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ON THE BLOCH-KATO CONJECTURE AND IWASAWA MAIN CONJECTURE
FOR GO4

GIADA GROSSI, DAVID LOEFFLER, AND SARAH LIVIA ZERBES

ABSTRACT. We prove the Bloch—Kato conjecture for critical values of Asai L-functions of p-ordinary
Hilbert modular forms over quadratic fields (with p split); and one inclusion in the Iwasawa main
conjecture for these L-functions (up to a power of p).

Nous prouvons la conjecture de Bloch—Kato pour la fonction L Asai pour le formes modulaires
Hilbert p-ordinaires associees a une extension réelle quadratique dans laquelle p decompose. Egalement
nous obtenons une inclusion de la Conjecture Principale d’Iwasawa.

1. INTRODUCTION

1.1. Setting. The Bloch—-Kato conjecture, which relates the dimensions of Selmer groups of geometric
Galois representations to the order of vanishing of their L-functions, is one of the outstanding open
problems of number theory. One of the most successful approaches to this problem so far has been via
the method of Euler systems.

In this paper, we use this method to prove one inclusion of the cyclotomic Iwasawa Main Conjecture
(Theorem and the Bloch—Kato conjecture (Theorem for the Asai L-functions of Hilbert
modular forms over real quadratic fields (under various technical hypotheses, see below).

Via a theorem of Ramakrishnan (defining an “Asai transfer” from automorphic representations of
Resp/q GL2 to automorphic representations of GL4), these L-functions can also be identified as L-
functions of automorphic representations of GL4. Conversely, one knows that any cuspidal automorphic
representation of GL4 /Q which is essentially self-dual (i.e. there exists a character x such that = =
¥ x x) is in the image of one of the following functorial transfers (which are not mutually exclusive):

(a) the spinor transfer from GSpy;
(b) the Rankin—Selberg transfer from GLs2 x GLo;
(c) the Asai transfer from Resp/q GL2 for F' a quadratic field extension.

(Case (a) corresponds to Langlands parameters factoring through GSp,, and cases (b) and (c) correspond
to parameters factoring through GOy, with the projection to GO4 / GSO4 22 {£1} being trivial in case
(b) and the quadratic character associated to F' in case (c).)

The theory of Euler systems has been successfully applied to the first two cases in [KLZ17] and [LZ20]
respectively, so it is natural to focus on case (c). We shall also suppose that 7 is regular algebraic; then F
must be a real quadratic field (rather than imaginary), and 7 arises from a Hilbert modular automorphic
representation II of GLg /F of weight (k1 + 2, ks +2) > (2,2) with k1 # ko. Moreover, we shall suppose
k1 = ko mod 2, so that II is “paritious”. This implies that the central value of the L-function is at
a half-integer rather than an integer; so the critical values are automatically non-vanishing, and the
Bloch—Kato conjecture becomes the assertion that the Selmer groups of the critical twists of the Galois
representation of 7 are zero. This is what we show in

1.2. Main results. The main theorems of this paper are the following:

Theorem A. Let I be an automorphic representation of Resp/q GLa of weight (k1 +2,ka+2), for some
k1 > ko > 0 with k1 = ko mod 2, and level N1i; and B a prime of the coefficient field of II, above some
rational prime p > 2. Suppose that

e p is split in F,

o II is unramified and ordinary at the primes above p,

e the Galois representation satisfies a “big image” condition (see Assumptions m),

e the local Euler factor P,(II, X) does not vanish at p’ for any j € Z.

Then:

Supported by European Research Council Consolidator Grant No. 101001051 (SHIMBSD) (Loeffler) and US National
Science Foundation Grant No. DMS-1928930 (all authors).
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° (Theoremm) For each j with ks +1 < j < k1, the Bloch-Kato Selmer group of V;JAS(H)*(—j) is
zero.

° (Thezﬂ’em The characteristic ideal of the dual Selmer group of II over Q(up~) divides p” -
L, as(I) for some r = 0, where L, as(II) is the p-adic Asai L-function for II constructed in
[GLZ234).

For more details of the notations and the definitions of the objects involved, we refer to the body of
the paper.

Although the statements of these theorems involve only a single automorphic representation II, our
proof relies crucially on the use of p-adic families of automorphic representations (Hida families). More
precisely, we consider a two-parameter family II of automorphic representations specialising to II, with
both components of the weight independently varying, and we prove the following theorem:

Theorem B (Theorem {4.5.1). There exists a 3-variable p-adic Asai L-function for I, interpolating all
critical values of the L-functions for all specialisations of I1.

On the other hand, Sheth [She24] has shown that the Euler system construction of [LLZ18] also
extends to such families; and the regulator formula that we proved in [GLZ23b] gives a relation between
these objects after specialising at suitable (non-classical) points. In order to derive from this an explicit
reciprocity law relating the Euler system and L-function in the critical range, we need to show that the
p-adic Eichler—Shimura comparison isomorphism, relating étale and de Rham cohomology, “interpolates
in Hida families” in a suitable sense (analogous to results of Ohta [Oht00] and Andreatta—Tovita—Stevens
[AIS15] for GLs /Q). In our setting, we would hope for an isomorphism between two free rank 1 modules
over O(U), where U is a small neighbourhood in weight space over which II is defined: one module arising
from higher Hida theory which interpolates coherent H! of Hilbert modular varieties, and another which
is D5 of a rank-1 subquotient of the Asai Galois representation of II. The Eichler—Shimura map gives
canonical isomorphisms between the fibres of these modules at classical points, and we would hope for a
single O(U)-module isomorphism having all of these “pointwise” isomorphisms as specialisations. What
we actually prove is something a little weaker:

Theorem C. There exists an isomorphism between the above modules after base-extending to Frac O(U),
interpolating the Eichler—Shimura isomorphisms for all but finitely many classical points. Moreover, the
composite of this isomorphism and Perrin-Riou’s requlator map sends the FEuler system to the p-adic
L-function.

Note that the proofs of both halves of the theorem are intertwined: we use the Euler system and
regulator formula in order to derive the existence of the meromorphic Eichler—Shimura isomorphism.

Theorem C, together with the results of [LLZ18], immediately imply Theorem A as long as II is not one
of the finitely many “bad” specialisations. We conjecture that such bad specialisations do not actually
exist, but we cannot rule it out with the presently available techniquesﬂ Hence we carry out a leading
term argument, adapting methods developed in [LZ20] for the standard (rather than Asai) L-functions
of quadratic Hilbert modular forms, to show that one can recover a modified version of the Euler system
which is related to the L-function even at “bad” specialisations. This gives Theorem A.

Acknowledgements. Parts of this paper were written while the authors were in residence at MSRI (now
known as Simons Laufer Mathematical Institute) for the 2023 semester program “Algebraic Cycles, L-
Values, and Euler Systems”. We are grateful to MSRI for offering such a fantastic working environment.

2. SETUP: HILBERT MODULAR FORMS

2.1. Notations. Let F' be a real quadratic field of discriminant D, and let G = Resg GL,. We fix a
numbering of the embeddings F' — R as {01, 02}. The Weyl group of G is isomorphic to (Z/2Z)x (Z/2Z),
with generators wy and ws (corresponding to the o;).

Let H = GLo, with ¢ : H — G the natural embedding. We write By and B¢ for the upper-triangular
Borel subgroups.

Let J € {G,H}. For a neat open subgroup K of J(Ay¢), write Y i for the Shimura variety of J of
level K, X i for a toroidal compactification, and D; = X ; — Y for the boundary divisor.

A weight for G will mean a tuple of integers (ki, ko; w) with w = k; = ko mod 2. If p is a weight, we
have a locally-free sheaf w” on X¢ k/F, whose sections are Hilbert modular forms of weight .

IThis would follow from work in progress by Birkbeck and Williams, aiming to prove an interpolation of p-adic Eichler—
Shimura maps in higher Hida, or Coleman, families of Hilbert modular forms using perfectoid methods.
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Note 2.1.1. As an abstract sheaf w,, does not depend on w; but the action of Hecke operators on it does.
With our conventions, if q is a prime of F' which is trivial in the narrow ray class group modulo Zg N K,
the action of (¥ , ) on RT'(X¢,k /F,w") is multiplication by (#Or/q)". o

2.2. Asai L-functions.

Definition 2.2.1. Let II be the unitary cuspidal automorphic representation of G(A) generated by a
holomorphic Hilbert modular newform of weight (k1 + 2, ks + 2), for some integers k1, ko > 0, and some
level N < Or.

We define a$ (IT), for each ideal n < Op, to be the Hecke eigenvalues of the new vector of IT, normalised
in the analytic fashion, so that [ag(II)| < 2 for each prime q { Ni. For each such prime q we let o and
Bq be the Satake parameters of Il (so that |ag| = || = 1 and ag(Il) = ag + 53).

Note 2.2.2. By a rationality theorem due to Shimura [Shi86l Proposition 1.2], if we choose w with
k1 = ko = wmod 2 (so that pu = (k1, ke;w) is a weight), there exists a number field L C C (depending
on TI) such that the quantities N(n)(“*+1/24° lie in L, for all integral ideals n. Extending L if necessary,
we may assume that L also contains the images of the embeddings o; : F' — R, this is automatic if

k1 ?é ko. <&
Definition 2.2.3. We define the imprimitive Asai L-series of II to be the function

LiP(TLs) = Lovy (%0 25) Y an (1)

n
)
'rLEZ;l

nS
where x s the restriction to Aé of the central character of 11, and (N) denotes omitting the Euler factors
at the primes dividing N = N N Z.

Note 2.2.4. The imprimitive L-function Lgr;p(l_[, s) may differ by finitely many Euler factors from the

“true” Asai L-series Las(II, s) whose local factors are defined using the local Langlands correspondence.
S

Notation 2.2.5. We write Las(I1, s) for the shifted L-function
EAS<H) S) = LAS(H? s — %)a
and similarly for the imprimitive version.

This shift ensures that the Dirichlet-series coefficients of L£as(II, s) and EiAH;p(H, s) are algebraic inte-
gers; it corresponds to the conventional normalisation for Rankin—Selberg L-functions (which are “Asai
L-functions for the degenerate quadratic field Q x Q7).

Note 2.2.6. The critical values of La4(IL, s) are the integers satisfying ko +2 < s < ky + 1 if k1 > ko,
and similarly if k1 < ko. (There are no critical values if k1 = k».) o

2.3. Hecke eigensystems. We let U; (M) denote the open compact subgroup {g € G (A¢) : g =
(1) mod N}, so that the space of Uy (N )-invariants of ¢ (the new subspace of Ilt) is one-dimensional.
Definition 2.3.1. Let S be a finite set of primes containing all those dividing discp;q - Nmp/q(Nm);
and write TS for the abstract Hecke algebra L|G(AF) ) G(Z%)] = LI{Ty, Sy, S;t:q ¢ Sp}] (where Sp is
the set of primes of F' above S).

Note 2.3.2. If we choose II of weight (k1,ks) as above, and also a w such that (ki, ko;w) is a weight,

then TI¥ @ || - || ~*/? is definable over L as a G(Af)-module, and hence the action of the Hecke algebra
on its G(Z%)-invariants gives a ring homomorphism

A tT® =L, Ty~ Nm(q)™“ ™26 (I1),  Sq— Nm(q)"xm(w,),
whose kernel we denote Iﬁ. o

Now let p ¢ S be a prime, and assume that p is split in F', say (p) = p1p2. We can, and do, fix a
prime P of our coefficient field L above p such that p; is the preimage under o; of the prime .
Notation 2.3.3. Let Iw(p) = {g € G(Z,) : g = (&) mod p}, and for i = 1,2 let Uy, and Uy, be the
Iw(p)-double cosets of (w"i 1) and (1 @, ) respectively, for any uniformiser wy,, at p;.

Definition 2.3.4. By a p-stabilisation of II, we mean a choice of one of the Satake parameters (which

we denote WLOG by of ) at each of the primes p; | p.
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Remark 2.3.5. The p-stabilisation defines choices of eigenvalues for the operators Uy, , or their transposes
U;,i, at level Iw(p). We normalise these operators in such a way that their eigenvalues are

o = pkit /240 (not p(w/242).
This normalisation is less canonical (it depends on the choice of ideal B | p of L), but will work better
for p-adic interpolation; in particular, the valuation of a; lies in the range [0, k; + 1]. o

Definition 2.3.6. For i = 1,2, we say that II is ordinary at p; if vy(a;) = 0; and II is ordinary at
p if it is ordinary at both p1 and po.

Definition 2.3.7. Let T denote the product of TSP} and the subalgebra of L|G(Q,) / Iw(p)]

IW,U}1
generated by Uy, and Uy, [sic; the roles of the primes are not symmetric].

As before, the choice of a p-stabilisation defines a character A3 of TS

1 !
T, Tw,w: Fw.w, (sending Uy to a; and

Up, to az), and we let Iﬁ be its kernel.

JIw,wy
2.4. Coherent cohomology and periods.

Notation 2.4.1. For = € {sph,Iw}, write Yg . for the Hilbert modular variety Yo (U1 (NH)(”)KP,*),
where
) G(Z,) when * = sph
P Iw(p) € G(Zy) when x = Iw
We assume, for simplicity, that N does not divide 6 discp/q, so that Uy (Nm) is sufficiently small in

the sense of [LLZ18|, Definition 2.2.1]. Then Y spn and Yg 1w are smooth Q-varieties. Let X . be a
smooth projective toroidal compactification of Y ..

Proposition 2.4.2. The space

Sun (1) 1= H' (X /Ly 545729 (= D) ) 1]
is 1-dimensional over L, and is independent of the choice of S (and independent of the toroidal boundary
data up to a canonical isomorphism). (Il

(The label w; refers to the first generator of the Weyl group (Z/2) x (Z/2); the identity element would
correspond to holomorphic Hilbert modular forms.)

Definition 2.4.3. Let np be a basis of the space Sy, (II) over L.

Remark 2.4.4. Over C this space has a canonical basis given by the comparison between coherent

cohomology and automorphic forms. The ratio between this basis and 7y, uniquely defined as an element
of C*/L*, is Harris’ occult period Qoo (IT) for II. See [GLZ23al §6.2]. ©

Similarly, we define
Sy 1w () = H' (XG,IWW(_kl’sz'_Q;w)(_DG)) [Ig,lw,wl]'
This is also 1-dimensional, and there is an isomorphism S, (II) = Sy, 1w (II) given by

B ) ( Ba > .
2.1 1-— 1-— r
( ) < U};1 UP2 P

where pr: X¢ 1w — X¢ spn is the natural degeneracy map (c.f. [GLZ23al §6.1]).

2.5. P-adic L-functions. We recall the construction of the 1l-variable Asai p-adic L-function from
[GL.Z234].

Theorem 2.5.1. Assume that k1 > ko and II is ordinary at p1. Then there exists L, as(IL;n) € AL(Z;)
such that for every s € Z with ko +2 < s < k1 + 1, and every Dirichlet character v of p-power conductor,
we have

_ . F(s)T(s—ky—1) Las(IL, v, 5)
1 S LIMP (TT. As(TI kitkao+2y | . >
/z? v @)z p’AS( ) = Ep(As(ID, v, s ) 2k1g— L=k (—2qj)2s—kat1 QI

Here, E,(As(I), v, s) is the modified Euler factor as defined in [GLZ23al Def. 1.2.2]. There is also an

imprimitive variant Ei;fs(ﬂ) interpolating the values of L3P (TT).

Proof. This is Theorem C in op.cit. (with s substituted by s — W, and (k1,ke) by (k1 + 2, ke +2),
corresponding to the shifts of normalisations for this paper). O
4



2.6. De Rham and étale cohomology.

Definition 2.6.1.
€ enote € 4-a1mensiona. sait atols representarion associate 0 B efinea as
1LtV§SHd te the 4-di jonal Asai Galoi tati jated to I1, d d

Vmés(n) = HéQt,c(YG,Sph/Q7 Vét,Lm)[Ig]
where Ve 1q, 15 the étale local system of Lseg-vector spaces determined by (k1, ko;w). We twist this
by a power of the cyclotomic character so it is independent of w and has Hodge—Tate weightaﬂ
{0, =1 — ki, —1 — kg, =2 — ky — ka} (c.f. [LLZIS, Def. 4.4.2)).
(2) Let
D () = Ly ® Hag (Yo ,spn/L, Var, o)1),

where Var, 1, is the denotes the vector bundle with connection determined by (k1, ko;w) (c.f. [GLZ23b]
§2.2]).

As p ¢ S, the restriction of V = VfS(H) to the decomposition group at p is crystalline; and we have

a canonical comparison isomorphism

Dcris (Qp7 V‘,I?S(H)) = D‘%S(H>7
compatible with the Hodge filtration.

We also have additional plectic structures on these spaces (cf. [LZ23]). Firstly, the Hodge filtration
can be refined to a “Z2-filtration” in the sense of [NS16]; concretely, this meas that there are two 2-
dimensional subspaces Fil{ and Fil of D%S(H), whose sum is Fil' and whose intersection is Fil* T#212,
Then S, (II) ® Ly is identified with Filj /(Fil{ NFily).

Remark 2.6.2. Note that if ky > ko, then Fil] is a step in the Hodge filtration, but FilJ is not; and vice
versa if k; < ko. If k; = ko then neither of them are. o

Secondly, we have partial Frobenii ¢1 and o acting on D%S(H), with v1p9 = a1 = ¢; and the
eigenvalues of ¢; are a; and [3;.

Proposition 2.6.3 (see [LZ23l Theorem 2.2]). If oy has sufficiently small slope, then the intersection
Fily D%S(H) N D%S(H)(leal) is 1-dimensional, and maps isomorphically to
Filj
Fil{ NFily

If II is ordinary at p, then the subspace D;f‘f(l’[)“’lzo‘1 is weakly admissible, so arises from a 2-

=~ Sw1 (H) Xy Lq3.

dimensional subrepresentation }-1+ V C V, and similarly for .7’-'2+ V'; the intersection of these is the unique
one-dimensional unramified subspace. Hence the subspace Filj D%S(H) N D%S(H)(W:O‘l) also maps iso-
morphically to Dcris(fl"’V)/Dcris(ffrV N }"QJFV)7 and we obtain an isomorphism

Fiv
Fvn }'2+V>
Dually, we let .7-";' V* C V* be the annihilator of }“;FV, so we can regard ESr ., (7r1) as an isomorphism

f+v* ‘F"FV* ~
D.... (1;‘2) = Ly
FV

(22) ESH,wl : Swl (H) = Dcris (

3. HIDA FAMILIES

3.1. Families of eigensystems. Let us choose an “initial” weight (ki, ko;w), with k; > 0. We shall
consider families of eigensystems around a neighbourhood of this weight. Let F be a finite extension of

Qp.
Notation 3.1.1. Let T denote the product of the prime-to-Np Hecke algebra TW) (with E-coefficients)
and the polynomial ring in formal variables U, , U,, and their inverses.

Definition 3.1.2. Fori=1,2 letU; C W = (Spf A)fég be an open affinoid containing 0; and let

Ky, - Z; — O(L{l)
be the universal weight. A p-adic family of eigensystems over U = Uy xUs of weight (k1 + 2k, , ko + 2k, w)
and level N is a homomorphism T — O(Uy x Us) with the following property:

2For us the Hodge—Tate weight of the cyclotomic character is 1.
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o For every P = (aj,a2) €U N Z2 with k; + 2a; > 0Yi, the composite homomorphism
T—-OU)—E

given by evaluation at P is the Hecke eigenvalue system associated to a p-stabilisation of II[P], for
some cuspidal automorphic representation II[P] of GLy /F of level M and weight (k142a, ka+2a2; w)
and some embedding of its coefficient field into E.

We denote such a family by IL. We say that 11 is p-ordinary if the Hecke eigenvalues of U, , Uy, and
their inverses acting on Il are power-bounded.

By standard results due to Hida, we see that for any given II of weight (k1, ko;w) and conductor M0,
with k1, ko > 0, ordinary at p, we may find a p-ordinary family II over some sufficiently small U; x Us
passing through II (i.e. with ITI[0] = IT), and this is unique up to further shrinking Uy x Us.

3.2. Interpolation sets. Let II be a family as above. We now define certain special sets of points in U
and in the product & x W.

Notation 3.2.1. We write 3¢ for the set of P = (a1,a2) € U N Z? with k; + 2a; > 0Vi, and we call
these points classical points.

We shall also need to consider various loci in the 3-dimensional space U x W:

Notation 3.2.2. Let (P,Q) € U x W, with P = (a1, az2) € Xq.
o We say (P, Q) is geometric if Q = j is an integer with 0 < j < min(ky + 2a1, k2 + 2as).
o We say (P, Q) is 1-dominant critical if Q = j + x, with x a finite-order character, and j an integer
such that ko + 2a0 < j < k1 + 2a;.

We write igeom, respectively icrit, for the sets of points (P, Q) satisfying these conditions.

Remark 3.2.3. Note that icm will be the locus where our p-adic L-function interpolates critical complex
L-values, and igeom the locus where it interpolates regulators of Euler-system classes. Crucially, both
loci are Zariski-dense in U x W. B

However, while the intersection of X5 with U; x {0} x W is Zariski-dense in this smaller space, this
is not true for igeom. This is why we need to introduce the second weight variable in order to prove our
reciprocity law. o

4. A THREE-VARIABLE p-ADIC ASAI L-FUNCTION

We now prove a strengthening of the main result of [GLZ23a] by constructing a 3-variable p-adic Asai
L-function over U; x Us x W, for a Hida family over U; x Us.

4.1. Geometry of the Iwahori-level Hilbert modular surface. Let Y 1w denote the canonical
Z,-model of Yg 1w, and write Y 1w,0 denote its special fibre. This has a stratification as a disjoint union

of 9 smooth strata YC?’I?V o> where &, Q € {m,a, ét}. We use the notation
em . ymm m,a m,ét
YG,IW,O T YG’,IW,O U YG,IW,O U YG,IW,O
which is open in Y 1w,0. This stratification extends naturally to Xg 1w,o-

Remark 4.1.1. There exists a finite covering of Y 1 which is a moduli space for Hilbert-Blumenthal
abelian surfaces A over Z,-algebras, equipped with level groups C1 C A[p1] and Cy C Alpo] (along with

a prime-to-p polarisation and level structure). The strata YC?, ’1370 correspond to the regions where C is
(étale-locally) of type ¢ and Cs of type Q. ©

Note 4.1.2. The embedding ¢ gives rise to finite morphisms

lsph * YH,sph — YG,sph and Uw * YH,IW — YG,IW~ <
6



4.2. Summary of higher Hida theory. Let 2 1, denote the generic fibre of X¢ 1y, as rigid analytic
space. We now state the classicality isomorphism of higher Hida theory at Iwahori level generalizing
[GLZ234, Corollary 2.3.6-Corollary 2.4.1].

Recall that in op. cit. we developed the theory at p;-level: we constructed Hecke operators Uy, and U'gl
and certain integral models of the sheaves w(F1:52:%) (— D), w(*1-*2:%)  After tensoring with Qy, Corollary
2.3.6 (respectively Corollary 2.4.1) in op. cit. state that the Uy, -ordinary part (the Ul; ,-ordinary part
respectively) of the cohomology of the p;-multiplicative locus (of the p;-multiplicative locus with compact
support towards the pi-supersingular locus respectively) is isomorphic to the corresponding ordinary part
of the cohomology of 2 p, 1w of the sheaves w*:k2:)(—Dg), wFk2:w) when k; > 2 (when k; < 0
respectively). The theory applies verbatim for p, and we can define similarly the Hecke operators U,
and U£2~ We denote by ep, and e; the ordinary projectors for U,, and U];i respectively.

i

For i = 1,2 let D'~ be the Cartier divisor such that
Xeawo— D = Xe&two and Xgiwo— D> = X& w0
Definition 4.2.1. We define the following complex
My (K, k) = RTyn (X e, w R4 720 (— Dy )

= lim colim lim RI(X¢ 1, /g w'*1 #2529 (=D — i D'~ + 0y D=%)),
m  ny  n
and let
ngl(xrg:{:w w(—k1,k2+27’w) (_DG)) — Hl(Mx;,m(kla k2))

We then obtain the following result.
Theorem 4.2.2. If k1, ke > 0, then we have an isomorphism
ep, o Hopy (X T wTF0R2T20) (D)) 2 el e HY (X qw, @ ¥ 2 (D)),
for some coherent sheaf &(=F1:%2+2) (—Dg) isomorphic to w=*1:*2+2)(—Dg) on the generic fibre of X 1w -

Proof. The proof follows as in [GLZ23a]. In particular, one shows that the Hecke operators factor as
follows:

I%F()(7 Wny (ngthQ_ét)) —_— RF(X, Wn,y ((ng + 1)t2D2_ét))

Up, ,»”//// lUw
l e—"’ Upz

RI(X, Wy, (nata D?~¢)) —— RI(X, wy, ((ng + 1)ta D27¢)),

for some ty € Z (see [GLZ23al Lemma 2.3.3 and Definition 2.3.4]) and where w,,, = w(~Ftk2+2w)(_ D —
n1 D). And

RI(X, wp, (—(n1 + 1)t D=¢)) —— RT(X, wp, (—nyt; D)

’ ,,/””’ ’
JU‘“ A JU‘”
£-- P1

RF(X, an(f(nl + 1)t1D17ét)) — R]_"(X’ wnz(inltlDl—ét))’

for some t; € Z and where w,, = w(_k17k2+2’w)(—DG + ngDQ_ét). Using the base change formula as
in op. cit., we hence deduce that the maps in the direct and inverse limits defining Mg, , (k1, k2) are
quasi-isomorphisms, from which the theorem follows (after fixing a certain choice of twist of the sheaf
depending on t1,t2). Morevoer note that the proof also yields the fact that the cohomology of the
complex Mg, (k1,ks) is independent on the order for which we take the inverse and direct limit for
ny,Na. O

Let A = A(Z)), and denote by 1, k2 : Z7 — (A*)? the universal characters associated to the two
factors of (Z))?. We consider the following sheaf

= (ke N Z>< 6
(4.1) QR = (1,05 ® (WsejxjesV)*Oﬁ@xj@V)@AQ)( 2 ;
where J& denotes the Igusa tower over the (formal completion of the) multiplicative locus and each copy
(Z5)? acts on m,Ose via the action on J& = JB(p5°) x IB(p5°) as in [Gro21, Definition 4.2.2]. Moreover

the action of ((zp,)s, (2p, )i, (tp,)i) € (Z))° is given on A? by

K1 (acp?tpl )2 (J;gz t;;).
7



We remark that here we do not vary the norm variable w as in [Gro21]. In particular, the specialisation
Qr1::2) [P] of Q(1:52) at an integer point P = (a1, ap) is isomorphic to w(~2e1,202:0)

X&mw

Remark 4.2.3. Note that this sheaf of A-modules is defined over the moduli space, but it can be descended
to a sheaf on the (multiplicative loci of) the Shimura variety. We have an action of = € (’);57 4 on Qrn2)
via the tautological isomorphism (since the construction of Q(1:%2) does not use the polarisation)

x*Q(Hlﬁz) ~ Q(m,fiz)'
This action factors through the quotient of Of , by (K NOf)? (cf. [Gro21l 4.2.2]). ©

Finally, for our fixed choice of weight (—kq, ke + 2, w) as above, we let

(4.2) QUerRe) = QUerm) @ (kR t2w),
-

TG, Iw

The sheaf Q(*1:%2) has the following interpolation property:

Proposition 4.2.4. The sheaf Q52 s an invertible sheaf of (’)(%gﬁ;) ® A%-modules, and its special-
isation at an integer point P = (a1,as) is given by

Q(Hl’ﬁz)[p] — w(fk172a1,k2+2a2+2;w)|
pmom -

G,Iw

We can now define Hecke operators U);(fl’“r") and Uéfl’M) acting on the cohomology of the sheaf

Q(s1r2) and specialising at an integer point P = (a1,a2) to Ugl and Uy, acting on the cohomology

of w(—k1—2a1,k2+202420) (ypder the isomorphism of the above proposition). The operator Ué;l’@) is
defined as in [GLZ23al, Definition 3.2.1], namely considering the pullback induced by the universal étale

po-isogeny (as in (3.4) of op. cit.) and tensoring it with the trace map for p; and multiplying by

w—ko—2

the normalisation factor p~*~ 5. The operator is defined similarly but considering the

pullback by the dual p;-isogeny (the pullback on the Igusa tower of the map considered in [GLZ23al §
w—k

2.4]), tensoring it with the trace map for po and multiplying by the normalisation factor p~ 2 " The
fact that they specialise to the correct Hecke operators follows as in [GLZ23al Proposition 3.2.2].

e

By abuse of notation, we will use ej, , ey, for the ordinary part with respect to U;(lm"{z) and Uéfl’”).
Definition 4.2.5. Define
My, (K1, K2) = €} ep, BTy, (Xg T, Q72 (= Dg)).

The complex My, (K1, k2) is a perfect complex of A2-modules, and it has the following interpolation
property (c.f. [GLZ23al Theorem 3.2.3], [Gro21l, Theorem 4.2.13]):

Proposition 4.2.6. For ai,as € Z with k1 4+ 2a1, ks + 2a3 > 0, we have

M (Kflv 52) ®k2’aha2 R~ e;glepgRF(XG,Iwy @—k1—2a17k2+2a2+2(_DG))'

m,m
We have a similar picture over X7} To(p)* write A : Z — A* for the universal character, and let k be

any weight. Then there exists a sheaf Qg = wy(A) of (9(36(,_}”}0 (p)) ® A-modules whose specialisation at

an integer point a is given by
QH(a) = wk+2a.

Then choosing A = ks — k1, pullback along t1, induces a morphism
(43) 4y : RDw, (X500, (k1 52) (~Da) ) = BT (X, Q2 — 1) @ Qb (=Dip) ) @ - 7.
4.3. P-adic families.

Proposition 4.3.1. Let II be a p-ordinary family over Uy X Us, and define
Mg, (K Ky ) = Mrtl,m(’flv K2) @pz O(Uy x Uz).

m,m
Then H' of this complex contains a free rank 1 O(Uy x Uy)-direct summand H}, | (ku, , ks, )[L] whose
specialisation at every (ay,as) € (Uy x Us) N Z? with k; + 2a; > 0 is the eigenspace in

€5, H' (X 10, 82082420249 (DY) 5 B

on which T acts via the ordinary p-stabilisation of I[al.
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Definition 4.3.2. Write
S(H) = Hrln,m(’%l/ﬁ ’ ’iuz)[ﬂ]’

and let n be a basis of S(II) as a O(Uy x Uz)-module.

Note 4.3.3. The specialisation of ) at P = (a1, az) is a basis of the space Sy, 1w (II[P]) ®1, E, which can

be identified with S,,, (II[P]) ®r, E via (2.1)), where Lp C Q is the coefficient field of II[P]. However, it
may not descend to a basis of this space over Lp. If we choose an algebraic basis nyp; defined over Lp
(see Remark [2.4.4)), then this deﬁnetﬂ a pair of periods

Q,[P)) € EX  and Qo (II[P]) € C*. o

4.4. The p-adic L-function. Consider the dual interpolation sheaf Q};(\), whose specialisation at an
integer a specializes to wﬁki% with k = ko — k1. We then have a cup product pairing

(0 ) HOXG po ) U (e — ) X He (X 1 ) Qi (K, — i) @ Qi (=Dir)) — O(U).

Write j : Z,; — O(W)* for the universal character. We consider Katz’s Eisenstein measure

ki —k ki —k . m R
5( ! 3 2 + Kuy, — Ku, —J, ! B 2 + Kuyy — Kty —|—_]> € HO(%HIO@),gg(Hug — Ky, ) ) OOW);

to lighten the notation, we denote it by iy, sy, ()-

Definition 4.4.1. We define the p-adic Asai L-function by the pairing

im . 1 —1—(k1+k —j j . *
LD (L) (k1 k2, ) = ];NB) Pt 220 (1) () iy (3), U (1)) € OU x W),

where U = Uy X Us.

4.5. Interpolation of critical values. This function E;ITX’S

property at pi-dominant critical points:

(I, n) satisfies the following interpolation

Theorem 4.5.1. Let (P,Q) € f]crit, with Q = j € Z.. Then we have
imp _ 9,(1[P) P =D — k2 — 2a0)

L,as(ILn)(P,j+1) Q. ([P) & (I[P], ) F1-+2a1~21—F>~2a5 (_27;)2) —ka—2a5—1 'EiArI;p(H[P]aj+1)a
where
saip= (1- 2 ) (1o 2 ) (1 i) (Pt
ap1Qpo ap 6P p* ps
and T =3 — WM

Proof. Since the cup-product defining £, as(II,7) commutes with specialisation, and the specialisation
of the Eisenstein series at this point is a classical modular form, the value at (P, j+1) can be written as a
coherent-cohomology cup-product and hence as a zeta-integral. This is a very similar computation as in
the proof of Theorem C in [GLZ23a]; the only difference is that we use a slightly different test vector in
the local zeta-integral computation at p, since our local Whittaker function at po is now the normalised
Up,-eigenfunction, rather than the spherical Whittaker function. However, this makes no difference to
the zeta-integral computation (which only sees the value of the Whittaker function at 1). ([l

Comparing with the main theorem of [GLZ23a], which gives a 2-variable p-adic L-function varying
analytically over the two-dimensional “slice” U; x {as} x W, for any given as with kg + 2a5 > 0, and
noting that the intersection of icrit with this set is Zariski-dense, we conclude that the restriction of
E;rflAps(H, 7) to this slice must coincide with the 2-variable p-adic L-function of op.cit.. In particular, its
restriction to {a1} x {az} x W, for any P = (a1,a2) € X with k1 + 2a1 > ko + 2a2 > 0, coincides with
the 1-parameter p-adic L-function Ei,f]sf’p(H[P]) from Theorem for the specialisation II[P].

3¢.f. §7.4 in [GLZ23a)



5. AN EXPLICIT RECIPROCITY LAW

5.1. Etale cohomology and Euler systems in families. We recall some results due to Sheth [She24]
on families of Galois representations associated to II, and families of Galois cohomology classes for these.

Theorem 5.1.1 (Sheth). For small enough U, there exists a free rank 4 module V. = V(II) over
O(Uy x Us), whose specialisation at each classical point P € ¥ is canonically isomorphic to the Asai
representation Vy, as(II[P]).

Let ¢ be an integer coprime to 6me€‘ﬂ, a a generator of Op/Z, and suppose all prime factors of ¢
lie in our set S.

Theorem 5.1.2 (Sheth). There exists a family of cohomology classes z, (1L, j) € HY(Q(pm), V*(=j))
for all square-free integers coprime to pS, which has the following interpolation property at each point

(Paj) € Egeom:

1— po, 1— ap,1Bp,2 1— Bpiap, 1— Br1Bp,2
et ) 1P
X 2 .
_1\jal(k1+2a ka+2a cmm ’
( 1)j]'(1j 1)<2j 2)

Here .z, (II[P], ) is the Asai-Flach class in H'(Q(um), Vp as(II[P])*(—5)), as constructed in [LLZI§],
and o, is the arithmetic Frobenius at p.

sz(ﬂ7j)(Pﬂ Q) =

5.2. Localisation at p. By comparison with the standard representation in families, we see that (after
possibly shrinking i) there are free rank 2 subrepresentations .7-';r V whose specialisations at all points
P € 3 of non-parallel weight interpolate the subrepresentations }";r Vp described aboveﬁ

Proposition 5.2.1. The localisation of .z, (IL,j) at p takes values in the rank 3 subrepresentation
Fve 4 Ffve,

Proof. The analogous result for the specialisations at classical points is Corollary 9.2.3 of [LLZ18§]|, and
the result for the family II follows from this by interpolation. O

We now consider the image of .2,,(IL,j) in the rank 1 quotient My, = (F"V* + F,fV*)/Fv*.
Note that My, (—ks — 2k2 — 1) is unramified, so we can define a Perrin-Riou regulator for M,, by
pulling back the regulator for its unramified twist (compare [KLZI7, Theorem 8.2.8]), giving a map of
OU x W)-modules

Ler : H'(Qp, My, (=) = Deris(My, (<))

Comparing the interpolating property of Perrin-Riou’s map with the preceding theorem (as in the
Rankin—Selberg case, see [KLZ17l proof of Theorem 10.2.2]), we obtain:

Proposition 5.2.2. For (P,Q) € igeom we have

coe (0 )
(kz + 2a9 — j)' (1 _ 01P,1/3P,2>

Ler(cz1(ILj)) mod (P,Q) = -log (cz1 (IT[P], 7)) -

pitl

The following theorem is the main result from [GLZ23b], reformulated in terms of the Eichler-Shimura
isomorphism ESjp) ., (see (2.2)):

Theorem 5.2.3. For each (P,Q) € igeom, say P = (a1,a2) and Q = j, such that a1 pfap # B1,p02.p,
we have

(Lpr(c21(II[P], 7)), ESnip)w, (nP)) =
(62 _ C—tX(C)—l) ) \/BJ+1(_1)(k1—k2)/2+j+1Nt . g:ljfs(g,ﬂ)(P,j +1).

Here, t = k1 + ko + 2(a1 4+ a2) — 24, and x is the restriction to Q of the nebentype character of IL.

4More generally, this applies to any specialisation with ap 18p 2 # Sp,1ap,2, which is automatic in non-parallel weights.
If these two quantities are equal, then the subrepresentations .7-';" Vp and .7-';" Vp are isomorphic to each other as Gq,-
representations, and cannot be distinguished without using the plectic structures; so it is not immediately clear which of
these subrepresentations is the one given by specialising the (uniquely defined) “family” subrepresentations ]-';" V.
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5.3. Explicit reciprocity laws and meromorphic Eichler—Shimura.

Definition 5.3.1. Denote by Egl C X the set of P with the following property: there exists a j such
that (P,j) € Sgeom and Ly (II[P],np;j +1) # 0. (We call these good classical points.)

Lemma 5.3.2. The set Egl 18 Zariski-dense in U.

Proof. Consider a function f vanishing at all these points. Then f - ﬁ;,mp (II,n) must vanish on igcom.

As igeom is Zariski-dense, it is identically 0 on U x W. But E;mp(ﬂ, Q) is not a zero-divisor, since every
component of & x W contains a point where £, (Il, ﬂ) interpolates a non-vanishing complex L-value.

Thus f = 0. O
Write Q(U) for the fraction field of O(U); and let us write £, as(II) for the p-adic L-function multi-
plied by the c-factor (¢ —...) (which clearly interpolates to an element of O(U x W).

Theorem 5.3.3.
(1) There exists an isomorphism of Q(U)-modules
ESf; : S'(II) ®o(1r) QU) = Deris(M,,) @0y Q(U),

depending only on I, which satisfies the following property: for all P € Eg], the specialisation of the

morphism ESlﬂ at P is well-defined and coincides with the Eichler—Shimura isomorphism ESIlI[P].
(2) Extending ESlﬂ to an isomorphism of O(U x W)-modules, we have an explicit reciprocity law

(Lor(a(x.d), BSfin)) = Ly, (L ) (1 +).

Proof. Let j : S — M, be some isomorphism. Since £, (II, n) is not identically zero, we can consider
the ratio N

1
R=—— — - (Lpr(z1(x, ), j(n)) € OU x W).
Lpas (L) (1 +) B
Let (P,Q) be an geometric point such that ap18p2 # Bpiaps and £;T§S(E,Q)(P,Q) # 0. Then it

follows from Theorem that R is regular at (P, @), and its value is equal to jp/ ES%[ »- In particular,
this ratio depends only on P, and is independent of Q). From the Zariski-density of the set of such (P, @),
it follows that the meromorphic function R on U x W is actually independent of the W variable.
Hence R € Q(U)*, regular at all points P € Ei“ and coinciding at each such point with jp/ESll—[P. It
follows that if we define ES%I = R~'j, then ES%[ is regular at all points in Zgl and coincides at such points
with ES%I[ p]- By Lemma this interpolating property uniquely determines ESIE , and the reciprocity
law holds by construction. O

It follows, in particular, that if (0,0) € Egl (i.e. L:Tfs(ﬂ,n) is non-zero for some j in the geometric
range), and a1 82 # S1aq, then we have an equality in A(T)

<EPR(21 (H,j))v ESll'[(n)> = cﬁ;rjfs(nan)

for any basis n of Sy, (II). However, if (0,0) ¢ Egl then we cannot rule out the possibility that
Lpr(z1(I1,])) is identically 0.

6. LEADING-TERM ARGUMENTS AND APPLICATIONS

6.1. Assumptions. Let IT be an automorphic representation of G(A) as in Definition We impose
the following assumptions on II:

Assumptions 6.1.1.
(1) 11 is ordinary at p;
(2) the local Euler factor Py(I1, X) doe not vanish at p=7 for any j € Z;
(8) 11 satisfies the “big image” condition (BI) of [LLZ18, §9.4], as do all its twists 1 ® ¢ for Dirichlet
characters 1 of p-power order and conductor coprime to some finite set of primes S.

As noted in op.cit., if IT is non-CM, and there is at least one prime which ramifies in F' and is coprime
to N, then II satisfies condition (BI) for a positive-density set of primes 3 of L (and this can be
upgraded to “all but finitely many primes” if L = Q). The argument easily generalises to show that the
twists II ® 1 have big image as well, after discarding a finite set of possible primes from the conductor
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of ¢ (the primes which ramify in F’/Q, where F” is a finite abelian extension of F' determined by the
inner twists of I, see the proof of Theorem 9.4.6 of op.cit.).

6.2. Leading terms. Let U’ = U; NU,, embedded diagonally in U; x Us. By restricting II, we obtain
a one-parameter family of Hilbert modular forms with weight (k1 + 2a, k2 + 2a; w) for varying a € U’.
Note that the restriction of £, as(II, 1) to U’ is well-defined, and non-vanishing at 0.

Let T be a uniformiser at 0 € U4’. From the meromorphic reciprocity law and the non-vanishing of
the p-adic L-function modulo T', we deduce that the T-adic valuation of Lpgr(z1(x,]))|uxw is equal to
the order of the pole of ESf;(n). Let ¢ € Zso be this common value.

Repeating the construction with the Eisenstein series replaced by a Dirichlet-character twist (but the
same II and 7)), we conclude that in fact Lpgr(2m(7,]))[uxw is divisible by T, for all m. So not only
the m = 1 class of the Euler system, but in fact all of the classes, have vanishing projection to the
1-dimensional local subquotient at p used to define the regulator map. So specialising at 7' = 0 gives an
Euler system whose local condition is “too strong”: it has core rank 0 in the sense of [MR04]. Arguing
as in [LZ20], we conclude that in fact the specialisation at 7' = 0 must vanish identically, for all m; and
we can therefore divide out factors of T" repeatedly, and compensate by removing powers of T' from the
denominator of ESjy, until we have ¢ = 0.

Corollary 6.2.1. There exists an Euler system (Z,) for V, as(II)* such that the image of 21 under the
Perrin-Riou regulator is a scalar multiple of L, as(IL,n)(1 +j).

Proof. The above construction gives an Euler system mapping to a multiple of the imprimitive L-series
Ly A (L) (1 +j). However, both the Euler system and the p-adic L-function depend on a choice of
test data at the bad primes for I, and both have the same equivariance property when the test data
changes. Since the space of linear forms with this equivariance property is 1-dimensional, we obtain the
reciprocity law for any choice of test data, including the (inexplicit) test data which give the optimal
p-adic L-function. O

6.3. Arithmetic applications. Let T' C V, a5(II) be a Gg-invariant lattice, and define A = T®Q,/Q,.
Let F; A be the corank 2 R-submodule of A dual to the kernel F; V,, os(I1)* — M,,.
We can now harvest some applications to the Iwasawa Main Conjecture, following [LLZ18, §9].

Definition 6.3.1. Define the Selmer group

) [ 2 e H(Q(up=),A) : loci(z) =0 VL #p
Sel? )(Q(/LP‘X’)’A) = { loc,(z) € image Hl(Qp(lfpw),}—f_A) } )

and write X(Pl)(Q(upm), A) for its Pontryagin dual.
Let I' = Gal(Q(up=/Q), and let A = R ®z, Z,[[I']], where R is the ring of integers of L.

Theorem 6.3.2. Assume that Assumptions are satisfied. There exists an integer v such that
chary (X00(QUuy).4)) [+ a1 +5)

Proof. Tt is immediate from Theorem 9.5.3 in op.cit. and Theorem [5.3.3] that the characteristic ideal
of the Selmer group divides p”.L, as(I,n)(1 + j), for some 7. It remains to get rid of the factor (¢* —
cH=F1=k2y(c)71) relating the p-adic L-functions with and without the c-subscript.

If the Dirichlet character x is non-trivial, then we can choose ¢ such that the c-factor is a unit in the
Iwasawa algebra. If x = 1, then we use the compatibility of the Iwasawa main conjecture with functional
equations. The functional equation interchanges j with ki + ko + 1 — j, so the c-factor ¢ — ¢H—F1=Fk2 ig
coprime to its image under this involution. (I

Remark 6.3.3. The arbitrary power of p is inevitable since £, as(II) is itself only well-defined up to an
arbitrary scalar factor. It should be possible to nail down a canonical normalisation up to p-adic units
using integrality of equivariant p-adic L-functions as in [LZ20], but we have not attempted this here for
reasons of space. ©

By descent from Q(upe) to Q, we also obtain cases of the Bloch-Kato conjecture for critical values
of the L-series.
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Theorem 6.3.4. Assume that the Assumptions|6.1.1| are satisfied. Let j be a critical value. Then the
Bloch—Kato Selmer group

s zero.

H{ (Q, Vp,as(ID)* (=)

Proof. This follows from the previous theorem via the same arguments as in §11.7 of [KLZ17] in the

Rankin—Selberg case, using the fact that the critical L-values are automatically non-zero. O
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