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The covariant and non-covariant field equations involving cosmological constant and
electromagnetic fields in Teleparallel Equivalent of General Relativity (TEGR) have
been derived. The solution of the field equation in the presence of magnetic charge has
been obtained. The covariant formulation of teleparallel gravity for the magnetic and
electric black hole have been obtained. The singularities of the solution in covariant
formulation have been analyzed using some scalars obtained from the torsion and the
curvature tensor associated to the solution. The gravitoelectromagnetic fields of both
magnetic and electric black hole have been calculated and discussed.
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1. Introduction

Some alternative formulations for the theory of gravity as well as modifications to
the general theory of relativity have been proposed [1-6]. The motivations to pro-
pose alternative formulations of gravity and to modify general relativity include the
attempts to explain various discourses and observations in gravity, such as quan-
tum gravity, cosmological dark energy, and cosmological dark matter, which cannot
be explained by using general relativity. One alternative theory of gravity which
is paradigmatically different from Einstein’s general relativity is the teleparallel
theory of gravity. In the theory, the gravity is not regarded as the manifestation of
spacetime geometry, but it is regarded as a field of force. In this theory, tetrad fields
instead of metric tensors play the role of fundamental fields with the assumption
of absolute parallelism [7—11]. The theory involves the Weitzenbdck connection. In
the so-called pure tetrad approach, the curvature of the connection is zero, but not
its torsion. The torsion of the connection describes the gravitational field strength
as a substitute for curvature in the general theory of relativity [12]. Teleparal-
lel gravity provides a new framework or perspective for observing and interpreting
gravitational phenomena that are different from the way of observing and interpret-
ing gravitational phenomena according to general relativity. Teleparallel gravity is
phenomenologically and conceptually consistent [13].

For a specific choice of parameters, teleparallel gravity is equivalent to Ein-
stein’s general relativity [6]. This version of teleparallel gravity is referred to as the
Teleparallel Equivalent of General Relativity (TEGR) [14]. However, despite being
equivalent, the two approaches are conceptually very different [6]. In general rel-
ativity, the Levi-Civita connection includes both gravitational and inertial effects.
From the point of view of TEGR, gravitational field is regarded as translational
gauge field and the effects of inertia are represented by the spin connections which
depends on the frame of reference. If we restrict our observation to the inertial
frames, then the spin connection must vanish [6]. The implication of ignoring the
spin connection is that the formulation is not covariant under local Lorentz trans-
formations. If the spin connection is assumed to be zero, then the tetrad appears
as the only field variable. Such approach is called pure tetrad teleparallel gravity
or non-covariant teleparallel gravity [6].

Using a suitable choice of spin connestions, we obtaind a fully covariant theory
of teleparallel gravity which is covariant under coordinate and local Lorentz trans-
formations [6]. Such formulation for instance is proposed by Krssak and is called the
covariant teleparallel gravity. The advantage of the covariant formulation is that
study of gravity is not restricted to a particular frame of reference. In the proce-
dure proposed by Krssdk, this purely inertial spin connection is obtained from a
so-called reference tetrad in which the gravity is ”switched off”, for instance by set-
ting the universal constant G of gravitation equal to zero. However, there are some
criticisms against the method and shortcomings in some cases. For example, in the
case of the closed Friedmann-Lemaitre-Robertson—Walker (FRLW) cosmology, the
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curvature components are not equal to the curvature components yielded in inertial
spin connection [15]. Another example is that for the same metric tensor, different
tetrads (especially non-diagonal tetrads) produce the same reference tetrad so that
the spurious inertial effect is lost not only in one proper frame [16]. However, the
method proposed by Krssak for other cases is still acceptable.

While, the general theory of relativity can explain various natural phenomena,
in particular around astrophysical objects which are classified as compact objects
in astrophysics, TEGR should also be able to explain such natural phenomena.
Studies on compact objects especially neutron stars and black holes in the contexts
of TEGR have been widely carried out [17-26]. Such studies for instance are to ob-
tain solutions and energy condition as well as to understand the physical properties
and singularities. Among the works mentioned above the solutions of the magnetic
and electric black hole have gained great attentions, for instance in [24] and [27].
However, the approach taken in the works [24] and [27] are still in non-covariant
formulation of TEGR. Thus, the applications of the results obtained there are re-
stricted only to inertial frames of reference. In order to ensure that the application
of the results obtained are not limited to the inertial frame of reference, it is nec-
essary to study the problems in the covariance approach. Therefore, the aims of
our work here is to study the possibility of formulating the problems proposed and
solved in [24] and [27] in the covariant fashion of TEGR. We will investigate phys-
ical systems (magnetic and electric black holes) studied for instance in [24] and
[27], but in the covariant formulation. We derive the covariant field equations for
such systems, find their solutions, and analyze the singularities of the magnetic and
electric black holes.

A Black hole is described by their mass, angular momentum and charge (electric
and/or magnetic) [28], which is khown as the no-hair theorem [29]. Due to the small
charge of a black hole, most researchers ignore the charge and emphasise the mass
and angular momentum of black hole [30, 31]. However, the small charge of a black
hole can significantly affect the motion of charged particles, especially cosmic rays
around the black hole [30]. In addition, it is important not to overlook the charge
of a black hole, as they can absorb surrounding matter, including charged matter
[32]. Charged black holes also provide an opportunity for new physics findings with
gravitational waves [31]. They are also considered as the regular black hole models
[33, 34] use to explain the concept of singularity [35]. In the context of Einstein-
Maxwell equations charged black holes play some important role [24], since they
provide easy example.

The similarity between the Coloumb force in electromagnetism and the grav-
itational force gave rise to the idea of gravitoelectromagnetism. In the context
of the general theory of relativity, Einstein and several physicists have discussed
the derivation of gravitoelectromagnetism through a review of perturbations in
Minkowski spacetime [36]. Gravitoelectromagnetism is also formulated in the con-
text of TEGR, [37, 38] as a gauge theory based on the strong component of the gauge
field [37]. As in electromagnetism where Maxwell’s equations consist of electric and
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magnetic fields, in gravitoelectromagnetism, there are Maxwell-like equations con-
sist of gravitoelectric and gravitomagnetic fields (gravitational electric and magnetic
fields) [37, 38]. Spaniol and Andrade (2010) have derived two equations which are
similar to Gauss’ law and Ampere’s law in electromagnetism [37]. While the com-
plete Maxwell-like equations have been obtained by Ming at all [38]. They identified
the spatial components of the torsion tensor fields in Cartesian coordinate system
as gravitoelectric and gravitomagnetic fields based on the similarity between the
kinetic part of the Lagrangian density of the teleparallel gravity and the kinetic
part of the Lagrangian density of electromagnetism as well as the similarity be-
tween the expression of the torsion and of electromagnetic strength field [38]. They
investigated gravitoelectromagnetism in some astrophysical casess [37], such as the
gravitoelectromagnetic fields corresponding to the Schwarzschild metric [37, 38],
slowly rotating spherical shells [37], and gravitational waves [38] in non-covariant
formulations. Here, we will also investigate gravitoelectromagnetism corresponding
to the magnetic and electric black holes studied in [24, 27].

This article contains five sections. In Sect. 2 we will review TEGR and formu-
late the covariant field equation concerning magnetic black hole using the method
proposed by Krssak. In Sects. 3 and 4 we will analyze the solutions of our field
equation, discuss the singularities of the solutions, and formulate the gravitoelec-
tromagnetism for the electric and magnetic black holes.

2. The Formulation of the Covariant Field Equation in
Teleparallel Gravity

H. Weyl (1918), Th. Kaluza and O. Klein (1920) and Einstein (ten years later)
sought to unify gravity and electromagnetics [13]. Although these efforts were un-
successful, the ideas of unification remain essential today. Einstein proposed the
idea of unification based on the mathematical structure of teleparallelism by in-
troducing the tetrad fields. A tetrad is an orthonormal basis field in the tangent
space at each point of four-dimensional spacetime. Later, Cartan, with the Eintein-
Cartan theory, developed a modification of the general theory of relativity with
spacetime having curvature and torsion. Hayashi and Shirafuji also proposed the
so-called new general relativity.

Describing gravitational interactions requires curvature and torsion which cor-
responds to a connection. In general relativity the connection involved in the theory
has vanishing torsion. In teleparallel gravity, the connection involved has vanishing
curvature. General relativity and teleparallel gravity are conceptually different but
produce equivalent descriptions of gravitational interactions. A direct consequence
of this equivalence is that curvature and torsion are alternative ways of describing
the gravitational field [13].

Here will use the Greek alphabets u,v,p,... = 0,1,2,3 as spacetime indices,
while for the tangent space indices we will use the Latin alphabets a,b,c,... =
0,1,2,3. Here, a quantities with the symbol ”o” over them are related to general
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relativity, and all quantities with the symbol ”e” over them to teleparallel grav-
ity. In teleparallel gravity, the fundamnetal field is a tetrad field (h““) describing
gravitational field of the form
h*, = 02" + B*,, (1)
with
B, =B, P, (2)
is the gauge potential and P, = % is the translational generators.
Every point in spacetime with a metric g, has a tangent space attached to it.
The tangent space is defined as Minkowski spacetime with the tangent space metric

being 14, = diag(+1, —1, —1, —1). The tetrad field connects the metrics g,,, and 7qp
according to

Guv = nabhauhbu' (3)

The connection in teleparallel gravity is the Weitzenbock connection (I'*,,) given
by

7, = h,0,h", + h,o", b0, (4)

where c:;“bu is the inertial spin connection. The torsion of the Weitzenbock connec-
tion is formally given by

Tp;uz = Fpu,u - Fp;tu' (5)

The torsion of the Weitzenbock connection in the non-covariant formulation is
expressed in term of tetrad field as [12]

T, = d,h%, — 8,h°,. (6)

It is well known fact that the Weitzenbock and Levi-Civita connections are related
by

sz/;,a - Kpul/ = Fpuu’ (7)
where K” ,, is the contortion of the connection defined by

° 1 o o o
ity == (P - T - T ). (®)

Furthermore, the superpotentials of the Weitzenbock connection is defined by

° v ]_ ° y .ﬁy v .ﬁﬁt
SH Q(K“aJrégT ﬁféaT 5 9)
and the curvature of the Weitzenbock connection by

R’OGW =9,I",, — 8VF"9N +I7,,1%, —T" r’, (10a)

= 8,,&;“@ — a“o'ﬂb,, + J}“euweb — W, W%, - (10Db)
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From equation (4), if the spin connection c:)“bu vanishes then the curvature R”, v

L]
also vanishes. The Weitzenbock connection (I'”,,) is a connection with non-zero
torsion and zero curvature. It implies the condition of absolute parallelism where
the Weitzenbdck covariant derivative of tetrad fields vanishes,

Vht, = 8,h%, — 17, h", =0. (11)

o
If the expression of Levi-Civita conection I'” ,,, in Equation (7) is subtituted in
the Riemannian curvature tensor

Rp@uu = alll_‘pel/ - 8Vrp9p, + FPUMFJQV - Fpourpeu (12)
then we obtain the following equation [13]
Rp@ul/ = RPO;U/ + QPQuV’ (13)
where
Qp@p,u = aﬂKpOV - 8’/Kp0y + FPUMKUHV - FPUVKPG;J, - FUGMKPUV
+ FU@MK’DG'VKPUVK(T@/,L - KpauKUGV' (14)

L[]
Whenever the curvature R”, v of the Weitzenbock connection vanishes, then we
have

[e] L]
_RPG,U,V = Qp@,ul/' (15)
L]
In this case, from equation (14) and equation (15), the scalar @ therefore is given

by [13]

o L]

é =-R= KHVPI.{PV# - I.{MPMI.{WV + %a“ (hi“”uy) . (16)

2.1. Covariant formulation of teleparallel gravity

A nontrivial field or anholonomic tetrad is of the form [6]

he, = Oz + &%,a + B, (17)

The difference between equation (17) and equation (1) is that there is a second
term u.)“buxb, where a.J“bH is the inertial spin connection. In general relativity, the

spin connection w, includes both gravitational and inertial effects. However, in

° L]
teleparallel gravity w®,, represents only inertial effects, while the contorsion K o
represents only gravity [39] with

=w?,. (18)
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The torsion corresponding to the tetrad appearing (17) is given by
hd L] L]
T, = 0uh%, — 0yh®, + &%, h", — &%, h,. (19)

Equation (19) shows that the teleparallel gravitational field strength is just the
torsion tensor.

In teleparallel gravity, each tetrad is associated with a spin connection. There-
fore, there exists a frame of reference characterized by pairs of tetrads and spin
connections (h“u,@abﬂ). One of the methods to obtain the spin connection of a
tetrad was proposed by Krssdk [6]. The methods involves finding the reference
tetrad () h® ,,) in which the spin connection is given by
1@

S =5 W% (B (OR) + £.5(Oh) = 4 (OR)), (20)

where the reference tetrad ((r)hau) is the tetrad obtained by equating the gravita-
tional constant G to zero (or turning the gravity off)

®he, =", |lc—o, (21)
and f¢, (Dh) is the coefficients of anholonomy

P () =0 e, Ont, (90Re, — 00ne, ). (22)

2.2. The Formulation of Covariant Field Equations

The action of teleparallel gravity is given by

1 ° °
1677G/Tr(T/\*T>

h 1. ° 10 ° ° °
— “ Ty T 4+ =Ty, THY — T T )| hd* 23
167TG/<4 An Tyt o A> o (23)

z’;:

where G is the universal gravitational constant (in the unit system with ¢ = 1),
and h the determinant of the tetrad h®,. Therefore, the Lagrangian density of the
action is of the form

h

o 1le . 1le o . °

L=—— 2T T + =T, T =T T, ). 24
167G (4 An gt prt A (24)
Equation (24) can be written in torsion scalars by using the definitions of the

contortion tensor (equation (8)) and superpotential (equation (9)) as follows

. h . . h .
L=——T%,5""]= T, 25
167G ( prma ) 167G (25)
where the torsion scalar T is defined as [13]
. 1le ° » 1le . y ° . °
T = ZTWT*“ + iTA,wT“’\ —T7,,TM,. (26)
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If the physical effect related to the cosmological constant and electromagnetic field
are taken into account the action in teleparallel gravity becomes [24]

° _ 1 ° 1 "
I(hm)_/(wm (T 2A> 2F/\*F>hdm
1 o 1
_ _ _ 5% 4
/ (167rG (T 2A> 1EwF > hdz, (27)

where L., = —%F Ax F'is the Lagrangian of the electromagnetic field. The corre-

sponding Lagrangian density for the action Z (h;,) equation (27) is given by

. h . h
= T—-2N)——-F, F*
£ 167G ( ) 4"
h 1e . 1e . . °
= ——— (2T T + ST, T — TV, T, ). 28
167G (4 Ap + 2 Ap puv A ( )
Teleparallel gravitational field equations are derived through the Euler-Lagrange
equations
oL oL
— 05 =0. (29)
e, ~ %8 (0,he)

The superpotential (S,°?) given in equation (9) can be derived from the Lagrangian
density through

koL
g “ T ho(0.h,)

)
)
]
|
I
wne
q
AN
Il

(30)

Furthermore, the Noether gravitational energy-momentum flow (J,°) is defined as

1o
h Ohe,

I’ (31)
The formulation of the field equations requires explicit expressions of the superpo-

tential S,”? (equation (30)) and Noether gravitational energy-momentum current

L]
J P (equation (31)). We require also the expression of the torsion given in equation
(19). We obtain the momentum flow of Noether gravitational energy as follows

° 1 ° ° . e e ;l P .
Jo’ == (4870 y —4h S VTC,\ ) — 2 (T —2A
a 2%k < ¢ Yao a e 1/)\> 2% ( >

. 1
— ho'gpe F*°F,% + Zha”gA”ng)\EFpa. (32)
Then, equations (9) and (32) are subsumed intothe Euler Lagrange equation (29)
to obtain the covariant field equations involving the cosmological constants and the
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electromagnetic fields, namely
—174 ad pv & prla o o v 1 v [
I, =h"'h,0, (hh S.° ) = S, = T\,S. — 20 (T - QA)
1 1% g
+ 47 G (—F'LLPFV)U + ZéﬂFp Fpo’) = O, (33)

L[] ° °
If the spin connection w®,, vanishes, the term S,/w®
obtained the non-covariant field equation

p also vanishes and we

. [) ° . 1 °
L, =h"'h,0, (hhﬁSaP”) =T, 8. = 10 <T - 2A>

1 14 ag
+4nG (—F*‘pFl,p + JOLE” Fpa> =0. (34)

2.3. Gravitoelectromagnetism in teleparallel gravity

The first term of the vacuum Lagrangian density is of the same form of the La-
grangian density of electromagnetic field except the summation in internal (tan-

gential) space, where the torsion tensor fields 7, and electromagnetic field tensor
F,,, are in the same place. From Eq. (5), the tetrad fields h®, can be regarded as

v

the potentials of the theory and the torsion fields 7, as the strength of field.
Ming, et.al. [38] have proposed the following form of the torsion field

0 E° E° E°
o _|-E% 0 -BL B, |
" ~E°, B°, 0 -B°

~E°, -B% B% 0

(35)

where with E% and B% (a = 0,1,2,3) and (i = 1,2,3) are the gravitoelectric
and gravitomagnetic fields respectively. In equation (35) the gravitoelectric and
gravitomagnetic field components are written in Cartesian coordinates.

3. Magnetic Black Holes
3.1. Ezxact solutions

The way to understand the general theory of relativity and TEGR is to obtain
the solution of equations concerning black holes, especially magnetic black holes
[24]. A magnetic black hole with cylindrical spacetime symmetry describes a black
hole with a flat horizon. The metric used to describe flat horizon spacetime in the
cylindrical coordinate system is of the form

ds® = A(r) dt* — dr? — r?d¢* — r?d2?, (36)

A1 (T)
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where A(r) and A;(r) are functions to be determined. The tetrad chosen here is
the diagonal, namely

1
hq, = diag <\/A7 —, 7, r) , 37
8 VAL 7
with the various index variations being
1
he, = diag (v A, —\/—Ai, -7, —r) , (38a)

and

1 1 1
ha'u’:dlag <\/Z,—\/A1,—r,_r> . (38b)

The tetrad determinant of equation (37) is clearly

detha#:h:rz,/é. (39)

The field equations involving cosmological constant and electromagnetic field in
non-covariant formulation are obtained by subtituting the expression of the compo-

nents of the torsion tensor 7% , the superpotential tensor S% ,,, the torsion scalar

yr 7 uvo
T, and of the electromagnetic tensor F),, into equation (34). The components of

L[]
torsion 7, that are not equal to zero are obtained using equation (6), namely

° ° A
7%, = -T°%,= ——=, 40a
01 10 2\/2 ( )
and
T212 = _T221 = T313 = _T331 =—-L (40b)
The nonzero torsion components 7%, are
° ° A
7%, = -T%,= —=—= 41
01 10 oA’ (41a)
and
° ° ° ° 1
T212 = _T221 = T313 = _T331 = S (41b)

The components of the superpotential S, that do not vanish are obtained using
equation (9), namely

. ° A

5001 = —5010 = —71» (42a)
and

. . . . A

5% =—5%, =53 =-5%, - (rA, +24). (42b)
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Furthemore, the torsion scalar T' obtained using equation (25) is given by

Here, we adopt the generalized gauge potential for a magnetic black hole with
cylindrical symmetry from [24], i.e.

v =(a(¢) + a1(2)) dr + (b(z) + b1(r)) d¢ + (s(¢) + s1(r)) dz. (44)

Therefore the nonzero components of the electromagnetic field strength tensor F},,
and F*¥ are given by

Fia = Fan = (1()e ~(a(6)).o (452)

Fiz = Fz1 = (s1(r))yr —(a1(2)),2 (45b)

F23 - F32 - (5(¢))a¢ _(b(z))’z ) (45C)

F? = P = 21 00() ~(0(0)) o (454)

P = B = A6 (0 (2) . (15¢)
and

Fiag = Fiz = 5 (5(6)).0 ~(b(2).2. (156)

L]
The non-covariant field components are obtained by subsuming the torsion 7%,

the superpotential S, the electromagnetic field tensor Fj,, and F*”, and the

pvo
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torsion scalar T' to equation (34). Therefore, we obtain

4G

Ly =l = — 5= (s(0).6 = b(2).2) (51(r),r — a1(2), 2) =0,

4G

Ly =I5 = 2 (5(¢),6 —b(2),2) (0r(7),r — a(¢),4) =0,
Iz =I31 = 4nG Ay (51(r) r — a1(2) 2) (b1(7) » — a(®) 4) = 0,

7A1,r Al A 2rG
lo=%"F52t317
—a1(2)..)* + = (s(¢),6 — b(2).2) } =
jio_ A 1A 220G
W=7 9rA4 22
1
()" - g (006 4.
T‘2A1 T2A1 ’I"Al
I - A T A 2
22 ia et AT g
T 2mGr? [ (b () — a)g)? — 2
o (50 -0(:).)*| =0
and
T‘2A1 T2A1 ’I"Al
Tyy = — A, Ar2 -T2t
33 aa et AT g

+ 27Gr? [—;121 (by(r), — a(¢)¢)2 + % (s1(r)» — al(z),z>2

%2 (5(6): —b(Z),Z)Q} =

7,2
Aar - Alw“ Aw“

7,2
Aar - Alw“ Aﬂ“

+ = |:A1 (b1(r) » — a($) o) + A1 (s1(r)

0,

8A

(1) — ar(2) )

8A

:
— A~

:
— A~

(46a)

(46Db)
(46¢)

(46d)

(46e)

(461)

(46g)

The value of each term containing the magnetic field strength (s1(r) , —a1(2) »),
(01(r) r —a(®)s), and (s(¢) 4 — b(2),.) can be obtained from the field equation
components I1o, [13 and Is3. The possible values of the three terms are as follows

(a) All terms (s1(r) »—a1(2) ), (b1(r),r — a(@) 4), and (s(¢),4—b(2), ;) vanish. How-
ever the field equations obtained with this choice do not contain the gravitational
constant G needed to determine the reference tetrad.

(b) Only one of the terms is not equal to zero.

(i) The only nonzero term is (s1(r), — a1(z) ). This choice results in differ-
ential equations being insufficient to generate the solutions A(r) and A;(r)

explicitly.

(ii) The only term is (bi(r), — a(¢).4) # 0. This choice results also in differ-
ential equations being insufficient to generate the solutions A(r) and A;(r)

explicitly.
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(iii) The only term is (s(¢),4 —b(2),.) # 0. This choice yields deferential equations
which are sufficient to generate the solutions A(r) and A;(r) explicitly.

Therefore, in order to obtain the solutions A(r) and A;(r) explicitly which
contain the gravitational constant G, we choose the last possibility (b.iii) where the
only nonzero term is s(¢) 4 — b(2) .. In this case the solutions for a;(z), b1(r), and

s1(r) are
a1(z) = a1z, bi(r) = fir, s1(r) =, (47)
where a1, 81, and =y, are the integration constants. For the solution b(z) we choose
b(z) = Bz, (48)

where [ is the integration constant.
Since the system under consideration is a black hole in cylindrical symmetry,
the solutions for a(¢) and s(¢) are

a(¢) = a, s(¢) =1, (49)
where o and v are the integration constants. The solutions A(r) and A;(r) of the
field equations (46d-46g) therefore are given by

Ai(r) = 1 A(r), (50)

and
4GB Ar?
Alr) = o5 — 2 4 47GH°_ AT (51)

r cir? 3c1

where ¢;,7 = 1,2, 3, are constants of integration. If ¢; = ¢c3 =1 and ¢co = 2GM are
chosen, the solutions A(r) and A;(r) are given respectively by

Ay(r) = A(r), (52)

and

2GM  4nGp% Ar?
Alr)=1—- —/— -
(r) r + 72 3

The metric corresponding to the solution (52)-(53) is
2GM | 4AnGB>  Ar? 2GM  4nGB>  Ar?\ 7'
dsQ—(lG+ o T)dt2<1G+ o T) dr?
T T T 3

—r2d¢? — r2dz>. (54)

These results (equation (54)) are in concommitance with the Reissner-
Nordstrom de-Sitter metric discussed for instance in [39-43] in which the term

4nG 3>
r2
indicates the presence of the magnetic field sources. Our solution obtained here
are different from [24]. The differences are due to the fact that our field equations
which are derived via the variational principle have different sign in the terms
corresponding to electromagnetic field.
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3.2. Covariant formulation

Here we will formulate our solution in covariant fashion by using the method pro-
posed by Krssdk through the reference tetrad [6]. Now we will use Krssak procedure
by computing firstly the reference tetrad. Afterwards, we calculate the anholonomic
coefficients, the spin connections, the torsion, the superpotensial, the torsion scalar,
the electromagnetic field tensor, the contortion, and curvature of the spin connec-
tion. In our study, we choose the diagonal tetrad

. 1
(I')hau = dlag (\/ AG(T), m,’r, T) 5 (55)
1

as reference tetrad, where (Ag(r)) and (A1¢(r) = c1 Ag(r)) are the values of (A(r))
and (Ap(r)) respectively when the universal gravitational constant G is set to be
zero. The reference tetrad with varying indices is therefore given by

r a M 1
@®p ., = diag (\/Ag, _701/1@ ,—T, —7“) , (56a)
and
1 1 1
(r)ha# = dlag (\/Ai,\/ ClAG’f["r) . (56b)
G

To calculate the spin connection appearing in equation (20) we require to calcu-
late the anholonomic coefficients (f%,(?h)) associated with the reference tetrad,
namely

P (Oh) = O Oy (9, O, =9, e, ). (57)

Then, nonzero anholonomic coefficients f%_(@®h) and f,% (Wh) are

1 c
f001 ((r)h) = *folo ((r)h) = ) fAG,r, (58a)
V Ag

Vel A
Fra(On) = =20 (D) = 215 (D) = — %, (Wh) = Y26 (58D)

r

20O = foly (D) = =2 [ D ag, (58¢)
2\ Aqg

and

Vv C1 AG

o (Vh) = =% (Wh) = £y (Vh) = —f° (V) = = (584)

The components of the spin connection Ltzcau that do not vanish can be obtained
from equation (20), namely
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and
Wy =%y = Vedg. (59¢)

°
Then, the torsion components T, in the covariance formulation are calculated

L]
using equation (19). The torsion components 7€, that are not equal to zero are

given by
° . 1
7%, = -T°,= —— (A, +Ag..), 60a
01 10 2\/2( Gor) (60a)
and

—VA+/Ag). (60b)

[ ] [ ) [ )
While the torsion components 7%, T' ./, and T"¥, that are not equal to zero are

given by
7.1001 = %010 = i (—Ay+Agyr ) (61a)
%, = T 21—:}313——T 31-‘%( VA+ \/%)7 (61Db)
1.“001 = _%010 = %1 (—Ar+Acyr ), (61c)
7'1212 _ _j'ﬂ 21 T 13 _ %331 01\/> ( VA 4+ m) ’ (61d)
700, — 2A2 (A, +Acw ), (61¢)
T = 2 (-4, +4), (61f)
7'1212 :7'1313 _ 01\/>( VA + \/E) (61g)

and

722 s r3f ( VA 1+ \/@) (61h)

From the above expressions of the torsion, we can compute the superpotential

according to
. v 1 1le v ]_ .V 1e y .ﬁy » .5#
S = 5 < VAN T b+ T Ky + oRT 5~ onT 5] - (62)

L]
The nonzero superpotential components S *" are given by

G0 = —§,10 = cl\f (~vA+V4q), (63a)
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and

5212 _ _5221 _ 5313 _ 5331 _ _% (r (—\/Z—i— Tlc)

+2vVA (—\/Z + \/AG)) . (63b)
According to equation (25), the torsion scalar % is

To_ Tff/lz (-VA+ VAG) (r(~Ay+4gy) + VA (~—VA+V4Ag)). (64)

L] L]
Furthemore, the components of the contortion tensor K#* , and K*,, are calculated

using equation (8) and the nonvanishing components of contortion are

['(010 _ _f(loo _ _%1 (—A, +Ac, ), (65a)
fn, = e, = o e - YA VAL VAG), ()
2 %0 = i (—Ar+Acyr ), (65¢)
Kl = % (— A, +Ac ), (65d)

Ky =Kl = —errV/A (-vA+VAq), (65¢)
and

K2, = K3, — ﬁ (—\/Z+ \/E) : (65f)

L]
In this case, the curvature R%,, " of the spin connection does not vanish and its
non zero components are given by

[ ] L] ° L] Cl
Rouo = _ROIOI = Rl010 = _R1001 = —gAG,rr, (66a)
R0220 = _Rozoz = RO303 = _R0330 = 32020 = _R2002 = R3030 = _R3003 (66b)
= —%\/ A(;AG’T, (66C)
R1212 = *R1221 = R1313 = *R1331 = R2121 = *32112 = R3131 = *R3113 (66d)
1 Ag.,
— = ) 66
5 Ve As (66e)
R2323 = _R2332 = R3232 = _R3223 = —adg. (66f)

L]
That the curvature of the spin connection R%,, ., does not vanish can be explained
through the following spin connection transformation [44]

L] o/

wabp = w ab,u = Aac(x)‘:)cd,uAbd(x) + Aac(x)aﬂAbc(x)' (67)
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Tetrad and spin connection variables come together with a Lorentz gauge symmetry.
The Lorentz gauge freedom is of particular relevance for metric teleparallelism,
with a flat, metric compatible spin connection [44]. In this case it is always possible
to choose the Weitzenbock gauge (locally) such that the spin connection vanishes
identically, c:)“bu = 0. It further follows from Equation (67) that in other gauge the
spin connection takes the simple form

!
®'a

w = A% (2)0u A (). (68)

It is straightforwards to compute so that the curvature ].%laby ,, of the spin connection
JJ/“W given in equation (68) vanishes [6].

However, other choice of gauges may lead to a non zero spin connection &abu

which transforms to other spin connection J}/“b ., according to Equation (67) whose

curvature does not vanish. That the curvature of the spin connection (:J/“bu does not

vanish indicates that the geometry involved in this consideration is Riemann-Cartan
geometry instead of Weitzenbock geometry.

3.3. Singularities

Now, we discuss the singularities of our solution. It is well-known that the analysis
of singularities in Einstein’s general theory of relativity is made by involving the
Kretschmann scalar [45] which is calculated from the Riemannian curvature tensor
as given in equation (12). Therefore we need to calculate the Christoffel symbol
of Levi-Civita connection. The non vanishing Christoffel symbol of the Levi-Civita

connection are
A,

[0, =10, =
01 10 94" (69a)
° A
Iy = TAVI‘? (69Db)
© A?T
Iy =- A (69¢)
Iy =Ty = —ard, (69d)
and
o o o o 1
11212 = 11221 = 11313 = F331 = . (69e)

While the Riemannian tensor components ]%p Avp and ]O%p avp are calculated using the
Levi-Civita conection given in equation (69) whose non vanishing components are
given in equation (A.1). From the Riemannian curvature tensor given in equation
(A.1), we obtain three important scalars, namely

(a) the Kretschmann scalar

RPMER )z, = % (1 Ay +472(A )2 + 44%) (70)
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(b) the scalar R*“R,,,

o [} 2
R Ry = S5 (12 (0 Ay 24, )P + 4 (rA, +4)°) (71)

and
(c) the Ricci scalar

o C
R= 7; (r2A,, +4rA,, +24). (72)

Equation (13) shows that the Riemannian curvature tensor can be obtained
from tetrads instead of from the metric. Therefore in the analysis of singularities
in teleparallel gravity, we can still apply the standard procedure of analysis of
singularities involving Kretschmann scalar

L] e L[] 9 L]
pOuv 2Rp9p,va0uu =+ Qp FWQpOuw (73)
without calculating the Riemannian curvatur tensor.

The analysis of singularities corresponding to our general solutions appearing

(o] 6 [e] L] 0 L]
RPOWR o, = ROOWR

in equation (53) faces some very difficult calculations. Therefore, to analyze the
singularities of our solutions, we will firstly consider some special cases and then
use graphical methods.

3.3.1. Analysis with Kretshmann scalar
Firstly, we analyze the singularities of our solutions with Kretshmann scalars.
(1) Case 1: Schwarzschild-like black hole, i.e. A;(r) = A(r) and A(r) =1 — 2¢

In this case, Ag(r) = 1. Therefore, the Kretschmann scalar (70), scalar R*VR,,,,
(71), and the Ricci scalar (72) are given respectively by

o o 1
R Ry = 5 (12(60) + 4= 26M)°). ™
o Vo 2
RM Rl“’ = 7"74, (75)
and
0 2
R=2. (76)

The Kretschmann scalar (74), the scalar R*“R,, (75), and the Ricci scalar
(75) at r = 0 are clearly infinite. Whereas, at the horizon (r, = 2GM), the

o (e}
Kretschmann scalar, the scalar R*”R,,,, and the Ricci scalar are finite, namely

o o 1
N% _
RPYER oy = W? (77)
o v o 8
RMR,, = —— (78)

(GM)*
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and

k= e (79)

Those the singularity at » = 0 is physical singularity and the singularity at
r = 13 is a pseudo-singularity. This result remind us to the case of Schwarzschild
black holes with A;(0) = A(p) =1 — QC;M, where ¢ is the distance from the
origin in spherical coordinate system [46].

Case 2: Schwarzschild-de-Sitter-like black hole, i.e. A1(r) = A(r) and A(r) =
1 _ 2GM _ Ar?
r 3

In this case, Ag(r) =1-—

o [e]
A;f so that the Kretschmann scalar Rpk””R,,)\W, the

scalar R*R,,,, and the Ricci scalar R are given respectively by

o o 4
RO R s == (2 A28 — 20t + 3r% — 12G M7 + 36 (GM )2) , (80)

o Vo 2
R Ry =—5 (2A%r% — 277" +1%) (81)
and
o 2 9
R=- (—2A7% +1) . (82)

It is clear that the three scalars appearing in Equation (80-82) at » = 0 are
infinite so that the singularity is physical. The other singularity is found at
r = rp, where 7}, is given by

(A + (3GMA? 4 \/=AT 9 (GMA?)) 2/3>

Th = — (83)

1/3
A <3GMA2 + \/ —A3+9 (GMA2)2>

It is straightforward to show that the values of the three scalars appearing in
equation (80-82) at r = r}, are finite, so that it is a pseudo-singularity.
Case 3: Reissner-Nordstrom-like black hole, i.e. A;1(r) = A(r) dan A(r) =

_ 2GM | 4nGp?
1 r + r2

o [e] [e] [e]
Here, A = 1 so that the Kretschmann scalar R”A”“RPA,,H, the scalar R*R,,,,,

(o]
and the Ricci scalar R are

i, (it a0 < 05269

+4(r? = 2GMr + 4xG?)?) (84)

R Ry = ((87G5) +4 (2 — 4nG3%)°) (85)

:ﬁ

and
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respectively. The singularity at » = 0 is physical. The other singularities are
found at r = r,, and at r = rp,, where r = 1, and r = rp, are given
respectively by

ray, =GM —\/(GM)? — 4xG? (87)

and

e =GM +\/(GM)” — 47 G2 (88)

It is also straightforward to show that the values of the three scalars appearing
in equation (84-86) at r = rp,, and at r = ry, are finite, so that they are clearly
pseudo-singularities.

3.3.2. Analysis with the scalar T“”/\TWA, the scalar THT ,, and the torsion

° e

scalar T
Some researchers [24, 27, 47] involved the scalar TP“’)‘TWA7 the scalar T#T,,, and
the torsion scalar 7' which can be obtained from equation (61) and (61b) to analyze

singularities in teleparallel gravity. Here the scalars T#* T, and THT,, are

(] [ 2
T#VATMV/\ = —:71 <7"2 (_A)’r' +AG7T' )2 + 8A (\/Z + \/E) ) (89)
and

THT, = 74:—21/1 (7" (A, +Ag, ) +4VA (—\/ZJr \//TG» : (90)

L]
whereas the scalar torsion T is given in equation (130). In this subsubsection, we

L] L] L] L]
will calculate the scalar T‘“”\TW)\7 the scalar T#T,,
singular points for each case and then compare them to the results of analysis of
singularities obtained from the Kretschmann scalars.

L]
and the torsion scalar T at

(1) Case 1: Schwarzschild-like black hole i.e. A;(r) = A(r) dan A(r) =1 — 2¢M

r2

For this case, the scalar TH**T,,,\ (89), the scalar T*T, (90), and the
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torsion scalar T (64) are given respectively by

. o ]_
JUIN I 2 _
T T = = o= (2 (GM)? + 4r (r — 2G M)
x<,/12GM+1>>, (91)
T
e o 1 2 2GM
[l A 3 —
e Y Te )<4(GM) + 1= =

x(—,/1—26i]\4+1>>, (92)

%:_2<_ 1_2GM+1> (—2GMr
T

—1-7“\/1— ziM <—\/1— 26;M+1>>. (93)

The scalar T*AT,,,, (91), scalar T*T, (92), and scalar T' (93) at r = 0 are
infinite. Likewise, at the horizon (r = ry,), all three values are infinite. These

and

results differ from those obtained from analyses (77-79).

(2) Case 2: Schwarzschild-de Sitter-like black hole, i.e. A;(r) = A(r) dan A(r) =
1— 2G21\/I _ A§2

In this case, the scalar TH**T,,, the scalar T*T,, and the torsion scalar 7,

are
° ° 1
2N _ 2 _ I
T Ty = = 6o 3y —6GT =) (36 (GM)* +8 (3r = 6GM — Ar?)
2
X (—\/37‘ — 6GM — Ar3 4+ \/3r — Ar3> ) , (94)
o o 1
m _ _ _ _ 3
Ty =~ 45 G 6 =) (~6GM +4v/3r = 6GM — Ar
x (= V/3r = 6GM — Ar® + V/3r = Ar3) ), (95)
. 2
T = —/3r — 6GM — A3 + \/3r — Ar®
37"3\/37“—6GM—AT3( Var 77+ V/Br =)

x (fGGM +/3r —6GM — Ar3 (f\/?)r “6GM — A3

/3 — Ar3>> : (96)

All such scalars are infinite at » = 0 and at the horizon r = rj. These results
are different from the analysis with the Kretschmann scalar.
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(3) Case 3: Reissner-Nordstrom-like black hole, i.e. A;(r) = A(r) dan A(r) =

1_ 2GM _ 4G B2
2 2

L] L] L] L] L]
In this case, the scalar THAT s THT,, and the torsion scalar T' are given

respectively by

"y

L] L] 1 2
2N _ _ 2 2 _
TN s = o 5 I GF) ((2GMr - 87G#*)* +8 (1 — 2GMr
2
+47G?) <\/7"2 —2GMr +47GB% + T) ) , (97)
e o 1

T

—— — (2G M7 — 2
" 4r2(r2—2GMT+47TGﬂ2)( (G " 87TG5)

+/12 — 2GMr + 47 G2 (—\/7“2 —2GMr + 47Gp? + r)) ,

(98)
« 2 (\/7“2 —2GMr + 4nGP? + 7")
T = (- (2GMr — 87GB?) +
r4\/r2 —2GMr + 4wG 32
+/17 = 2GMr + 4nGB? (—/1? —2GMr + 47GB2 + 1) ).
(99)

The three scalars are infinite at » = 0 and at both horizons rj, and rp,. These
results also differ from results of the analysis with the Kretschmann scalar.

3.3.3. Analysis with the scalar é’”"““épmu and the scalar é

From equations (13) and (15), it is clear that the scalar QP Q,,, is equal

o [e]
to _Rp/\prAw whenever the curvature of the Weitzenbdck connection vanishes.
Therefore, the analysis of the singularities by using both the scalars will yield the
same conclusions. However, although the curvature of the Weitzenbock connection

in our cases do not vanish we will show here that the values of the scalar épAV“Cj} i
in our cases are consistent with the values of the Kretschmann scalar &”’\”“]O%p Avis
in the sense that the value of scalar ép/\”“épw# at a point is infinite (or finite) if
the value of Kretschmann scalar Io%p’\"“lo%p,\w is infinite (or finite) at that point. To
calculate the scalar CT)”A”“CTQP avp We need to determine firstly the Weitzenbock con-

nection (f"’w). Therefore, from equation (7) and equations (65¢)-(65f) we obtain
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[, = 2%, (100a)

he AG>7‘

0, = 222, (100b)

L) A

Iy ClTAGV!‘ . (100c)

. A,

iy, = -2, (100d)

1:122 = 1:133 = —a1rvV AgA, (100e)

° . VA

r2, =I3,=Y2¢% 100f
12 13 ’/‘\/Z ( )

and
° ° 1
2, =T%, = = (100g)

whereas the other components vanish.
Using equation (14), equations (65¢)-(65f), and equation (100), we have non

vanishing components of the tensors @ awp and Qpayy given in equation (B.1)

L]
From the components of the tensor Q” vy 8iven in equation (B.1) we obtain
(a) the scalar QP Qpap

@y = [ AGA A+ A+ 224 (~VALA,
+¢TGAg,T)2 + 2724 (—\/A*GA,,» +VAAG,, )2
+AAGA (A - AG)Q} : (101)
and

Qe

(b) the scalar
é 2071 |:r2'\/AC¥7A(_A7T7‘ +AG,TT) + 2r (—2\/@1477“

+(Ac +A) Ay ) — 2V AcA(A - AG)} : (102)

Now, we consider every case discussed in the previous part by using the scalar

QPAHQpavy and the scalar Q.

(1) Case 1: Schwarzschild-like black hole, i.e. A;(r) = A(r) dan A(r) =1 — ZCTZM
In this case, equation (101) and equation (102) yields

48 (GM)?

b AV he
Qp ! Qp)\l/p, = 6 ) (103)
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and

AGM

r3

o == (104)

L] L]
At r = 0 where the Kretschmann scalars is infinite, the scalar Qp/\””Qp Avp and

°
the scalar @ are clearly also infinite. While at the horizon (r = ), where the
Kretschmann scalars is finite, the two scalars are finite and given by

QM Qs :4((;3]\4)47 (105)
and
é :%, (106)
2(GM)
respectively.

Case 2: Schwarzschild-de-Sitter-like black hole, i.e. Ai(r) = A(r) dan A(r) =
1_26GM _ Ar?

r2 3

In the same way, the scalar Q°** and the scalar @ in this case are given
respectively by

. o 2
pAVL _
QT Qo =55 B — 66 — Ar) (3 = Ar)

X (3= Ar?) + (37 — Ar®) (=v/3r = 6GM = ArS (6GM - 2Ar%)
—2ArT/2\/3 — Ar2)2 + (3r — 6GM — Ar®) (—\/ 3 — Ar?

2
x (6GM — 2Ar%) — 2Ar/2/3r — 6GM — Ar3) ) : (107)

(216 (3r — 6GM — Ar®)

and

4
3R3/3r — 6GM — Ar3+/3 — Ar2
x\/3— Ar? — (\/3r —6GM — Ar3\/3— Ar2 (6GM — 2Ar®)

0= (GGM\/3r —6GM — A

2072 (3 = 3GM — A7) ) ) (108)

Both scalars are infinite at » = 0, and finite at the horizon r = rj. These
results are consistent with that obtained from singularities analysis using the
Kretschmann scalars.

Case 3: Reissner-Nordstrom-like black hole, i.e. A;(r) = A(r) and A(r) =
1— 2G2M + 47rC;'BZ

L] L] L[]
The scalar Q”/\”“QMW and the scalar @) in this case are given respectively by

. . 1
OO v -5 (48 (GM)? r? — 3847G> M %1 + 896 (wGﬁ2)2) , (109)
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and
O =o. (110)

L] o
The scalar Qp’\”“Qp,\w is infinite at r = 0 and finite at both horizons 7,
and rp,. These results are also consistent with the values of the Kretschmann
scalar whose values are infinite at » = 0 and finite at both horizons 7, and

Th,- While the scalar () vanishes at » = 0 and at both horizons r,, and 7p,.

The analysis of singularities using the Kretschmann scalar R”)"’“Rp)\,,ﬂ shows
that the physical singularity exists only at r = 0. The values of the scalar

L] L]

Q”A”“Qp,\w calculated above lead to the same conclusion. However, when we ap-
ply the scalars derived from the torsion tensor to analyze the singularities as in
[24, 27, 47] we obtain the different results. For the three cases the values of the

scalar T“W‘TW,\7 THT,, and T are infinite at r = 0 as well as at horizon r = ry,.
The author in [24] have analyzed the singularities of their solution using such scalars

obtained in non-covariant formulation in which the scalars Z;’ ‘“’)‘%W » and Z;’ M%u are
infinite at the horizon. They argued that the values of the scalars at r = rj, are due
to the fact that the scalars are not covariant under local Lorentz transformations.
However in our covariant formulation, the values of the three scalars remains infi-
nite at the horizon. Therefore, it can be concluded that the analy81s of singularities

in teleparallel gravity using the scalars T“”)‘TW X T“T , and T is not appropriate.

10000 i B RAR,,,
: D (.2"’\““(.2,))\1'/1
5000 1',,,,,,\,;.“”
Ot ' =
/ Cat}chy Horizon Event Horizon
-5000{ | | J K .
1 10 100 1000 10%
r (m)

L] L] L] L] L] L]
Fig. 1. The scalar RPA”“RPAW, the scalar T‘“’)‘Tw,)\, and the scalar Q’”‘”“Qp)\,,“ with respect
to 7, with M = 1030 kg and 8 = 10'5.



October 10,2024 22:40 WSPC/INSTRUCTION FILE Yasrina-Uddarojad-
ermanto-Rosyid-article

26 A. Yasrina, A. A. R. Uddarojad, A. Hermanto, M. F. Rosyid

2 2
1— 2€M + AnGB~ Ag In

Now, consider again the case were A;(r) = A(r) = =

[ ] ° [ ] [ ]
this case, the values of the Kretschmann scalar R’))‘”“Rp)\w, the scalar T’“’)‘TW)\,

and the scalar QPA”“QPMH as functions of r are calculated through computations
and their graphs are depicted in Fig. 1. It is clear that the Kretschmann scalar

[ ] [ ] () [ ]
RP’\”“RP)\W and the scalar Qp’\”“Qp)\w are infinite at r = 0. While at all three hori-
zons (namely the cosmological horizon rp1, the event horizon rp2, and the Cauchy

L] L]
horizon rp3), both scalars are finite. Furthermore, the scalar T‘“’)‘TWA is infinite
at Cauchy horizon rp3 and finite at cosmological horizon rp;. It is however un-
defined between Cauchy horizon rp3 and event horizon r,5. Therefore, the result
of the analysis with the scalar T’“’ATW)\ is incompatible with the analysis of the

L] L]
Kretschmann scalar R")‘”"RP,\W especially between the Cauchy horizon 7,3 and
the event horizon 7j5.

1030 e
B Cosmological Horizon
1010} 1 [ Event Horizon
| Cauchy Horizon
E 10—10 E E
< - B=0.001
— =1
10730} . B
== f=1000
1050 ¢
1 1010 1020 1030 1040 1050 1090
M (kg)

Fig. 2. The effect of the magnetic charge value 3 on the black hole mass and the cosmological
horizon, the horizon event, and the Cauchy horizon.

The dependence of the three horizons on the magnetic charge 8 and on the
black hole mass are shown in Fig. 2. The variation of the value of the magnetic
charge 3 as well as the variation of the black hole mass effects only very small
variation in the cosmological horizon, so that the cosmological horizon can be said
to be constant around ~ 102 m. While, the event and Cauchy horizons varies with
respect to the black hole mass variation. For the same mass, the event horizon
increases as the magnetic charge [ increases. However, for the same mass, the
increase of the magnetic charge 3, leads to the decrease of the Cauchy horizon. The
value of magnetic charge (8 also affects the minimum allowable mass value for black
holes. The smaller the value of magnetic charge (3, the smaller the minimum mass
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limit a black hole can have, and vice versa. This minimum black hole mass limit is
indicated by the point where the Cauchy horizon meets the equatorial horizon.

3.4. Gravitoelectromagnetism

Now, we calculate here the gravitoelectric and gravitomagnetic fields associated
with the tetrad (37) according to equation (35). Therefore, we need to obtain the

expression of the torsion tensor 7", in Cartesian coordinate system (7,x,y, 2’)

y73%
through the following coordinate transformation, namely

; a Ot .a dz"” T .a
T af = —ax/aT v 5B =A Q#T ,“,Auﬁ7 (111)

L]
where 7, are the components of the torsion tensor in cylinder coordinate system
(t,r,¢,2) and A, is the coordinate transformation matrix given by

ot ot ot ot

9r 9x 9y 07 10 0 0
Or Or 9Or Or :
A gj 27 ? %Z/ |0 cos¢ sing O (112)
v - .
" a—f_’ a—f a—ﬁ aj 0 —sing cos¢ 0
9z 0z 9z 0Oz 0 __zcos¢ _ zsing 1
or Ox Oy 0z’ T r r

L]
The torsion tensor T"® v 18 Telated to gravitoelectric and gravitomagnetic fields
trough equation (35) so that

0 (EArtAcir) (oo b (Ar+Acyr) sing 0
. (~AntAg.r) 2\/ZO 2\/20 0
70 | T A cos ¢
o8 | L cAntAn) gy 0 0 0
2VA
0 0 0 0
0 0 0
0 E° E°% E°

~E°, B° 0 -B° |’

y x

~E%, -B° B° 0

0000 0 EY, B E.
. 0000 -E', 0 -B! B!
T 5 = = v = (113a)
710000 ~-E', B, 0 -Bl,
0000 ~-F', -B', B, 0
0 0 0 0
0 E?, FE? FE?
—VA+VAG @ Y g
1:/2 _ 0 0 ( VA <) - —-E?, 0 -B2 B2y
ab = 0— (7\/Z+ v AG) 0 0 o —E2y B2Z 0 —_B2I ’
VA —E®, -B?>, B2, 0
0 0 0 0 z v e
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and
0 0 0 0
.. 0 0 0 ﬁ:zgig{ﬁiilc
T".5 = (-VA+VAG) .
0 0 0 W S
0 (—VA+VAG) (—VA+VAG) . 0
_T OS¢ —W Sll’l¢
0 E, E} EP
|-E o -B% B3
“|-E, B, 0 -B,
~E%, B3, B3, 0
From equations (113) we conclude that
—A,.+A
Eoz _ ( ar+ G7r) COS(b,
2V A
EOy — (71477‘ +AG3T) sin ¢7
2V A
. )
SV
(~vA+viq)
B} =~ ing,
VAT
and
(—\/Z + \/AG)
B3y =% cos¢.
VAT

0S8 ¢
in ¢

(113c)

(114a)

(114b)

(114c)

(114d)

(114e)

Whereas the other component of the gravitoelectric and the gravitomagnetic fields

vanish. Thus, the gravitoelectric and the gravitomagnetic fields are given by

E’O — (_Aﬂ" +AG7T) P
2V/A ’
Bl = B2 = B =0,
B = B =0,
o (~vA+VAG)
7 :

and

B

VAT

L (vaem)

o.

(115a)

(115b)
(115¢)

(115d)

(115e)

Therefore, the gravitoelectric field that does not vanish is only the gravitoelectric
field in sector a = 0, namely E°. The gravitoelectric field E° is radial and its
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magnitude depends only on r. At r = 0, the magnitude of E° tends to infinity.
There are two sectors, namely ¢ = 2 and a = 3 in which the gravitomagnetic
fields do not vanish. The gravitomagnetic field in sector a = 2 is parallel to the
z-axis, whose magnitude also depends on 7. At r = 0, the gravitomagnetic field B2
is finite. Whereas the gravitomagnetic field lines in sector a = 3 form concentric
circles around the z-axis. The magnitude of the gravitomagnetic field in this sector
depends on r. At r = 0, the gravitomagnetic field B3 is infinite. From the equations
(115), we see that the gravitoelectric and gravitomagnetic fields depend with the
mass and the magnetic charge of the black hole as well as the cosmological constant.

4. Electric Black Hole

In this section, we consider a charged black hole. In General Relativity, the black
hole is describe by Reissner—Nordstrom metric [27],

b

ds> =Y (r) dt* — dr? —r? (d6® + sin® 0d¢?) , (116)
Y(r)
with
2GM G @Q* A,
=k — e 11
Y(r)=k-=—+_ 5 -3 (117)
where £k = —1,0,1 are the curvature of the spherical, hyperbolic, or plane cross

sections respectively. Furthemore @ is the electric charge of the black hole. The
tetrad chosen is the diagonal tetrad

1
hq, = diag ( Y(r), —,rr sin9> , (118)
VY (r)
with the various index variations being
1
ht, =diag | /Y (r),————,—r,—7r sinf |, 119a

and
h,t = diag (—1,\/W,—1,—1,>. (119b)
VY (1) r’ 7 sinf
The tetrad determinant of equation (118) is clearly
det hyy = /—g = r?sind. (120)

4.1. The covariant formulation

Now we will apply the Krssak procedure to obtain the covariant formulation. The
first step of the covariant formulation is to determine the reference tetrad from the
tetrad given in equation (118). A reference tetrad is a tetrad in which the parameter
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governing the gravitational field strength, namely the universal gravitational con-
stant, is set to be equal to zero (G = 0). Therefore, the reference tetrad associated
to the tetrad given in equation (118) is

O hy, = diag (\/Yg,

1
——.,r,rsinf |, 121
forrsing) (121)

Yo =/k— %73. (122)

The references tetrad with varying indices are
1

Mpe = diag [ /Yg, ———

Ve TR

1 1
(M pan — i
h diag (\/?, vV Ya, rsin@) , (123Db)

with

—r, —rsin 9) , (123a)

and

1 1 1
Op = diag | ——, —/Ya,——, — . 123
a lag(\/%’ G rsin0> (123¢)

From by equations (123)-(123c), the anholonomic coefficients f%,_ (") that are
not equal to zero are explicitly given by

For (D) = =5 (1) =~ 7=Yarr (124a)

P (©n) = =12 (1) = 2, (1240)

P () = = () = €, (1240
and

Fooa (OR) = — Py (V) = T cot. (124d)

Furthemore, the nonvanishing anholonomic coefficients f,%, ("h) are

Ya,r
fo'y ((r)h) = folo((r)h) = _QGT{,—Gv (125a)
£ (O = R4 (O = £L(O0) =~ (@O0 = Y (2sm)

and

1
£3% (Oh) = = £, (h) = . cot 0. (125¢)
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Therefore, from the above obtained anholonomic coefficients, the components
of the spin connection (:)Ca ., that are not equal to zero are

@ = Wlog = =57, (126a)

0l =~y = —V/Ya, (126b)

Wl = —/Ygsin6, (126c¢)

%4 = — cos 0, (126d)

%4 = sin0y/Ye, (126¢)
and

@95 = cos . (126f)

L]
Furthemore, the torsion components 7, that are not equal to zero are

e hd _KT + YG7’r’
T, = —T% = 77 (127a)
L —VY +Yc

Vo (127b)

and

7.1313 = _%331 = ?1\/11}70 (—\/57-1- V YG) . (127c)

L]
Whereas, the nonzero torsion components 7, are

_Y:'r + YG;T

70, = ~T%, =

(128a)

and

—VY + V¥
Y

T212 = _T221 = T313 = _T331 == (128b)
The superpotential components S, *¥ are calculated using equation (62). The
nonvanishing superpotential components S *¥ are

Y +Y5Y
+tviel (129a)

&0l _ & 10
SO :SO - r

and

Sz g _% (T(_KT Yo )+ 2V (_\/?+ \/%)) . (129b)
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According to equation (25), the scalar torsion T is given by

T = 7"2\2/}7 <f\/17+ \/%) (r(fY,T +Yg, )+ VY (*\/)74’ \/%)) . (130)

The electric field produced by electrical charged of the black hole is radial. The
electric field is of the form

F=E, e Neé. (131)

where FE,. is the radial component of electric field. Therefore, the component of the
electromagnetic field that is not equal to zero (Fj,) is

Fio=—Fy = E,. (132)

L] [ ]
The components of the contortion tensor K, and K*, , are calculated using
equation (8) and the nonvanishing components of contortion are

. . 1

K010 = —K100 == _5 (_Yﬂ‘ +YG77‘ ) ) (1333’)

° [ ] . Y

K12, = K%, — K13, — _RKP, — g (_\/)7 + \/%) , (133b)

o 1

K%y = By (=Y, +Ya.r ), (133c¢)

o A

Ko =5 (= A +4c.r), (133d)

Ky = VY (—VY 4 VY5) (133¢)

iy = —rsin? VY (—VY +/Y5) (133f)

and

. . 1

T O Sy (. Y 7a 133
12 13 ’/’\/}7< G) ( g)

L]
In this case, the curvature R%,,  also does not vanish. Where the non-vanishing
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components of the curvature R“bw are given by

. . . . /YG,TT

Rouo = _RO101 = Rlolo = _R1001 = - 5 ) (134a)

° . ° . A /YG

R0220 = —RO202 = R2020 = —R2002 = _TYG,T7 (134b)

RO = — R0 = B0 = — R0 = — 20 Vo, 134
303 330 030 003 2 GYa,r, (134c)

° ° ° ° YG

R',, = —RY = R*, = —R%*, = —2L, 134d
212 221 121 112 N7 ( )

° ° . ° 1 0

Rlyy= Rl = R = —R3p = — 2 Yo, 134
313 331 131 113 2 /Yo G, (134e)

R?355 = —R%335 = R%y30 = —R%5y3 = —sinf (-1 + Yg). (134f)

Since, the curvature R?,, " does not vanish the geometry of the space time involved
here are also the Riemann-Cartan geometry instead of the Weitzenbock geometry.

4.2. Singularities

Capozziello et. al. have analyzed the electric black hole singularities using two
L]

approaches. In their first approach, they used the scalar torsion T' calculated from
the tetrad and Weitzenbock connections. In their second approach, they used the

Ricci scalar R and the Kretschmann scalar RP’\""RP avp corresponding to the Levi-
Civita connection. The metric considered by Capozziello et. al. is more general than

the metric given in equation (116), i.e. goo # g11 but their singularity analysis can

2t

be applied to special case, where gopo = ¢11. In the first case (Y (r) = k —

L]
the Kretschmann scalar and the torsion T are infinite only at r = 0 [27]. Therefore,
the singularity at » = 0 is the only physical singularity. In the first case, there is a
horizon r, = 2GM where the Kretschmann scalar is finite. Now, we calculate the

scalar TH*2T 5, the scalar THT,, and the scalar T respectively as follows

THAT = — m (1(@M)? 48— 2GM)
X (—\/7“ —2GM + \/?)2) , (135)
T !

v = TG (—2GM+4m
X (fm+ ﬁ))2, (136)
and

2
 r3r—2GM

T = (2rm £ 2GM T — \/Fr) , (137)
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with k = 1. It is clear that all three scalars are infinite at the horizon r» = rj,. Since
the physical singularity exists only at r = 0, therefore, the singularity analysis using
the three scalars is not in accordance with the analysis using the Kretschmann

scalar.
2GM _ Ar?
r 3

Likewise for the second case (Y (r) = k — ), the physical singularity
exists only at r = 0. Both the Kretschmann scalar RPA*R,,),,, and the scalar T are

o o
infinite at = 0 [27]. The Kretschmann scalar RPAV* R ,,,, is finite at the horizon.

At (3GMA2 VA (3GMA2)2> i

rp, = —

1
3

A (3GMA2 + \/ —A3 + (3GMA2)2>

In this second case, the scalar TH**T .\, the scalar T*T,, and the torsion scalar
L]
T are given respectively by

1
2r3 (r —2GMr — ATT&)

16

THVAT,U,V)\ — 5

(36 (GM)? + =26 4 %GMAﬁ

32
—48GMr — gAr‘l + 16r2> , (138)

LI 1 4 Ar3
THT,, = — 6GM — 4r + —Ar® +44/1 — —
g 4r2(r—2GM—A§3)< 3 3

x (T2GMA;3>)2, (139)

and

. 3 3
T = 2 (\/T—QGM—AT—F\/T—AT)
7“3\/7’72GM7ATT3 3 3

3 3 3
X (—QGM-I-\/T—QGM—A;(\/T—QGM—A;-F\/T‘—A;)>,

(140)

with & = 1. All three values are infinite at horizon r = rj, where the Kretschmann
scalar is finite. Therefore, the singularity analysis using the three scalars obtained
from the torsion is also not in accordance with the analysis using the Kretschmann
scalar. ,

In the third case (Y (r) = k — 2¢M 4 %), the physical singularity exists only
at » = 0. But at horizon r = r},, the Kretschmann scalar is finite, while the torsion
scalar T is infinite [27]. In the fourth case, the singularity analysis using both

approaches yield the same conclusion that the only physical singularity is at » = 0
[27].
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Now, as in the case of magnetic black hole, we calculate here also the scalar

QPAVHQ pavp from the Weitzenbock connection I'?, . The non-vanishing components
of the Weitzenbock connection are given by

. Y,

o, === 141
01 2Y’ ( a)

° YG

o, =—=r 141b
10 2Y ) ( )

. Y

Tl = 5 Y60, (141c)

. Y,

ry, = ~ oy (141d)

I, = —r\/YgY, (141e¢)

[l = —rsin® 0/YgY, (141f)

° ° Y

2, =r3%,=Y258 141
12 13 r\/? ( g)

and
° ° 1
[2y =% =~ (141h)

From equation (141) we obtain

(a) the scalar QP 1 Qprpu:

° ° 1
PAV L _ 4 2/ 2 2 _
Q Qp)\uu 7‘4YGY [T YGY ( Krr +YG7T’I”) +r YGY( \/?Kr
2 9,2 2
+VYaYan )+ 2272 (—/YaY, +VY Yo, )
2
+r2Yg (YY,T —\/YgYYg,r> +4YeY2 (Y — YG)“} . (142)
and .
(b) the scalar @:
° ]_ 9
Q= iy [7" VYGY (<Y +Yaum ) — 4r/YaY Y +2r (Y + Y5) Yoo
12 /YaY (—Y + YG)} . (143)
For the first case, the scalars Q”’“’“QPAW and @ are
. . 48 (GM)*
QM Qpavy = 7(#)‘ . (144)
and
Q=0 (145)
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L] L]
The scalar QPA””QP)\W is infinite at r = 0, and finite at r = 7}, which is consistent

with the values of the Kretschmann scalar R”)“’“Rp,\w. However, the scalar @ is
constant for any 7.

L] L] L]
For the second case, the scalars Qp)‘V”Qp)\,,ﬂ and Q are

ép/\yl—tép)\y’u - TLG <44 (GM)2 + %A2T6 - iGMATd> Y (146)
and
. 1 1
Q=3 (2GM + ;Ar?’) (147)

respectively. Both scalars are infinite at » = 0 and finite at r = 7. Thus the value

of the scalar Q’”‘”“Qp,\w at r = 0 and at r = rj, is in accordance with the values
[e] [e]

of the Kretschmann scalar R‘”\””RMV“.

For the third case, the scalar QP**Q o and the scalar @ are given respectively
by

8 2

2
QMM Qorvy = ! <48 (GM)? 12 4T (G7TQQ> - 2:GQMQ2T> , (148)
and
52 =0. (149)

The value of the scalar Q”**#Q,\,,, is infinite at r = 0 and finite at r = rj,. It is

o o
in accordance with the value of the Kretschmann scalar Rp)\prAw at the same
place.

The values of the scalars QPAV”QPAW and @ in the fourth case are

pa pd 1 13Q% 16 52
pAVL _ - 2.2 P28 94 2 2
Q Qp/\uu 8 <44 (GM) rT+ A2 + 9 A=r 47TG MQ r
—iGMAr“”) , (150)
and
e 10A
Q=— (151)

L] L]
respectively. The scalar Q’»‘”“QMW is infinite at » = 0, and finite at r = r,. It is

in accordance with the value the Kretschmann scalar RPA”“RP,\,,# at r =0 and at
r=T7Th.
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4.3. Gravitoelectromagnetism

L]
The Cartesian components of torsion T’“W in Catersian coordinate system are

obtained through coordinate transformation given by the following matrix trans-

formation
ot 0t ot 0Ot
pEaEy o o 0 0
. gg gé gé 2% ~ |0 sinfcos¢ sinfsing cosd (152)
uy — = . . .
g; g—i g—g % 0 7 cosfcos¢ rcosfsing —rsinf
5 5 5 5 0 —sing cos ¢ 0

The torsion tensor T’ . 1s related to gravitoelectric and gravitomagnetic fields

through equation (35), namely

(7Y77-+Y ;T') 1
Cyy 0) 27\/;SIHQCOS¢
° _ Tt YGr) o3
o i sin 6 cos ¢ 0
ob —7(4/”*;@”') sin 0 sin ¢ 0
—7(_}/’;/'%@”) cos 6 0
7(_}/’2“"\'/'%/‘”) sin 6 sin ¢ EYortYaur) 050
0 0
0 0
0 0
0 E° E° E°,
—E° 0 —-B° BY
_ T z Yy
~E° B, 0 -BY | (153a)
~E°, -B% B° 0
0000 0 EY Ely E
e 0000 —E! 0 -B', B!
T/l —_ — x z Yy 1
*# 710000 -E', B, 0 -B. [’ (153b)
0000 —FE1, —Bly B, 0
0 0 0 0
. 0 0 0 f@rcosqb
T/2 — (_\/?I v )
R ) 0 0 A sing
0 (—VY+vY5) (—VY+V¥s) . 0
ed 10) e rsin ¢
0 E? E2y E?,
-E?> 0 -B? B?
—_ x z Yy 1
_E2y BQ 0 _B2z ) ( 530)
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and

)

0
. 0 0
T3, 5= (-VY+V7G) . o
(-VY+V¥a)
Y
0
7(7\/}7\;7%) sin? 6
0 _
L\/;/%) sin 6 cos 6 cos ¢
0 E E°% E°
-E* 0 -B° B

-E% B 0 -B®

Y x

~E, -B3 B% 0

o

0— sin 6 cos 6 sin ¢

From equations (153) we conclude that

(_KT +YGVF )

(—VY+VYG)
VY
(—VY+VYG)

Yasrina-Uddarojad-

M. F. Rosyid

0

sin 6 cos 6 sin ¢
sin 6 cos 6 cos ¢

0

VY

E° = sin @ cos ¢,

v 20Y

EO _ (_KT +YG7T )
Y 2V/Y

po _ Yo tYe,)

z 2\/}7
,_(wm)
B2 = @07
. VY
o
. (- +vTg)
B =~ 7
x \/}77"

. (-7 +vTg)
R

and

, (—v@7+-¢yb)
B =/
: VY r

VY +VYG)

sin @ sin ¢,

cosf,

rsin ¢,

7 COS ¢,

sin @ cos 6 cos ¢,

sin @ cos 0 sin ¢,

sin”“ 6.

(153d)

(154a)
(154b)

(154c¢)

(154d)

(154e)

(154f)

(154g)

(154h)
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Whereas the other components of the gravitoelectric and the gravitomagnetic fields
vanish. Thus, the gravitoelectric and the gravitomagnetic fields are given by

ﬁ _YT Y, s ~

Fo — (=Y +Y¥6,r) 7, (155a)
2VY

E'=E?=FE* =0, (155b)

B = B' =, (155¢)

(W vTe)

B=- 7., (155d)

VY

and

B = (_\/?\/_;\/%) sin 6 cos 6 (sin9 7 + cos 6 (ﬁ) . (155¢)

The gravitoelectric field that does not vanish is only the gravitoelectric field in
sector a = 0, namely E°. The gravitoelectric field E° is radial and its magnitude
depends only on r. At r = 0, the magnitude of E° tends to infinity. There are two
sectors, namely a = 2 and a = 3, in which the gravitomagnetic fields do not vanish.
The gravitomagnetic field in sector a = 2 is tangent to meridian, whose magnitude
also depends on r. At » = 0, the gravitomagnetic field B2 is finite. Furthermore,
the gravitomagnetic field in sector @ = 3 has non zero radial component as well as
non zero azimutal component. The magnitude of the gravitomagnetic field in this
sector depends not only on r but also depends on . From the equations (155),
we see that the gravitoelectric and gravitomagnetic fields depend with the mass
and the electric charge of the black hole as well as the cosmological constant. If we
assume the black hole is a charged sphere with the cosmological constant assumed
to be zero (the case of the Reissner—Nordstrom black hole) and the mass containing
term considered to be very small, then the gravitoelectric field (equation (155a))
reduces to Coloumb’s law for a charged sphere.

5. Conclusion

We have derived non-covariant and covariant field equations involving the cosmo-
logical constant and electromagnetic field in TEGR, namely equation (34) and (33),
which differs by the appearance of the spin connection u‘)"‘W. The solution of the
field equation in this case of magnetic black hole given equation (47-51).

The covariant formulation of teleparallel gravity for magnetic and electric black
hole are reflected by the appearance of the spin connection in the expressions of the
torsion, the superpotential, the contorsion, and of the curvatures. In this case, the
curvature of the spin connection does not vanish. The analysis of the singularities
of the solution by using the corresponding Kretschmann scalars as well as the
scalars given in equation (101) and equation (142) leads to the conclusion that the
singularity at » = 0 is physical and the singularity at horizon is a pseudo-singularity.
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The analysis of the singularity by using the scalar obtained from the torsion is not
consistent.

The gravitoelectric and gravitomagnetic fields are obtained from the torsion
tensors after the components of the torsion tensor in Cartesian coordinate system
are obtained. The gravitoelectric and gravitomagnetic fields in some sectors vanish.
Those fields depend with the mass and the charge of the black hole as well as the
cosmological constant.
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Appendix A. The non zero component of the Riemannian
curvature tensor concerning the magnetic black hole:

o o A
_ _po _ ‘b Al

R" 01 R"10 DA (Ala)
Rgpp = —R500 = R'303 = —R7330 = R 910 = —R 95 =
o o o o o o, cir
R1313 = *R1331 = R2002 = *R2020 = R3113 = *R3131 = *7Aara (A-lb)
o o o o A
R1001 = _R1010 = R3003 = _R3030 = —CITAW, (A.lc)
o o A
R2 _ *R2 A A.1d

112 121 A’ ( )
R555 = —R%3 = —c14, (A.le)
RPyys = =R’z = c14, (A.1f)
° ° A?T‘T
Ro101 = —Ro110 = — 5 (A.lg)
o o o o —c1rA
Ro202 = —Ro220 = Rozo3 = —Rozzo = — ; A, (A.1h)
o o A;T’r‘ X
Ri001 = —Rio10 = 5 (A1)
(o) [e] o (o) /r’ .
Ri212 = —Ri221 = Ri313 = —Ri331 = ﬂAw, (A.1j)
o o o o —c1rA
Raoo2 = —Ra020 = R3003 = —R3030 = %A,r, (A.1k)
(o) (o] o (o) 7"
Ro112 = —Ro121 = R3113 = —R3131 = —ﬂA,r, (A.11)

o o

Ras3 = —Ras3p = 177 A, (A.1m)
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and

[e] o

Rgz03 = —Ragsy = —c1r’A. (A.1n)

[ ] [ ]
Appendix B. The non zero components QpAV“ and Qprvp
concerning the magnetic black hole:

° ° 1
Qolol = *Qono Y (—Ayr +AGr ) (B.1a)
L) [ ] [ ] [ ) c1r
Q%02 = —Q%0 = Q%503 = —Q"50 = # ( VAA, +v AGAG,r) , (B.1b)
. ° c A
Q1001 = 7Q1010 = 717 (7Aarr JFAGWT ) ’ (B-lc)
) 1 [ ] 1 [ ] 1 ° 1 ler

= _ = S = — —\VAGA,, AAq,. ), (B.1d
Q 212 Q291 = Q513 Q 331 2\/%( Ga+\/>G) ( )
(] [ ] L] [ ] C \/>
Q2002 = —Q2020 = Q3003 = —Q3030 == ( \/>A77 +vVAcAq,r ) , (B.le)
Q2112 = —Q2121 = Q3113 = —Q3131 = QTA\/— ( VAGA,, +\/>AG,7~) , (B.1f)
Q2323 = _Q2332 = Q3232 = _Q2223 =c (A-Ag), (B.1g)
° ° 1
Qo101 = —Qo110 = —5 (A, +AGr ), (B.1h)

cr .

Qo202 = —Q0220 = Qo303 = —Qo330 = —L ( AA, +/AgA AGW) ; (B.1i)
° ° 1 .
QlOOl = _QIOIO = _5 (_An"r +AG77’T ) 3 (Bl.])

Q1212 = — Q1221 = Q1313 = —Q1331 = (*\/ AcA,, +\/ZAG,7~> , (B.1k)

r
2VAGA
L] L] L] L] Cl’r\/ﬁ
Q002 = —Qa020 = Qs003 = — Q30 = (-vA4, +VAgAc, ), (B

Dot1s = — 11 = Qs113 = —Qs1a1 = ————— (= /Ag A, +VAAq.,
Q2112 Q2121 = Q3113 Q3131 2\/%14 ( A, +VAAg, ) )
(B.1m)
and
Q2323 = —Q2332 = Q3232 = — Q2332 = —c17? (A — Ag) . (B.1n)
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