred as sig-
nal propagation in the machine learning literature [NAB 22, HMZ 23, CNQG24]—
one naturally looks for a Lyapunov function. This endeavor is made simpler upon
observing that the partition function

n
Fp = Z eBl@ir)
k=1

satisfies e < Zs,; < neP. Whereupon, one can, to begin with, consider the
unnormalized self-attention model

zi(t) = n_lpi(t) Z 6’8(<xi(t)’xj(t)>_1)a:j (t) fort > 0, (USA)
j=1
which is the (time-reversed) gradient flow for the interaction energy

1 N s
Eg(xl,...,xn) = WZZeﬁ( v J>. (11)

i=1j=1
Namely, X (t) = (x1(t), ..., x,(t)) satisfies
X(t) = VEg(X (1)) for t > 0.

This observation impels one to also view (SA) as a (reverse-time) gradient flow for
Eg. but one in which the gradient is computed with respect to a different metric,
obtained by weighting the canonical metric on T x (S 1)" by %3, as done in
[GLPR23]. Consequently Eg increases along trajectories of (SA) and (USA).
Global maxima of Eg are configurations (z1,...,2,) € (S471)" satisfying
1 = ... = Zp, which we call clusters. With this at hand, using established
tools from dynamical systems combined with an analysis of the landscape of Eg,
the authors in [GLPR23, MTG17] and the subsequent improvement in [CRMB24]
conclude that for almost every initial configuration, and for 8 > 0 when d > 3,
or 3 <1V B 2 n?whend = 2, the unique solution to (SA) or (USA) con-
verges to some cluster as £ — +o00. This behavior has in fact been observed in
trained Transformer models, and is referred to as token uniformity, over-smoothing



[CZCTt22, RZZD23, GWDW23, WAW]24, WAW 24, DBK24, SW]S24], or rank-
collapse [DCL21, FZH" 22, NAB' 22, JDB23, ZMZ " 23, ZLL" 23, NLL" 24, BHK24,
CNQG24].

One can then ask whether for almost every initial configuration, the above
convergence holds with some rate. The answer is affirmative—and the rate is
in fact exponential—when the initial configuration lies in an open hemisphere
[GLPR23, Lemma 6.4]. The latter is, generically, is a high-dimensional property
(d > n), and the decay constant is itself exponentially small in 8 >> 1. Prompted
by empirical evidence and synthetic simulations, the authors in [GLPR23, Prob-
lem 1] posit that the dynamics instead manifest metastability: particles quickly
approach a few clusters, stay in the vicinity of these clusters for a very long pe-
riod of time, before eventually coalescing to a single cluster in infinite time. Since
the appearance of a single cluster in long time is interpreted as a negative prop-
erty by practitioners in the empirical literature cited above, alluding to a lack of
expressivity, we can view metastability as a desideratum. The goal of this paper is
to describe and prove the appearance of the metastability phenomenon for both
(SA) and (USA).

1.1 Main result

Recall that f(x) = Q(g(z)) whenever liminf, .o, f(x)/g(xz) > 0. We work in
the following setting of initial configurations.

Definition 1.1 ((3, €)-separated configurations). Suppose d,n > 2, f > 1 and

e € (0, 1—16) We call (x;)7_, € (S¥1)" a (8B, ¢)-separated configuration if there

exist k < n pointswi, ..., wy € S¥1 such that

1. Forallie{1,...,n},

where S () is the spherical cap centered at wg of radius (or “height”) 1 — ¢:

Sy(e) = {x € ST (zwg) =1 — 5} . (1.2)
2. Furthermore,

1 o2n?

¥B) =1—a—8 — 3 log ~ >0 and ~(8)=0Q(1) (1.3)
with
= . 1.4
@ (m,y)GSf?Q%}S(XSj(2E)<x’ y) (1.4)
i#je{l,....k}



Condition (1.3) is particularly indicative in the regime where d,n > 2 are
fixed and in the low temperature limit 5 — +o0. In this regime, which is of
interest due to the motivating discussion above, we essentially require ¢ to be
small in comparison to 1 — . We provide an illustration of such a configuration
in Figure 1.

We now state our main result.

Theorem 1.2. Supposed,n > 2 and 3 > 1. Consider (2;(0))", € (S*~1)™ which
is (B3, €)-separated for somee = () € (0, %) Let (x;(-))"; € BO(Rxp; (S=1H)™)
be the unique solution to the corresponding Cauchy problem for (SA) or (USA). Take
any A = () such that

0<A<1l—a—-0g, (;) (1.5)

(see Remark 1.3 for the precise upper bound) and
A(B) = Q(1), (1.6)
where v = () > 0 and a = a(B) € (—1,1) are defined in (1.3) and (1.4)
respectively. Then there exist To > T1 > 0 with
32
g—1

Ty < 2ne®P + en) and T > E6(1*”‘)’8,

3

such that
1 Ifz;(0) € S4(e), then x;(t) € S4(2¢) forallt € [0, T5];
2. Forallge {1,...,k},

max z;(t) — x;(t 2 < 9e~ M8 e
xi(t)vxj(t)esq(Qa) || ( ) ]( )H ( )

for allt € [Tl, TQ].

Since 1 —a > 0and 1 — a = (1) by virtue of (1.3), the time 75 which the
particles take to escape from the caps S;(2¢) is exponentially long. Furthermore
since A = (1), after time 77 all particles within a cap §;(2¢) are exponentially
close to each other. This is precisely the dynamic metastability phenomenon al-
luded to in the introductory remarks: all particles stay in the vicinity of £ points
for an exponentially long period of time. See Figure 2 for a simulation.

Before delving into a more extensive discussion, we offer some preliminary
remarks.

Remark 1.3 (On (1.5)). The upper bound we require in (1.5) is precisely:

o Log (81 log (205
A\ < min {e(l a~3 log 527126)5(1 _ 6_%8), 1—a— w _ e—A*ﬂ

(1.8)



Figure 1: An illustration of a (3, ¢)-separated configuration on the circle S*. To clearly
visualize distances, we not only show the spherical caps §;(¢), but also their convex hull
within the unit disk. The case of interest in our framework is that in which caps have an
opening ¢ that is much smaller than the distance 1 — a between them.

where A\, = 37 1log(1/8¢) > 0. We use the first upper bound to ensure Ty > T,
and the second in a “propagation of smallness” argument—see (2.11) in the proof. By
straightforward numerical computations, using (1.3) and e € (0, %6) one finds that
the second term in the upper bound in (1.8) is greater than . (a useful lower bound
that we use in (2.8)). Moreover, since the upper bound in (1.8) is—again by virtue of
(1.3)—of order 1 — a asymptotically as § — +00, A can always be chosen so that
(1.6) holds as well.

Remark 1.4 (£2(1)). Recall the Bachmann-Landau notation: f(x) = w(g(z))
whenever lim,_, 1 o f(2)/g(x) = +00. We chose to impose y = §2(1) in (1.3) and
A = Q(1) in (1.6) solely to ensure that, in Theorem 1.2, the escape time T5 is expo-
nentially large, and the smallness rate in (1.7) is exponentially small as functions of
3. One can replace (1) with w(B~1) for both, and provided one doesn’t choose an
initial configuration that is asymptotically reduced to a point—e.g., v ~ log(5)/3
or something similar—both the escape time and the smallness rate remain of expo-
nential order.

Remark 1.5 (Low temperature). One could equivalently rephrase Definition 1.1
and Theorem 1.2 so that, instead of having “well-separated” initial configurations
and an arbitrary (3, one rather takes configurations that solely satisfy 1 —a—8e > 0,
and then takes (3 sufficiently large so that vy defined in (1.3) is positive, and adjusts



A appropriately.

Remark 1.6 (Different heights). In Definition 1.1, all spherical caps are defined
using the same height €. The proof can however be adapted to employ different
heights €1, ...,y per spherical cap without much difficulty. This modified proof
yields the same result as discussed in the first step (see 6.1) of the proof of Theorem 6.4
later on. For the sake of simplicity we choose to present the result in less generality.

Remark 1.7 (Safety caps). In Theorem 1.2 the time T5 that up to which all particles
remain in the safety caps Sq(2¢). It is possible, at the cost of additional technicalities,
to reduce the height parameter 2 toe 4+ with0 < § < €, up to changing to a time
T35 which is smaller than T and modifying the constant A. Once again, we choose
to present our result in a less general form for the sake of simplicity.

Remark 1.8 (Time of collapse). The time 11 beyond which the particles within
caps remain exponentially close to each-other can scale exponentially with 3 when ¢
is not of order at least 3. We believe that this estimate is sub-optimal due to coarse
bounds in Step 2 of the proof in §2 (see Remark 2.3 as well), and could be improved
under further assumptions on the initial distribution of particles inside each spherical
cap (for instance, equidistributed within each cap). We leave this open.

t=0.0 t=9.0

t =100.0 t = 356.0

Figure 2: A stylized illustration of Theorem 1.2: here d = 2, n = 5 and 8 = 4, initial
points are distributed uniformly at random, and (SA) is solved using a forward Euler
scheme with time step equal to 0.1. Two caps appear and beyond time 77 ~ 9 particles
within these caps are essentially merged. The dynamics remains in this metastable state
at least up to time 75 ~ 356, a point beyond which the two merged rightmost particles
exit the cap, 81(2¢) say, and Theorem 1.2 is no longer indicative. Continued in Figure 3.



1.2 Discussion and outline

We further discuss the particular framework of Theorem 1.2 as well as extensions
thereof, whilst outlining the remainder of the paper.

1.2.1 An energetic reinterpretation (§3)

The proof of Theorem 1.2, which can be found in §2, does not make use of the
gradient flow interpretation of (SA) nor (USA), as we rather resort to ODE argu-
ments and a fine analysis of the attention nonlinearity. One can however reinter-
pret Theorem 1.2 almost entirely in terms of the energy Eg by following a general
framework introduced by Otto and Reznikoff in [OR07]. To put it briefly: for a
gradient flow (descent, say; ascent follows thereupon) of some smooth function E
on an abstract manifold M, if there is a subset ' C M on which VE is of magni-
tude 6 < 1, and in whose vicinity E satisfies a Polyak-Lojasiewicz-like inequality
(see (3.2)), then trajectories are quickly drawn to N\ and remain there for time at
least 5. We present the framework of Otto and Reznikoff in §3.1, and prove that
our energy Eg fits within this framework in §3.2. Finally, in §3.3, we point out
that outside of the metastable states, the gradient of the energy is accelerating.

1.2.2 On (§,¢)-separated configurations (§4)

It is also natural to inquire about the ubiquitousness of (3, ¢)-separated configu-
rations per Definition 1.1. In Proposition 4.2 in §4.1, we prove that random points
drawn from an appropriate Gaussian mixture, projected onto S?~1, satisfy this
assumption with high probability. We cover points drawn from the uniform dis-
tribution on S?~! in §4.2. When on the circle (d = 2) with n >> 1, this condition
is rarely true, yet numerical experiments presented in [GLPR23] still indicate the
appearance of metastability. We stipulate that the sharp assumption on the initial
condition should be related to sufficiently large levels of the energy Eg—see §4.3.

1.2.3 The mean field regime (§5)

For the sake of generality we extend Theorem 1.2 to the mean-field limit n — +o0
in §5. Specifically, for an initial measure supported in the union of &k spherical caps
(akin to Definition 1.1), the corresponding solution to the continuity equation for
which (SA) or (USA) are the projected characteristics, also displays metastability.

1.2.4 Beyond the escape time (§6)

Finally, one may wonder if something can be said beyond the exit time 75 in
Theorem 1.2. In Figure 3 we illustrate the continuation of Figure 2, which indicates
that all particles eventually coalesce to a single cluster. The issue we encountered
in extending our proof of Theorem 1.2 to accommodate further escape times lies
in propagating the (3, €)-separateness assumption.



t = 356.0 t=362.0

-

Figure 3: Continuing upon Figure 2, we see that particles keep converging until they
meet at a cluster, which is the global maximum of Eg. We recall that in this setup
(d = 2 and B Z n2, nor are initial particles in some hemisphere), there is no proof
of convergence to a cluster as of yet. A movie of the full evolution can be found at
https://github.com/HugoKoubbi/2024-transformers-dotm/blob/main/video[tape]/1.gif.

Contrasting Figure 3 to 2 one sees different time-scales: once the two clusters
of particles are “sufficiently close”, they take little time (compared to the time
spent in the spherical caps) to collapse to a single cluster. Leveraging the gradient
flow interpretation: the energy stays at a constant level over a long time-scale,
before accelerating very quickly over a shorter time-scale, resulting in a jump to
another constant level. In the presence of multiple initial clusters, one expects
multiple jumps.

To formalize this heuristic, in §6 we study the low-temperature limit 5 — +o0
with d, n > 2 fixed (d = 2 in our considerations), and seek to find a time-rescaling
under which the energy Eg reaches its global maximum in finite time. To this end
we need to slightly modify the dynamics: we clump particles that are within a
critical window of size roughly 5!, and consider the dynamics associated with
a single weighted particle instead of closely spaced particles. Such ideas are com-
monplace in renormalization group theory in statistical physics [Car96, Chapter
3], where systems are simplified by integrating out short-distance degrees of free-
dom, effectively rescaling the problem to focus on the behavior at larger scales'. In
this regard, in Theorem 6.4, for particularly well-prepared initial configurations,
we construct a time-rescaling along which the energy has a staircase profile as
8 — 00, and reaches its global maximum in finite time. See Figure 4 for an
illustration.

"We thank Bruno Loureiro for pointing out this link.


https://github.com/HugoKoubbi/2024-transformers-dotm/blob/main/video[tape]/1.gif

= 30(
1500

= 1000

= 500

S = 4000
)

)
3
5]
3

1.0 1

0.9 1

0.5 1 ﬂ

T T T T T
0.00 0.02 0.04 0.06 0.08 0.10 0.12
Rescaled time

Figure 4: Theorem 6.4 entails that the energy of a trajectory along the time-scale de-
fined in (6.1) converges, uniformly in time, as 5 — 400, to a piecewise constant-in time
function which equals 1 (designating the maximal value of Eg) beyond some finite time
T} > 0. Plateaux indicate metastable zones, and jumps in the energy level indicate rap-
prochement of nearby clusters.

Upon seeing Figure 4 one can also draw a connection to several works re-
garding the training dynamics of neural networks, in which a similar staircase
profile for the loss function is observed. Therein, this behavior goes under the
names incremental learning or saddle-to-saddle dynamics. The regime of incre-
mental learning has been analyzed in the training dynamics of linear neural net-
works [GBLJ19, JGS*21], diagonal neural networks [Ber23, GSSD19, PF23], more
general neural networks [BPVF22, ABBA " 24], and also in tensor decomposition
[RMC21, JCD23]. An excellent reference for further results and discussions is the
thesis [Pes24].

1.3 Related work

Self-attention dynamics The particle system formulation of Transformers as
in (SA) is set out in [SABP22, LLH " 19], without using layer normalization so that
the particles evolve on R%. The resulting system is related to many other variants
studied in collective behavior—see [Tad23] and the references therein. As a matter
of fact, (SA) is itself a generalization of the celebrated Kuramoto model [Kur75].
In [SABP22] a variant of (SA) in which the interaction terms yield a bi-stochastic

10



matrix at every time ¢ instead of solely a stochastic one is additionally introduced;
this model is further delved-into in [AHMP24]. The particle system formulation
is extended to include masked self-attention in [CAP24]—this is relevant for de-
coder Transformer models, in contrast to encoder models which largely underpin
our motivation. Considering the model on R?, the authors in [GLPR24] prove
clustering in long time, in the presence of various other parameters (other than
just ), under an appropriate time-rescaling which renders the equation rather
comparable to that on S, These results are first extended in [KBH24], where
stability of clustering with respect to perturbations of the initial conditions and of
the parameters is shown, and then in [AFZ24], where the zero temperature model
is analyzed in discrete time.

The interaction energy The study of minima (or maxima) of interaction en-
ergies such as (1.1) is a classical question not only in physics but also in combi-
natorics, particularly in relation to sphere packing problems. Indeed, for a wide
array of monotonic potentials f : [~1,1] — Rx(, encompassing s — e”* which
yields (1.1), the minima of E(X) = > f((x;,x;)) are optimal configurations
on S?~1 [CK07]. Versions thereof on R? with radial potentials are also canonical
and include the Gaussian core model [Sti76, CdCI18], Coulomb-Riesz potentials
[SK97, PS20], and so on.

With regard to the particular example of (1.1), [MTG17, CRMB24] prove that
Es has no local maxima for 8 > 0 and d > 3, improving upon [GLPR23], and
also improve < % to 8 < 1 when d = 2. See [MB24] for related work in this
regard. In the context of the related Kuramoto model, we also refer the reader to
[ABK 22, LXB19] for further results on benign landscapes, where the energy con-
tains additional multiplicative coefficients stemming from the adjacency matrix
of various random graphs and/or expanders. These are obtained as semidefinite
relaxations of diverse combinatorial optimization problems.

Slow motion of gradient flows The starting point of our study is [OR07],
which, as alluded to in what precedes, presents an abstract framework for study-
ing slow motion of gradient flows. The application in question is the Allen-Cahn
equation in one space dimension

Ou — 200 = u(l — u?),

which is the L2-gradient flow of the scalar Ginzburg-Landau energy

g2 1
i 5/(8xu)2dx+ : /(u2 —1)2da.

The dynamics thereof has been a major area of research over the past forty years
[CP89, FH89, Peg07], and we only discuss it briefly for completeness. The limit
Uoo = limy_, 4 oo u(t) exists and satisfies

—20,u+ u(u2 —-1)=0. (1.9)

11



There are exactly two stable equilibrium states: v = 1 and v = —1. When
e > 0, u approaches 1 where u > 0 initially and —1 where v < 0 initially.
Walls form between these domains, at positions corresponding roughly to zeros
in the initial data. A domain wall has characteristic width of order € and can be
described explicitly as the solution of an ODE remeniscent to (1.9). The domain
structure one then expects to develop consists of arbitrarily placed domain walls
of characteristic width ¢, separating domains in which u is exponentially close
to the stable states 1. This is known as coarsening. As the domain walls move
extremely slowly, this behavior is referred to as dynamic metastability.

Stochastic dynamics Metastability is also extensively studied in the literature
on the physics of disordered systems. Contrary to our setting, in disordered sys-
tems the energy landscape E may have plenty of local minima. The question of
interest is to qualitatively describe the Langevin dynamics

dX; = —VE(X,) dt + V2dB,

where (B;);>0 denotes the standard Brownian motion. The mathematically rig-
orous analysis of metastability for such dynamics dates back to the work of Frei-
dlin and Wentzell in the early 1970s [FW98] (see [BDH16] for more recent devel-
opments), and is based on large deviation theory on path-space. On short time
scales, trajectories of the system follow those of the system without stochasticity
and thus converge toward one of the attractors. On much longer time scales, the
stochastic perturbation allows and facilitates the system to perform transitions
between stable attractors. Although metastability is inherently dynamic, there
are methods based on a study of the energy landscape and the critical points re-
lying on replica theory—see [RF22] for a recent treatise.
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2 A direct proof

We first provide an ODE-based proof of Theorem 1.2 which uses solely the specific
structure of the equation and does not rely on any abstract arguments.

12



Proof of Theorem 1.2. We focus on (SA), but the arguments are identical for (USA).

Set
eBlzi(t),z;(t))

aij(t) = = :
3 Pli®a)
k=1

In the following, we drop the dependence on 3 for v and ¢ for the sake of read-
ability. For ease of reading, we also split the proof in several steps.

Step 1. Lower-bounding the escape time

Naturally,
k
Ty =Tese :=1inf < t > 0: Fi € {1,...,n} such that z;(t) ¢ U Sq(2¢) ¢ .

For g € {1,...,k} we also define
Tesc(q) :=inf{t > 0: 2;(0) € Sy(e) but z;(t) & S4(2¢)}.

Observe that

Tese = qe?ll,i.?,k}TeSC (Q) 5

whence we can localize our analysis to a single cap to begin with. Take an arbi-
trary ¢ € {1,...,k} and consider

ng(t) = (tg§3(2€)<xi(t)7 we)-

Setting

i(t) € argmin (z4(t), wy),
i 2i(1)€8,(2€)

for ¢t € [0, Tesc] we compute®
)= 3 ai ) (PL o @i(0),wg)
jt (1) €84(22)

+ ) () <Pi(t)(t) ((t)), wq> -

i aj(t)¢Sq(22)

On one hand, we have

> iy <Paé(t>(t) (xj(t))qu> < ne” 1798, (2.1)
J:wj(t)E82q(e)

*To compute this derivative, we first fix ¢o, compute the derivative of (z;, ) (t), wq), and eval-
uate at t = to.

13



and by plugging (2.1) in the previous identity, we find
)= D i) (Pa o (@(t),we) —ne (0 (22)
J:xj(t)€8q(2€)

By definition of i(¢), for all indices j such that z;(t) € 8;(2¢) we have
{2j(t), wq) = (i) (1), wq), (23)

s0 by expanding (P} Tt #(2;(t)), wq) we see that the sum in (2.2) is nonnegative.
Going back to (2.2) we end up with

g (t) = —ne” 17
Thence
1g(t) = nq(0) > —nte” (175

and so
ng(t) >1—¢— nte~(1-)B,

Consequently, as long as t < £e(1=%# we have ng(t) = 1 — 2¢, and so

n

Tesc(‘]) = e(lia)ﬁ-

3o

Step 2. Monotonicity within caps

We now show that beyond time 77 € (0, Ttsc), all particles within a cap will
remain exponentially close. To this end, for ¢ € {1,...,k} and ¢ € [0, Tesc] we
consider

t) := min x;(t), x;(t)).
pul)s=  min o (r0),a0)

(Note that

1 2
() — (O =1— p,(t
2 z4(t), :c,(t)esq(g <) l3(2) = 25 @) pq(t)

for reference.) We also consider i(t), j(t) (both depending on ¢) such that

(i(t),5(t)) € argmin  (x;(t), z;(t)).
(6,5)e{1,...,n}?
x; (t)#w; (1) €Sq(e)

We compute as before

§:atw< EINICN >+§:aﬂt (PE 0@ ®), i (1)) -
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Bounding any of the two sums in the above identity is clearly the same, so we
focus on a single one, the first one say. As in the first step, we split the sum into
particles lying in the cap §;(2¢) and those in the complement; we first see that

> aior ((2®), 250 (8) — (w60, 2 (1)) (2 (), 700 (1))

ket g, (£)€Sq(2€)

2 > @i(t)k <$i(t) (), zj(t) (t)> (1 - <xk7xi(t) (t)>> (2.4)

ket (1) E€Sq(2€)

where we used (x(t), T (1) (1)) > <$z‘(t) (1), xj(t)(t)). Since a;;(t) > %eﬁ(pq(t)_l),
we also find

> i)k <$i(t) (), () (t)> (1 - <=Tk7 (1) (t)>)

k: x(t)€Sq(2¢)
1 -
> L5, )1 — py 1)), 25)

where we only keep the j(¢)-th term in the sum above. On the other hand, we
also have

Yo ik <P$(t)(t) (zk(t)), zie) (t)> < ne” (178, (2.6)
k: xi(t)¢8Sq(2¢)

All in all, combining (2.4), (2.5), and (2.6), we deduce

. 2 . Ca
Falt) = = pg(t)(1 = pg())ePr(O7Y) — 2pe (1707, (2.7)

Step 3. The collapse time

Fix A > 0 as in the statement, and assume furthermore that

A > ;log (815) . (2.8)

Assuming (2.8) is without loss of generality, since if (1.7) holds for such J, it also
holds for all smaller, positive \. (See also Remark 1.3.) We wish to use (2.7) to find
a time beyond which 1 — p,(t) is exponentially small. To this end, consider

Ti(q) := inf {t € [0, Tesc] : pg(t)(1 — pq(t))eﬁ(l_p‘Z(t)) < 2n26_(1_a)5} ,

with inf @ = +00. We show that I{Illan}T* (q) < Tese. Suppose Ti(q) > Tese.
qge l,...,
Then

alt) >~ pg(1)(1~ py($))e?0x0 (29)

for all t € [0, Tesc]. In particular, ¢ — pg(t) is increasing, and recall that it is
bounded from above by 1. The following lemma is of crucial use.
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Lemma 2.1 (Until collapse). Suppose 5 > 1 and ¢ > 0. Forug € (0, 1] consider
u € B°(Rx; [0, 1]) the unique solution to the Cauchy problem

{u(t) = u(t)(1 — u(t)ePO-D fort >0
u(0) = up.

Then,
/8(17'“«0) 62 .c-e
i >0:1— e Bl C
1nf{t/0.1 u(t) <e }\ ” + o1
We postpone the elementary proof to Appendix A.1.1. We combine (2.9) and
the comparison principle for scalar ODEs along with Lemma 2.1 with ug = p4(0):

we have p,(tn) > u(t), thence

inf {t >0:1— py(tn) < e_w} A Toge < inf {t >0:1—u(t) < e_)‘ﬁ} A Tse.-

So
B=pg(0) . 32 e
Ty(q) == infdt >0: 1= p,(t) <e VAT <26
I(Q) m { pQ() € } esc pq(o) + B—1
B2 X-e
ne + 51

where we used p,(0) > 1 — 8 > % The upper bound above is independent of
q and is strictly smaller than %e(l_a)ﬂ because of the first of the upper bounds
in (1.8), which is a contradiction with the lower bound on 7t deduced in Step 1.
Therefore

Ty := max Ti(q) ATu(q) < Tese-
qe{1,...,k}

Step 4. Within caps, particle stick

The previous step entails
1—pg(T1) < e, (2.10)

We seek to propagate this smallness for all times up to 75. This follows from the
following lemma.

Lemma 2.2 (Propagation). Fix § > 1, and consider 6 € (0,1) and o € (—1,1)
such that ]
—5(1 = 8)e 8 > ne= (-5, (2.11)
n

Suppose (2;(0))7_; € (S4=1)™ is such that

(2i(0),2(0)) > 1 -6
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forsomeI C {1,...,n}andforall(i,j) € I%. Let (z;(-))"; € €°(Rx0; (S¥1)")
be the unique solution to the corresponding Cauchy problem for (SA) or (USA), and
suppose that for alli € I and k € I°,

(zi(t), zr(t)) < « forallt € ]0,T],
Then for all (i,7) € 12,
(xi(t),z;(t)) = 1—96 forallt € [0, 7).

We postpone the proof to Appendix A.1.2. We apply Lemma 2.2 to py(t) with
§ = e~ P, starting from time T} instead of 0—all conditions in the statement being
satisfied by virtue of the second of the upper bounds in (1.8) and (2.8) (for (2.11)),
(2.10) and the definition of 75 respectively—to deduce that

1—py(t) <e™ forallt € [T1, T3].
This concludes the proof. O

Remark 2.3. We can provide an even more refined picture of the dynamics: within
each cap—the quantity t — 14(t) is actually increasing up to a certain time. Indeed
in the first step of the proof, for allt > 0 we saw that

; i () =y @®OI*
n(t) Zne(t) D0 ain () 2 . —ne~(172)8,
J: 25(€84(22)

This shows that the variance within a cap S,(2¢), defined as

:(8) — 2y (D12
Vary(t) == > ai(t)j(t)H i) 21()@)” 7

i 2 (£)ES,(2¢)

controls the rate of convergence within the cap. It is however not straightforward
to show the monotonicity of this variance. Indeed, consider a spherical cap which
contains two sub-caps, which are separated. Then the variance will first increase,
and then decrease, exponentially fast.

3 An energetic reinterpretation

We now provide a rewriting of our metastability result by leveraging the gradi-
ent flow structure, following the framework proposed by Otto and Reznikoff in
[ORO7].
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3.1 The Otto-Reznikoff framework

We begin by reviewing the framework and result proposed in [OR07]. Consider
an abstract gradient flow” evolving on a manifold M C R?

{ZE?) - ;OVE(u(t)) fort >0 (3.1)

for a given ugp € M. Infinite-dimensional versions can also be considered—we
keep the presentation formal, as done in [OR07]. Here E : M — R is assumed
smooth, but more importantly, we assume that there exists N' C M such that

(H1) For every u € M there exists v € N such that
1 2 1 2
gl =" < E(u) = E(v) < SIVE@)I% (32)

(H2) There exists some constant § > 0 such that for all vy, ve € N,

|E(v1) — E(v2)| < df[vr — val|.

The upper bound of the energy discrepancy in (H1) is reminiscent of a Polyak-
Lojasiewicz (PL) inequality ([BDL07, KNS16]) in the vicinity of the slow manifold
N. This makes N attractive for points u € M \N . On the other hand, should
d < 1, (H2) entails that, along N, the landscape is essentially flat since the energy
gradient is of order §. Hence, the flow ought to remain trapped in V. The manifold
N is determined by the above hypotheses and, because of (H2), is referred to as
the slow manifold.

The following result is then shown in [OR07]—we repeat the statement ver-
batim.

Theorem 3.1 ([OR07, Theorem 1.1]). Suppose that (H1)-(H2) hold, and let v be
such that v(t) and u(t) satisfy (3.2). Then the solution of (3.1) is drawn into a -
neighborhood of N' with an exponential rate close to 1; that is, for any e € (0,1),
there exists a finite constant C. > 0 such that

lu(t) v (t)l|1+/E(u(t) — E(o(t)) < e~ [E(u(0)) — E(0(0))+C26. (3.3)

Moreover, we have for any 0 < s <t that

[u(t) —u(s)|| < \/E(U(S)) —E(v(s)) +0(t —s+1). (3.4)

3To stay faithful to [OR07] we review the framework in the case of gradient descent, but all
results apply for gradient ascent under appropriate sign changes.
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As the statement of Theorem 3.1 appears® different from Theorem 1.2, we
reformulate the concrete conclusion as in [OR07, Remark 1] before proceeding.
Suppose § < 1andsete = % in Theorem 3.1. For short times, if the initial energy
gap is of order 1, then the first term in the upper bound is dominant in (3.3). After

time
o LU0 ECOD),

one sees that the energy gap in (3.3) is reduced to order 9:

VE(u(t)) — E(u(t1)) S 6. (3.5)

Furthermore, after this initial layer ¢; comes the “slow motion phase”, which lasts
for a time of order §~!; setting s = ¢; in (3.4),

Ju(t) —u(t)] < \/E(U(tl)) —E((t1)) +0(t —t1+1) S6+6(t — 1)

from (3.5). This is precisely like Theorem 1.2 with § ~ e~*3, which we confirm
in Corollary 3.6.

3.2 Application to the self-attention model

1l

Slow Plly

‘

Fast Phase

Figure 5: An illustration of the landscape of Eg. The slow manifold AV is an almost-flat
zone, thus one where the gradient flow moves very little, and is surrounded by zones
where Eg satisfies a PL inequality.

We wish to apply Theorem 3.1 to (USA) and (SA). This requires checking the
concave analogue of (H1), as well as (H2), for the interaction energy Eg defined

“One can, however, refer to [OR07, Theorem 1.2], concerning the application to the Allen-Cahn
equation, where the statement is almost identical to that of our main result.
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in (1.1). This in turn requires determining the slow manifold N. A first guess
could be be to consider N as the set consisting of configurations with isolated
points, or clustered in isolated points, which we can define as

_ -8 i—x ;|2
NB — {(xl,.. ' 7xn) c (Sd 1)n: 1213%2(””:1,‘2 —.TJHG 2H$7, x| < 255}7

here 0 < 63 < 1 is fixed and to be determined later on. There is two cases in
which the left-hand side term in the above definition is be small: either ||z; — x|
is small, or ||z; — ;|| is big, since then the exponential part renders the entire
term small. The important observation is that for (z1,...,z,) € N, (H2) holds:

We are therefore left with checking the concave analogue of (H1). PL inequal-
ities are often proven globally by using concavity of the function in question,
namely by controlling the spectrum of the Hessian. But it is known that on any
compact connected Riemannian manifold, all geodesically concave functions are
constant. Alternative to this stationary proof is a dynamic version which relies
on evaluating the Hessian along trajectories, in the spirit of Bakry-Emery calcu-
lus ([BES5], and also [Vil21, Chapter 9], [OV00]). This is the main clue in our
proof—we can adapt this strategy, allowing us to localize near N.

Lemma 3.2. Let E : M — Rs( be smooth, and let N' C M. Fixu € M and
consider )

X(t)=VE(X(t)) fort>0

X(0) =u.

Suppose that there existv € N and T > 0 such that
X(T) =,
and a numerical constant ¢ > 0 such that
(VE(X(t)), Hess E(X (1)) VE(X (1)) < —¢| VE(X (1)) (3.6)

forallt € [0,T)]. Then,

1

E(v) - E(w) < o[ VE()[|*.
c
The proof is elementary.

Proof of Lemma 3.2. We compute

%IIVE(X(t))II2 = 2(VE(X(?)), Hess E(X (1)) VE(X(?)))
< 2| VE(X (1))
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by using (3.6). By virtue of the Gronwall lemma we find
IVEX(@)II* < e[ VE(X(0)]*.

We integrate to find
ECX(1) ~ EX(0) = [ IVECK()IP ds
</¥fMdﬂvan»W
0
1 2
< — .
< 5 IVECX )

Since X (T') = v, .
E(v) — E(u) < 5[ VE@W)* 0

Thus, provided a curated definition of the slow manifold N, 3, we are reduced
to showing (3.6). To this end, it is necessary to have a tractable form of the Hes-
sian of Ez. We focus on the case of the circle S! to carry out the computations,
but we believe the general idea should extend to the higher-dimensional case.
Additionally, we primarily focus on (USA)—the extension to (SA) is discussed in
Remark 3.7. We can reparametrize the problem to work with angles on the torus
T = R/27nZ: for 0;(t) = arccos(x;(t), e1), (USA) equivalently rewrites as

O(r) = VEs(©(1)) (37)

with
Es(01,...,6n)

2/86/3712 Z Z 66 cos(0;—0;)

i=17=1

In other words,

Z eﬁ(COS )) )Sln(9 ( ) — 9 ( )) for t 2 0

We now reformulate Definition 1.1 in this setting.

Definition 3.3. Suppose 3 > 1 and 7 € (0,15). We call (61,...,0,) € T" a

(8, 7)-separated configuration if there exist k < n points wi,...,wr € T such
that

1. Foralli € {1,...,n},
0; € U Sq(T)
qge{1,...,k}
where

Sq(1) :={0 € T: cos(f —wy) >1—7}. (3.8)
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2. Furthermore,

vyi=1—a—8r— élog (2:2) >0 and ~(8)=Q(1), (3.9

where

ar) == max cos(0 — ¢).

(0,0)€84(27) %8y (27)
q;ﬁpe{l,...,k}

Lemma 3.4 (PL inequality). Suppose 8 > 1 andn > 2. Consider a configuration
O := (61(0),...,0,(0)) € T™ which is (3, T)-separated for some T = 7() > 0
which is such that for allq € {1, ..., k}, and for all (u,v) € 84(271), we have

)
lu — vl \é’/;ﬂr (3.10)

for some 8(1 + B)e~(1=)Be~ 3 <8< 1. Take any A > 0 as in (1.5)—(1.6), and
consider

N3 ::{(01,...,9n)6’11‘”: max max |9¢—9j|<e_35},
qe{l,...,k} Qi,9j€§q(27)

Then there exist U € N and k(3,n) > 0 such that

1
Es(U) — Eg(©) < ————||VE 2.
#U) ~ Eo(©) < 5 I VES©)]
Proof of Lemma 3.4. Consider

O(t) = VEg(O(t)) fort >0
{@(0) - 0.

From (1.7) in Theorem 1.2, we gather that there exists a time 7" > 0 such that
O(T) € N3, and O(t) e T"\ N forallt € [0,T).

We now seek to check (3.6). For any i,j € {1,...,n} one has

09,Ep(01,...,0,) = iz Z sin(0; — By, )ed(cos0i=0m)=1)
and
) g(0; — 6;) i #j
BAE )= 5N S 0 =),

me{l,...,n}\{i}
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where we set g(x) := (cos(z) — Bsin?(x))e’((®)~1) One can observe that
the Hessian has the structure of a Laplacian matrix. Let v € R"; by standard
computations for such matrices, we find

(Hess Eg(® Z Z 0o, 09, E3(@)v;v;
i= 136{17 ,n}\{'}

:—72289 89 Eg —vj)Q.

i=17=1

For the sake of concise notation, we henceforth denote
H(E) := (Hess E5(@(1)) VE,(O(1)), VE5(©(1))).

We apply the above computations with v = VEg(0O(t)) to find

1 n n 2

32 2 000 Es(O) (0.E5(8(1)) — 05, Es(0(1))) -
Recall that we seek to upper bound H(t) by —||VEg(®)|% Let ¢ € {1,...,k}
and i € {1,...,n}. By arguing as in (2.1), if ;(t) € 8;(27) and 0;(t) ¢ S4(27),

we have
(1 + ﬁ) (1-a)B
n2 '

laeiaaj EB(@(t))‘ <
Thus
S 0,00, E5(0(1)) (00, Ea(©(1) — 35, Es(@(1)))’
j=1

> Y 9,05,E5(0(0)) (96,Es(O(1) — B, Es(@(1)))”

3 05(t)€8q(27)

_A0HD) e (on,Es@) " (3.11)

n je{l,...,n

Since g is fixed, for simplicity we relabel the 1 < 7 < n particles in §;(27) in such
away that 0;(t) < ... < 6,(t). First observe that over {j : §;(t) € S;(27)}\ {7},
by virtue of the definition of g,

1 1 o\ A=l
9000 Es©(1) > 5 (1- (545 ) 10— 05 ) e 2

0 __B (_
> —e 2541 (179)

n
1
de 2
> —, (3.12)
n
where we used sin(z) < x, as well as cos(xz) > 1 — % when |z| < 1 for the

first inequality, and (3.10) for the second. In view of (3.11), we are left with lower
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bounding the discrepancy between components of the gradient. Since O(t) ¢ N3
for t € [0,T), there necessarily exists some ¢ € {1,...,k} such that

Vo f . 3.13
"a(f)ﬂ?(lg)eisq(zﬂ‘ (t) = 6p(t)] = e 2 (3.13)

With this at hand, let ¢ € {1,...,k} be any index for which the corresponding
cap satisfies (3.13). We see that

0, E4(© = Zsm — 0y () eBleos®:0-010)-) _ L ~(1-a)s

n

> i sin(@r(t) _ 91(t))6 B(cos(Or(t)—01(t))—1) le—(l—a)ﬁ >0,

n? n
and similarly
1
Es( Bleos(0;(1)=0r(t))=1) 4 — ,—(1-a)B
0p,Ep3(© Z sin(6 (t))e J + e

1 1
< -~ sin(0,.(t) — 6, (t))e (s H=01(0)=1) 56—(1—@5 <0,

both by virtue of (3.13) and the choice of A\. We use the following inequality, the
proof of which we postpone to after the present one due to its technical nature.

Claim 1. We have

max [0, E5(O(1))] < 5 max {12, E5(@(1)] .90, E5@(D)]} . (319

Now observe first of all that the coordinate j for which (9, E(O(t)))?is largest
must correspond to a particle §;(¢) lying in a spherical cap S;(27) satisfying
(3.13). Using this information, by virtue of (3.12), and since Jy,Eg(O(t)) and
0y, E(O(t)) are of opposite signs and thus

(95, Ea(O(8)) — 99, E5(©(1)))” > max { (9, E5 (©(1))) . (99, E5(©(1)))}
and taking (3.14) into account, using (3.11) we deduce that

5° 3 9000 Eal@(0) (. EaO(0) — 00 E(©(0)’

i=1j=1

k(B,n) max (89j Eg(@(t)))z ,

je{l,...,n}

where

K(8,n) :=% (‘5;—4<1+6> >5>>0,

because of the assumption on § given by (3.10). All in all, we gather that

K(B,n) 2 _ _K(Bin) 2
< - _ < -2 .
H(t) < =757 max (05, E5(0(0)) < ~ =5 IVEs(@(0)]
We can apply Lemma 3.2 to conclude. O
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Proof of Claim 1. We omit time dependence for the sake of readability. Without
loss of generality, suppose |0y, Eg(®)| > |0g, Eg(®)|. Let £ € {1,...,r}, and
suppose that dy,E5(0O(t))0g, Eg(©) > 0, We now compute:

n’ \aej Eﬁ(@)\ =n209p,E5(0) < Y sin(g; — 0))e s =0)=D)
k=1

+ Z sin(6; — gk)eﬁ(cos(aj_ek)_l)'
k: 0k¢8q(27')

We focus on the first term; recalling that 6; < ... < 6,, we end up with

Z sin(6; — 0, )€ (c0s05=0k)=1)

k=1
J
< Z (9k e ) B(cos(0;—0x)—1) + Z SlIl 9k _ 01) B(cos(8;—0;)—1)
k=1 k=j+1
J
< Z sin(0), — 91)65(608(917%)*1)
k=1
o (0, — r
€5|93 el\ee{lrllﬁir}sm(@e 01) Z Sin(ek_el)eﬁcos(akféh)
k=j+1
0;—0 X 0,—0 r
< eﬂl 1‘ m,é.%,.,r sin(,—61) Z SlIl k - 91) B cos(0x— 091)

k=1

where we used § > 0 — 61 > 6; — 61 > 0 and the monotonicity of sin(-) for the
first inequality, whereas we used

J
Z sm ek o (cos(9 —0)— <0< Z ek o 01 B(cos(0;—0;)—1)

for the second, and
|cos(0; — 0)) — cos(br, — 61)| < sin(b, — 61)]0; — 64

for the third (which follows by the mean-value theorem). Besides, by definition

of spherical caps we have |sin(f; — 6;)| < 37'/2, so we can conclude that

ee?llax }faezEB(@(t))| < emax {|0p, E3(O(1))], |99, Es(O (1))} —(148)e~ (175,

20ty

Using the fact that ©(t) ¢ Ng, we get

E > 2¢(1 —(1-a)B
[0, E5(O(1)] > 2e(1+ B)e~ 1,

whence,

max |9, E5(O(1)] < § max {195, Ex(©(V)]. 195, Ex(@(D)]}. 1
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We now focus on the lower bound of the energy discrepancy in (3.2). To this
end, we simply adapt [OV00, Proposition 1] to the framework of slow manifolds.

Lemma 3.5. Let E : M — Rsq be smooth, and let N C M. Fixu € M and
consider )

X(t)=VE(X(t)) fort=0

X(0) =u.

Suppose that there existv € N, T > 0, and ¢ > 0 such that
1
E(v) — E(u) < %HVE(u)HQ. (3.15)

Then,
2¢|lu — v||? < E(v) — E(u).

Proof of Lemma 3.5. Consider

o(t) == [lu— X ()| + VE(@) — E(X(9)

V2¢

We compute

o w- XM\ VE(X@)IP

ot0) =~ (VECKO) o =01) ~ Ve FXT
Using (3.15) we get

IVECX (1)
~VaeEw - Ex@y -l
and Cauchy-Schwarz,
u— X(t)
(VEC W) )| < IVEC).

It follows that ¢ is non-increasing, and we conclude the proof by evaluating ¢ at
t=0and?t="T. O

As aresult of Theorem 3.1 and Lemmas 3.2 and 3.5, we conclude the following.

Corollary 3.6. Suppose 8 > 1, and consider a (3, T)-separated configuration
O(0) € T™ for some T = 7(3) satisfying the conditions of Definition 3.3 as well
as (3.10). Let Nig C T be defined as in Lemma 3.4. Then the conclusions of Theo-
rem 3.1 hold for (3.7) with & = e=**/2, for X as in Lemma 3.4.
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Remark 3.7 ((SA)). We demonstrate how the proof of Lemma 3.4 can be adapted to
(SA) when d = 2. Written in angles, (SA), fori € {1,...,n}, reads

zn: eﬂ cos(0;(t)—0;(t))

n
j=1 Z eﬁcos —0k(t))
k=1

sin(0;(t) — 0;(t)) fort > 0.  (3.16)

As implied in the introduction, (SA) is also the gradient flow for Eg, but for a gradient
taken with respect to a different metric g. We do not go into the details here—see
[GLPR23]—all we need to know is that

o) = grad, Eg(O(t)) fort >0

and the i-th coordinate of grad, Eg(©(t)) € T" is precisely the right-hand side in
(3.16). With this in hand, we wish to compute the Hessian—with respect to g—of Eg.
Since T" a submanifold of R™, we actually have’
d
HessyE()[0] = projg (G(@ +ev) >
de e=0

at a point ©® € T" and directionv € TgT". Here projg is the orthogonal projection
onto T@T", and G is any smooth vector field with G(®) = grad E3(@©) for® € T".
Since T™ is locally flat, the tangent space can be identified with R"™ itself, and the
orthogonal projection is the idenitity map. Whereupon, we can simply use the trivial
extension to R™ of the right-hand side in (3.16) to compute the Hessian: the i-th
coordinate of HessyE3(©)[v] € T" reads

n
(HessqEp(© Z (3.17)
7=1

where

n
bij = ay COS(@Z' — (9]) — Bsin2(«9i — (9]) + Bsin(@i — 9]) Z Ak sin(Gi — 0};) ,
k=1
and a;j = P 0s(0i=0;) ;50 eBeos0i=00)  We can identify (3.17) with an x n
matrix that has a Laplacian structure—denoting it again by HessyE3(©) and its
entries by 99,09, E(©), we have

- —bij i F#]
06,00,E5(©) = S by i =3
ki

Therefore the proof of Lemma 3.4 can be repeated to this case, and one solely needs to
check if Dg,09,E3(©) satisfy similar bounds to those by 0p,0p,E3(©). Because the
first two terms in b;; are the same as before, we only have to manage the third term
of this expression, and the previous arguments can be adapted to this case as well.

SFor instance, see [Bou23, Chapter 5] for details.
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3.3 Acceleration of the gradient between metastable states

The dynamics of separated particles is in fact accelerating over time as distances
between particles decrease. Actually when particles are sufficiently separated we
can show a reverse PL inequality.

We first motivate this acceleration in a general framework as before. Suppose
E: M — Ry is smooth, fix u € M, and consider

{X(t) = VE(X(t)) fort>0
X(0) = u.
Let d C M designate the accelerating manifold: setting
T, =inf{t > 0: X(t) ¢ d},
suppose, for some ¢ > 0 and all ¢ € [0, T,,], that
(Hess E(X (t))VE(X (t)), VE(X (1)) = ¢||VE(X (1))])*. (3.18)

We say that a reverse PL inequality holds if for all u € d, there exist v ¢ of and
¢ > 0 such that
E(v) — E(u) > ¢| VE(v)]*.

We briefly explain the argument allowing one to establish this inequality. Suppose
that (3.18) holds. Then,

d
S IVEX M) = 2(VE(X (1)), Hess E(X () VE(X (1))
> 2¢| VE(X (1)[*.
Using Gronwall’s lemma, we get the differential inequality
IVECX@)I* = e [VE(X (0)],

resulting in an acceleration of the gradient®. Moreover if X (¢) ¢ o for some
t < 400, we then have

E(v) — E(u) > ¢l| VE(v)|]*.

We can derive a bound of the mould (3.18) for the Hessian of Eg defined in (1.1).
Using the shorthand

H(#) := (VEs(X (2)), Hess Eg(X (2)) VE5(X (1)),

0One could potentially use such an inequality to answer Problem 2. Indeed, to escape a
metastable state, in which we recall the gradient is exponentially small, one needs the gradient
to start growing exponentially. We believe that this acceleration mechanism is behind the escape
of such metastable states, and thus jumps in the energy level as seen in the staircase profile.
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we recall that
(1) =~ 373" 00,00 E4(0(0)) (0, Ex(©(1)) - 30, Es(©(1)”
i=1j=1

Foranyi € {1,...,n} suppose that there exists j; € {1,...,n} such that

0;,(t) —0;(t O — 0; d 0y,E(O(t))0s, Es(O(2 0.
0() = 0i)| = min 16~ 6 and  0E5(O(1)y, Ea(©(1)) <

Suppose that all particles are separated by at least 7(/3); then

% Z 5,05,E5(0(1)) (95,E5(O(1)) — 0o, Es(O(1)))’

2

g 5,08, Ea(©(1)) (90,E4(©(1) — 99, Es(0(1)))’
e CCOIR

where

L(t) = max }agiagji Eg(@(t)),

141,

and where we used the fact that Jp,E(0(t))9y, Eg(O(t)) < 0 and that g(s) is

non-positive and increasing for |s| > 7(5). Then

L IvEs©m)I? >~ vEs00)1°

By Gronwall’s lemma we deduce
2 Lt 2
IVEs(®())[|” = exp *5/0 L(s)ds ) [[VEs(®(0))[I"-

4 On the initial configuration

We now discuss a couple of examples of randomly generated initial configurations
which may or may not fall in the setting of Definition 1.1.
4.1 Projected Gaussian mixtures

The first case of interest are Gaussian mixtures, namely random variables X with
a density of the form

,
1 llx— /7w, |2

) = e 22 z e RY, (4.1
fa) = ) )
where 0 > 0, and wy, ..., w, € S* ! withr > 1.
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Definition 4.1. Supposed,n > 2,r € {1,...,n} ande > 0. We say that the con-
figuration (wy, . .., w,) € (S~ 1) is (B, ¢) centered if the corresponding spherical
caps (S1(€), ..., 8y (g)) satisfy (1.3) in Definition 1.1.

We show the following result.

Proposition 4.2. Suppose § > 0,d,n > 2, r € {1,...,n} ande > 0. Let
(wi,...,wy) € (S¥1)" be (B, ¢)-centered per Definition 4.1. Let X1, ..., X, be
i.i.d. random wvariables following the Gaussian mixture law with density (4.1) and

such that
66vd

+ dv/2dlogn <
1+6vd

where § 1= % Then

Xl Xn . —
]P’(( e ) is (5,6)—separated> >1—2e9
X4 | X7 ]|

Proof of Proposition 4.2. We can write

T
X = Z Ska,
k=1
where 71, . .., Z, are independent N (w;, o 1;) random variables, whereas 1, . . . , £

are random variables defined as

i-1 i
ei=1 (qu <U< qu)
q=1 q=1

fori € {1,...,k}, where U is a random variable following the uniform distribu-
tion on [0, 1]. We also define (N1, ..., N;) ~ N (0, 1) as

Zz:wz—i—aNz

fori € {1,...,r}. Consider a fixed i € {1,...,r}. Conditioned on the event
{U € [Zf]_:ll Dy 22:1 pq} } we can write X as a function of standard Gaussian

variables: )

a = [(Zi).

o 4

I

g S
1Zi
We can also show that f is roughly m—Lipschitz:

=2 g~ )|
= Wi, ——— — —— )| .
Xy Nyl

F)I<2 HHY| ||X||H mm|{)||(X||YII|LII}

1=l - I~
1] 1Y
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Focusing on the event {||X||| > '}, by the Gausian concentration inequality
[BLM13, Theorem 5.6] we have

(I/-t)2

i—1 7
P f(Z) —Elf(Z)] 2 t,11Zill = 2" |U € |D Ay ) Ag| | e 27,
q=1 q=1
Whence,
X 2 i—1 i
; . _ A > A > !
P min ||y —wi|| ~EU(Z)] >4 2l > 2" U € ;/\q’;%
7(z’-t)2
<e 22,

We then have by union bound

X 2 i—1 7
P| min |—— —w,|| —E[f(Z)] >t|U € Ags Y A
<1W =7 " 2 2
2 4)2

<B4 P(|Z] <)

We can use the Gaussian concentration inequality (applied to the 1-Lipschitz func-
tion z — ||z|| ) to bound the rightmost term, for alli € {1,...,n}, as

2

e
P([w; + oNi|| < EfJwi + oN;[] - t) <722,

Using the triangle inequality,
P(o|Zill < —oB[INill] + [lwill - t) <P (| Z:]| <E[|Zi]] - ¢),

and we then get
2

P(I1Zi] < Vi—ovVd—t) <e 2m,
So,

P(1z] <o) <o 2 (V)
We now bound E[f(Z;)]. Note that

1(Z:) :< Z; > 1 26(N;, w;)

1-— , Wy ) = + .
2 1Z:]] lwi +IN;|| — flwi + IN;||

We bound the first term from below as

1 1
Z )
[Jwi +ONG[| ~ 1+ 5||Ni|
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and the second term from above as

20(N;, w;)
[|w; + IN;||

20 Vil
S LN

. 1 . . .
Because of convexity of 2 +— 15 and of concavity of z an application

of Jensen’s inequality yields

_T
1+0x°

E[l—f(zi)} S 1-20Vd | 30Vd
2 ]7 1+6vd 14 6vd
And, so
65v/d
Elf(Zi)] € ——~=.
FE < 57
Combining all the bounds, we end up with
2
X 2 60vd _@? f%(ka\ffi)
P( min ||i— —wj|| =2 ——Fx=+t]|<e 22 +e vr)
(KN X T 1+ evd )

We can consider 2/ = /7 (1 —6Vd+ t) to get

2 ) ,
P | min L — wj > M +t] < 6_2%72 + e—ﬁ(l—éx/a—i-t)

Ly X 1+46vVd

Now, there exist €, ..., ! which follow the law as &), above such that for all

ie{l,...,n}

,

Xi= Y epZ, (4.2)

k=1

where Z} ~ N(wg,o1), w, € v/rS*! and o > 0. We consider the random
variable Z defined as

X; 2

Z = — — Wj
R

max min
1<i<n 1<j<r

By the union bound we get

2
PlZ> M +t] <n (e_;é? + 6_2§2(1_5\/a+t)2) .
1+6Vd

Because of the fact that 1 — §v/d > 0, we get

2
P Z}M-i-t <2n6_2t?.
14 0vd
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Taking t = d+/2dlogn, we find

P<Z> 66+/d

5\f +5\/2dlogn>

Noticing that we have

(<= {2 ) e

we obtain the desired result. O

4.2 Uniformly distributed points

The second example which we discuss is that of uniformly distributed points.

4.2.1 High dimension
Recall the following consequence of the concentration of measure phenomenon.

Proposition 4.3. Suppose n > 2. Then there exists some d*(n) > n such that
for all d > d*(n), the following holds. Consider a sequence (x1,...,x,) of n iid.

uniformly distributed points on S%~. Then, with probability at least 1 —2n2d—1/64,
there exist (w1, . .., wy) € (ST1)" which are pairwise orthogonal ((w;, w;) = &;;),
such that
4logd
il <
i — wil d
Proof. See Step 2 in the proof of Theorem 6.9 in [GLPR23]. O]

The following then holds.

Corollary 4.4. Supposen > 2. Then there exists some d*(n) > n such that for all
d > d*(n) Vv 381 and 8 > 0 satisfying

16log?d 40logd 1 n%d
—1 1 4.3
2 T a T3\ 210g4d ’ (43)
the following holds. Consider a sequence (x1,...,x,) of n iid. uniformly dis-

tributed points on S*~1. Then with probability at least 1 — 2n2d—'/64, (x1,..., z,)
is (B, €)-separated in the sense of Definition 1.1 withe = 4logd/d.

Proof of Corollary 4.4. Since d > 381 we have ¢ < T16' According to Proposi-
tion 4.3, there exist unit vectors w1, ..., w, such that

x; € U Sq(a?)
q=1

For a(e) defined as in (1.4) we have a(g) < €2 + 2¢, and (4.3) is then simply a
rewriting of (1.3). O
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Remark 4.5 (Freezing). Corollary 4.4 has as a consequence that particles initialized
uniformly at random when d >> n remain frozen and do not move for exponentially
long times. This is remeniscent to the case of zero temperature (3 = +00), in which
all configurations are stationary.

4.2.2 Low dimension

We comment on the case d < n by specializing to the circle (d = 2). It can be
seen that the probability of having separated configurations decays exponentially
with n.

Claim 2. Fix 5 > 0 and let (x1, ..., xy) ben iid uniformly distributed points on

S!. Then, fore € (0, %) and k < n, there exists some ¢ € (0, 1) such that

]P’((xl, co o) s (5, 5)-separated> <A

We briefly explain how to heuristically derive this bound. Using independence
of the random variables, we can first compute the probability that there are k
points satisfying the (3, €)-separated hypothesis:

]P’((Xl, ey Xp) ds (ﬁ,s)—separated) <(1—20—8) L.

We also have that

k
P(XHL...,X” e UXi—e Xi+¢]
=1

(X1,...,Xk)is (B, 5)-separated>

= (2re)" ",
Thence
(2re)" ! < ]P’((:Ul, coyy) is (B, 5)—separated) <A —a—4e)" 1 .

This may be a fundamental limitation of the spherical cap framework, and raises
the question on the sharp assumption needed for the initial configuration to have
metastability when d if fixed and n > 1.

4.3 A discussion on energy levels

In view of many of the previous considerations, it is natural to look for an as-
sumption on the initial condition, yielding metastability, written solely in terms
of the energy. We posit the following question.

Problem 1. Fixd,n > 2 andf > 0. Let U, ..., U, ben ii.drandom variables fol-
lowing the uniform distribution on S%~!. Can one find 1 > co > ¢1 > 0 depending
on 3 such that for all (1, ..., z,) € (STH" satisfying

ca = Eg(x1,...,2n) —E[Eg(Uy,...,Up)] = c1,

metastability, as stated in Theorem 1.2, holds?
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One way to interpret this condition is that any configuration which breaks
the symmetry of uniformly distributed random points will lead to metastability.

On one hand, it is not obvious to see if one can simply truncate the gradient
over different energy levels instead of spherical caps in our proof. On the other
hand, the energetic assumption on the initial configuration is weaker than the one
given in Definition 1.1, as the latter implies

ke—(1-a)B 1 ke 8P

7 2 Ea(X1,. Xo) >~ = = 0(e7%),

C —

n n

The converse can then be asked, should one wish to retain the proof of Theo-
rem 1.2 as is—namely, does an energetic assumption as the one above imply quan-
titative clustering of the configuration in the mould of Definition 1.1? One ap-
proach could involve the so-called Stolarsky invariance principle [BDM18, BD19].

5 The mean-field regime

For the sake of generality, we now demonstrate that dynamic metastability also
holds in the mean-field regime. Consider

{atu(t) +div (v[p(t)]u(t)) =0 onRso x S (5.1)

1(0) = po on §4°1,

where —div is the adjoint of the spherical gradient V, and
eBlz.a’)
l(a) = [P dr)
/ P a0 (d¢)

for z € S?1. (All arguments carry through for the mean-field analogue of (USA).)
We recall that (5.1) is well-posed in the sense that for any o € P(S?!) there
exists a unique weak solution y € €°(Rxq; P(S%~1)). Equation (5.1) can also be
seen as the mean-field limit for (SA) whenn — 400, alimit which is fully rigorous
due to classical Dobrushin estimates. We refer the reader to [GLPR24, GLPR23]
for all the details.

We consider the following generalization of Definition 1.1.

Definition 5.1. Let 8 > 1 andc € (0, 7). Wesay o € P(S*1) isa (B,¢)-

separated measure if there exist k < n points wi, ..., w, € S*' and measures
Vi, v, € P(STY) satisfying

supp(vg) C 84(e),

with 8,(¢) denoting the spherical caps of Definition 1.1 centered at wg, such that
L
Mo = E Z VQ7
g=1
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holds, where

v¥B)=1—a—8:— élog <2<§2> >8 and ~v(B)=Q(1), (5.2)

(z,y). (5.3)

Q= max
(z,y)€8:(22) X8, (2€)
i#je{l,....k}

The following partial generalization of Theorem 1.2 holds.

Theorem 5.2. Let 3 > 1, and let ig € P(S41) be a (B, e(B))-separated measure

for some £(B) € (0,15). Let p € 6°(Rx0; P(S?1)) denote the corresponding

unique solution to (5.1). Then there exist T > T1 > 0 with
T < Eefl-a=8e) g T > £ Bll—a=8e)
k k ’
such that forany q € {1,...,k},

supp ((q)i[u(t)])# I/q> C 84(2¢)

forallt € [0, T3], where <I>f}[

/Sq(25)

forallt € [T1,T] and for all0 < X < ~y, wherey = ~(8) > 0 is defined in (5.2).

() 8 the flow map defined in (5.4), as well as

2

Ol (@) = argmin  (z,wg)|| po(da’) < e

IG‘I)Z[M(tﬂ (Sq(e))

Before proceeding with the proof we make a couple of comments.

Remark 5.3. Theorem 5.2 differs slightly from Theorem 1.2 in that 1). the collapse
time Ty is of the same order of magnitude as the escape time I3, and 2). only the
variance of the particles within a cap is exponentially small. Both are due to the fact
that we only study the distance of the particle farthest to the center of the spherical
cap, as in Step 1 of the proof of Theorem 1.2. Since Theorem 5.2 serves only to illus-
trate the generality of the metastability phenomenon, we circumvented a complete
generalization thereof, which only requires additional technicalities.

Remark 5.4 ((Sub-)Gaussian case). One can naturally inquire about generalizing
the above result to measures vy which are not exactly supported in Sy (¢), but have
“most” of their mass in S,(). A case of interest is the Gaussian mixture law on S¢~!
with density

where £ is the normalizing constant. This example eluded our proof due to the
difficulty of lower bounding the partition function Zg ,(y)(), partly due to possible
interactions with particles outside the cap S, (). We leave this question open.
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Proof of Theorem 5.2. We recall that since (5.1) is well-posed, given the solution
p € B°(R=o; P(S?1)), we know that any 2(t) € supp(u(t)) satisfies

(t) = o[u(®)](z(t)) for ¢ > 0.

We can define the Lipschitz-continuous and invertible map @Z[ OE z(0) — z(t),
and then

u(t) = (q)f][u(t)]) , Ho- (5.4)

With this at hand, the proof is an adaptation of that of Theorem 1.2, mostly by
replacing sums with integrals. We provide some details nonetheless.

Step 1. Lower-bounding the escape time

Forq € {1,...,k} we define

By(t) 1= Pyp 07 (S4(e)) -

Just as before,

k
Tesc := {t > 0:3q € {1,...,k} such that B,(t) ¢ U Sq(25)} :

For g € {1,...,k} we also define
Tesc(q) :=1inf {t > 0: B,(t) Z S4(2¢)}.
Observe that

Tese = min T, .
esc el esc<Q)

Solet g € {1,...,k} be arbitrary. We define

nq(t) :== i Glggif(t)% wg),

and take
x(t) € argmin(z, wy).
TE€RB(t)

Set Fg ,,(x) := [ @) u(da’). We compute the derivative of 7, as

ig(t) = (vlu(®)) (2 (1)), w,)

! / sl a®) (pL (o ,
=—— [ "\ P (2"), wy) p(t, da’).
g, ((1)) < (@) q> ( )
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Using |<P3J{(t) ('), wq)| < 1 and the change of variable formula, we find

. 1
all) > & D)

1
Za.0@1) et Tnia

Bt @)a®) [pl (gt
/sq(2e) ¢ <P$(t) ((I)v[u(t)] (ml)) ’wa> puo(dz’)

/ & Potuan @) gy,
8r(2¢)

Fort € [0, Tese) and € Sy(2¢) we have

/ 1
eﬁ(m,m >M(t7 dl‘/) > 6(1—86)6/ Mo(dx/) _ E€(1—85)67

Zouo) > [
Bon(®) (z) B 84(2¢)

q(t)

and also

Z / P2t da’) < P
re{lkp\{q} /5%

Using these two inequalities, we get

. 1 Bt o (@)x(b) /pL ¢ / ,
> - ol &) P R ,
1q(t) T (2(0)) /Sq(%) e vl < 2(6) ( olu(t)] (@ )) wq>Mo(diﬂ)
_ ke—(l—a—&i‘)ﬁ.

Now as in Step 1 of the proof of Theorem 1.2, since z(t) € argmin(z, w,), we
xE€RB,(t)
have

<Pi(t) ((I)f)[u(t)} (33')) 7wq> >0
for all 2/ € 8;4(2¢). Thus
M (t) > —ke” (170780,
The same argument as in Step 1 of the proof of Theorem 1.2 then yields

T > 36(1_a—8a)/3_

o

Step 2. The variance is decreasing

Let ¢t € [0, Tesc]. From the previous step,

. 1 B@L o (@)x(®) ol gt / /
0 2 G0 o P @) ()
. ke*(l*&*&&‘)ﬁ

=: (a) — ke~ (17088,
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Elementary algebraic manipulations yield

t
1 BP0y (2),2(8) ‘ /
)2 [ PP ) .
) Zp5.u(t)(x(1)) s, (20) {z(t), wg) 5 to(dx’)

2
t /
1q(t) / Sy (@) (0) ‘ @ty () — I(t)H
84(2¢)

> 47 po(da’).
F () (D)) 2 olde)
Then
. 1g(t) / BIBL i (&).(t) 2 '
> v[p(t)] _
1q(t) = 2% 5 (0 (@(1)) Sq(%)e p ‘ o (t)]( ') I(t)H po(dz’)
. ke—(l—a—&?)ﬁ'
Therefore,
X k Bt z/),x(t))—1+8
talt) > Sm4(t) /S o (@O gt ) — (o) ol o)
_ ke—(l—a—&e)ﬂ.

Since for all 2/ € §;(2¢) we have

66(<¢Z[”(t>] (2),z(t))—1+8¢) > eﬁ(nq(t)fl+8€)7

we deduce that

) k (1 () —
1q(t) > 577q(t)€ (1=nq (£)—82)5
84(2¢)

_ pe—(1—a—8)8

@t N t 2 d /
v[,u(t)}(x) z(t)|| po(dx')

Forq € {1,...,k}, we define
Va(®): 2/

1ig(t) > ke (ng(t)e= (1M, (1) — (1m0 (5.5)
Forq € {1,...,k} and ¢ > 0, we define

2
W) (@) = 2(0)|| ol da’).

Then

Ti(g;¢) := inf {t € [0, Tose] : 1g(t)Vy(t)e~1Ma)B < 2€—cﬁ}.
Claim 3. We have
{t € 10, Tusc): my(t)Vg(t)e™ 00 < 2e=P) 2 o
and

4
inf {t € [0, Tosc]: Uq(t)vq(t)e_(l_nq(t))ﬁ < 26—05} < ge(c—&s)ﬁ.
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We provide the proof after the present one. Setting ¢ := A for an arbitrary
but fixed A € (8¢,~)—this is without loss of generality, since if the bound in
the statement holds for A > 8e, it also holds for A < 8¢c—, using the fact that
ng(Te(g,c)) > 1 —8 > %We find

Vy(Tu(g,¢)) < e (5.6)

Step 3. Propagation of smallness
We can conclude as in Step 4 in the proof of Theorem 1.2. Consider
Ti=inf {t > T.(g,c): Vy(t) > e},

and suppose that 7 < Tos.. By continuity, we have V,(T) = e *’. We can
compute the derivative of V, at a given time ¢ as

Vo) = =2 [ a0 B @)

=2 [ (0. Bl @) + (20, 50y ) ) (e

84(2¢)
We begin with the left term in the above identity:

/Sq(2€)<$(t),¢f,[u(t)] (")) po(da’) = [gq(2€)<”[“(t)]($(t))7@Z[u(t)](fﬁl))ﬂo(dx')-

Further computations yield

o IO 0). g0 '

</ eﬁ<w(t)»y> Pi ( ) ( d ) (I)t ( /)> (d l)
7 Pan(y)ut, dy), ¢, ') ) po(dx
80(20) \Ja(t) Ep (e (2(t)) ) [u(t)] 0
< e B{x(t),y) PJ_ ( ) ( d ) (I)t ( /)> (d /)
Z/ / = 7 Paownult, dy), &, x') ) po(dx’).
(2¢) £g, u(t )( z(t)) (®) ()] 0

i#q

The second term in the above identity can be bounded as

Sy | o |
Z/a’ (22) /93@ Fym@@) " w0 W ) Loy () ) poldr)
8 5 “

i#q
< ke—(l—a—&a)ﬁ.

We use the following bound for the other term:

(P (@ (), @ UM o))
<(I)vu(t)] i) < (), gy ) (1), @y (@) )
<x( olu(e)(® > (1 < LA )](y)>)
> < @) >Hx olu(o) ¥ )H2
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We now integrate this inequality to get

. t / /
/84(25) <$(t), Dy (@ )> po(da’)
Bz (t),®! ()
e v[p(t)]
2/ / Pj P! Y dy ,<I>i x da’
Sq(2€)< 515 Epm (@(0) (t)( () ( )) po(dy), Pypu (@) ) po(dz’)

1
> - P (@ , ' dz")po(d
k/sq(2s) /sq(2s)< o(0)(Pulu) ) v[ﬂ(t)}($)>m( St

211/&1(25)/&(28);@ @107 (2)) [2(8) = @l @) | ol da oy

> (1—2¢)
2k?

We can argue similarly for the second term resulting in:

d
t 7Q)t / d / > _ _(1_04—86)5.
/Sq(ze) <x( ) dt v[u(t)](f”)>M0( ') e
Allin all, fort > T,

(1 ;225) V() + 2¢~(1-at89)8 < _ (1 ;225)64\5 4 9e—(1—a+8)8.

Because of the condition on \, and the definition of T, we can conclude that

V(1)

Vy(t) < —

V,(T) < 0.

By continuity, this implies that there exists ¢ < 7T such that V(7)) > e .
Therefore, necessarily 7' > Tegc. O

Proof of Claim 3. For allt € [0, T, (q, c)] we have

2eB(1=nq(t)—c) 4(1 = ny(t))
V() g —— A 5.7
nq(t) q( ) k ( )

(The second inequality is actually always true.) Also,
Tg(t) = ke® g (t)Vy(t)e P00, (5.8)
By plugging (5.7) into (5.8), we find
Mg(t) = 2ke= (¢85, (5.9)
So, using both (5.7) and (5.9), we deduce
g (£)Vq(H)e™ P07 < dapy (1) (1 = g (1))
< 41 (0) (1= ng(0) — 2tke™ (787}

We deduce 4
Ti(q,c) < 56(0_88)’3. O
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6 Beyond metastability

Theorem 1.2 entails that the dynamics take an exponential time to escape the
metastable state. This raises the question of describing the dynamics beyond this
escape time. It is for instance tempting to iterate the arguments using spherical
caps presented in the proof of Theorem 1.2. We did not succeed in this endeavor
as it appears challenging to propagate the (3, £)-separateness condition beyond
the first cone collapse. We leave this question open as a subject for future inves-
tigation.

In the same vein, here we are interested in understanding the dynamics in
the low-temperature limit: d and n are fixed, and § — +o00. As alluded to in
§1.2.4, existing results of this kind in related literature mostly rely on explicit
time-rescalings strongly linked to the particular problem at hand that accelerate
the dynamics. Finding an explicit rescaling is not straightforward in our setting
due to particle interactions.

As a starting point for our study we posit the following question.

Problem 2 (Staircase profile). Fix d,n > 2. Let (x1(0),...,2,(0)) € (S¢1)"
and consider the unique solution (z1(-),...,z,(-)) € G°(Rxq, (ST™1)") to the
corresponding Cauchy problem for (SA) or (USA). Do there exist a number of jumps
ke {1,...,n}, jumping times0 = Top < T1 < ... < T < Tp41 = +00, and
a sequence (75)5>0 C 6°(Rs0;Rx0), such that the function 5 : Rsg — Rxg
defined by

p(t) == Eg (z1(75(1)), ..., 2n(75(1))) ,

converges uniformly on (T;,T;11) fori € {0,...,k — 1} towards some piecewise
constant oo € L (R=0;[0,1]) as f — +00? Otherwise said, ¢ is defined as

Poo(t) = Poo(Ti) fort € [T;, Tita),

forie{0,...,k+1}.

We believe this to be a challenging problem due to the singular nature of the
limit 5 — 4oc0. At a fixed time instance, the Laplace method ensures that, as
B — 400, the sof tmax converges to the argmax. But issues arise along the
flow due to the fact that particles cannot collide in finite time—when two particles
are too near, most of the interaction is not between the two, but rather with the
others.

6.1 Staircase on the circle

We present a stylized example in which the staircase profile of the energy can be
proven to occur. We focus on dynamics on the circle with the following class of
initial configurations.
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Definition 6.1 (Well-prepared configuration). Let 5 > 1. We call a configuration
(01,...,0,) € T" well-prepared if

0O <by<...<b, <

and there exists a numerical constant ¢ > 1 such that foralli € {2,...,n—1} and

k> 1,

clog 8
B

Remark 6.2. The configuration (01, .. .,0,) where0; = c- 27 is well-prepared for
sufficiently small ¢ > 0, and [ large enough.

cos(0; — 01) > cos(0 — 6;) +

Figure 6: A well-prepared configuration.

We can give an affirmative answer to Problem 2 but for a slightly modified
version of (USA) in which we enforce collisions.

Definition 6.3 (Modified (USA)). Suppose 5 > 0, n > 2, and (6;(0))}_, € T".
Given the unique solution (0;(-))"; € €°(R=q; T") to the corresponding Cauchy
problem for (3.7), define

1
T*:inf{t>0:5|i7éj€ 1,...,n}? such that |0;(t) — 0,(t é},
{1,.m) 04(0) = 0,0)] <
and suppose that

1
card {z € {1,...,n}: 35 such that |0;(T,) — 0;(T%)| < } = 2.

Without loss of generality let (1,2) be these two indices.
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1 IfT, < 400, define

_ no (0:;(t)y fort < T
() "{<ef<t>>?:1 fort > T..

where 05 (t) := 03(t) fort > T., and (0 (-))_y € G°([T%, +00); T") de-
notes the unique solution to (3.7) with initial data (6;(T%))"o;

2. IfT = +oo, set (0;())*y = (0;(t)), forallt > 0.

We call (6;(-))i~, the modified USA dynamics.

These dynamics have some enhanced aspects compared to (3.7); for instance,
it is not obvious to prove that two particles remain in a neighborhood of size
~1/2 of each other over time. The only statement we can prove in this direction
is Appendix A.1.2, which requires that these two particles stay isolated enough
from all the others. Furthermore, our numerical simulation in Figure 4 is actually
done by merging these nearby particles since we otherwise encounter numerical
overflow. The following holds.

Theorem 6.4. Letn > 2. For f > 0, let (0;(0))?_, € T™ be a well-prepared
configuration in the sense of Definition 6.1, let ©(-) = (6;(-))}'_, be the dynamics
defined in Definition 6.3, and consider 73 € €°(R=0; R>o) defined as a solution to

75(t) = log 8 max eB(L—cos(0;(t)—0;(t))) fort >0,
(i)ell. .
|9i(t)—‘9j(7f)|>\/m (6.1)
75(0) = 0.

Then there exist a sequence of times0 =Ty <Th1 < Ty < ... < T} < Tjy1 = +©
with k < n, and a piecewise constant oo € L>(R>0;[0,1]) such that

lim max sup  |Eg(O(715())) — vool(t)| = 0.
i s [Es(O(75(1) — e (1)

Proof of Theorem 6.4. Fori € {1,...,n} andt > 0, set 0;(t) := 0;(15(1)).

Step 1. Preliminary spherical caps

Consider the spherical caps

81 := [01(0), 62(0)],
Sq := [04(0) — e PK 0,(0) 4+ e PK] forq e {3,...,n},

where 10%5 < K < cos (w) — cos(03(0) — 02(0)). We also define

. i log 3
t =inf St > 0: min 0;(t) —0:(t)| < ;
) { (i,j)e{l,...,n}2‘ (t) = 0;(t)] 5 }
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and

1
T :=inf ¢ > 0: i 0;(t) —0;(t)| < ——= -
1(8) :==in { (i7j)61?11’1f1_.7n}2| (t) — 6; ()| Blog B logﬁ}

We can slightly modify the proof of Theorem 1.2 to ensure that the particles 6;(t)
do not leave their respective spherical caps S, up to a time 7" > 0 which is expo-
nentially large with respect to 3, and that |0;(¢) — 62(t)| becomes exponentially
small with respect to 8. We briefly explain how to adapt the proof. The first step
of the proof of Theorem 1.2 can be reproduced in this setting with a lower bound
on the time of escape which is of the form

e,B(l—ozq—4e*ﬂK—K)
Tese = max )
qe{1,...,n} n

where a; = cos(6,(0) —6,-1(0)). We can reproduce the cone collapse argument
and ensure that the time 7. > 0 of clustering within the first spherical cap satisfies

T, < 4ne’,

Wlth{f et 1 — COS (w)
ordersif forall g € {2,...,n},

1026 < K < cos (02(0) ; 91(0)) — 0yq.

We end up with two particles for the (USA) dynamics that come exponentially
near each other while the others do not escape their original spherical caps.

As a result of the above discussion, all particles remain in their original caps
up to time 7', and for t € [0, T1(5)],

. So, asymptotically, the time scales are of different

arg max cos (6;(t) — 6;(t)) = (1,2)
(i,4)€{1,...,n}?

‘ei (t)_ej (t)‘> \/;3}0?

if 5 is large enough. Then for alli € {1,...,n} and ¢t € [0,71(5)],

eﬁ (cos (6]- (t)—0; (t)) — 1)

n2

sin (0;(t) — 0:(1)) - (6.2)

bit) = #5() >

7j=1
Plugging (6.1) into (6.2), we gather that for alli € {1,...,n} and t € [0,71(5)],

- n eBleos(@;(t)—0;(1) —cos(B1 (—02(5)) -
0i(t) =log 5 ) sin(6;(t) — 0i(t))-

j=1

n2
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Set u (t) := Oa(t) — 61 (t). We then have
B(cos(0;(t)—01(t))—da(t))

2lo ~ ~
1 (t) = — 55 sin(uy(t)) + Z c 5 sin(6;(t) — 01(¢))
n ) n
i#{1,2}
Bloos(0; (1) =02 (1)) —cr () _
— Z 3 sin(6;(t) — 62(t)).
7#{1,2}
We then can bound the right-hand side using the inequality on d; as
. 2log B . 2logp _,
uy(t) + 3 sm(ul(t))’ < — ¢ 8,

Then we have the following lemma.

Lemma 6.5. Suppose ug € [0,1], 8 > e, ¢ > 0,K > 0and x > logﬁ. Consider
u € €°(Rx) a solution to the Cauchy problem

{u(t) = —clog fBsin(u(t)) +¢(B) fort >0

u(0) = uo,
where
[e(B)] < Ke™"log 8.
Let
t(B) := inf {t > 0: ult) < IOEB},
and

. 1
T(8) = mf{t > 0: u(t) < \/W}'

Then, as  — +0o0,

t 9 _ 2log (tan (uTO))) log log /3
‘ B) =~ < clog 3 T logp
and 2loglog 1
og log
T(3) ~tP) S ~jjogs T© (Blgﬁ>

We postpone the proof to Appendix A.1.3.

Step 2. Repeating the arguments

We now argue by induction. By definition of the modified USA dynamics (6.3),
at time ¢t = T () (defined analogously to 71 (3)), the particles 1 (t) and 0y 1(t)
are fusioned. Thus at time T (3) we consider the spherical caps

81 := [01(Tk), O42(Th)],

Sy = [04(Th) — =P, 0,(Ty) + e~*F] forq >k +3,
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where

e = cos (‘9k+2(Tk) — 01(Tk)

2 ) — c0s (Ok4+3(T) — Op+2(Tx)) > 0

because of the hypothesis on the initial configuration, and 6, (7x(3)) > 6:1(0).
One can redo the argument of Step 1, to establish that the particles do not escape
their spherical caps because of the hypothesis on the distance of spherical caps
at initialization”. Moreover, similar bounds on T} (/3) and ¢4 (/3) can be provided
by virtue of a result similar to Lemma 6.5, but considering weighted particles as
to handle the particles which are already merged®. So by induction, there exist
ti(B) < Th(B) < t2(B) < T2(B) < ... < tg(B) < Tk(B) such that for all
ie{l,....k}

2 loglog 1
Ti(B) — ti(B) < e logf +0 (52 1ogﬁ) '

Besides, we notice that for alli € {1,...,k}

Eg (01(T:(B)), -+, 0u(Ti(8)) ) — Es (02(t:(B)), - . Ou(t:(8)))
n . eBlcos(6;(Ti(8))—0k(Ti(8)))—1) n_ . eBlcos(8;(t:i(8))—0k(t:(8)))—1)

=22 -2

k=1j=1 n? k=1j=1 n?
> %eﬁ(COS(GiH(Ti(ﬁ))—91(Ti(ﬁ)))—1) — Bleos(bit1(Ti(B))=0i+2(T3(8)))—1)
n

_ Bleos(01(ti(8))—0i+1(ti(B8))—1)

% 1
> 20
> 2o (logﬁ) ’

and we also have

Es (u(T3(B)) -, 0u(Ti(8)) ) — Eg (B1(:(8)); . 6 (1:(8)))
eB(cos(0;(Ti(8)) =0k (T:(8)))—1) n. 1 eBleos(0;(t:(8)—0k(t:(8)))—1)

vy Yy

2 2
k=1 =1 n k=1j=1 n

Using the monotonicity of the energy, and the definitions of 7;(3) and t;+1(3),
we gather that for alli € {1,...,k} and t € (T;(B), ti+1(5)),

0 < Eg (51(75), . ,én(t)) - Eg (51(71'(@% . wén(Ti(B))) =0 (1026) '

"The hypothesis on the initial configuration implies that all the spherical caps are sufficiently
separated to apply the adapted proof of Theorem 1.2, by using the fact that 61 (7% (8)) > 61(0) for
allke{1,...,n—1}.

8The proof is a straightforward adaptation, the only difference being that the scalar differential
equation is not for u(t) = 0x(t) — 61 (t), but rather for a weighted difference of the two particles,
namely v(t) = MO (t) — (1 — Ax)01(2).
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Thence there exist £y, {1, ..., ¢, € R>, defined as limits of T;(3) as § — 400,
with £y := 0, such that, defining ¢ : R>0 = R>g as

1 2 ¢
(poo(t): *—i-szk fort € (&,EiH),
n n 1

we have, foralli € {1,...,n}andt € (¢;,4;11),

Es (01(0), . 80(D) — poelt)]| 50

as desired. O

6.2 A reparametrization candidate

A naive way of accelerating the dynamics is to introduce the time reparametriza-
tion 73 defined by

. o log B8
() = [vEstemyy  fort =0,
73(0) = 0.

One sees that when the gradient is small, the dynamics is accelerated. Therefore,
the hope is that the dynamics would take a constant time (not depending on /3
asymptotically) to induce a jump in the energy. Denoting ¢3(t) := Eg(u(75(t))),
we have

pp(t) =log B - [[VEg(u(rs(t))l,

since the gradient has different scales of magnitude depending on 5. We posit the
following question.

Problem 3. Does the statement of Problem 2 hold for 753 as above?

A Toolkit

A.1 Technical lemmas
A.1.1 Proof of Lemma 2.1

Proof of Lemma 2.1. First of all, observe that F(u) = u(1 — u)e®®~1) is zero at
u = 0,1 and strictly positive in (0,1). Whence ¢ — u(t) is increasing for all
B = 0. Now suppose 3 > 1, and consider

t1 :zinf{t}():l—u(t)éé}.

Since u(t) > ug > 0 and also 1 — u(t) > B! for all t € [0, 1], we have

a(t) > 2 eBlu(t)-1)
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for t € [0,t1]. Setting f(t) := e#(1=(*) we find

Ft) = =8P (1) < —ug,

whence
F(£) < £(0) = uot.
It follows that

We then define
ty = mf{t >t 1 —u(t) < e—cﬁ}.

Forall t >ty > t; we have u(t) > 1 — ' and (-1 > ¢=1 5o

at) > (1 — u(t)) <1 - ;) L_1—u)

B
e = e

1

By the Gronwall lemma, for all ¢ > ¢;

We then deduce that

to — 11 <

We conclude by using the bound on #;. O

A.1.2 Proof of Lemma 2.2

Proof of Lemma 2.2. We define

T.:=inft>0: i i),z () <1—6,.
in { (in (wa(), 25(8) }

By contradiction suppose that T, < T Let ¢t € [0, T%] and

p(t) := (i{jrﬁiGgQ(xi(t),fﬁj(t))

We also consider i(t), j(t) such that

(i(),3(8)) € argmin(a, (1), 2, (2)).
(4,5)€l?

Following exactly the same arguments as in Step 2 of the proof of Theorem 1.2,
we get
pt) = Zp(t) (L — p(t))e P70 — 2pem (1=
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for t € [0,Ty]. Now for t = T, by continuity we have
1
~p(Te)(1 — p(Ty))e PU=PT2) > pe=(=e)f,
n

Plugging the former inequality into the latter we get p(7%) > 0. So for all times ¢
in a neighborhood of 7%, p(t) > 0, whence p(t) < 1 — ¢ for ¢ in a neighborhood
of T,. This is in contradiction with the definition of T,. Therefore T, > T, as
desired. O

A.1.3 Proof of Lemma 6.5

Proof of Lemma 6.5. Define v(t) := log (tan (@)) Note that

. u(t)
)=
o) = S ()
For all ¢ > 0, we then have
- c(B)
= —cl 4P
o(t) clog i + 2sin(u(t))
Furthermore, for all ¢ € [0, T'(5)],
_(clogs _c(B)V/Blogh
tan (u(t)> < tan (U(O)> e ( 2 2 >t, (A.1)
2 2
as well as p—
(clogs , c(9)V/Fiogs
tan (757 2 an (757« (gt (A2)

We now turn our attention to deriving bounds on ¢(3) and 7'(3). The inequalities
(A.2) and (A.1) yield

(22 ) tan (1570 (LE2 Y

N —ct(B)log B u(0) Se
e 2 tan (T)

Since ¢(3) = O(e *#log ) with x > 0 and ¢(f3) is bounded uniformly in /3, as
B — 400 we have

t u(t(B))
e 2 tan (T)

=1+0 (c(8)v/Blogh) .

Besides, Taylor-expanding the tan we get

o B (U(20)) N WJFO <(IO§B)_2>

+0 (ewc(ﬁ)\/ﬂlog ﬁ) .
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Whence, as § — +oo,

u(0)
§B) = 2 N 2log (tan( 2 )) B log log 3 Lo (ﬁ212g6> ‘

c clog clog 8
Following the above chain of computations, we can also gather that, as 8 — 400,

u(0)
9 2log (tan (—~ log 1 1
e
c clog 8 clog 8 5% log 8
Therefore, asymptotically as § — 400,
_ _ 2loglog 8 ( 1 >
TB)—1(B) = “logh +0 310z j) O

A.2 Numerical considerations

Code can be found at https://github.com/HugoKoubbi/2024-transformers-dotm.
In Figure 4 we used the initial configuration displayed in Figure 7, and discretized
the equation using a forward Euler scheme with time-step equal to 1075.

1.0

0.8 1

0.6 1

0.4

0.2

0.0

0.0 0.2 0.4 0.6 0.8 1.0

Figure 7: The initial configuration with n = 5 points used for Figure 4.
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