N

N

The master relation for polynomiality and equivalences
of integrable systems
Xavier Blot, Adrien Sauvaget, Sergey Shadrin

» To cite this version:

Xavier Blot, Adrien Sauvaget, Sergey Shadrin. The master relation for polynomiality and equivalences
of integrable systems. 2024. hal-04731155

HAL Id: hal-04731155
https://hal.science/hal-04731155v1

Preprint submitted on 10 Oct 2024

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-04731155v1
https://hal.archives-ouvertes.fr

arXiv:2406.16632v1 [math.AG] 24 Jun 2024

THE MASTER RELATION FOR POLYNOMIALITY AND
EQUIVALENCES OF INTEGRABLE SYSTEMS

XAVIER BLOT, ADRIEN SAUVAGET, AND SERGEY SHADRIN

ABSTRACT. We prove the so-called master relation in the tautological ring of the moduli
space of curves that implies polynomial properties of the Dubrovin—Zhang hierarchies
associated to different versions of cohomological field theories as well as their equivalences
to the corresponding double ramification hierarchies.

1. INTRODUCTION

The main goal of the paper is to prove the so-called master relation in R*(M ,1m),
g>0,nm>1 29 —2+n+m > 0, conjectured in [3, Conjecture 3.4]. This master
relation is proven in op. cit. in the Gorenstein quotient and used to imply the strong
form of the DR/DZ equivalence conjecture due to Buryak-Dubrovin-Guéré-Rossi [5, 6]
(see also the foundational work of Buryak [4] for an earlier weaker version of the DR/DZ
equivalence conjecture).

The master relation in the Gorenstein quotient is sufficient for the most important
applications to integrable systems associated with ordinary Cohomological field theories
(CohFTs), partial CohFTs, (ordinary or partial), and F-CohFTs. Indeed, the examples
considered in the literature in the context of integrable systems are constructed in terms
of the tautological classes. Yet, it was believed for a long time that polynomiality and
equivalence properties of integrable systems of topological type are governed by actual
relations in the tautological ring of the moduli space of curves. To this end, a number
of conjectures were made, see [7, Conjecture 2.5] and [8, Conjectures 1, 2, 3]. All these
conjectures were shown through a sequence of works [8, 1, 3, 2] to follow from the master
relation. Therefore, the present paper settles these conjectures as well.

Despite the fact that the master relation that we prove in this paper is of crucial
importance for integrable systems, we won’t survey these applications as it is already
done in a very detailed way in [8, Section 4]. In order to keep this paper short, we focus
on the statement and proof of the master relation itself. It is worth noticing that our
proof follows from a direct application of the virtual localization formula for moduli spaces
of (relative) stable maps to P! [11], while the previous proof in the Gorenstein quotient
relied on a series of reduction steps to control the intersection of the master relation with
generators of the tautological rings.

1.1. Acknowledgments. X. B. and S. S. are supported by the Netherlands Organization
for Scientific Research.
2. THE MASTER RELATION

2.1. Definition. We follow the exposition in [3].

2.1.1. Pre-stable star rooted trees. We fix integers m > 1, n > 1, and g > 0, such that
29 —2+n+m > 0. We denote by PSSRT ,, ., the set of n + m-pre-stable star rooted
trees of genus g, that is the set of pre-stable graphs

T=(V,Hw:H—H,g:V—Zs,H ~{01,...,00m})
1
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of genus g with n 4+ m legs, satisfying the following constraints:

e If E(T) stands for the set of edges H, then the graph (V| E) is a rooted tree, and
all edges are between the root and another vertex (hence the term “star”).

e The legs 0,41, ..,0,1m are attached to the root vertex, while o4,...,0, are at-
tached to non-root vertices. In particular, the root vertex v, is uniquely determined
by the rest of the data.

e For each v € V(T), let H(v) be the set of half-edges incident to v (including the
legs). The pre-stability condition means that 2g(v) — 2 + |H(v)| > 0 for every
ve V(T).

e There is at least one leg attached to each vertex.

We will consider the ring @ = Q(ay, ..., a,) (where the a;’s are formal variable). If T is
a graph in PSSRT, ,, ,,,, then each edge e connects the root vertex v, to a non-root vertex
that we denote v.. We set a(e) to be the sum of a;’s associated with the legs attached to
ve. If a half-edge h is the leg o;, then a(h) stands for a;.

2.1.2. Classes assigned to a tree. We want to assign to 7" a class Z(7") in R* (M im) Qg
Qu,u™!] (where u is an extra formal variable used to control the degree). In order to
construct this class, we first assign a class to each vertex.

Let v be a vertex of T'. We will consider the moduli space of curves Mg(v),‘ Hw)|- Hfvis

the root vertex v, we have a natural isomorphism H(v,) = E(T)U{0ni1,- .-, 0nim} and
we associate the first |E(T")| marked points in the corresponding space M, ), #(v,)| With
the edges, and the remaining m points with the legs {0, 11,...,0n1m}. We set
1 -
(2.1) U(v,) = H ————— € R" (M), |5(1)+m) g @
1- a(e)we
ecE(T)
where 1), stands for the 1-class attach the half-edge part of the edge e. In the exceptional
unstable case ¢g(v,) = 0,m = 1,|E(T)| = 1, we formally assign to the root vertex the
following class:
(2.2) U(or) = ale) ™" € R (Moy) @ @,

where R™1(M, ) is identified with Q and the negative cohomological degree is just for-
mally assigned to allow to treat this case non-exceptionally in what follows.

If v is a non-root vertex v, # v, for some edge e, the we associate the first |H (v.)| — 1
marked points in the space Mg(ve)JH (ve)] With the legs attached to v., and the last marked
point with the edge e that connects v, to v,. We set

)\g(ve)DRg(ve) (a(hl), e ,a(h|H(ve)‘_1), —a(e))
1 —a(e)dia.))

As ale) = a(hi) + -+ + a(lm () -1), the class DRy, (a(hr), ..., a(hm@.-1), —ale)) is

the corresponding double ramification cycle. In the exceptional unstable case g(v.) =

0, H(v.) = 2 we formally assign to this vertex the following class:

(2.4) D(ve) :=a(e) ™t € R (Moyz) ®q Q,

where, as it was for the root vertex, the negative cohomological degree is just formally as-
signed to allow the treatment of this case non-exceptionally. With this system of notation,
we set

(2.5)

E(T) = u29—2+m H @ (bT)* (Z \ffl,:z’))j) X ® (Z D(qu)d) 5

e€E(T) e€E(T) \d=—1

(2.3) D(v.) = € R (M), 1)) @0 Q-
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where (br).: @ ey ry B (M) jmw)) = B (Mgnsim) is the boundary push-forward (com-
posed with the contraction of unstable components) map extended by linearity with the
coefficients in Q[u,u '], and oy stands for the projection to R*(Myw), m@w)) of a tauto-
logical class.Note that the resulting formula is a polynomial in a;’s of degree bounded by
3g —3+n+m.

2.2. Statement and proof. For any ¢ >0, m,n > 1,29 —2+n-+m > 0, we set
(2.6) == Y E(D).
TEPSSRT g,n,m
Theorem 2.1. We have
(2.7) 2, € R (Mg pim) @g Qlay, . .., an, ul.

(in other words, the coefficients of all negative degrees of u vanish).

Proof. Since 7', is a polynomial in ay,...,a, of degree at most 3g — 3 +m + n, it is
sufficient to prove that E;’fn(al, ...,ay,) is a polynomial in u for each ay,...,a, € Z-o.

Note also that it is sufficient to consider the cohomology with the complex coefficients.
Then the proof directly generalizes the argument in [8, Proof of Theorem 5.3] along the
lines of computation done [10, Section 3.2].

We consider the moduli space M, (P, a1, . .., a,) of relative stable maps to (P!, co):
the first n marked points are mapped to oo with contact orders prescribed by the a;’s.
We consider the standard C*-action on P! and induced action on ﬂg,m(]}ﬂ, Ay, ..., a4y).
Let 7: U = Myn(PY,ay,...,a,) be the universal curve and f: U — P! the universal
map. The curve U is endowed with the C*-action making f equivariant. For ¢ € {n +
1,...,n+m} we denote ev;: My m(Pay,...,a,) — P! the evaluation morphism at
the i-th marking.

We will consider the line bundle O(—1) — P!'. We lift the C*-action to O(—1) — P!
with the fiber weights at 0 and co equal to —1 and 0 respectively. We set

(2.8) Iy = (=1)7"evy ([0 U -+ Uevy  ([0]) Uees (R frO(-1))

n+m

in HS (Mg pm) = Ho (M im)@cClu]. In this expression, the class [0] € HZ.(P') stands
for the C*-equivariant class dual to the point 0, while ec« is the C*-equivariant Euler class
(here, the derived pushforward R'r, f*O(—1) is a vector bundle of rank g+-a;+- - -+a,—1).

Let e: My (Pt ay,...,a,) = Mypim and [M,,,(PL,ay,. .., a,)]"" denote the C*-
equivariant virtual fundamental class of ﬂg,m(IP’l, ai,...,a,). We will prove that

(29> Eg?n@bl, ey Ay, —u) = €4 ([;77171 N [Mg,mGP)l’ a,..., an)]Vir) )

To this end, we need to apply the localization formula to (2.9) along the lines of [11] (see
also a survey in [8, Appendix]), and the computation of ec«(Rm, f*O(—1)) performed
in [10, Equation (3.13)]. As the right-hand side of (2.9) belongs to HE (M,im) =
H,(Mgnsm) @c Clu], the theorem follows.

The localization formula expresses [Mg,,(P*, ay,...,a,)]"™ as a sum over bipartite
graphs with some vertices corresponding to the components mapped to 0 and co. We
allow these vertices to correspond to the unstable moduli spaces as well — formally
speaking, in such cases, a separate computation is required, but the final result can be
written uniformly with the contributions of the unstable vertices introduced formally as
we did above in the definition of =7’ . Only part of these bipartite graphs contributes
when we intersect the virtual fundamental class with 17 :

e The first n legs are incident to vertices over oo because of the relative conditions,
while the last m legs are over 0 because of the factors ev?([0])
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e Our specific choice of lift of the C*-action to O(—1) reduces the computation to an
expression on star trees. Indeed, the expression of ec+(R!7, f*O(—1)) has a factor
0/P@I=1 for each vertex v over infinity, where F(v) is the set of edges attached to
v (see [10, Equation (3.13)])". Therefore, each vertex over oo should have exactly
one edge (otherwise, the class vanishes).

Hence, the bipartite graphs that we consider are, in fact, the graphs in PSSRT,,, ,,,: the
root is the unique vertex over 0 while the other vertices are over co. Note that the degree
assignment at edges, which is part of the bi-partite graph data, is uniquely determined
by the relative conditions at infinity and the fact that the graphs are of compact type.
Altogether, the virtual localization formula provides an expression of the form

(2.10) e (I, N [Mym(Par, . an)]™) = D (br)u(ea(T)an(T))

TEPSSRT g,n,m

where a;(T) corresponds to the contribution of [M, (P!, ay,. .., a,)]"™ from [11] (see
also a convenient reminder in [8, Appendix]), while a3(T") corresponds to the contribution
of I, deduced from [10, Equation (3.13)]. The explicit expression of these classes is

(A a(e)+1 —a(e)
2.11 T) = — —|E(T)|-1 -1 z)\l g(vr)—i a(e) U
( ) a1 (T) U ;( )" A eel;!ﬂ ale)l 1 —ulae)t,

DRy(v,) (a(h1), - - ., alhimw-1), —a(e))>
® ( ,

1—|—U 1&( )"LMH (ve)

ecE(T

and

|E(T)|—1 g+m, m (v e g(vr)—1 CL(@ ! a(e)—1
(2.12) (T = (—u) (—=1)9t™y Z At 11 ae

ecE(T)
® <_1>g(ve))‘g(ve)-
ecE(T)

Now we use Mumford’s relation [13]

g(vr) g(vr) ‘
(213) Z )\ ug(v'r —1 Z )\iug(vr)*l — u2g(vr)

i= =0

to deduce

29—2+m CL(@) 1
(2.14) a1(T)as(T) = (—u)?? —
eel;!T) —u 1 —uta(e)y.

R <<—u>29<w> Aoy DRyue) (a1, - - s alhyso) 1), —a(e))) |
)

e B(T 1+ uta(e)dymw,)

Together with (2.10), we indeed obtain the identity (2.9). O

'This observation was used in [12] and [9] to obtain the multiple cover formula for rigid rational curves
in CY 3-folds.
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