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¢»—FD : A well-conditioned finite difference method inspired
by ¢—FEM for general geometries on elliptic PDEs*

Michel Duprez! Vanessa Llerast Alexei Lozinski} Vincent Vigonland Killian Vuillemot!
October 10, 2024

Abstract

This paper presents a new finite difference method, called ¢-FD, inspired by the ¢-FEM
approach for solving elliptic partial differential equations (PDEs) on general geometries. The
proposed method uses Cartesian grids, ensuring simplicity in implementation. Moreover,
contrary to the previous finite difference scheme on non-rectangular domain, the associated
matrix is well-conditioned. The use of a level-set function for the geometry description makes
this approach relatively flexible. We prove the quasi-optimal convergence rates in several
norms and the fact that the matrix is well-conditioned. Additionally, the paper explores
the use of multigrid techniques to further accelerate the computation. Finally, numerical
experiments in both 2D and 3D validate the performance of the ¢-FD method compared to
standard finite element methods and the Shortley-Weller approach.

1 Introduction
We consider here the Poisson problem with homogeneous Dirichlet boundary conditions
—Au=finQ, wuw=0on 9df, (1)

where f € C°(Q2) and 2 C R" (n = 1,---,3) is a connected domain. In the present article, we
will propose a new scheme to approximate the solution to on a Cartesian grid for general
geometries 2.

General advantages of Cartesian grids It is difficult and time-consuming to generate a body
fitting grid of a complex domain. This problem can be overcome by embedding the domain in
Cartesian grid, with the following advantages:

e The grid generation is simple and fast.
e Boundaries or interfaces can be easily represented by level-set functions.

e Computations can be parallelized.
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e Once the problem is posed on the Cartesian grid (which is done analytically), we no longer
need interpolation, except for some approaches as the multigrid one presented in [6.3]

Finite difference method The use of Cartesian grids is mandatory to solve elliptic partial
differential equations with finite difference approaches. To do so on complex geometries, the main
approach used in the literature is the method introduced by Shortley and Weller in [29]. In [31] 2],
the authors have developed convergence study techniques for such finite difference methods. These
papers use discrete Green functions and a discrete maximum principle to obtain precise estimates
of the coefficients of the inverse matrix. These estimates sometimes lead to a phenomenon of
supraconvergence [32], which means that the numerical scheme converges to a higher order than
the one expected. In [6] they have considered elliptic problems with immersed interfaces. It has
been proposed in [I4] a second-order accurate scheme to solve the Poisson equation with Dirichlet
boundary conditions on irregular domains. The immersed interface method [22] is based on a
Cartesian grid and is associated with a second-order finite difference scheme for very general
second-order elliptic and parabolic linear PDEs. They solve boundary value problems, extending
past the boundary to a computational box. So the combination of finite difference techniques and
an accurate unfitted method is therefore a natural idea. The drawback of these finite difference
methods is that the associated matrix is not well conditioned.

Finite element method Now let’s review the techniques based on non-conforming finite ele-
ment. Initial approaches like [26] [T6] [I5] have a lack precision due to their simple treatment of
boundary conditions and also produce not well-conditioned matrix. Over the past two decades,
have emerged more accurate methods, including XFEM [27, [19], CittFEM [4, [5, 8], and the Shifted
Boundary Method (SBM) [25]. They are mainly optimally convergent and the associated matrix
is well-conditioned, but require non-standard quadrature rules or extrapolations to assemble the
matrices. To avoid these constraints, the authors of [I2] have developed a non-conforming method
called »-FEM which uses a level-set function to describe the domain. ¢-FEM has already been
demonstrated to be faster and more accurate than the classical finite element method on several
problems [7, [8 @, II]. In a recent paper [10], it has been proposed a combination with ma-
chine learning approach called ¢-FEM-FNO based on the Fourier Neural Operator, which needs
Cartesian grids to perform discrete fast Fourier transform.

In the present article, we propose a finite difference scheme on Cartesian grid inspired by
¢-FEM. As in this approach, the domain is described by a level-set function ¢ which will be used
to impose the boundary conditions by penalization. This method, that we called ¢-FD, combines
optimal accuracy, well conditioning of the associated matrix and simplicity of implementation (few
lines of python code with the help of scipy [30], see appendix).

Article outline The paper is organized as follows: Section 2 describes the expected formulation
of the ¢-FD method for Poisson equation with homogeneous Dirichlet boundary conditions and
gives theorems on the convergence and on the conditioning of the associated matrix. Section
explains the parallel with the original ¢-FEM method. Section 4 contains the proof of the two main
theorems of section 2. Section 5 proposes an alternative scheme which is numerically optimally
convergent. Section 6 is devoted to the numerical illustration of the method and a combination of
our scheme with a multigrid approach. In the appendix, we give an example of implementation
for ¢-FD in the python language.

2 Main results

The domain is described by a level-set function ¢ such that

Q={¢<0}. (2)



In particular, its boundary T" is given by {¢ = 0}.
n

We suppose that  is included in O := [] [a;, b;] with b; — a; = b; —a; for i # j. Let N € N*,

i=1
h = (by —a1)/N and we consider the Cartesian grid covering this rectangle:

Op ={xq:ae{0,--- ,N}"}

with 2o, = a; + a;h for a = (aq, -+, ap).
We denote by
{1}, ifn=1,
D ={{(1,0),(0,1)}, if n =2,
{(1,0,0),(0,1,0),(0,0,1)}, ifn=3.

We define the following sub-grids:
Qp={2, €0, :24 € Qor xotqg €Q, d€ D},

QM = {2, € Op 124 € Q}.

Moreover, let §,, be the union of squares with vertices £, € O, intersecting 2 and ﬁ}lnt be the

union of squares with vertices x,, € Oy, included in 2. An example is given in Figure

Let us describe now our finite difference method. We propose here a description of the scheme
for any dimension, but it will be given in the two dimensional case with explicit indices in Section

Find a discrete function up, = (¢a)a:z, e, defined on Qp such that
ap(un,vn) = lp(vp),
for all discrete function vy = (Vg )awe, cq, defined on Qp, where
an(un,vn) = (—Apun, vp) + bp(un, vn) + jn(un, vn) ,

h(wn) = > Y fava,

a:xaeﬂiﬁ’t deD

and

with fo = (f(24))a, the discrete Laplacian:

A o —Uq—d + 27—’404 — Ua+d
(* huh7vh) = - g E 3 Vo
. h
iz, €Qirt deD

a penalization for the boundary conditions
¥ 1
b (un, vn) = 575 > W(%wua — Gatlatd)(Pa+dla — Pava+d)
(a,d)eB 7@ otd
and a stabilization term near the boundary
—Uq—d T 27—’404 — Ua+d —Va—d T 2'Uo¢ — Va+d

n(un,vn) =0 H_ N X .

(a,d)eJ

with v, ¢ > 0 and
B = {(a,d)| the edge x4 — Zn4q intersects I' and not included in T'},

J={(a,d)|xe € Qand [x4—q € Q Or Totra & N}

(3)



Qh 'Qh _F

Figure 1: Representation of Qj, 5, and T.

The discrete L?-norm, L*>-norm and H'-semi-norm are defined for all v, = (va) 4.s, cqint as

1/2
lonllno = [R* D 22 ; wnllheo = max o
(:vz:a:o‘EQi}i‘t @iz €2y
and
1/2

2
Va+d — Va

h

[vnlna = > h?

a,d:z o €QN
and za+d€§2i"t

Here and after, in the inequalities, C' will denote a constant independent on h and f.
Let us first define the notion of regularity we will need on the domain:

Definition 1. We say that a domain 2 is r-smooth, if for each point xo € I' there exists a cone
centered at xg with an angle strictly greater that w/2 and a radius v which is included in €.

Our scheme converges optimally :

Theorem 1 (Convergence). Suppose that Q is r-smooth for a r > 0 and is defined by a level-set

function ¢ € C2(Q,) as in . Let u be the solution of the continuous system . Suppose that

u € CHQ). For o, v large enough and h < —:O, the discrete system admits a unique solution

up. In this case, denoting by U = (u(%a))a:z, cop, one has

U = upllno + U = unllnoo + [U = wplni+ < ChY2|ul|caq). (4)

Moreover, the matrix associated to the discrete system is well-conditioned:

Theorem 2 (Conditioning). Under the hypothesis of Theorem the condition number defined by
k(A) = ||Al|2]| A=Y ||2 of the matriz A associated to the bilinear form ay satisfies

k(A) < Ch™2.



Here, || - |2 stands for the matriz norm associated to the euclidian norm.
These two theorems are proved in Section [4]

Remark 1. e The following proofs are given in 2D for readability in Section[]] but can be done
in the same way in 3D by adding corresponding indices.

e In the case of mon-homogeneous Dirichlet boundary conditions ul = (ul),, one needs to
add the following term in the right hand side:
o) = 50 | S0 s Geran? — 602 n)(Garata — Gavera)
h Un) = 2h2 ¢2 T 5 a+dUq aua+d a+dVa aVa+d
(a,d)eB "¢ atd

3 Link with ¢—FEM

Consider T,° a Cartesian triangular (or tetrahedral in 3D) mesh of O with nodes (), 75 the set
of cells belonging to 7,° and intersecting 2, QEF the domain covered by the mesh 7;, and 9QFF
its boundary. Let &£ the set of edges belonging to 7j, cutted by I and F, the set of internal
edges belonging to a cell of T, cutted by I'. We define

Vi, = {vn € C%(Q) : vy € P1(K) VK € Tp,} and Qp = {vp, € L*(Q) : vy i € Po(E) VE € & }.
Consider the following ¢-FEM scheme for : Find (up,pr) € Vi X Qn

/Qh Vuy, - Vo, — /Mh Vuy, - nop, + % Z /E(uh — Onpn)(vn — dnan) (5)

Ee&l
+oh Z /[n - Vupl[n - Vup] = fvn,  Yon,qn € Vi X Qn.
reFr’F Q

This ¢-FEM scheme is a variant of the one given in [7]. We impose here uj, ~ ¢ppp by penalization
on the edges E € 5,1;. The solution wuy, is represented by its values u, at the nodes x,. If x, is
inside 2 together with all its neighbors, then gives (after division by h? and some quadrature)

the usual discretization 492
—Ugy— Ug — U
Z a—d [e% a+d _ fa (6)

h?2
deD

Like this we have the equations at the interior nodes, but the active unknowns are also at the
nodes outside €2 but adjacent to an inside node. If vy, is a basis function attached to such a node,
then we simply ignore the contribution th Vuy, - Vo, — fth Vuy, - nop, (and also th fup on the
right hand side). On the contrary, we want to keep the equations coming from

% > /E(Uh — &npn)(vn — dnan), (7)

Eecé&f

which we have divided by h? to be consistent with @ For any F € £, ps and ¢, on E are just
some numbers, say pg and qg. Taking vy, =0 in gives

/ (un — onpE)Pn = 0,
B

thus
_ [pundn

A



We can now take g, = 0 and exclude pj, from , which becomes

55 (- ) ®)

Eegf

Let us work out this term in the case when E € E,I; is an edge from z, to xo44, with z, inside Q2
and x444 outside and d € D. In this case

Up — fE &2 ba

I Uh¢h¢ %Wawua — Paliatd) at Tq,
m(%uaw — Pa+dla) at Tata
so the contribution to (8) on this edge FE is given by

1
h2 9%+ Dot
which is of the same order as the penalization term by,.
Similar formulas hold for other configurations of edges E € €. This gives the matrix repre-

senting , which should be added to the matrix representing @
Finally, the ghost penalty term

oh Z /n Vup][n - Vug], 9)

FeFy

(¢a+dua - ¢aua+d)(¢a+dva - ¢ava+d)a

which will be also divided by h? can also be approximated in an Finite Difference manner. Take
again a node x,, inside € such that x4 is outside 2 with d € D. Then the two edges (zq—q — o
and (o — Ta4q) adjacent to x, are in }"}f and the above contributions on these edges can be
approximated as

—Uq—d + 2ua — Uq+4d —Va—d + 2va — Va+d

I x I

4 Proof of Theorems [I] and 2

Most studies in the literature [23] 21] analyze the finite difference methods using the formalism of
finite elements or finite volumes [20] on elliptic problems. We will follow here the finite element
formalism.

Let us introduce the following discrete L2-norm, L*°-norm and H'-semi-norm on j, defined
for all vy = (Vo) a:z, e, a8

1/2
|vh||h,o,szh,_<h2 > Ui) o Nlvnllheo,0, = max v
Qo EQp

:xo €EQp
and
1/2
v v 2
2 a+d — Va
[vnln10, = > h | ————
h
a,d:xq €Q
Or T4qg€Q

We will focus here on the 2D case, but the reader will see that the other situation can be
treated similarly. In this case, the problem can be rewritten as follows: find a discrete function
up, = (u5); defined on €y, such that

an(un,vn) = lp(vn),



for all discrete function vy, = (v;;);; defined on €y, where

ap(up,vp) = (—Apun, va) + bp(un, vp) + jn(un, va) ,

vn) = Y fijvis »
(2]

and

with the discrete Laplacian:

3 Auiy — i1, = Uig1,j = Uij—1 = Uit

(—Apup,vp) = % Vij,

ivj'(xivyj)eﬂ

a penalization for the boundary conditions

~
by (un,vn) = 72 Z ¢2 T (15 (Git1,5uij — Pijuiv1 j)(Dit1,5vij — PijViy1,s)
(4,5)€By i+l

+ Z 7 55— (i jr1uij — Pijuij+1)(Pij+10i5 — Pijvij+1)

(i,5)€By bt

and a stabilization term near the boundary

) —Ui—1,5 + 2Ui5 — Uig1,5 | —Vi—1,j + 2055 — Vig1,j
Jh(Uh,vh):a< § P h” LY Rl h” A

(1,5)€Jz

i1 A 2Uij = Uijyr  —Vij-1 + 20 — Vi
+ Z 5 X A

(i,9) €Ty
with v, o > 0 and
B, = {(1,7)| the edge (z;,y;) — (zi11,y;) intersects I' and not included in I'},

B, = {(i, )| the edge (z;,y;) — (x;,y;+1) intersects I" and not included in I'},

Jo = {6 9)|(zi,y;) € Qand [(zi1,y5) € Qor (zirr1,y;) € O},
and
Jy = {(@,9)(zi,y;) € Qand [(z5,y;-1) & Qor (zi,y;41) € QJ}-
We give now some intermediate results which will be used to prove Theorems [I] and [2|

The first one is an adaptation of Lemma 3.3 in [12] which will be central in the proof of the
convergence.

Lemma 1. There exist oy € (0,1), ag € (0,1/2) and 8 > 0 such that

2
Uy — U7
h

2
Uy — Ug

h

up — 2up + ug |’
h

2
Uy — Ug

h

+ oo

+5

X 0

for all ug, ui,us € R.

Proof. For all a, b € R and €, § > 0, it holds

1
a® < al(Ja = b| + b)) < 5-a + = (ja — b| + [b])?

1
§2—a2+Eszrs|a—b||b\Jr%(a—b)2
1 1
<= 1+ 60>+ =(1+ <)(a—b)>.
< a4 SO + (14 ) (a—b)



which leads to the conclusion. O

Lemma 2. For all > 0, there exists a € (0,1) such that for all u;; € R

o )

2
Upg1r — Up2
/3( 1

2 2

U20 — U10

h

U10 — Upo
h

U20 — U10

h

U10 — Yoo
h

2
U11 — U1o0
h

2
U11 — Uo1

h

h

2
Ugp — 2uUp1 + Ug2

h

Ugp — 2u10 + U2
h

2)
Proof. Consider

a = inf (\um — uo0|2 + |ugo — U10|2
-5 (|U11 — g1 |* + urr — w0l + Juor — uo2|® + |uoo — 2u10 + usz0l’
+ |uoo — 2uo1 + U02|2)) / <|u10 - U00|2 + |ugo — U10|2) )

where , ,
[u10 — woo|” + |u20 — uio]” # 0.

Without loss of generality, we can assume that

lu1p — Uoo|2 + Jugo — U10|2 =1. (10)
We clearly have ov < 1. Assume that o = 1. There exists u;; such that

lu1r — uor ] + |urr — uiol® + |uor — uoal® + [ugo — 2u10 + ugol® + |uoo — 2uo1 + ue2)* = 0.
We deduce that w17 = ug1 = u1g9 = ug2, then
oo — 2u1o + uz0|” + |ugo — u1ol* = 0.
Hence ugg = 119 = ugg which is in contradiction with . O
Lemmas [T] and [2] allow us to deduce the coercivity of the bilinear form ay:
Proposition 1 (Coercivity). There exists ¢ > 0 such that, for each uy,
an(un,un) = l[Junl|l7,

where

1/2
1 .
unllln = <h2|uh|i,1,m + b (un, un) +]h(uhauh)> .

In the following proof and in the rest of the manuscript, we will use the following notation for
each i,j

u((bz = (+14) — ¢z,] i+1,7 ¢Z+1,] i, ] (11)
’ ’ Gij = Piv1,



Figure 2: Case IN; > 2 in the proof of Proposition

Proof of Proposition[l. Let us fix the index j, and assume that the nodes (z;,y;) belonging to €y,
are for i € {Mj,..., N;}. Without loss of generality, we can assume that M; = 0.

Case N; > 2: We are in the situation described in Figure [2l We remark that

N;—1
D (i A+ 2uiy — g )ua
=1
N;—1
= — (uo; — 1 3)uo; + (un, 15 — un, jJun, j+ Y |uivr; —ugl
=0

(I) (11
Let us first estimate the term (I). Using notation (11]), we remark that

2 2
T (b(),j + ¢1,j ug,jPo,j — U0, jP1,j
0,5 —
/ QbO,j - ¢1,j ¢gj + (b% j
o+t [, b0
-y - @0 u N N+ —_——
(0,5)—(1.5) 2 2
P + 91

b0, — P1,5 (woj —uiy) |- (12)

Since ¢g,; > 0 and ¢ ; < 0, we have
<land ——— <1 (13)

Hence
(1) < [(uoy —uwa)uly syl + (uog — w1 ;).

Moreover, using Young inequality with ¢ > 0 and Lemma [I| with oy € (0,1), as € (0,1/2) and
B > 0, we observe

1 €
(I) < 2*8(1‘?0,]‘)7(14‘))2 + (1 + 5) (wo,j — u1,)?
1 €
< 276(”((150,1’)7(1,3‘))2 + (1 + 5) (a1lury — uojI* + azluz,; —ua jf)
€
+ (1 + 5) ﬁ|u2 — 2uy + U0|2.

Similarly, it holds

1 €
1D < E(“?Nrm)—(ma))z - (1 + 5) (|, 15 = un I + dalun, 25 — un,-151%)

3
+ (1 + 5) B\uNj,g — 2UN].,1 + UN].|2.



Since N; > 2, denoting by a = max{a, 2az}, one has

N;—1 ( + 9 ) N;—1 2
—Ui—1,5 Wi,j — Wit1,5)Ui,5 € Wit1,j — Uij
2 2 ><1_°‘(1+§>)Z h
=1 =0
Nj*l o) 2 Nj*l 2
1 (u(i —(i+1 j)) 5 —Ui_1.5 + 2u;; — WUit1,5
- JR St VA S ek Am— O | ,) =) v] 1+1,9

2 ; h2 (1+3)8 ; h

Figure 3: Case IV; = 2 in the proof of Proposition

Case N; = 2: One has

(—wo,j + 2u1j — ugj)u1
= —(uo,j — u1j)uo,; + (ur; — sz )uzj + [urj — uol* + Jug,; — uyyl®
< [(uo,y = wag)uly jy_ .yl + oy — 1) + (s — wr)ufy ;- o0 [+ (s — w1 )*.
We have (x¢,y;), (x2,y;) € Q and (z1,y;) € Q. The circle containing (0, 0), (2k,0), (0, 2h) has a

V10 2
radius equal to Th Then, since € is r-smooth, for h < —I, without loss of generality, we can

assume that we are in the situation described in Figure [3] Thanks to Lemma [2] we obtain the
same conclusion as in the previous case.

Conclusion: Combining the two cases,

2 2
€ Wit1,5 — Uij Ui j+1 — Uij
: > (1- (1 7)) +1,5 J \J J
ap(un, up) ( all+ 5 Z — +Z —
1,] J,t
1 e\ B
1— — ) by (un, 1—(1 f)f in (s un),
+ ( 2€7> h(Uns un) + ( + 5 a) Jn(un, un)
which leads to the result taking e such that « (1 + %) < 1 and then v, o large enough. O

Remark 2. As seen in the above proof, the assumption on h in Theorem[] can be replaced by the
two assumptions :

o If (xiy1,v;), (xiz1,y;) & Q and (x;,y;) € Q then there exists k,l € {—1,1} such that
(@it Yjrt)s (Tigns Yjro1)s (@3, y540) € L.

o If (z5,yj41), (®iyyj—1) € Q and (x;,y;) € Q then there exists k,l € {—1,1} such that
@ik, Yj+1)s (Titow, Yj+1), (Titn, y;) € L.

10



We will need also the following Poincaré estimate :

Lemma 3. There exists Cp > 0 such that for each vy, = (vij;)4j,

[l | fQL,oo,Qh + ||Uh\|i2l,o,9h <Cp (|Uh|i2l,1,9h, + h3bh(”h77}h)) .

Proof. Let us fix the index j, and assume that the first and the last term (z;,y;) belonging to Qj,
are for ¢ € {M;, ..., N;}. Without loss of generality, we can assume that M; = 0. We have for all
i

1—1
vig = voj + > (V11,5 — Uky)-
k=0
Then -
i
v?j < 2v§j +2(—1) Z(Uk;_i'_l’j — vgj)%
k=0

Denoting by L the maximum of the diameters of the set £, (i.e. the biggest distance between two
points of ), N; < CL/h (C > 0), we deduce that

ak 2 L 2 2L2 = 2
D ou < 20505, +2C7 55 > (i1, —vij)
1=0 1=0

Using and (13),

v(zhj = 2(“?1‘,]')7(#1,;'))2 +2(vo,; — v1,5)%,

which leads to the conclusion.
O

Proof of Theorem[1 Let us now prove Theorem [I[] We remark that there exists Cy > 0 such that
for all f € C?(Q) and all h < hg with hg > 0, there exists an extrapolation % € C* of the solution
u of such that

]l s,y < Collulleaie)- (14)

Consider @ such an extrapolation. We denote by f = —Ad and U = (i5)ij = (@(xi,y;))ij-
Let us denote by e;; = 1;; — u;; and e, = (e;;);;. Thanks to Proposition 1} it holds

1
llenllf < san(ensen).

Since wuy, is solution to (),
ah(u}neh) = E fijeij~
i

Thus
Wi — T i — Tt o — T i1 — s s - s
an(en,en) = — Z <— - L H}Ll; Liml gl fij) eij +0n(U,en) +jn(U,en) .
i,51(@i,y;)€Q (II) (IIT)

)

Let us estimate each term:
Term (I): Thanks to Cauchy-Schwarz inequality,

- _ - - - 2
A — Uiy j — Wi, — Ujj—1 — Usj

J i—1,j i+1,j 1,j—1 4, +1 2

() < > ( % —fij) x >

3,5 (zi,y5)€Q i,J|(zi,y;)€Q

11



There exist (&;,v;) € [z, — h,x; + h] X [y; — h,y; + h] such that

Adij — iy — Tigry — Tig—1 — i1 _ h? (0 o'a
h2 - f’L] 12 8$4 (gzay])+ ay4 (mlayj)

Since the number of nodes in €2y, is of order 1/h?, we deduce that

- - - - - 2
Ay — g j — Ui — g i1 — Ui
J i—1,7 i+1,j 1,j—1 1,j+1
> (— e = fij | < Cllulles .-
i,5](zi,y;)€Q

Thanks to Lemma [3]
(I) < Chllulleslllenllln-

Term (II): Consider w := u/¢. Let (x;,y;) € 09 such that (z;41,y;) € Q. Using Sobolev
inequality and Hardy inequality (see e.g. [12])

Hw||C1([$z‘,Ii+1]) < CHwHQ,[Ii,IHﬂ < CHal|3,[Iu$1+1]

Hence

it+1) Ui, — Pijlit,j i+1)j Pij
¢(+1)j ,J ¢j +1,5 ’ ¢(+1)j¢j |w(l’i,yi>_w(l’i+1,yj)|

2, 0% min{[diq1; ], [9i5]}

< max{|dijl, |piv1 i Hw(zi, yi) — w(wivr, y;)]
< Ch”é”L“’([m,xwﬂ)Hw||C1([ac“a:1+1]) < Ch’2”ﬂ

3,[zi,@iq1]"
Thus, since the number of edges where is applied the ghost penalty is of order %,
(I1) < bu(U,U)2bn(en, en)'/?
2 2
c Plit1)j Wi — Pijlit,j Pi(j+1)Uij — Pigli(j+1)
<Y ; ; ;
<3l 2 |ty 2 0 lenlln
(,4)€Bx (i+1)j ij (i,7)€By i(5+1) ij
< OVllilly g, llenllln-

Term (ITI): Again, since the number of edges where is applied the ghost penalty is of order
L

“ho

3 —Uiz1 + 205 — Uiy —Cim1y 265 — Civay

£ h h
(1,)€Jx
- 76i_7'+261"76i i
< Chliflexa,) Y = 5 L
(i,j)er
1/2
<ON Pl | 3 [Pt 2o
~ h
(1,7)EJx h
Thus
(I11) < ChY2[il| g, lenl |-
Combining with Lemma [3]
lenllna < Rlllenllln < CRY2|ullcs(qy.
Lemma [l leads to the L™ and L? estimates. O
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Let us now prove Theorem [2]
Proof of Theorem[4 Thanks to Proposition [[] and Lemma [3]
ap(vp,vp) > C Z vgj.
(4,9):(zi,y5)€Qn
Moreover, thanks to the expression of ay,
C
an(Vn, vn) < 72 Z v,
(1,9):(wi,y;)EQn

which leads to Theorem 2

5 Alternative scheme

Here, we propose an alternative version of the scheme that is more complex but (numerically)
optimally convergent.

In 2D, consider the following finite difference scheme: find a discrete function up = (u;;)i;
defined on €, such that

an(un,vn) = lp(vn),
for all discrete function vy, = (v;;);; defined on Qj,, where
an(un,vn) = (—Apun,vn) + by (un, vn) + jn(un, vp),

with

B )= 3 “271 5)—(i+1,5) ”3‘71 )= (i+1,5)
bn(un, vn) = 5,5 5 2 P IV EERvIP)
) 2h2 > 4¢i+1,j i—l,j+¢ij i—l,j+¢ij it1,j
¢ ¢
Ui j—1)—(ig+1) < Y- —(ig+1)
2 2 2 12 2 412
407 j 19551 + 05051 T 9P

+>
ij

and
U((é,lyj),(iﬂyj) = 20i410i-1Ui — Gidi—1Uiy1 — PiPit1Ui—1,

u((i J— )= (i+1) and v? are similarly defined, and the second stabilization term is given

(i,j—1)—(i,j+1)
by

~ —Ui—1,j + U5 — U1, F Uit —Vi—1,j + V5 — Vi1, + Vigoj
jh(uh,vh) :U<Z i—1,5 ij - i+1,5 42,5 ~ i—1,j iJ - i+1,j 42,5

(]

—Uij—1 +3Ui; — 3w 1+ Uijqo  —Vi—1 + 305 — 3041 + Vi
+ Z J J - J J+2 J J - J J . (15)

,J

The indices in the sums are such that all the corresponding nodes belong to 2 with one outside
to Q.

Remark 3. This alternative scheme is given in the 2D case for readability but is still holding
in 3D by adding the terms corresponding to the third index. We will give in Section [6] numerical
illustrations in both cases. We do not give proof of convergence for this alternative scheme, but it
can be analyzed in a future work.
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Let us explain how to obtain the penalization term by,. If we assume that u = po with
p=po +pi(z — ;) and u;; = u(wi, y;), then

Uit1,; = (Po + P1h)dit1,,
Uij = PoPij
ui—1,; = (po — p1h)di—1j,
which gives
[} _
U(i—1,)— (4+1,5) = O-

Concerning the stabilization term , Ozu(z;,y;) can be approximated (with an order 2) by

(i1, yi) — u(zi—1,Yi) and =3u(xi, yi) + 4u(@ip1, ¥i) — w(Tiv2, i)
2h 2h ’

which gives for the jump of d,u(x;,y;)

—u(@it1,Yi) + 3u(wi, vi) — 3u(@ivr, vi) + u(Tive, vi)
2h '

Thus is an approximation of @

6 Numerical illustrations

In this section, we compare our two schemes with different existing approaches:

e ¢-FEM scheme: to illustrate the interest of our new approach, it is mandatory to compare it
numerically with ¢-FEM [12] to highlight the advantages and drawbacks of a finite element
approach compared to a finite difference approach;

e a standard finite element method: we also compare our method to the generic technique to
solve PDEs, a classic conforming finite element method;

e Shortley-Weller approach: we finally compare our method to the finite difference scheme
of the literature. For that, we have implemented the Shortley-Weller method [32, 2]. The
method has the same objective, to deal with complex geometries using a finite difference
approach but the associated matrix is not well conditioned. It is then natural to compare
our work with this technique.

The schemes presented in Section [2] and [5| will be denoted in the different figures by ¢-FD and ¢-
FD2, respectively. The FEM schemes are written thanks to the FEniCS software (see [24]) and the
finite difference schemes using the python libraries scipyﬂ [30] and numpyE| [18]. The simulations
were executed on a laptop with an Intel Core i7-12700H CPU and 32Gb of memory. All the
codes to reproduce the results are available at

https://github.com/PhiFEM/PhiFD.git

Since the solution of ¢-FD is defined only on the nodes (z;,y;):; and the solutions to Shortley-
Weller and Standard FEM live only on €2, then the ¢-FEM and Standard FEM solutions will be
interpolated on the nodes (x;,y;):; belonging to . The relative errors will be then computed
thanks to the norms || - [[a,0, || - |ln,c0 and || - ||n,1 defined in Section [2]

Note that this way of calculating errors for finite element methods may slightly deteriorate
the results compared to the standard way of calculating them. The idea is to compare the same
quantities for each scheme.

Thttps://scipy.org/
2https://numpy.org/
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6.1 First test case : 2D example

(57)
u=cos|(=r
2

on the circle centered at (0.5, 0.5) with aradius R = 0.3+1e—10 (and r = £+/(z — 0.5)2 + (y — 0.5)2).
This choice of radius ensures that the real boundary cuts an edge close to a node. In this case,
the Shortley-Weller approach will not be well-conditioned.

For the ¢-FD scheme, the theoretical rate h3/? is reached for the H' norm and we observe a
h? rate for the L? and L> norms (see Figure |4 and [5| left and Table . ¢-FD2 seems less good
for coarse grids, but is slightly better for fine resolution and has the optimal convergence h? in
particular for the H' norm. We also have the optimal conditioning number of the corresponding
matrix with an order of 1/h? (see Figure [5] right). The python code has less than 100 lines (see
Appendix) and uses only the libraries scipy and numpy which induces a reduced computational
time (see Figure |§[) On these figures, it appears that ¢-FEM and ¢-FD both have interests to
solve PDEs. Indeed, while the L? and L* are pretty close for the two approaches, the H' error,
the conditioning or the computation times are much different: the ¢-FD approach is much faster
than the finite element approach while it leads to a slightly worst error on the derivatives of the
solution. Moreover, for the two ¢-FD schemes, we observe the supra-convergence phenomenon as
for the Shortley-Weller approach.

We consider the explicit solution

——¢-FEM —e—Std-FEM ——¢-FEM —e—Std-FEM
—— SW —— ¢-FD —— SW ——  ¢-FD
#-FD2 #-FD2
107127 T T T TT] T T T T TT] E 10—1§ T T T TT] T T T T TT] E
s 1072} 4 B qo2f
g E 1 8 E 1
o) [ h L - 1
> 10-3 L 4=
£ 10 oz °F E
© L 1 ® F 1
c: 1074 E ?; 104 ; —:
R -2 | =7
10_5? Lol 1\ Lol é 10_5; Lol ! Lo ;
1072 1071 102 1071
h h

Figure 4: First test case, a 2D example. L? (left) and L™ (right) relative errors with respect
to the discretization step for ¢-FEM, standard FEM, Shortley-Weller, ¢-FD and ¢-FD2.

¢-FEM | Std FEM | SW | ¢-FD | ¢-FD2

Relative L2-error 2.04 2.0 2.01 | 2.05 1.93
Relative L*°-error 1.98 1.94 1.95 1.96 1.95
Relative H'-error 2.02 1.17 1.82 1.83 1.98

Table 1: First test case, a 2D example. Orders of convergence.

To complete this test case and to justify our choice for the parameters o and -y, we present in
Figure the evolution of the L? relative error and the condition number of the matrix. This leads
to the choice of ¢ = 0.01 for both schemes and v = 1 for the first ¢-FD scheme and ~ = 10 for
the second scheme. We remark in Fig. [7| that the L? relative error of the second ¢-FD scheme is
more stable to the variations of ¢ than the one of ¢-FD, thanks to the second order term jy,.
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——¢-FEM —e— Std-FEM
—+— SW ——  ¢-FD ——¢-FEM —e—Std FEM
¢-FD2 —— ¢-FD ¢-FD2
= T T T TT171] T T T T T T17T] ; F T T B
i ] 51 i
5 1072 E o
= E e & 5 i
o g 1 3 10%F E
Z 1073} 1 2 | |
= | Z )
5 107 E ISR - B, 1
a E ] 102 | 1 E
1075? Ll | Ll E 101: | | :
10—2 101 10~15 10—t
h h

Figure 5: First test case, a 2D example. H' relative error (left) and conditioning number
(right) with respect to the discretization step for ¢-FEM, standard FEM, Shortley-Weller, ¢-FD
and ¢-FD2.

——¢-FEM —e—Std FEM ——¢-FEM —e—Std FEM
—— SW —— ¢-FD —— SW —— ¢-FD
»-FD2 #-FD2
L s s 3 B B 1 B MR L 1 1 s Y B B M R
= 100 E = 100 F E
® & § ® F i
E . ] E . ]
0 I I I |
g 1071 | E £ 1071 | E
E I 1 £ i 1
) i i 2 B i
gl — | 5 el
1072 E 1072 ¢ E
bl ol vl il v bl v il vl
107° 107% 10=* 1072 107! 1075 107* 1073 1072
L? relative error H?' relative error

Figure 6: First test case, a 2D example. Computing times with respect to the L? relative
error (Left) and the H! relative error (Right) for ¢-FEM, standard FEM, Shortley-Weller, ¢-FD
and ¢-FD2.

6.2 Second test case: a 3D example

We now consider a three-dimensional extension of the previous test case, i.e. the same explicit
solution, in a sphere centered at (0.5,0.5,0.5), with a radius R = 0.3 and

1

r=2V@ =057+ (y 057+ (=~ 05).

Once again, the optimal h? convergence is observed in the L? and H' norms (see Fig. .
Moreover, our two schemes outperform the two finite element methods as well as the Shortley-
Weller approach.
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—e ¢-FD hh =0.14 -e-¢-FD2 h=0.14 —» ¢-FD h=0.07 ---¢-FD2 h =0.07

—+—¢-FD h =0.04 --+--¢-FD2 h =0.04 ¢-FD h =0.02 ¢-FD2 h =0.02
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@ - : 2 g ]
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Figure 7: First test case, a 2D example. Top: evolution of the L? relative errors (left) and
condition number (right) with respect to o with v = 1 for ¢-FD and v = 10 for ¢-FD2. Bottom:
evolution of the L? relative errors (left) and condition number (right) with respect to v with
o = 0.01 for ¢-FD and ¢-FD2.
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——¢-FEM —e— Std-FEM ——¢-FEM —e— Std-FEM
—— SW —— ¢-FD —— SW —— ¢-FD
#-FD2 »-FD2
1071; T g T
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Figure 8: Second test case, a 3D example. L? (left) and H! (right) relative errors with respect
to the discretisation step for ¢-FEM, standard FEM, Shortley-Weller, ¢-FD and ¢-FD2.

6.3 Third test case: combination with a multigrid approach

Another advantage of using Cartesian grids is that we can take advantage of the structured multi-
grid solvers [I] in order to improve the stability and to speed up the numerical method. The
multigrid method is based on combining relaxation schemes and a hierarchy of coarser grids. Af-
ter applying point relaxation on the finest grid, a correction term is found by representing the
fine-grid residual on the next coarsest grid and using point relaxation there. Recursively, a hier-
archy of grids is obtained, and the algorithm is stopped when the problem is coarsened enough
to be solved directly. [I3] describes the different iterative techniques for solving elliptic difference
problems: simple iteration method, Seidel’s method, Richardson’s method, Young’s method, re-
laxation method and minimal residuals method. [I7] gives a description of a multigrid method
for the solution of Poisson equation on general bounded regions with numerical examples. Two
important components in multigrid methods are the restriction and prolongation operators which
transfer the information between grids. In [28], they have used Summation-by-Parts preserving
interpolation operators which lead to accurate and stable coarse-grid approximations. In the last
section of the present article, we propose a multigrid-like technique to obtain a good compromise
in terms of the computation time with respect to the error.

To reduce the computational time of the numerical resolution, we propose a way to combine
our numerical scheme ¢-FD with a multigrid approach. The idea is to use the ¢-FD solution
obtained on a coarse grid using a direct linear solver to initialize the ¢-FD resolution on a finer
grid in the case of an iterative resolution of the associated linear system. More precisely, the
algorithm will be divided into three steps:

1. Step 1, direct resolution on coarse grid: we compute a coarse ¢-FD solution ug on a
coarse grid Ng with a direct solver.

2. Step 2, interpolation on the fine grid: we consider u; the interpolation by splines of
order 2 of ug on a given fine grid N:bj with Ngpj >> Np.

3. Step 3, iterative resolution on fine grid: we compute a ¢-FD solution us on the fine
grid with an iterative linear solver and wuy as initialisation.

In 2D, we will compare this algorithm with the two following methods:

e Direct method: we solve a problem with a direct solver for several resolutions Ny x Ny and
we interpolate the solution to the fine grid NG ;. The direct solver used here is the standard
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one from scipy, i.e. a LU solver.

e Iterative method: the same process is applied except that we use this time an iterative
solver, namely the stabilized conjugate bigradient.

In 3D, we only compare our approach to the iterative method. We will consider the 2D and 3D
examples presented in the previous subsections. Nop; will be fixed to 2200 and 200 for the 2D and
3D cases, respectively. All the iterative solvers have the same tolerance for the interior relative
residues, i.e. 1074, All the compatible iterative solvers of the python library scipy have been
tested by the authors, but the stabilized conjugate bigradientﬂ has always proven to be the best.
Note that the simple conjugate gradient cannot be used because the matrix A is not symmetric.

Remark 4. e Another point is that one can also add an intermediate step, solving a finer
problem with resolution No < Ny < Nyp; to reduce the number of iterations of the last
solver. Howewver, this approach was not necessary for our test cases and increased the number
of parameters to tune in the pipeline (tolerance and mazimal number of iterations of the
intermediate solver, intermediate grid, parameters of the intermediate interpolation).

o If a ¢-FD scheme is subsequently developed for non-linear equations, this multigrid approach
can be applied to the iterations of Newton’s algorithm.

The results in Fig. |§| (left) illustrate that our approach is better than the 2 baseline methods:
indeed, we reach a better precision (due to the final iterative solver) much faster since we only need
a few iterations of the fine linear solver. On each baseline curve, we add the discretization used
for the resolution, and on the multigrid curves, the one used for the coarse solvers. Since we have
chosen to use the multigrid approach using an interpolation of f and ¢ from the fine resolution to
the coarse one, the computation times contain only the times to solve the linear systems and the
time to interpolate u from the resolution Ny to the Nop; for the multigrid approach.

As previously said, one of the issues of the ¢-FD technique, and all the finite difference tech-
niques is the growth of the size of the linear system to solve, especially in 3D: the matrix A collects
(N + 1)8 values for a resolution N. Hence, one would always need to use an iterative solver to
solve 3D problems with this approach. However, applying an iterative solver without any initial
guess with a resolution N = 200 leads to solving a problem with a matrix A collecting more than
10'3 values. Even using the sparsity of the matrix, this results in a gigantic system that takes a
long time to solve. As illustrated in Fig. |§| (right), our approach gives results to such problems
much faster than the baseline method, the iterative method presented before.

7 Conclusion and perspectives

In this work, we have proposed a well-conditioned finite difference method inspired by the ¢-FEM
approach for solving elliptic PDEs on general geometries. The key advantages of the proposed
¢-FD method can be summarized as follows:

e Well-conditioned Matrices: The method produces well-conditioned matrices, which en-
sure stability and efficiency during the numerical resolution of PDEs.

¢ Quasi-optimal Convergence: The ¢-FD scheme achieves quasi-optimal convergence rates,
demonstrating accuracy comparable to other established methods.

e Compatibility with Multigrid Techniques: Our method is fully compatible with multi-
grid approaches, allowing further acceleration of the numerical solution process, especially
for large-scale problems.

The proposed method opens several avenues for future research and development:

3https://docs.scipy.org/doc/scipy /reference/generated /scipy.sparse.linalg.bicgstab.html
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Figure 9: Third test case, multigrid approach: Computational time with respect to the L2
relative error for the direct, iterative and multigrid method for 2D (left) and 3D (right) examples.

Neumann Boundary Conditions: An extension of the ¢-FD method to handle Neumann
boundary conditions is a natural next step, enabling the application of this technique to a
broader class of PDEs.

Proof for the Second Scheme: While we have introduced an alternative ¢-FD scheme, a
proof of its convergence properties is still pending. This will be an essential step to validate
and potentially optimize the scheme further.

Non-linear Problems and Multigrid Implementation: Another promising direction is
to apply the ¢-FD scheme to non-linear PDEs, combined with a multigrid approach within
Newton’s iterative method. This could significantly enhance the efficiency and applicability
of the method in solving complex, real-world problems.

Combination with a neural network: As it has been proposed in [10], where ¢-FEM is
combined with a neural operator, one could also imagine an adaptation to the ¢-FD approach
to generate a collection of precise data to train a neural operator.

The results obtained in this study indicate that the ¢-FD method has significant potential

in numerical analysis and computational science, particularly for problems involving complex
geometries and large-scale computations. However, the theoretical results of the present paper
needs more regularity of the exact solution than the finite element approaches.

A

Example of code for ¢-FD in python

import numpy as np
import scipy.sparse as sSp
from scipy.sparse.linalg import spsolve

# Radius of the domain

R =

0.3 + 1le-10

# Parameter of penalization and stabilization
sigma, gamma = 0.01, 1.0

# Construction of the grid

Nx,

Ny = 100, 100
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13 x, y = np.linspace(0, 1, Nx + 1), np.linspace(0, 1, Ny + 1)

1+ hx, hy = x[1] - x[0], y[1] - y[o]

15 X, Y = np.meshgrid(x, y)

16

17 # Computation of the exact solution, exact source term and the level-set

& r = lambda x, y: np.sqrt((x - 0.5) * (x - 0.5) + (y - 0.5) * (y - 0.5) + 1le-12)
1o K = np.pi / 2/ R

20 ue = lambda x, y: np.cos(K * r(x, y))

21 £ = lambda x, y: K * K * np.cos(K * r(x, y)) + K * np.sin(K * r(x, y)) / r(x, y)
22 phi = lambda x, y: (x - 0.5) * (x - 0.5) + (y - 0.5) * (y - 0.5) - R * R

23 phiij = phi(X, Y)

24 ind = (phiij < 0) + O

25 mask = sp.diags(diagonals=ind.ravel())

26 indOut = 1 - ind

s # Laplacian matrix

20 D2x = (1 / hx / hx) * sp.diags(

30 diagonals=[-1, 2, -1], offsets=[-1, 0, 1], shape=(Nx + 1, Nx + 1)
31 )

32 D2y = (1 / hy / hy) * sp.diags(

33 diagonals=[-1, 2, -1], offsets=[-1, 0, 1], shape=(Ny + 1, Ny + 1)
34 )

35 D2x_2d = sp.kron(sp.eye(Ny + 1), D2x)

36 D2y_2d = sp.kron(D2y, sp.eye(Nx + 1))

37 A = mask @ (D2x_2d + D2y_2d)

30 # Boundary conditions

0 diag = np.zeros((Nx + 1) *x (Ny + 1))

11 diagxp = np.zeros((Nx + 1) x (Ny + 1) - 1)
12 diagxm = np.zeros((Nx + 1) *x (Ny + 1) - 1)
i3 diagyp = np.zeros ((Nx + 1) x Ny)

14 diagym = np.zeros ((Nx + 1) x Ny)

15 actGx = np.zeros((Ny + 1, Nx + 1))

16 actGy = np.zeros((Ny + 1, Nx + 1))

48 indx = ind[:, 1 : Nx + 1] - ind[:, 0:Nx]

9 J, I = np.where((indx == 1) | (indx == -1))

50 for k in range (np.shape(I) [0]):

51 if indx[J[k], I[k]] == 1:

52 indOut [J[k], I[k]], actGx[J[k], I[k] + 1] = 0, 1
53 else:

54 indOut [J[k], I[k] + 1], actGx[J[k], I[k]] = 0, 1

55 phiS = np.square(phiij[J, I]) + np.square(phiij[J, I + 1])
6 diag[I + (Nx + 1) % J] = phiij[J, I + 11 * phiij[J, I + 1] / phiS

57 diagxp[I + (Nx + 1) * J] = -phiij[J, I] * phiij[J, I + 1] / phiS
5s diag[I + 1 + (Nx + 1) * J] = phiij[J, I] * phiij[J, I] / phiS

50 diagxm[I + (Nx + 1) * J] = -phiij[J, I] * phiij[J, I + 1] / phiS
61 indy = ind[1 : Ny + 1, :] - ind[0:Ny, :]

62 J, I = np.where((indy == 1) | (indy == -1))

63 for k in range (np.shape(I) [0]):

64 if indy [J[k], I[k]] == 1:

65 indOut [J[k], I[k]], actGy[J[k] + 1, I[k]] = 0, 1

66 else:

67 indOut [J[k] + 1, I[k]], actGy[J[k], I[k]] = 0, 1

6s phiS = np.square(phiij[J, I]) + np.square(phiij[J + 1, I])

6o diag[I + (Nx + 1) = J] += phiij[J + 1, I] * phiij[J + 1, I] / phiS

70 diagyp[I + (Nx + 1) * J] = -phiij[J, I] * phiij[J + 1, I] / phis
71 diag[I + (Nx + 1) * (J + 1)1 += phiij[J, I] * phiij[J, I] / phiS
7> diagym[I + (Nx + 1) * J] = -phiij[J, I] * phiij[J + 1, I] / phis

74 B = (gamma / hx / hy) * sp.diags(
75 diagonals=(diagym, diagxm, diag, diagxp, diagyp),
76 offsets=(-Nx - 1, -1, 0, 1, Nx + 1),

79 # Stabilization
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mask
mask

Gx = sp.diags(diagonals=actGx.ravel())
Gy = sp.diags(diagonals=actGy.ravel ())

C = sigma * hx * hy * (D2x_2d.T @ maskGx @ D2x_2d + D2y_2d.T @ maskGy @ D2y_2d)
# Penalization outside
5 D = sp.diags(diagonals=ind0Out.ravel ())
# Linear system
A, b= (A +B + C+ D).tocsr(), (ind * £(X, Y)).ravel()
u = spsolve(A, b).reshape(Ny + 1, Nx + 1)
# Computation of the errors
> uref = ue(X, Y)
e = ind * (u - uref)
eL2 = np.linalg.norm(e) * np.sqrt(hx * hy)
emax = np.linalg.norm(e, np.inf)
o6 print (elL2, emax)
Listing 1: ¢-FD Python implementation.
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