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A FLAT PERSPECTIVE ON MODULI SPACES OF HYPERBOLIC SURFACES

ADRIEN SAUVAGET

ABSTRACT. Volumes of moduli spaces of hyperbolic cone surfaces were previously defined and
computed when the angles of the cone singularities are at most 2. We propose a general definition
of these volumes without restriction on the angles. This construction is based on flat geometry as
our proposed volume is a limit of Masur—Veech volumes of moduli spaces of multi-differentials. This
idea generalizes the observation in quantum gravity that the Jackiw—Teitelboim partition function
is a limit of minimal string partition functions from Liouville gravity. Finally, we use the properties
of these volumes to recover Mirzakhani’s recursion formula for Weil-Petersson polynomials. This

provides a new proof of Witten—Kontsevich’s theorem.

CONTENTS
T Tiction
[2. Induction formulas for s, ,, 4| 6
13.  Tautological calculus in moduli spaces of difterentials| 10
4. Growth of powers of the area form) 15
|5. Identities at integral singularities| 17
References] 22

1. INTRODUCTION

1.1. Hyperbolic cone surfaces. Let (g,n) € N? be a pair satisfying 2g — 2 +n > 0. We set

n
(1) ANy, = {a = (a1,...,a,) € RSy, such that [a| = Zai <29—2+ n} .
i=1

Let a be a vector in Ay ,. We denote by My ,,(a) the moduli space of hyperbolic surfaces of genus
g with n ordered cone singularities with angles 2way, ..., 2mwa, (surfaces of type a for short in the
text), with the convention that a; = 0 stands for a cusp singularity. It is a smooth orbifold that
carries a canonical symplectic form wg ,(a), the Weil-Petersson form. We define the Weil-Petersson

volume of this space as

1 w (a) 3g—3+n
2 R
( ) ‘/g,n (CL) (39*34’”)' Mg,n(a) 47T2
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For all a, the space Mg, (a) is real isomorphic to Mg ,,, the moduli space of smooth curves of genus
g with n marked points [Tro91]. However, the symplectic geometry of M, ,,(a) depends on a, and
this dependence is expected to be regular in chambers of A,,, delimited by affine walls. We first

recall previous results obtained for small angles.

Angles smaller than w. If we assume that the coordinates of a are smaller than 1/2; then the
space M ,(a) shares common features with the moduli spaces of hyperbolic surfaces with geodesic
boundaries described by Mirzkhani in [MirO7al, MirO7b]. For instance, Mg ,(a) carries canonical
systems of Darboux coordinates, the Frenchel-Nielsen coordinates. The Weil-Petersson form ex-
tends to a kihler form on M, ,, the compactification of M, ,, by stable curves. The cohomology
class of this form is given by

(3) Lgn(a)] _ K1 — z”: af;,

272
where 1; is the Chern class of the co-tangent line at the i-th marked point and x; is the Mumford-
Morita class [MirQ7bl [TWZ06l, DN09, [AM22|. In particular, the Weil-Petersson volume is a rational
polynomial defined by integrals of tautological classes

1 &\
4 -1 g—14ny, WP — P n — —/ —— hat i .
(4) (—1) Voo (a) = Pyn(a) Bg—3+n) Jm,, 2H1+; 2 v

The polynomials Py, are often called Mirzakhani polynomialsﬂ

Angles smaller than 27. Let a be a vector in [0, 1[”. Anagnostou-Mullane-Norbury recently proved
that the Weil-Petersson symplectic form extends to a kéhler form if we replace M, ,, by My, (a),
Hasset’s compactification of M, by a-stable curves [AMP23| [Has03]. The spaces M, ,(a) are
birational models of M, ,, that are constant in chambers of [0, 1[", and My, is the model associated
with the chamber defined by a; + a; < 1 for all pairs (i, j). As a consequence, the Weil-Petersson
volume is a piecewise polynomial function in a, and they described the wall-crossing formulas
explicitly. Finally, they observed that this volume tends to 0 as a goes to 1. This is the last of a
long series of works that computed Weil-Petersson volumes for a in several sub-domains of 0, 1["
through different approaches [DN09, [STT11, MT21].

What about general angle data? The primary motivation for the present work is the following
problem: How to define the volume of the space Mg (a) for a general value of a in Ay, ? Can we
compute this volume function? We propose indirect but explicit solutions to this problem based
on the geometry of moduli spaces of differentials. In the course of our construction, we will also
propose explicit conjectural expression of the cohomology class of the Weil-Petersson symplectic
form.

a0ur convention for Mirzakhani polynomials differs from the classical one by a sign and a factor (27)%976+2",
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1.2. Moduli spaces of differentials. Let (a, k) be a pair of A, , x N*. We denote by Qg ,(a, k),

the moduli space of k-differentials of type a, i.e. the moduli space of tuples (C, z1,...,z,,n), where:

o (C,xy,...,x,) is a smooth curve of genus g with n markings,
e 7 is a meromorphic k-differential on C' with singularities (zeros or poles) of order at least

ka; — k at ; for all ¢ € {1,...,n}, and no poles outside the markings.

For k large enough, the space Qg (a, k) is a vector bundle over M, ,,. Let r be the rank of this
vector bundle and p: PQ ,,(a, k) — My, its projectivization. The line bundle O(—1) — PQy »(a, k)
carries a natural hermitian metric hg i, the area metric, defined as follows: a k-differential deter-
mines a flat metric with cone singularities on the underlying surface, and the value of hgj is the
k-th power of the area for this metric. We denote by g (a, k) the curvature form associated with

the dual of the area metric.

Definition 1.1. Let d > 0, and let 7 be a C*- form of co-degree 2d in M ,,. We set
. 1 _ X
(5) wg,n,d(a)(n) = lim sup 72d/ ag,n(av k)" L+d AD (n]ngn) .
(_ ) Qg,n(a:k)

k—o0

(the convergence of the integrals in the RHS was proved in [CMZ19)]).

d
Conjecture 1.2. For all d, wg,, q(a) is the current defined by integration of % (WQ’"(G’)) .

472

For n = 0, the restriction of this conjecture to forms with compact support in M, follows from
the work of Ma—Zhang [MZ07]. The first technical difficulty in extending their arguments to n > 0
is the presence of a continuous part in the spectrum of the Laplacian of cone surfaces. However, the
most delicate part of this conjecture is to extend these results to differential forms on families of
singular curves. In particular, we formulated this conjecture on MQJL’ although we expect that the
Weil-Petersson form should extend naturally (with singularities) to an alternative compactification
ﬂg,n(a) of M ,, that would generalize Hasset’s moduli spaces of a-stable curves. The construction

of this space for a general vector a is an open problem.

Here, we consider only the cohomological counterpart of Conjecture [1.2l Namely we define

Sgn,d(a, k) to be the cohomology class in H*(Myg,,Q) of the current defined by integration of

agn(a, yr—itd,

Claim 1.3. For all d, the functions k:_2dsg7n7d(-,k): Agn — HQd(ﬂgm,Q) converge uniformly
towards a function sy, q as k goes to co. The function sy, q is a continuous piece-wise polynomial
in a of degree 2d with coefficients in the tautological ring of Mg,n that can be explicitly computed.
Moreover for all a €]0,1[", we have

(6) S sgmala) = exp (—W) in H* (Mg, Q).
3
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We will prove this claim in full generality in a subsequent paper. Here, we restrict our attention
to smaller domains of angle data where the analysis is simplified. For all x > 0 we denote by
Aggfl C Ay, the set of vectors of Ay, such that a, <z and a; <1/2 forallie {1,...,n—1}.

Theorem 1.4. The restriction of C’laz’m toa € A;,% is valid.

The functions s, , ¢ are computed by induction on g and n (see Theorem [2.4)). The main interest
of this theorem is to make s, q(a) explicit and, therefore, provides a conjectural expression of
powers of the Weil-Petersson symplectic form. If we restrict to the numerical counterpart, then we

can consider the function on A;% defined by

(™) V(@) = [ (=700 1)
Mg.n

By Theorem [T.4] this function is a piece-wise polynomial of degree 6g — 6 + n with rational coef-
ficients, and we have Vy,(a) = V)P (a) for all a € ASL. The intuition behind the construction
of this function comes from the study of flat surfaces. The function V,, is an integral on moduli
space of k-differentials with n cone singularities of angles prescribed by a and simple zeros, i.e.,
cone singularities of angles (1 + %) 27 [Sau20]. Heuristically, the simple zeros form a small punctual
negative curvature, and as k goes to infinity, these small singularities equidistribute to approximate

a smooth metric of constant negative curvature.

This heuristic convergence has already been observed and used in theoretical physics. The Weil-
Petersson measure is used to compute the partition functions in Jackiw—Teitelboim (JT) theory, a
gravity theory with dilaton [Wit20]. These partition functions are limits of partition functions for
(2, k) minimal string models in Liouville conformal field theory that can be expressed in terms of the
Segre classes of moduli spaces of k-differentials [SSST19]. Then, wall-crossing formulas in JT theory
with angles smaller than 27 are recovered from the study of the change of regime for instantons
in the (2, k)-minimal models [MT21]. Theorem [1.4] generalizes these results from a mathematical

perspective.

1.3. Isomonodromic foliations. If a, # 1 or 2, then we set
Vgn(a)
[T, sin(aim)
Theorem 1.5. If 2g — 2+ n > 2, then the function Voly, extends to a continuous non-negative
function on A;%. In particular, Vg n(a) =0 if ap =1 or 2E|

(8) Volg »(a) =

The vanishing of V; ,,(a) when a has an integral coordinate is the consequence of the vanishing
of the top power of o (a, k) which is proved in [Sau20] via flat geometric arguments. If we assume
that Conjecture [1.2]is valid, then this vanishing can be proved directly from a hyperbolic point of
view via the existence of isomonodromic deformations. Indeed, the Teichmiiller space associated
bThe fact that V4,n may be negative is due to the difference between the orientation defined by the complex structure

(used implicitly for integration) and the one defined by the symplectic structures (Weil-Petersson or area form).
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10 2.0 3.0 [

(c)
FIGURE 1. Graphs of the functions z +— (=1)""1Py,(x) (a), Von.(z) (b), and
L Von(z) (c) for n = 3,4, and 5 (here z implicitly stands for the vector

sin(z)
(0,...,0,2)). The values for z > 2 are based on our forthcoming work.

with My, (a) carries a monodromy morphism to the SL(2,R) character variety of a punctured
surface with “relative conditions” on the monodromy around the punctures prescribed by a. For
general values of a, this morphism is locally an isomorphism, and the Weil-Petersson symplectic
form should be a pull-back of a symplectic form on the character variety as was shown by Goldman
when n = 0 [Gol84]. However, if a coordinate of a is integral, then the relative condition is trivial,
and the monodromy morphism is a submersion with complex fibers of positive dimension, which
are the leaves of the isomonodromy foliation. The existence of this foliation implies that the top

power of the pull-back of a symplectic form along the monodromy morphism vanishes.

As the notation suggests, the value Vol ,,(a) should be considered as an alternative definition of
volumes of M, ,(a). Although Vol, ,(a) can be determined from V; ,,(a) (or conjecturally Vg‘ﬁp (a))
at generic points of A, ,, it has the advantage of being non-trivial when a is integral. To define
it geometrically, one would need to construct a volume form that is non-trivial in the direction
of the isomonodromic foliations. From a flat geometric perspective, this function is the analog of
Masur—Veech volumes of moduli spaces of differentials or flat surfaces [Vee82, [Mas82, [CMSZ20),
CMS23,, [Sau20].

1.4. Recursion formulas for Mirzakhani polynomials. The geometry of moduli spaces of
hyperbolic cone surfaces serves as a guide to introduce the objects studied in the present paper.

Beyond this original motivation, the classes s, 5, (@) can be used to study tautological classes of
5



moduli spaces of stable curves. In the next paper, we will prove that certain vanishing properties

of s¢n.4(a) can be used to produce tautological relations.

Here, we focus on the properties of the functions V,,. We will prove that in each chamber
of polynomiality, V,, can be explicitly expressed in terms of Mirzkhani polynomials. Then, the
vanishing of V,, at a, = 1 or 2 produces relations between Mirzkhani polynomials. The first
family of relations (a, = 1) recovers the Do-Norbury relations [DN09]. The second family (a,, = 2)

implies the following theorem.

Theorem 1.6. For all (g,n) # (0,3) with n > 1, we have

(1 + al)P (1 +ay,az,.. ) — (1 — al)Pg’n(l —ai,ag,.. )

ajtai

9 = > / tPyn-1(t,as,...,a,...)dt
t

1<i<n ai—ai

+/_m/

+ / / gl,|11\+1(y, {aitien,) Py 15141t — v, {ai}ier,) dy dt.
Cal

91+92 =g
Lula={2,...,n

Q 1n+1(y7t_y7a27"‘)dydt

(where the notation a; means that we remove the variable).

By applying the Laplace transform to formula @, Du showed that it is equivalent to Mirzakhani’s
original recursion for the polynomials P,, [Du20, MirO7a]. It is worth noting that his approach
relies on another heuristic interpretation of Weil-Petersson volumes for an angle 47. However, his
proof of Theorem [9 reduces to Mirzkhani’s original theorem while we provide an independent proof.
In particular, following the arguments of Mirzakhani, we obtain a new proof of Witten—Kontsevich’s
theorem: integrals of 1-classes satisfy the Virasoro constraints [Wit91l, Kon92]. If we assume that
Conjecture holds, then our method shows that the Virasoro constraints (of the point) are a

numerical consequence of the existence of isomonodromic foliations.

Acknowledgement. I would like to thank Bertrand Deroin and Siarhei Finski for extensive dis-

cussions on the circle of ideas motivating this article.

2. INDUCTION FORMULAS FOR S4 5.4

In this section, we introduce several combinatorial structures that will be used in the rest of
the text, and we state the formulas defining the functions s, 4 by induction on g and n. These

formulas will be proved in Section [4

2.1. Rational hyperbolic graphs. Let I" be a stable graph of genus g with n marked points (as
defined in |[GPO03] for instance).

Definition 2.1. A twist on I' is a function b : H(I') — R satisfying the following constraints:
6



(1) For all edges e = (h,h’) we have b(h) + b(h’) = 0.

(2) If (h1, h}) and (he, hY) are vertices between two vertices v and v’ then b(h1) > 0 = b(hz2) > 0.
In which case, we denote v > .

(3) The relation > is transitive.

(4) If v is a vertex then we denote by b(v) the vector (b(h))p, of twists at half-edges incident
to v, and we have the inequality |b(v)| < 2¢(v) — 2 + n(v).

We define the twist at an edge as b(e) = \/—b(h)b(l) (if e is the edge (h,h’)) and the multiplicity
of the twisted graph (I',b) as

m([,b) = H b(e).

ecE(T)
We say that a twist is compatible with a vector a € R™ if b(i) = a; for all legs.

Definition 2.2. A bi-colored graph is the data of
T=Tb0VPCcV,V=VUV.)

where b is a twist, V3 is a set of vertices v such that b(v) is integral, and the partition of V' into
two levels Vi LI V_q satisfies: all edges of I' are between a vertex v of Vj and a vertex v’ V_q, and

we have v > /.

Definition 2.3. A bi-colored is a hyperbolic graph if |b(v)| = 2g(v) — 2 + n(v) for all vertices v in

V_i and V&P = (. Tt is a rational hyperbolic graph if V_; is reduced to a single vertex of genus 0.

2.2. Expression of s, , via rational graphs. We denote by Rat, , the set of rational graphs, i.e.
graphs such that the vertex carrying the n-th leg is of genus 0 (the central vertex), and all edges
connect this vertex to another vertex (outer vertices). A hyperbolic graph structure on such graph
I is uniquely determined by the twist function. We denote by Ar(a) ¢ R¥() the set of rational
hyperbolic structures on I' compatible with a, i.e. the simplex of functions b: H(I') — R satisfying

the constraints:

b(h) +b(h') =0 and b(h) #0 if (h,h') is an edge,
b(h) >0 if h is incident to v € VY,
(10) S how b(h) < 2g(v) — 2 +n(v) if vis a vertex in VO,
Y ohso 0(R) = 2g(v) — 2+ n(v) if v is the central vertex,
b(i) = a; for all i € {1,...,n}.

Equivalently, we can define Ar(a) as a simplex of RE(()F) if we specify only the twist at edges. This

domain is empty or of dimension h!(T).



Theorem 2.4. Let s4,4q: Ag? — H?*Y(M gn:Q) be the functions determined by the following

identities
(11)  base of the induction: sgpno = 1;

1 " a?
(12)  small angles value: sq,(a) = egn(a) == exp (—2/11 + Z ang) if an < 1/2;
i=1

(13) derivative: 8§Sg’n = ApPnSgn — Z /b ;|CF* ( ® Sg(v),n(v)<b(v))> db.

n I'€Ratg, €Ar(a) |‘Aut veyout

where Sgn = 3 q>0 Sgmn.ds Crt uev(m) Mg(v),n(v) — My is the gluing morphism, and VO is the
set of outer vertices of a rational graph. The function sy, q is the absolute limit of the functions
k=2 0 a( k) A;z — H* (Mg, Q) as k goes to infinity.

These formulas will be proved in Section [dl In this section, we use this theorem to describe

explicitly the function s, , in terms of the polynomials e .

2.3. Expression of s, , in terms of tautological classes. We use the fact that
Twﬁsg,n = anwfflsgm 4+ boundary terms
n

to compute the functions @bflsg,n by an induction on ¢ that goes down from ¢ = 3g — 3 + n.

7 =2 then the central

Let I" be a rational graph in Raty,. If Ar(a) is non-empty for some a € A>
vertex carries at most 4 half-edges. If ¢ > 2, then Clﬂb[ = 0 because n is supported on a vertex v
with (g(v),n(v)) = (0,3) or (0,4). This implies that %(wﬁsg,n) = aphittsy , and

The next step is to compute %1/}155,,”. By a similar argument, the rational graphs contributing
to the expression of this derivative are the ones with 4 half-edges on the central vertex. There are

3 types of such graphs:

t 91,92,11,T
Dtijny Ly Toimy
forl<i<j<n forl<i<n for 1 <i<n,g=g1+ 9o,

and {1,...,n}\{i,n} =L UI

N | e | N N
o ®
(0) (0) \@/
/TN /N /N

T ] n ? n i mn




If a is in Ag%%(a), then the twists of edges of these graphs are at most 1/2. For £ > 0, we set

Dz‘;fl(a) = Z (ai+aj+an — 2)+<F{i,j,n}* (@/;fl @ egn-2(-wvsiyeny @iy, +a; +a; — 2))
1<i<j<n
+ > /(amw)+ y(ai + B 2-y)
1<i<n V=0

Cl'*l{OVOP}* (77[}7[; 02y egfl,n(- .- 7(/1\1" <Y, an + a; — 2 — y)) dy

(@itan=2% y(a; + a, — 2 —y)
DD SR | g

1<i<n g1+g2=9g y=0
IluIQZ{l,...,n—l}\{i}

CF?J?QLQQ* (wﬁ & eg1,|11‘+1 (y7 {a’i}iEIl) ® eg2,|12‘+1(ai + Qp — 2— Y, {ai}iEIz)) d%

where (z)* = max(x,0). Then we have
0

(15) %(@bnsg,n) = anwgeg,n - D;lzrlz(a)

Finally, the expression of %sg,n also involves graphs with 3 legs on the central vertex:

I k] 71 ’I
T {in} oy I8
forl<i<mn forg=¢g1+go,and {1,...,n—1} =1 U I

N | N | S R
i 5 \ /

A N O}

i n n n
We set
Dz”n(a) = Z (a; + apn — 1)+C[‘{i7n}* (1®sgn-2(--.,ai,...,an +a; — 1))
1<i<n

(an=17% y(a, — 1 —
+/ 0 y(n2y)<1‘l{°°}p* (1®sg-1n(---,y,an —1—y))dy
y: n

@ yla, — 1 —y)
LD SR B
Yy

g1+g2=9 =0
IﬂJIgZ{l ..... n—l}\{l}

CF117}12a91792* (1 ® Sgl,|l1|+1(ya {ai}ien,) ® Sg2,|12\+1(an —1-y, {ai}ieb)) dy.

n

Altogether, we have the following expression:

0
(16) ﬁsgm = apYPnSgn — D;”n(a) - Dg:g(a).
9



The the function s, 4 is a piece-wise polynomial of degree 2d defined by
an 8
(a7 Sgn(@) = ega(al0) + [ S sya(alt)dt,
t=0 OQp
where at] is the vector obtained from a by replacing a, by t € Rsq. Moreover, s, q is of class ct

3 4,0 :
as Dy, and Dy, are continuous.

3. TAUTOLOGICAL CALCULUS IN MODULI SPACES OF DIFFERENTIALS

Here, we recall some elements of intersection theory on moduli spaces of multi-differentials
from [Saul9, BCGT19, [Sau20]. The main result that will be used in the next sections is Proposi-
tion

3.1. Incidence variety compactification. A rational pair (a, k) of a subset E of R" is the data
of a rational vector a in E and a positive integer k such that ka is integral. We denote by QP(E)
the set of rational pairs in E. If (a, k) is a rational pair, then a k-twisted graph (I',b) (compatible
with a) is a twisted graph such that kb takes integral values.

Let (a, k) be a rational pair of R"”, and let P = (p1,...,p,) be a vector of positive integers such
that p; > kla;| for all ¢ € {1,...,n}. We denote by QI;’P — My, the vector bundle with fiber

n

H° (C, wfegg(Plxl + ... +pna:n)

(where wiog is the log-dualizing sheaf we(z1 + ... 4+ ,)). The space 4, (a, k) of k-differentials
of type a is a sub-cone of ﬁ’;f. We denote by Qg ,(a, k) the closure of Q,(a, k) in ﬁlgf. This
compactification does not depend on the choice of P and is called the incidence variety compacti-

fication.

We assume here that a is non-negative and |a| = 29 — 2 + n. Let T be a k-bi-colored graph
compatible with a. This graph determines a boundary component Qg (a, k) of co-dimension at
least 1. To construct it, we consider the cones

~ —=nab =ab
Qf(k)l = H Qg,n (a7 k) H Qg,n(av k)
veV;\(V;NVab) veV;NVab
where ﬁg’bn (a, k) and ﬁg?: (a, k) are the closure of the loci of k-differentials on smooth curves ob-
tained (respectively not obtained) as k-th power of a meromorphic one-form, and

Di: ﬁf(k)z — M; = H My(w),n(v)

veV;
is defined by forgetting the differential. At level 0, we set Qg(k)o = ﬁf(k)o. At level —1, we denote

by Qr(k)_1 the sub-locus of Qf(k),l defined by the global residue condition (GRC) of [BCG™19).
We do not state the GRC here, but we will use the two following facts from [BCGT19:

(1) The co-dimension of Qx(k)_; in Qf(k‘)_l is at most the number of vertices in Vp N V2P,
10



(2) If Von V2 is empty then the map p_; has fiber of positive dimension along Qx(k)_; unless

V_1 is of size 1.

We set

ﬁf(k‘) = ﬁf(k)o X Pﬁf(k‘),l.
There is a canonical morphism (g : PQx(k) — PQ(a, k) defined by gluing the curves along nodes
and imposing that the differential vanishes on vertices in V_;. With this notation, the space Q(k)

is a cone over Mr and the following diagram commutes

— Cf,k —
Op(k) ———— Qg n(a, k)
(poxIdgz i J/p
Mr M.
¢r

3.2. Adding simple zeros. Let (a,k) be a rational pair in A;?L. In the rest of the section we

assume that k > 4(¢g + 1) and (g,n,a) # (1,1, (1 — 1/k)). We denote
@ = (a1, -, (L 1K), .., (1 + 1/K),
N(a,k)x
where N(a, k) = k(29 — 2+ n — [a]). We denote by m(a,k): Qi N(ak) (@ k) = Qgn(a, k), the
morphism defined by forgetting the N(a, k) marked points. It is dominant and of degree N (a, k)!.

Lemma 3.1. Let T be a bi-colored graph compatible with @* such that n is incident to a vertex in
V_1. Let X be an irreducible component of PQw(k)_1 then (m(a,k) o (rx)«[X] = 0 unless V2 is

empty and V_1 is reduced to a unique vertex of genus 0 and either

(1) all the markings forgotten by mw(a, k) are incident to the vertex in Vj,
(2) or this vertex has one edge, no legs in {1,...,n — 1} and one leg forgotten by w(a, k).

Proof. Let T be a bi-colored graph. For each vertex, we denote by N (v) the number of legs incident
to v which are forgotten by m(a,k) and by N_y = >-,cp-1(_1) N(v). We will show that N_; is
bigger than the co-dimension of p_; (Pﬁf(k)_l) in M_; and thus (7(a, k) o (r x)«[X] = 0 is trivial
for all irreducible component of PQg(k) unless I' satisfies the conditions of the lemma.

Step 1: no wertex in V_i is of positive genus. The vertices of Vo N V2 are of genus at least one.
This set is of size at most g. Besides, we have

dimPQR(k) 1 = dimM_1 +1— Y (g(v) —1).
veEV_

Therefore the co-dimension of p_q (]P’ﬁf(k:)_1> in M_; is at most

(18) g—1+ Z (gv) — 1) < 2g.
veEV_1
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If v is a vertex of level —1 then

(19) 29(v) —2=N@)/k+ > (ai—1)+ > (b(h)-1).

ie{l,n} (h,h")eE(T)
W=V h—v
The first sum is over the legs in {1,...,n} incident to v, and this sum is smaller than 1 if n is the

only element in this set and 1/2 otherwise. The second sum is over half-edges incident to v and is
smaller than —1 (as the sum is non-empty and b(h) is negative). Therefore we have
(20) N(v)/k>2g(v) =1~ > (a;—1)

ie{l,n}
U

and N(v) > k/2 unless v is of genus 0, or v is of genus 1, with only two other half-edges ( the
marking n and a half of an edge to the upper vertex). If T has a vertex that does not satisfy one

of these conditions, then N_; is bigger than co-dimension p_; (Pﬁf(k)_l) in M_;.

To complete the first step, we need to exclude the possibility of a vertex v of genus 1 in V_;. To
do so, we remark that if the markings n and half of an edge are incident to this vertex, then N(v)

is at least 2. As there is only one edge to the vertex of level 0, we have two possibilities:

e If the GRC is trivial then v is the only vertex of level —1 and the co-dimension of the level
—1 in the moduli space of curves is g(v) = 1 which is smaller than N (v).

e If the GRC is non-trivial then b(h) < —1 for an half-edge h to an upper vertex in V2P) and
thus N(v) > k/2 as above.

Step 2: V2P is empty. Bach vertex in V_; contains at least one leg, and the vector @* has no integral
coordinate apart from a, that can be equal to 1. A vertex carrying the n-th leg necessarily has

another leg if this is true. Therefore, all vertices of V2 are of level 0.

Let v be a vertex in V2P, If this vertex is of genus at least 2, then b(h) > 2 for at least one
half-edge incident to vy and going to a vertex v of level 0. For this vertex v we again find that
N(v) > k/2 because the second sum in (19)) is at most —3. Besides, if we assume that there are
at least 2 vertices of level 0, then at least one vertex v of level —1 is connected to vy and another
vertex. We again find that the second sum in is at most —3. Therefore, vy is the only vertex
of level 0 of genus 1. If this vertex is connected twice to a vertex v of level —1, then N(v) > k/2

by a similar argument. Therefore, we must have g = 1.

To exclude the possibility that g = 1, we remark that each vertex of level —1 must carry at least
one leg in {1,...,n}. If n > 1 and v (of level —1) carrying the first leg, then the first sum in
is smaller than 1/2 while the second one is —2 so N(v) > k/2 again. Therefore, (g,n) = (1,1) and
the graph I must have exactly one edge connecting a vertex of genus 1 to a vertex of genus 0 with
all legs. This situation cannot occur because the co-dimension of the level —1 space is 1, and we

have excluded the case N(a,k) =1 in our assumption for the section.
12



Step 3: end of the proof. The GRC is trivial, so there can be only a vertex of level —1; otherwise,
(p . has fibers of positive dimension. Finally, the co-dimension of p_1 (Pﬁf(k‘),l) in the moduli
space of curves is 0, so the unique vertex of level 0 must satisfy N(v) = 0, or it has to be contracted
by the forgetful morphism. In the latter situation, it carries exactly the leg n, one half-edge, and

a forgotten leg. O

3.3. Tautological relations. Let ¢ be the first Chern Class of O(1) in PQ(a, k). By [CMZ19],

for all m > 0 we p,&™ € H*(Mg,,, Q) is the cohomology class of the current p*agm(a)d defined in

<2
g7n

Theorem 2.7]. However, this theorem is stated for |a| = 2g — 2+ n. To use it in our setting, we use

the introduction. In order, to compute this cohomology class, for a € A>; we will apply [Sau20),

the forgetful morphism 7 (a, k).

To state our main proposition of the section, we first define boundary components of P, ,,(a, k)
associated with rational graphs. If ' is a rational graph, then we denote by Ar(a,k) C Ar(a) the
set k-rational hyperbolic structures on I'. If (T, b) is a rational hyperbolic graph, then we denote

—mnab

ﬁ[‘(k) = ﬂo,n(ﬂc) X H Qg(v),n(v) (b(v)’ k)

veV Out
where v is the central vertex of the graph and the morphism () : Qr(k) — Qg n(a, k) is defined
by gluing the curves along nodes and imposing that the differential vanishes on the central vertex.
The image of this morphism is contained in the boundary Qg ,(a, k) because the GRC is trivial for

this space of differentials. Besides, the morphism ((r ) is finite of degree |Aut(T’, b)|.

Proposition 3.2. The following relation holds

m(T, b)kI P

(21) &+ (kan)pn = [PQgnlalan + /KL B+ > Y | Aut(T)|

T€Ratg,n beAr(a,k)

(o ,b) e [P ) (F)],

where we recall that alt] is the vector obtained from a by replacing the last coordinate by t, and

PQg n(alan, + 1/k], k) is considered as a sub-stack of PQg p(a, k).

Proof. We apply [Sau20, Theorem 2.7] for the vector @*. Then, we obtain a formula of the following

type:
(& +anthn) = Z contribution of T.

T, k-bi-colored graph
compatible with @

If we apply the push-forward along 7(a, k) to this formula, then the contribution of each graph in
the sum is trivial unless it satisfies the conditions of Lemma If R denotes the set of graphs
satisfying these conditions, then we obtain the following formula
m(T, b)k!FM)]
|Aut(T, b)|
13
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Therefore, we need to describe the push-forward of each term of this formula to get . First, we
remark that £ is the pull-back of £ along 7(a, k) so

(23) w(a, k)«€ = N(a, k)&,
To compute the push-forward of 1, we recall that

(24) VYo = Py, + > Ofnyur
Ic{n+1,....n+N(a,k)}
I£0

where §g is the divisor of curves with a genus 0 component carrying the markings in E. The
intersection of 0,7 with PQg »(a, k) is the boundary stratum defined by the unique twist function
that one can put of the stable graph defining d;,yur (and the intersection is transverse). Then, we
have

— 0 if |I] > 1,
25 m(a,k)s (0 N[PQ, n(a, k)] ) = _
(25) (a, k). ( O By )]) { [PQg.n(alan + 1/k], k)] otherwise.

Combining and we obtain
(26) m(a,n)sb, = N(a, k)[PQ, n(alay, + 1/k], k)].

Finally, we remark that the set R splits into R Ry according to the two possibilities in Lemma 3.1}
A stratum associated to a graph in Rj is again the intersection of a class dy, 44 for some leg

ie{l,...,N(a,k)}. Thus

m B(D)|
ey 3 (T, b)k

A (@R Py (k)] = Na, k)l (kan + 1) [P0 (alan + 17k} K]
(T',b)ERy ’

If (I",0) is a graph in Ry, then the image of PQ (k) under w(a, k) is PQqr ) (k) for some
k-rational hyperbolic graph (I',b) compatible with a. Moreover, the restriction of 7(a,k) to
PQ vy (k) is finite of degree [],cy, N (v)! (where N(v) = k(2g(v) — 24 n(v) — [b(v)| is the number
of markings forgotten by m(a,k)). Conversely, given a rational hyperbolic graph (T',b), a graph
in R; is uniquely determined by a partition of N(a, k) into subsets of size N(v) for each vertex.

Therefore, we have

m(I, v LIED)] _
(28) > mﬁ(aa )« Qb e [P 1) (K)]
(I b)) ER, ’

oy ¥ m(T,B)KEO! N(a, k)! (

T'c€Raty,, bEAr(a k) [Aut(T)|  Tlpey, N (0)!

Then formula is obtained by combining , , , . O

11 N(W) () k< [P,y (F)].

veVY
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4. GROWTH OF POWERS OF THE AREA FORM

In this section, we complete the proof of Theorems and First, we recall that the coho-
mology class s45 4(a, k) defined in the introduction via the area metric on O(1) is the Segre class
of Qg n(a, k). In particular sy, 0(a, k) =1, and s, = 1, thus formula is valid.

If 2 is a real number then we denote by |z], = +|kz|. If a is a real vector, and k is a positive

integer, then we denote by |a|r = (la1]k,---, [an]x). We will use the following lemma to prove

formulas and .

Lemma 4.1. Let f: A<2 — H*(Mgn, Q) be a continuous piece-wise polynomial. Let g: QPA;% —
H*(Mgn,Q) be a function on the set of rational pairs AZ?2 such that k(g(a, k) — f(a)) is bounded.
Then, the sequence of functions fy: A<2 — H*(Myn, Q) defined by fr(a) = g(lalk, k) absolutely

converges to f as k goes to infinity.

Proof. The function f is K-Lipschitz for a positive constant K. Besides, there exists K’ > such
that || f(a) — g(a, k)|| < K'/k, so

1f(a) = g(a, )| = (f(a) = f(la]x)) + (la)k — g(a, k)| < (K + K')/k.

4.1. Small angles. Let (a, k) be a rational pair of A 2. The space Q5 (a, k) is isomorphic to
the vector bundle over My, with fibers H(C, w%{;(lmlxl + ...+ kapzy)). The first cohomology
group H(C, wgg(k/‘alxl + ...+ kanxy)) is trivial, so the Segre class of Q0 ,,(a, k) can be computed
by applying the Grothendieck-Riemann-Roch formula. We recall from [Bin05] that the Chern

characters of Qg ,(a, k) are given by

where 4 is a boundary term that does not depend on k or a, and By is the Bernoulli polynomial.

We recall that By = 22 — 2 + 1/6 and deg By = d. For a fixed a, we see that chy is a polynomial

of degree d 4+ 1 in k. In particular, as k goes to infinity the Chern characters chy for d > 2 do not

contribute to the highest degree term in k of the Segre class, so

(1)
d!

1:2d

d
1 " a? _
(30) T <2/€1 - Z 2%‘) + OAg%/z(kzd Y,

where the notation Og (k%) stands for a function g: QP(E) — H*(Mg,, Q) with norm bounded
by Ck’ for some constant C' (and V is an 1mphcltly defined vector bundle, here H*(M,,,Q)).

Together with Lemma [4.1] H this estimate implies (12 of Theorem [2.4 .
15
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4.2. Expression of the derivatives. We fix a triple (g,n,d). We will show that

K94 sy . (a, k) = ksgn.a)(a)

is bounded on QP(A;?, where s, ,, 4 is defined by the relations of Theorem We work by
induction, so we assume that this holds for all triples (¢’,n’,d") such that 2¢' —2+n' <2g—2+n
or (¢’,n') = (g,n) and d’ < d. The bases cases (g,n,d) = (0,3,0) = (1,1,0) have already been
treated.

Let (a,k) be a rational pair of A;%. Let d > 0. We multiply formula by &+4-1 and
push-forward the result along p : PQg,,(a’, k) — M, . This way, we obtain the following relation

Sg,n,d(aa k) + kan¢n8g,n,d71(a7 k) = Sg,n,d(aly k)

(31) + > D

TeRatg,n beAr (a,k)

m(T, b)kIE D)

|Aut(T)| CrsSd—|B(T)| (@r,b)(k)) :

In the sum, the space ﬁ(p,b)(kz) is considered as a cone over the stratum of the moduli space of

curves Mr and the Segre class is given by

(32) sa(Qrn®) = X ( X sa, (Qg(v),n(v)(b(v)7k))> :
d=(du)ycyout \wEVOH
|d|=d

Therefore, if (a, k) is a rational pair of A;% then
sgnd(a, k) = sgna(al0,k)+ D sgmalal(l+1)/k],k) = sgn.alall/k] k)
0<l<kan—1

(33> = sg,n,d(oa k) =+ Z g"ﬂnsg,n,dfl
0<t<kan—1

+ > > CreSa B (ﬁ(r,b)(k)> :
TeRatgn bEAr(alt/k],k)
0<t<kan—1

We have already shown that
Sg,n,d(a[o]v k) = deegyn,d(a[O]) + OAQS}L/Q(k‘Qd_l)'

Besides, by induction hypothesis

1 1 _
@ Z Ewnsg,n,d—l(aak) = ? Z ewnsg,n,d—l(a)"i_OAgﬁ’i(k‘ 1)

0<(<kan—1 0<l<kan—1

— /t * tusgna(ald) dt.
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To control the sum in the RHS of , we start by fixing a rational graph I'. Then, by induction

hypothesis, we have

. _
> m(DBEFO sy mr) (Q(F,b)(k))
k?d —1

bEAF(a[Z]J{“)

1

= RO 2 > (Rb)Cr*( 03¢ Sg(v),n(v),dv(b(v))) +O0pz12(k7)

d-d—|E(T")| be Ap(a,k) veyout

N /beAF CF*( X Sgw),n(v),dv(b(v))) db+0Agg’}l/2(k*1).

veyout

Altogether, we obtain the following expression

ks, ala k) = egna(al0]) + / tnsgn,a—1(alt]) dt

m(T, b
> /t O/b )|CT*( X Sg(v),n(v),dv(b(v))> db

I'cRat, €Ar(alt) ‘Aut ) pevout
d-d—| B( r)|

+OA§L/2 (k™ 1).

Therefore k:_stg,n’d(a, k) converges uniformly and the limit s, ,, satisfies . This completes the
proof of theorems and

5. IDENTITIES AT INTEGRAL SINGULARITIES

In this section, we study the volume functions in the presence of integral coordinates. We recall
from [Sau20] that fﬂgyn(_l)giHnsgni’w 34n(a,k) = 0 is of the same sign as []i-; sin(a;7). In
particular, if a, is integral, then Vj,(a) = 0. As shown in Section [2] ' the function V,, is Ccl.
This implies that the function Vol , is continuous and non-negative, thus completing the proof of
Theorem [L.5l

The rest of the section will be dedicated to the proof of Theorem Let (g,n) # (0,3) be a
pair such that n > 1, and let a be a vector in A Y2 Theorem will be deduced from the identity

‘/;77n+1(a1,. c ey Qp, ) =0.

5.1. Expression of V, 1 in terms of Mirzakhani polynomials. Our first task is to write
Vym+1 in terms of Mizakhani polynomials using the closed expression of s, , proved in Section
Forall >0, and 0 <t < 2 we set

V;n+1(a,t) = /7 ¢£897n+1(a17...,an,t), and
Mg n+1

P;nJrl(a, t) = /7 wﬁcgmﬂ(al, ey Qpyt).
Mg n+1
17



With this convention we have V0 i1 = (— 1)9"V, ;41 while P? ont+1 = Pgn+1. We have

(34> ‘/;le,n-i—l(a’t) = Pg{n—i—l(a?t) if ¢ > 2,
t
(35) Vinni(at) = Plan(t) = [ Dlawd
t
(36) Vinerat) = [ (Wh(au) = Da)) du

where D*(a,u) = fﬂg . D;L711+1(a u)du and D3(a, ) fﬂ , and

Dj;:fl 41 are defined in Section [2). The integral of Dg b

expression of Vg n+1. Indeed, the contribution of a rational graph with a central vertex with 4

o D27n+1(a, u) (the classes Dg nt

, vanishes, thus does not appear in the

half-edges to Dg ny1 is defined as the push-forward of classes supported only on the outer vertices,

so the top cohomological degree of this class is trivial.

We use the expression of the D-functions given at Section [2|to re-write the RHS of these formulas

with Mirzakhani polynomials. As fﬂo , Yn =1, we have

DYa,u) = Z (aitaj+u—2)"Pyp (.. @y .,a5,...,0; +aj+u—2)
1<i<j<n+1

(ai+u—2)" yla; +u—2—1y)

+Z/—0 2

Py imt1(os@iy.. oy, ut+a; —2—y)dy

1<i<n+17Y=
(aitu=2)T 4 (q, +u—-2—
n Z Z / y(a; 5 y)
1<i<n+1 g1+g92=g y=0

I1I_112={1,..‘,n}\{i}
Py nr1W{aitien) X Py, 110 +u—2 —y,{aitier,) dy

This expression determines V!, . ; in terms of the P-functions. If u < 1, then these sums are trivial,

g+
so Vi, i(at) =P, (at) if t < 1.
Diau) = > (ai+u—-DTV2 (a5, ai+u—1)
1<i<n+1
@=D" y(y—1— R
(37) +/ )V 1n+2( v,y,U—l—y)dy
=17 y(u—1—1y)
oy /y:o s
g1t+g92=g
LUul={1,..,n}
Ve i {aitien) x Vs (w—1 =y {aiticr,) dy.

Here, the function V-functions are evaluated at vectors with coordinates at most 3/2 for the first
term at most and 1 for the others. Besides, if u < 1, then only the first sum is non-trivial. In

particular, we have the following expression for ¢ < 1:

t+az—1
(38) Vgomﬂ(a,t) = Pynti(a,t) / ; uPy (..., a4,...,u)du.
=1 u=

18



We use this expression, and V 'nt1(a, 1) = 0 to re-prove the following result by Do-Norbury [DN0J].

Theorem 5.1. For all a € R™ we have
(39) Pynti(a,t) = Z/ 0 Py ., a,. .. ,u)du.
U=

Here, we will use to express D? in terms of Mirzakhani polynomials. To do so, we denote

by 253((1, u) the expression obtained by replacing V' by P in the RHS of . Then, we set

(a;+a;+t—2)*
D'(a,t) = < Z / ’ w(ai +t—1)Pyn-1(...,Gi,...,05,...,u)du
1<i<n+1 \1<j<n+1
J#i
(a;+t—2)T plu—1)" _
+/ / YY) g, 4 g 1)
u=0 y=0 2
ngl,n+1(- >d\i’-")"'7y7 )dydu
(a;+t—2)t pu—-1T _
R G
g1+92=9 u=0 y=0
LUL={1,..,n}

Pgl,\11|+1(y’ {aitien,) x 927\Ig|+1(u — vy, {aitien,) dy du)

t-1DF ply+ai-1)*" R
+ Z yu(t —1 —y)Py—1pnt1(. .., Giy ... u,t — 1 —y) dudy
0 u=0

1<i<n+17Y=

D SIS o) R AT e

gi+92=9g i€l
ILUlzy= {1, ,}

Pgl,‘f1|+1(u7 {ai}i€h) X ng,|[2|+1(t —-1- Y, {ai}iEIQ) du dya
and
) pan= Y [T e ye B @i —1—y)d
a,t) = yt—1—-y)Pyp(...,a,...,q5,...,t =1 —y)dy.
1<i<j<nt1”/y=l-ai—a;

With this notation, we have
(41) D3(a,t) = D3(a,t) — D'(a,t) — D"(a,t).

To explain this last expression, note that the term D’ corresponds to the correction between the V'
and P function given by . The term D” has another explanation: in the third sum of , if
g1 =0 and I; = {i,j}, then the integration domain includes values of y such that y +a; +a; > 1
while Ag 3 is the set of vectors of size at most 1. To make sense of this expression, we must impose
that Vo 3(a) = 0 if |a] > 1 while Py3(a) = 1. The term D” corresponds to the correction obtained

by integration on the complement of Ag 3. Altogether, we obtain the following relation

2 2 t

(42) VO 1(a,2) =0 = Pynir(a,2) — [ D¥(at) — / / 1D (a, u) du dt.
t=0 t=0 Ju=0
19



The RHS of this identity is a linear combination of polynomials in a constructed from Mirzakhani

polynomials.

5.2. Odd part of the relation. In order to prove Theorem we simplify the identity by

extracting the monomials with odd powers in a;. If P is a polynomial in aq,...,a,, then we denote

1
podd _ 1 (P(al, as,...,an) + P(ay,—az,...,—ay) — P(—ay,aq9,...,a,) — P(—a1, —ag,. .., —an)>

the odd part in a; of the odd degree part of P. Mirzkhani polynomials are even in all variables,

so (42]) implies

2 odd 2 t odd
(43) ( D¥(a, t)dt) _ ( D'(a,t) +D"(a,t) — / D*(a,u) du dt)
t=0 t=0 u=0
The parity of Mirzakhani polynomials also implies the following simple expression of the LHS:
2 odd 2 odd
( " D) dt) - (/t_o(ai—i—t— 1)F Py (ay + t — 1,a2...,an)dt>
a;+1 odd
= (/ tPyn(tas... an) dt)

t=0

1+aq
(44) _ / tPyn(t az. .. an)dt.

t=1—ay

Indeed, the other terms are even in the variable a;. We introduce notation to re-group the terms
in the RHS of (| @ For all 2 <17 < n, we set

(a1+a;+t—2)T R
Dy1ins1y (@) /to/ w((ar+t—1)+ (@i +t 1) Pynr(ty....G,...) dudt

U=

2 max(t—1,1—a1—a;)
] Yt =1 =y Pynr(t = 1= gy .. ) dydt
t=0 Jy=1—a1—a;

2 t

—/ t(al+ai—|—u—2)+Pg,n,1(a1+ai+u—27...,@,...)dudt

t=0 Ju=0

a1+ta; t
/ / u2t —a1 —a; +2)+(t—u+1—a; —a)u—u(t+2—a —a;))
t= u=0
Pgm,l(u, e ,(/l\l', .o ) du dt
From the first expression to the second, we have made the change of variable t — t + 2 —a; — a;

and then y — t —u+ 1 — a; — a; in the second integral, and v +— u + 2 — a; — a; in the third one.
With this notation, we have

1 D jdd — [ D g )dud
(45) (1in+1) (@) - Ou on—1(U, ..., @, . ..) dudt
o

=a;—a1



loop =Dt rly+ai—1)
D{1n+1}( a) = _0/ / yu(t —1 —y)Py—1pnt1(...,u,t — 1 —y)dudydt

=0
(a1+t— 2)Jr U —
/ / / Zj(gy)(a1+t1)Pg1,n+1('--,y,uy)dydudt
(a1+u—2)* tylay +u—2 —
/ /—o/ Ao 9 y)Pg—Ln-H(”w%U‘Fal—2—y)dydudt

N —o/— / (y+1—a)u(t —y)Py1n41(. .-, ut —y) dudydt

oL
//:0
/ /yo - y+1—a1+2_1>(u—y)y

Pyint1(--,y,u—y)dudydt

t + 1Py 1n41(.--,y,u—y)dydudt

U 2 _
s al)y( y) ngl,n+1(' Y, U= y) dy du dt

L

From the first line to the second, we have made the change of variables ¢ — t+2—aj in all integrals,
then y — t — y + 1 — a1 in the first integral and u — u + 2 — ap in the third integral. From the
second line to the second, we have changed variables in the first integral u +— u 4 y. The odd part

of this polynomial is given by
loop odd _ “ /t /u (u - y)y _
(46) (D{1 n+1}( )) —‘/t_a1 0 Jy=0 2 Pg—l,n+1(a27 e YU y) du dy dta

For g1 + g2 = gand Iy Uy, = {2,...,n — 1}, we define and compute Dj[{’i’fﬁlll}’b similarly to

Dl{ciog Jrl}( a), so we simply give the final expression of the odd part:

('Dghgmh,b Odd / / / u -
{1,n+1} —ay Ju=0

(47) Pg1,|11|+1( Aaitier,) X Py 1141w — y,{aitier,) dudy dt.

With these functions, we can rewrite as
odd

2 odd n
(48) ( t:opg(a’t) dt) = <;D{1,i,n+1}(a) +pl{1 E+1}( a) + S D?i,gﬁl},za(ag

g1+g92=9
11|_|12:{2,...,n}

21



Putting , , , and together we obtain the following relation

/1+a1
t=1—aq

(]‘ + t)Pg,n(l + t’a27 cee an)
a1 a;+t
= Z / / uPyp—1(u,ag,...,a;...)dt
= u
al u u —
+ / ng—l,n-i—l(Z% u—y,az,.. ) dy dt
Yy

> voy(u—y) N 2 Ndud
+ Pgl,lfl‘-l—l(y? {al}lell)PgQ,Ugl—‘rl(u - y? {a’l}lelg) y t
g1+92=9g
LUIL={2,...,n}

Theorem [I.6] follows if we take the derivative of this relation with respect to a.
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