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Abstract

We present a novel approach to querying classical incon-
sistent description logic (DL) knowledge bases by adopting
a paraconsistent semantics with the four ‘Belnapian’ values:
exactly true (T), exactly false (F), both (B), and neither
(N). In contrast to prior studies on paraconsistent DLs, we
allow truth value operators in the query language, which can
be used to differentiate between answers having contradic-
tory evidence and those having only positive evidence. We
present a reduction to classical DL query answering that al-
lows us to pinpoint the precise combined and data complexity
of answering queries with values in paraconsistent ALCHI
and its sublogics. Notably, we show that tractable data com-
plexity is retained for Horn DLs. We present a comparison
with repair-based inconsistency-tolerant semantics, showing
that the two approaches are incomparable.

1 Introduction
Ontology-mediated query answering (OMQA) has been ex-
tensively studied over the past fifteen years as a promising
paradigm for querying incomplete and heterogeneous data
(Poggi et al. 2008; Bienvenu and Ortiz 2015; Xiao et al.
2018). In a nutshell, OMQA enriches the data with an ontol-
ogy which provides both a convenient vocabulary for query
formulation as well as domain knowledge that is exploited
when answering queries. Ontologies are typically formu-
lated in logic-based languages (description logics, DLs, be-
ing a popular choice) and equipped with a first-order logic
semantics, whereby a Boolean (‘yes or no’) query is deemed
to hold whenever it is entailed from the logical theory con-
sisting of the data and ontology. An important practical con-
cern with (traditional) OMQA is its lack of robustness in
the presence of contradictory information, as every Boolean
query is entailed from an inconsistent knowledge base.

A prominent approach to tackling data inconsistencies in
OMQA is to adopt inconsistency-tolerant semantics based
upon repairs, defined as inclusion-maximal subsets of the
data that are consistent with the ontology. Arguably the most
natural repair-based semantics is the AR semantics (Lembo
et al. 2010) that considers those answers that hold w.r.t.
each repair, inspired by analogous semantics for inconsistent
databases (Arenas, Bertossi, and Chomicki 1999). Other
commonly considered repair semantics include the more
permissive brave semantics (Bienvenu and Rosati 2013),

which only requires an answer to hold in at least one repair,
and the more cautious IAR semantics (Lembo et al. 2010),
which queries the intersection of all repairs. Several other
repair-based semantics, incorporating closure operations or
various kinds of preferences, have been explored, see (Bien-
venu and Bourgaux 2016; Bienvenu 2020) for an overview
of repair-based semantics for DL knowledge bases.

Paraconsistent logics represent another natural approach
to obtaining meaningful answers from contradictory knowl-
edge bases. Whereas repair-based semantics are defined in
terms of the consistent subsets of the inconsistent theory,
paraconsistent logic semantics, often based upon extended
sets of truth values, makes it possible for classically incon-
sistent theories to possess models. A common approach is to
augment the classical set of truth values {T,F} with two ad-
ditional elements — B (both true and false) and N (neither
true nor false).1 The four values can be interpreted as four
kinds of information one can have on a given assertion A(a):
only be told that A(a) is true, only be told that A(a) is false,
be told that A(a) is both true and false, and be told noth-
ing about A(a).2 The truth and falsity conditions of Boolean
connectives ¬, ⊓, and ⊔ are then defined as follows:
• ¬A(a) is true if A(a) is false and vice versa;
• [A ⊓ B](a) is true if A(a) and B(a) are true, and false if
A(a) or B(a) is false;

• [A⊔B](a) is true if A(a) or B(a) is true, and false if A(a)
and B(a) are false.
Paraconsistent DLs were first introduced by Odintsov and

Wansing (2003) and have since then been extensively stud-
ied. In particular, four-valued counterparts of expressive de-
scription logics such as SHOIN (D) and SROIQ were
considered (Ma, Lin, and Lin 2006; Ma and Hitzler 2009;
Maier 2010; Maier, Ma, and Hitzler 2013). Moreover, DLs
with non-standard propositional connectives (i.e., whose se-
mantics differ from (Dunn 1976; Belnap 1977b; Belnap
1977a)) were studied by Zhang et al. (2014). Most work on
paraconsistent DLs has focused on standard reasoning tasks,
namely, axiom entailment and consistency checking. Para-

1Some work considers only {T,B,F} (Zhang, Lin, and Wang
2010) or adds other truth values (Kaminski, Knorr, and Leite 2015).

2The interpretation is due to Dunn and Belnap (Dunn 1976;
Belnap 1977b; Belnap 1977a), whence the values T, B, N, and
F are sometimes called ‘Belnapian’.
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consistent OMQA has received comparatively less attention
and to the best of our knowledge has only been considered
by Nguyen and Szałas (2012) and Zhou et al. (2012). More-
over, the query language presented in (Nguyen and Szałas
2012; Zhou et al. 2012) has an unfortunate drawback: given
a knowledge base K and a concept A, it is impossible to
write a query q whose set of answers only contains indi-
viduals a for which A(a) is exactly true (i.e., has value T).
Indeed, we observe (Proposition 5) that for Horn DLs, ex-
isting approaches to paraconsistent query answering corre-
spond to simply ignoring negative axioms, and thus fail to
benefit from the four-valued semantics.

Our first main contribution is thus to introduce a new
query language for paraconsistent DLs that extends the
query language of (Zhou et al. 2012) with value operators,
enabling us to differentiate between at least true and exactly
true answers to queries. We explore the computational prop-
erties of answering such queries and show, using a transla-
tion to classical OMQA, that both the data and combined
complexity of paraconsistent query answering in Horn de-
scription logic ontologies is the same as that of certain an-
swers under the classical OMQA semantics. For expres-
sive DLs, paraconsistent query answering has the same com-
bined complexity as classical OMQA but in some cases has
a slightly higher data complexity. Overall our results show
that our paraconsistent query language is more computation-
ally well-behaved than repair-based semantics.

This brings us to our second contribution: a comparison
of paraconsistent and repair-based OMQA semantics. In-
deed, while the two approaches share similar motivations,
to the best of our knowledge, the relationship between them
has not been explored. We present results showing that the
two approaches are incomparable. More precisely, we show
that if we consider queries with the T (exactly true) oper-
ator (which being more restrictive are better suited to ap-
proximating repair-based semantics), then we neither over-
approximate IAR, nor under-approximate brave and CAR (a
variant of AR based on closed repairs). This incomparability
result is generally phrased so as to apply to other paracon-
sistent DL semantics verifying some basic properties.

Our paper is structured as follows. In Section 2, we de-
fine the syntax and semantics of a four-valued version of
ALCHI. Sections 3 and 4 are dedicated to syntax and se-
mantics of the queries incorporating Belnapian values and an
analysis of their computational properties. In Section 5, we
formally compare paraconsistent and repair-based semantics
and present a general incomparability result. Finally, we
conclude in Section 6 with a short discussion of future work.
Omitted proofs are given in the extended version (Bienvenu,
Bourgaux, and Kozhemiachenko 2024).

2 Four-Valued ALCHI and Its Fragments
In this section, we provide the syntax and semantics of four-
valued DLs, equipped with a new constructor △ that was
previously added to Belnap-Dunn propositional logic and its
first-order expansion by Sano and Omori (2014), and which
can be intuitively interpreted as follows: △A(a) means that
A(a) is true and ¬△A(a) that A(a) is not true (as opposed
to ¬A(a) which means that A(a) is false).

Syntax Let CN, RN and IN be three mutually disjoint
countable sets of concept, role, and individual names, re-
spectively, and let RN± = RN ∪ {R− | R ∈ RN} be the set
of roles and inverse roles. Given a DL language L, an L4

△
knowledge base (KB) K = ⟨T ,A⟩ consists of a finite set A
of concept and role assertions of the form A(a) and R(a, b)
respectively, with a, b ∈ IN, A ∈ CN, and R ∈ RN, called
the ABox, and a finite set T of axioms whose form depends
on the DL L, called the TBox. An ALCHI4

△ TBox contains
role inclusions of the form S ⊑ S′ where S,S′ ∈ RN± and
concept inclusions of the form C ⊑ D where C and D are
ALCHI4

△ concepts built using the following grammar:

C := ⊤ | ⊥ | A | ¬C | △C | C ⊓ C | C ⊔ C | ∃S.C | ∀S.C
with A ∈ CN and S ∈ RN±. We also write C ≡ D as
a shorthand for {C ⊑ D,D ⊑ C}. We sometimes use • and
◦ to denote binary connectives from {⊓,⊔} and Q and Q for
quantifiers from {∃,∀}, assuming that • ≠ ◦ and Q ≠ Q.

An L KB is defined as an L4
△ KB except that it cannot

contain △. Besides ALCHI, we will consider the following
DL languages which are sub-languages of ALCHI: ALCH
has no inverse roles, ALCI has no role inclusions, ALC has
neither, ELHI⊥ does not allow ⊔, ∀ and ¬, and ELH⊥,
ELI⊥ and EL⊥ are obtained from ELHI⊥ by disallowing
inverse roles, role inclusions, and both respectively. Finally
DL-LiteR TBoxes contain role inclusions of the form S ⊑ S′

or S ⊑ ¬S′ and concept inclusions of the form B1 ⊑ B2 or
B1 ⊑ ¬B2 with B := A | ∃S.⊤. ELHI⊥ and its sub-logics
are Horn DLs and we call propositional TBoxes the TBoxes
that do not use the ∃ and ∀ constructors.

Semantics The semantics of L4
△ is defined through inter-

pretations, which differ from classical DL interpretations in
that they define both positive and negative extensions of con-
cepts. A 4-interpretation is a tuple I = ⟨∆I , ·Ip , ·In⟩ with
a domain ∆I ̸= ∅, and two interpretation functions ·Ip and
·In that map each concept name A ∈ CN to AIp ⊆ ∆I

and AIn ⊆ ∆I respectively, each role name R ∈ RN to
RIp = RIn ⊆ ∆I × ∆I and each individual name a ∈ IN
to aIp = aIn ∈ ∆I . For role and individual names interpre-
tations, we can thus omit p and n and simply write RI and
aI . The interpretation functions ·Ip and ·In are extended to
complex ALCHI4

△ concepts and roles as follows.

(R−)I = {(y, x) |(x, y)∈RI} (1)

⊤Ip = ∆I ⊤In = ∅
(¬C)Ip = CIn (¬C)In = CIp

(△C)Ip = CIp (△C)In = ∆I \CIp

(C ⊓ D)Ip = CIp∩DIp (C ⊓ D)In = CIn∪DIn

(∀S.C)Ip = {x | ∀y : (x, y) ∈ SI ⇒ y ∈ CIp}
(∀S.C)In = {x | ∃y : (x, y) ∈ SI & y ∈ CIn}

The semantics of the remaining connectives is given by:
C ⊔ D := ¬(¬C ⊓ ¬D) ∃S.C := ¬∀S.¬C ⊥ := ¬⊤.

Given a 4-interpretation I = ⟨∆I , ·Ip , ·In⟩, a ∈ IN and
a concept C, we will say that
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• C(a) is exactly true in I if aI ∈ CIp \ CIn ;
• C(a) is both true and false in I if aI ∈ CIp ∩ CIn ;
• C(a) is neither true nor false in I if aI /∈ CIp ∪ CIn ;
• C(a) is exactly false in I if aI ∈ CIn \ CIp .

A 4-interpretation I = ⟨∆I , ·Ip , ·In⟩ satisfies an assertion
A(a) (resp. R(a, b)), if aI ∈ AIp (resp. (aI , bI) ∈ RI). It
satisfies a role inclusion S ⊑ S′ if SI ⊆ S′

I , and it satisfies
a concept inclusion C ⊑ D if CIp ⊆ DIp . We write I |=4 ϕ
when I satisfies an assertion or an axiom ϕ. I is a 4-model
of a KB K = ⟨T ,A⟩, denoted I |=4 K, if I |=4 ϕ for every
ϕ ∈ T ∪A. Finally, K 4-entails an assertion or inclusion ϕ,
denoted K |=4 ϕ, if I |=4 ϕ for every 4-model I of K.

The semantics of the classical DL ALCHI is defined
using interpretations with a single interpretation function
I = ⟨∆I , ·I⟩ where ·I behaves as the positive interpretation
function ·Ip except that (¬C)I = ∆I \CI (i.e., the negation
is defined classically instead of being paraconsistent). We
use I |= K to denote that I is a (classical) model of K, and
K |= ϕ to denote that K (classically) entails ϕ.

Note that four-valued paraconsistent DLs are some-
times defined with four-valued roles, i.e., possibly RIp ̸=
RIn (Maier, Ma, and Hitzler 2013; Zhang et al. 2014). We do
not use four-valued roles in our presentation for two reasons.
First, there are several ways to define them (cf. (Drobyshe-
vich 2020, §5)), and it would be cumbersome to consider
multiple definitions throughout the paper. Second, if we
were to adopt the approach in (Maier, Ma, and Hitzler 2013;
Zhang et al. 2014), RIp is used to define both (∀R.C)Ip and
(∀R.C)In , making RIn redundant in ALCHI4

△.

Example 1. Assume that a university created the following
knowledge base KU = ⟨TU,AU⟩.

TU =

{
Prf ≡ Full ⊔ Asc, ∃headof.Chair⊑Full,
Prf ⊑ ¬Course, Full ⊑ ¬Asc

}
AU = {headof(ann,AI),Chair(AI),Asc(ann)}

The TBox expresses that there are two kinds of professors
(Prf), full and associate professors (Full, Asc), that heads
of chairs are full professors, that professors are not courses
and full professors not associate professors. The ABox states
that Ann is an associate professor and head of the AI chair.

If KU is interpreted as a classical (ALCHI) KB, KU is
inconsistent: there is no classical model of KU since Ann
cannot be a full professor and an associate professor at the
same time. Hence, everything is entailed from KU, for ex-
ample KU |= Course(ann). If KU is interpreted as a para-
consistent (ALCHI4

△) KB, however, there are 4-models of
KU since annI can belong to AscIp and AscIn . Actually,
this is the case in every 4-model, i.e., KU |=4 Asc(ann)
and KU |=4 ¬Asc(ann). Using 4-interpretations allows us
to obtain more meaningful answers from a classically incon-
sistent KB (for example, KU ̸|=4 Course(ann)).

In the classical setting, Full ⊑ ¬Asc and Full ⊓ Asc ⊑ ⊥
are equivalent. However, this is not the case in the para-
consistent setting: if we replace the former by the latter in
TU, then KU has no 4-models. It is thus important to care-
fully write the TBox axioms to reflect the intended meaning.
In particular, we can define axioms of different strengths.

For example, it may be reasonable to assume that courses
and professors should be truly disjoint while one can per-
mit contradictions in concepts governing different kinds of
professors (e.g., in the situation above, Ann has been re-
cently appointed the head of the AI chair but her promo-
tion to full professor has not been finalised, so the fact that
she is both an associate and full professor only indicates
a minor anomaly in KU). In this case, however, it is reason-
able to add contrapositives of axioms with negations (i.e.,
Asc ⊑ ¬Full). This will exclude 4-interpretations in which
Full(a) is exactly true and Asc(a) is both true and false.

Besides replacing Prf ⊑¬Course by Course ⊓ Prf ⊑ ⊥,
one can enforce disjointness between Prf and Course in sev-
eral ways using our new △ operator. First, with Prf ⊑
¬△Course. Second, one can stipulate that Prf and Course
behave classically. △ allows for the following compact rep-
resentation of this requirement: ¬Prf ≡ ¬△Prf (an alterna-
tive representation is ⊤ ⊑ Prf ⊔¬Prf and Prf ⊓¬Prf ⊑ ⊥).
It is important to note that classicality is stronger than dis-
jointness because the latter permits the existence of some a
s.t. Prf(a) is both true and false or neither true nor false in
a 4-interpretation while the former does not.

Capturing Different Inclusion Semantics With △ We
recall different interpretations of ⊑ from the literature:
Definition 1 (Alternative inclusions). Let I = ⟨∆I , ·Ip , ·In⟩
be a 4-interpretation and C,D be two concepts.
• C is internally included in D (I |=4C⊑D) iff CIp ⊆ DIp .
• C is materially included in D (I |=4 C ⊑m D) iff
∆I \ CIn ⊆ DIp .

• C is strongly included in D (I |=4C⊑±D) iff CIp ⊆ DIp

and DIn ⊆ CIn .
• C is quasi-classically included in D (I |=4 C⊑qc D) iff C

is internally, strongly, and materially included in D.
Internal, material, and strong inclusions were pre-

sented in (Ma, Hitzler, and Lin 2007) and correspond to
three eponymous four-valued implications by Arieli and
Avron (1996; 1998). The quasi-classical inclusion proposed
by Zhang et al. (2014) combines all three notions. We have
chosen to work with internal inclusion but will show how △
allows us to reduce the other interpretations of ⊑ to this one.

Proposition 1. For every pair of ALCHI4
△ concepts (C,D)

and x ∈ {m,±, qc}, there is an ALCHI4
△ concept inclu-

sion ϕx such that for every 4-interpretation I, it holds that

I |=4 C ⊑x D iff I |=4 ϕx.

Proof. For material inclusion, I |=4 C⊑mD iff I |=4 ⊤ ⊑
¬C⊔D. For strong inclusion, it is immediate that I |=4

C ⊑± D iff I |=4 C ⊑ D and I |=4 ¬D ⊑ ¬C, whence,

I |=4 C⊑±D iff I |=4 ⊤⊑(¬△C ⊔ D) ⊓ (¬C ⊔ ¬△¬D).

Finally, I |=4 C⊑qcD iff I |=4 C⊑mD and I |=4 C⊑±D,
so I |=4C⊑qcD is equivalent to

I |=4 ⊤ ⊑ (¬C ⊔ D) ⊓ (¬△C ⊔ D) ⊓ (¬C ⊔ ¬△¬D).
The preceding proof shows how △ allows us to succinctly

capture different forms of inclusions without the need to in-
troduce additional concept names (which would complicate
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later technical constructions, hence the interest in employ-
ing △). Indeed, while △ can be simulated, this requires us to
add new concept names: ¬△C can be expressed with a fresh
C′ such that C⊓C′ ⊑ ⊥ and ⊤ ⊑ C⊔C′ and ¬△¬D can be
replaced by D′′ such that ¬D⊓D′′ ⊑ ⊥ and ⊤ ⊑ ¬D⊔D′′.

Negation Normal Form (NNF) ALCHI4
△ knowledge

bases can be put into negation normal form (NNF) in poly-
nomial time. We will focus on KBs in NNF to establish the
complexity of reasoning when translating four-valued KBs
to classical KBs (note that (Maier, Ma, and Hitzler 2013)
performs this transformation of the KB into NNF while
translating it). The difference between our work and pre-
vious one is the use of the △ constructor.
Definition 2. We say that an ALCHI4

△ concept C is in
negation normal form (NNF) if C is built from concepts A,
¬A, △A, △¬A, ¬△A, and ¬△¬A (A ∈ CN) using binary
connectives and quantifiers.

Proposition 2. Let T be an ALCHI4
△ TBox. There exists

a TBox NNF(T ) s.t. all concepts occurring in it are in NNF
and I |=4 T iff I |=4 NNF(T ) for any 4-interpretation I.

Proof. We define NNF(T ) as follows: all role inclusions
remain as in T ; for each concept inclusion C ⊑ D, we apply
the following transformations to C and D.

¬⊤⇝ ⊥ ¬⊥⇝ ⊤
¬¬C⇝ C ¬(C◦D)⇝ ¬C•¬D

¬QS.C⇝ QS.¬C △△C⇝ △C

△(C ◦ D)⇝ △C ◦ △D △QS.C⇝ QS.△C

△¬△C⇝ ¬△C

It can be verified using (1) that the transformations preserve
the concept interpretations, which yields the result.

Reductions Between ALCHI4
△ and ALCHI We show

that ALCHI4
△ and ALCHI are equally expressive. Using

Proposition 2, we can construct an embedding of 4-valued
knowledge bases into the classical ones. The embedding fol-
lows the idea from (Ma, Hitzler, and Lin 2007): we encode
positive and negative interpretations separately. The only
difference in our case is that we need to account for △.
Definition 3 (Classical counterparts). Let K = ⟨T ,A⟩ be an
ALCHI4

△ KB with T in NNF. We define its classical coun-
terpart Kcl = {ϕcl | ϕ ∈ K} as follows.

(C ⊑ D)cl = Ccl ⊑ Dcl (S ⊑ S′)cl = S ⊑ S′

(A(a))cl = Acl(a) (R(a, b))cl = R(a, b)

where C,D are ALCHI4
△ concepts, S,S′ ∈ RN±, A ∈ CN,

R ∈ RN. For C in NNF, Ccl is defined as follows.

Acl = A+ (¬A)cl = A−

(△A)cl = A+ (¬△A)cl = ¬A+

(△¬A)cl = A− (¬△¬A)cl = ¬A−

(C ◦ D)cl = Ccl ◦ Dcl (QS.C)cl = QS.Ccl (2)

Let I = ⟨∆I , ·Ip , ·In⟩ be a 4-valued interpretation. The
classical counterpart Icl = ⟨∆Icl

, ·Icl⟩ of I is as follows.

∆Icl

= ∆I (3)

aI
cl

= aI RIcl

= RI (a ∈ IN, R ∈ RN)

(A+)I
cl

= AIp (A−)I
cl

= AIn (A ∈ CN)

Proposition 3. Let K be an ALCHI4
△ knowledge base in

NNF, I a 4-valued interpretation, and ϕ a concept inclusion,
role inclusion, or assertion. Then K |=4 ϕ iff Kcl |= ϕcl and,
moreover, I |=4 K iff Icl |= Kcl.

For the other direction, we shall exploit the essentially
two-valued behaviour of △. We use χ△ to denote the result
of putting △ in front of every concept name occurring in χ.
Lemma 1. Let K = ⟨T ,A⟩ be an ALCHI knowledge base
in NNF. Then it holds that {·I | I |= K, I = ⟨∆I , ·I⟩} =

{·I
4
p | I4 |=4 K△, I4 = ⟨∆I4

, ·I
4
p , ·I4

n ⟩}.
The following proposition straightforwardly follows.

Proposition 4. Let K be an ALCHI knowledge base in
NNF and ϕ a concept inclusion, role inclusion, or assertion.
Then K |= ϕ iff K△ |=4 ϕ△.

The next statement follows from Propositions 3 and 4 and
the complexity of ALCHI (Tobies 2001).
Theorem 1. Axiom or assertion entailment in ALCHI4

△ is
ExpTime-complete.

Horn DLs As we saw in Example 1, A⊓B ⊑ ⊥, A ⊑ ¬B
and B ⊑ ¬A have different semantics in the four-valued
setting. Hence, to be able to define L4

△ KBs that are re-
ally paraconsistent for DLs L that normally have ⊥ but no
negation, such as ELHI⊥ and its sub-logics, we need to use
syntactic variants that may also express ‘weak disjointness’
with ¬. An ELHI¬

4
△ TBox contains inclusions of one of

the following forms (extending ELHI⊥ in normal form):
S ⊑ S′ A ⊑ ∃S.B ∃S.A ⊑ C A ⊓ B ⊑ C A ⊑ ¬B

with S,S′ ∈ RN±, A,B ∈ CN∪{⊤} and C ∈ CN∪{⊤,⊥}.
We do not include the △ operator in this syntax because we
can equivalently add △ anywhere in the above inclusions
without changing the inclusion satisfaction condition, except
in the case of A ⊑ ¬△B, but as mentioned in Example 1,
A ⊑ ¬△B is equivalent to A⊓B ⊑ ⊥. We keep the language
name in the form of L4

△ only for homogeneity. We denote
by EL¬

4
△, ELI¬

4
△ and ELH¬

4
△ the fragments of ELHI¬

4
△

that correspond to EL⊥, ELI⊥ and ELH⊥ respectively.
It is easily checked that for every L¬

4
△ KB K with L ∈

{ELHI, ELI, ELH, EL}, its classical counterpart Kcl is an
L⊥ KB. Indeed, from the definition of ELHI¬

4
△, K is in

NNF and does not contain △, so ·cl only adds superscript +
on all concept names but those that occur under ¬ in inclu-
sions of the form A ⊑ ¬B, which become A+ ⊑ B−. It
follows that L¬

4
△ has the same complexity as L⊥.

Note however that Proposition 1 does not hold for
ELHI¬

4
△. Indeed, as already noted by Maier, Ma, and Hit-

zler (2013), material and strong inclusion require non-Horn
concept inclusions, with negation on the left-hand side.

4



3 Queries With Exact Truth Values
Before introducing our novel approach to querying four-
valued DL KBs, let us recall the query language and seman-
tics considered by Zhou et al. (2012).

Definition 4. Let Var be a set of variables disjoint from IN
and Term = Var ∪ IN. A conjunctive query (CQ) has the
form q := ∃y1 . . . ym : φ where y1, . . . , ym ∈ Var and φ
is a conjunction of atoms of the form R(t, t′) or A(t) with
t, t′ ∈ Term, R ∈ RN and A ∈ CN. A CQ q is Boolean
(BCQ) if no variable occurs in it freely.

A KB K 4-entails a BCQ q (K |=4 q) if for every 4-
model I = ⟨∆I , ·Ip , ·In⟩ of K, there is a match π : Term 7→
∆I such that for every c ∈ IN, π(c) = cI , and for every
R(t1, t2) (resp. A(t)) that occurs in q, (π(t1), π(t2)) ∈ RI

(resp. π(t) ∈ AIp ).

We make an important observation (not explicit in (Zhou
et al. 2012)), namely, that in the case of Horn DLs, answer-
ing CQs under paraconsistent semantics amounts to answer-
ing them classically over the ‘positive’ part of the KB ob-
tained by dropping the weak disjointness axioms. Recall
that a classical, two-valued, KB K entails a BCQ q, denoted
K |= q, iff there is a match for q in every model of K.

Proposition 5. If K is an ELHI¬
4
△ KB and K+ denotes the

ELHI KB obtained from K by dropping all inclusions of the
form A ⊑ ¬B, then for every BCQ q, K |=4 q iff K+ |= q.

Proof. Assume that K |=4 q. If K+ has no classical model,
then K+ |= q. Otherwise, let I = ⟨∆I , ·I⟩ be a model of
K+. Define J = ⟨∆I , ·I , ·In⟩ with AIn = ∆I for every
A ∈ CN. Since ¬ only occurs in inclusions of the form
A ⊑ ¬B in K, it is easy to check that J |=4 K. It follows
that J |=4 q, which implies the existence of a match for q
in I by construction of J . Hence K+ |= q.

In the other direction, if K ̸|=4 q, there is a 4-model J =
⟨∆J , ·Jp , ·Jn⟩ of K such that J ̸|=4 q. Let I = ⟨∆J , ·Jp⟩.
Again, it is easy to check that I |= K+. Thus I is a model of
K+ such that there is no match for q in I, so K+ ̸|= q.

The fact that paraconsistent query answering in Horn DLs
basically amounts to ignoring possible sources of contradic-
tion provides strong motivation for exploring a more expres-
sive query language that better exploits the paraconsistent
semantics. We propose such a language by introducing four
value operators corresponding to Belnapian values.

Definition 5 (Queries with values). A conjunctive query
with values (CQV) is a CQ whose atoms are of the form
R(t, t′), A(t) or X(A(t)) with X ∈ {T,B,N,F}. A Boole-
an CQV (BCQV) has no free variable.

We illustrate next the intuitive use of value operators.

Example 2. Let K′
U = ⟨TU ∪ T ′,AU ∪ A′⟩ extend KU

from Example 1. The additional TBox axioms state that
one should not be a teaching assistant (TA) and a profes-
sor (Prf), that a course should not be a graduate course
(Gr) and an obligatory course (Obl) and that every professor
teaches some graduate course. Additional ABox assertions
give information about the courses (formal verification fv,

algorithms alg, logic log, and automata theory at) taught
by four persons as well as the position they hold.

T ′ =

{
TA⊑¬Prf, Prf⊑¬TA, Prf⊑∃teaches.Gr,
Gr ⊑ ¬Obl, Obl ⊑ ¬Gr

}

A′ =



teaches(ann, fv), teaches(ann,alg),
teaches(ann, log), teaches(bea, log),
teaches(bea,alg), Obl(log),Gr(log),
Obl(alg),Gr(fv), teaches(claire,at)

TA(bea), TA(claire),
Asc(diane)


Now, consider the following queries:

q1 := teaches(x, y) ∧T(Gr(y))

q2 := teaches(x, y) ∧N(Gr(y)) ∧N(Obl(y))

q3 := teaches(x, y) ∧T(TA(x)) ∧B(Obl(y))

q4 := ∃y : T(Asc(x)) ∧T(Gr(y)) ∧ teaches(x, y)

Intuitively, q1, q2, and q3 look for pairs of persons and
courses they teach such that: the course is a graduate course
(q1), the kind of course is not specified (q2), or the person is
a teaching assistant and there is contradictory information
about the course being obligatory. One can imagine using
q2 and q3 to curate the university course database: q2 will
find courses for which some information is missing and q3

(or a simpler version B(Obl(y))) will find courses for which
contradictory information is provided. On the other hand,
q1 will provide answers for which the kind of the course is
not contradicted, hence that we presumably can trust even
from the uncurated database.

We thus expect (ann, fv) to be the unique answer for q1,
since alg is not said to be a graduate course and log is
also registered as an obligatory course, which contradicts
that it is a graduate course. Regarding q2, we expect the
unique answer (claire,at), since automata theory is the
only course about which it is not specified whether it is grad-
uate or obligatory. Finally, we expect that (bea, log) is the
unique answer for q3. Indeed, Bea is the only teaching as-
sistant who teaches logic since we have K′

U |=4 ¬TA(ann)
using the assertion from Example 1 that Ann is an associate
professor. Regarding q4, which asks for associate profes-
sors that teach some graduate course, we expect that diane
is the only answer. Indeed, Diane is the only one who is
undoubtedly an associate professor (recall from Example 1
that Ann is a head of a chair which means that she is sup-
posed to be a full professor even though she is listed as an
associate). Moreover, although no course taught by Diane
is mentioned in the ABox, we know that associate professors
should teach at least one graduate course. As this is not
contradicted, diane should be the only answer to q4.

We now give the formal semantics of CQVs.
Definition 6 (Atom sets). Let At(q) be the set of all atoms
occurring in q and define for X,Y ∈ {T,B,N,F}:

AtX(q) = {A(t) | X(A(t)) ∈ At(q)}
AtXY(q) = AtX(q) ∪ AtY(q)

At+(q) = {A(t) | A(t) ∈ At(q)} ∪ AtTB(q).
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Definition 7 (Answers). A KB K 4-entails a BCQV q (K |=4

q) if the following conditions hold.
1. For every 4-model I = ⟨∆I , ·Ip , ·In⟩ of K, there is

a match π : Term 7→ ∆I such that for every c ∈ IN,
π(c) = cI , and
• (π(t1), π(t2)) ∈ RI for every R(t1, t2) ∈ At(q);
• π(t) ∈ AIp for every A(t) ∈ At+(q);
• π(t) ∈ AIn for every A(t) ∈ AtBF(q).

2. There exists a 4-model I = ⟨∆I , ·Ip , ·In⟩ of K and
a match π as required above which is additionally s.t.
• π(t) /∈ AIn for every A(t) ∈ AtTN(q);
• π(t) /∈ AIp for every A(t) ∈ AtFN(q).

We say that a⃗ is a four-valued paraconsistent answer
to a CQV q(x⃗) with free variables x⃗ over K (⃗a ∈
ans4(q(x⃗),K)) if K |=4 q(⃗a) where q(⃗a) is the Boolean
query obtained by replacing the variables from x⃗ with the
constants from a⃗.

When q is just a CQ, the semantics coincides with the
one given in Definition 4. Indeed, in this case AtBF(q),
AtTN(q) and AtFN(q) are empty so the condition reduces
to item 1 restricted to its first two points.

One can interpret value operators as follows: K |=4

T(A(a)) means that there is sufficient evidence to con-
clude A(a) from K and no evidence for ¬A(a); dually, if
K |=4 F(A(a)), then we can conclude ¬A(a) from K but
cannot derive A(a); K |=4 B(A(a)) means that the evidence
regarding A(a) is contradictory; finally, if K |=4 N(A(a)),
then we do not have sufficient information to conclude that
A(a) is true nor to conclude that it is false. Intuitively condi-
tion 2 in Definition 7 considers the “negative support” of the
query atoms. This allows for distinction between A(a) being
exactly true and at least true (i.e., true and maybe false) and
likewise between exactly false and at least false. We will see
in Example 5 that it is impossible to achieve without value
operators.

A straightforward check of the KB and queries in Exam-
ple 2 now gives the expected answers:

ans4(q1(x, y),K′
U) = {(ann, fv)}

ans4(q2(x, y),K′
U) = {(claire,at)}

ans4(q3(x, y),K′
U) = {(bea, log)}

ans4(q4(x),K′
U) = {(diane)}

This example illustrates that value operators allow for
a compact and intuitive representation of queries such as
‘a person who teaches an unspecified course’, or ‘a person
who teaches a graduate-level course’ (meaning a course that
is labelled as a graduate-level one without contradiction).
Remark 1. When used over existentially quantified vari-
ables, the semantics of the value operators remains quite
lax. Consider for example T = {B ⊑ ¬A}, A =
{R(a, b),A(b),B(b)} and q = ∃x : R(a, x) ∧ T(A(x)). It
holds that K |=4 q because every 4-model of K is such
that (aI , bI) ∈ RI and bI ∈ AIp , satisfying item 1 of
Definition 7, and there exists a 4-model J of K such that
(aI , x) ∈ RJ and x /∈ AJn for some x ̸= bJ , satisfying
item 2. Value operators are thus intended to be used prefer-
entially on answer variables or constants.

We conclude by briefly discussing alternative semantics
we could consider for CQVs and why they are not satisfac-
tory. First, if we drop item 2 from Definition 7, then the
semantics of the value operators is overly permissive. For
example, T(A(a)), F(A(a)), B(A(a)) and N(A(a)) would
all be entailed from ⟨{B ⊑ ¬A}, {A(a),B(a)}⟩. If instead
we adopt a naive “certain answers semantics” by consider-
ing that T(A(a)) (resp. F(A(a)), B(A(a)), N(A(a))) is en-
tailed if every model of the KB is such that A(a) is exactly
true (resp. exactly false, both true and false, neither true nor
false), then the semantics of the value operators is too strict.
For example, T(A(a)) would then not be entailed by {A(a)}
and an empty TBox because there are 4-models of this KB
such that aI is both in AIp and AIn .

Relationship to Classical BCQ Entailment We now
briefly show how BCQV entailment from a four-valued
KB and classical BCQ entailment can be related. Given
an ALCHI4

△ KB K and a BCQV q such that the only value
operators in q are T and F, let K♭ and q♭ be the results
of removing all occurrences of △ in K and replacing every
T(A(t)) and F(A(t)) in q by A(t) and ¬A(t) respectively.
The query semantics is sound in the following sense.

Proposition 6. K |=4 q implies K♭ |= q♭.

The converse holds in a restricted setting.

Proposition 7. If K is a classically satisfiable ELHI¬
4
△ KB

and F does not occur in q, then K♭ |= q♭ implies K |=4 q.

This ensures that when the KB is classically satisfiable,
the paraconsistent answers to q are the same as the classical
answers of q♭, which is intuitively a desirable property. It
does not hold if ⊔ is present, even for assertion entailment,
as shown by the following example.

Example 3. Let A = {C(a)} and T = {C ⊑ ¬B,C ⊑ A ⊔
B}. K is consistent and K |= A(a). However, K ̸|=4 A(a)
because of the following 4-model of K: AIp = AIn = ∅,
BIp = BIn = {aI}, CIp = {aI} and CIn = ∅.

Alternative paraconsistent logics have been proposed to
address this arguably counter-intuitive behaviour. For ex-
ample, (Zhang et al. 2014) propose a strong interpretation
of disjunction (we denote it ⊔qc) which allows for the dis-
junctive syllogism that fails for ⊔. However, it also behaves
in a non-standard manner as A(a) ̸|=4 (A⊔qc B)(a). In gen-
eral, it is unavoidable that paraconsistent logic shows some
unexpected behaviour when compared to classical semantics
since its basis is to reject some traditional inference princi-
ples in order to be able to cope with contradictory informa-
tion. Regarding the second restriction of Proposition 7, the
following example illustrates the issue with F.

Example 4. Let A = {A(a),C(a)} and T = {A ⊑
∃R.⊤,∃R.B ⊑ B,B ⊑ ¬C,C ⊑ ¬B}, and assume that q =
∃x : R(a, x) ∧ F(B(x)), i.e., q♭ = ∃x : R(a, x) ∧ ¬B(x).
K = K♭ is consistent and K♭ |= q♭ but K ̸|=4 q. Indeed, the
following 4-interpretation I is such that I |=4 K but there
is no match for q in I as required by item 1 of Definition 7:
RI = {(aI , e)}, AIp = {aI}, AIn = ∅, BIp = {aI , e},
BIn = {aI}, CIp = {aI} and CIn = {aI , e}.
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Comparison With Other Query Languages We now
compare our query language with those proposed in the liter-
ature on paraconsistent DLs. As already mentioned, CQVs
extend CQs and their semantics is compatible with the one
considered by Zhou et al. (2012). Nguyen and Szałas (2012)
consider ground queries defined as conjunction of complex
assertions of the form C(a) (with C a potentially complex
concept), R(a, b), ¬R(a, b) and a ̸= b, interpreted in the ex-
pected manner. In particular, ¬R(a, b) is entailed from K if
(aI , bI) ∈ RIn (Nguyen and Szałas use four-valued roles).
Even if CQVs do not allow directly for the use of ALCHI4

△
complex concepts, it is always possible to introduce a con-
cept name A and add C ≡ A and ¬C ≡ ¬A to the TBox.
This will ensure that AIp = CIp and AIn = CIn .

One can see that q2 from Example 2 does not have an
analogue in the languages of (Zhou et al. 2012) and (Nguyen
and Szałas 2012) since they cannot express that ‘A(a) is not
true’ or ‘A(a) is not false’ which is required for the N op-
erator. B(A(a)), on the other hand, can be expressed as
A(a) ∧ ¬A(a) in the language of Nguyen and Szałas. Note
however that this cannot be expressed with the CQs consid-
ered by Zhou et al., and since they consider DL-Lite ontolo-
gies, they cannot either use A(a) ∧ A′(a) and a definition
¬A ≡ A′ to capture it.

The inability to express things such as ‘A(a) is not true’
or ‘A(a) is not false’ prevents these query languages from
expressing T and F. The following example illustrates the
impact of omitting T in queries of Example 2.
Example 5. Consider the following queries

q♭
1 := teaches(x, y) ∧ Gr(y)

q♭
4 := ∃y : Asc(x) ∧ Gr(y) ∧ teaches(x, y)

It is clear that (bea, log) ∈ ans4(q
♭
1(x, y)) and ann ∈

ans4(q
♭
4(x)). However, it would be problematic as there is

an obvious contradiction considering log, whence one can-
not be sure whether logic counts as a graduate or obliga-
tory course. Thus, it might happen that Bea does not teach
any graduate courses. Likewise, K′

U contains a contradic-
tion w.r.t. Ann’s position, whence, it is unclear whether she
is still an associate professor or already a full professor.

4 Complexity of Query Answering
In this section, we establish the complexity of answering
CQVs. We do this by constructing a reduction of CQV an-
swering to answering union of conjunctive queries (UCQs)
over classically interpreted knowledge bases.
Definition 8. Let q = ∃y⃗ : φ be a Boolean CQV and let
further INq = {cx | x ∈ Var occurs in q}. Define

ct =

{
t if t ∈ IN

ct if t ∈ Var

Using sets of atoms from Definition 6, we set

q+ := ∃y⃗ :
∧

R(t,t′)∈At(q)

R(t, t′) ∧
∧

A(t)∈At+(q)

A+(t) ∧
∧

A(t)∈AtBF(q)

A−(t)

qctr :=
∨

A(t)∈AtTN(q)

A−(ct) ∨
∨

A(t)∈AtFN(q)

A+(ct)

Combined Data

ALCI,ALCHI 2ExpTime-c. coNP-c.
ALC, ALCH ExpTime-c. coNP-c.
ELI⊥, ELHI⊥ ExpTime-c. P-c.
EL⊥, ELH⊥ NP-c. P-c.
DL-LiteR NP-c. AC0

Table 1: Complexity of BUCQ entailment over classical KBs. See
surveys (Bienvenu and Ortiz 2015) for ELHI⊥ and its sublogics
and (Ortiz and Šimkus 2012) for ALC and its extensions.

Combined Data

ALCI4
△,ALCHI4

△ 2ExpTime-c. BH2-c.
ALC4

△, ALCH4
△ ExpTime-c. BH2-c.

ELI¬
4
△, ELHI¬

4
△ ExpTime-c. P-c.

EL¬
4
△, ELH¬

4
△ NP-c. P-c.

DL-LiteR4
△ NP-c. AC0

Table 2: Complexity of BCQV entailment over four-valued KBs.

Aq := {R(ct, ct′) | R(t, t′) ∈ At(q+)}∪
{A+(ct) | A+(t) ∈ At(q+)}∪
{A−(ct) | A−(t) ∈ At(q+)}

We are now ready to state our main result.

Theorem 2. Let K be an ALCHI4
△ KB and q be a BCQV.

K |=4 q iff Kcl |= q+ and Kcl ∪ Aq ̸|= qctr

Intuitively, Kcl |= q+ ensures that the positive interpreta-
tion of every 4-model of K satisfies item 1 of Definition 7
and Kcl ∪ Aq ̸|= qctr ensures that there exists a 4-model of
K as required by item 2. Indeed, Aq enforces a match for
q+ and qctr checks whether it implies some contradiction of
the conditions given by item 2. The proof relies on classical
counterparts and 4-counterparts to go from 4-models of K
to classical models of Kcl or Kcl ∪ Aq and vice-versa.

Using Theorem 2 and the complexity results for classical
DL KBs recalled in Table 1, we obtain tight complexity re-
sults for BCQV entailment in ALCHI4

△ and its sublogics,
showing that answering queries with values over paraconsis-
tent KBs is often not harder than standard BCQ answering.
The only case where we note a complexity increase is the
data complexity of ALC and its extensions.
Theorem 3. The results stated in Table 2 hold.

Proof. By Theorem 2, K |=4 q iff Kcl |= q+ and Kcl ∪
Aq ̸|= qctr so if BUCQ (Boolean union of conjunctive
queries) entailment over classical L KBs is in a complex-
ity class C, BCQV entailment over L4

△ KBs can be decided
by a Turing machine with a C-oracle (making one C-call
and one co-C-call). Recall that if K is an L¬

4
△ KB with

L ∈ {ELHI, ELI, ELH, EL}, Kcl is an L⊥ KB. Moreover,
qctr is actually a disjunction of at most 2|q| assertions and
in the case of Horn DLs, Kcl ∪Aq ̸|= qctr iff Kcl ∪Aq ̸|= α
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for every assertion α that occurs in qctr. Since assertion
entailment can be done in polynomial time w.r.t. combined
complexity for EL⊥, ELH⊥ and DL-LiteR (Baader, Brandt,
and Lutz 2005; Calvanese et al. 2007), the NP-call to decide
Kcl |= q+ and the P-calls to decide Kcl ∪ Aq ̸|= α for each
α can be combined in a single NP-call.

Lower bounds for L transfer to L4
△ by Lemma 1: given an

L KB K and BCQ q, K |= q iff K△ |=4 q (since there exists
a match for q in every model I of K iff there exists a match
for q in the positive extension of every 4-model I4 of K△).
We obtain the remaining BH2-lower bound via a reduction
from the BH2-complete problem SAT-UNSAT.

5 Comparison With Repair-Based Semantics

In this section, we compare paraconsistent querying seman-
tics with existing repair-based semantics. When dealing
with repair-based semantics, we assume a classically consis-
tent TBox, i.e., we assume that if a KB is inconsistent, it is
due to errors in the ABox. For our comparison, we will natu-
rally consider the popular AR semantics, which deems a tuple
to be an answer if it holds w.r.t. every repair. We shall further
consider repair-based semantics that provide minimal under-
approximation and maximal over-approximations of AR (Bi-
envenu and Bourgaux 2016): IAR, brave and CAR. The IAR
semantics retains only the “safest” answers that are true in
the intersection of the repairs, while the brave semantics
considers all answers that hold in at least one repair. Finally,
the CAR semantics over-approximates the AR semantics in
a way that is incomparable with brave, by incorporating a
closure operation on the ABox. The latter semantics may
seem closer in spirit to paraconsistent reasoning where the
positive extensions retain all consequences of the axioms.

The formal definitions of repairs and the considered
repair-based semantics follow. Recall that ABox A is called
T -consistent if the KB ⟨T ,A⟩ is (classically) consistent.
Definition 9 (Repairs). Let K = ⟨T ,A⟩ and define

C∗
T (A) =

{
ϕ

∣∣∣∣ ϕ assertion s.t. ⟨T ,A′⟩ |= ϕ
for some T -consistent A′ ⊆ A

}
• A repair of K is a maximal T -consistent subset of A.
• A closed repair of K is a T -consistent R ⊆ C∗

T (A) for
which there is no T -consistent R′ ⊆ C∗

T (A) s.t. either (1)
R∩A ⊊ R′ ∩ A or (2) R∩A = R′ ∩ A and R ⊊ R′.

We denote the set of all repairs (resp. closed repairs) of K
with Rep(K) (resp. CRep(K)).
Definition 10 (Repair semantics). Let q be a Boolean CQ.
• K |=AR q if ⟨T ,A′⟩ |= q for every A′ ∈ Rep(K).
• K|=braveq if ⟨T ,A′⟩ |=q for some A′ ∈ Rep(K).

• K|=IARq if

〈
T ,

⋂
A′∈Rep(K)

A′

〉
|=q.

• K |=CAR q if ⟨T ,R⟩ |= q for every R ∈ CRep(K).
We recall the relations between these semantics.

K |=IAR q =⇒ K |=AR q =⇒=⇒
K |=brave q

K |=CAR q

We start by remarking that |=4 over-approximates |=brave

in Horn DLs.

Theorem 4. If K is an ELHI¬ KB and q is a BCQ, then
K |=brave q implies K |=4 q.

Proof. Assume that K |=brave q: there is a classically con-
sistent subset K′ ⊆ K such that K′ |= q. By Proposition 7,
K′ |=4 q because q does not contain any value operator. It
follows that K |=4 q. Indeed, every 4-model of K is a 4-
model of K′ and since q does not contain any value operator,
item 2 of Definition 7 is vacuously true.

Note that Theorem 4 and Proposition 5 are a way to see
that in Horn DLs, dropping the negative inclusions A ⊑ ¬B
provides an over-approximation of brave. However, we
cannot generalise Theorem 4 beyond Horn DLs. Indeed, re-
call that |=4 and |= differ on consistent KBs (cf. Example 3)
for languages with ⊔, while all repair-based semantics coin-
cide with |= on consistent KBs.

Since Theorem 4 indicates that |=4 with CQs (without
values) is more permissive than brave, a natural idea for
bringing closer paraconsistent reasoning and repair-based
reasoning is to add T on query atoms to strengthen the re-
quirements on answers. We quickly observe that in this
case, |=4 no longer over-approximates (in contrast with The-
orem 4) even the safest semantics IAR, while it does not
under-approximate the loosest semantics brave and CAR.
For example, consider the following knowledge base: Kic =
⟨{C ⊑ A,C ⊑ ¬A,C ⊑ ¬B}, {C(a),B(a)}⟩. The only
(closed) repair of Kic is {B(a)} so Kic |=IAR B(a) while
Kic ̸|=brave C(a) and Kic ̸|=CAR C(a). On the other hand,
Kic ̸|=4 T(B(a)) while Kic |=4 T(C(a)). However, this
example relies on the use of a concept name unsatisfiable
w.r.t. the TBox, which may be not so common in practice.
We thus next investigate the case of coherent KBs, i.e., KBs
where all concept names are satisfiable w.r.t. the TBox.

We show that even for coherent KBs, answering CQs un-
der repair-based semantics and answering CQVs over para-
consistent DL KBs is incomparable. Moreover, we show
this not only for the paraconsistent DLs we study in this pa-
per but for a wider class of such logics. The following def-
inition, inspired by (Gottwald 2001, Chapter 3) and (Skurt
2020, §1.5.2), will allow us to state our incomparability re-
sults in a general setting, by abstracting from the way exten-
sions (and especially negative extensions) of complex con-
cepts are defined.

Definition 11. For a concept C and a 4-interpretation I,
let CIT = CIp \ CIn and CIF = CIn \ CIp . We say that

• a unary connective − is
– NEG-normal if x ∈ CIT implies x ∈ (−C)IF and x ∈
CIF implies x∈(−C)IT ;

– NEG-standard if (−C)Ip = ∆I \ CIp ;
– paraconsistent if (−C)Ip = CIn and there is a 4-

interpretation I ′ s.t. AI′
p ∩ AI′

n ̸= ∅ for some A ∈ CN;
• a binary connective ⊛ is

– AND-normal if x ∈ CIT ∩DIT implies x ∈ (C⊛D)IT

and x ∈ CIF ∪ DIF implies x ∈ (C⊛ D)IF ;

8



– AND-standard if (C⊛ D)Ip = CIp ∩ DIp ;
– OR-normal if x ∈ CIT ∪ DIT implies x ∈ (C ⊛ D)IT

and x ∈ CIF ∩ DIF implies x ∈ (C⊛ D)IF ;
– OR-standard if (C⊛ D)Ip = CIp ∪ DIp ;

• a quantifier ♡S is
– ALL-normal if ∀y((x, y) ∈ SI ⇒ y ∈ CIT) implies
x ∈ (♡SC)

IT and ∃y((x, y) ∈ SI & y ∈ CIF) implies
x ∈ (♡SC)

IF ;
– ALL-standard if (♡SC)

Ip = {x | ∀y : (x, y) ∈ SI ⇒
y ∈ CIp};

– EX-normal if ∃y((x, y) ∈ SI & y ∈ CIT) implies x ∈
(♡SC)

IT and ∀y((x, y) ∈ SI ⇒ y ∈ CIF) implies
x ∈ (♡SC)

IF ;
– EX-standard if (♡SC)

Ip = {x | ∃y : (x, y) ∈ SI&y ∈
CIp}.

Considering ALCHI4
△ connectives, ¬,⊓,⊔,∃S,∀S are

NEG-, AND-, OR-, EX- and ALL-normal respectively, while
⊓,⊔,∃S,∀S are AND-, OR-, EX- and ALL-standard respec-
tively, and ¬ is not NEG-standard but paraconsistent. Note
that normality and standardness do not imply one another:
the strong interpretation of disjunction in (Zhang et al. 2014)
is OR-normal but not OR-standard, while ⊗ from (Omori and
Sano 2015) is AND-standard but not AND-normal.

The next theorem states our incomparability result when
value operators are allowed in queries: even for atomic con-
cept queries over coherent Horn DL KBs, when we put T on
top of the query atom, |=4 does not over-approximate IAR,
while it does not under-approximate brave and CAR.
Definition 12. Given a set of connectives C =
{−,⊗,⊕,■S,♦S} and an ALCHI concept C, we denote
by CC the concept obtained from C by replacing ¬ with −,
⊓ with ⊗, ⊔ with ⊕, ∀S with ■S, and ∃S with ♦S. We say
that a query entailment relation |=Y T-over-approximates
(resp. T-under-approximates) |=X under C if K |=X A(a)
implies KC |=Y T(A(a)) (resp. KC |=Y T(A(a)) implies
K |=X A(a)) for any KB K and Boolean atomic concept
query A(a), where KC is obtained from K by replacing ev-
ery concept C by CC.
Theorem 5. It holds that:
• |=4 does not T-over-approximate |=IAR, and
• |=4 does not T-under-approximate |=brave and |=CAR

under C when ⊑ is the internal inclusion and for
1. coherent DL-Lite ontologies if − is paraconsistent and ♦S

is EX-normal or EX-standard,
2. coherent propositional Horn ontologies if − is paracon-

sistent and ⊗ is AND-standard.

Proof. For point 1, consider K1 = ⟨T1,A1⟩ and let KC
1 =

⟨T C
1 ,AC

1 ⟩ be the result of replacing ∃ with ♦ and ¬ with −.

T1 = {∃R.⊤ ⊑ A,∃R−.⊤ ⊑ ¬A,∃R.⊤ ⊑ C,C ⊑ ¬B}
A1 = {R(a, a),B(a)}

Observe that the only (closed) repair is {B(a)}, so K1 |=IAR

B(a), K1 ̸|=brave C(a) and K1 ̸|=CAR C(a). However, we can
show that KC

1 ̸|=4 T(B(a)) while KC
1 |=4 T(C(a)). Indeed,

for every 4-model I of KC
1 , since (aI , aI) ∈ RI , by EX-

standardness or normality of ♦R, aI ∈ (♦R⊤)Ip so aI ∈

CIp and aI ∈ (−B)Ip = BIn since − is paraconsistent.
Moreover, the following 4-model J of KC

1 is such that aJ /∈
CJn : RJ = {(aJ , aJ )}, AJp = AJn = {aJ }, BJp =
BJn = {aJ }, CJp = {aJ }, and CJn = ∅.

For point 2, we consider the following example inspired
by (Bienvenu and Bourgaux 2016). Let K2 = ⟨T2,A2⟩ and
KC

2 be the result of replacing ⊓ by ⊗ and ¬ by −.

T2 =


Prf ⊑ Emp, UGr ⊑ Std,

Std ⊓ Emp ⊑ EmpStd, EmpStd ⊑ ¬Tech,
Prf ⊑ ¬Std, Std ⊑ ¬Prf,
UGr ⊑ ¬Emp, Emp ⊑ ¬UGr


A2 = {Prf(s),UGr(s),Tech(s)}

The repairs are {Prf(s),Tech(s)} and {UGr(s),Tech(s)}
and the closed repairs are {Prf(s),Tech(s),Emp(s)} and
{UGr(s),Tech(s),Std(s)} so K2 |=IAR Tech(s), K2 ̸|=brave

EmpStd(s) and K2 ̸|=CAR EmpStd(s). However, we show
that KC

2 ̸|=4 T(Tech(s)) while KC
2 |=4 T(EmpStd(s)).

Indeed, let I be a 4-model of KC
2 . Since sI ∈ PrfIp ,

sI ∈ EmpIp and similarly, since sI ∈ UGrIp , sI ∈ StdIp .
Since sI ∈ StdIp ∩ EmpIp , by AND-standardness of ⊗,
sI ∈ (Std ⊗ Emp)Ip . Hence, sI ∈ EmpStdIp and sI ∈
(−Tech)Ip = TechIn . Moreover, the following 4-model J
of KC

2 is such that sJ /∈ EmpStdJn : AJp = AJn = {sJ } for
A ∈ {Prf,Emp,UGr,Std,Tech}, EmpStdJp = {sJ } and
EmpStdJn = ∅.

One could of course wonder what happens if we use
value operators other than T in queries. However, note
that N(A(a)) and F(A(a)) require that aI /∈ AIp in
all 4-models, so intuitively that A(a) cannot be derived,
while queries under repair-based semantics only look for an-
swers that can be derived in some way. Regarding B, we
can see that KC

1 |=4 B(A(a)) while K1 ̸|=X A(a) with
X ∈ {brave, CAR}, and that if we let K3 = ⟨∅, {D(a)}⟩,
KC

3 |=IAR D(a) while KC
3 ̸|=4 B(D(a)).

We conclude this section by recalling the computational
advantages of paraconsistent reasoning over repair-based
semantics: BCQ entailment under brave, (resp. AR and
IAR) is ΣP

2 -hard (resp. ΠP
2 -hard) in ALC and NP-hard

(resp. coNP-hard) in EL⊥ w.r.t. data complexity (Bienvenu
and Bourgaux 2016). Moreover, paraconsistent reasoning
does not need to assume that the TBox is satisfiable (the AR
semantics has been generalised to repairs that may remove
part of the TBox as well (Eiter, Łukasiewicz, and Predoiu
2016) but the complexity of the generalised semantics is at
least as high as that of AR).

6 Conclusion and Discussion
In this paper, we presented a new approach to querying in-
consistent DL KBs based upon paraconsistent logic, which
we show to be incomparable to repair-based semantics. Dif-
ferently from existing paraconsistent OMQA approaches,
our query language enables us to take full advantage of
the four-valued semantics, making it possible to differen-
tiate between exactly true and at least true instances of
a concept. We proved that our approach is computation-
ally well-behaved (cf. Table 2): in Horn KBs, the combined
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and data complexity of paraconsistent query answering co-
incides with that of the classical certain answers seman-
tics; in expressive DLs, data complexity of paraconsistent
BCQV entailment remains lower than in repair-based se-
mantics. Moreover, our complexity results rely on a simple
reduction of CQV answering to OMQA, providing a way to
readily implement CQV answering. We also expect that the
technique based on translation we provide can be adapted to
more expressive DLs (the translation given by (Maier, Ma,
and Hitzler 2013) that we adapted was for SROIQ).

Paraconsistent DLs assign truth values to concept asser-
tions and are in this regard close to fuzzy DLs, in which
concept memberships are evaluated using degrees. In par-
ticular, it is natural to wonder whether there is a relation-
ship between our work and lattice-based fuzzy DLs that al-
low for incomparable membership degrees (Borgwardt and
Peñaloza 2014). If we consider fuzzy DLs based on a lat-
tice formed by Belnapian values (be it the lattice with T as
the supremum and F as the infimum or the one with B as
the supremum and N as the infimum) and queries that al-
low one to ask that a concept holds to at least some degree,
then one can capture the semantics of CQs (without value
operators) in paraconsistent DLs (Definition 4). However, it
would not be possible to capture CQVs under the semantics
we introduce. For example, considering the lattice with B
as supremum, in our semantics T(A(a)) would mean that
A(a) has degree at least T in all models and that there exists
a model such that A(a) has not degree at least F, which is
not directly expressible in fuzzy DLs.

Following this idea of queries requiring that an atom has
“degree at least X”, note that CQV atoms of the form A(t)
can be seen as two-valued atoms “T or B” (at least positive
evidence). We could extend the definition of CQVs to al-
low for multi-valued atoms and would easily treat the case
“F or B” (at least negative evidence) by extending q+ (Def-
inition 8) with A−(t) for such atoms and not taking them
into account in qctr. However, allowing multi-valued query
atoms in general would affect the results. For example, the
cases “N or F” (no positive evidence) or “N or T” (no
negative evidence) would be equivalent to having a (clas-
sical) negation in the query (we would need atoms of the
form ¬A+(t) or ¬A−(t) in q+) so we would need to reduce
queries with such atoms to queries with negative atoms in
classical DLs, which are known to be much harder to handle
and will lead to higher complexity results.

In future work, we plan to adapt CQVs to paraconsis-
tent DL knowledge bases with four-valued roles by allow-
ing value operators also on role atoms. We expect that our
complexity results will continue to hold in the presence of
four-valued roles under any of the previously proposed se-
mantics, by adapting the translation-based approach. How-
ever, what kind of new inferences we can obtain by adding
four-value roles will depend on the adopted semantics for
roles and on which other DL constructors are present.
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