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ORBITS OF AUTOMORPHISM GROUPS OF AFFINE SURFACES

OVER p-ADIC FIELDS

SERGE CANTAT, SEUNG UK JANG

ABSTRACT. We study orbit closures and stationary measures for groups of
automorphisms of p-adic affine surfaces.
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1. INTRODUCTION

1.1. Affine varieties over local fields. If V C A" is an affine variety defined
over a ring R, we denote by Aut(Vg) the group of automorphisms of V' de-
fined over R. Specifically, f: V — V is an element of Aut(Vg) if it is an
automorphism and both f and f~! are defined by formulas with coefficients
in R. If R is the valuation ring of a local field (see Section 2.1), we shall en-
dow AN(R) = RN with the product topology, and then V (R) with the induced
topology, which is independent of the embedding of V into AY. The group
Aut(Vg) determines a subgroup of Homeo(V(R)), the group of homeomor-
phisms of V(R).

1.2. Stationary measures. Let 7 be a topological space. Let u be a prob-
ability measure on Homeo(7). A stationary measure, with respect to yu, is
a probability measure v on T such that [v(f~'(B)) du(f) = v(B) for every
Borel subset B C T. Let I' be a subgroup of Homeo(7'). By definition, a
stationary measure for I" is a stationary measure with respect to a probability
measure u on Homeo(7T') whose support generates I'. Given a compact I'-
invariant set K C 7', and a probability measure y on I, there is always at least
one u-stationary measure vV whose support is contained in K.

1.3. Orbit closures. An automorphism of an affine surface X is said to be
loxodromic when its (first) dynamical degree is greater than 1: we refer to
Section 3 for a description of the different types of automorphisms. Our goal
is to prove the following theorem.

Theorem A.- Let X be a normal affine surface defined over Z,, the ring of
p-adic integers. Let I" be a subgroup of Aut(XZp) containing a loxodromic
element and a non loxodromic element of infinite order. Then,

(1) X(Z,) contains at most finitely many finite I'-orbits;

(2) if a T-orbit is infinite, its closure is a clopen subset of X (Z,,);

(3) the decomposition of the compact set X(Z,) into closures of T-orbits is
a partition into (at most) countably many clopen subsets and (at most)
finitely many finite orbits;

(4) this partition is finite if and only if every finite orbit of I in X (Z,,) is an
isolated subset of X (Z,).

Moreover, if u is a probability measure, whose support generates I, then each

orbit closure O is the support of a I'-invariant probability measure, and this

invariant measure is the unique stationary measure supported in O.
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Parts of Theorem A hold when Z, is replaced by the valuation ring of an
arbitrary p-adic local field, see in particular Theorem D in Section 6. The
important example of Markov surfaces is studied in Section 8 (see Theorem E
in Section 8.2).

Theorem A is motivated by the results of William Goldman concerning the
ergodic theory of the mapping class group action on character varieties [22],
those of Jean Bourgain, Alex Gamburd, and Peter Sarnak concerning Markov
surfaces over finite fields [10], and the classification of stationary measures
recently obtained by the first author with Christophe Dupont and Florestan
Martin-Baillon for Markov surfaces [14].

Acknowledgements. We would like to thank Jason Bell, Christophe Dupont,
Sébastien Gouézel, Vincent Guirardel, Florestan Martin-Baillon, and Aftab
Patel for interesting discussions. We also thank Alireza Salehi Golsefidy for
sharing his ongoing work with Nattalie Tamam on the dynamics of the map-
ping class group action on character varieties.

2. FROM AUTOMORPHISMS TO FLOWS

In this section, we recall an important theorem proven by Jason Bell; the
version that we shall use is due to Bjorn Poonen (see [7, 8, 33]). Then, follow-
ing Sections 2 and 9 of [18], we explain how this theorem can be applied to
study the dynamics of groups of automorphisms (the reader should also con-
sult [1, §3.1], [3, Prop. 22-23], and [6, Thm. 3.3]). In Subsections 2.5 and 2.6,
we prove a general finiteness result on orbit closures (see Theorem B). In the
rest of the paper, we will see how this general result may be used to reach our
Theorem A.

2.1. Local fields of characteristic 0. A non-archimedian local field K of
characteristic zero, which will be idiomatically called a p-adic local field, is
the same thing as a finite extension of Q,, for some prime p, with the topology
induced by the (unique) extension of the p-adic absolute value |-|,. We denote
the absolute value of K by |-|; the normalization is |p| = 1/p. The valuation
ring is ok = {x € K ; |x| < 1}; its group of units is {x € K ; |x| = 1}. The
valuation group is the image |K*| C R of the absolute value, and it is cyclic,
equal to |n|” for some element © € K* with |r| < 1. Such a 7 is called a
uniformizer, and it is unique up to multiplication by a unit of ok. The ring ok
contains a unique maximal ideal, namely mg = {x € ok ; |x| < 1} = wok. The
residue field is k = og /mk, and it is a finite extension of F,.
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We consider og as the closed unit disk of K and we refer to ok as the
(closed) polydisk of dimension m.

2.2. Analytic diffeomorphisms of the polydisk. Set U = ok™. An analytic
function ¢ on the polydisk U is an analytic function in the sense of Tate, that
is, if we denote by X = (Xi, ..., X,,) the coordinates, and by x/ = x! ---x the
monomial associated with a multi-index I = (iy,...,iy), then @ is defined by
a power series

o(x) =Y ax! 2.1)
1

with coefficients a; € K such that |a;| goes to 0 as I goes to infinity (i.e. the
length |I| =i + -+ + iy goes to o). The set of analytic functions with co-
efficients in a subring R C K will be denoted by R(x). We will be particularly
interested in the cases R = og and R = Z, C ok. Similarly, an analytic map
U — K" is a map defined by n analytic functions (@,...,®,). This notion is
usually called Tate analyticity (1).

An analytic endomorphism of U is just an analytic map g: U — U that
can be written as g(x) = (g1(x),...,gn(x)) for some analytic functions g; €
ok (x). Endomorphisms form an og-module End“*(), and a monoid for the
composition. Invertible elements (with respect to the composition) form a
group, the group Diff*" () of analytic diffeomorphisms of the polydisk. One
can also define analytic vectors fields and analytic flows. By definition, a
flow parametrized by ok is an analytic map ®: ox x U — U, (t,x) — P4 (x),
such that ®t(x) = ®%(P'(x)). The vector field associated with such a flow
is O(x) = d¢(P!(x))¢—o. An integral curve of this vector field is the same as an
orbit r € og — P (z) € og™, for fixed z € U.

Let V C A" be an affine variety of dimension m. Let U be a subset of V.
If there is an analytic map ¢: U — A" (K) such that () = U and @ is a
diffeomorphism from U to U, we say that U is a polydisk of V (see [18, Prop.
3.3,3.4]).

2.3. Reduction and the Bell-Poonen theorem. If / is a positive integer and
¢ = Y a;x' is an element of ok (x), its reduction modulo m‘f{ is the formal
power series ¢ with coefficients in ok / mf( obtained by reduction of the coef-
ficients @y modulo m¥. Thus, @ = Y;ax’. Since |a;| goes to 0 as |I| goes to

INote that it requires a global power series expansion on the polydisk . As such, it is
not a direct analogue of the classical definition of complex analytic functions, which requires
only a local analytic expansion around each point.
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infinity, this power series is a polynomial in (xi,...,X,) with coefficients in
the ring ok / mf(. Recall that mg = ok for some uniformizer ©. Let e be the
integer such that ||¢ = |p|. One writes @ = Wy (mod p©) if there is an integer
¢ > ec such that ¢ =y (mod m).

Theorem 2.1 (Bell-Poonen). Let f be an analytic endomorphism of the poly-
disk U = og™ with f =id (mod p©) for some real number ¢ > 1/(p —1).
Then, f is an analytic diffeomorphism of U and there exists a unique analytic
flow @: og x U — U such that P"(x) = f"(x) for every n € ZL; moreover
P’ (x) =x (mod p°) forallt € ok.

Thus, if the congruence f = id (mod p¢) holds, the dynamics of f on U
are “embedded” into the dynamics of a flow ®. For instance, if K = Q,, then
oK = Z, and Z is dense in ZL,, so that the closure of an f-orbit fZ(x) for
the p-adic topology equals the trajectory ®%»(x). As a continuous image of a
compact set Z,, x {x}, the trajectory &% (x) is closed in U.

We provide a proof of the Bell-Poonen theorem in the appendix.

Remark 2.2. As the residue field k of ok is finite, the following property is
not sufficient for the congruence f =id (mod mf(): for all x € U, we have
f(x) —x € (mg)™. For instance, let ¢ = [k| be the residue field order, and
set f(x1) = x; + (x; —x{)’ a univariable polynomial. Then we have f # id
(mod mi) yet f(x1) =x; (mod m) for all x; € og. This issue does not
arise if K is extended to its algebraic closure; one can also avoid it by a finite
extension of K whose residue field is sufficiently large (relative to f and /).

2.4. Automorphisms. Let V be an affine variety, defined over ok, where ok
is the valuation ring of K, as described above.

2.4.1. Reduction. Reduction mod mf( provides a homomorphism
f € Aut(Vog) = f € Aut(V, e )- (2.2)

Example 2.3. Consider the affine plane A” and the group Aut(AgK). This
group contains all affine transformations f(x1,X2) = L(x1,X2) + 7T with L €
GLo(ok) and T € A?(0K), as well as all elementary automorphisms g(x1,X;) =
(ax; +b(x2),cxp2 +d), where a,c,d € ok, b € 0kg[X2], and |a| = |¢| = 1. Any
affine or elementary automorphism of Ai is the reduction modulo mg of such
an affine or elementary automorphism of AEK. By the theorem of Jung and
van der Kulk (see [27], Thm. 2, and references therein), the reduction homo-
morphism Aut(AZ, ) — Aut(A}) is onto.
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Example 2.4. Consider a Markoff cubic surface M, defined by the equation
x%-l—x%-l—x%-i—xlxzx;; =Ax; +Bx; +Cx3+D 2.3)

for some parameters A, B, C, D in og.A theorem of EI’Huti shows that the
homomorphism Aut(M,, ) — Aut(M) is onto (see [20, Thm. 2]).

Let us embed V,, into an affine space AIOVK. As explained in the introduction,
we endow AN (K) = K" with the product topology, and V (K) (resp. V (ok))
with the induced topology. This topology does not depend on the choice of an
embedding into an affine space. With this topology, V(oK) is compact.

For any integer £ > 1, denote by red;: V(o) — V(0k/mj) the reduction
map modulo mg. The group Aut(V,,) acts by permutation on V (ox/mg),
which yields a homomorphism Aut(Vy, ) — Bij(V (ox/mg)). Fix a point z €
V(ok/mi). Its preimage red; ' (z) in V(ok) is an open and closed subset of
V(o). By the Hensel lemma, if / is large enough and if z is a smooth point
of V(k), the clopen set red, ' (z) is a polydisk ~ ok™; for details, see [6, Prop.
2.2] and [18, Prop. 3.4]. Then, the stabilizer of z € V (ok /m{) in Aut(Vyy)
coincides with the stablizer of redgl (z) and is isomorphic to a subgroup of
Diff** (og™).

2.4.2. Good polydisks (see [18, §3.2]). Suppose, for simplicity, that V is smooth.
Fix an integer /; > 1 such that each preimage red[l1 (z), for z € V(ok/ mf(l), is
diffeomorphic to a polydisk. By the finiteness of ok / mf(‘, this provides a finite
cover of V(oK) by polydisks U;, with i between 1 and N} := |V(0K/mf<‘)|. In
what follows, we identify each U; with the polydisk og™ via some analytic
diffeomorphism.

Let I" be a subgroup of Aut(V,, ). Each of these polydisks is invariant under
the action of the kernel I'y of the representation I' — Bij(V (ok/ mfé)) and, by
restriction to each U, I' determines N subgroups

T'1(i) C Diff* (ox™), 2.4)

where ox” ~ ;. Now, choose ¢, such that p* € mfé. Each I'; (i) acts, after
reduction modulo mf(z, by polynomial automorphisms on (o / mfé)m. Denote
by I'g(i) C T’y the kernel of the action on the tangent space of (og/ mfé)m; by
this we mean that in U, every element f of I'g(i) satisfies

f(x) =x (modmg) and Df, = id (mod mg) (2.5)

for every x € (ok/ mfé)m The intersection of all I'g(i)’s is a normal subgroup
FO of .
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Now, pick an element f in I'y and a point x in V(o). Then x is in some
U; ~ ok™. In this polydisk o™, if we conjugate f by the translation 7, that
maps the origin o to x, we can write f as a series

f(x)=A0+A1(X)+A2(X)+ - +Ap(x) + - (2.6)

where

(1) each A, : K" — K" is a homogeneous polynomial mapping of degree

n with coefficients in ok;

(2) Ag =0 (mod p*) and A1 (x) = x (mod p*).
If we conjugate f by the homothety £,: x — px, then h;z ofo hlz, satisfies
the hypothesis of Theorem 2.1. Since the origin corresponds to x before con-
jugating by t,, and hlz7 maps o™ to (p?ok)”, we see that x is contained in a
(smaller) polydisk U(x) C ; that is invariant by I'y and where each element
of I'y satisfies the hypotheses of Theorem 2.1.

Theorem 2.5. Let K be a non-archimedian local field of characteristic 0 and

oK be its valuation ring. Let V be a smooth affine variety defined over og.

Let T be a subgroup of Aut(V,y ). There is a finite index subgroup Ty of T’

with the following property. Given any x € V (oK), there is a compact open

neighborhood U(x) of x such that

(1) U(x) is diffeomorphic to the polydisk og™;

(2) U(x) is Ty-invariant;

(3) for any f € Iy, there is a unique analytic flow ®y: og x U(x) = U(x)
such that f"fu(x) = CID’} foreveryn € Z.

We shall say that the orbit {®(x) ; t € ok} is the analytic trajectory of x
determined by f.

Remark 2.6. When V is singular, the same result holds locally on the com-
plement of the singularities. If the singularities of V are quotient singularities,
one can get a finite cover as in Theorem 2.5, except that some of the U(x)
will be the quotient 0™ /G, of the polydisk by a finite group. Then the third
assertion is better stated on ok rather than that on the quotient.

Remark 2.7. If V is defined over og and W C V(K) is a I'-invariant compact
open subset, then the same statement holds on W.

Remark 2.8. If f is an element of Iy, y is in U(x) and f*(y) = y for some
k > 1, then CIJSCC" (y) =y and, by the principle of isolated zeroes (see [35, Sec.
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VI.2]), <I>j¢-(y) =y for every ¢ € ok; taking r = 1 shows that f(y) = y. Thus,
in V (oK), every periodic point of f is fixed. In particular, I’y is torsion free as
soon as V(o) is Zariski dense in V. See [4] for a more general result.

2.5. The distribution Lr(x) and its dimension sr-(x). Let x be a smooth
point of V (o), U C V(oK) be a polydisk containing x, and f be an element
of I' stabilizing U. If f = <I>} for some flow ®¢: og X U — U, we define

0P (x
Os(x) = ( q)gt( >) . Q2.7)
[r=0

Changing f to f* for some k € Z\ {0} changes ©®(x) to k@ (x). Thus, in
the tangent space 7,V viewed as a vector space over Q,,, we have Q,0/(x) =
QO «(x) for every k # 0. This space is a line if and only if @7 (x) # 0, if and
only if f(x) # x (see Remark 2.8). We denote this line by

(©/(x)] € B(TV) 2.8)

where P(7,V) = (T.V \ {0})/Q, (note that 7,V is viewed as a vector space
over Q,, rather than over K). Now, suppose U is stabilized by a finite index
subgroup I'g C I" such that every element of I'( is in a flow. The subspace

Lry(x) = vectq, (@f(x); f € To) C T,V (2.9)

is equal to Lr, (x) if I'y has finite index in I'g. Thus, it depends only on I" and
we denote it by Lr(x). By definition, Lr-(x) is the tangent space to the action
of I"at x. Its dimension, as a Q,,-vector space, is denoted by sr(x).

Proposition 2.9. Let U C V(oK) be a Ty-invariant polydisk, for some finite
index subgproup Iy of . The function sy: U — Z is semi-continuous in the
analytic topology: this means that the sets {x € U ; sp(x) <k} are Qp-analytic
subsets (in the sense of Tate).

Note that in this statement the polydisk U ~ og™ is seen as a polydisk Z’;,m
of dimension km over Z,, with og ~ Zf,.

Proof. Let f1, ..., fir1 be elements of I'y. Then, the set {x € U ; sp(x) < k}
is contained in the Q,-analytic set {x € U ; O (x) \---ABy,,(x) =0}, and
is equal to the intersection of these sets as we vary the f;. U
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2.6. A general finiteness result.

Theorem B.— Let V be a smooth affine variety defined over ox. Let I' be a
subgroup of Aut(Vyy ). Let B C V(oK) be a T'-invariant compact subset. If
st(x) = [K: Q] dim(V) for every x € B, then the orbit closures of I" in B form
a partition of B into finitely many compact open subsets.

Proof. Let x be a point of V(0k). Let U C V(oK) be a polydisk containing x
which is stabilized by a finite index subgroup I'g of I', as in Theorem 2.5.

Set N = [K : Q,]dim(V). If sp(x) = N, the orbit closure Cy(x) := To(x)
contains an open neighborhood of x. Indeed, we can choose elements f1, ...,
fn in Ty such that (@ (x)), 1 <i < N, form a basis of T,V as a Q,-vector

space. Then, if we denote by ®; the flow associated with f;, the map
(t1,--stn) €2 = DY 0. 0@} (x) € V(oK) (2.10)

is a local diffeomorphism. On the other hand, given any N-tuple (¢1,...,ty)
and any € > 0, there are integers (n1,...,ny) such that |t; —n;|, < € for each i.
Thus, there is a neighborhood of x in which I'y(x) is €-dense. Since this holds
for every € > 0, Cp(x) contains a neighborhood of x.

Set C(x) = I'(x). Since Iy has finite index in I, C(x) is made of finitely
many images g(Co(x)), with g € I'/Ty. In particular, C(x) is compact and
open. As C(x) is open, the sets C(x), for x € V(ok), are disjoint: if two
orbit closures intersect, they coincide. This proves that the orbit closures form
a partition of V(ok) into clopen subsets, and since V(oK) is compact, this

partition contains only finitely many atoms. U

Remark 2.10. The same argument shows the following.  If sp(x) = [K:
Q,|dim(V) for every x in the complement of some closed analytic subset Z C
V, then the orbit closures form a partition of V(oK) \ Z(ok) into (at most)
countably many compact open subsets; this partition is locally finite.

3. AUTOMORPHISMS OF AFFINE SURFACES

In this section and the next one, we collect a few facts concerning auto-
morphisms of affine surfaces: the leitmotif is to explain how general results
concerning birational transformations of surfaces specialize — and become
more precise — for automorphisms of affine surfaces. See, in particular, The-
orem C in Section 3.3. Here, we denote by Xj an affine surface and by X a
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projective completion of Xy. This notation is specific to this section (in the rest
of the paper, X is an affine surface).

3.1. Elliptic, parabolic, loxodromic. Let X be a projective surface, over an
algebraically closed field K. Let Bir(X) be its group of birational transforma-
tions. Let H be a polarization of X; the degree of a rational map f: X --» X
with respect to H is the intersection number

degy(f) = (H- f*H). (3.1)
If : Y --» X is a birational map and H' is a polarization of Y, then
¢ degy (f) < degy (9" o fop) < cdegy(f) (3.2)

for some constant ¢ > 1 and all f € Bir(X); in what follows, the degree is
simply denoted by deg(-). Each element f of Bir(X) satisfies exactly one of
the following properties (see [13, Thm. 4.6], [16, Thm. 4.6], [15, Sec. 3.2]).

(a) The sequence (deg(f"))n>0 is bounded, and then there is a smooth projec-
tive surface Y, a birational map @: Y --» X, and a positive integer k such
that fy :== @ 'o fo@isin Aut(Y) and f§ is in the connected component
Aut(Y)? of idy in Aut(Y).

(b) The sequence (deg(f™)) grows linearly with n € N, and then there is a
smooth projective surface Y, a birational map ¢: Y --» X, a curve B, and
a genus O fibration t: ¥ — B such that fy := ¢! o f o@ permutes the fibers
of m. This fibration 7 is uniquely determined by fy (up to post-composition
by an automorphism of B). Such a birational transformation is never con-
jugate to an automorphism of a projective surface Y by a birational map
Y --» X.

(b’) The sequence (deg(f")) grows quadratically with n € N, and then there
is a smooth projective surface Y, a birational map ¢: Y --» X, a curve B,
and a genus 1 fibration T: Y — B, such that fy := ¢! o f o @ permutes
the fibers of . Moreover, on a relatively minimal model of the invariant
fibration, f becomes an automorphism.

(c) The sequence (deg(f™)) grows exponentially with n € N. In that case, f
does not preserve any pencil of curves.

In cases (b) and (b’), genus k fibration means that 7 is a fibration with con-

nected fibers and with smooth general fibers of genus k; and fy permutes the

fibers of T means that there is an automorphism fp of B such that To fy =
fpom.
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In case (a), we say that f is elliptic; in cases (b) and (b’) that f is parabolic;
and in case (c) that f is loxodromic. Thus, there are two types of parabolic
transformations: in case (b), f is called a Jonquieres twist; in case (b’) it is a
Halphen twist. In all cases, the limit

AM(f) = lim deg(f™)'/" (3.3)

n——4-oo

exists and is, by definition, the dynamical degree of f; we have A;(f) > 1, and
the inequality is strict if and only if f is loxodromic.

Example 3.1. A non-loxodromic automorphism of the affine plane is con-
jugate to an elementary map (X,y) — (ax+ b,cy + P(X)) and, as such, is
elliptic. For any polynomial function P(x) of degree > 2, the Hénon map
(x,y) — (y + P(x),x) is loxodromic, with dynamical degree deg(P).

Proposition 3.2. Let Xy be an affine surface and I be a subgroup of Aut(Xp).
Assume there is a projective surface Y and a birational map ©q: Xo --+Y such
that the group I'y := @ol'@, Uis contained in Aut(Y). Then, T is contained in
an algebraic subgroup of Aut(Xo); in particular, every element of T is elliptic
and T is elementary.

Proof. Let Exc(@p) be the union of the irreducible curves E C Xy which are
contracted by @q (i.e. the strict transform of E is a point). Let E be such a
curve and let g € Y be the point to which E is contracted. If f is in I" and
fr=9p0foq, ! then f(E) is a curve contracted by @ onto the point fy(q).
Thus, T preserves Exc(@p). Similarly, the indeterminacy locus Ind(@y) is a
finite I"-invariant subset of Xj.

Now, consider a projective completion X of Xy, the extension ¢: X --» Y of
@0, and a resolution of the indeterminacies of @: this is given by a projective
surface Z and birational morphisms €: Z — X, mn: Z — Y such that  =noe~!.

There is an effective and ample divisor H supported on X \ Xy (see [23, Thm.
1]). Set Hz = €*H and Hy = M.(Hz). If D is an irreducible component of Hy,
and if fy = @o fo@~! is an element of 'y, then fy(D) is also a component
of Hy. Indeed, if fy(D) is not contained in M. (Hz), its strict transform in Z
under 1! is a curve Dy that intersects €1 (Xp); then £(Dz) gives a curve in
X or an indeterminacy point of @. In both cases £(Dz) is mapped by f~! into
X \ Xp, and this contradicts the fact that f is in Aut(Xp). Thus, I'y preserves
the support of Hy, and a finite index subgroup of I'y preserves individually
each component of Hy.
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Since H is ample, Hy is big and nef. Hence, I'y preserves a big and nef
divisor. This implies that I'y is contained in an algebraic subgroup of Aut(Y).
Consequently, I' is contained in an algebraic subgroup of Aut(Xo).(z) U

3.2. Non-elementary groups. There is a natural hyperbolic space Hy asso-
ciated with X on which Bir(X) acts by isometries. The notions of elliptic, par-
abolic, or loxodromic birational transformations coincide with the three possi-
ble kinds of isometries (see [11, §3.5] and [13, Thm. 4.6]). Similarly, there is a
notion of non-elementary group of isometries, which can be described without
any reference to Hy: a subgroup I' of Bir(X) is non-elementary if it contains
a non-abelian free group, the element of which (except the identity) are all
loxodromic. When I' contains a parabolic element f, I" is non-elementary if
and only if it does not preserve the f-invariant fibration (see [11, Prop. 6.12]
and [13, §6]).

3.3. Automorphisms of affine surfaces, characterizations of G,, x G,,. Let
Xo be an affine surface. Let X be a projective completion of Xj. We obtain an
embedding Aut(Xo) C Bir(X), and the above classification can be applied to
the elements of Aut(Xy). The following results are proven in [2, Prop. 4.4.20]
and [1, Cor. 10.11].

Theorem 3.3. Let Xy be an affine surface and g be a loxodromic automor-
phism of Xo. Then, g does not preserve any curve C C Xj.

Theorem 3.4. Let Xy be an affine surface. Assume that (i) Aut(Xo) contains a
loxodromic automorphism and (ii) there is a non-constant and non-vanishing
function &: Xo — K*. Then, X is isomorphic to G,, x G,, over K.

Our next result concerns parabolic automorphisms f: Xy — Xo. With the
notation from Section 3.1, in cases (b) and (b’), we shall denote by 7p: Xo --»
B the rational map T := (7y o (p_1)| X, its fibers are permuted by f. If Xy and
f are defined over a field K, then 7 is defined on a finite extension of K.

Theorem C.— Let Xo be a normal, affine surface defined over a field K of
characteristic 0. Let f be a parabolic automorphism of Xo, let Ty: Xo --+ B

21 et us recall the proof of this last step (see [12, Sec. 2] for references). The group Aut(Y)
acts on the Néron-Severi group NS(Y), the connected component of the identity Aut(Y)? is an
algebraic group, and if [A] is a class of positive self-intersection, then Aut(Y)° has finite index
in the stabilizer of [A] in Aut(Y). On the other hand, I'y preserves a big and nef class, and the
self-intersection of such a class is automatically positive. Thus, Aut(Y)? NTy has finite index
in 'y, which shows that I'y is contained in a finite extension of Aut(¥)°.
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be its invariant fibration, and let fg € Aut(B) be the automorphism induced
by f and my. Then,

(1) f is a Jonquieres twist,

(2) o does not have base points in Xy(K),

(3) if fB has infinite order, then there is a non-constant and non-vanishing
function &: Xy — K*.

Moreover, if fp has infinite order then X is smooth.

As we shall see below, Jonquieres twists exist on some regular and some
singular affine surfaces, for instance, on singular Markov surfaces (see §5.3).

Preliminary remarks. To prove Theorem C, we assume that K is algebraically
closed. Indeed, if & is a non-vanishing function defined over some Galois
extension L of K, then the product of its Galois conjugate provides a non-
vanishing function defined over K.

In the proof, we shall freely use some known results on rational fibrations of
surfaces. In particular, as explained in [5], if Z is a smooth projective surface
and w: Z — B is a fibration whose general fiber is a smooth rational curve,
then there are no multiple fibers, and every singular fiber F = Y ;n;C; is made
of smooth rational curves C; of negative self intersection, with at least one
having self intersection —1. In particular, by blowing down such —1 curves
and iterating this process, one obtains a relatively minimal surface W with a
ruling Ty : W — B.

Proof of Theorem C. Let X be a projective completion of Xj. Denote by 0X
the complement of Xy in X; we may and do assume that X is smooth near 90X
and that dX is a normal crossing divisor. By a theorem of Goodman [23] (see
p. 166, Cor. of its Thm. 1), dX is connected.

e Let us prove Assertion (1) by contradiction.

Otherwise, f is a Halphen twist and according to Case (b’) of Section 3.1, f
is birationally conjugate to an automorphism fy of some projective surface Y.
This contradicts Proposition 3.2, and f is therefore a Jonquieres twist.

e The rational map 7 extends to a rational map : X --» B, where B is a
smooth projective curve. Let Z be a smooth projective surface and y: Z — X
be a birational morphism on which 7z := oy is regular. The surface Z is
obtained from X by a sequence of blow-ups, and we choose Z to minimize this
number of blow-ups. Doing so, f lifts to a birational transformation fz of Z



ORBITS OF AUTOMORPHISM GROUPS OF AFFINE SURFACES OVER p-ADIC FIELDS 14

that preserves the Zariski open subset
Uz =y~ (Xo)

and acts on it as an automorphism. The total transform of dX in Z will be
denoted by 0Z.

Remark 3.5. If y (or more precisely the pencil defined by ) had base points
in Xy, then \u_l would have indeterminacy points in Xo. We denote by I C Uz
the total transform of the base points of my by y. If non-empty, Iz is a curve
that intersects the general fiber of 7 and is disjoint from 0Z.

Remark 3.6. If X has a singularity, then the singular locus of Xy is a finite,
f-invariant set, and its preimage in Z is an invariant curve in Uz (this curve
can share some components with I7).

The general fiber of 1tz is a smooth rational curve. Thus, as explained in the
preliminary remarks, there is a ruled surface W, with ruling tw : W — B, and
a birational morphism 1n: Z — W such that w7 = mty om. The fibers of Ty are
smooth rational curves of self-intersection 0, and the fibers of 7 are obtained
from them by a finite number of blow-ups. Thus, if a fiber of 7z is not smooth,
it is a tree of smooth rational curves of negative self-intersection.

Let E be an irreducible component of dZ. If Tz maps E to a point, then E is
an irreducible component of a fiber and, as such, it is a smooth rational curve.
Such a curve E C 0Z will be called a vertical boundary component. If C
is an irreducible component of a fiber that intersects Uz, we say that C is an
internal component.

e Now, we modify Z as follows. If there is a vertical boundary component
of self-intersection —1, then we contract it. This gives a new surface Z’, with
a birational morphism Z — Z’ which is an isomorphism from Uz to its im-
age, denoted by Uy ; and f7 induces a birational transformation f of Z’ that
preserves Uy, acting as an automorphism on it. The fibration 7tz induces a
fibration ’': Z' — B. By definition, the complement of 7y is the boundary
oZ'.

We repeat this process until we obtain a surface Y, with a fibration ty : ¥ —
B, and a birational morphism n’: Z — Y such that

(a) n’ contracts only vertical boundary components and is an isomorphism
from Uz to its image, which we denote by Uy;

(b) Tz = Ty on’ and Ty does not have any vertical boundary component with
self intersection (—1);



ORBITS OF AUTOMORPHISM GROUPS OF AFFINE SURFACES OVER p-ADIC FIELDS 15

(c¢) ' conjugates fz to a birational transformation fy of Y that preserves the
fibration Ty (permuting its fibers) and preserves the open set Uy, acting
regularly on it.

Again, we denote by dY the complement of 7ly. We can moreover assume
(changing W if necessary) that there is a birational morphism ": Y — W
such that 1 =n"on’. Then,

(d) a vertical boundary component E C dY is either a smooth rational curve
of self-intersection 0, in which case it coincides with a fiber of 7y, or a
smooth rational curve with self-intersection < —2, in which case the fiber
F,= n;l (b) containing E is a tree of rational curves that contains at least
one internal component with self-intersection —1;

(e) fy permutes the internal components of the fibers (none of them is con-
tracted by fy).

e We say that a fiber F, = 7ty (b) of Ty is mobile if the orbit of b under f3
is infinite. Let us prove that

(f) mobile fibers are smooth and irreducible, and do not contain indeterminacy
points of fy or fy I they do not contain vertical boundary components.

(g) If a fiber F, contains an internal component, then it does not contain any
indeterminacy points (for any iterate of fy).

To prove (f), let F;, be a mobile fiber. Since the fz-orbit of b is infinite, there
is a positive integer n such that F (b) is a smooth, irreducible, internal curve
that avoids indeterminacy points of fy. The proper transform of F’ 2(b) by fy"
is an internal component C of Fp, and is the only one. Thus, by (d), either
F;, coincides with it, and is smooth and irreducible, or C? = —1 and the other
irreducible components E; of F;, are contained in dY. In the latter case, f}
should contract the E;. But, writing a resolution of the indeterminacies of fy
along Fj, one sees that the first curve fy should contract is C, since by (d) the
E; have self-intersection < —2. This is a contradiction, because C is internal.
Hence, F;, is smooth, irreducible, and is equal to the internal curve C.

This result can be applied to F' f1(b) for every n € Z. If Fj, contained an inde-
terminacy point of fy, Fy, ) would contain a boundary component or would
not be smooth, and we would obtain a contradiction. Therefore, F}, does not
contain any indeterminacy point of fy (resp. of f~1).

To prove (g), we can now assume that F}, is not mobile, hence that it is fixed.
We argue as before: in a minimal resolution of the indeterminacies of fy along
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Fp, the only curve one could be contracted would be the strict transform of an
internal component, and this is not allowed.

Remark 3.7. As in Remark 3.5, suppose that mp has a base point. Let Iy be
the image of Iz in Y. The curve Iy intersects the general fiber of Ty, and hence
all of them. Since Iy is contained in Uy, every fiber contains an internal com-
ponent. By Property (g), fy has no indeterminacy points, which contradicts
fy being a Jonquieres twist (see Item (b) in Section 3.1). Thus, if f is an
automorphism of an affine surface Xy and is a Jonquiéres twist, then its invari-
ant fibration 1y is regular on Xy (it does not have base points). This proves
Assertion (2) of the theorem.

e Up to now, we have not assumed fp to be of infinite order. We now make
this hypothesis and identify B and fp:

(h) B is a rational curve, fp is conjugate to a translation b — b+ 1 or to a
scalar multiplication b — ab, where o is not a root of 1. In particular, fp
has either 1 or 2 fixed points, and the orbit of a point that is not fixed is
infinite.

Indeed, if B is not a rational curve, then it is a curve of genus 1 and every
orbit of fp is infinite. Thus, ¥ does not contain any vertical boundary compo-
nent (by (f)), and fy is regular (again by (f)). On the other hand, a Jonquieres
twist is never a regular automorphism (see Item (b) in Section 3.1). Property
(h) follows from this contradiction.

As a consequence, with Property (f) we get

(i) a fiber of wy which is not above a fixed point of fp is mobile; it is smooth
and irreducible, and it does not contain any indeterminacy point (of f", for
any n € 7).

e Since every fiber of Ty intersects dX, there is a component D of dZ such
that Tz maps D onto B. We continue to denote by D its image in Y. Since fy
preserves the fibration, it cannot contract D: fy permutes the components of
dY which are mapped onto B by my. Changing fy into some positive iterate
f{/C , we may assume that these components are fixed by fy. Doing so, fy deter-
mines an automorphism fp of D, and the restriction of 7y to D is a dominant
morphism Ttp: D — B such that tp o fp = fpomp.

() The ramification points of the morphism 7tp: D — B are mapped to fixed
points of fp. If E is a reduced curve that is a component of a fiber (with
some multiplicity > 1), then E is transverse to D.
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Indeed, suppose that D is tangent to the fibration at some point g. If Ty (q) is
not a fixed point of fp, then fy is regular on a neighborhood of g for alln € Z
(by Property (1)), and the orbit of ¢ is infinite. Thus, D should be tangent to
the fibration on an infinite set, a contradiction. Thus, Tty (g) is a fixed point of
fB- The same argument applies to ramification points of 7p.

If fg(b) =b—+1, then fp is also a translation, and 7p has a unique ramifica-
tion point. This is a contradiction since a map from P! to P! which is not étale
must have at least 2 ramification points. Thus, Tp is an isomorphism onto B
(because B ~ P!), and D is everywhere transverse to the fibration.

If fg(b) = ab, then fp is also a scalar multiplication, and 7 has 2 ram-
ification points, one above 0 and one above . Note that one of the fibers
Fy or F. is contracted by fy, because fy is a Jonquicres twist (see, again,
Item (b) in Section 3.1). On the other hand, if a fiber F is contracted by a Jon-
quieres twist, then any invariant irreducible curve that is generically transverse
to the fibration must intersect F' transversally (see Section 3, and in particular
Lemma 3.28 in [37]). This concludes the proof of Property (j).

o If fg(b) = b+ 1 the fiber F. is the only fiber contracted by fy. From
Properties (d) and (g), this fiber is a smooth boundary component. Thus, by
Property (f), Y is ruled. Doing elementary transformations along F., we do
not modify 7ly and we can construct a birational map €: ¥ — P! x P! that
transforms Ty to the first projection, maps D to the section P! x {eo}, and
transforms Fy, to {oo} x P!. Then, using affine coordinates (x,y) on P! x P!,
€ conjugates fy (i.e. f{/‘) to a map of type

(x,¥) = (x+1,a(x)y + b(x))

where a(x) is some regular function of x € A! that does not vanish, since
otherwise a mobile fiber would be contracted. Thus, a is a constant, and this
contradicts the fact that fy is a Jonquieres twists (the degree of the iterates
would be bounded). So, the case fg(b) = b+ 1 does not appear.

e If fz(b) = ab, we apply the same strategy. At least one fiber among Fy
and F. is contracted, say F.; it is a smooth irreducible component of dY .

Assume first that Fy does not contain any internal component. Then it is
smooth and contained in dY. Doing elementary transformations centered on
F.,wegetamape: ¥ — P! x P! that maps Uy into (P'\ {0,00}) x (P!\ {eo}))
and conjugates f{i to a map of type

(x,y) = (ox,a(x)y +b(x))
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where a is non-constant and does not vanish on P!\ {0,e0}. Thus, ao¢€ is the
desired non-constant, non-vanishing function we were looking for.

Assume now that Fy contains an internal component. Then fy acts regularly
on Y \ F.. Let us contract the (—1)-components of Fj iteratively to reach a
ruled surface W; this process may modify Uy. With elementary transforma-
tions based on F.., we construct a birational map £: W — P! x P! as above. It
maps D to P! x {e} and conjugates fy to a map of type

(x,) = (o, a(x)y +b(x))

where a is not constant and does not vanish if x # 0. Thus, a(x) = Bx¢ for
some d # 0 and B # 0. Since d # 0, the fiber {0} x P! is contracted, hence
so is Fy. Thus, in fact, Fp is smooth and contained in dY, contradicting our
hypothesis.

Remark 3.8. We have excluded the case fg(b) = b+ 1 and we have proven
that Fp and F.. do not contain any internal components. Therefore, every point
of Uy has an infinite orbit (since its projection under 7y also has an infinite
orbit). In particular, Xy is smooth, since otherwise a singularity would create
a fiber of Ty with a finite orbit intersecting Uy. This remark proves the last
sentence of Theorem C.

e To conclude, we need to go back to Xy. In the last step, we have con-
structed a regular function & := a o€ on Uy that is non-constant and does not
vanish. But Uy is isomorphic to n'(y~!(Xp)), and yo (n')~1: ¥ - Z = X
is obtained by a sequence of blow-ups (of the base points of 1y). By con-
struction, £ on’ oy~ ! is regular and does not vanish outside the indeterminacy
points of o (n')~!. Thus, it extends to a regular, non-vanishing function on
Xo (because Xy is normal). This concludes the proof of Theorem C. 0

Corollary 3.9. Let Xy be an affine surface. Assume I C Aut(Xp) is non-
elementary and contains a parabolic element acting as an automorphism of

infinite order on the base of its invariant fibration. Then, Xy is isomorphic to
Gy X G,y over K.

Indeed, Theorem C shows that there is a non-constant and non-vanishing
regular function on Xy. Since I" contains a loxodromic element, Theorem 3.4
shows that Xj is isomorphic to G,, X G,,.
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Corollary 3.10. Let X be an affine surface that is not isomorphic to G, x Gy,
over K. Assume that Aut(Xo) contains a loxodromic automorphism. If f is a
parabolic element of Aut(Xo) then

(1) f preserves a regular fibration Ty : Xo — B with base and fibers of genus 0;

(2) a positive iterate f* of f preserves each fiber of this fibration;

(3) the Zariski closure of every orbit of f has dimension O (if the orbit is finite)
or 1 (if the orbit is infinite, in which case its closure is a finite number of

fibers of ).

Indeed, mp does not have base points in Xy by Assertion (2) in Theorem C
(or Remark 3.7).

3.4. Finite orbits of parabolic automorphisms. For a subring R of K, de-
note by Pery(R) the set of periodic points of f contained in Xo(R).

Theorem 3.11. Let X be an affine surface defined over the valuation ring o
of a p-adic field K. Let f be a parabolic automorphism of Xy defined over og.
Then, there is an integer m > 1 and a Zariski closed subset Py of Xo such that

Pers(ok) = Pr(ok) = {x € Xo(ok) ; f™(x) = x}.

Of course, Py and m depend on f and on K. The same result does not hold
on the algebraic closure of K: see Example 5.1.

Lemma 3.12. Let f be an automorphism of an irreducible, affine curve F C
AN, Ifx € F is f-periodic, then either f has finite order in Aut(F) or f(x) = x.

Proof. Let F be the completion of F in PV, and let s be the number of points
of F at infinity. Let r be the size of the orbit of x. If x is not fixed, we have
r>2and s> 1sor+s>3. If wesetm= (r+s)!, then f™ fixes at least 3
points of F. Thus, ™ = idf. O

Proof of Theorem 3.11. Letmy: Xo — B be the f-invariant fibration, and let fp
be the automorphism of B induced by f.

If fp has infinite order, then fp has at most two periodic points, which are
fixed. Denote them by {b,b'}. Then, the finite orbits of f are contained in the
fibers T, '(b) and T, L(b'), and the theorem follows from the previous lemma,
applied to the restriction of f to m, '(b) and T, L.

Now, assume that fp is an element of order 1 < ¢ < o in Aut(B). Then,
changing f to f*, we are reduced to the case fz = idg. Let k be a positive
integer such that f* fixes every irreducible component of every fiber of .
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From the previous lemma, the problem is to show that the number of points
b € B(ok) such that fjz, has finite order is finite. For this, we can reduce the
study to regular fibers. But, in some completion X of Xy, every regular fiber
has a neighborhood U isomorphic to Uy X P! (for some Uy C B, see [5, Thm.
[I1.4]), on which f acts by

f(b,z) = (b,Ap(2)) (3.4)

where A: b € B— Ap, € PGL2(K) is a non-constant rational map. Both 7ty and
A are defined on a finite extension L of K. So, to conclude, we only need to
show that the set

{b € B(oL) ; Ap has finite order in PGL, (L)} (3.5)
is finite. To see this, we lift A, to an element A} in GL,(L) and set

Tr(A})?
= -2; 3.6
"0)= Ger(ay) G0
then the order of Ay, is finite if and only if 7(b) = o.+ o~! for some root of
unity o € L; more precisely, A;, is conjugate to z — 0z and the order of o, is
the order of A,. When b is in B(oy,), 7(b) is in L and o is a root of unity in L
that satisfies a quadratic equation over L. The structure of the multiplicative

group of finite extensions of Q,, (see [32], p.140, or Section 5.1 below) implies
that the order of such a root of unity is uniformly bounded, independently of
r(b) € L. This concludes the proof. U

Remark 3.13. If fz = idp and, in some invariant bidisk U ~ 0K2, f= ®! for
some flow @' : og x U — U, then the vector field @y = B,CI>" ,_o is everywhere
tangent to the fibers of my. Thus, we may extend the distribution of lines x —>
KO/ (x) globally as the algebraic distribution of tangent lines x — Ker(dmo x).
Note that O vanishes identically on each fiber F;, on which f induces a finite

order automorphism.

4. ELLIPTIC AUTOMORPHISMS

4.1. Bounded degrees. Let f be an automorphism of an affine variety V, both
defined over a field K of characteristic 0.

If (deg(f")) is bounded, then f is contained in a linear algebraic group G
acting algebraically on V (see [17, Prop. 3.2], with B as a point). The Zariski
closure of fZ in G is an abelian algebraic subgroup A of G; we call it the
algebraic completion of fZ. Let A° denote the (Zariski) connected component
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of the identity in A, and let k be the index of A° in A; then, fk is contained
in A°, and its iterates form a Zariski dense subset of A°. In what follows, we
assume that dim(A°) > 1; equivalently, the order of f in Aut(Xp) is infinite.

On the algebraic closure K of K, A° is isomorphic to G’, x G, for some
integers r,s > 0 (here we use char(K) = 0). Since the cyclic group (f*)%
is Zariski dense in A°, we have r < 1. The algebraic subgroups of G}, form a
countable family of subgroups, so the generic point of Xq has a trivial stabilizer
in GJ, C A°. Since the only nontrivial algebraic subgroup of G, is G, itself,
the general point of X also has a trivial stabilizer in G, C A°. Thus r+s <
dim(V).

4.2. The Lie algebra of A° and the Bell-Poonen theorem. Taking the deriv-
ative of the action of A° on V, the Lie algebra Lie(A°) determines a subalgebra
of the Lie algebra I'(V, TV of regular vector fields on V. We identify Lie(A°)
with its image in T'(V,TV).

Assume, now, that K is a p-adic local field, and that V and f are defined over
its valuation ring og. As in the Bell-Poonen theorem, suppose there exists an
open set U ~ og? C V(o) preserved by f on which f = ®! for some analytic
flow @: og X U — U. Then, & corresponds to a 1-parameter subgroup of
A°. In particular, there is an algebraic vector field as € Lie(A®) such that

0(y) = (aq;fy )),:o =ar(y) (.0

for y € U. Thus, O extends from U to V as a globally defined algebraic
vector field.

For each y in U (resp. V), we denote by Ly(y) the line Kas(y) C T,V, with
a small abuse of notation because this distribution of lines is not well-defined
at the points y where ay (v) = 0. (Here, in comparison with §2.5, the lines are
defined over K instead of Q,.) We have shown the following.

Lemma 4.1. If f is an elliptic automorphism, the distribution of tangent lines
Ly:yr Lp(y) == KOy (y) = Kay(y)

depends algebraically on x. In other words, it defines a rational section of the
projectivized tangent bundle P(TV ).
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Let x be a point of V(oK) and set y(r) = ®'(x). Let g be an element of
Aut(Vyy ). We say that g preserves locally the analytic trajectory of x deter-
mined by f if g maps y(m{) into Y(ok) for some £ > 1. There we obtain

g(y(®)) = (o)) (4.2)

for some germ of analytic function ¢ around the origin in og. Taking deriva-
tives, we get

Dgy)¥(t) = ¢'(1)7(9(t)) (4.3)
where Dg is the differential, ¥ is the velocity vector of the curve Y, and ¢’
is the derivative of the function ¢. Thus, along the curve v, g preserves the
distribution of tangent lines to the orbits of ®'. But this distribution of lines
x — KOy (x) depends algebraically on x. This gives the following lemma.

Lemma 4.2. Suppose g € Aut(V, ) preserves the analytic trajectory of x, and
that this trajectory is Zariski dense in V. Then, the distribution of lines

Li:yeVi— Lf(y) = Kaf(y)
is g-invariant.
4.3. Finite orbits.

Lemma 4.3. Let f be an elliptic automorphism of an affine variety V, let A° be
the connected algebraic group associated with f, and let Py be the algebraic

set defined by Pr = {x € V ; a(x) =0 Va € Lie(A°)}. Then q € V(K) has a

finite f-orbit if and only if q € P;(K); there is an integer { such that the period
of every point q € P¢(K) divides (.

Note that this lemma works for all finite orbits in V(K), in contrast with
Theorem 3.11.

Proof. We may assume that the order of f is infinite, since otherwise Py =V
and we can set £ to be the order of f. A point ¢ € V(K) has a finite orbit if and
only if its stabilizer has finite index in f%. Since such a subgroup intersects
A° on a Zariski dense subgroup, ¢ has a finite orbit if and only if A°(g) = ¢, if

and only if g € Pr(K). We can then take ¢ to be the index of A in A. O

Example 4.4. If f is the automorphism of the plane defined by f(x,y) =
(x+y> 4y, —y), then f is elliptic. Indeed, f2*(x,y) = (x+2ny?,y) has de-
gree 2, and 2! = (x+ (2n+1)y?> +y>, —y) has degree 3. This reveals that
Pr = (y?> =0) = (y = 0). We can also explicitly compute the algebraic com-
pletion A of f: the identity component A° acts by & (x,y) = (x +ty?,y); its
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second component is obtained by the f-shift fo® (x,y) = (x + (t + 1)y> +
y>,—y). One can further generalize this to elementary transformations of the
type (x,y) — (ax—+¢(y),By), where o and B are roots of unity.

4.4. Structure of A°. Let us apply Sections 4.1 and 4.2 when f is an elliptic
automorphism of an affine surface X. We obtain A° = G}, x G}, with r <1
and r +s < 2. More precisely, over K, exactly one of the following situations
occurs:

(1) r=0and s = 2, and A° = G, X GG;;, has a unique open orbit, which is
isomorphic to A°;

2) r=1and s =1, and A° = G, x G, has a unique open orbit, which is
isomorphic to A°;

(3) r=0ands=1,orr=1and s =0, then A° = G,, or GG, respectively. The
general orbits of A° have dimension 1, and they define a rational fibration
To: X --» B onto a curve B such that g o h = wy for every h € A°.

If f has a Zariski dense orbit, we are in one of the first two cases.

Example 4.5. If f is the automorphism of the plane defined by f(x,y) =
(x+ 1,0y), where oe € K* is not a root of unity, then the orbit of (x,y) is
Zariski dense in A if and only if y # 0. If f(x,y) = (ox,By) and o and P are
elements of K* that are multiplicatively independent, then the orbit of (x,y) is
Zariski dense if, and only if, xy # 0.

4.5. The Fixed Locus. If a reductive algebraic group G acts on an affine vari-
ety V, then any two disjoint, invariant, Zariski closed subsets can be separated
by a regular invariant function on V (see [31, Cor. 1.2]).

Lemma 4.6. Let G, XV — V be a nontrivial algebraic action on an affine
variety V. For each point x €V,

(1) the Zariski closure of the G,-orbit G,,(x) contains at most one fixed point;
(2) if x is fixed by Gy, there is a Gy,-orbit which is I-dimensional and whose
Zariski closure contains x.

Proof. (1) Fix x € V. If the Zariski closure of G,,(x) has more than one G,,-
fixed point, then these points must be separated by a regular invariant func-
tion [31, Cor. 1.2]. Such an invariant function must be constant on the Zariski
closure, a contradiction.
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(2) We proceed by induction on dimV. If dimV = 1, then as G, acts non-
trivially on V, there is a dense orbit in V, and the closure of this orbit con-
tains x.

Now suppose dimV > 2. If every 1-dimensional G,,-orbit closure contains
the fixed point x, then we are done. Otherwise, suppose there exists y € V, not
fixed by G, such that x is not contained in the Zariski closure of G, (y).

Consider the GIT quotient V //G,, (see, e.g., [30, Def. 5.8]) and the natu-
ral projection m: V — V //G,,. Observe that (a) the fiber 7! ((x)) contains
a unique fixed point, namely x, and (b) the fiber 7! (m(x)) has dimension
< dimV, as 7 separates the fiber from G,,(y). On the other hand, the general
orbit of G,, has dimension 1, so all fibers of  have positive dimensions. By
choosing V/ C 7! (n(x)) to be an irreduible component containing x, we have
0 < dimV’ < dimV. Since G,, is connected, V' is invariant, and since T sepa-
rates fixed points, the action of G,, on V' is nontrivial. Thus, we can conclude
by induction. U

Using this, we can study the dimension of the fixed locus Py, for f an elliptic
automorphism of an affine surface X. Let A be the algebraic completion of fZ.
By section 4.4, we know that A° is either G,,, G,, G, X Gy, or G, X G,,,. We
have observed, in Example 4.4, that if dimA° = 1 then Py may be a curve.

Proposition 4.7. If dimA° = 2, then Py has at most one point.

Proof. e First, suppose A° ~ G, x G,,. Denote simply by G,, the subgroup
{0} x G,,;, C A°, and consider the quotient n: X — B := X //G,,. By [31, Thm.
1.1], B is affine. As G, acts nontrivially on X, the general fibers of © have
dimension 1 and dimB < 1.

If dimB = 0, then B is a point because X is irreducible; since Py is pointwise
fixed by G,,, and T separates fixed points, there is at most one point in Py.

Suppose dimB = 1. The action of A° on X induces an algebraic action of
G, on B. If A° has a fixed point g, then ©t(g) is fixed by G,, and thus G, acts
trivially on B (3). So, we can assume that G, acts trivially on B. Then G, x G,
acts faithfully on the generic fiber of & (i.e., T~ (ms) where np is the generic

31 G, acted non trivially on an irreducible affine curve B, it would have no fixed point.
Indeed, G, acts on the normalization B of B, and since the action is nontrivial, B must be a
smooth, affine, rational curve. In other words, B is isomorphic to P! \ F, for some finite subset
F, with |[F| > 1. But then, since G, acts nontrivially on it, B ~ A!. The action of G, has no
fixed point, and B ~ B.
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point of B; as the fiber is dense in X, we have the faithfulness). This leads to a
contradiction, as the group G, x G,, cannot act faithfully on a curve.

e Next, suppose A° ~ G,, X G,,. As remarked in item (1) of §4.4, we have a
unique open orbit A°(x) isomorphic to A° in X, which must be Zariski dense as
well. Thus, any A°-invariant regular function on X must be constant, equal to
the value taken at x. Therefore the GIT quotient X //A° must be a point. Since
Py coincides with the set of fixed points of A°, and the quotient X — X //A°
separates fixed points (by [31, Cor. 1.2] again), we conclude that |Pf| <1. [

Example 4.8. The above proof shows that, if A° = G, x G, then A° does not
have a fixed point unless dim(X //G,,) = 0. To get an example, set ¥ = (} 1)
for s € G, and let G, x G, acton X = AZ by (s, t)- (x,y) = th*(x,y) = (t(x +
sy),ty). The point (0,0) is fixed and is the only fixed point of A° in X.

4.6. Elliptic automorphisms with Zariski dense orbits.

Theorem 4.9. Let X be a normal affine surface defined over the valuation
ring ok of a p-adic local field K. Let f be an elliptic automorphism of X,
defined over ox. Let U C X (oK) be an f-invariant bidisk, on which f = ®' for
some analytic flow. If there is a loxodromic automorphism g in Aut(X) defined
over ok and a point x € U such that (i) the analytic trajectory t — ®'(x) is
Zariski dense in X and (ii) g preserves locally this analytic trajectory, then X
is isomorphic to G,, x G,, over K.

The proof is related to the classification of foliations on complex surfaces in-
variant by an infinite group of birational transformations (see [15, Thm. 1.1]).

Proof. Let v be the curve ¢ — ®'(x). By assumption, g is loxodromic and
the image of y is Zariski dense. Hence, the algebraic completion A of fZ has
dim(A) = 2 and A° is isomorphic to G, x G, or G2, over K. Let k be the index
of A° C A.

Step 1.—- By Lemma 4.2, Ly is g-invariant, hence there is a rational function
€ on X such that g.ar = &-ay. This function & is regular on the complement
of the zero set

Z(ag)={x€X;ar(x) =0} 4.4)
but Proposition 4.7 shows that this set is finite because it is pointwise fixed
by f¥, hence by A°. Since X is normal, & extends as a regular function on X.
Moreover, if {§ = 0} were non-empty, it would be a curve, and the differential
dg, would have rank < 1 along a curve. However, since g is an automorphism,
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we see that § does not vanish at all. By Theorem 3.4, we may assume that & is
a constant. This implies that g conjugates f* to another element of A°. Since
(f©)Z is Zariski dense in A°, the action of g by conjugacy on Aut(X) preserves
A°. In other words, there is an algebraic automorphism y, of the algebraic
group A° such that ghg ™! =y, (h) for every h € A°.

Step 2.— If A° were isomorphic to G, X (G,,, the action of g on it by con-
jugacy would preserve the factor G,, and then g would preserve the rational
fibration of X given by the orbits of G,,. This contradicts to the fact that g
is loxodromic (see Theorem 3.3). Thus, A° is isomorphic to Gi over K, and
W, is a monomial automorphism of G, X G,,. From this, Xg contains a copy
of G,, x Gy, represented by the unique open orbit of A°, which is g-invariant
because gA°g~! = A°, and g acts on it via a loxodromic monomial transfor-
mation. This implies that X is isomoprhic to G,, x G,,. Indeed, let Y be a
projective completion of X. It is a projective completion of G,, x G,,, and
g induces a birational transformation of Y acting as a regular automorphism
on G, X G,,. Let (x1,X;) be the affine coordinates on G, X G,,. There are
elements o, B in KX, and a matrix

M:(ZZ) (4.5)

of GL,(Z) such that g(x1,x2) = (ox9x5,px{x¢). Since g is loxodromic, its
dynamical degree is > 1, and M, is conjugate in GL,(R) to a diagonal matrix
with eigenvalues £ (g) and +A;(g)~!, with eigenvectors in R?\ Q2. This
implies that Y \ (G,, x G,,) is entirely contracted by some positive (resp. nega-
tive) iterate of g on an indeterminacy point of g~! (resp. of g). Since g induces
an automorphism of X, this implies that X = G,, x G,,. O

5. THE MULTIPLICATIVE GROUP G2,

5.1. Multiplicative groups. Let d be a positive integer, and let V be the mu-
tiplicative group G¢, viewed as an affine variety. The automorphism group
Aut(V) is GL4(Z) x V, where V acts on itself by tranlation and GL 4(Z) by
monomial transformations: the action of a matrix (a; j) € GL4(Z) is given by

(V1yeesva) > (V] --~vzd’d, ! ---vzd’d). (5.1)

Let p be a prime and K be a p-adic local field, with uniformizer wt, valuation
ring ok, and group of principal units Ux = 1 +mg. Let k be the residue field
of K it is isomorphic to F; where g = p/. According to [32, Chap. IL.5], the
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multiplicative group K* is isomorphic, as an abelian topological group, to the
product

e X g1 X L/ p“L < 2} (5.2)
for some m > 1 and some a > 0, with both m and a bounded in terms of
[K:Q,]. The torsion group Z/p“Z comes from the roots of unity contained in

Uk. The reduction homomorphism og — K provides a bijection from y, | =
{{cK; =1} tok*. Thus,

V(ok) =F x (Z})?, (5.3)

where F is the finite group (u,—1 x Z/p°Z)".

The action of GL 4(Z) on V preserves V(ok). This gives an action of the
subgroup GL 4(Z) x V(oK) of Aut(V) on V(ok). A finite index subgroup G
of GL4(Z) x V(oK) acts trivially on the finite part F = V(UK)/(ZZ’)‘Z and by
affine transformations on (Z;’})d ; more precisely, each element of G acts on
(Z)" by

d

d
(Wiyeeoywg) = (s1+ Z ajwi,...,Sq4+ Zad,jwj) (5.4)
Jj=1 j=1

for some (a; j) € GL4(Z) and (sj)?zl € (Z}?})d.

Example 5.1. Consider the monomial action of GL 4(Z) on G,,(Q,)?. A point
has a finite orbit if and only if it is a torsion point, if and only if its coordinates
(&1,...,&4) are roots of unity. Thus, finite orbits in G,,(Z,)? are Zariski dense,

but only finitely many are contained in G,,(Z,)".

5.2. Dimension 2. We keep the same notation, but assume d = 2. Let I" be
a subgroup of Aut(V,y ). The intersection I'y = ' G has a finite index in I".
Let Hr be the image of I" in GL,(Z), and let Hr be the closure of Hr in
GL2(Z,); by construction, Hr is contained in SL3 (Z,,), the group of matrices
with determinant 1.

Lemma 5.2. Ifdim(V) =2 and I is a non-elementary subgroup of Aut(Vy, ),
then Hr is an open subgroup of Sin(Z )

Proof. The group I' contains a non-abelian free group, hence so do I’y and Hr.
This implies that Ht is open in SL ;E (Z,) (see [29, Window 9, Thm. 2D.h O

Let us sketch a proof of this last fact. Pick two elements A and B in SL>(Z,,) generating
a non-abelian free group. Let H be the closure of (A, B) in SL»(Z,). Taking iterates, we can
assume that A = id and B = id modulo p?. Then, AZ and BZ are contained in 1-parameter
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So, we assume that Hr is an open subgroup of SLZi(Zp). There are two
cases, in each of them we prove a refined version of Theorem A:

5.2.1. Assume that Iy is contained in SL3(Z,,). Its action on (Z7)?, as given
in Equation (5.4), coincides with its diagonal, linear action on (Zf,)m.

The action of 'y on le, fixes the origin 0 = (0,0), and if u € Zf, \ {0} its orbit
closure is open. So, if m = 1, I'y has one fixed point and infinitely many open
orbit closures. If m > 2, the function det(vy,v;) is invariant, hence no orbit
closure contains an open set. (If m > 3, any m-tuple of vectors (v;) satisfies
linear relations of length 3, such as bjv| 4 bav> 4 b3v3 = 0 for some non-zero
vector (b1,by,b3) € Zf,. This shows also that no orbit closure is open). Thus,
one sees that

(1) the general orbit closure of I" on V(o0k) is open if and only if m = 1, that
is, if and only if K= Q,;

(2) T has a finite number of finite orbits (corresponding to the elements of
F x{o});

(3) there are infinitely many distinct orbit closures.

5.2.2. Suppose that I'y is not conjugate to a subgroup of SL;E(Z,,). Since
Hr contains an open set, the closure of Iy in the affine group Sin(Zp) X Zf,
contains an open neighborhood of the origin in Zf,. This implies that every
orbit closure is open when m = 1 or 2. On the other hand, when m > 3, the
interior of every orbit closure is empty because the function det(vy — vy, v3 —
v1) is invariant.

5.3. An example: the Cayley cubic. Consider the surface V = G, x G,
with the monomial action of GL,(Z): each element M of GL,(Z) determines
an automorphism fj3; of V. The involution 1 := f_jq is a central element, and
the quotient V /(n) is the Cayley cubic. It is an affine cubic with four iso-
lated singularities (the maximal number for a cubic). More precisely, the map
(vi,v) €V —(vi+1/v,va+1/va,vivy +1/(v112)) € A3 identifies V /(1)
to the affine surface of equation x> +y? +z2 + xyz = 4 (it is a member of the
Markov family described below). Since —id is central in GL2(Z), PGL2(Z)
acts by automorphisms on V /(n). On V and V /(n), fy is loxodromic if and
only Tr(M )2 > 4, and fj; is a Jonquieres twist if and only if M has infinite

subgroups parametrized by Z,,. Taking derivatives and using that (A, B) is free, one sees that
the Lie algebra of H is equal to sl>; hence H contains an open subgroup of SL»(Z),).
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order and Tr(M)? = 4. If fy, is elliptic, then fy; has finite order. In particu-
lar, there are Jonquieres twists on singular affine surfaces, a phenomenon that
appears on every singular Markov surface (see §8.3).

6. DECOMPOSITION INTO ORBIT CLOSURES

In this section we prove Theorem A, except for the statement concerning
stationary measures. So, let X be an affine surface defined over Z,, and let I'
be a subgroup of Aut(Xz,) such that

(a) I' contains a loxodromic element g;
(b) T contains a non loxodromic element f of infinite order.

From the results of Section 5, we can assume that X is not isomorphic to
Gum X G, over K. Thus, by Corollary 3.10, if f is parabolic, it is a Jonquieres
twist acting by a finite order automorphism on the base of its invariant fibration
n: X — B. Changing f into a positive iterate, we assume that it preserves each
fiber of &, i.e. fp = idp.

We denote by I'p a normal, finite index subgroup of I that satisfies the
conclusion of Theorem 2.5. Then, I'y is torsion free (see Remark 2.8). As in
Section 2.5, we denote by sr(x) the dimension of Lr(x) for x € X(Z,).

Step 1.— There are only finitely many finite orbits in X (Z,).

This finiteness result holds over any p-adic local field:

Theorem D.— Let K be a p-adic local field, with valuation ring ox. Let X be
an affine surface defined over ox, and let I be a non-elementary subgroup of
Aut(X,y ) containing a non-loxodromic element of infinite order. Then, T" has
at most finitely many finite orbits in X (0K ).

Proof. Let Perr(ok) C X (oK) be the set of points with a finite I'-orbit. Such a
point is periodic under the action of f and all its conjugates hfh~', for h € .
Thus,

Perr(oK) C ﬂ thh—l (OK) 6.1)

hel

where P, ;-1 = h(Py) and Py is defined in Lemma 4.3 when f is elliptic or
in Theorem 3.11 when f is parabolic. Thus, NjerP) -1 1s an intersection of
Zariski closed subsets of dimension < 1, and, as such, it is Zariski closed of di-
mension < 1. Since it is I'-invariant, it must be finite, because the loxodromic
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automorphism element g does not preserve any curve (Theorem 3.3). Thus,
Perr(ok) is finite and coincides with the set of og-points in NjerP, - O

Step 2.— For x € X(Z,,), we have sr(x) = 2 if the orbit of x is infinite and
sr(x) = 0 otherwise.

Indeed, consider a point x of X (Z,,) and a neighborhood U(x) ~ Zf, of x, as
well as the subgroup I'g C I, as in Theorem 2.5. If the orbit of x is finite, it is
fixed by the flow ®;,: Z, x U(x) — U(x) associated with any & € I'y. Hence,
sT, (x) = sr(x) = 0. Conversely, if sr(x) = 0, then the vector field ®;, vanishes
at x for every h € ', which implies that 4(x) = ®} (x) = x. Therefore, I'y fixes
x and the I'-orbit has cardinality |T'(x)| < [[": T).

Now, consider the set S = {y € X(Z,) ; sr(y) < 1}. Let us prove that S is
the set of Z,-points of a Zariski closed, I'-invariant set. For this, we consider
the distribution Ly: by definition, if f is elliptic, then L is the distribution
of lines determined by an algebraic vector field ar (see Section 4.2), and if f
is parabolic, Ly is the distribution of lines tangent to the f-invariant fibration
n: X — B (see Remark 3.13). Thus, given any h € I, thhq =h.Lyis a
globally defined algebraic distribution of lines in the tangent space 7X. This
implies that the tangency locus

Tr = {y € X ; dim Vect(L;,s,-1 (x);h € T) < 1} (6.2)

is a I'-invariant algebraic subset (5). Since I' contains loxodromic elements, Tt
coincides with X or is a finite set.

Lemma 6.1. The algebraic set Tr is a finite subset of X.

Proof. We must show that Tt does not coincide with X. Otherwise, the distri-
bution of lines Ly is invariant under the action of I'. This invariant line field is
not tangent to a fibration, because I" contains loxodromic elements, and such
automorphisms do not preserve any fibration. Thus, f is elliptic, and

— Ly is determined by an algebraic vector field ay on X, as in Section 4.2;

— the algebraic group A in which fZ is Zariski dense has dimension 2, since
otherwise its orbits would determine an invariant fibration tangent to Ly,
but g does not preserve any fibration;

— A° is isomorphic to G, X G, or to G,, x G,,, has an open orbit, and almost
all orbits of f are Zariski dense in X.

5Indeed, the tangency locus between two algebraic distributions of lines is an algebraic
subset of X, and an intersection of algebraic subsets is algebraic.
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We shall give two arguments to reach a contradiction. The first one is based
on the classification of birational symmetries of foliations; the second one is a
simple variation on Theorem 4.9.

First argument.— Let X be a completion of X, smooth at infinity. Since I’
contains loxodromic elements and the pair (X,I") is defined over a field of
characteristic 0, we can apply [15, Cor. 1.3] to the triple (X,I",Ls). This gives
four possibilities. In the first case X is birationally equivalent to an abelian
surface A. Since the group Bir(A) coincides with Aut(A), Proposition 3.2
provides a contradiction. The same argument applies when X is birationally
equivalent to the quotient of such an abelian surface by a finite group action.
The third case leads to X = G, x G,,, which is excluded by hypothesis. And
the fourth one leads to X being the quotient of G,, X G, by (u,v) — (1/u,1/v):
this is excluded too, because this surfaces does not have infinite order elliptic
elements.

Second argument — If g is an element of I, then g.ay is a new vector field
and is proportional to ay. This means that there is a rational function £, on X
such that g.ay = &, - ay. This rational function may have poles on {ay = 0},
but according to Proposition 4.7, this set is finite; thus, &, is actually a regular
function on X. Moreover, &, cannot vanish because g is an automorphism.
Thus, by Theorem 3.4, &, is a constant. This implies that I" normalizes the
algebraic group A° associated with the elliptic element f. The automorphisms
of G, x Gy, preserve the fibration onto (G,,, hence if A° ~ G, x G,,, there
would be a I'-invariant fibration, a contradiction. Thus A° ~ G,, x G,,, and as
in the proof of Theorem 4.9, we see that X is isomorphic to G, x G, over K,
a contradiction. U

By noetherianity, there is a finite number of conjugates f; = h; fh;l, 1<i<
g, such that Tt coincides with {y € X ; dim Vect(Ly,(y);1 <i<gq) <1}. Letx
be a point with an infinite orbit. As Tt is finite, one can find a point x" in the
orbit of x that is not on Tr. For such a point, @ (x") generate T,/X, and thus
sp(x’) = 2. But the set {sp = 2} is [-invariant, thus sr(x) = 2. This concludes
Step 2.

Step 3.— To conclude, we apply Theorem B and Remark 2.10 from Section 2.6.
These results show that in the complement of the finite set Perr(Z,), every
orbit closure is open. Being open, the orbit closures intersect if and only if
they coincide, so they form a partition of X (o), as desired.
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7. STATIONARY MEASURES

The goal of this section is to prove Proposition 7.2. This proposition com-
pletes the proof of Theorem A.

7.1. Compact groups. Let G be a compact topological group, and let ®g
be its Haar measure, normalized so that Wg(G) = 1. Let S be a closed sub-
group of G, and let ¢: G — G/S be the quotient map. The group G acts by
left translations on G/S, and the push-forward measure ®g /s = q+0¢ is a G-
invariant probability measure on G/S. Now, let u be a probability measure
on G whose support generates a dense subgroup of G. If v is a u-stationary
measure on G/S, then it is automatically G-invariant (this follows from the
maximum principle for continuous functions on G, see also [21, Thm. 3.5]),
and the uniqueness of the Haar measure implies that v coincides with ®g/s.

Remark 7.1. Let u be a probability measure on G such that (1) the subgroup
generated by the support Supp(u) is dense in G, and (ii) Supp(u) is not con-
tained in a coset of a closed normal subgroup of G. Then, the convolutions y*"
converge towards ®g as n goes to +oo (see [36, Main Thm. 3.3.5]). Both (i)
and (ii) are necessary, but (ii) can be dropped if one is interested only in the
classification of stationary measures.

7.2. Isometry groups. Let K be a non-archimedian local field. As above, we
endow the affine space Aﬁ with the distance given by the sup-norm:

dist(x,y) = i:nllaxN|x,- — il (7.1)

Let V C AV be a subvariety defined over ok. If f is an element of Aut(V,y),
then f is the restriction to V of an endomorphim f of AN defined over ok. As
explained in [18, §2.1.2], f induces a 1-Lipschitz homeomorphism of V (ok)
with respect to dist(-,-). Since f~! is also 1-Lipschitz, f acts by isometry on
V(ok). This provides a homomorphism

Aut(Voy ) — Isom(V (0k)). (7.2)

Moreover, with the topology induced by uniform convergence, Isom(V (o))
is a compact group.

Proposition 7.2. Let K be a non-archimedian local field. Let V be an affine
variety defined over ox. Let I be a subgroup of Aut(Voy) and let G be the
closure of T in Isom(V (0k)). Let u be a probability measure on G whose

support generates a dense subgroup of G. Then, every orbit closure T'(x) C
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V(oK) supports a unique p-stationary probability measure. This measure is

the unique G-invariant probability measure on I'(x).

Proof. The orbit closure I'(x) is equal to G(x) and can be identified (as a topo-
logical G-space) to G/Syx, where S, C G is the stabilizer of x in G. Let @, be
the push-forward of ®g on G(x) by the map g — g(x). Then, the result follows
from Section 7.1. O

As an example, consider a countable group I' C Aut(V,, ) and a probability
measure 4 = Y. reru(f)3y such that {f € T'; u(f) # O} generates [(®). In the
example of Markov surfaces, u will be symmetric, with finite support.

8. THE MARKOV SURFACES

In this section, we study the family of surfaces S4 p.c.p C A® defined by the
equation

x2+y2+zz+xyz:Ax+By+Cz+D. (8.1)

Here, we suppose that the parameters A, B, C, and D are in the valuation
ring ok of a p-adic local field K. For simplicity, we denote Sy gc p by S.
The group I' that we shall study is the one generated by the Vieta involu-
tions s1(x,y,z) = (—x+A —yz,y,z), s2(x,y,z) = (X,—y + B —zx,z), and
s3(x,y,z) = (X,y,—z+ C —xy). It is a finite index subgroup of Aut(S), de-
fined over the ring Z[A, B, C, D], and hence on ok.

The surface S, if smooth, supports a regular 2-form €, defined locally by

_dxANdy  dyAdz  dzNdx
" 22—-C+xy 2x—A+yz 2y—B+zx

(8.2)

By p-adic integration, this gives a measure on S(ok) (see Igusa’s book [25,
Chap. 7.4], or [34]). If U is a non-empty open subset of S(ok) (with respect
to the p-adic topology), we shall refer to the measure

1

as the normalized symplectic measure on U.

The reason for choosing u as a probability measure on G (rather than on I') in Proposi-
tion 7.2 is because otherwise we should introduce a c-algebra on Aut(V,, ) for which the map
f € Aut(Vog) = fiv(ox) € Isom(V(ok)) is measurable.
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8.1. Parabolic automorphisms and bounded orbits. The composition f =
s1 057 is an automorphism that preserves the fibration defined by 7, : (x,y,z) —
z. If we cut S by a horizontal plane {z = z}, for some z € K, we get a conic
C,, with the equation

x2+y2+zxy:Ax+By+(Cz+D—z2). (8.4)

The action of f on this conic section is given by the restriction of an affine
map A, (x,y) = M (x,y) + T where

2_ —
MZ:<Z_Z1 _Zl) and TZ:<ABBZ). (8.5)

The determinant of M, is 1, its trace is 22 =2, so its eigenvalues are o and
1/ with o0+ 1/00 = z2 — 2. Extracting a root, we get 20(z) = (22 —2) +
7V/z2 — 4. Thus, over a quadratic extension of K, A, is conjugate to the linear
map (X,y) — (a(z)x,y/0(z)). This implies that deg(f") grows like 2n as n
goes to +oo, s0 f is a Jonquieres twist. Also, if |z| > 1, we see that one of the
two eigenvalues, say 0.(z), satisfies |a(z)| > 1.

The next lemma follows from a direct computation.

Lemma 8.1. Ifz> # 4, the affine map A has a fixed point in K?; this fixed point
is on C, (equivalently on S) if and only if z =0, in which case A,0A, = id.

If 7 =2¢, with € = +1, then A, has either no fixed point in K2, or a line of
fixed point defined by the equation €x =y + B/2; this last case occurs if and
only if eA+B = 0.

Thus, if (x,y,z) is a point of S(K) with |z| > 1, the eigenvalues of M, satisfy
la(z)| > 1 >|1/0u(z)|, and the unique fixed point of A s in K is outside C;. This
implies that the orbit of (x,y,z) under the action of fZ is not bounded.

Proposition 8.2. A point (x,y,z) € S(K) has a bounded T'-orbit if and only if
(x,v,2) € S(0K). Thus, S(oK) is the unique maximal, compact, invariant subset

of S(K).

Proof. The compact set S(ok) is I'-invariant. If (x,y,z) is not in S(ok), then
one of the coordinates has an absolute value > 1. If |z| > 1, then we know
that fZ(x,y,z) is not bounded. Otherwise, we may apply s3 051 Or 52 053 to
conclude in the same way. U
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8.2. General parameters. The finite orbits of I' in Sj pc p(K) have been
classified in [28] (see also [14, §3.1]). For a general parameter (A,B,C,D),
every I'-orbit in § = S4 g ¢ p is infinite.

Theorem E.— Assume that A, B, C, and D are in Z,, and that S(Z,,) does not
contain any finite orbit. Let u be a probability measure on {si,sz,s3} with
u(sp)u(s2)u(sz) > 0. Let v be an ergodic u-stationary probability measure on
S(Qp). Then,

(1) v is supported on an orbit closure I'(x), for some x € S(Z,);
(2) this orbit closure is a clopen subset;

(3) Vv is equal to the normalized symplectic measure on I'(x).

Moreover, there are only finitely many orbit closures in S(Z,), and the convex
set of u-stationary measures on S(Q),) is a finite dimensional simplex.

Proof. According to [14, Pro. 6.1, Rem. 6.2], v is supported on a compact
invariant subset. Thus, it is supported in S(0k ), and by Theorem A, ergodicity,

and Proposition 7.2, it is the unique invariant measure on an orbit closure I'(x).
But Q@ is such an invariant measure, thus v = Qm. U

8.3. Examples. Assume that S(ok) contains a finite orbit F, and that F is not
an isolated subset in S(ok). Since the action of I' is isometric, there are in-
finitely orbit closures accumulating to F, and this implies that S(og) supports
infinitely many ergodic stationary measures.

For instance, the origin o = (0,0, 0) is a singularity of S, = So 0,00, it is not
isolated in S,(Z,), and it is fixed by I". On the other hand, if we focus on the
subset 8" = {(x,y,z) € S, ; dist(0, (x,y,z)) = 1}, then the work of Bourgain,
Gamburd and Sarnak and of Chen shows that, for p large, the group generated
by I' and the permutations of coordinates act topologically transitively on S':
every orbit in ' is dense in S’ (see [10, 19]). Thus, S’ supports a unique
stationary measure.

9. AN OPEN QUESTION

9.1. Simple examples. In the following examples, f and g are automorphisms
of A2, both defined over Z, and T = (f,g). In the first set of examples, I" has
only finitely many orbits in A%(Z), but the third example has infinitely many
orbits, and the orbits of I" in A%(Z) for the example in § 9.1.4 are “sparsed” in
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terms of height. In each case, we are interested in the number of orbits modulo
p as p increases.

9.1.1. This first example can be handled directly, without any reference to
Theorem A. Let ¢ be a positive integer. Let Q(x) be a polynomial function
of degree d > 2 with coefficients in Z. Then, we take g(x,y) = (y + Q(x),X)
and f(x,y) = (x+1,y). Suppose that p does not divide ¢. Let z = (x,y) be
an element of AZ(ZP) and let U be the closure of the I'-orbit of z. Since tZ
is dense in Z,, U is the preimage of a subset Uy of Al(Z p») under the second
projection 7(x,y) =y. On the other hand, go fog™ ! (x,y) = (x + Q(y +1) —
O(y),y+1) is in I'. Thus m(U) is invariant under the translation y — y +1¢.
This implies that U = A%(Z,), so every [-orbit is dense in A*(Z,). On the
other hand, if ¢ and Q are divisible by p, then the action of I" on A%(Z/pZ)
has at least p(p + 1) /2 orbits, and no orbit is dense in A?(Z,). This argument
also shows that when ¢t = 1, then I acts transtively on A”(Z).

9.1.2. Consider a translation f(x,y) = (x+1,y), as in the previous example,
and any loxodromic automorphism g € Aut(A%). If p does not divide ¢, every
orbit of I modulo p is the preimage of a subset of A!(Z/pZ) under the second
projection. The automorphism 4 = go fog~! acts by translations along the
fibers of the function g» := g*(y) and every orbit of & contains p points. Let d
be the degree of g with respect to the y variable. Then, one can easily verify
that I" has at most d orbits modulo p.

9.1.3. Another interesting case is when f € GL,(Z) is a linear diagonalizable
automorphism and g € Aut(A%) is any loxodromic automorphism. For in-
stance, one can take f(X,y) = (2x+y,x+Yy). Numerical simulations suggest
again that the number of orbits of I' modulo p is uniformly bounded, inde-
pendently of p. It would be interesting to adapt the techniques of [10] to this
example.

9.1.4. Let ho and g be the elements of Aut(A%) defined by
ho(x,y) = (2x+y,x+Y),
g<X7Y) = (y+X2 +57 _X)‘

Let p < 10* be a prime. Then, our numerical simulations show that if p # 5,
the group (g,hpogohy 1Y acts transitively on A%(Z/pZ); if p = 5, the origin
is fixed and the group acts transitively on A?(Z/pZ)\ {(0,0}. On the other
hand, each orbit of g alone contains at most ¢(g)plog(p) points, for p in this
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range, with ¢(g) = 2 (for other Hénon maps, c¢(g) can be larger). We have no
explanation yet for these phenomena, and we do not know whether the range
2 < p < 10* is big enough to derive precise conjectures.

p (premier)

FIGURE 1. This picture represents, for a given p, the maximal
length of an orbit of g modulo p divided by plog(p). Blue
points correspond to g1 (x,y) = (y +x>+ 5, —x), orange points
to g2(x,y) = (—y,x+y> +2), and green points to g3 = g2 0 g0
g1 where ho(x,y) = (2x+y,x+Yy) is as above.

9.2. Uniform bounds. Though our numerical simulations concern only small
primes (say p < 10%), the examples from the previous section suggest the fol-
lowing question.

Question 9.1. Let I be a non-elementary subgroup of Aut(A%). Is the number
of orbit closures of T in A*(Z,,) bounded by a uniform constant b(I) that does
not depend on p?

This question is already interesting when I contains an element f of infinite
order that is not loxodromic (as in Theorem A). This problem is also related
to the following one: under which conditions can we ensure that transitivity
modulo p (resp. some p*) implies topological transitivity over Z p (1.e. modulo
pl foralll >1)?
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APPENDIX A. A PROOF OF THE BELL-POONEN THEOREM

In this appendix, we present an alternative proof of the Bell-Poonen theorem
(see Theorem 2.1 above); we refer to [7, 8, 33] for the orginial proofs. The
method naturally provides an explicit formula for the vector field ®¢ defined
in Equation (2.7): see Equation (A.16) below.

A.1. Functional Analytic Ingredients. We use the notations R = ok, U =

R™, and R(x) from Section 2.2. On U, we use the ¢*°-norm |(x1,...,xy,)| =
max<j<m |Xi|, and on the ring R(x), we use the Gauss norm || - || defined by
&l = supa| (A.)

for every g = ¥ a;x! € R(x). If we view g € R(x) as a Tate analytic function
g: U — R, the norm is an upper bound of the function values: i.e., we have
lg(2)| < ||g|| for all z € U [9, Prop. 5.1.4/2]. The function values may not
attain the Gauss norm: see Remark 2.2 above. Note that our definition of
f=id (mod p°)in §2.3 asserts || f —id|| < p~*.

By this norm, R(X) is a complete (ultra)metric space [9, Prop. 1.4.1/3]. Al-
though R is not a field, we extend the notion of (faithfully) normed R-modules
from [9, Def. 2.1.1/1] and say that R(x) is an R-Banach space with respect to
the Gauss norm || - ||. We define the norm on R(x)"” by the supremum of the
Gauss norms on each component.

A.2. Construction of the Flow. Let A denote the R-algebra of bounded linear
endomorphisms R(x)” — R(x)", with norm given by the operator norm || - [|,.
This algebra is normal in the sense that within the extension of scalars A @z K,
the ball of radius 1 centered at the origin is precisely A.

Let f: U — U be a Tate analytic map such that f =id (mod p°) for some
real number ¢ > 1/(p — 1). By precomposition, we obtain an operator

Tr: R(x)" = R(x)"", g+>gof. (A.2)
By [18, Lem. 2.1(3)], denoting by Id the identity operator on R(x)"”, we have

1Ty =1d[|op < [lf —id][ < p~*. (A.3)
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In what follows, we denote by exp and log the usual (formal) power series

(A4)

Mg ||M8

exp(a

’“ »|m

log(1+a)=

(AS)

The proof given in Chapter IV of [26], and in particular the Proposition on
page 81 of this book, generalizes to normal R-Banach algebras (with unit de-
noted by 1, or by Id in the case of endomorphisms of R(x)™). This establishes
the following properties.

Lemma A.1. Let A be a normal R-Banach algebra.

(1) The series exp(a) converges on the ball {a € A ; —1/(p=1)1,
(2) The series log(1+a) converges on the open unit ball {a € A ;

(3) The exponential function exp(a) defines a 1-to-1 analytic map from the
ball of radius p’l/(p’l) centered at the origin to the ball of radius p’l/(p’l)
centered at the identity element 1d. Its inverse is given by log(a).

(4) In these balls, exp(a+ b) = exp(a)exp(b) and log(ab) = log(a) +log(b)
if a and b commute.

These basic properties imply that
(1+a)" =exp(nlog(l+a)) (A.6)

for any n € N and any a € A with ||a|| < p~"/(P=1). In particular, if ||a| <
p~YP=1 the map n — (1+a)" extends to a Tate analytic map

t €R— (1+a) :=exp(tlog(1+a)). (A7)

Since ||Ty —1d||,p, < p~¢, we can apply this discussion to a = (T —1Id) € A.
Doing so, we see that the map n — Tj’f extends to a Tate analytic map? € R —

T} € A. Thus, defining
@' = Ti(id) (A.8)
we obtain a Tate analytic map ®: R — R(x)” that satisfies
" = f" (A9)

for every n € N. Furthermore, to have ®'(x) = x (mod p°), we first need to
estimate exp and log:

Lemma A.2. Let a € A be an element of a normal R-Banach algebra A. If
lall < p=1/®=1), then ||exp(a) — 1] = ||l and || 1og(1 +a)|| = [lall. Further-
more, fort € R, we have ||(1+a)' — 1| = |¢] - ||a]|-
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Proof. For the estimate on exp, see [24, §5.7, Problem 182], which generalizes
to normal R-Banach algebras. The estimate implies that the self-bijection a —
exp(a) — 1 on the ball of radius p~!/(P=1) centered at the origin preserves the
norm. Its inverse a — log(1+ a) must have the same property. The last claim
follows from (14 a)" = exp(tlog(1 +a)). O

Based on this, we have
|@" —id]| = [|(7})(id) — Id(id)]|
<||Tf —1d]lop lid|
= |t|- |1y —1d|op
<p

This proves the theorem of Bell and Poonen.

A.3. Formula of the Vector Field. The proof suggested above gives rise to
a formula of the vector field. To see how, first note that, on the operator level,

1
E(T}l —1Id) — log(Id + (T — Id))

as h — 0. This follows from the definition of T}i =exp(h-log(Id+ (T —1d))).
Hence if we differentiate t — ®!(x) at t = 0, we get

i Loan 40

O/ (x) —}l%h(db DY) (x) (A.10)
1
= ]111_% (h(Tf —Id)1d> (x) (A.11)
= (log(Id + (Ty —1d))id)(x). (A.12)
This formula can be further understood as
Or(x) = (lo g(Id+ (Tr —1d))id)(x) (A.13)
o0 k 1

(T —1d)kid) (x) (A.14)

y =

k=

—

1 k—1

i ;

™=

( ) DF( T]{ld)( X) (A.15)

j=0

which gives

o k (_1yj-1 ‘
v=yy (k.>f’(X)- (A.16)

k=1 j= J

=)
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