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Control of the local photonic density of states above magneto-optical metamaterials

Philippe Ben-Abdallah®>*

! Laboratoire Charles Fabry, UMR 8501, Institut d’Optique, CNRS,
Université Paris-Saclay, 2 Avenue Augustin Fresnel, 91127 Palaiseau Cedez, France
(Dated: May 24, 2024)

The local density of states (LDOS) of electromagnetic field drives many basic processes associated
to light-matter interaction such as the thermal emission of object, the spontaneous emission of
quantum systems or the fluctuation-induced electromagnetic forces on molecules. Here, we study
the LDOS in the close vicinity of magneto-optical metamaterials under the action of an external
magnetic field and demonstrate that it can be efficiently changed in a narrow or a broad spectral
range simply by changing the spatial orientation or the magnitude of this field. This result paves
the way for an active control of the photonic density of states at deep-subwavelength scale.

I. INTRODUCTION

Tailoring the photonic density of states in the envi-
ronnement of a textured solid at subwavelength scale is
of prime importance to control the thermal emission of
solids, the spontaneous emission and the decay rate (flu-
orescence) of quantum emitters placed in the neighbor-
hood of these structures. This tuning can also be used
to modify the force mediated by the vacuum fluctuations
on neutral objects such as atoms or molecules. Since the
pioneer work of Purcell [1] on the modification of the
spontaneous emission of an object by changing its sur-
rounding environnement many strategies have been pro-
posed to sculpt the local density of states (LDOS) at a
length scale smaller than the wavelength of electromag-
netic field. Hence, nanophotonic structures such as pho-
tonic crystals [2, 3], surface gratings [4], two dimensional
systems [5, 6] or complex nanostructures [7, 8] were used
to efficiently enhance or inhibit the spontaneous emis-
sion [9, 10] and the decay rates of molecules [24, 25]. In
this paper we explore the possibility to tune the photonic
states in the close vicinity of non-reciprocal metamate-
rials made with magneto-optical materials using an ex-
ternal magnetic field and show that the LDOS can be
efficiently controled simply by changing the spatial ori-
entation or the magnitude of this field.

II. THEORY
A. Geometry and optical properties

To start, let us consider a non reciprocal metamaterial
made with a network of magneto-optical nanostructures
of permittivity €;, deposited on an isotropic substrate
of permittivivity e, as sketched on Fig.1. We assume
this system is at equilibrium at temperature T with its
surrounding environment and it is uniformly shined by
an external magnetic field Hext in an arbitrary direction.
When Heyy is parallel to the normal z of the subrate, the
permittivity tensor associated to each magneto-optical

Figure 1. Sketch of a non-reciprocal metamaterial made with
magneto-optical nanostructures of permittivity €; deposited
on an isotropic substrate of permittivity €s,,. The structure
is assumed at equilibrium at temperature T with its surround-
ing environement and it is submitted to a uniform external
magnetic field Hext in an arbitrary angular orientation.

nanostructure takes the following form in the canonical
basis [13]

E41 —i€j2 0
Ej(Hemt) = iﬁjg €41 0 y (1)
0 0 €43

where €1, €j2 and €;3 generally depend on the magni-
tude He,: of magnetic field. When the spatial orientation
of Hext is changed by rotations in the canonical basis
(x,¥y,z) as illustrated in Fig.1, the permittivity tensor
associated to each nanostructure is readily derived from
expression (2) by simple composition rules with the cor-
responding rotation matrices. In the case where Heyy is
in the (z, z) plane making an angle 6 with the normal z
to the surface the permittivity tensor of magneto-optical
material reads

2 .. 92 . 1 .
€41 €080 +¢e53sin” 6 —igjocos 5 sin(20)(g;1 — €53)

2

g = i€ 2 cos 6 €51 igjosin 6

15in(20)(ej1 —gj3) —icjosind ;1 sin® 0 + €53 cos® 6

(2)



B. Local density of states of electromagnetic field

The LDOS p(r,w) of electromagnetic field at a given
point r = (z,y,2) and frequency w can be calculated
from the density of energy of electromagnetic field

u(r,w) = eo <| B(r,w) |*> 4+po <| H(r,w) |*>,

(3)

associated to the average value of local electric field E
and magnetic field H using the general relation

u(r,w) = p(r,w)0(w, T), (4)

between this density and the LDOS. Here, O(T,w) =

hw/[e% — 1] denotes the mean energy of a harmonic
oscillator at temperature T. When the size of nanos-
tructures is much smaller than the thermal wavelength
Atn = he/kpT and the separation distance between these
nanostructures is sufficiently large they behaves as sim-
ple dipoles [14-16]. In this case, the electric field can be
related to the dipolar moments p; of nanostructures as
followed

N
E(r) = WQ;LOZgEE(IUI‘i)Pi’ (5)

i=1

with o the vacuum permeability and ¥F¥(r,v’) is the
dyadic Green tensor between the point r and r’ inside the
set of N nanostructures. On the other hand each dipolar
moment can be decomposed into the form

pi = p{luc

(6)

where the first term of rhs is its fluctuating part while
the second term is the part induced by all others dipolar

and it reads
1nd — k2 Zg
J#i

+ pine

(7)

(ri,rj)p

@; being the nanostructure polarizability, kg = < the
wavenumber in vacuum and &g is the vacuum permittiv-
ity. Inserting expression (7) into relation (6) it imme-
diately follows the relation beween de dipolar moments
and their fluctuating part

fl
Pi = ZTEE ijPj -

where Tgg is a block matrix of component

(8)

Trpi; =01 — (1 - 6;)kjo.9"F (9)

It follows that the local electric fied can be written in
term of fluctuating dipolar moments as [17, 18]

=w MOZG

(ri’rj)'

fluc
(r,r5)p; ™,

(10)

where the full electric-electric Green tensor takes the
form

G (r,1;) ZgE r,ri)Thr g (11)

i=1

For an ensemble of dipoles in free space the propagator
reads

gEE (I‘/ I'I/)
exp(ikor)

=9FEr ") =
{(14_ zkm‘—l) 14

k2r2
wherer=r/r,r =1’ —r” and r =| r | and 1 stands for
the unit dyadic tensor. When the dipoles are located in
vacuum above a solid material the propagator reads

gEE (I‘l, I‘N) = gOEE (I‘/ I‘”) + gEE,sc(r/’ I‘”),

drr

(13)

where the second term of rhs describe the scattering by
the interface between the vacuum and material.

C. Electric-electric dyadic Green tensor for the reflected field

When the dipoles are located in vacuum above a solid
material the propagator reads

gEE (I‘/, I_//) = gOEE (I‘/ I_//) + gEE’SC(r/

),

where the second term of rhs describe the scattering by
the interface between the vacuum and material. This
scattering term can be written as an integral with re-
spect to the modulus k of the modulus of the parallel
component £ = (kz, ky) of wavevector (i.e. parallel to
the 2 — y plane) (see Fig.2) as [19]

_/°° dk

(14)

gEE,SC(r/7 I_//) (15)

e;vp(zkz | 242" |)[r*See + r"PgE) (16)

where k, = \/k% — k? is the normal component of the
wavevector in vacuum while r° = % and r? =
z

% are the ordinary Fresnel coefficients of the inter-

face associated to waves of polarization s and p, respec-
tively, k.2 = /e2k? — k? being the normal component
of wavector inside the substrate. In this expression the
scattering matrix $ and IP can be readily calculated using
the Sipe formalism [20] and they read

A —-CQO
Sgp=| —C B 0|, (17)
0 0 0
1 —kgB —k?cC —k,kE
IPEE = ? —kch —k‘gA —]{?ZHJD 5 (18)
k.,kE k,kD k*F



Figure 2. Coordinates system associated to the Green tensor
between a source S (dipole) located at point r and an obser-
avtion point O at r’ above a substrate.

with
A= %[Jo(md) + Ja(rd) cos(26)], (19)
_ %[Jo(nd) — Jo(kd) cos(26)], (20)
C= %Jg(lﬁd) sin(2¢), (21)
D = iy (wd) sin(6), (22)
E = iJ;(kd) cos(¢), (23)
F= Jo(Kd), (24)

J; denoting the Bessel function of order i, d =
V(@ —2")2 + (y — y”)? is the distance between the pro-
jection of two points r’ and r” on the z —y plane and ¢ is
the angle of this projected vector and the z-axis (Fig.2).

D. Magnetic-electric dyadic Green tensor for the reflected
field

Let us start by considering the case of a set of dipoles
in vacuum. The local magnetic field H is related to the
electric field E by the Faraday relation

H= VxE. (25)
WHo

With a single electric dipole the electric field reads

E= WQMOgoEEP (26)

so that

H = iwV x 4FFp. (27)
Thus it immediately follows

GHE =V x gFE. (28)
After a straightforward calculation we get

i 1) )

4mr r kor

gOHE (r/7 I‘”) — eXp(ikoT)

where r ® 1 denotes the cross product of r with each
column of the unit dyadic tensor. Following the same
reasoning as for the electric-electric Green tensor the full
magnetic-electric Green tensor reads

GPE(r,1j) Z%HE )Ty s (30)

where Ty is obtained by substituting ¥5F — @HE

into Tgg. It follows that the local magnetic fields reads
in terms of fluctuating electric dipoles

N
H(r) = iw) G"7(r,r;)pl". (31)
j=1

Above an interface we must add the scattering part of
Green tensor to the propagator in vaccum which is given
by

gHE,sc(r/ I‘H) =V x gE‘E,SC(r/ I_Il)

oo d .
:/0 —:nﬁexp(zkz | 2+ 2" Nr*Sue + r*Pygl.

(32)
In this expression
ik, C —ik,B 0
SHE = ’Lk‘ZA zsz 0 (33)
0 0 0
and
ikgC ikgA ikgnD
IPHEZ —Zkg’B —zki’C —’L'kgKE . (34)
0 0 0

E. Correlations functions of fields

Tt follows from expressions (10) and (31) that the cor-
relation functions of electric and magnetic fields reads

<| E(r,w) [*>= wpd

X Z Z GEE (r,r;)GEE*

i,7 l,k,n

(r,r5) <plyplt >, (39)



<|H(r,w) *>= —w?

XZZG (r,1;)GIEE* (v, r5) <plfkpﬁl >, (36)
i,J l,kn
where G#}Z denotes the [k component of Green tensor

and p/, is the k*" component of i fluctuating dipole.
But according to the fluctuation dissipation theorem [21],
the correlations functions of dipolar moments read

W] = 2 (@in = @100, T80, (37)
where O(T,w) = hw/[e’“%T — 1] denotes the mean en-

ergy of a harmonic oscillator at temperature T', &; is the
polarizability associated to the i** dipole and J,p is the
usual Kronecker symbol. As, the polarizability tensor is
concerned, it can be described, by taking into account the
radiative corrections, using the following expression [22]

_ k3 -1
aw) = (1-ipao) don 69
where g, denotes the quasistatic polarizability of the i*"
particle and & = w/¢, ¢ being the speed of light in vac-
uum. For spherical particles in vacuum, the quasistatic
polarizability takes the simple form

Qo;(w) = 4R} (8, — 1) (8, +21) ', (39)

where R is the radius of particles. Of course others shapes
can be considered without changing the general formal-
ism previously introduced.

F. Resonance frequencies of a small magneto-optical particle

Let us consider a simple particle of permittivity € un-
der the action of an external magnetic field Heyxt which is
in the (z, z) plane and makes an angle 6 with the z axis.
The resonance frequencies of the particle are the frequen-
cies where the polarizability diverges without loss. But,
according to expression (39), the quasi-static polarizabil-

ity is resonant in vacuum when the matrix (& + ﬁ)_

diverges that is when det (2 +21) = 0. It is easy to show,
after a straighforward calculation that

det(g + Qi) = adf + ae® + b f — 2bce — *d,  (40)
with

a =e1cos” 0+ e3sin? 0 + 2, (41)

b =igscosb, (42)

c= % sin(20)(e1 — €3), (43)
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Figure 3. Resonances frequencies of an InSb particle in the
(w, Hext) plane. The plot shows the function f(w, Hezt) =
In (|(53 +2)[(e1 +2)* - 5§]|_1).

d=¢1 +2, (44)
e =1iegsinb, (45)
f=c¢1sin%0 + e3cos® 0 + 2, (46)

When 6 = 0 (i.e. Hext is paralel to z) then ¢ = e =0
and the resonant modes frequencies are the roots of the
following equation

f(ad +b*) = 0. (47)

Written in term of components of permittivy tensor, this
equation decomposes into

e3(w)+2=0 (48)
and

[e1(w, Hept) + 2] — e2(w, Hepy) = 0. (49)

The first equation is independent on the magnetic field
(it corresponds to the vertical bright branch in Fig.3) and
it corresponds to the classical resonance condition for a
reciprocal spherical particle of permittivity e3 in vacuum.
On the other hand, Eq. (49) can be decomposed into two
distincts equations

gl(wvH(iIt) - 62((-‘-}’ He;ct) +2= Oa (50)

sl(waHext) + 52(“}3 He:ct) + 2= 07 (51)

which both depend on the magnitude of external mag-
netic field as shown in Fig.3 for the two oblique branches.
This spectral spliiting is similar to the Zeeman splitting
of the electron levels inside a magnetic field. When 6 = 5



(i.e. Hext is paralel to x) then b = ¢ = 0 and the res-
onant modes frequencies are the roots of the following
equation

a(df + €*) = 0. (52)
which gives exactly the same roots as Eqgs. (50) and (51)
confirming so that the resonance frequencies of a single
magneto-optical particle does not obviously depends on
the orientation of external magnetic field. Of course, this
is not true anymore in presence of other particles where
these resonances closely depend on the interplay between
the different particles and therefore on their spatial dis-
tribution.

III. TAILORING THE LDOS

To show the potential of non-reciprocal metamateri-
als for controlling the photonic states we calculate the
LDOS in the neighborhood of simple networks. Here the
goal is not to make an exhaustive study of the LDOS tai-
loring but to simply highlight the potential of magneto-
optical metamaterials to control it. To this end we study
networks made with magneto-optical nanoparticles of in-
dium antimoniure (InSb) . In this case [23]

W2 — W2 w2 (w + i)
Hez — 1 L T p )
2
EooW We
Heib = P )
2(Hext) @+ 7)? =7
2 2 w2

wi —w
£3=€co [ 1+ LT __ _ ). (53
8 oo( wi —w? —iTw  w(w+1iy) (53)
For the numerical applications we assume that the di-
electric constant at infinite-frequency is e, = 15.7

the longitudinal optical phonon frequencywy = 3.62 x
1083 rads™! is , the transverse optical phonon frequency

is wr = 3.39 x 103 rads™', the plasma frequency of
2

free carriers of density w, = (#)1/2 with the
0800

density n = 1.36 x 10 cm™3. The effective mass is
m* = 7.29 x 1073%2kg, ¢ being the vacuum permit-
tivity, I' = 5.65 x 10 rads™! is the phonon damping
constant,y = 3.39 x 10*2 rads™! is the free carrier damp-
ing constant, and w. = eH.,:/m* is the cyclotron fre-
quency with e the electron charge.

A. Single particle

We first consider the simplest case shown in Fig.4
where a single InSb nanoparticle is deposited on a trans-
parent substrate (cs,5 = 4) and we calculate the LDOS
above this particle when the external magnetic field is ro-
tated from the direction normal to the substrate surface
to the direction parallel to it.

T

g 10°L 3
- L n Y
2 F i RS
- s 1 I\ -
QS 10°E A iy ~
F & N 4 Y
I 7 N AN
10'F s £
F 1_‘.—"’ Hext Iz I'\-.\
0 L=’ .,
10°F™  mmme— H,, // x i
8 -« - vacuum
10-1 1 1 L 1 L | I J
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2
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Figure 4. LDOS of electromagnetic field at z = 3R in vacuum
above a InSb spherical particle of radius R = 50nm placed on
a substrate for an external magnetic field Hext (magnitude
H.»+ = 5T) oriented along the x and z axis. The substrate
is a semi-infinite transparent substrate (es4 = 4). The dou-
ble dashed curve corresponds to the LDOS above the InSb
particle without substrate. The system is at equilibrium at
temperature 7" = 300 K. The LDOS p is normalized by the

LDOS puac =

w2 H
—5 3 1 vacuum.
T

We observe that the LDOS is mainly pronounced at
the resonance frequencies solutions of Eq. (50) and (51)
. Moreover the presence of a substrate enhances signif-
icantly the LDOS. This result is well known since the
pioneering works of Drexhage et al. [24] and Chance et
al. [25] on the molecular fluorescence emission of excited
atoms or molecules which strongly depends on their close
environment. On the other hand, the LDOS above the
particle is qualitatively independent on the orientation of
applied magnetic field (Fig.4). Indeed, in a single particle
system there is no configurational resonance [26], so that
the LDOS spectrum keep the same shape when the mag-
netic field is rotated. But, the situation radically changes
in more complex networks where the interplay between
the different particles (i.e. collective modes) start to play
a role.

B. Dimer of particles

To illustrate these changes we consider a simple dimer
of InSb particles in vacuum and above substrate and we
investigate its behavior under a change in the orentation
of applied magnetic field. The LDOS at z = 3R between
the two particles plotted in Fig.5-a shows the presence
of a peak at the resonance frequency where e3 = —2
when the magnetic field is tilted with respect to the z
axis while the LDOS remains elsewhere invariant with
this rotation. To analyze the origin of this singular be-
havior we calculate the electromagnetic field radiated by
permanent dipoles in given orientations under the action
of external magnetic field. The corresponding electric



ans magnetic fields are calculated from expressions (10)
and (31) using (unitary) permanent dipoles rather than
fluctuating dipoles.

| —— 0=()°
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Figure 5. (a) LDOS at z = 3R of electromagnetic field above
a dimer of InSb particles (radius R = 50 nm) in vacuum sep-
arated by a distance d = 6R under the action of an external
magnetic field He;: making an angle # with the z axis in the
(x,z) plane. (b) Magnitude of electric field radiated between
the two particles at z = 3R by two permanent (nomalized)
dipoles oriented in opposite direction along the x axis . (c)
Magnitude of magnetic field in the same conditions. The mag-
nitude of applied magnetic field is Heyt = 57

The results are plotted in Fig. 5-b and 5-c when the

dimer is in vacuum and the dipoles are oriented along
the dimer axis. This calculation shows that both the
electric and the magnetic fields are enhanced in the cen-
tral region where we observe a drastic enhancement of
the LDOS under a tilting of applied magnetic field. It
is worthwhile to note that although the magnetic field
present, a resonance peak its magnitude is insufficient to
contribute to the LDOS in the infrared, the latter being
mainly driven by the electric field. Also, we observed
(not shown here) that the fields radiated by the perma-
nent dipoles oriented in all other directions in the canon-
ical basis present similar features but these fields are less
prominent and therefore do not contribute significantly
to the LDOS. In presence of a substrate (see Fig.6-a) the
LDOS is overall enhanced and the central peak ( Fig.6-a)
hybridizes into two peaks at lower and higher frequency
when H.,; is tilted with respect to the normal of the sur-
face while the peak at low frequency is almost impercep-
tible under normal incidence. Once again this behavior
can be linked to the field radiated by the permanents
dipoles oriented in all possible directions. These fields
are plotted in Figs.6-b,c and d and they reveil that the
peak at high frequency is mainly related to the perma-
nent dipole oriented in the direction normal the surface
(Fig.6-d). while the peak at low frequency results from
the dipoles oriented both in the z and x directions (see
Figs.6-b and 6-d). As shown in Figs.7 these peaks corre-
spond to the resonance frequencies of the system which
are solution of the transcendental equation

| Tee(w) |7'=0. (54)

The comparison of resonances spectrum without sub-
strate (Figs.7-a) to the one in presence of a substrate
(Fig.7-b) shows that, on one hand, the substrate is re-
sponsible for a hybridization of the central resonances
into two resonances at higher and lower frequency and is
also responsible for an enhancement of resonance peaks
in the LDOS as in the case of a single particle (dipole). It
is worthwhile to note that a change in the orientation of
external magnetic field mainly impacts the magnitude of
resonance peaks and not the resonance frequencies them-
selve.

C. Triangular network of particles

To finish we consider a regular triangular network of
InSh particles (see Fig.8-a) both in vacuum or on a trans-
parent substrate (¢4, = 4) and we show that the LDOS
above this system can be efficiently tuned (see Fig. Fig.8-
b) simply by changing the orientation or the magnitude
of Hext-  When the set of particle is in vacuum ( Figs.8-
b and 9-a) we see that a tiny change in the orientation of
external magnetic field allow for a drastic variation of the
LDOS. Hence a rotation of H.,; by only Af = 1° with
respect to the normal of triangular network increases the
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Figure 6. (a) LDOS in the same system as in Fig.5 (Heqt =
5T) in presence of a substrate (s = 4). (b)-(c) and (d)
Magnitude of electric field radiated by two permanent (no-
malized) dipoles oriented in opposite direction along the x, y
and z axis, respectively.
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Figure 7. Resonance frequency for a dimer of InSb particles
(radius R = 50 nm) separated by a distance 6 = 6R (a) in
vacuum and (b) on a transparent subtrate (54 = 4) under
the action of an external magnetic field of magnitude Hez: =
5T making an angle 6 with the z axis.

value of the LDOS by almost two orders of magnitude.
This increase rises up to more than four orders of mag-
nitude with a rotation of A9 = 5° and even rises up to
five orders of magnitude when 6 = 45°. In Figs. 9-b and
9-c, we see also that, due to the change of the location
of resonance frequencies of particles with the magntidue
of H.y:, the LDOS can be modified over a broad spectral
range by tuning this magnitude. When the network is on
a transparent substrate, we see in Fig.10-a that, as for a
dimer, the interface enhances the LDOS over all the spec-
tral range. More interesting we see that the LDOS can
be modulated by a factor of almost three over a broad
spectral range simply by tilting the applied magnetic field
by 45 degrees. For the highest frequency of hybridized
modes (Fig.10-b) this modulation can even be modulated
by one order of magnitude with this angular variation and
by a factor 5 (Fig.11-a) with a tilting of H.,; by only 5
degrees. As for the case were the network was in vacuum,
the LDOS can be modulated by several orders of magni-
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Figure 8. LDOS of electromagnetic field above a regular net-
work of InSb particles under the action of an external mag-
netic field Hey: making an angle 6 with the z axis in the (x,z)
plane. (a) Particles network, regularly arranged, in vacuum,
on an equilateral triangle inscribed inside a circle of radius
3R (i.e. triangle side of length d = 9R/+/3). (b) LDOS at
h = 3R above the center of triangular network for two differ-
ent orientation of magnetic field. The magnitude of magnetic
field is Heyy = 5T

tude over a broad spactral range simply by changing the
magnitude of applied magnetic field (Fig.11-b).

IV. CONCLUSION

In conclusion, we have investigated the photonic den-
sity of states near magnteo-optical metamaterials in pres-
ence of an external magnetic field and demonstrated that
it can be significantly modified at subswavelength scale
by changing the spatial orientation or the magnitude of
this control parameter. We have shown that the con-
tribution of different resonant modes supported by the
structure can be selected by an ad hoc tunning of exter-
nal magnetic field. These results provide a pathway for
an active control of the LDOS and it could find broad
applications ranging from the control of the spontaneous
emission of quantum dots or atoms to the manipulation
of molecules placed in the close vicinity of these media.
By combining non-convex optimization techniques [27]
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Figure 9. LDOS of electromagnetic field at z = 3R in vacuum
above the same triangular network as in Fig.5 under the action
of an external magnetic field Heq+ (a) vs its orientation angle
0. The magnitude of magnetic field is Heat = 57. (b) LDOS
vs the magnitude of H.,: when 6 = 5°. (c) Zoom of Fig. 6-b
in the central spectral region.

and knowledge in the areas of many-body interactions
a computational design of non-reciprocal metamaterials
could be performed in order to make an ad hoc sculpting
of the LDOS.
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