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Tools for solving the div — curl problem with
mixed boundary conditions in a polygonal domain.

P. Ciarlet, Jr.
ENSTA/UMA, 32 boulevard Victor, 75739 Paris Cedex 15
March, 1999

Following [2], we continue to study the resolution of two-dimensional problems in
non convex domains. In this previous paper, we considered several methods for solving
Maxwell’s equations (stationary or instationary) with a perfectly conducting boundary
condition.

In the present report, we provide mathematical tools for solving the general div — curl
problem:
Find u € L*(Q) such that

divu = fin Q, (1)
curlu = g¢in Q, (2)
u-7 = nonlg, (3)
u-7 = ponlg. (4)

Here, () is a polygonal domain and its boundary I' is made up of two parts I'c and I'g,

and 7 and v are vectors, respectively tangent and normal to I". The solution u is a vector

valued function which belongs to the Sobolev space L?(Q) g2 (2)2, f and g are both

in L?(Q2), and 1 and p are distributions defined on I'c and I's respectively.

The report is organized as follows. Using the work of Grisvard concerning the Laplace
problem [14], we determine an orthogonal decomposition of L?(Q2). Next, we deduce from
this decomposition a splitting of the solution to the div — curl problem into a regular part
and a singular part. Then, we derive a method for the explicit computation of the singular
part. Last, we obtain a way of computing numerically the regular part of the solution by
using a standard finite element method. All these results will be mathematically justified.

Note that we use, without detail, a number of results proved in [2] for singularities
which occur at reentrant corners in the presence of a (locally) uniform boundary condition,
that is either (3) or (4). We also rely on Grisvard’s theory [13]-[14].






Chapter 1

Notations and functional spaces

Let  be an open, connected and simply connected polygon in R?, and let T' be its
boundary. We assume that I is split up into two non empty subsets ['c and I's. I'c and
I's can be disconnected, and we call (Fg)ogkgl( (respectively (F]fq)ogkgK) the connected
components of I'c (resp. I'g), and T'f, = T \ T (vesp. Ty =g \ T'Y).

Furthermore, it is possible to decompose each actual geometrical edge v of the boundary
I'into v¢ = yNT'¢ and vg = yNT'g, both of them possibly divided into several connected
components. In other words, two cases might occur: either (for instance) ¢ is empty
and to the geometrical edge 7 corresponds a single generalized edge (itself), or both ¢
and yg are not empty and v is made up of two or more generalized edges. From this local
decomposition, one can then split up I', I'c and I'g into sets of generalized edges:

I = |J T, TnTy=0for;#k
jecus

e = T,
jec

s = YT,
JES

Two consecutive generalized edges I'; and I'j;1 have an angle (in the interior of Q)
which is denoted by 6; = 7/a;, where o;j > 1/2 by definition. Finally, we call gener-
alized corner the intersection {M;} = I'; N I'j4;. In this report, we use either of the

decompositions
— 7,{: —
To = U Tp = U T;.
0<k<K jec

Remark 1.1 Note that for all pairs of generalized edges imbedded in a common geo-
metrical edge I', one has o; = 1. This artificial decomposition, which allows to take the
change of the boundary condition on an edge v in a way we hope to be elegant, will be
justified at Remark 2.9. [

In the following, the adjective generalized will be understood.

In R?, there exist a scalar curl from R? to R and a vector curl operator from R to R2.
We shall use boldface letters for functions, spaces of functions and operators with vector
values subsequently. We define the well-known spaces:

3



4 CHAPTER 1. NOTATIONS AND FUNCTIONAL SPACES

H(curl,Q) = {veL*Q), curlv = d,v, — dyv, € L*(Q)},
H(div,Q) = {veL*Q), divv = d,v,; + dyv, € L*(Q)}, and
H(div0,Q) = {veH(div,), divv =0}.
Now, let 7/ = (I/x,l/y)T be the unit outer normal at any point of the boundary (to the
exception of corners), we denote by 7 = (v, —v,)T the associated tangent vector: the

direct orthonormal reference is then (M, 7, 7). On the boundary (cf. [13] (Lemma 1.5.3.2.
page 20)), we introduce the space:

H'Y2(y) = {p € L*(%), |ul1 2, < 00}, with

%) — 2 1/2
i = | [ [P  doyinty)| (1)

where v is any connected subset of the boundary I' and do a measure on it (c¢f. [17],
pages 14-15). The associated norm is

1/2
il = {168, + 05|

Remark 1.2 It is possible to give an alternate definition of the fact that a function
belongs to H/2(7) (and of (1.1)). Indeed, if v is splitted up into 7 = U; ;. with {m;} =
7; N7j41, one obtains by splitting up integrals that u is in H 1/2 (7) if and only if

1/2
Py € Hl/Q(Vj)’ and py; =l At my,

1/2
where pu; = pjr1 at m; means

A~ — g . 2
/ / 14 (%5) MJH(XJJI)‘ dojdoj1 < oo, or equivalently
X;€75 JXjp1€7541 HXj - Xj—HH

0; d
/ 15 (% (—0)) — pjr1(xj51(0))]? L < 0o, for some non negative 9.
0 g

2

The second characterization''? comes from [14] (page 17, following [9)). |

In this report, we shall also often use the Sobolev space H/2 (7) and its dual H-1/2 ().
Let {p1,p2} denote the endpoints of v and let dy(p) = min(||p — p1||,||p — P2||) for any
point p. We define H'/2(v) by

H'?(y) ={f € H'*(7), f/\/doy € L*(7)},
1/2
12 = |l + 1/ /dor .,

[l

Remark 1.3 Note again (see footnote 2) that we could have defined equivalently
da(p) by min(|o(p) — o(p1)l, |o(p) — o(p2)|). Indeed, the two quantities are equal if p is

'x;(—0) (resp. xj11(0)) is the point of v; (resp. v;+1) at distance o of m;.

2This characterization has two advantages and a drawback: first, it extends to the case of cracks;
second, it yields the characterization of the Sobolev space H'/?(7) defined below; third, there is no clear (?)
equivalent definition for  a part of the boundary of a domain in R3.



close enough to either p; or po, and outside a vicinity of those two points, both definitions
yield values which are bounded below by a non negative constant. [ |

One of the main properties of HY 2() is that the continuation of any of its elements
by zero to I belongs to H/2 (T"), which corresponds to one of the usual definitions of this
space (cf. [14]).

Proposition 1.1 Let u be an element of ]Tll/z(v). Then its continuation by zero to I’
belongs to HY2(I'). Conversely, if we let ji be an element of HY/?(T) such that fi = 0 on
'\ v, then its restriction to ~ is in HY/2(~). Furthermore, both the continuation and the
restriction operators are continuous.

Proof: Let us consider first an element u of HY/? (7). By assumption,

2 lu(x) — u()1? u()?
e L( // HX YH2 do(x)do(y) < oo, and o) do(y) < oc.

Let ji be its continuation by zero to I'. By definition, i € L?(I'). In addition, if we let
7 =T\,

|A(x) — Aly)]? o (x)do (v) — |2 )2
L ot =l 2 [ o) [

Now, let us choose R > 0 in such a way that v** = {x € v*, d(x,7v) < R} is exactly made
up of two segments originating from p; and pg. Finally, let 4*** = ~* \ v**. We are now
in a position to use the estimate (i) in the next inequalities:

do(x) o (x) I5™)
[l [ e < o /**Wmm =l

do(y).

< O 0

< oo [0 10D,
***)

S maX(Céai)HMHNI/Q,’Y

Thus ji belongs to H1/2(7). In addition, C depends on v** and R, but not on u, so the
continuation operator is continuous.

Conversely, let i € H/ 2(T) such that fy= = 0. The regularity of i amounts to

o B A
,uEL(F)amd/F/F P do(x)do(y) < oc.

Let 4 be its restriction to ~. Classically, u € H'/2(v). Also, if we let C} = 1/C} in (i),

lu(y)|? do(x)
oY) = Cl/ & / E )
() — i) ?
SV =Tl
< C'1|M|1/2,F-

Therefore, p is an element of HY 2(y). Again, the constant do not depend on fi, which
proves that the restriction operator is continuous. ]
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Remark 1.4 This result is not a straightforward consequence of the classical definition
of the space H'/?(w), where w is an arbitrary subset of R? (p > 1), that is the space of
all f defined on w such that their continuation by zero outside w belongs to H'/ 2(RP).
Indeed, in the above proposition, the continuation occurs on a polygonal boundary. For a
generalization to polyhedral domains, see [1] or [5]. ]

For a field v, let v, and v, stand for the tangential and normal components of v on I,
i. e. vy =v-7and v, = v-U. Now, we are in a position to introduce
V = {v € H(cwrl; Q) " H(div;Q), vr|r, =0, vyrg = 0}.
The solution u to problem (1)-(4) precisely belongs to V when n = v = 0. We shall

now investigate a number of properties related to V.

Let us define three spaces of stream functions:

o0 ¢

d={pcHY(N), Ap € L*(Q), Wire 0, ¢jrg =0, Fries 0},
@0:{¢€¢‘, ¢\FS :0}7 (I)A:{(Z)Gq), A¢:O}

Before we investigate the properties of these sets of functions, let us comment a little
bit on the definition of ®. First, for ¢ € ®, as ¢ € H(Q), ¢jro, belongs to HY2(TY).
Furthermore, the relationship on I'y is equivalent to (ZS‘FIE = cg, with (cx)i1<k<r € RE,
according to [11] (Rmk 2.3, Chapter I, page 35).

Now, let us prove that the relationship on the normal derivative is to be understood
on Hil/Q(F’é), for 0 < k < K. For that, we define the space

E(A, LX) = {¢ € H'(Q), Aj € L)},
a subset of which is ®. We denote by || - || the associated (graph) norm.

Proposition 1.2 Let ¢ € E(A, L?(2)) and let v be any connected subset of I'. Then

0p =1/
e é H .
ov |y ()

In addition, given a decomposition of the boundary I' into a set of connected subsets
(M)1<i<L, we arrive at the integration by parts formula

Vo € H'(Q) such that ¢y, € H/*(y), 1 <1< L, and
Vo' € E(A, L*(Q)),

=L o4
/ (grad ¢ - grad ¢’ + ¢ A¢') dx = < >¢Iw> . (1.2
s O b F=a s 2 )
Proof: Indeed, for all ¢ € H(Q) and ¢’ € H?(2),
¢’ / ¢’ / / /
— do+ — do= rad ¢ - grad ¢’ + ¢ A¢') dx.
S o0 dot [ oy o= [ Erado-gradd o ad)

Now, take p € H/? (7) and denote fi is continuation by zero to I'. Thanks to Proposition
1.1, there exists C1 independent of yu such that [|fi|[1 /20 < C1 [[p]|~,1/2,y- Moreover, it is
well known (cf. [17] for instance) that there exist a second constant Cy independent of fi



and ¢ € H'(Q) which satisfy Pir = i, and [|@|[1 < C2 ||fi|[1/2,r- Thus, there exists C3 such
that

VM € ﬁ1/2(7)7 E|¢ € HI(Q)v ¢|'y = W, ¢\F\'y =0 and H¢H1 < C3 ||M|‘~,1/2,’y'

a¢
w—— do
L ov |y
The conclusion follows from [13] (see Lemma 1.5.53.9. page 59), where it is proved that
H?(9) is dense in E(A, L2(2)).
Classically, if we let (¢!, ), be a sequence of elements of H?({2) that converges to ¢’ and E(A, L?(12)),

we infer from (1.3) that (ay)n, with
09,
o= [0 o

is a Cauchy sequence in R. Therefore, it admits a limit « which is, by definition, equal to
o9’
a= | p—=— do.
/y o |y
ol ro1/2
Thus Wl’y cH (’y)

Assume that we are given the decomposition I' = Uj<;<z%;. In order to prove the in-

We arrive at
< Csllpl|~ 12 16| - (1.3)

tegration by parts formula, we simply write, for ¢ € H'() such that Py, € HY 2(y),
1<I<L,and ¢' € H*(Q)

A e — S [ O
/Q(gradgb.gradgb +oAP)dx = Zfﬂ@l/lw Py, do

=1

~

Using again the density of H2(f2) in E(A, L?(9)), together with (1.3), leads to (1.2). =

Let v and (y;)1<i<r be defined as above.
Proposition 1.3 Let v € H(curl;Q), then vy, € HY2(~). In addition,

Vo € H'(Q) such that Py, € HY?(y), 1<1< L, and

Vv € H(curl;Q),
=L

/Q(curqu ‘v —¢curlv)d ; vfm,qﬁm F-1/2(), H1/2() ° (1.4)

Let v € H(div;Q), then vy, € H~Y2(y). In addition,

Yo € HY(Q) such that Py, € H'Y2(y),1<1<L, and
Vv € H(div;Q),
I=L

/Q(grad ¢-v+odivv)dx = Z <UV|w¢|Vz>f1—1/2(7l),ﬁ1/2(w) : (1.5)
=1

Proof: Simply reproduce that of the previous Proposition, with the help of the density
of H(Q) in either H(curl; Q) or H(div; Q). [ ]
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Remark 1.5 In particular, this tells that there is no hope of finding a solution u €
L%(Q) to (1)-(4) (with f and g both in L?*(Q)) if either e, ¢ HY/2(TL) or s 4

fl_l/2(FI§) for some k. [ ]

We have the
Proposition 1.4 In LQ(Q), grad &g 1 grad ®a.

Proof: Let ¢ € &g and ¢/ € ®o. We note first that as Pr € H1/2(F) and ¢y = 0, we
know that ¢|rg € ﬁl/Q(Fg), for 0 < k < K. Then, thanks to (1.2),

/ grad¢ - grad ¢’ dx = / (grad ¢ - grad ¢’ + ¢ A¢') dx
Q Q

/0 04 _
- Zk:<6vré’¢r'5>+zk:<8vlr§’¢'rg>_o'

Now, in ®, the norm

|¢|le = [||lgrad ¢|[3 + ||Ad|[3] 1/2

is equivalent to the graph norm ||¢||z = [||[|F + ||A¢||(2)]1/2, due to the homogeneous

boundary condition on F%. Let (-,-)o denote the associated scalar product. One has the

1L
Corollary 1.1 & = & Eép DA
Proof: The orthogonality stems from the previous Proposition.

Now, let ¢ € ®. By [14] (Thm 2.1.1., page 38), there exists a unique element ¢g of ®
such that A¢g = A¢ in . The conclusion follows as ¢ — ¢g clearly belongs to ®a. [

As far as the regularity of elements of ® is concerned, we have the

Theorem 1.1 ® is imbedded in H5/4(Q) algebrically. More precisely, let
a =min(ap, ay,an/2), with
ap = min(«;), ay = min(o;), oy = min (@),
D jeJD( J) N jeJN( J) M jeJM( J)

Jp (resp. Jn, Jar) being the set of indices such that there is a Dirichlet (resp. Neumann,
mized) boundary condition on the couple of edges (I'j,T'j11).

Then, when a ¢ N, ® C H'T¢(Q) (for any ¢ > 0) and ® ¢ H'*(Q).
When o € N, ® C H*(Q) and ® ¢ H* = (Q) (for any e > 0).

Proof: Let ¢ € ®. Then, QS‘F{% =cpfor 0 <k < K. If welet g = Ag¢ € L?(Q), ¢ is now
the solution of

99

o€ HY(Q), Ap =g, Pry = ck, B =0, for 0 <k < K. (1.6)

ITe



In particular, the compatibility conditions (/14/, page 59) are always satisfied: indeed,
according to our notations, these are

Oc;
¢; = cjy1 for j € Jp, I =0 for j € Jy.
8I/j:|:1

From this point on, one can apply Grisvard’s theory [14] directly. Indeed, one first splits
the unique solution of (1.6) into a regular part (which belongs to H?(f2)) and a singular
part (Rmks 2.4.5. and 2.4.6. pages 58-59 and Corollary 2.4.4. page 58). Then, by
inspection, it is easily seen that the singular part, an explicit expression of which is known
near the corners, belongs to the aforementioned Sobolev spaces (Thm 1.2.18. page 8).

To complete the proof, one has o > 1/4 by definition. [ |

Remark 1.6 The computations will be detailled in the Section 3, in the proof of
Theorem 3.5. u

In the following, we denote by X < Y the topological imbedding (i. e. continuous)
of the Banach space X in the Banach space Y. Recall the

Theorem of the closed graph Let X and Y be two Banach spaces, and let u be a lin-
ear mapping from X toY. Then u is continuous if and only if its graph {(z,u(x)), x € X}
s closed in X xY.

Then we have
Corollary 1.2 Let X, Y and Z be three Banach spaces such that
X—>Z,Y—>Zand X CY.
Then X — Y.
Proof: Let i (resp. iz, iy) denote the imbedding of X into Y (resp. of X into Z, of Y into
7). Let us prove that {(x,i(z)), x € X} is closed in X x Y.
For that, let (x,,%(x,))n be a Cauchy sequence in X x Y. Then (x,), converges to some z in

X and (i(z,,))n converges to some y in Y. By assumption, this implies

Zx(l‘n) — ’Lx(x) in Z
iy oi(xn) — iy (y) in Z.

But ix(z') = iy oi(z’), V2’ € X, and therefore ix(z) = iy oi(x) = iy (y). iy being injective, we
finally get y = i(x), which leads to the conclusion. ]

Corollary 1.3 ® is imbedded in H>*(Q) topologically, i. e. ® — H/*(Q). Thus,

IC(Q) > 0, such that V¢ € P, \|¢H5/4 < C(Q)]|d]|e-

Proof: Indeed, by definition, ®, H%/*(Q) and H'(Q) are three Banach spaces, and the
following holds:

d — HY(Q) HY4(Q) — H'(Q) d C HY4(Q).

[by definition] [Sobolev imbedding Theorem| [Theorem 1.1]
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Note that similar results can be obtained for

oy )
T ovrs 0, e =0, 5 s,

‘1’0:{7#6‘1’7 ¢\FC:0}7 WA:{¢€\I’5 A1/}:0}

U ={y e H(Q), Ay € L*(Q) =0},

In particular, one has grad ¢ - grad ¢ = % %; + g—;’j g—z’ = curl ¢ - curly pointwise, so in
L*(9),
curl®y L curl®p and curl ¥y L curl Ua.

With these definitions and results, we can now prove the

Theorem 1.2 In L*(Q), one has

1 1
YV =curl®y ® curl dp & grad V.

Proof: First, notice that both curl ® and grad ¥ are subsets on V. Next, following [10],
for any element v of V, we define

Mo o,

o € H'(Q), such that Ay =divvin Q, ¢op, =0, — =
ov T's

From [14], we know that there exists one and only one solution . By construction,
Yo € Yg. Now w = v — grad ¢ is a divergence-free element of V. Also:

(w‘ﬁ,1>—/divwdx—/(divv—Az/Jo)dx—O.
Q Q

Then, as €2 is simply connected, there exists one and only one (see Thm 3.1, Chapter
1 of [11]) ¢ of H'(Q) such that w = curl¢. In other words, as A = —curlcurl and
0¢p/0v = (curl @) - 7, 0p/0T = —(curl @) - U, ¢ satisfies the following:

¢ € H'(Q), such that A¢p = —curlw in Q, 99 =0, o¢ =0,
al/‘rc 87—‘FS

that is ¢ € ®. We already know that ¢ can be written as ¢g+ @, with (¢, pa) € Pox Pa,
so there remains to check the orthogonality of curl ® and grad ¥y: as a matter of fact, if
we let ¢ € ® and 1o € Yo, Yoy, belongs to HY2(T%), for 1 < k < K. Thus (1.5) finally
yields

/ curl ¢ - grad ¢g dx = 0.
Q

Corollary 1.4 Algebrically, V C H1/4(Q). More precisely, when o ¢ N, V C H* ()
(for any e >0) and V ¢ H™(Y), whereas when o € N, V C H*(Q) and V ¢ H*™(Q) (for
any e >0).

Proof: This is a straightforward consequence of the previous Theorem. [ |

Remark 1.7 (For a ¢ N) By taking ¢5 € ®g such that ¢g ¢ H'T%(Q), one gets a
function curl ¢g which does not belong to H*(€2). [ ]

Corollary 1.5 V < HY*(Q). As a consequence, V is compactly imbedded in L*(£2).
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Proof: It suffices to remark that
Y = L2(Q), H/4(Q) — L*(Q), and V c H/*(Q)

to prove the first part. Now, as H/4(Q) is compactly imbedded into L?(Q) by the Sobolev
imbedding Theorem, the second part follows. [ |

Remark 1.8 In a two-dimensional polygonal domain, this corresponds to the gen-
eralization of Weber’s imbedding result [18] to the case of mixed bounday conditions.
|

Now, for a given v of V, we are in a position to characterize (¢g, da, o) such that
v = curl¢g + curl pa + grad 1o, (do, ¢, %0) € P X Pa X Y. (1.7)

Before we give the characterization, let us notice that, from its definition, it is clear
that ®a is a finite dimensional space, a basis of which is the set of functions (x;)i1<i<x
defined by

. X
X1 € Hl(Q), such that Ay; =0 in £, Xtk = Ok, EH‘C =0

Indeed, it is clear that the linear combinations of the (x;); span ®a and, if x = >, fix; =0,
XrL, = B1 = 0. We thus define the capacitance matrix A = (Ag) 1<k i<k

Ay = / grad yyi - grad y; dx.
Q

A is a symmetric positive definite matrix, as (y, Ay) = ||grad (3_,, yrxx)||3-
One has the

Theorem 1.3 Let v € V, then the triplet which satisfies (1.7) is characterized by
A¢y = —curlv

A = D i CkXk, where Yo Apep = [ov - curl x, dx

Ay = divv.

Proof: This is already known for ¢g and vy. Concerning ¢a, written as the linear
combination above (with ¢A|F’§ = ¢g), one obtains by orthogonality

/ v - curl xy; dx = / curl g - curl yi dx = Z Apqy.
Q Q ]

|
Remark 1.9 The identity grad WA = curl @5 holds (see Annex B). [ ]

Remark 1.10 In all the proofs given above, the need for two distinct partitions of the
boundary I" is now clear. Indeed, the first one,

k k
Is= |J T& Te= |J TE,
0<k<K 0<k<K
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which is based on the connected components of I'g and ', is used in order to characterize
the space ®ao. Whereas the second one,

r= U T, Te= Ufﬁ Ty = Ufj’
jecus j€ec JES

is needed to determine the regularity of functions that are considered throughout this
report. ]

Corollary 1.6 In V, || -||y:

K 1/2
v ||Jeurl v|[g + [|divv][§ + ) Re(v)?|
k=1
with Ry (v) = / v - curl y; dx,
Q

is a norm which is equivalent to the canonical norm of V, i. e. ||V||o div,curl-
Proof: We know that any v of V can be written as in (1.7), i. e.
v = curl ¢g + curl oA + grad .
Also, by orthogonality, one has
V1[5 = lleurl gol[§ + [lcurl ga|lf + |lgrad ol[3.

In addition, recall that ¢g and ¢y are solutions of two variational problems, according to
[14] (Thm 2.1.1. page 38). The problems to be solved are respectively

/grad%-gradd)dx-/¢cur1vdx, V(be{qﬁEHl(Q), ¢|FS:O},
Q Q

/grad¢0~grad¢dX:—/@Z)divvdx, vy € {v € HY(Q), Y, = 0}.
Q Q

Therefore, there exists a constant C independent of v such that ||curl ¢g|lo < Cy ||curl v||o
and ||grad oo < Cy ||div v]o. .

Concerning the remaining part, let ¢ (resp. R) denote the vector with components ¢
(resp. Ri(v)). One gets,

lcurlgally = / grad gal*dx = cra / grad y - grad x; dx
Q Q

k,l
- (EAD = (AR < R = 3 R
’ T A Amin 4~
Thus, we arrive at
¥l < Ca[¥lly, with C = max(Cy, ——).
The conclusion follows. ]

Remark 1.11 An alternate proof can be derived by using the fact that V is compactly
imbedded into L?() (by contradiction). In the same way, one can prove that, in ®, ||-||s:

1/2
¢ — [HA(ﬁH% + 25:1(@1“1;)2 is equivalent to the graph norm || - ||g. [



Chapter 2

Homogeneous boundary conditions

Given f and g elements of L?(Q) and ¢ € R, we consider the following problem, called

(Pss):
Find u € H(curl, Q) N H(div,Q) such that

curlu = finQ, (2.1)
divu = g¢gin Q, (2.2)
u-7 = 0onlg, (2.3)
u-7 = 0Oonlg, (2.4)

Ri(u) = ¢ for1 <k <K. (2.5)

Proposition 2.1 Take f, g and € as above. Then problem (Psg) admits a unique solution
u € H(curl, Q) N H(div, Q).

Proof: This is a straightforward application of Theorem 1.3. [ |

The vector ¢ can be taken to be equal to zero, as this amounts to adding some
curl ¢a/grad ¥a. In the sequel, we shall actually consider that (2.5) holds with ¢ = 0,
for1<k<K,i. e

Ri(u)=0for 1 <k < K.

2.1 A variational formulation of (Psg) via a stream function
when f =0

Thanks to Theorem 1.3, u is a solution to (Psg) with f = 0 if and only if u can be written
in the form u = grad v, where 1)y is the solution to the next problem, labelled (Py):
Find vy € HY(Q) such that

Apg = gin Q, (2.6)
o = Oonlg,

0

% — OonTs. (2.8)

According to [14] (pages 36-39), (Py) is equivalent to the variational formulation
Find g € V_ = {yp € H'(Q), Yir, = 0} such that

/gradwo-gradwdxz—/gwdx, Vi e U_.
Q Q

13
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2.2 A variational formulation of (Psg) via a stream function
when g =0
In this case, u satisfies to (2.1)-(2.5) if and only if u can be written in the form u = curl ¢

with ¢g the solution to (Py):
Find ¢g € H*(Q) such that

Ady = —finQ, (2.9)
¢o = Oonlg, (2.10)
0

% = O0onT¢. (2.11)

From [14] again, we infer this time that (Py) is equivalent to the variational formulation
Find ¢y € ®_ = {¢p € H'(Q), ¢|ry = 0} such that

/gradqbg-gradqﬁdxz/f(bdx, Vo e d_.
Q Q

2.3 Another formulation of (Psg)

Proposition 2.2 An equivalent re-formulation of (Pss) is problem (Poc)
Find u € H(curl, ) N H(div, Q) such that

curl (curlu) = curlf in Q, (2.12)
grad (divu) = gradg in Q, (2.13)
u-7 = 0onlg, (2.14)

u-7v = 0onlg, (2.15)

Ri(u) = 0 forl1<k<K, (2.16)
(curlu— f) = 0 on~y, meas(y) >0, (2.17)
(diva—g) = 0 on+, meas(v’) > 0. (2.18)

Proof: It is clear that if u is a solution to (Psg), then it is also a solution to (Pcoc).

Conversely, if u’ is a solution to (Pco¢), then (2.12) implies curl (u — u’) = est in Q (Q is
connected). As f = curlu in §, (2.17) yields curl (u —u’), = 0, and therefore cst = 0. In
the same way, (2.13) and (2.18) lead to divu’ = divu. Thus u =u'. ]

2.4 A second variational formulation of (Pgg)

Here, we choose to ”break the symmetry” in curl-div. For that, let us introduce the set
X¢ ={v € H(curl,Q), v 7p, = 0}. By assumptions (2.1) and (2.3), u belongs to Xc¢.
In addition, (2.1) implies
/curlucurlvdx— / feurlvdx, Vv e Xg.
Q Q
Clearly, (2.5) yields (see Annex B)

/u-grad¢AdX:O, Vipa € UA.
Q
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Let Mo = W_ (see above). We now proceed to show that (2.2) and (2.4) lead to

/u -gradydx = —/ gy dx, for all ¢ in Mc. Grisvard [14] (page 28) states that
Q Q

M@ = Mc N H™(R) is dense in M¢ for all m > 1. Therefore, if we choose a smooth

function ¢ € M, we can integrate / ¥ divudx by parts (recall that u € H1/4(Q)7 and
Q
SO Uy|y € H~'4(v)). Then

/le/JdX:—/Qu-gradzpdx—i—zk:{(uy,wrg—i—(uy,w)rg}.

Thanks to (2.4) and ¥ € M/, the bracketed terms vanish and so / u-grady dx =
Q

/ g dx. By density, this holds for all ¥ € M¢.
Q

Thus, we come to yet another problem, called (Pry7): Find u' € X¢ such that

/curlu’curlvdx = /fcurlvdx, Vv e X¢ (2.19)
Q Q

/Qu"grad(@b#—wA)dx = —/ngbdx, V(¢,9Ya) € Mo X UA. (2.20)

By construction, the solution u to (Psg) is a solution to (Pryr). There is a reciprocal
assertion.

Proposition 2.3 Let u’ be a solution to (Piyt). Then u’ = u.
Proof: Consider (2.20), for ¢ = 0: this yields Rg(u’) =0 for 1 <k < K.

Next, let Ao =0 and ¢ € D(Q2): then divu’ = g in Q.

In addition, for all u € fll/z(l“g), there exists 1 € Mg such that 1/J‘F1§ = p (extend p
by zero to I'). Then we readily come to u, =0 on I'g.

Now, (2.19) can be rewritten / heurlvdx = 0, Vv € X¢, with h = (curlu’ — f) €
Q
L?(Q). Thus curlh = 0 in the sense of distributions, which implies in turn that h € H(Q)

and, as a consequence, since () is connected, it is equal to a constant.

To conclude, if we let v € X such that / curl vdx # 0, we find h = 0. Thus u’ is
Q
the solution to (Psg). [ ]

Then, let us introduce a saddle-point formulation of (Pryr), i. e. the problem (Psp):
Find (u’,%,gA) € Xo X Mg x U such that

a(u’,v)+b(v,(g,£A)) = /fcurlvdx7 Vv e Xco (2.21)
Q
bW, (6,468)) = — /ﬂ gvdx, Y(,oa) € Mo x Ua.  (2.22)

Here, a(u,v) = / curlucurl vdx and b(v, (¢, ¥a)) = / v-grad (1) +1a) dx are bilinear
Q

continuous forms on X¢ x X¢ and X¢ x (Mo x Wa) respectively.
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We now establish the well-posedeness of (Psp).

Proposition 2.4 There exists one and only one solution (0,1, ,) € Xo X Mg X Up

)
2O EA
to (Psp). In addition, ¢ =1, =0 and u’ = u.

Proof: In order to prove that there exists a unique solution to this saddle-point problem,
we have to prove (cf. [11]) that

(i) a is K-elliptic, where K is the kernel of b.
(ii) An inf-sup condition holds.
(i) By definition,

K = {V € XC’ b(V, (d)va)) =0, v(wade) € Mc¢ x \IIA}
{v € H(curl, ), divv =0, vrp, =0, vyrg =0, R(v) =0} C V.

Then, thanks to Corollary 1.6, a is K-elliptic.

(ii) The inf-sup condition is satisfied with a unit constant. Indeed, if we let (1,9a) €
Mec x Up, then grad (¢ 4+ 1a) belongs to X and, as a consequence:

b(v, (V. 9a))] [b(grad (¥ + ¥a). (¥, ¥a))| _
lo,curt [|(, ¥a)l] (2, ) I? ’

where [[(4, ¥a)|| = {llgrad ¢|[5 + ||grad ¥al[3}'/*.
N. B. / grad ¢ - grad ¢)a dx = 0 by orthogonality.
Q

sup
veXeo HV

To conclude, if we let v = grad ) +grad 1, in (2.21), we come to [[(¢, ¢, )|| = 0 and
then u’ is the solution to (P;y7), i. e. u' = u. [ |



Chapter 3

Orthogonal decompositions and
singularities

Let V = VNH(iv0,Q) and Vj = {v € V, Ri(v) =0, 1 < k < K}. Note that, in 1},
||v||y reduces to |[curlv]||p. In a similar manner, in ®q, ||¢||o is simply |[A¢|lo. In the
following, the notations V() and ®g) correspond either to the situation V and ® or to Vg
and ®(. By applying standard results, one obtains the

Theorem 3.1 (i) A is an isomorphism from ®q onto L?(§2).
(i) curl is an isomorphism from ® ) onto V(o).
(iii) curl is an isomorphism from Vo onto L*(Q2).

Proof: (i) stems directly from [14], Chapter II.
(ii) is a consequence of [11] (page 37).

(iii) is due to the identity —curl curl = A and points (i) and (ii). [ ]

A direct consequence of Corollary 1.4 and Theorem 1.1 is that 1V and ®y are imbedded
into HY(Q) and H?(Q) respectively if and only if the value of the parameter « is larger
than or equal to one. In particular, this excludes a change of the boundary condition on a
geometrical edge. In the general case, we introduce the regularized spaces:

Vo.r = Vo NHY(Q) and &g g = &9 N H*(Q).
Remark 3.1 Clearly, it is possible to proceed in exactly the same way for W = {v €
V, curlv =0} and Wy = {v € W, Ri(v) =0, 1 < k < K} by replacing ®( (resp. curl,
curl) by ¥q (resp. grad, div). In this case, on simply uses the identity div grad = A. m
3.1 Bilinear forms

Let Vg = VN H!(Q) be a regularized space.

In order to obtain interesting results, it is worthwhile to prove a density result a la
Costabel-Dauge-Nicaise [8]. Let

D = {v € D(V)?, Urire = 0, vyrg = 0, v = 0 in a neighborhood of the corners (M});}.

17
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Proposition 3.1 D is dense in Vg.

Proof: We follow here the proof which can be found in [8]. Given u € Vg and ¢ > 0,
we shall build a function u*** of D such that |[u — u***||; <e.

Let x be a truncation function, equal to one in the vicinity of zero and to zero in the
vicinity of oo, let r; denote the distance from the corner M; and set Q5 = B(M;, R;) N Q
(for some positive R;).

Step 1: Let us apply Lemma 2.4 (page 9) of [8] to get n € N big enough and a > 0
small enough such that the function

w = 73 (1 = x(nrj))u

of H! (€25) is such that [[lu—u’ HLQ? is small (with respect to €). By construction, u’ is equal
to zero in a neighborhood of the corner M; and, in addition, ui|rcm8m = u,*jwmam =0.
J J

It is then possible to build u* € Vg (locally equal to u/ around M;) such that

lu— ¥}y <e/4;

u* = 0 in a neighborhood V) of the corners.

Step 2: Let V) be another neighborhood of the corners, 170/ C Vo. Then, u* is
regularized by convolution: let (x,)m be a sequence of mollifiers and set u** = u* * x,,
for m large enough with the properties:

a. u™ =0 in V).
b. [Ju* —u™||; <e/4.
c. |[[u™-vl|[1jarg <€/4Cy and [[u™ - 7|15, <e/4C

Properties a. and b. are consequences of the classical theory of convolution [4] (Proposi-
tion IV.18 page 68 for a. and Corollary IX.8 page 162, applied to a domain of class C'
“equivalent” to Q\Vy, for b.). What about c.? Here, C,, (resp. C) is equal to the norm of
the lifting operator L, g (resp. Lrr,) of the normal (resp. tangential) trace of functions
of HY/2(T's) (resp. H'/?(T¢)) into H(Q) which are equal to zero on Vi NT. (ouf!)
Both C, and C; thus depend on ¢ (via V(). But, like ¢, they are given. Therefore, as far
as the traces are continuous with respect to the H' norm of u* — u**, c. can be obtained
through b..

Step 3: Classically [17], the lifting preserves the smoothness of the trace. A smooth
trace yields a smooth lifting. Thus, the nonzero boundary condition on u** is corrected
by taking:

W = = Lo (0) ~ Lur (u).
Note that L, . are two independent liftings thanks to the zero boundary condition in the
neighborhood of each corner;

1 < /2 by construction.
As a conclusion, u™* € D and |[u*™* —u||; <e. m

In Vg, after Costabel [7] who proved the result in three-dimensional polyhedral domains
(in the case when I's = () or ' = (), the following result holds
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Theorem 3.2 V(u,v) € V3:

/gradu : gradv dx:/divudivv dx—l—/curlucurlv dx.
Q Q Q

Before proving the Theorem proper, let us consider the case of smooth functions which
belong to D()2.

Proposition 3.2 Let (u,v) € D(Q)QQ, then

/gradu cgradvdx = /divudivvdx+/curlucurlv dx
Q Q
I R
jecus

where (I'j) jecus is the set of generalized edges and (ur,u,) are the components of u in the
local reference (O, 1j,v;) (i.e. for each T';).

Proof: First, let us recall that, given two 2 x 2 matrices A and B, one has

2
A B= aibi.

i,j=1
As a consequence, integrating by parts, one obtains on the one hand

aul 8

/Qgradu gradvdx = /Q(AulvlthuQvg) dx+/(ay v+ —= ey v9) do,
and, on the other hand,
/divudivv dx = —/(graddivu)‘vdx—i—/divuvl,da,
Q Q r
/Curlucurlv dx = /(curl curlu) - v dx — / curluv; do.
Q Q T
In other respects
—(Auj v; + Aug ve) = (curlcurlu) - v — (grad divu) - v
thus one arrives readily at
/gradu cgradvdx = /divudivv dx+/ curl u curl v dx
Q Q Q
+ /<8u1 1+8 vg)da—/divuvyda—i-/curludea.
r 0 ov r r

From this point on, it is possible to split up each integral over I' into a sum of integrals
over the I';: on each edge, the vectors 7 and v are constant, and as a consequence one can
change the reference from (O, €1, €2) to (O, 7;,v;) in order to obtain

Qyi +_6 — dur +_§EK
Ov v ov vz = Ov v v e
curlu = Ouy — Our
T ov’
. ou, Ouy
diva =

8T+3y'
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This finally leads to the result. [

Proof of Theorem 3.2: Let v € D (and u € D(Q)?). Then

6%38/ {8% }d"_Z/ au”deJ Z/ auTv,,da

Now, if u € D, then u,|rg = 0, which implies in turn du, /d7r; = 0; in the same way,
Our /0T, = 0. Thus the above sum is equal to 0 for any (u,v) € D?. The conclusion
follows thanks to the density of D in Vp. [ |

For an alternate proof (without the help of the density result), see Annex C.

Remark 3.2 The results of [7] (derivation of the formula in the case of smooth func-
tions) and [8] (density of locally zero smooth functions) allow to prove the same identity
in a polyhedron 2 with a Lipschitz boundary in the case of mixed boundary conditions,
uxnp, =0, u-nr, =0, where I'c and I's are sets of faces. [ |

3.2 Orthogonal decompositions and splitting of solutions

Recall that we introduced the regularized subspaces of Vy and ®¢ which we called Vp r
and ®g . Let us prove that

Proposition 3.3 Vy r and ®g r are closed subspaces of Vo and ®g respectively.

Proof: Thanks to Theorem 3.2, for all v in Vj g, one has the identity ||v]]o curl aiv = ||V]]1-
The above result is then a straightforward consequence of the completeness of H() for
its canonical norm and of Corollary 1.6.

Concerning ®g r, according to Point (ii) of Theorem 3.1, it suffices to note that
curl (Vo r) = ®o g m

As a consequence, we may write

1 L
Vo =Vo,r ® Vo5 and &g = ®g g & Po 5.

In what follows, our aim will be to characterize the singular part of the solution u to
(2.1)-(2.5) when g = 0 and ¢ = 0: u = ur + ug with ug € Vo g and ug € Vp 5. Note
that it is equivalent to split up ¢g the solution to (2.9)-(2.11) into ¢g = ¢o,r + ¢0,5, With
¢o,r € ®or and ¢g s € P 5. For that, we rely on Theorem 3.1 and Grisvard’s orthogonal
decomposition of L?(Q), stated below:

9 1
LX(Q) = Ady @ N.

According to [14] (Thm 2.3.3. and Lemma 2.3.2. page 47), an element of N is character-
ized by

Theorem 3.3 An element p of L*(S2) belongs to N if and only if

=0, jecCt

J

. . Op
Ap =0 in §, pr; =0, j €S, @\F

! In addition, there are some compatibility conditions in the neighborhood of corners (M;);c s, only
(no condition for mixed corners, cf. [16]).
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We infer, from Theorem 3.1, the

Proposition 3.4

VW,s = curl 7',
o5 = AN

In this way, we are able to characterize those elements of both V ¢ and ®¢ 5. Note that,
by construction, they satisfy to some orthogonality properties with respect to the scalar
products associated to || - ||y and || - ||¢: they are orthogonal to the smooth fields of Vj r
and to the smooth potentials of ®y r respectively. In the next subsection, we shall derive,
following [2], an algorithm to compute the elements of both Vj g and ®q g.

3.3 Regularity of the singular part

We begin by some brief highlights of the theory developed by Grisvard. Then we reproduce
the framework developed in [2]. In short, Grisvard’s approach? to singular solutions of
elliptic problems articulates along the following lines:

Lemma 3.1 Let v € N, then v € C®°(2\ O) where O is any neighborhood of the set of
corners (Mj);.

Proof (Main steps): We know that v is harmonic in €2, i. e. Av = 0, which yields that
v is locally C*° (cf. for instance [12] (page 79)).

On the boundary, away from corners, let ¥ be an extension of v across the boundary, by
odd or even reflection, depending on the boundary condition imposed on v. Then one
proves that Av = 0 in an open set which covers (locally) both sides of the boundary. (see
also Annex D). ]

There are several consequences to this Lemma: Let €25 “ (Mj,R;) N = {(r,0) €
10, R;[x]0,7/c;[} N2, (r,0) being the polar coordinates with center M; and x — axis I';
(note that we drop the suscript j for the polar coordinates).

[1] When the polar coordinates (7, ) are used in a neighborhood of M;, the boundary
condition can be written meaningfully as v = 0 or dv/90 = 0 for r > 0.

v 10v 102
[2]‘In. 5, Av = 0 is equivalent to 877;]+;871;+r7287912)
Now, it is clear from the Lemma that:

=0,for0<r<R,0<6<7/a.

0+ v(re'’) belongs to H*(]0,7/a;]), for 0 < r < R.

In other words, this function is in the domain D; of the operator (in variable 6) A;:
o +— —¢" with ad hoc boundary conditions.
Thus one gets:
v 1ov 1
or? * ror 12
[3] Let (¢jm)m>0 denote the eigenvectors of A;, with eigenvalues )‘?,m’ Ajm > 0. The
following holds:

Aj’l):O, 0<r<R.

2There are other relevant approaches, such as the use of the Mellin transform [3].
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Proposition 3.5 v can be written in the form 3, <o vjm(r) pjm(0), with

Vim(r) = ajm prim 4 Bjm T_Ajvm, for0 <\, <1,

= Qjm r)‘j*m, for 1 < Xjm.

Proof (Main steps): The ”separation of variables” which corresponds exactly, here, to
an expansion of 7 + v(rel’) in the basis (¢} m)m>0, is justified by Point [2] and the fact
that v € C*°(]0, R, D;).

It is the property v € LQ(QE) which limits the value of vj (1) to ajm rAim for 1 < Njm-
When Aj,, = 0, there is a log(r) term which vanishes thanks to the orthogonality condi-
tions mentioned footnote 1. [ |

From that point on, Grisvard proves:

Lemma 3.2 For each j and \j ., €]0,1[, there exists 0, € N such that
Tjm = 0j(r)rm ) (0) € H'Y(Q),
where n; is a cut-off function.

Proof (Main steps): Given w;,, = n;(r)r—m@; ..(0), let fjn = Aujm. By construc-
tion fjm is in L?(£2).

There exists one and only one element of H(f2), called wj,,, the variational solution to
Aw;jm = fjm with the relevant boundary conditions.

By a direct computation, it is easily checked by hand” that o;,, = u;m —wj.,;, isin N. &

This finally leads to
Theorem 3.4 dim N =}, Card {Aj;, 0 < Ajm <1}

Using the above results, assuming that a < 1 (cf. Theorem 1.1), we are now in the
position to prove the

Theorem 3.5 An element u of Vo \ Vo, belongs to H* () for all ¢ > 0 and does not
belong to H*(Q2).

Proof: u can be decomposed into ug + ug, with ug # 0. As ug is at least of regularity
H' for both its components, there remains to study ug € Vo,s. From Proposition 3.4, this
amounts to studying elements of N. Let p = curlug € N.

From the short excerpts of Grisvard’s theory above, we know in particular that p is
smooth away from the corners. If we use the standard results of Annex D, we deduce
that ¢ = A™1p (€ ®g ) is also smooth away from the corners: ¢p s € C*(Q2\ O), where
O is any neighborhood of the corners. As ug = curl ¢g, it is then clear that it is also
smooth away from the corners. The regularity of this function is therefore determined by
its behavior at the corners.

Let JD (vesp. J1) be the subset of Jjs such that there is a Dirichlet (resp. Neumann)
boundary condition on I'; in the definition of N. Then, with the help of the (local) polar
coordinates, (r,#), we find by inspection that SJQ, the restriction of p to Q;, takes one of
the following forms

S]Q = Z A, ;"™ sin(neyb), if j € Jp,

n>ng
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= Z Ay ;1" cos(najb), if j € Jy,

n>ng

= Z Ay r Y25 sin((n +1/2)ay6), if j € JD,
n>ng

= Z Ay, r Y2 cos((n +1/2)ay6), if 5 € J.
n>ng

N. B. These expansions of variables are justified by Proposition 3.5.

The index of the first term, ng, depends on the values of the angle 7/c;. As the
trigonometric functions are mutually orthogonal, the fact that SJQ belongs to LQ(Qj) yields:

Mjedporjedy:ng=0ifa;>1,nyp=-1if1>a; >1/2.

jeJuing=0if a; >2,ng=-1if2>a; >3/2, ng=-2if3/2> a; > 1/2.

A2
2] Z %Rﬁ"ai is bounded, where R; is the radius of .

n>ngo

Now, with Theorem 3.4, we conclude that, if j € Jp U Jy, the corner contributes for
one additional element of a basis of N if and only if a; < 1 ;if j € Jy, it contributes
for a single element if and only if 2 > «; > 2/3, and for two elements if and only if
2/3 > aj > 1/2.3 * This means that there is no contribution as soon as §; < 7 (when
j € JpUdJy)and 0; < 7/2 (j € Ju). Also, based on this labeling of a basis of N, it
is clear that S}) is determined by A_;; when the summation begins at nop = —1, and by
(A_2;,A_1;) when the value of ng is —2.

Remark 3.3 Evidently, it is possible to give the following alternate characterization,
with the complex variable z; = rel and f(z) = Y > Ang 2™

S9(z) = Im(f(z;7)), it j € Jp or Re(f(z;)), if j € Jn

i aj ap - aj/2 a; ap o
= Im(z;”"" f(z;7)), if j € JI or Re(zj]/ f(z7)), if j € Jiy.

Thanks to the result of Annex D, as both ¢ = —A~!p and ug = —curl (A~!p) are
smooth up to the boundary, the same tools (i. e. separiation of variables and expansion)
can be applied to derive the expressions of sz = ¢|Q; and S} = usjqe. In both cases, the
solution is made up of two parts: a part which corresponds to the homogeneous problem,
and a particular solution. As before, in order to truncate the summation in a correct
manner, we use the properties S} € L2(Q§) and Sj2 €eH 1(95) This yields:

naj

———— cos(na;0) cos(la;0)
D S A F3 Bt Tl el
n>ng o+ 2 sin(na;6) 1>lo —sin(la;0)
dnaj + 4 J !

BN =(may)? if j€JpUJn. 0< Ajm < lonlyform=1, q; <1.
2= ((m+1/2) o), if j € Ju. 0 < Xjym < Lonly for m =1, a; < 2, and for m € {1,2}, o; < 2/3.
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naj

———— sin(na;0) sin(la;0)
= Z An,j Tnaj+1 4na] +24 + Z BlJ' Tlaj_l ! ’ [JN]7
n>ng % COS(TLO[]'G) 1>l COS(ZO{je)
naj
(n+1/2)a,

— 1/2)a;0
Ly st | T 1720, 0
K (n+1/2)a; + 2

n>n 3 1 .
’ A(n+1/2)a; + 4 sin((n +1/2)a;0)
cos((l +1/2)a;0)
+ Y By D1 )
I>lo —sin((l1 4 1/2)a;0)

(n+1/2)c
- Z A, ,T(n+1/2)aj+1 4(n + 1/2)06]‘ +4
! (n+1/2); + 2

sin((n + 1/2)«;0)

n>n 1 .
’ A(n + 1/2)a; g cos((n+1/2)a;0)
sin((l + 1/2)a;0)
+ ZBl,j ,r(l+1/2)aj—1 7 [J]\]\ﬂ
1zlo cos((l +1/2)a;0)

As S} isin LQ(QE‘T), we find that [p = 1 in the case when j € Jp U Jy, whereas [y takes the
value 0 when j € Jy, regardless of the value of a;. Then,

B

2 - g oG +2 g : Pl ey g ,
S5 ; yry—" "% sin(naj0) + l;: o, % sin(le;0), [Jp],
n>n, =lo
Anj i+2 B ia,
= - ——— "% cos(naf) — Y —= 1% cos(lajb), [Jn],
n; dnoj +4 / glg loy /
A” ] n o :
= -2 A(n + 1/2J)a~ +4 rm 8 2 sin (n +1/2)a;0)
n>ngo J
By ; o
X e R s+ 1/2)00), (5],
>l I
An j n .
= -2 4(n + 1/2J)oz~ +4 rmH2252 cos((n + 1/2)0)
n>ng J
By, (I+1/2)c; N
— Y cos((I +1/2)a;0), [Jayl-
»Zzo (1+1/2)a; J M

N. B. The coefficients (B;); are identical in the expressions of Sjl- and SJZ, as they are
related by the relationship SJI- = curl SJZ.

Then, the regularity of ug (resp. p, ¢) is given by that of its local expansion (first
term of the second summation, in /), and the conclusion follows. [ |
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Chapter 4

Annex

In the Annex, we give some results which are either standard or technical. By standard,
we mean that they can be found in advanced textbooks. By technical, we mean that the
computations are straightforward but sometimes a little bit too long to fit in the core of
the report itself.

A Distances

We consider the following situation, with edges I'1 and I'y of length L; and Lo.

Figure 4.1: Notations.

We prove that there exist non negative constants C; and Cy which depend only on the
geometry such that

C do(t C
1§/ L)Qgij VZ€F1. (1)
l2]] = Jeer, llz = t][> ~ [|2]]
Remark 4.1 This is a case similar to the one considered for instance in [13] ((1.3.2.12)),
with a difference due to the piecewise smoothness of the boundary I'. |

By symmetry, we can restrict 0, to |0, 7]. Let

do(t
7= (2, 2,)" and I(z) = / L)Q.
tels HZ _tH

Let us focuse on two particular cases:
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[a] 6, =m:
Zy spans | — L1,0[ and z, = 0 (this corresponds to a smooth boundary).
La 1] 1 1 1 1
I(z) = / 2:{_ } __ L N
o (t—2) t—2z] Ly =2z 2 Lo+ |z]|  [|=]|
||z]|(L2 + [|2]])
Then (i) holds for C Lo dCy=1
en (i) holds for C4 = ——— an =1
YT L+ Lo 2
[b] 0, =m/2:
2y = 0 and z, spans | — L1, 0[.
Lot 1 t ] 1 L
I(z) = / 5 = T {arctan()] = — arctan(i).
o P4z |z 271 llz]] |||
. : : . : Ly
As x +— arctan(z) is an increasing function in z, (i) holds for Ci = arctan(—) and
1
02 = 7T/2.
Let us finally consider the general case:
[c] 0. €]0,7/2[U]r/2,n:
. ) L
we have z, = —az;, with a = tan(0.), and z, €]z, 0, with 2" = S —
1+1/a?
Lz dt Lamze gy 1 N
I(z) = / YRR Z/ R [arctan()]
o (t—z)*+2y U %y y 1z,
1 1 L 1
= — |arctan(—) — arctan(i +-—) .
|2y « y oo @

min
When z, spans |z

Therefore, if we let

,0[, zy — —arctan(La/z, + 1/a) is and increasing function in z,.

~ 1 1 L
Cy = arctan(—) — arctan(— — =2 /1+ 1/a?),
o a Iy
~ 1 T
Cy = tan(—) + —
9 arc an(a) t3

both constants are non negative and, in addition,

<I(z)<&

|2y

1 1 ~
As — =+/1+ l/aQW, (i) holds with C; = /1 +1/a?Cy, i =1, 2.
z z

|2y

Gy

— , V2, €200 0]
|2y !

)



B. IDENTIFICATION OF SPACES OF STREAM FUNCTIONS iii

B Identification of spaces of stream functions

Let us consider the spaces grad YA and curl ®a. VA is a finite dimensional space, a basis
of which is the set of functions (n;)1<r<x defined by

O
HYQ h that Ang = 0 in =0k, — =0
Mk € H™(2), such that Ang L35 Tkrt, = Okl "5 s

By construction, w = gradn; belongs to V. Thanks to Theorem 1.3, w € curl ®x.
Therefore, grad YA C curl ®a and, as these vector spaces are both of dimension K:

grad VA = curl ®p.

Then, one the one hand

/gradnk-curlxldx = <877k,xl>
0 8’7'

K K
ony, > < O, >
= » X1 + » X1
> (), + 3

m=0 m=0

- (),
8’7’ FlS

N. B. The splitting of duality brackets is fully justified, as gradn;, € H'/ 4(Q). The same
argument carries below, as curl y; € H'/4(Q).

On the other hand

/gradnk~cur1dex = —<8Xl,77k>
(o) 8’7’
K K
I > <3Xz >
= = (zmm) =D (Fm
m0< 0 re m=0 9 re

AS a consequence
<a77’“ 1> +<8Xl,1> —0,1<Lk<K.
or’ or Tk
S C

C An alternate proof

Theorem 4.1 V(u,v) € Vi:

/gradu : gradv dx:/divudivv dx—i—/curlucurlv dx.
Q Q Q

Proof: First, thanks to Proposition 3.2, we already know that for all (u,v) € D(ﬁ)22

one has
/ gradu : gradvdx = / divudivv dx + / curlucurl v dx
Q Q

+ Y / {au” 8“: }da,

jeCcuUS
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where (I'j)jecus is the set of generalized edges and (ur,u,) are the components of u in
the local reference (O, 7j,v;) (i.e. for each I';).

In the second place, with the help of the density of D(Q)? in HY(Q), for all (u,v) €
D(Q)? x HY(Q), we arrive at

/gradu cgradvdx = /divudivv dx+/cur1ucur1vdx
Q Q Q

duy Our .
+ /F].{@TUT_@TUV} do. (ii)

jecus

Unfortunately, it is not possible to perform the same operation twice without precau-
tions. Indeed, as urp, and uy|r; are elements of H'2(T;), we know, from [15] (1st volume,
Prop 12.1, page 94), that

Oou, Oouy,
an
87— |Fj 87— |Fj

then belong to f[ﬁl/Q(Fj),

0- -

the application P being continuous from HY2(T;) into H~'/2(T;).
T,

Remark 4.2 The alternate idea which consists in considering integral over the con-

nected components of I'c and I's does not work either, as in this case the quantities u,

and u, are not well-defined around the generalized corners. [ |

Therefore, passing to the limit in (ii) requires that v-r, and v,p; belong to HY 2(Ty).
This is precisely what we shall show for elements v of V. First, for all (u, v) € D(Q)%?x Vg,
(ii) reduces to

/gradu cgradvdx = /divudivv dx+/cur1ucur1vdx
Q Q Q

Ouy, ou, .
+ /FjaT’qua—Z/FjaTvyda. (iii)

JjES jec
Second, recall that {M;} =T, NT;;; and let

| 2

/2N 1/2/1. |11(2) o(z 50

B = e nmy, [ o) <o),

~ Z 2
H (i) = {ne H(T; ), / | mda(z)mo}-

Third, on the couple of edges (I';,I'j4+1), either a Dirichlet (j € Jp), a Neumann
(j € Jn) or a mixed (j € Jyr) boundary condition is imposed. Then, for an element v of
VR, one can prove the following:

Proposition 4.1 (i) Vj € Jp, vy, € ﬁi/Q(Fj) and vy|r,,, € IA-E/Q(FjH).

(i) Vj € Jn, vrr, € fﬁ/g(f’j) and v, € fﬁ/Q(FjH).

IT'j41

(1it) Yj € Jy such that 8 # w/2 [n],

— Ifl“j CcTIg and Fj-‘rl cle: UT|I‘j S f[i/2(Fj) and UV'F]'+1 S Hi/z(l“jﬂ).



C. AN ALTERNATE PROOF v

Figure 4.2: Around the corner M;.

— Ifl“j cTle and Fj+1 CclIg: 'Ul,|r‘j € f‘L}/Q(Fj) and UT\Fj+1 € ﬁi/Q(Fj_;,_l).

Proof: In the sequel, (O, z,y) is the absolute reference. Assume we have the following situa-
tion, with I';;; parallel to the z-axis:

Case (i): by definition, v, p, = 0 and vy ,, = vrp,,, = 0. We shall prove that Uyr,,, =

j+1

Uy|r,,, belongs to ml? (I'j+1) (one proves v, p, € Hi/Q(I‘j) in a similar manner).
From that point on, the proof can be carried out in three steps:

(a1) vzr, € ﬁIi/z(Fj): as v.e H/2(T"), v, € H'/2(I'), which implies in turn Vg, € HY2(T;)

and
|Ua:\1/21“ / / oz = 12 Gl do(z)do(t) < oco.
||Z —tll

Now, v, = 0 and thanks to (i), we arrive at (C] =1/Cy)

ITj+1

|v2(2)[? 12
—————do(z) < C7 |vg < 00.
/Fj ||Z—MjH ( )— 1| |l/2,F

This proves (ay).
(by) Uy, € ﬁiﬂ(l"j): by assumption, vyr, = 0 or, equivalently,
(—=costjv, +sinbjv,)r, =0, with sinf; # 0.
(b1) thus follows from (ay).

(c1) Uyir,,, € ﬁ*l/z(ljj_‘_l): indeed, v, € H'/?(T) and, from Annex A,

o, (2)]? | ) / do(t)
— 2 _do(z) < C vy(2)]* do(z _
/anz—Mﬂ @ < et [
0, (2) — v, (O | oy (B)]2
< C/ / { Y Y + Y do(z)do(t
U e,y Jeer, Hz—th 2 -tz J 7@ ®)
<

t)|
1 v, 2 +C/ [ (OF L
1{| y|1/2,r 2 r, ||t— Mj” )

Both terms are bounded, thanks to point (b;). In other words, Vyip,,, € HL/? (Tj41).
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Case (ii): by definition, v, |, = 0 and Uyr,,, = 0. We sketch the proof of the fact that v,
actually belongs to o2 (T41)-

ITj+1

(a2) Uy, € ~i/2(Fj): this is the transposition of (a;) with v, in liew of v,.

(b2) vap, € I?Ii/z(Fj): by hypothesis, v, |, = 0. This can rewritten as:
(=sinf; v, —cosbjvy)r, =0, with sinf; # 0.
(b2) then follows from (ag).
(c2) Vayr,,, € HY/?(Tj41): this is (c1) with v, in liew of v,.

Case (iii): Assume (for instance) that v, r, = 0 and v, =0, with cos6; # 0.

ITj+1

(a3) var, € ﬁi/Q(Fj): same proof as in (ay).

(bs) Uy, € }Aﬁ/z(I‘j): as vy|r; =0,
(—sin@; v, —cosbjv,)r, =0, with cosf; # 0.

(bs) follows from (ag3).

(cs) Uy, € Hi/z(Fj+1): same reasoning as in (c1).

Therefore, vy . € ﬁi/Q(FjH). In the same way, one gets that v, ,, € ﬁi/Q(Fj+1). This
J
completes the proof. [

Assume that, for all j € Jur, 0; # 7/2 [7]. Then vy, € fliﬂ(l“j) and vrr; € ﬁi/z(Fj)
for all the edges, thanks to the Proposition. Now, let u € Vr: by density, there exists a
sequence (u¥); of element of D(Q)? which converges to u in H'(Q). Then according to

the continuity of p — gM'F from H'/2(T;) into E[‘l/Z(I‘j), one has
71T
Oy My i VAT, WieS
or |Fj or |Fj N I J
ouk our

=0in H V3T, Vj e S.
87— |Fj 87— |Fj m ( J)7 J

Thus passing to the limit in (iii) is allowed and this leads to the conclusion.
Last, in the case when 6; = 7/2 [r] for some j € Jy, then there is no additional diffi-

culty, although the results (case (iii)) of the previous Proposition don’t hold any more. In-
deed, if one assumes that (j, j+1) € SxC, thenlet t = 7;, n = v; and (u,v) € D(Q)? x Vg.

la] If 0; = 7/2:
Oy vy do / Our v,do = % vy do — / O(—un vy do
T 87’ Fj+1 8’7' 1'\]. 6’7’ Fj+1 6’7’
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ou,, ou, Oouy, Ouy,
— v, do — —v,do = — v do — — (—v)d
/Fj 57 vy do /Fj+1 5, v, do . o vy do / (—v¢) do

ou
= / - V¢ do.
Ul 41 or

In other words, the mixed corner ”vanishes”, and it allows to consider the two edges
as a single one, I'; j11. The proof is then carried out using this new edge as, with the help

Ouy,
of Proposition 1.3 (grad u,, € H(curl, 2)), we get — 5. € H-V2(T 1) [ ]

Remark 4.3 If, for all the indices j, j is in Jys and 6; = /2 [x], then the sum of all
the boundary terms becomes

Z/ auvada Z/ auTv,,dJ: 887_vtd0

jES jec

0
The problem then disappears altogether as now %‘ e H Y 2(I‘) and v; € HY 1)
T T

directly! [

NB: a straighforward consequence of the proof of Proposition 4.1 is that there exist
constants C' > 0 such that

(i) Vj € Jp, Vv € Vg,
|‘Uu||1/27*,rj < CHV||1/2,F and ||Uu\|1/2,*,rj+1 < C||V||1/2,F-
(il) Vj € Jn, Vv € Vg,
HUTH1/2,*,FJ- < C||v||i/2,r and Herl/z,*,er < Clv|l1/2r
(iia) VjeJus. t. 0 #n/2[n],T; CTgand I'j;1 CI'c,
HvTHl/Q,*,Fj < CHVHI/Z,F and vaHl/Q,*,er < CHVHl/z,F~
(iiib) Vj € Jyss. t. 0; #7/2[x],T; CT¢ and T4 C T,

oull1j20r; < ClIvIlijer and [|vr]]1j24r,,, < CllvIlij2r

D Regularity of the solution to a Laplace problem

Let pe N.

Proposition 4.2 The solution ¢ to the problem:
Find ¢ € H'(Q) such that

Ao = pin{,
¢ = 0onlg,

¢

% 0 onI'¢g,

satisfies to ¢ € C*(Q\ O), where O is any neighborhood of the corners (M;);.
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Proof:! [1] ¢ is smooth inside Q:

for that, given a neighborhood O. = U;B(Mj,e), € > 0, let . € D(R?) with the
properties:

ne = 1in Q. ={zeQ, dz,T) > e},
= 0 outside 2 5.

Figure 4.3: Q. and 7..

As a consequence, since p € C*®(Q\ O /2), p- = pne actually belongs to D(R?).

Now, let ¢. be the solution to Ag. = p. in R2. If we call E the (elementary) solution
to AE = &, we know that, in polar coordinates, E = 1/r € L} _(R?) and ¢. = E x p..
Thanks to [4] (page 69), ¢. € C*°(R?). Then, A(¢ — ¢:) = p(1 —n:) =0 in Q.. In other
words, (¢ — ¢.) is harmonic in Q. and therefore of class C* (cf. [12] (page 79)).

2] ¢ € C=(Q\ O);

Let us consider a given edge, I';, of the boundary. We define local cartesian (orthonor-
mal) coordinates (z1,x2), such that € is parallel to I';, and T'; is imbedded in 23 = 0. Let
us call R =]a,b[x]0, ¢[ a rectangle imbedded in 2 and I =]a,b[x{0}. By assumption, we
know that p € C*°(R). Let R =|a, b[x] — ¢, [.

(a) Assume that pr; = 0, that is j € S. Then, according to the local expansion of p
in polar coordinates, we obtain immediately:

glar,az)
Frarral
1 0T
Indeed, as p is "summable” in the variables (r, §) in the angular sector |0, R;/2[x]0, 7 /],
we can proceed by differentation under the sign .

Vaq, Vo even (z1,0) = 0. (iv)

for an alternate proof, see [4], pages 181-188.
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Then, we define the odd reflection of p, called p, in R, by:

p(x1,x2) = p(xr,xe) if 22 >0,
= —p(x1,—x2) if o <O.

Let us prove that p € C>*°(R). We already know that p € C*(]a, b[x{] — ¢, 0[U]0, ¢[). There
remains to check that, for all (o, ) € N? and for all 71 €]a, b]:

glaaz) + Hlan,az)
lim —m——ap,23) = lm —m—F—F0(T1,25).
o -0+ 0x(! Oxy? P, 73) s 0 0x5 D5 p(z1, 73) (v)

Clearly, the left-hand side of (v) is equal to

Hlow,az)

— 0).
61'(111 axggp(xla )

Concerning the right-hand side, let us prove by induction that, for all the elements
(1,25 ) €]a,b[x] — ¢, 0], one has:

8(0417062) _ . o 6(0117062) B .
921 a$agp(x17$2) = (_1) 2t ozl axOQp(xl’ —Zy ) (Vl)
1 2 1 2

Indeed, it is true for a; = 0 and ag = 0. Assume it is true for (0, a2). Then:

ooetl _ 1[0 _ %2 _ _
axgzﬂp(fﬂhl“g ) = }g}) n {8:63‘2 p(x1, @y +h) — 76333217(3317372 )}
1 [ 0™ 02
az+1 71: — _
= (i o { T — ) - (o))
8a2+1
ao+2

= (-1) 81’32+1p(x1’ —x5 ).

Therefore, it is true for all (0, ag). For a fixed ag, we now proceed by induction on ay. If
this is true for (o, as), then:

8(a1+1,a2) 1 a(al,ag) 8(041,042)
h—0 E

Dt g P02 = Gag gt )~ P 12

Ozt Oz 925 Dl
8(a1+1,a2)

ax?lﬂ 0x5?

h—0 h

1| flenez) 3 gla1,a2) B
_ (_1)a2+1 lim — {mp($1 + h, —Xy ) 70[2}7(%1, —Tq )

= (—1)et! p(x1,—z5 ), QED.

Thanks to (vi), (v) holds for (ai,as), such that ay is odd. Thanks to (iv) and (vi), the
result is still valid for (aq, ag), such that s is even.

Therefore, p belongs to C*°(R).

N. B. Note that an alternate proof can be also obtained by using what follows.

}
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Let us prove now that ¢, the odd reflection of ¢, is also an element of C*°(R). For

that, given ¢/ € D(R), let & be the odd reflection of ¢/. Finally, let ¢ € D(R). With a
double integration by parts, we get:

< Ag,go >=< a,Acp > = / 8’ Apdzry dzo
R
= / 5’ Apdry drs + 5, Apdry dro
R R
= [ gradd gradpdeide; +2 [ (0,0 5 e1,0)do
RUR' I ov

= Agcpdz:l dxo + 2/@5'(1"1, 0) 8—90(531,0) dz;.
I

RUR/ 81/
For the first integration by parts, we used the property lim al(xl,xg) = —¢'(21,0),
Ty =07
whereas, for the second one, we used lim 88//8V'(x1,x§) = —0¢' /Ov(x1,0) (with the
Ty =07

help of (vi) for oy =0 and ap = 1).

By density (cf. [13]), as ¢ is by definition an element of E(A, R), we finally obtain
that, for all ¢ € D(R):

< A, p >:/

Aaapdm dro = / pedry dxo.
RUR’

RUR'
Here, the second equality is derived from (vi), with (ay,a2) in {(0,2),(2,0)}. In other

words, we arrive at A¢ = pin R. As p € C®(R), Point [1] shows that ¢ in its turn
also belongs to C*°(R), and therefore ¢ € C*(]a, b[x[0, ¢[). This proves the Proposition in

Case [a].

[b] On the other hand, if we suppose that 8p/8y|pj = 0, that is j € C, we obtain
successively:

glar,az2)
0s7 0"
We define the even reflection of p in R by

VOq,VOQ Odd, X1, 0) =0. (Vii)

p(x1,22) = p(r1,22) if 22 >0,
= p(xy,—x9) if 29 < 0.

(v) holds with P thanks to (vii) and to the property hereunder.
For all (x1,25) €]a,b[x] — ¢, 0], one has:

poren) _ gl i
W}?(m,l’g )=(-1) Wﬁ(wl,—%)-

Finally, if we call E the even reflection of ¢, we readily reach, for all ¢ € D(R):

<Ag,g0 >:/ D dry dxs.
RUR/

Point [1] shows again that Z € C*(R), and the Proposition is therefore proved in the
general case. m



