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The excitation spectrum of a Bose gas with an impurity
in the Gross—Pitaevskii regime

Jonas Lampart* Arnaud Triay'

May 2, 2025

We study a dilute system of N interacting bosons coupled to an im-
purity particle via a pair potential in the Gross—Pitaevskii regime. We
derive an expansion of the ground state energy up to order one in the
boson number, and show that the difference of excited eigenvalues to the
ground state is given by the eigenvalues of the renormalized Bogoliubov—
Frohlich Hamiltonian in the limit N — oo.
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1 Introduction

At very low temperatures a gas of bosons forms a Bose-Einstein condensate (BEC), a
quantum state in which a macroscopic fraction of the bosons occupy the same single-
particle state. The particles outside the condensate state, often called excitations or
phonons, play a crucial role in the thermodynamic properties of the BEC. In 1947,
Bogoliubov developed a theory to explain the emergence of superfluidity in dilute
Bose gases using Landau’s criterion of superfluidity [48]. In Bogoliubov’s theory [9],
the excitations are described by a quantum field governed by a Hamiltonian that is
quadratic in the creation and annihilation operators of the excitations. This allowed
him to compute explicitly the ground state energy and the low-lying excitation
spectrum of the system. The rigorous justification of Bogoliubov’s theory has now
been studied in depth from a mathematical point of view, both from the spectral
point of view [68, 31, 52, 71, 23, 5, 2, 62, 15, 28, 29, 12, 11, 16], and for the dynamics
(66, 33, 34, 51, 3, 20, 8]. See also [58, 17, 26] for two-dimensional systems and
[7, 37, 13, 38, 27, 18] for the positive temperature case.

The interaction of the Bose gas with an impurity particle will create additional
excitations out of the condensate, which in turn act on the impurity. In the regime
of large boson number, the Bogoliubov-Frohlich Hamiltonian has been proposed as
an effective model (cf. [35, 57, 46]) for the excitation spectrum of the system. In this
Hamiltonian, the interaction between the impurity and the excitation field is given
by a coupling term that is linear in the field operator. This model has already been
mathematically justified in the mean-field limit [57, 46]. However, Bose-Einstein
condensates, as they are prepared in experiments, are better modeled by the dilute



Gross—Pitaevskii limit, and the validity of the Bogoliubov-Frohlich model has been
questioned in the physics literature [21] (see Remark 1.7). The goal of this article
is to study the ground state energy and spectrum of the Bose gas with an impurity
in this limit and prove validity of the approximation by the Bogoliubov-Frohlich
Hamiltonian.

In the Gross—Pitaevskii regime, N bosons are spread out over a volume of diameter
L = N in three dimensions. The density is therefore of order N~2. It is however
more convenient to rescale the system in a volume of order one. This leads us to
consider the Hamiltonian

N N
Hy=—=0:+) (=Ay)+ Y N°V(N(yi—y;)+ > NW(VN(z—y)). (1.1)
i=1 1<i<j<N i=1

For simplicity, we will consider a system with periodic boundary conditions. The
position of the impurity will be denoted by x € T3 and those of the N bosons by
(yi)1<i<n € T3N, where T3 = R3/Z3 is the three-dimensional unit torus. We assume
that the boson-boson potential V' and boson-impurity potential W belong to L?(R3),
have compact support and are non-negative. If N is sufficiently large, the scaled
potentials Viy(y) = N2V (Ny) and Wy (z) = NW(v/Nz) have support inside the
cube [0, 1], therefore we may identify the support with a subset of the torus and
replace the potentials by their periodic extension. The Hamiltonian Hy thus acts
on the Hilbert space /%y = L?(T?) @ L?(T3)®»=N with domain H?(T3N*1) N 4.
Heuristically, one should think that as N — oo, the boson-boson interaction behaves
like N~'3(y; — v;), and the boson-impurity interaction like N~'/2§(2 — y;). This
singular behavior leads to considerable difficulties in the analysis, even at leading
order of the energy. For the case without an impurity, such an analysis has been
carried out in the works [56, 53, 55, 54, 61, 6, 16].

The scaling for W is chosen so that the interaction between the impurity and the
excitations above the condensate is of the same order as the kinetic energy of the
Bogoliubov excitations, similarly to [57, 46], see Remark 1.3 below.

The starting point for our analysis will be to assume Bose-Einstein condensation
of low-energy states, in the form of Condition 1.1 below. To state this, let a, denote
the scattering length of a potential 0 < v € L'(R3), defined by

8ra, =  inf / (2170 (@) + v(@)]1 + o)) de. (1.2)
pEH(R3) JR?

Note the scaling property ayz,.) = A la,.
Condition 1.1 (Bose-Einstein condensation). There exist ¢,d > 0 so that

N
Hy —4rayN > ¢ Q; — dVN,
j=1



where we (); denotes the projection onto the orthogonal of the constant function on
T3, acting on the j-th factor of L2(T3)®sym¥,

As we are already assuming W > 0, the boson-impurity interaction can be dropped
from Hpy for a lower bound, which makes this a condition on V only. It is known
to be satisfied if V' is radial [6, 40], where it holds with a rate of order one instead
of V/N. For our use, the improved rate is of no importance since the impurity will
change the energy at order v/N in any case. Condition 1.1 is, however, expected to
hold more generally. A discussion of the non-radial case can be found in [60].

Theorem 1.2. Let 0 < V,W € L*(R3) be even and compactly supported. Assume
moreover that Bose—FEinstein condensation holds in the sense of Condition 1.1. Then
as N — oo

inf o(Hy) = 4may N 4 8maw VN — 321(27/3 — V/3)apy, log N + O(1).

The first two terms in the expansion account for the direct boson-boson and the
boson-impurity interaction, respectively. They are natural guesses, as two-body
interactions are expected to be responsible for the leading order in the energy, due
to the diluteness of the gas. The log N-term, on the other hand, is explained by an
effective three-body interaction between the impurity and two bosonic excitations
(see Remark 1.11). The emergence of such a term from the Bogoliubov-Froéhlich
Hamiltonian with cutoff A = N was proved in [45], after being observed in [36, 35].

Remark 1.3. The scaling for W is chosen so as to observe meaningful interactions of
the impurity with the excitations. To explain this in more detail, recall that the Bo-
goliubov Hamiltonian represents the Hessian of the Gross—Pitaevskii functional [52].
In other words, without impurity, the second variation of the Gross—Pitaevskii en-
ergy describes the asymptotic excitation spectrum of Hpy. The Gross—Pitaevskii
energy with impurity is obtained by formally replacing the potentials in Hy by
8ray N~ 16(y; — Yji)s 87raWN_1/26(37 —y;) and calculating the quadratic form of Hy
in an uncorrelated state ¢ ® u®Y. Doing so, we arrive at

Eor(,u) = [ Vol + N [ |V,uf +drar (N =1) [ fu)l
+8ran vV [ fu(a) Pl () (13)

With no impurity, ¥ = 0, the constant function v = 1 minimizes this functional.
This function represents a condensate of N bosons, so finitely many excitations out
of the condensate (as expected in the Gross—Pitaevskii regime [6]) correspond to
a variation of [|u|? of order N~', i.e., u = 1 4+ N~'/2¢u. Inserting this into the



functional, we obtain

Eap(¥, 1 + N7Y25u) — Egp(0,1) — 8ray VN
~ [Vl + [ (19,008 + sraviu(y) )

+amay [(Gu(y)® + Fuly)”) + Sraw [ (Guly) + Sl (@), (1.4)

up to higher order terms. Here, the interaction between the impurity and the exci-
tations represented by du is of the same order as the interaction of the excitations
among themselves due to our choice of interaction strength, which justifies the scal-
ing for W.

Our second main result is that the low-lying spectrum of Hy is well approximated
by the one of the renormalized Bogoliubov-Fréhlich Hamiltonian. This operator acts
on

Hy = (T & T(5.), (L5)

where T'($); ) is the bosonic Fock space over ), = {1}, the orthogonal to the (con-
stant) condensate wave-function 1ps. Formally, the Bogoliubov-Frohlich Hamilto-
nian is given by

—A, +dl(e) 4+ a(wy) + a* (wy), (1.6)

where € is the Fourier multiplier with Bogoliubov’s dispersion relation

e(p) = \/p* + 16Tayp?, (1.7)

a*,a are the bosonic creation and annihilation operators (see (2.11)) and w,(y) =
w(z — y), where w is the distribution with Fourier coefficients

@(p) = 8maw|ple(p)~V/2, p € 272\ {0}. (1.8)

However, the expression (1.6) is ill-defined due to the lack of decay of w(p) ~ 8may
for p — oco. For a rigorous definition, it should be replaced by the renormalized
Bogoliubov-Frohlich Hamiltonian on the torus, constructed as in [45].

Proposition 1.4. Define w® by its Fourier coefficients 0™ (k) = W(k)Ljp<p for
A e Ry, and set

Hip = —A, +dT(e) + a(w?) + a*(wd), (1.9)

which defines a self-adjoint operator on D(—A, + dT'(e)). There exists a family
(Ea)a>0 C R and a self-adjoint operator (Hpr, D(Hgr)) with compact resolvent so
that

A A—o0
HBF_EA — HBF

in norm resolvent sense.



We prove this proposition in Section 3, where we also give more details on Hpp.
With the renormalized Bogoliubov-Frohlich Hamiltonian, we can resolve the excita-
tion spectrum of Hy for N — oo.

Theorem 1.5. Let 0 < V,W € L?(R3) be even and compactly supported, and as-
sume that Bose—Finstein condensation in the sense of Condition 1.1 holds. Let
(Hpr, D(Hgr)) be the renormalized Bogoliubov-Fréhlich Hamiltonian of Proposi-
tion 1.4, and for k € Ny let ex,(H) denote the k-th min-mazx value of the operator
H. Then as N — o0

ex(Hy) — eo(HN) = ex(Hpr) — eo(Hpr) + O(N—l/SO).

Note that in Theorem 1.2 we determine the ground state energy eg(Hy) =
inf o(Hy) with an error O(1) but in Theorem 1.5 we can express the elementary
excitations ey (Hy) — eo(Hy) up to a precision o(1). From the proof of Theorem 1.5
one can extract an expression for eg(Hy) with this precision, but it is quite involved
and not completely explicit, since the value of eq( Hpr) is not known.

The proof of Theorem 1.5 also shows that the eigenfunctions of Hy can be ex-
pressed in terms of those of Hgp and two unitary transformations: the excitation
map Uy : 7 — N (see Section 4.1) and a Bogoliubov transformation Up (see
Section 4.5). This information is also sufficient to obtain an approximation of the
unitary dynamics.

Corollary 1.6. Assume that the hypothesis of Theorem 1.5 hold. Let Ux be the ex-
citation map defined by (4.2) and Up the Bogoliubov transformation whose generator
is given by (4.164) with N = oo. Then:

a) For any k € N, the corresponding min-max values ex and ¥y € ker(Hy —
ex(HnN)), the sequence UsUx VN converges, up to a subsequence, to a limit U €
ker(HBF — ek(HBF))

b) The corresponding spectral projections converge in norm: Let B be an open in-
terval with U(HBF — €0<HBF)) NB = ek(HBF) — 60(HBF), then

]\}gnoo U;(]IB<HN = 6k(HN))UX = UB]I(HBF = ek(HBF))UE

c) For any sequence ¥y € 0y so that UyW N has a limit V € Jt,,

li * o it(Hn—eo(HN))p \, — —it(Hprp—eo(HBr)) [ 7%
Ngnoone ~N = Upe Up

in the norm of .



Remark 1.7. There has been some debate in the physics literature concerning the
applicability of the Bogoliubov-Fréhlich model. In [21], the authors performed an
expansion of eg(Hy) in ay and found an expression of order a?IjV log ayy. It is argued
that this cannot arise from the Bogoliubov-Fréhlich Hamiltonian, whose (formal)
perturbation series is even in ay. In our scaling, the corresponding term in the
perturbation series is of order N~%/21og N. It is related to the creation of pairs of
Bogoliubov phonons by the impurity, which is suppressed by the fact that the boson-
boson interaction is weaker than the boson-impurity interaction (see Section 4.5).
Hence, its absence from our results is not in contradiction to [21], where no relation
between the two interactions is assumed and the expansion is in ayy.

Our results show that, in the precise scaling we consider, the spectrum is correctly
described by the Bogoliubov-Frohlich Hamiltonian.

Remark 1.8. The first application of Bogoliubov’s theory was to provide an ex-
planation of superfluidity. Landau argued [48], based on conservation of energy and
momentum, that an obstacle moving at velocity below the speed of sound relative
to a quantum liquid could not excite phonons and would thus not create friction.
This could be made more precise using the Bogoliubov-Frohlich model, where the
impurity serves to probe the superfluid behavior. A step in this direction was re-
cently made [41], where the Bogoliubov-Fréhlich model in R? is analyzed, and it is
shown that a moving impurity does not experience friction when moving at velocities
smaller than the speed of sound, which equals 4,/7ay in our derivation. Connecting
our derivation of the Bogoliubov-Frohlich Hamiltonian on the torus to the one on
R? (e.g., by taking the size of the torus to infinity, as is done in the physics litera-
ture [35], see also [23]) would thus provide a detailed explanation of this effect from
a many-body quantum model. This has also been investigated in a semi-classical
setting in [24, 30, 22, 50].

Remark 1.9. The prefactor of log NV in Theorem 1.2 is due to our choice of the
masses of both the bosons and the impurity being equal to one-half. For a general
mass of the particle m and reduced mass p~! = m™! + 2, the prefactor is

Cm = —167r/flaiw(% arcsin (£) — /1 — (ﬁ)Z), (1.10)
as can be checked by keeping track of the constants in the calculations of Section 6.1
(see also [47]).

Remark 1.10. The scaling of our Hamiltonian can be expressed in the natural
units of a dilute system (see also [47]). Consider a system of bosons with density p
interacting among themselves through a potential V' and with one impurity via W,
in a box of side-length £gp = (pa)~/? (the Gross-Pitaveskii length), where a := ay



is the scattering length of V and where we also denote by ay the one of W. The
Hamiltonian for the total system is

N
Hgp = A, + Z(_Ayl) + Z V(yi - yj) + Z W(Q: - yj)? (1‘11>

i=1 1<i<j<N 1<j<N

We consider the dilute regime, in which the dimensionless parameter pa® is small
and the polaronic coupling coupling constant (compare [69, 35, 47], where definitions
differ by factors of v/87)

2

a
a=ajlapp = X (1.12)
alap

is of order one. The number of bosons is given by N = pf3,, = (pa®)~1/2 = tgp/a>
1 and the number of excited bosons is of order one [6]. The coupling to the impurity
satisfies the relation {gp/aw = /N/a, so its range is still much shorter than {gp,
though larger than a.

In order to normalize the interactions, we may write V(y) = a~2V(a 'y) and
W(z) = a;VQW(a;Vl:U) with potentials V and W that have scattering length equal
to one. Then, rescaling by fgp and mNultiplying with ¢4, we have (2,V ({gpz) =
N2V (Nz), and (2p,W (bgpx) = N/aW (y/N/az) which leads to a Hamiltonian of
the form (1.1). The expansion of Theorem 1.2 can then be written as

inf o(Hgp)
g3
GP

= 47rap2(1 + 2va(pa®) /4 — 827 /3 — V/3)a\/ pad log(pa®) + (’)(\/,0713)>

In the case of different masses, the correct formula is obtained from (1.10) (see
also [47]).

For comparison, note that the p°/“log p term in this expansion is larger than the
well-known Lee-Huang-Yang correction [49, 28, 2, 29, 26, 37|, which is of the order
,05/ 2. Tt is however very similar in nature to the term proposed in [70, 67, 42] to
capture the three-body effects in a Bose gas. The latter is expected to be of order
p®log p and was very recently derived in the Gross—Pitaevskii limit [19].

5/2

Remark 1.11. The three-body nature of the log N—contribution to the energy can
be understood by the following heuristics. Since the Bose gas is dilute, the effect
of the boson-impurity interaction is dominated by simple two-body interactions.
These lead to correlations between the impurity and a single boson since, due to
the repulsive nature of Wy, these will try to avoid getting closer than distances
of order N™%2. This is captured precisely by the solution ¢ to the minimization



problem (1.2) with v = W, and it is responsible for the scattering length ay ap-
pearing in the coefficient of v/N, instead of just the averaged potential [TV as in
the mean-field case. If we consider two bosons interacting with the impurity and
make the ansatz ¥ ~ o(vVN(z — y1))o(VN(x — 42))®(x, y1,y2) at short distances,
then HoW will contain a term with

v® (2, y1,12) := NVo(VN(z — 1)) Vo (VN (z — 12)), (1.13)

coming from the action of —A,. This can be interpreted as an effective three-
body interaction potential acting on ®. Minimizing over ® will make the scattering
length of this three-body potential appear (cf. [59] and Equation (5.8), noting that
this potential integrates to zero), which multiplied by the number of pairs of bosons
~ N? will give the term of order log N in Theorem 1.2. That this is of order
log N can be easily checked. Note that for 1 < |y|, ¢(y) behaves like 1/|y| and
Vo(y) ~ 1/|yl?* (cf. [60, Theorem 6]). Then, passing to relative coordinates, the
three-body scattering length, defined by a minimization problem analogous to (1.2),
is approximately given by

/”(3) - <”(3)7 (=(Vy, + vy2)2 — Ay — Ay, + U(3))_1U(3)>

~ =N [ VeNp)Ve(VN)
N=Y28]y ] ye|
X (=(Vyy + Vi) = Ay, — Ayz)ileO(\/Nyl)vSO(\/NyQ)
1 1 1 4 11 log N

- (LA, - I .
2 Pl S T A el v
N=1/2<|y1|,|y2|

The proof of Theorem 1.2 contains a rigorous implementation of these heuristic
estimates where we do not use such an ansatz of product form, but rather a Weyl
transformation which leads to similar expressions.

2 Preliminaries

2.1 Outline of the article

The following outline of the article may serve as a guide to the proofs of our main
results. In the remainder of Section 2 we introduce some global conventions on no-
tation, and summarize the key properties of the scattering length and the associated
scattering solution, as well as its analogues on the torus. These results will be proved
in Appendix A.

In Section 3, we discuss the renormalization of the Bogoliubov-Frohlich Hamilto-
nian on the torus and prove Proposition 1.4. The proofs of the necessary technical



lemmas are postponed to Section 5, where a more general case with an additional
excitation-impurity interaction is treated.

In Section 4, we write the Hamiltonian Hpy in the excitation picture. We then
apply several unitary transformations to extract the correct leading asymptotics of
the energy, and, at the same time, to make the correct model parameters appear.
The general scheme is to deal first with the large momenta, which are responsible for
the bigger terms in the energy asymptotics, and then work downwards step-by-step.
Specifically:

1) In Section 4.2 we apply a Bogoliubov transformation U,, whose generator is
quadratic in boson creation and annihilation operators. It acts on the large
boson momenta and makes the scattering length ay appear at the leading order
of the energy.

2) In Section 4.3 we apply a Weyl-transformation Uy, which additionally depends
on the impurity position = (similarly to the Gross transformation known from
the literature on singular polaron models, like the Nelson model, cf. [63, 32]).
This transformation also acts on large boson momenta and makes the scattering
length ayp appear in the energy asymptotics.

3) In Section 4.4 we apply a transformation U, to the boson Hamiltonian that has
a generator which is cubic in creation and annihilation operators. This accounts
for scattering processes that mix low and high energy bosons and makes the
scattering length ay appear in the boson Hamiltonian restricted to small energies.

4) In Section 4.5, we use Bogoliubov’s transformation Ug, which transforms the
remaining boson Hamiltonian into the simple expression dI'(e), with € given
by (1.7).

5) In Section 4.6 we apply another Weyl transformation Ug, which is precisely a
variant of the Gross transform, which accounts for the two-particle impurity-
excitation scattering at low energies.

The final result of Section 4 is Proposition 4.26, after which we can write the trans-
formed Hamiltonian on low energy states as (cf. (5.1))

U*HNU =~ dray (N — 1) + 8rap VN + e + 1§

where HY is almost the Bogoliubov-Frohlich Hamiltonian with an N-dependent
cutoff Ay (up to a Gross transform), and eg\g) is an energy contribution of order
one.

In Section 5, we analyze HY; and show that after removing the logarithmic di-
vergence, it converges to the renormalized Bogoliubov—Frohlich Hamiltonian con-

structed in Proposition 1.4. We essentially follow the proof of that proposition,

10



but with one key difference. The excitation Hamiltonian, and also ’H][{,, contains an
additional term accounting for the interaction between two excitations and the im-
purity which is not present in the Bogoliubov—Frohlich Hamiltonian. In our scaling
regime, this term is responsible for a global shift of order one in the energy. How-
ever, the excitation spectrum is still correctly described by the Bogoliubov—Frohlich
Hamiltonian as stated in Theorem 1.5, since it only depends on the difference of
eigenvalues.
In Section 6, we prove the main Theorems and Corollary 1.6.

2.2 Notation

We generally denote by f € (?(21Z?) the Fourier series of a function or distribution
on T3, with the normalization convention and inversion formula given by

Fy = [ e r@ar, @)= 3 i), (2)

273

For a symmetric operator A on a Hilbert space ¢, we will denote by D(A) its
domain, and by Q(A) the domain of the associated quadratic form = — (x, Ax).

For a function f,g : N — C where C is a set with a partial order and admitting
multiplication by positive real numbers (i.e., Ry or symmetric quadratic forms on
), we denote

fSgedCeRy VN eN: f(N) <Cg(N). (2.2)

For families of symmetric operators Ay, By, N € N associated with quadratic
forms on Q(A), Q(B), independent of N, we denote by

Ay = O(By) (2.3)

the statement that Q(B) C Q(A) and that there exists a constant C' so that for all
Ve@(B)and N e N

(T, AyTY| < C(T, ByT). (2.4)

Note that this relation is transitive and invariant under unitary transformations.
Moreover, we have as a consequence of the Cauchy-Schwarz inequality that

NBy + ByAn = O(ANAn + ByBy), (2.5)

when the left hand side is extended to the domain of the right.
For any function h : T2 — C, we will use the notation

ha(y) = h(z —y). (2.6)

11



For a Hilbert $ denote by

I'($):=Cw® @ HFmt (2.7)

n=1

the bosonic Fock space over $3. In particular, I'($;) with $, = {1}+ c L*(T?)
(the orthogonal to the constant functions), is the Fock space of excitations. For
¥ € T'($) we denote by W™ € H®vm™ its n-particle component, and by

NO =" nu® (2.8)
n=1

the number operator (with the canonical domain). In the case of T'($)1) we denote
the number operator by N.

For f € $, we denote by a*(f), a(f) the bosonic creation and annihilation oper-
ators on I'($)), who satisfy the commutation relations

[a(f),a(9)] = (fr9),  la(f),a(g)] = 0 =[a"(f),a"(g)]- (2.9)
In the case $) = L?(T?) we introduce the operators
ap, = a(?")),  a)=a*(e?V), (2.10)

and the operator-valued distributions ay, ay, y € T3 as usual. For a distribution
v on T3 and a quadratic form A on L?(T3) with Schwartz kernel A(y,%’), we also
introduce the quadratic forms

a(v) = / o(y)ay, a*(v) = / o(y)al, dI(A) = / Ay, y)a%ay (2.11)

on appropriate subspaces of I'(L?(T?)) (they are well defined at least on finite com-
binations of elements of C>°(T3")).

Any quadratic form on T'(L?(T?)) defines a quadratic form on I'($); ) by restriction,
which we denote by the same symbol. Note that this is not true for operators, where
we would need to project the image back to I'($)4), which is implicit for quadratic
forms.

The excitation space with an impurity is

Hy = (T @ T(5.) = LT, 1(5.)). (2.12)

We use the notations Ny, dI'(e), etc. for operators acting trivially on the first
factor (i.e., we omit the tensor product with the identity). In this context, the
variable x is usually reserved for the impurity, while the variables y; describe the
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bosons. To a function z + A(z) on T3 whose values are quadratic forms with
Q(A;) = D C T'($4), we associate the quadratic form on 7

(¥, 40) = [(W(z), Aw)¥(@))da,

Q) ={v:T - D| / (W (), A(2)¥(2))] < oo}

by viewing %, as I'($)-valued functions on T3.

Throughout the article we will explicitly write variables of integration or summa-
tion, their domains and the integration measures only when they are not obvious
from the context.

(2.13)

2.3 The approximate scattering problems

By the scaling of the potentials, the interaction becomes increasingly short-ranged
as N — 00, and thus the effective “interaction time” between two particles decreases
to zero. For this reason, concepts from scattering theory of Schrédinger operators
become relevant to the discussion, although we are working with periodic boundary
conditions and the spectra of all operators are discrete.

The scattering length a, of a potential 0 < v € L!(R?) is the first order in
the low-energy expansion of the corresponding scattering amplitude [1]. In the
expansion of the operator, it is accompanied by the generalized eigenfunction, also
called scattering solution, at energy zero. This function f : R? — C is asymptotic to
one (i.e., e ** with k = 0) and we may write it as f = 1+ @gs, where pgs € H'(R3)
solves

—Apps + %vcp]Rs = —%v. (2.14)
This is also the Euler-Lagrange equation of the variational problem (1.2), and ¢ps
is the unique minimizer. The scattering length can thus be expressed as

8ra, = /v(l + @R3). (2.15)

As the support of the potentials Vi, Wi shrinks to a point, the boundary becomes
less relevant and approximations of 3, naturally appear in the analysis. Following
[40], we will use solutions to the equation analogous to (2.14) on the torus, in-
stead of truncations of ¢ps, and call these (approximate) scattering solutions. Their
properties are discussed in detail in Appendix A. Here, we collect the information
of practical relevance for our analysis. The scattering solution pp associated to
the boson-boson interaction potential Vi on the torus is defined to be the unique
solution in ¢2(27Z3 \ {0}) of
P’ @s(p) + ! > BlVNlp—q) = —%VN(p)- (2.16)
qe2nZ3\ {0}
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For a > 0, we define its truncated version by the Fourier coefficients

¢B(p) == @B(P)Ljp|> Neo- (2.17)
In analogy with (2.15), the torus “scattering length” is then defined by

Sty = [ NVu()(L+ ¢n@) = V(0)+ [ NVen. (2.18)

Similarly, for the interaction potential between the bosons and the particle Wy,
we define the scattering solution ¢ to be the unique solution in £2(277Z3 \ {0}) of

_ 1 S 1~
P*au(p) + 3 2 Aa@Wnp—q) =-3Wnb) (2.19)
qe2rZ3\{0}
Its truncated version is denoted, for o > 0, by
@1(p) = G1(p)Ljpj> e (2.20)

and the associated tours scattering length is defined by
srawy = [, VEWN (1)1 + ai(y)) (221)

We gather in the following lemmas useful properties on ¢g, ¢1, ay, and ap,, .

Lemma 2.1 (Properties of ¢p). We have for 0 < a <1

IgBl2 S N2, 1Bl < 1,
1Pl S N2, IP*Zpllee S N7,
VY2382 S N~'Vlog N, 165 — ¢Blloc S N7
Proof. This follows from Lemma A.1 in Appendix A, by taking v = Vi O

Lemma 2.2 (Properties of ¢1). We have for0 < a <1 and0< s<1/2

I1ll2 S N7H2er, [e1lle S 1
V124Gl  N7H2H2, V1721l £ N7Y2/log N,
IP*Prllee S NTV2, lpr = @illoo S N
Proof. This follows from Lemma A.3 in Appendix A, by taking v = Wy. O

As we perform all our calculations on the torus, we need to control the difference
of the quantities defined there to the real scattering lengths in R3.
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Lemma 2.3. The differences between the scattering length on the torus and in R3
satisfy

layy —av| SN,
\EWN — Clwf < N2,
Proof. This follows from Lemma A.4 in Appendix A, by taking respectively v = Vi
and v = Wy. L]

Remark 2.4. The error estimate above is in fact sharp. When V is radial it can
be computed that [5]

N . cos([p)

lim 47N - =2-1 .

AN (G —av) =2 im0 T
peZ3
l[plloc <M

3 Renormalization of the Bogoliubov-Frohlich Hamiltonian

In this section we explain the renormalization of the Bogoliubov-Frohlich Hamilto-
nian and prove Proposition 1.4. For the proof of the technical Lemmas, we will refer
to Section 5, where the whole procedure is performed again, but on a slightly more
general Hamiltonian. Although the proof is based on the ideas of [44, 45], we adapt
it here for the use in the proof of Theorem 1.5.

The problem with the formal expression of the Hamiltonian (1.6) is that the
interaction form factor doesn’t decay for large momentum. Since the form factor is
not square-integrable, the corresponding creation operator is not a densely defined
operator on I'(9).

To approach this problem, we first consider the operator with ultra-violet cutoff
A >0,

Hfp = —A, + dT(e) + a(wd) + a*(wd), (3.1)

xT

where

@ (p) = 8maw |ple(p)~/*1 pj<a- (3.2)

This defines a self-adjoint operator on .7, = L?(T?)®I'($)). In our derivation of the
Hamiltonian from Hy we will encounter a similar but somewhat more complicated
Hamiltonian with A a function of the boson number N. It should be kept in mind
that, as a consequence of this, the notation we introduce below is specific to this
section.

We now perform a Weyl transformation on the Hamiltonian. This is a well-
known procedure that is used for example in the renormalization of the Nelson
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Hamiltonian [63, 32]. It will make the divergence of the Hamiltonian explicit, though
in our case it will not yet suffice to arrive at an expression from which the cutoff
may be removed. For x > 0, which will be chosen sufficiently large later, we define
x> f, € L3(T%,2(272° \ {0}) by

FRa () = =(= B0t e(p) M0 (P) o (33)
and, denoting by f,fx the inverse Fourier transform,

Up = exp (a*(fia) — alfin))- (3:4)
This transformation satisfies the identities [32, Sect.2]

(UR) alg)Ug = alg) + (g, i), (3.50)

(UMNVLUL =iV, + a(iVa fR,) + a* (iVaf2,). (3.5b)

The choice of f2, leads to cancellations between terms in (UX)*(—A, 4 dI'(e))UA

K, T K
and a*(wz) + a(wg), e.g., we have

(UM AT (e)UL = dT(€) + a*(ef2,) + alefl,) + (foe efme)- (3.6)

The terms coming from —A, are similar but more involved, since taking the square
of (3.5b) also yields new quadratic expressions in a*, a (see [32, Sect.2]). Collecting
all the terms and using ifo,i\’x(y) = —in,é\’x(y), we obtain for A > k

(UM HBUY = —A, + dD(e) 4 a* (wf) 4 a(w?)
+a* (V)2 + a(iVfE,)? + 2a* iV f2,)a(iV £2,)

—2a*(iV f1,)iVe — 21V,a(iV 1) + (wa, fi,)- (3.7)
The numbers
(1) A A p?
Ey) = (wy, [ =—Braw)® Y 5 Lcppen ~ —cA (3.8)

ez €@ +€(p))

diverge as A — oo, but the rest of the operator is now more regular than before.
Indeed, the terms a* (in,ﬁx)a(in,gw) and a* (in,ﬁx)iVx +h.c. now define quadratic
forms on Q(—A, +dT(¢)), even for A = oo (which was not the case before, as e~ 1/2w

is not square-integrable). However, the term a*(iV fé\x)2 + h.c. is still singular. To
deal with this, we employ an idea developed in [43, 44, 45]. We write

UM HEUA - BV 41 (3.9)
= (1— G (=Ay +dT(e) + 1)(1 — Gp) — Gh(=Ay + dT(e) + 1)Ga + Ra,
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with
Gr=—(—A0p +dT(e) + 1) 'a* iV f2,)%, (3.10)
Ry =2a*(iVf2,)a(iVFL,) — (2iV.a(iVfE,) + a(w)) + h.c.). (3.11)

Note that (3.9) is indeed just a simple identity, as expanding the first term and
cancelling the term with G’} ()G returns the expression (3.7). After rewriting the
Hamiltonian in this way, the singularity is contained in the term G} (-)G and can
be extracted, as we will see. We will now analyze each term in (3.9) as A — oo.

The dressing factor G,. We begin with the dressing factor G, for which we
have the following Lemma.

Lemma 3.1 (Regularity and limit of G, ). For all0 < s < 1/2, there exists a family
(Cw)r>0 with limy, o Cx = 0, so that for all A € Ry U{oc}, k >0, ¥ € D(N,)

[(=Az +dL(€))°Ga¥| s, < Crl|(Ng +1)°T|| e, .

Moreover, for all 0 < s < 1/2, there exists (Cp)aso with limy_,., Cp = 0, so that
for all k,A >0, ¥ € D(N),

[(=Az + dL(€))*(Ga — Goo) ¥z, < CAlINT| e,
The proof follows the one of Lemma 5.2. The key point is that 6_1/2+3/2kf,30 <

|k|*f° € £2 for s < 1/2.
The dressed kinetic operator K). We can now discuss the behavior as A — oo
of the principal term,

Ky :=(1-G))(—A, +dTl(e) + 1)(1 — Gy), (3.12)
with,

D(Kp)={P € : (1—Gp)¥ € D(—A, +dl(e))}. (3.13)

Lemma 3.2 (Comparison estimates for Ky). For k sufficiently large and all A €
Ry U{oco}, Ky is self-adjoint with compact resolvent. Moreover, for s < 1/2 there
is C > 0 such that for all A € Ry U{oo} and all U € D(Ky)

IV + 1) (=4, + dT(e) + 10| < C|[ KL T

Proof. By Lemma 3.1, 1 — G, is invertible for A € Ry U {oo} by Neumann series
for k large enough. In particular, D(Ky) is dense. As —A, +dI'(e) + 1 is invertible,
the symmetric operator K, is a product of three invertible operators, and thus
self-adjoint. Since the resolvent of —A, + dI'(e) 4+ 1 is compact, so is that of Kj.
The bound follows by inserting +G 4 and using the properties of G5. The details,
and more general estimates, are given in Lemma 5.3. O
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Note that D(Ky) coincides with D(—A +dI'(e)) for A < oo, but from Lemma 3.1
for A = oo we only have D(Ky,) C D((—A 4+ dI'(¢))®) for s < 1/2 (and in fact the
intersection is trivial for s > 1/2, cf. [43]).

The singular term. We now consider the second term in (3.9), which contains
the remaining singularity. We can observe that, denoting the Fock vacuum by &,

EY = —(100,G" (-, +dl(e) + 1)G1 & o)

= (1 2,a(iVfL,) (~ A +dT(e) + 1) a* (V2,10 2)

S (P 02172 ()P1 F20(a)]?

~ —clogA. (3.14)

aezezs P +e(p) +e(g) +1

Subtracting this divergent contribution, we define
Ty = —G*(—A, +dT(e) + 1)G — EY. (3.15)

In order to exhibit the cancellation of the singularities, we move all creation operators
to the left of the annihilation operators. To do so, we use that iVe % = ¢~ikz (iVe+
k) and dI'(€)a; = aj(dI'(e) + e(k)), which implies

—1 ik " 9 —1
(= Ac+dr(e) e ®ap = e a) ((iVa+ k)2 + (k) +d0(e)) . (3.16)
This gives
2
Th=> Ony, (3.17)
j=0

where © ; contains the terms with j remaining creation/annihilation operators after
reordering. These are given explicitly by

L \2| FA 2| FA 2
Oro=-2 Y - (p Q)Qlfn,o(p)! |fie0(a)] g (3.18)
paczazs (Vo +p+a)? +e(p) +e(q) +dl(e) +1
Op1 =4 Z e_ima;HA’l(p, q)a,e'” (3.19)
p,qE2TZ3
Op2 = Z e_ipze_iqra;aZGA’g(p,q, k, O)apagetreltt (3.20)
p,q,k €273
with
QA,I(pv Q)
A A 2 7A
-k)(q-k k
5 Fo(®) - k)l - K202 FAo(a) .

o (Ve +p+ a4+ k)2 +e(k) +e(p) + e(q) +dT(e) + 17
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and

0/\,2(1)7 q, k? g)

- o) fRo(@) @ - a) (k- ) Fo (k) Fo(©) (322)
(Ve p+q+k+0%+e(p) +elq) +e(k)+e(f) +dl(e) +1° '

Note that the kernels 05 1,05 2 as functions of the commuting operators iV, and
dI'(e), are well defined also for A = oo, since in 5 ; the sum over k converges.
Moreover, writing the terms in ©, o with a common denominator we obtain

S ( (k- 07 o (k)* [ (0)°
(iVa+k+0)2+ek)+el)+dl(e) +1

(iVy +k+ )2 +dT(e) — (k+ E)Q))>
(k+0)2+e(k)+e@)+1 ’

Opo =
ke2nZ3

(3.23)

where the series also converges for A = 0o to a well defined, although unbounded,
function of iV, and dI'(e). With these observations, we can make sense of To,. The
key properties of T are summarized in the following lemma. In particular, T,
defines an operator on D(K ) and Ko + T is self-adjoint on D(K ).

Lemma 3.3. (Estimates and convergence of Ty ) Given 6 > 0, the following holds
for k sufficiently large. For all A, € Ry U{oc}, ¥ € D(Ky/)

[TAW]| < S| K.

Moreover, there exists (Cp) o withlimp_, o, Cpx = 0 so that for all A, A" € R U{o0},
U € D(K},)

[(Th = Too)W|| < Col| KT

The proof is similar to the one of Proposition 5.4 and is omitted here. The main
idea is to estimate T, respectively the difference T\ — T, by operators of the form
N{7%(—=A; +dT(e))*, which are themselves controlled by K,/ using Lemma 3.2.

The remainder term R,. Since p — pA,SOx(p) is not square summable, the ex-

pression a*(—iV f,ﬁm)ivx occuring in R, only makes sense as a quadratic form for
A = o0.

Lemma 3.4. Given 6 > 0, |s| < 1/8, the following holds for r sufficiently large.
There is C > 0, so that for all A, A" € Ry U{oo} and U, ® € D(Ky/)

(@, RaW)| < BI|(K N> + )| ||(K 0> + C)w.
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Moreover, there exists (Cp)aso withlimp_,o Cx = 0 so that for all A, A" € R U{o0}
and ¥ € Q(KA/)

(W, (Rp — Roo)¥)| < Cp (¥, Ky ).
The proof of this lemma is a combination of Lemma 5.12 and Lemma 3.2.

Proposition 3.5. For k sufficiently large, the quadratic form
Koo +Too + R

1s associated with a unique self-adjoint operator with compact resolvent and domain
contained in Q(Ky) = (1 — Goo) tQ(=A, + dT(€)). Moreover,

lim (Kp+ Ty + Ry 1) = (Koo + Too + Roo £1)

A—o0

(3.24)

in the operator norm.

Proof. By Lemma 3.3 and the Kato-Rellich Theorem, Ky + T, is self-adjoint on
D(Ky) for k sufficiently large. Lemma 3.4 shows that R, is a perturbation of the
quadratic form of Ky + T with relative bound § < 1. This implies existence of the
self-adjoint realization by the KLMN theorem, whose resolvent is compact since the
resolvent of K is. Using the resolvent formula and the properties of T, Ry and
K (in particular, the uniformity of the relative bounds), one shows norm-resolvent
convergence by the same argument as in the proof of Proposition 5.7. O

We can now conclude by proving the proposition on the renormalization of the
Bogoliubov-Frohlich Hamiltonian.

3.1 Proof of Proposition 1.4

Setting Ey = E/(\D—i—E/(f), with the latter defined in (3.8), (3.14). Let & be sufficiently
large for Proposition 3.5 to hold. Then, with the notation of (3.9) and (3.15), we
have

(UM)*HppUp — Epx +1= Ky + Ty + Ra. (3.25)

By Proposition 3.5, this converges to Ko + T + Ro in norm resolvent sense as
A — oo. It remains to deal with the convergence of the transformation U,. Note
that £, € ¢2(2rZ3), and thus (cf. [32, Lem.C.2]) for ¥ € Q(K,/), A’ € Ry U {00},

5L

00 1S9 A—o0
I(US = U@ <20 £ = [NV + DV2e) =70, (3.26)

20



Since ||Ni/2\ll|| S HK;O/Q\I/H < (Koo 4 Too + Too)/?¥|| from Lemma 3.2 and Propo-
sition 3.5 (inclusion of the domains), this proves that

lim (Hip — Ex +141) " = UP (Koo + Too + Roo + £i) (U2 (3.27)

A—oo

in norm. We have thus proved Proposition 1.4 with the renormalized Bogoliubov—
Frohlich Hamiltonian given by

Hpp = UP (Koo + Too + Roo — 1)(UX)*. (3.28)

The resolvent of this operator is compact by Proposition 3.5. O
The proof above shows that

Q(Hpr) = UPQ(Kx) = U (1 — Goo) ' Q(—Ay +dL(e)), (329)
since Ro is only a form perturbation of K.,. More precise information on the

operator domain is obtained using the slightly different formulation of [44, 45].

4 Transformation of the Hamiltonian

4.1 The excitation Hamiltonian
In a first step, we transfer the Hamiltonian
N N
Hy ==Da+ ) (=8y)+ > Vnlwi—y)+ > Wiz —w) (4.1)
i=1 1<i<j<N i=1

from the N-particle space J#y to the excitation space S} using the excitation map
introduced in [52]. This map is given by

UX : %4_ — %N
- ) (4.2)
(UX\I")(CUayh--wyN):ZSN(]l(yj-i-lau"yN)\I] (l’,yl,---,yj))
=0

where 1 denotes the constant function and Sy the projection to symmetric functions
in y1,...,yn. In words, Ux completes the function \I/(j)(m, Y1, ..,y;) to a function
on T3+ by multiplying with the constant function in the variables Yitls-- > YN
and then symmetrizes the result. This defines a partial isometry, i.e., we have

UxUx = 1, <n, UxUx = 1, (4.3)

where NV denotes the number operator on 7, .

21



The Bose—Einstein condensation condition that we will use in the proof of our main
theorems ensures that there are at most v/ N excitations in a state of the bosons
whose energy has the correct leading order for N — oco. Within the notations of
second quantization, Condition 1.1 is equivalent to

Hy —4ray N > cUx N, U% — dV/N. (4.4)
We will now evaluate the action of Ux on Hy in detail.

Proposition 4.1. In the sense of quadratic forms on Q(—A,; + dI'(=A)) C I,
we have the identity

UxHnUx = Iy <NHNIN, <N,
where
Hy = (N = 1)V(0) + VNW(0) + Hp + Hi,
with
Hp = dD(=A) 4+ (N = V) dD (Vi (=iV)) + Lo + L2 + L3 + Ly,
Lo = —%‘7(0)/\@(/\@ = Dy, <n,

L2 = 5= N /N) /(= W + /M) [ NVison = ), + e,

1 *
Ly = 5\/(1 = No/N)s [ VNV (g1 = 12)a), 0y, + e,

1 * %
£4 = 5 /VN(yl — yg)aylay2aylay2,

and

HI — _A:p + Ql + dF(WN,.t)a

Q1=1/(1 = Ny /N)pa(VNWn o) + a*(VNWy o)y /(1 = N /N) 4.

Proof. This follows by applying well-known identities, going back to [52], hence we
only sketch the calculations. The kinetic operator is unchanged by Ux since the
constant function has derivative zero, thus only the potentials are transformed in a
non-trivial way. For the boson-boson interaction, we can write

1 > *
> Wnlyi—yy) = 5 > Un(k)apragaginay (4.5)
1<i<j<N k,p,qe27Z3
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by considering #j as a subspace of L?(T3) @ I'(L*(T?)). With

UikagaoUx = (N — Ny) 4, Y UxatapUx = Ny, (4.6)
pe2nZ3\{0}

and

UxayaoUx = apy/(N — Ny)4, (4.7)

for p # 0, we can rewrite

1 ~ 1 ~
3 Y. Wn(k)Uxappazagira,Ux = o VO = Np)p (N =Ny = 1)
k,p,qe2Z3
+ (N = Ny dT(Vn (—iV) + N7V(0) + Lo + L3 + Laly, <y (4.8)
With
V(0) 1 %
SN AV =NV =Ny = 1)+ 2(N = NNy} = 5(N = )V(0) + Lo (4.9)

this gives the claimed form of Hp. For the boson-impurity interaction, we find
similarly

N
Ui Y Wrz—y)Ux = Y. Wy(k)e™ UxalapsrUx

i=1 k,pe2nZ3
=VNW(O) + 3 Wyk)e (N = No)par + a2/ (N = N )
ke2nz3\{0}
+ Z WN(k)eikxa;aerk, (4.10)
k,pe27Z3\{0}
p+k#0

where we may identify dI'(Wp ) in the last line and @ in the line before. This
proves the identity. O

4.2 Interactions of high-energy bosons: a first quadratic transformation

We start by implementing a transformation whose generator is quadratic in the
creation and annihilation operators. This transformation makes explicit correlations
among the bosons that are due to their interaction at high energies. More precisely it
makes the correct leading order of the Bose gas 4may (N —1) appear and renormalizes
the quadratic term L4 into a less singular version Ls. Variants of this transformation
have been used in many works on the dilute Bose gas [68, 25, 71, 3, 14, 5, 39, 62].
Throughout all the paper, we will distinguish between high and low energies using
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the cutoff N®, where the parameter 0 < a < 1/2 will be chosen sufficiently small
for our estimates to hold.

Let ¢p, defined in (2.17), be the truncated scattering solution at momentum N¢,
0 < a <1/2. We set, with Q(B,) = Q(N4),

1 ~ .
B, = 3 /11‘3 NoB(y1 — y2)ay, ay,dyidys — h.c. (4.11)

Using the commutation relations (2.9) together with the identity Ny = [ a,aydy

and the Cauchy-Schwarz inequality, we have for W € D(N}r/ 2)

(U, NG, By¥) = Re/ <\D,Ncﬁ3(y1 — yg)a;a;"/2@>dy1dy2

= Re/ <(N+ +1)"Y2ay,a,, 9, Ngp(y1 — y2)(Ny + 1)1/2‘I’>dy1dyz

< HN@BH2</ |V + 1)—1/2%2%\1/“2)1/2“/\&/2\1/\\

< [N @B o [N} 2w 2. (412)
As |N@gll2 S N=%/2, see Lemma 2.1, this implies

IV, B, = O(N~Y2(N; +1)). (4.13)

Hence, by the commutator theorem [65, Thm.X.36], there exists an anti-self-adjoint
operator, denoted also by B, whose form is the above and for which D(N}) is a
core. We can thus define the unitary

U, = b, (4.14)

and U, (t) = eBa. The effect of this transformation on Hy is summarized in the
following proposition.

Proposition 4.2. Let 0 < a < 1/6, and ay be the scattering length defined by (1.2).
We have, in the sense of quadratic forms on &,

UsHNU, = dmay (N — 1) + el + VN (0)
4+ dD(—A + NVy(=iV) + V(0) — 8may) + Lo + L5 + Ly
— Ay + Q"+ AT (W) +£U),
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with

Ly = /\7]\/(:3 — y)aza, + h.c., V(p) = drayLocjpi<nea,

UsN U,
Ua _ \/<1 - qN”) a(VNWy,) +h.c.,
+

1
qu =3 / VNVy(z — y)ataya, + h.c.,

the scalar correction

~ 4 2
eV = dnN @y, —av)+ Y (4may)” 7ra2v) ,
pe2rZ3 p
[p| <N

as well as the error bound
+&Wa) S N=2(Ly + Ny + 1+ N-YV2AD(Wy,)) + NY/2IN2,

Remark 4.3. The term eg\?") is a lower order energy contribution, where the first
term is a boundary effect of order one, see Remark 2.4, and the second term is
of order N¢. This divergence is due to the fact that we solely renormalized the
quadratic part with momenta higher than N®. It will later combine with a similar
term coming from the diagonalization of the low momenta part of the Hamiltonian,
yielding together a contribution of order one, which is the well-known Lee-Huang-
Yang correction.

Proof of Proposition 4.2. The proof relies on several lemmas about the transforma-
tion of individual terms that we will prove later. We will be rather brief, as the
treatment of the bosonic part of the Hamiltonian is standard, except for some esti-
mates we need to adapt to our analysis.

The correlation energy that renormalizes N 17(0) into the torus scattering length
8may, defined in (2.18) is hidden in dI'(—A), Lo, and £4. We can see this by
combining Lemmas 4.7, 4.6, 4.5 below. These give

U;(dF(—A) + Lo + £4)Uq

_ 1 2 ~ 2 ~ 1 2 - -

= §/N Vnes + /N VN‘PB(l - ﬁ) + N*(-Agsp, ¢B) (4.15a)
+ /N(%VMEB +5Vn — ASBB)(yl — y2)a, a,, +h.c. (4.15b)

L dT(=A) — N, / NVn@p + L4+ &,
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with,

+E SNT2(NL 1)+ N~2L, + N2\ 4+1)2, (4.16)
Adding to the scalar terms (4.15a) the contribution (N — 1)V (0) from Hy, we find
using the definition of ay,, in (2.18), and the scattering equation (2.16),

N -1 1 N - 1 JUN
T/NVN—|—§/N2VNQ0B—|—/1\72V1\74P]3(1—*) + N*(—Agp, &B)

2N
~ 1 1 ~
= 47TClVN(N — ].) + (i—ﬁ) /NQVN(SOB - QOB)
+ N*(P, —A%s + 3VNgs + 3 V)
= 4may, (N —1) + (5 - ﬁ) /N Vn(PB — ¢B) + /N VNoB(#B — ¢B).

(4.17)

Following the computation in the proof of [40, Proposition 4] and using that ay, =
ay + O(N~1) from Lemma 2.3 gives

1 - -
5 /NQVN(l +@8)(@B —¢B) =
[p|<N« p

The additional term with prefactor 1/(2N) is of order N®~! by Lemma 2.1.
We now turn to the quadratic terms (4.15b) and show that they are approximated
by Lo. Again using the scattering equation (2.16), we have

J N (3VaEn + bV = Agw) 1 — )aj,a,

(4ray)?

S+ 0N, (4.18)

1 % T * 3k
=5 2 N(Vn()+Vies(p)agal, (4.19a)
[p| <N
1 A * *
+ §/NVN(¢B —B) (1 — y2)ay, ay,. (4.19b)

The first term (4.19a) may be approximated by Ly. Indeed, noting that Vi (0) +
Vneg(0) = 8may,,, we have
INVN(1+ ¢B)(p) — 8may| < /NVN(l + o) (y)]e Y — 1]
+avy —av| S pIN T, (4.20)
where we used that |y|V € LY(R?) and that ||¢B|lcc < 1, from Lemma 2.1. Then,

~

estimating the operator using the ¢?-norm of its kernel,

((4.19a) + h.c.) — Ly = % > (NVN(T—i—\goB)(p) = 87rav)a;;a*,p +h.c.
[p|<Ne
= O(N®/27H Ny +1)). (4.21)
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To estimate the second term (4.19b), we use the Cauchy-Schwarz inequality to get
(v, [ NVa (@~ pn)n ~ a0, ¥ )|

1/2
< ([ Vot =l 1) NI — o)Vl
< O(W, L4W) + (40) T (N (86 — wp) Vi ll2)* 12 (4.22)
With Lemma 2.1, the choice § = N=9/2 and o < 1/6 this gives
(4.19b) + h.c. = O(N~Y2L, + N~%/2), (4.23)

Of the terms coming from dI'(—A) + Lo + L4, we still have the term N} [ NVygp
that does not appear in the statement as such. It can be written as

—N.A,_/NVN@B = (‘7(0) — 87Tav) N+
+ (87T(aVN —ay) + /NVN(QDB — (,5]3)) N, (4.24)

The first term now appears in the statement, and the second can be absorbed in the
error by Lemma 2.1 and Lemma 2.3. For dI'(NVx(—iV)), we easily find

Uz dD(NVy (—iV)U; = dD(NVy(=iV)) + O(N~2N), (4.25)
using that |[NVy * N@gllz < N~%/2 by Lemma 2.1. Writing
(N = Ny)dD(Vy (<iV)) = dT(NVy (=iV)) + O(NF/N), (4.26)

the previous estimates and Lemma 4.4 below show that Uy (N —N+)+dF(‘A/N(—iV))Uq

is equal to dD(NVx(—iV)) plus a term that can be absorbed in the error £U).
The transformation of Lo = —(Ny 4+ 1)V, /2N is absorbed in the error &g, as

well. The remaining terms are treated by applying Lemmas 4.9 and 4.8 below, after

which the proof is complete. O

Lemma 4.4. For a > 0 we have uniformly in |s| <1
Ug(s) NoTyls) = Ns + OV +1)),
and fort >0

Uy()"NLUy(s) = ONY +1).
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Proof. The first claim follows directly from the bound (4.12) and Groénwall’s in-
equality. For the generalization to arbitrary exponents see [14, Lem.3.1] for the
case t € N, which implies the general case by operator monotonicity of x + x* for
0<s<1. O

Lemma 4.5. In the sense of quadratic forms on ., we have for a > 0

UrLaUy = La + %/NVMEB( —yp)al,al, +he + = /NWWB + &),
with

+&U) S NTOPNL 4 NTUNG 4 1)2 4 N2y,
Moreover, we have the a priori bound

Up(s)LaUq(s) S La+ NHNL+1)°+ N (4.27)
uniformly in s € [0,1].

Proof. From Duhamel’s formula, we obtain
1
UrLaUy = L4+ /O UZ(5) (L1, BylUy(5)ds. (4.28)

Calculating the commutator and putting terms in normal order, we find (using that
Vi is even)

X3

[£4, B4 / NVN@B(y1 — y2)ay, ay, +h.c.

+/NVN Y1 — y2)PB (Y3 — Y2)ay, Gy, ay, @y, +h.c. (4.29)

X2

Using the Cauchy-Schwarz inequality as in (4.22) gives
(W, X10)| < (W, L49) + NGV 23102 S (0, £0) + N|[W[?,  (4.30)

where we used Lemma 2.1 in the last step. With the same reasoning and another
application of Cauchy-Schwarz, we obtain

(W, )|
2
1 2 ~ *
< (Y, LyW) + S/N VNn(y1 —y2) /SOB(Z/?, — y2)ay,ay, Vdys | dyidys
< 8, L09) + 6 NG BV 1 [ llagay, O+ [y, ¥
SO(U, L40) + 5N (VL + 120 (4.31)
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Here, we used the estimates of Lemma 2.1 and the bound for g € L?(T?),
/H /g(y1 *UZ)CLZlayz\IdeledyZ
= /g(yl — y2)9(y3 — y2)(¥, a5, ay, @y, a,, V) dyr dysdys
= / l9(y1 — y2)[2(¥, ay, a,, ) dyrdys

+ / 9(y1 — y2)9(ys — y2)(V, ay, ay, ay, ay, ¥)dyrdysdys
< |lglall WV + 1w %, (4.32)

where we used the Cauchy-Schwarz inequality to bound the second term, similarly
as in (4.12). Now taking § = 1 in (4.31) and using Lemma 4.4 gives

UZ(3)LaUg(s) < L4+ N+ N"Y Ny +1)2 + /0 U2 (1) LUy (7)dr,

from which the a priori bound (4.27) on U (s)L4Uy(s) follows by Grénwall’s in-
equality. To get the more precise statement for s = 1, we continue the Duhamel
expansion to obtain

1 t
UrLaly = L4+ X3 + hic. + /0 /0 U2 (5)([X1, Byl + huc.)Uy(s)dsdt

1
+ / Uz (5)(Xa + he)Uy(s)ds. (4.33)
0
We may compute

[X1,B /N2VN OB + /NVNéB(m — Y)N@B(Y2 — y)a,, ay,dydyidys.
(4.34)
The first term contributes to the main term in the statement (with an additional fac-
tor 1/2 from the double integral). The second is estimated by | NV @g||1 | N@Bl2N4,

so its contribution can be absorbed in the error by Lemma 4.4 and Lemma 2.1. In
order to control the final contribution to (4.33), we write

U (5) XaUy(s)

— [ NV (o1 — )88 (s — 92)U; (5)a3, 03, Uy (5)U; ()5, Uy (5)

= [ NV = )08 — o), a3, U ()50, Ui5) (4.350)
[T NV = wBats — 92)U; (1) a5, a5, B Uy (1) (1.35b)

x Uy (8)ay,ay, Ug(s)dt.
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With the reasoning of (4.31) and § = N~%/2 we find
(T, (4.352) W) < N30, L4T) + N 72| (N + 1)U, () P (4.36)
To bound (4.35b), we use the identity

lay, ay,, Byl = —N@B(y1 — y2) — Nay, a(@p(- — y2)) — Nag,a(@p(- — y1)),

(4.37)
to obtain
(4.35b) / / N (Viv@B) (1 — 1)Uz (s)a* (NBs(- — y2))ay, Ug(s)dt
- [ [ 3t - w0 (aylawgaB(- — ) + ala(NGp( — )
x Uqg(t)Ug (s)a™ (P8 (- — y2))ay, Ug(s)dt. (4.38)
Using the Cauchy-Schwarz inequality and the estimate (4.32), we have
(2, @350)0) S [ NIVagolINGa 2 (N + 120, () at
+ [ IVl IN GBI G+ 1) Uyt e
+ [ IR INBBIBING + DU () at
SN2N + NTHW + 1), (4.39)

where we used that Uy(s)*N*U,(s) = O(NF + 1), see Lemma 4.4. This can be
absorbed in £ é{‘ﬂ and the proof is complete. O

Lemma 4.6. In the sense of quadratic forms on ., we have for a > 0
1
UsLally = 5 / NV (y1 — y2)ay, ay, + hec.

N+ 1 2 ~ (Uq)
# (1= - ay) [ v el

with, for all 0 < § < N?@,
e S NTANy 1)+ 0Ls+ 07 NTI WV + 1)

Proof. Using that where Ny < N

Ni+1 Ny (1 Ny >‘NN++1 (4.40)

NZ
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we obtain with the argument of (4.22)

1

N1
Lo = B <1 TN + 2]\7) /NVN(yl —y2)(ay,ay, +hec) + &,

+& SN2L,+ N YWV, +1)2

(4.41)

Using the a priori estimate of Lemma 4.5 and Lemma 4.4, the error term U;EU,

can be absorbed in SSQJ‘Z). Denoting x(Ny) := (1 — % — ﬁ) and using Duhamel’s

formula, we obtain
1 *
qu {X(N+) /NVN(y1 — Y2)ay, ay, + h.c.} Uy
1
= oX(UgN+Uq) /NVN(y1 — y2)ay, ay, + h.c. (4.42a)

1 * 1 *
+ §X(UQN+Uq)/O Uyq(s) [/NVN(yl - yg)aylayQ,Bq] Uq(s)ds + h.c.
(4.42b)
Let us start with the first term. Using the definition of x(N.), we have by the
argument of (4.22)
1
+ ((4.42a) -3 /NVN(y1 — Y2)ay, Gy, + h.c.> <OLy+ 0 INTHNL + 1)
(4.43)

(Uq)

which can be absorbed in £ ﬁg‘z . Now for the commutator term, we have by (4.12)

[ [ NV~ g)ay . By] = [ N*Vigp + ALV (—iV) NG5 (-iV)
§N+N72a

(4.44)

where we used Lemma 2.1. From Lemma 4.4, we get

VUZNLU,) = X(N2) + O(N~I=92 (N 4 1)), (4.45)
and together this yields

(1420) = XV [ N2V + O (N2 +1) + N7I20N2) L (4.40)
This finishes the proof of Lemma 4.6. 0

Lemma 4.7. In the sense of quadratic forms on &, we have for a > 0

Y1 7Y2

+ N*(—=Agg, @B) + O(NN,).

UZdD(—A)U, = dT(=A) + N/(—A@B)(yl —yo)a’ a*. + hee,
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Proof. From Duhamel’s formula, we obtain

UZdD(~A)U, = dT(~A) + [dT(~A), B,] (4.47)
v / / U (3)[[AT (=), B,), By]Uy(s)dsd. (4.48)

Moreover,
[ar(-a).8,) =N / (—AGB)(y1 — yo)a a, + hc., (4.49)

and with Lemma 2.1

[[A0(~2), B,], B,| = 2N*(~ Agp, &) + 2D (N23p(~iV)(—Agp) (—iV)),

:O(N+N72a)

(4.50)

where we used that [|Pgllee < N2 and [|p?@gllee < N7! from Lemma 2.1.
Plugging this into (4.48) and using that Uy (s)N;Uy(s) = O(N5 + 1) proves the
claim (note that we obtain a factor 1/2 from the double integral in (4.48)). O

Lemma 4.8. As quadratic forms on 5, we have for a > 0

UsN, U,
UiHiUy = —Ag + \/(1 - qN*‘l) a(VNWy) + hoe. + dT (W) + £79
+

where
+600 S N7 (N7 (W) + (Vs + 1))

Proof. First note that Uy (—Ay)Uy = —A,, since Uy does not depend on the variable
x. Let us now turn to Q1. From Duhamel’s formula we obtain

Us@iUs = \/ (1- U‘IWYV*UQL (alVEW)

+ [ UXs)[a(VNWy L), Bq]Uq(s)ds> +h.c. (4.51)
We have (using that V, ¢pp are even)

[a (\/>WNI /\/>WN (z — y)[ay, By]dy (4.52)

— N32a* (@ « W) = O(NY2N2(Gp o Will).
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With Uy (s)N;Uy(s) S (Mg + 1) and Lemma 2.1 we thus obtain

UsN.U,
U,Q1U, = \/(1 - qNJrq>+a(\/NWN,x) +h.c. + O(N}F/ZN_D‘M). (4.53)

Let us now turn to d['(Wx ). Using the Duhamel formula again, we obtain for
te[-1,1]

t
U, (AT (W 2)Uy(t) = dT' (Wi 2) + /0 Uy ($)[AT (Wi i), BglUg(s)ds.  (4.54)
Then, using the Cauchy-Schwarz inequality as in (4.22),
(AT (W 2), By] = N/WN(&“ —y1)@B(Y1 — Y2)ay, ay, +h.c.
= O(N=/2712d0 (W p) + N™2(Wy +1)). (4.55)
From (4.54), the above estimate, Lemma 4.4 and the Gronwall lemma, we first
deduce the a priori estimate Uy (£)dl' (W )Uy(t) $ (AT (Whz) + Ny + 1), for all
€ [—1,1]. Taking ¢ =1 in (4.54), we then obtain

UrdD (Wi o)Uy = dT(Wi ) + O(N_Q/Q_l/QdF(WNw) + NN+ 1)).

(4.56)

This proves the claim. O
Lemma 4.9. For o > 0, we have as quadratic forms on 4

U L3U, = 5 NVN(y1 — y2)ay, ay,ay, +h.c.+ &7,
with, for all N~*%2 < § < 1,

&) S NN 4 5T NTH NG + 1)? 4 6Ly
Proof. Let us denote x(N;) = /(1 — %)J’_ From Duhamel’s formula, we obtain

U L3Uy = X(U;./\/}_Uq)/\/NVN(yl — Y2)0y, Gy, Gy, + h.c. (4.57)

1
+X(U;N+Uq)/0 U;(S)/\/NVN(ZJI — y2)[ay, ay,ay,, BglUg(s)ds + h.c.

To obtain £3Uq), we need to extract the main contribution from the first term. With
WV1—2—1] <z and UsN U, S (Mg + 1), we find

1= X(UZNL U S N7HNG + 1), (4.58)
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This allows us to bound for § > 0, as in (4.22),

+ { (1 — X(U;./\/+Uq)> /\/]VVN(yl — Y2)a,, ay,ay, + h.c.}

2
$OL+ 07 (1= XUGNLUY) ) VI
<OLy+ 0 INTIN, (4.59)

To bound the commutator terms, one proceeds as in the proof of Lemma 4.5. That is,
one calculates the commutator, noticing that the terms linear in a*, a vanish on 2%,
and then inserts an additional factor Uy (s)Uy(s) after a pair of creation/annihilation
operators to apply Duhamel’s formula once more. The details, with slightly different
conventions, can be found in [40, Lem. 6]. O

4.3 High-energy boson-impurity interactions: a Weyl transformation

As a next step we apply an z-dependent Weyl transformation to the Hamiltonian. Its
role is very similar to the one of U, used in the previous section. This transformation
corrects the scalar N W(O) from the excitation Hamiltonian to make the scattering
length ayy appear. Additionally, it renormalizes the high momentum part of the
interaction term Q1 by transforming it into a less singular interaction.

Let @1 be the solution to the approximate impurity-boson scattering equation (2.19)
cut-off at momentum N, for the same o > 0 as in the previous section (cf. Equa-
tion (2.20)). Define the unitary

U (t) = exp (t / VN@i(z — y)ajdy — h.c), Uw = Uw (1), (4.60)

whose generator is clearly (essentially) anti-self-adjoint on D(N}r/ 2). This transfor-
mation is very similar to the transformation U2 from Section 2.3 with k = N,
except that the definition of @y also takes the interaction term dI'(Wy ) into ac-
count. Note that the generator is linear in a, a*, but if we were to include cre-
ation and annihilation operators b*, b, for the impurities, the kernel would be
VNG (z — y)bybz(ay — ay), which is cubic in total. The transformation satisfies
the identities

UsyayUw = ay + VN@1(y — ), (4.61)
and

Uiy N U = N+ (a(VN @) + hee) + |[VN |13
=N} + O(NT*2(Ny +1)). (4.62)

The result of transforming the Hamiltonian with Uyy is given below.
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Proposition 4.10. Let 0 < a < 1/6, ay be the scattering length of W defined
by (1.2), and recall the Hamiltonian Uy HNUq from Proposition 4.2. Then, we have
as quadratic forms on 4

Uiy UrHnU U = dmay (N — 1) + 8raw VN + e
+HEI) 4+ HG) W),
where
HIW) = qD(—A + 2V(0) — 8may) + Ly + L5 + Ly,
and (with the notation f.(y) = f(x —vy))
1O = —A, + (a*(WN,m) + h.c.) + (a*(\/ﬁiV%)z)2 + h.c.) +dT (W)
—2a* (VN(iV@1)2)iVe + hec. + 20" (VN (iV@1)2)a(VN (V@)L
f/‘/S/N(P) = 8maw Lo<|p|<ne,

dray)? + 2(4may)?
p? ’

eg\(,]W) =4nN(ay, —ay) + SW\/N(EWN —aw) + Z (
pE27rZS
0<|p|<N&
and the error term EUW) satisfies
+EWW) S NT2(1 4 Ny + L4 + AT (W) + N7H2N2 4 N=VAQD([iv)).

Proof. Let us rewrite the result of Proposition 4.2 as

UHNU, = dmay (N — 1) + e + Hig + Hpp + EV), (4.63)
with

Hig = VNW(0) — A, + dT(—A) + QY + dT (W),

Hpp = dAD(NVy(=iV) + V(0) — 8may) + Lo + L5 + L4, (4.64)
In Lemma 4.11 below, we prove that Hpp remains essentially unchanged by the
transformation Uy, except that we will be able to simplify NVy(—iV) to V(0).
The relevant changes thus occur in the part of the Hamiltonian describing non-
interacting bosons coupled to the impurity, that is in Hig. Let us therefore consider
Uy HisUw .

Estimating U{,“VQ?‘]UW. The action of Uy on Q({q is easily evaluated using the
identity (4.61):

Ui, UsN U, Uy N
Uiy Q" Uy = \/(1 W N* a ) (a(VNW ) + N(Wx, &1)) + hec.
+

(4.65)

35



By Equation (4.62) and Lemma 4.4, we have for all ¥

(- - ) )l

5 INT' U UXNLUUw ¥ || S IINTHNG + 1) 9. (4.66)

By the Cauchy-Schwarz inequality,

1/2 1/2
2/(@. (VMW )W) < ([ Wata =)o, 2? ) (3w ) e a7)
(S
:<\P7dF(WN,x)\II> :\/NW(O)

Thus Lemma 2.2 with (2.5) and using that N(Wy, @1) = O(N'/?) by Lemma 2.2
yield
Uiy Q1" U = 2NRe(Wiv, &1} + (a(VNWya) + b
+O(NY2A0 (W) + N"Y2NG + 1) + NTY W 4+ 1)2),
(4.68)

where the last line can be absorbed in £Uw).
Estimating Uy, (dI'(=A) + dT' (Wi »))Uw. With the shift property (4.61), we find

Uy dU (W 2 ) Uy = AT (W 2) + (a(VN(Wx@1)2) + hec.) + N{(@1, Wagr),
(4.69a)

Uiy dD(—=A) Uy = dT(=A) — (a(VN(A@1).) +h.c) — N(@r, Agp).  (4.69b)

We keep these terms to combine them with those coming from @1 and —A, later.
We also note that, applying the Cauchy-Schwarz inequality as in (4.67), we have the
a priori estimate

Uy dT (Wi o) Uw < AT (W) + N{(@r, Wy @) < dT(Wa,e) + VN. (4.70)

Estimating Uy, A Uy . As the generator of the transformation Uy depends on the
position = of the particle, —A, also transforms non-trivially. Using that V,¢r, =
—(V@1)z, the shift property (4.61), and that @y is real, we find

Uy (=iV,) Uy = —iV, + /01 ds Uiy (s)[ = iV, a*(VN@1 ) — h.c.]Up (s)
= —iV, — (a*(VN(~iV@1)) + h.c.), (4.71)
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and thus

Uiy (—A0) U = (= iV — (" (VN(=iVe1).) + h.c.))2
= -A—a*"(VN(iV@p),)2iV, + hec.
+20* (VN(=iV@1)2) a(VN(=iVE)s) + a* (VN(=iV@1).)” + hec.
+a* (VN(=A¢1)z) + hee. + N(@r, (=4)@r). (4.72)

Combining the scalar and linear terms. We now combine the scalars and terms linear
in a,a” from these equations, which add up in a non-trivial way. The remaining
errors will be estimated at the end. Together with v/ NW (0), the scalar terms
from (4.68), (4.69a), (4.69b) add up to

VNW(0) + 2NRe(Wn, @1) + N (=24 + Wx)@r, §1).- (4.73)

Similarly as in (4.18), using the scattering equation (2.19), the definition of ay,, in
(2.21) and that ay, = aw + O(N~1/2) from Lemma 2.3, we obtain

VN8raw, + (W (1 + @1), @1 — ¢1)

= VN8rdw, +2 > WW) + O(N?=1/2y, (4.74)
Ip| <N

Gathering the terms linear in a, a* from (4.68), (4.69a), (4.72) and (4.69b) yields

o(VN((=2A+ Wx)@1 + Wy ), ) +hec. (4.75)
Ay

Using the scattering equation (2.19) for ¢, we see that the Fourier transform of the
function f above equals

F(p) = —P°31(0) Locpi<ne — Wi (91 — 31)(p)
— Wx (1 + 1) () Loc pi<ne — Wi (1 — 31)(p)- (4.76)

By the same reasoning as (4.20) and using that ay,, = ay +O(N~'/?) from Lemma
2.3, we have with a < 1/6

[(WN (L + @1)(p) — 8maw ) Lpjcyallz S N?/271 4 N3e/271/2 < N=e/2(4.77)

Moreover, using the Cauchy-Schwarz inequality as in (4.67) and Lemma 2.2, we have

+(a(VNWy (o1 — ¢1)2) + hoc.) S 6AD(Wiy ) + 6 IN7H/2+2 (4.78)

37



Choosing § = N~%/2 and using that a < 1/4, this yields
a(VNf) + hc = a(Wn,) + hc+ O(N™2(1 +dT (W), (4.79)
with the modified interaction WN. This proves that

. _ (4may)? (Uw)
Uiy HisUw = 8w, VN +2 Y —— +dI(—A) + H;

[p|<Ne
+ O(NT2(A0 (W) + Ny + 1)+ NHWN, +1)2). (4.80)

Estimating Uy, € Wa) Uy, Tt remains to track the behavior of the error terms &(a)
under Uyy. Using the a priori estimates from Lemma 4.11 together with (4.70) (note
that dI'(Wy ;) appears with an additional factor N ~1/2 in the error £ (U‘I)), we obtain
that Uy, € U Uy can be absorbed in EUW). This completes the proof. O

Lemma 4.11. For o > 0, we have as quadratic forms on
Uy (L2 +dC(NVy (—iV)) + L5 + Lo)Uw = Lo+ V(O)N} + L5+ La+ ESHY,

with

+ELW) S N2 (14 N + L4) + NY/340/840([iv),
Moreover, we have fort >0

Uy Ny +1)'Uw S (Vg + 1),
and

Uiy LaU < L4y 4+ N7Y/3H/04D(|iV]) + N™2 (N, 4 1).

Proof. Estimating Uy, (N + 1)*Uy,. For integer ¢, this bound follows directly from
the identity (4.62) together with (2.5). The general case then follows by interpola-
tion [65].

Estimating U;VENQUW. For the quadratic term L we calculate using the shift prop-
erty (4.61)

Uf/kVZQUW = ZQ + 2 / \/Nf/]\/(yl — yQ)c,ZI(a: — yl)ay2 + h.c.

+ /NvN(yl —42)@1(y1)P1(y2) - (4.81)

SIVNllsollVNer3SN—
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With |V * VN@i|l2 < “VN“OOH\/»(’OIHQ N~/2 from Lemma 2.2, we thus find
Uy LoU = Lo + O(N~Y2(Ny +1)). (4.82)
Estimating U;‘VdF(N‘A/N(—iV))UW. Similarly as above, we find
UsyydD(N Vi (=iV)) U = dD(NViy(=iV)) + (a( N¥2(Vy (=iV)@1). ) + hec.)
[[-llaSN—o/2

+ N*(@1, Vn (-1V)@1), (4.83)
SN~

and

AT (N Vy (=iV))
= Y V@/Naa,=V(0) N++Z( (p/N) = V(0)) ayap, (4.84)

0#£pe2nZ3

SN-LAI()iv])

where it is used that |y|V € L'(R?), as in (4.20).
Estimating Uy, L4Uw . For the quartic term we have

1
Uf/kV,C4UW — £4 = i/VN(yl — yg)U%@Zla;awawUW — E4

= /\/NVN(yl — y2)@1(T — y1)ay, a,,ay, +h.c. (4.85a)
45 [ NVl - )t - )@ - w)ag,ap, + he. (4.85b)
+ /NVN(y1 —y2)P1(x — y1)@1(x — y2)ay, ay, (4.85¢)
+dT (N Vi [ @1al?) + (N3/2a((VN *|@ral*) 1) + h-C~) (4.85d)
45 [ VB0 Plnate) PV — v2) (4.8

To start with, the Holder inequality yields for the scalar in the last line
0 < (4.85¢) < [NVNILIVNGl3lIalIA < N 72 (4.86)

The second term in (4.85d) can easily be estimated using Lemma 2.2 by

+ <N3/2a((VN * | Grael*)re) + h.c.)
SINVN I3 VN G2 (V3 + )Y S N7 + 1)V2 (4.87)
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The first term in (4.85d) is non-negative and will also be used as a reference to
bound other error terms later. By the Sobolev embedding of H'/2(T?) into L3, the
norm of a multiplication operator from H/2? to H=/2 is controlled by the L3-norm
of the multiplier. By Lemma 2.2 and Young’s inequality we thus have the bound

(¥, dT(NViy * |61 @) S [NV * @13, dT([iV]) ®)
< N~HB(g dr(|iv))v). (4.88)

We can now estimate the other error terms, starting with the cubic term (4.85a).
Using the Cauchy-Schwarz inequality as in (4.22) we obtain

+(4.852) S N™2L, + NY2dD(NVy * |Pra)?). (4.89)
For the quadratic term (4.85b), we have similarly by the Cauchy-Schwarz inequal-
ity
+(4.85b) S N™Y2L4 + N/2(4.85¢) S N72 (L, +1). (4.90)
A similar reasoning gives
+(4.85¢) S AD(NVy * |Pre|?) < N~UHOIB4r(|iv). (4.91)
We have thus obtained that
Uy LUy = Lo+ O(N™2Ly 4 N™2(N | 1) 4 N7V3/0AD(iv)) ). (4.92)

In particular, this proves the claim on Uy, L4Uyy .
FEstimating Uﬁvﬁg‘l Uy . For the cubic term L3 we have

1
Uﬁ/ﬁgqUW - ,C3Uq =3 / \/NVN(yl - yg)Uﬁ/aZla;amUw +h.c. - qu

=dl(NVy * ¢ra) + ;/NVN(ZUI — Y2)@rz(y1)ay,ay, +hc. (4.93a)
+ % / NVi (g1 — 9o)1(@ — y1)as, a2, + hec. (4.93b)
+ ga((N?’/QVN * @re)Pra) + hoc. (4.93¢)
o [ NV - 1)B1a0) 160 (4.93

These terms are estimated by similar means as for £4. Similarly to (4.88) and (4.91),
we obtain

+(4.93a) S (INV = [@1ll3 + [NV |1 | @1lla)dT([iV]) £ N7V372ar(fiv)),
(4.94)
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For the quadratic terms in (4.93b), we have by the Cauchy-Schwarz inequality

£(1.930) S N"2L0+ NN [ Vil — )l @i(ue)
SN2 (L4 +1). (4.95)
The linear terms in (4.93c) are estimated by
+£(4.93¢) < 2||(Viy * 31)@1lloN 2 S NT92(N + 1), (4.96)
Finally, the scalar term (4.93d) is bounded by the Holder inequality and Lemma 2.2
(4.93d)] < INVi 1l @ill2N [ @illF < N7 (4.97)

Together, these bounds show that

Uy £5°Uw = L3 + O(N™2 (Ly+ Ny +1) + N7V/3/0d0(iv])). - (4.98)

This completes the proof of the Lemma. O

4.4 Soft boson pairs: a cubic transformation

We now apply a transformation in the boson variables whose generator is cubic in
creation and annihilation operators. This transformation eliminates the cubic term
qu while turning dI'(2V (0) — 8way) into dI'(8may).

Such a renormalization has its roots in [71], where a cubic non-unitary transfor-
mation was used to derive the upper bound to the Lee-Huang-Yang formula. Later
in [6, 5], a unitary version was implemented to prove optimal rate of condensation
and derive the low-lying excitation spectrum in the Gross—Pitaevskii regime.

Its role is to account for the interactions of the so-called “soft pairs” of high energy
modes, which, in contrast to hard pairs that annihilate to yield two particles in the
condensate, only annihilate to give one particle in the condensate and one low energy
mode. As before, we will distinguish between low and high energy modes with the
cutoff N¢.

In [62], a cutoff in the number of excitations y7(Ny) =~ Lar, <pr was introduced
in the kernel of the cubic transformation. The idea is that if we know a priori a
condensation rate on the low-lying eigenvectors (¥, N, ¥) < My < N, it is enough
to renormalize the sectors with Ay < M for M > M. The rate of condensation
provided by Condition 1.1 means that we can work on sectors with Ay < M for
some M > v/N.

Our implementation of the cubic transformation essentially follows [40], although
an important difference is that we have to use dI'([iV|) instead of dI'(—A) in the error
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estimates, as the latter would interfere with the renormalization of the impurity-
boson interaction explained in Section 3, because Q(Hpr) € Q(dI'(—A)).

Let ¢p be the truncated scattering solution for the bosons (2.17), as in Section 4.2.
Let 6 : Ry — [0,1] be a smooth function satisfying 0(x) = 1 for |z| < 1/2 and
O(z) =0 for |z| > 1, and set Ops(x) = 0(x/M). We define for M > 1

Ue(t) =eBe, U.=U,(1), (4.99)

with the generator

Be = 0m(N3)BS = B, (N5 ), (4.100a)
Bf = Y VN@s)lenathigat a0 B = (BH)" (4.100b)
p,q€2mwZ3\{0}

Note that the sum is only over a finite set since ¢p contains a cutoff. Due to the
cutoff 8y in My, B, is a bounded operator, since

R 1/2
(@57 0)] < (0 NG lag (N + 1))

p.q

1/2
< (3 lapsaapl0 + 2120 )

p,q

< N7V2|N@p 2|11 (NG +2)>29]]. (4.101)

Denoting by x € L?(T?) the (even) function with Fourier coefficients X(p) = 1jpj<ye,
we can also write

B = VN [ (o~ 1)@l — )3, 00 (4102)

The main result of this section is the following proposition.

Proposition 4.12. Let 0 < o < 1/8 and M = NY/?t2/2_ Let Hy be given by
Proposition 4.1 and recall its transformation by U,Uw given in Proposition 4.10.
We have as quadratic forms on J€

Uz U U HN U, U U,
= dmay (N = 1) + 8maw VN + e
= Ay + (a(Wi) +he) + (0" (VN(=iVED),)” + hie.) + dD (W)
— a*(VN({V@))2) 21V, + hec. + 2a* (VN(iVE)2)a(VN(GVEL).)
+dT(—A + 8may ) + Lo+ L4 + £,
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where £Ue) satisfies

+ &W0e) S N2AT (W) + N™4Ly + N7V20/AN2
+ N7 ((log N)AL(|iV]) + 1 + (N + 1)/2|V ).
We first give the proof of Proposition 4.12 using the commutator bounds and the

a priori estimates of Lemmas 4.13, 4.14, 4.15, 4.16, 4.17, 4.18, 4.19, 4.20, 4.21 and
4.22 below, which we then prove in the remaining part of this section.

Proof of Proposition 4.12. From Proposition 4.10, we have (with the definitions
given there)

UzU Ui HnUUw U, = dmay, (N — 1) + elfW)
+UHI U, + YU, + UreUWU,. (4.103)

Let us estimate the three terms above separately.
FEstimate of U:Hg{gW)UC. Recall that

1) — AD(—A +2V(0) — 8way) + Ly + L5 + L4,
We first deal with the term dI'(—A) 4 £5¢ 4+ £4. With
U ! U Lot U
ULy, — / U (s) LU (5)ds = / / U (0)[£%, BJU.(t)dtds  (4.104)
0 0 s
and Duhamel’s formula, we may write
Uz (AD(=A) + £57 + La) U
1
— dAT(=A) + L4+ / UZ(s) {[dT(~A) + L4, B + £57} Unls)ds  (4.105)
0
1 1
4 / / U (0)[£Y7, BU.(t)deds. (4.105b)
0 Js

With the cancellation showed in Lemma 4.15 below, the error bounds from Lem-
mas 4.13, 4.14 and the conservation estimates of Lemmas 4.21 and 4.22 we find,

(4.1052) = AD(—A) + L4 + & (4.106)
with, using that M = N1/2+%/2 o < 1/8 and dI'(|iV|) > N, on /%,

+E S NTHLy 4+ dT(|iV]) + 1) + N7V/27o/ 402, (4.107)
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Using Lemma 4.17 for the commutator with qu yields with M = N1/2+/2 (note
that the double integral gives a factor of 1/2)
(4.105b) / / UZ (1) (4dT (8ray — V(0)) + &, 5 ) Ue(t)dtds (4.108)
= 2dT(8may — V(0)) + O(N~2Ly + N=Y4AT(|iV]) + 1) + N~Y272/2\2),

by the conservation estimates of Lemmas 4.21 and 4.22.
Together with the estimate on the transformation of Lo from Lemma 4.16, this
shows that

UHIWU, = dT(=A + 8ray) + Lo + La + EY, (4.109)
where 5](3UC) satisfies the error bounds claimed for £(Ue),
FEstimate of UC*HgW)UC. Recall that
Hip" = —Ap + (0" (W) +he.) + (0" (VN (=iVED).)” + he.) +dT (W)
—2a* (VN (iV@1)2)iVae + hec. + 2a* (VN (iV@1).)a(VN(iVEr).), (4.110)

and note that UfA,U. = A, since B. does not depend on x. By the Duhamel
formula, we then have

UrH Uy, = H G +/ U (OH™) 4 Ay, BJU(t)dt (4.111)

The commutators of individual terms are estimated in Lemmas 4.18, 4.19, 4.20
below. Combining these bounds with the conservation estimates of Lemmas 4.21
and 4.22, we obtain, setting M = N/2%/2 and using that o < 1/8

/ U (OHYY) + Ay, BUL(t)dt (4.112)
< N=P2A0 (Wi 2) + N~*(log NAT([iV]) + (N +1)/2|V,| + 1),

which can be absorbed in the final error term £(Ue).

Estimate of U} EWUwWIU,. Recalling the bound on the error £Uw) from Proposi-
tion 4.10, the expression Uc*é’(UW)UC can be absorbed in the error UVe) by Lemmas
4.21 and 4.22. O

Commutator estimates: Boson Hamiltonian. Here, we treat the commuta-
tors of B, with the different terms of the boson-Hamiltonian. To remove the cutoff
01 (Ny) from the leading terms, we will make use of the inequality

Oar(t = 1) = Oar(t)] S M~ Ly<arps (4.113)

which follows from Taylor’s theorem.
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Lemma 4.13. For all a >0, M > 1 we have

[AD(=A),B) =~ Y VN(Vn(p)+Vn*@p(p))as, a0’ paq+h.c.+Ear—a) 5.,
p,q‘62|7<rZ]3\{0}
q|< «

where the error satisfies uniformly in M
+ Ear(—ayp) S NTYLy+ NAMTH N + 1)
+ VM N2 2 10g NAT(|iV]) + VM N3/27V2(N, +1).
Proof. A simple computation gives

Onr(N3)[dT(=A), B]]

=0 Y VN©2p® + 2pq) 2 (D) Ly < Nl g0’ yaq.  (4.114)
p,q

By the scattering equation (2.16) (note that @ has no cutoff)

20205 (p) = — (Viv(p) + Vv * 8B(p)) Ljpjs e, (4.115)

so we need to remove the cutoff 1,y and 6y from the term with p? in order to
obtain the leading term from the claim. Using the Cauchy-Schwarz inequality as
in (4.101), we find

‘@,e)M(m) Z \/N(‘A/N(p)+‘7N*@B(p))a;+qaipaq\ll>'
Ipl,lg| <N

S VN|[(Vy + Vi * @)L jpj< e 2V} 20|00 (NN 0|
S VMNP 2, (4.116)

which can be absorbed in the error and allows us to drop 1),~ ya. To remove 0y,
we first write

S VN(Vn(p) + Vv * 8(0)) Ljgcnatpiqa” paq
2

= [ Xt = ) VRV (L + 98) (2 — 92), 0500, (4117)

where x € L?(T?) denotes the function with Fourier coefficients X(p) = 1j,j<ye. We
then use that 1 — 0y, (N ) < M~IN, together with the Cauchy-Schwarz inequality
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(as in (4.22), (4.31)), to obtain for § > 0

:l:((l—GMj\/'+ Z \/>VN p) + Vi * Gr(p )) i@ _paq+hc>

\qI<N0‘
< 5/VN (1+¢B)(y2 = y1)ay, ay,ay, ay, + 6~ M N /X «x(y — o)y ay
SOLy+ 0T MTING. (4.118)

Choosing § = N~%/* here gives the required bound on this term. It remains to
bound the term coming from the pg-part in (4.114). This satisfies, for all § > 0,

£ (200N D1+ aVNGp(p)Ljg < natps g0” g + hec.)

p.q

S0 D Ipllalayygatpapapig+ 67N> Ipllall@s(p)]? ajaq
p,|q|<N™ p,|q|<N™

< SN0, AD([iV))NL 4+ 0~ N|| |V 2@ 2dT([iV]). (4.119)

Using that N+012\4 < M, Lemma 2.1, and choosing § = M~Y/2N—%/2=1/2]og N then
completes the proof. ]

Lemma 4.14. For all o > 0, M > 1 we have as quadratic forms on F€y

[L4,B)= > VNVyx@glpay,,a°,aq+he +Ep, 5,
P»Q|€2‘7VZ3\{O}
q|<N™

where the error satisfies uniformly in M and 6 > 0
+Ec, 5 S 0Ly + 0T MNT + DMN TN +1) + M6

Proof. Following the proof of [40, Lemma 12] (with ag replaced by v/N and using
6 to bound any powers of N in excess of one), we arrive at

001 (N3 )[Ly, BY]
= O (V1) D VNVN(p = 1)Bp(r) 1 g anaa) a0’ yaq + & (4.120)

T7p7q
with
+& +he. SOLy+ 0 Y MNTH1D)MNTIHBYN, +1). (4.121)

By the bound (4.118), the error due to the removal of 83, from the main term can
be absorbed in &z, 5,)- O
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Lemma 4.15. For all « > 0, M > 1 and with the definitions from Lemma 4.13,
Lemma 4.14, we have as quadratic forms on J€.

[dD(=A) + L4, Be] + L5" = Ear(—ay5 + Eeany + O(N~2(Ly+dT(iV])).

Proof. Combining Lemma 4.13, Lemma 4.14 and the Fourier representation of [,gq,
we obtain

[AD(=A) + L4, B + L5 = 3" VNV (p)1)gs yatl ga* yag + hec.
p,q

+ g[dF(fA),BC] + 5[54752]' (4.122)
We have by the reasoning of (4.118)

STVNVN (D)L gsnaay 07 pag +he. SOLs+671 D atay. (4.123)
p,q [p|>N«

Clearly, the last term is bounded by N~*dI'(|iV|), so choosing § = N~%/2 proves
the claim. O

Lemma 4.16. For all o« > 0 and uniformly in M > 1 we have as quadratic forms

on J,
[L2,B.] = OWMNYY2(N, +1)).

Proof. From the definition of Ly in Proposition 4.2 and using that a,A'y = (N} +
1)a,, we have

(Lo, 00 (N3] = (O (Ny) — (N +2)) D drayapa, + hc. (4.124)
[p|<Ne

Using the bound (4.113) on the difference for 0, together with the bound (4.101)
on B, gives

(W, [La, Oar(N DB S NO™2 M N L, <onr ||V + 127, <onr¥|
SVMNY2|(N) + 1)/29)2, (4.125)

Due to the cut-off 1~ ya in the definitions of g'AéB and B, we have

[£2aB+ —877‘1VZ \ ‘PB ]llq\<N°‘a—p p+qa:1

— 8may Z \/>g0B ]l|p+q|<Na]l|q‘<Naa A (p+q)Qq- (4.126)
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With the reasoning of (4.116) we get from this

(2, 001 (M) (L2, B )| S VN |@ oo N2 [N WL, <oneN4 0 |

SVMN V2o 12y 2, (4.127)

Together with the bound on the commutator with 6;; this proves the claim. O
Lemma 4.17. For all o > 0, M > 1 we have as quadratic forms on F€

[£57, B.] = 4(8may — V(0N + Eicy 5,
where the error satisfies uniformly in M

&1y 5 SNTPLy+ NTOAD([iV]) + MN T2 (N 4+ 1) + MTINZ,

Proof. The proof follows the computations carried out in [40, Lem.15], with the only
difference being the cut-off 8;; that does not entirely commute with £3Uq, which we
deal with in the same way as in [62]. First, write L’gq = L3 + L3 with

1
i = / VNVi (g1 — yo)a?, a’, oy, (4.128)
and L3 = (£35)*. With this, we find
(L5, 00 NIBE = (£, s (N)]BS
+ (O Ny + 1) = O (VL)) (B L3+ [£5,BF]). (4.129)

Using the bounds (4.113) on 6y, (4.101) on BF and the Cauchy-Schwarz inequality
(as in [62, Lem.26]), gives

(L3 [0 WN4), BI] + (On (N4 +1) — 0ar(N1))BI L3 +hec)
SN2L,+ MN“Y2(NL +1). (4.130)
In view of (4.129), we thus have
1257, Be] = 00 (N [LE, B + 00 (N + 1)[L5, B + hec.
+O(N2Ly+ MNTIZ2(N, + 1)), (4.131)

The remaining relevant terms correspond to those denoted (I) and (II) in [40,
Eq.(77)]. Following the proof there yields (replacing a;r], ap by VN and thus ig-
noring their commutators)

O (NODLT, BF] = O(N~Y2L, + MNTHY(N, +1)). (4.132)
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Now following the proof from [40, Eq.(79)] on, we find (note that the term (II), in
our case is just equal to (II), with agao is replaced by N)

O (N4 +1)[L5, B = 0N +1) > N (Vv G (0) + Viv * P () g <nveagag
q
+ O(N™2Ly + MNTIF2(N, 1)), (4.133)
As in (4.20), we have
N[V = &p(q) — Vv * @p(0)] < lgIN 7", (4.134)

< N7+ from Lemma 2.1, we obtain for |¢| < N

~

and together || — ¢B|loo
NV &p(g) — NV * @p(0)] S N~ (4.135)
Using this, we have
O (Ny +1) Z NVy * @B(q)]lm‘g]vaaz%
q

= 0Ny +1) Y NVy % op(0)Ljg<naaiaq + O(NTONL). (4.136)
q

By definition (2.18), NVy % $5(0) = 8mdy, — V(0), which is bounded in N. To
remove the cutoffs 6y and 1<y, we use that

3" NV # 35(0)1 )5 naalag = O(N~dL([iV])), (4.137)
q
and
(1 — 0N +1) Y NV # pp(0)aiag = O(MIN2). (4.138)
q
Since ay,, = ay + O(N~!) by Lemma 2.3 this proves the claim. O

Commutator estimates: Interaction Hamiltonian. We now prove bounds on
the commutators of B, with the terms in the interaction Hamiltonian.

Lemma 4.18. For all « > 0 and uniformly in M > 1 we have as quadratic forms

on Fp

[a*(Wi2), Be] + h.c. = O(N* Y2V +1)).
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Proof. Recall that Wy (p) = 8maw 1y <ne. Since
[ (W), 00 (N = (O (Vs — 1) — Oar(N))a* (W) (4.139)
and with (4.113) as well as (4.101) we find
(W, [a* (Wi a), 0B O)| S W 2NV (MY [y, <ons B
< N2 MYV N@g||a IV AU [, <onr (N + 1)
< N7V + )Y 22 (4.140)

For the commutators with B, we have

Orrla*(Wh.p), BY] +hc. = > \/JVGEB(p)HMa;ﬂaipWN,x(q) + h.c.
P

= O(N"V2|N@g || Wy alla (Vs +1))
= O(N“ V(N +1)). (4.141)

A similar bounds holds for 6, [a*(WN@),Bg |. Together, these inequalities imply
the claim. ]

Lemma 4.19. We have as quadratic forms on 2. for all « > 0 and uniformly in
M>1

+[AD (W), Be] < (M/N)VENVAFdr (W) + Ny).

Proof. First, note that dI'(Wyx ) commutes with 67(N1). Using the representa-
tion (4.102) of B}, we compute

[d0(Wh ), BY] (4.142)
= /\/N@B(m —y3) (Wi z(ys) + Wi e(y2) — Wz (y1))x(y1 — ys)ay,ay,ay, -

Using the Cauchy Schwarz inequality similarly to (4.67), we get for any 6 > 0 the
bound

+ (/ VNGB(y2 — ys)X (11 — y3) Wi e (y1)a),al,ay, + h.c.>

< AT (W i) + 8 N Wall1llx11311 @B 3N (Vg — 1). (4.143)

The other terms in (4.142) satisfy the same bound with N? replacing N (N} — 1).
With N|[|[Wxll1lxI3]@sl? < N~3/272% and choosing § = v/ M N~3/4+e this yields

+ (Op (N [ATD (W ), BF] + h.c.)
< (M/NYY2N=VHAqD (W) + Ny)  (4.144)

and proves the claim. O
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Lemma 4.20. Denoting g = vV NiV @y, we have that for all 0 < o < 1/6 and
uniformly in M > 1, as quadratic forms on &,

+([a*(g)% Be] + hc.) S VMN~37% (log NAT(|iV]) + 1), (4.145a)
+([a* (ga)a(ge), Be] + h.c.) < VMN~175 (log NAT([iV]) + 1), (4.145b)
+([0*(92)iVa, B + hoc.) S VMNTE75 (dD(iV]) + (W} + 1)Y2iV,| +1) .
(4.145¢)

Proof. Note that ||g]lz < NY/* by Lemma 2.2. We prove successively the three
inequalities.

Proof of (4.145a). We start by observing that [a*(g.), Bf] = 0 due to the cut-off
1j4<ne in the definition of Bf and 1|4<nag(g) = 0. For the commutator with B
we find

B, a%(9:)*] = 2 VNGp(p)Ljg<nede(p + )Fa(—D)a; (4.146a)
b,q
+23" VNG (p) 1y <nae(p + q)a* (9z)ala—y (4.146b)
p,q
+2>" VNG (P)1jg<nofa(—D)a" (92)aapiqg- (4.146c)
p,q

With g+ 50l < 113131 8sll2 < N7'/27/2 by Lemmas 2.1, 2.2, we find
(4.146a) = O(N~2(N} + 1)/?). (4.147)
To bound the other terms, we will use the inequality
la(VA) @] < V]2 f 2| (AT (EV]) + 1)/ w]). (4.148)
For the first one, this yields with § > 0
+((4.146b) + huc.) S I VIV2GlBAC(V]) + 1) + 6 gl3 IV NG 3N +1)%.
(4.149)
For the second one, we have similarly
+((4.146¢) + huc.) S 0)|V[V2@ |3 (IV]) + 67 N*|gl12 VNG 3V +1)%.
(4.150)

Using Lemma 2.2 and o < 1/6, combining with 6,,(N;) and then choosing § =
VMN~Y4=2/2 e find

+ ([B.,a*(92)"10m (V) + hec)
< VMNTY4=2(1og NAD(JiV]) + N +1).  (4.151)
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It remains to estimate
[a*(92)%, 00 (N)IBT +hec. = (Oa(NL) — 0ar(Ny +2))a*(g92)°BF +hee. (4.152)
With the bound (4.101) on B, and (4.148) we obtain

(¥, B, a*(92)*)0n (N4 ) )
< g2l AV NG oAV 20 M VN B2l L <onr (W +2)° 0|
< VEIN-VAl| (7, + 1), (4.153)
by Lemmas 2.1, 2.2. This proves the claim on the commutator with a*(g,)?.
Proof of (4.145b). The argument for the commutator with a*(g,)a(g,) is similar
to the bounds on (4.146b), (4.146¢), as all other terms vanish in this case.
Proof of (4.145¢). Let us now deal with the term involving a*(g,)iV,. We have
[0 (92)1Va, Be] = [a"(92)iVa, 001 (N4 ) BS — B Oar (N3]
= (O Ny — 1) — 0pr(NL))a*(g2)iVaeBF (4.154a)
+ (O N3 + 1) = On (N5 ))a™ (92)iVe By (4.154b)

+ 0Ny +1) > VNG gene (0,5:(0 + @) + 65.4452(p) ) agiVe.
p,qe2nZ3\{0}
(4.154c¢)

We used here that V, commutes with B, and that [a*(g;)iV,, BI] = 0 because of
the cutoffs in the definitions of g and Bf. To obtain the desired bound, we need
distribute V, to the left and right argument of the quadratic form, since otherwise
we would obtain a bound by —A, and not |V,|. To do this, we use that

0" (92)| Vel = [Val 20" (92) Va2 + (0" (g2), [V V)| Va2, (4.155)
With iV, e % = e *2(iV, + k) and ||p — K|/ — |p|'/?| < |k|'/2, we get that

Va2, ag) Wl S D7 1R g(R) lax W] S llgll2lldAT (V) /2@ (4.156)
k

Using this and the estimate on B, and B} (4.101), we obtain

| (W, (4.1542) D) |
< MYV2NTY2| NG o lglal| (Vs + 1)V 2w

+ MYANTV2 NGl lglla AT (7)Y 2@ [V + 1),
< MURNTVARR (N 1), [

+ MYANT 2 ar (i) V2RV + 1)V 2
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where we used that (0 (N+—1) =0y (V1)) S M~ Mpr, <onr and [[N@p|l2 S N7/,
Similarly, one shows that (4.154b) satisfies the same bound. For the third term, we
commute again |V,|'/2, and a similar reasoning leads to

(U, (4.154¢) W) | S M'ENTY2|NGgallgllal| (N4 + 1)V VL2 0> (4.157)

+ MYANT2INGg 2| 1) vl Izl V29 oo

X NG+ DV + DYV )

S ]\41/2]\[—1/4—a/2”(./\/'Jr + 1)1/4|vx|1/2\1!”2

+ MYANTER WL+ 1)V [N+ DYV 2,

where we used that [[|V]/2gllec S VN|p*2G1]le0 S VNP5 151]15" S N—o/2
from Lemma 2.2. The above can be absorbed in (4.145¢) as N} < dI'(|iV). This
concludes the proof. O

Conservation estimates. Here, we prove that the operators appearing in the

bound on the error term remain of the same order when transformed with U,.(t) =
tB.
e'Pe.

Lemma 4.21. For all s > 0, we have uniformly in M > 1 and t € [—1,1]

UL(t) N UL () = N + O (N2 (N + 1)),
Ue(t) (N + 1)°Ualt) = O((W + 1)),

as quadratic forms on J; .

Proof. This follows from a simple calculation of the commutator [Ny, B.] and Gron-
wall’s Lemma, see [40, Lem.10], and interpolation for non-integer s. ]

Lemma 4.22. Let 0 < a < 1/6, then we have as quadratic forms on

U, (t)*dD([iV])U.(t) = O(dT([iV])), (4.158a)
Uo(t)* LaUc(t) = O(La + Ny + MTINZ 4+ 1), (4.158b)
U (t) dD (W 2)Ue(t) = O(AT (Wi o) + N, ), (4.158c)

uniformly in s € [—-1,1] and M < N'73«,

Proof. We start with the inequality (4.158a) and compute

[ ([iV]), BS] = > VNGu(p)Ljg<ne(lp + | + |pl — lal)ap g0t pag.  (4.159)

p.q
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Using that ||[p+q|—|q|| < |p|, we obtain by the Cauchy-Schwarz inequality, for § > 0

40, (N4 )[dT(|iV]), Bf] + h.c.

< 863 Z |play 4 qapapaprq + 5! Z Niplog (p)2]1|q|§N&a:;aq
P, P,q

< OMAT(|iV]) + 6 ' N log NNV, (4.160)

since ||[iV|'/2@g||3 < N~2log N by Lemma 2.1. Taking § = /N/(Mlog N) this

gives

L[AD([iV]), Be] < /M log N/N (N, + dT([iV])). (4.161)

Let f(t) = Uc(t)*dI'(|iV|)U.(t). Then, as /M log N/N < 1 by assumption, we
obtain with AV < dI'(|iV]) on ;.

L) = U6 [d0([iV]), BI|U(t) S £ (D). (4.162)

The bound (4.158a) now follows from Grénwall’s inequality.

To prove the inequality (4.158b), we use the calculation of the commutator [Ly4, B,|
from Lemma 4.14. The principal term satisfies, using the Cauchy-Schwarz inequality
as in (4.118),

S VnxB(p)aj,,at,aq +hee. = O(Ly+ Ny). (4.163)
p,q€2w23\{0}
lg| <N«

The difference of the principal term and the full commutator is bounded by using
Lemma 4.14 with 6 = 1 and the constraint M < N173% The claim then follows
from Lemma 4.21 and Gronwall’s inequality, as above.

The inequality (4.158c) follows from Lemma 4.19 and Gronwalls inequality. [

4.5 Low-energy bosons: Bogoliubov’s transformation

In this section we apply the well known Bogoliubov transformation Up (defined by
its generator in (4.164)) that diagonalizes the boson Hamiltonian for momenta below
N@. This goes back to the original work of Bogoliubov [9], and has been employed in
all subsequent works on the topic. In addition to the standard computations, that we
will omit, we will also need to transform the boson-impurity interaction terms. The
article [21] found a term in the expansion of the ground state energy Hy in powers
of the scattering lengths that does not come from the Bogoliubov—Froéhlich model.
This arises from interaction terms that create or annihilate two excitations from the
condensate, which are generated by acting on dI'(Wy ;) with Ug. In Lemma 4.24
below, we show that these terms are small relative to dI'(Wy ). Since the latter
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contributes to the energy at order one, this shows that the contribution of these
interaction terms is small in IV, in our setting.
The generator of the transformation is

16
Be=: 3 log (1 I L;V)(apa_p—h.c.). (4.164)
pe2rZ3\{0} p
[p|<N<

The action of the unitary Ug = €58 on the creation and annihilation operators can
be expressed by the explicit formulas

Uga™(f)Us = a*(Cf) +a(Sf),  Upa(f)Us =a(Cf)+a™(Sf),  (4.165)

where C, S are the Fourier multipliers with coefficients

1 | (p* + 16mayp?)Y/ 4)
Clp) =5 1 o+ 1 o
) =3 ((p4 + 16mayp?)L/4 7] pl<ne + Lpsn
(4.166a)
1 p| (p* + 16mayp?) 4)
S(p) = - 1< na. 4.166b
(p) 2 ((p4 + 167Tavp2)1/4 ’p| Ip|<N ( )

Notice that C(p) = cosh(—%log(l + 16way /p?)), and S(p) = sinh(—1log(1l +
167ay /p?)).

The main result of this section is the following proposition, which states that
for momenta below N® the Hamiltonian acts almost like the Bogoliubov-Frohlich
Hamiltonian (1.9) with cutoff A = N, except for the continued presence of the
positive terms dI'(Wy ) and L.

Proposition 4.23. Let 0 < o < 1/8 and UC*U{/‘VU;’HNUqUWUC be given by Propo-
sition 4.12. Then as quadratic forms on 4

UsU Uy Ui Hy U U UcUs
= dray (N — 1) + 8raw VN + €U®
+dT(€) — Ap + a(wne) + " (Wne) + Hine> + AD(We) + Ly + ETP),
with

8raw |ple”P?
p* + 16mayp?)1/4’

~

Wy (p) = (

@N,x(p) = ﬁ}x(p)]l()<|p|<N°‘a
the high momentum interaction

Hine,> = (¢ (VN(=iVG1),)” + hec.) + 20" (VN(iVE).)a(VN (V1))
—2a*(VN(iV@1)2)iVye + h.c.,
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the scalar,

e\®) = 47N (@, —av) + 8V N (dw, — aw)

1 1 dray)?  2(4map)?
+ Z (2\/m—2p2—47rav+( pQV) + (pQW) ),

0#pe2nZ3
[p|<N

and where the error satisfies
+EWB) S N=ORAT (W p) + N~ Ly + N7V
+ N=%/*((log N)AT'(|iV|) + (log N)? + (N} 4+ 1)'/2|V,.]).

As usual, we will first prove Proposition 4.23 assuming known the bounds given
by Lemmas 4.24 and 4.26, which we will discuss in the remainder of this section.

Proof of Proposition 4.23. First, note that —A, and Hiy,> (which already appears
in Proposition 4.12) are left unchanged by Ug since the generator does not depend
on z and acts only on momenta |p| < N®. By standard calculations (see e.g. [40])
using the relations (4.165), one finds that

Ug (dP(—A + 8may ) + ZQ)UB

Z ( p* + 16mayp?1 < ya + (p* + 87TaV)]l|p‘>ch)a;;ap
P
+ > (1 pt + 16mayp? — 12?2 - 47Tav)- (4.167)
2 2

|p| <N«

The second term contributes to eg\[{B) and the first equals dI'(e) +O(N 2N ) using
that

le(p) — (p* + 8may) L psne S N2 (4.168)

For the interaction terms on momenta below N%, one finds with (4.165)

Ui (a(Wn) + a* (W) Us = 3 (C(p) + S(p))e™ ™ Wy (p) (@} + ap)

e P p|8rayy .
B | |Z (p* + 16mayp?)i/4 (ap+a—p),  (4.169)
p|<N«

which gives wy .

The terms dI'(Wy ) and L4 are preserved by Up up to errors that can be ab-
sorbed in £(UB) by Lemmas 4.24, 4.25 below. Moreover, Lemma 4.25 also shows that
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UiE Ue) U/ can also be absorbed in the error, where in the case of the error term
(Ny + 1)Y/2|V,| we additionally make use of the fact that V, commutes with both
Ug, and N, which gives

Us Ny + )2 |Va|Up = [Va PUR (N + 1)U V|2
— O((Ny + 1), ), (4.170)
by Lemma 4.25. This proves the claim. O

Lemma 4.24. We have for a > 0 as quadratic forms on
UpdD (Wi ,)Up = dT (W) + O(N V40D (W) + N~VAWG 4+ 1)).
Proof. Writing dI'(Wy ) as

dI'(Wy ) = Z e =Ty (p — q)a,aq (4.171)
P

we find from (4.165)

UpdD (W)U = >_(C(p)C(g) + S(p)S(a))e P~ DWy (p — q)asa,
p.q

+3 " Cp)S(q)e P~ DWy (p — g)ajal + hec.

+3S(p)* Wi (0). (4.172)
p
We have
1— /I 16may /p?)° Aray
S(p)? = ( ST oo/ ) Ljp<ne < w € (1(2nZ3). (4.173)

From this the last term in (4.172) is a O(N~'/2). To bound the a*a* term, we
use that C(p) = 1+ H(p) with H(p) = /S(p)>+1 — 1. By the Cauchy-Schwarz
inequality, we obtain

:I:ZS 2P D)Wy (p — q)ayay +h.c. = :I:/WN,m(y),Sv’(y—y’)aZa;, + h.c.

S AT (Wava) + 67 [ Waal)Sty - 90)S ~ waa,
SNTVAAT (W) + NYH W ISI3(NV: + 1), (4.174)
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where we took § = N~Y/4 and which can be absorbed it in the error term. The
remaining term is estimated as

:I:ZH e ==y (p — q)ayay + h.c.

S W lloollS 2l Hll2(N+ +1) S N2y +1). (4.175)
From (4.173) we also immediately obtain

ZS P OWy (p — q)atag = O(NV2NL), (4.176)

and 3" S(p)? (0) < N~1/2. Writing again C(p) = 1+ H(p) and arguing as above
gives

S Cp)Cla)e P DWx(p — g)ala,

= dAD(Wxo) + O(N“V4AD (Wi ) + NVAHN, +1)). (4.177)
This proves the claim. O

Lemma 4.25. For allt >0 and 0 < a < 1/2 we have as quadratic forms on 5,

UpN{Us = OV +1),

UsNLUG = O + 1),

UpLaUp = L4+ O(N™12 4+ NTINZ),
UidD([iV])Ug = O(dT(|iV]) + log N).

Proof. The first three estimates follow from the same arguments as in [40, Lem.18]
(first, for integer ¢, and then for all ¢ by interpolation). The final inequality follows
from the fact that ||[p|*/25]|2 < log N and |p|S(p)? < 1, C(p) < 1, by an argument
similar to Lemma 4.24. O

4.6 Excitation-impurity scattering: a second Weyl transformation

In this section we apply another Weyl transformation, similar to the one from Sec-
tion 4.3. However, it acts now on small momenta and the form factor of the trans-
formation is obtained from an equation involving the Bogoliubov dispersion relation
€, instead of simply —A, and the interaction wy instead of the potential Wy. The
transformation is closely related to the first step of the renormalization in Section 3.

Let k > 0, to be chosen later, and let @ > 0 be the parameter of the previous
sections. We define the function f € L?(T?) by

~ Wy (p)e” —8maw [pleP" L jp <o
__On(per, < . (4.178
fx(p) pg + e(p) w<|p| (p2 + p4 4 167ravp2)(p4 + 1671'Clvp2)1/4 ( )
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Note that this corresponds to f2 with A = N® in (3.3). One easily checks that
I fzll2 < 1, uniformly in x and N. We then define the following unitary transfor-
mation, which is similar to the Gross transformation used in the renormalization of
some polaron models [63, 32],

Ua(t) = exp (t(a"(fa) —a(f2))),  Ua =Ucs(1). (4.179)

After this transformation, the Hamiltonian from Proposition 4.23 resembles closely
the operator (3.7) appearing in the renormalization procedure.

Proposition 4.26. Let k > 0, 0 < a < 1/10 and M = N1/2+e/2 " denote U =
UcU,UwU.Ug and recall the transformation of Hy from Proposition 4.23. Then,
for N > K

U*HnU = dray (N — 1) + Sraw VN + eld)
— A, +dT(e) + a(w?) + a*(w) + a*(iVunz)? + a(iVuy ,)?
+ 20" (iVun z)a(iVon ;) + 2" (V40N )iV + 2iV4a(iVaon 2)
+d0(Wyo) + Lo+ EY), (4.180)

where

@5 (p) = 8ra(W)|ple(p) /P Lo pi<p,
One = P>+ ep) Velp)
VNG(p)e™ N <p|,

K <|p] < N9,

the scalar term has the value

U)

el = 4nN(ay, — ay) + 87V N(aw, — aw)

+ 5 Z (\/p4 + 167Tavp2 —p — 87TaV + 2]?2)

0#pe2nz3
[p|<N<

) R m
+ (8maw) D#;ﬁzs <2p2 (p2+e(p))6(19))’

[p|<N&

and the error term satisfies

+ W) < N2A0 (W) + N™/ALy + N7V2e/AN2
+ N=4((log N)dT'(|iV]) + (log N)? + (Ny + 1)/2|V,|). (4.181)
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Proof. Recall from Proposition 4.23 that

UHNU = dray (N — 1) + 8rap VN + eld® + dT(e) — A,
+a(wng) + a* (W) + Hines + AT (W) + Lo+ TP (4.182)
We have the identities (compare (3.5a), (3.5b) and (4.71))

UgayUc = ay + f2(y), (4.183a)
U&(iV)Uqg = iV, + a* (iVefo) + a(iVafe), (4.183b)

which gives with V. f, = —(Vf)

Us(— Ay +dD(e)
=—-A, +dI'(e)
+ 2a(iV fy)a*

S _ap)? (4.184)
reipene (P? T €p)

—

wnz) +a*(wn))Ug
W) + a* (W) + a(iV f)? + a*(iV f,)?
( fx) —2a” (1fo)1V - 21vxa(1vfr)

a

I

We now pass to Hint,>, which we recall is defined in Proposition 4.23. Note that the
transformation U¢, leaves invariant the terms involving momenta greater than N¢.
Therefore, all the terms in Hiyg > remain unchanged except the ones containing the
gradient V,. This gives, with V,f, = —(Vf)s

UHme>Uc = Hine> + 20 (VNiVEL,) (a(iVfe) + a*(iVfe)) +he.  (4.185)

Introducing v, = fr + \/N&Lx and noting that the additional terms in (4.185)
complete the square with (4.184), we find
‘ w(p)®
(4.184) 4 (4.185) = —A, +dl(e) + a(wf) + a*(wf) = > 52—
weipene (2 +eD)
+a*(iVon2)? + a(iVoy 2)? + 20" (iVoy 2 )a(iVun..)
—2a*(iVun 2)iV — 2iVa(iVuy z). (4.186)

It remains to consider dI'(Wy ), £4 and £ (Us) With the shift property (4.183a),
we obtain

UédF(WN,x)UG = dP(WN,I) + a*((WNf)a:) + a((WNf)x) + <f7 WNf> (4’187)
Next, one easily checks that

(L WNE) S IWN Ll fI2, S N7Y22e (4.188)
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and, using the Cauchy-Schwarz inequality, one obtains

a (W f)z) + a(Wn f)e) S N7 (W z) + N2 (f, Wn f)
SN™2A0 (Wi ,) + N~/ (4.189)

for « < 1/6. This gives
ULAT (W 2)Uq = AT (W) + O(N ™2 (AT (W o) + 1)). (4.190)

We now estimate the transformation of the quartic term L4, which gives

Ut LaUq — L4 = / Vi (1 — 92) fa(y1)a2, @2y, + hc. (4.191a)
45 [ Vil = ) el fa)aj,aj, + e (4191b)
+ [Vl = 1) o) )0 (4.191c)
+d0(Viy = f2) + (a((Viv * f2)f2) + bee.) (4.191d)
45 [ Vi — 1), (4191¢)

Since || fulloo S [1fellt S N and || fll2 S 1 we have

(4.191e) S [Vl ll fallZll £ 113 < N 712, (4.192)
Similarly, we obtain

(4.191d) = O(N~2(N, +1)). (4.193)

Using the Cauchy-Schwarz inequality as in (4.22) and (4.59) yields

(4.191b) = O(N =2 Ly 4 N~1+59/2) (4.194a)
(4.191a) = O(N~/2L, + NO2dT (Vi * f2)) = O(N~2L, + N7IH2 N1,
(4.194b)

These estimates, together with av < 1/10, show that
Ué[,4UG =L4+ O(N_a/2(£4 + Ny + 1)) (4.195)

Finally, we estimate the action of Ug on £(UB). Similarly as in (4.189), |[|p|*/2 |3 <
log N yields

ULAT([iV|)Uq = O(dD([iV]) + log N) (4.196)
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With || f]]2 S 1, one easily obtains
ULONEUG(t) = ONF 4+ 1) (4.197)
for k € N. Moreover,
UGNy + 1)2V,|Uq (4.198)
= (NM; + 1)1/2|Vm\ + /01 U ()" (N4 + 1)1/2|VZ\,a*(fx)} + h.c.)Uqg(t).
Let us estimate the commutator

[(N-‘r + 1)1/2’Vx|7a*(fx)]
= Ny + D)2Vl a(fo)] + [Ny + DY2, 0" ()] Val. (4.199)

To estimate the first term, we use that iV,e % = e=*%(iV, + k) and the triangle
inequality ||iV, + p| — [iV|| < |p| for all p, to obtain that

(0, [V, @ (£)]0)] = [(, Y2 (iVel = [iVe = p]) fu(p)a @)

V.| — iV, — ip|)?| . /
< arev) w5 |07 e O )
p

S Viog N|[dL([iv]) /2w ||| w]], (4.200)

where we used that ||[p|"/2f]|2 < log N. Hence, the first term in (4.199) is bounded
by

(N + DYV, a*(fo)] + he. = O((AD(|iV]) + log N(NV 4+ 1)), (4.201)
To bound the second term in (4.199), we write
& (f2) Vel = Vol 2a* (f) Va2 = (Va2 a* ()] Val /2 (4.202)

and use again that iV,e ** = ¢7%%(iV,+k) and that |[iV,4p|"/%—[iV4]|'/?| < |p|'/?
from which we obtain

[Ny + DY2 0 (f)][Val = (W + D2 = NP a* (£)| Ve
= O(|Vy| +log N), (4.203)

where we used that ||[p|*/2f]|2 < log N and that (A + 1)1/ —./\/}/2 < (Np+1)712

It thus follows from (4.196), (4.197) and Gronwall’s inequality that
U+ 1) 2V, |Us = O((Wy +1) V2|V, +dD([iV]) +log NN +1)). (4.204)

This completes the proof of the proposition as N < dI'(|iV]) on 7. O
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5 Convergence of the transformed Hamiltonian

In the section, we study the main part of the Hamiltonian appearing at the end of the
previous section in Proposition 4.26. The remaining singular contribution, which will
give rise to the log N-term in the energy, is the interaction term a* (iVIvN@)2 +h.c.
from (4.180) (compare Section 3). For technical reasons, we will cut this term off at
particle numbers N > M = N'=2 for the same a > 0 as before.

We can rephrase the result of Proposition 4.26 as

U'HNU = Hsing + BN + dray (N — 1) + 87Taw\/]v + eg\lfj)
+ Ly 4+ EV L ONT32H2(N L +1)%). (5.1)

Here,

HSing = *Ax + dF(E) + dF(WN,:B)
+ ]1N+§N17cxa* (iVUN@)Q + a(iv’l)N@)z]}.N*_Slea (52)

generalizes the singular Hamiltonian from Section 3, and

Ry =2a"(iVunz)a(iVun z) — 20" (iVun 2)iVe — 2iVza(iVon )
+ a*(wh) + a(ws), (5.3)

collects the remaining terms from the transformed operator of Proposition 4.26,
except L4, the constants, and the error terms, and we recall that for o > 0

~K

@5(p) = 8maw |ple(p) /e Loy <
8raw  |p| ol

On(p) = { P>+ €(p) Ve(p)
VNGi(p)e?”  N* < p|.

k < |p] < N“ (5.4)

Note that, since vV N@;(p) < |p|=2 by Lemma 2.2,

on(p) S lpl 72 (5.5)

and that U is also a well-defined function. Also by Lemma 2.2 with s = 1/2, we
have ||[Voyz|2 < N4, so, by the argument of (4.12),

iy, 0@ (iVoone)? + he. = O(M2VN(N; + 1)), (5.6)

Cutting off the interaction in (5.2) thus indeed gives rise to errors of the order stated
in (5.1).
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For later use, we introduce the notation for the relevant part of the transformed
Hamiltonian

HY == Heing + RN (5.7)

Without the term dI'(Wi ;) in Hging, one should think of ”H% as the Bogoliubov-
Fréhlich Hamiltonian Hip defined in (3.1) for A = N® dressed with the appropriate
Weyl transformation (compare with the expression given in (3.7)). This will be
discussed in detail in Section 5.1.

We will then show in Section 5.2 that the extra term dI'(Wy ) only shifts the
limiting operator by a constant of order one. Indeed, the divergence in Hging is
expressed by the scalar (compare (3.14))

Enw = —2<WN ® Vo, (5.8)
-1
((Vyl + Vyz)2 + E(ivyl) + E(ivyz) + WN(yl) + WN(?/Q) + 1) Vuy ® VUN>7

which differs from the same quantity with Wy omitted from the resolvent at or-
der one, as shown in the proof of Theorem 1.2. The results of this Section are
summarized by:

Proposition 5.1. Recall the unitary operator UZ° defined in (3.4). For k large
enough and 0 < a < 1/2 we have

lim (HY — Exw) = (UX)*HppUX®

N—oo

in norm resolvent sense.

Proof of Proposition 5.1. In Proposition 3.5, we defined a self-adjoint operator as-
sociated to the quadratic form K., + T + Roo, whose domain is contained in
Q(Koo) = (1 — Goo)'Q(—A, +dI'(€)). In (3.28) we proved that

Hpr = U (Koo + To + Roo — 1)(U°)". (5.9)

K

On the other side of the equation, we will show in Proposition 5.7 that ”H% — Enw
converges to Ko + Too + Roo — 1 in norm resolvent sense. Together, these prove the
claim. =

5.1 Analysis of the simplified singular Hamiltonian

Let us denote

Hsingo = —Az +dT(e) + a*(iVon2)? + a(iVuy . )?. (5.10)
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Note that here we do not cut off the interaction at N’y < N~ as this is unnecessary
when the interaction term dI'(Wy ;) is absent, and such a cutoff is not used in
Section 3. Following the procedure from Section 3, we introduce

Gy = —(=Ay +dT(e) + 1) 'a" (iVon)?, (5.11)
and rewrite

Hsingo = Kn +In + Ey — 1 (5.12)
with

Ky :=(1-GyN)(=Az+dI'(e) +1)(1 — Gn),

- 2 1 kg 9 (5.13)
Ty = —a(iVung)“(—Ay +dI'(e) + 1) a™(iVun ) — En

and
-1
En = —2(Von@Vow, ((Vy, + V) +e(iVy, ) +€(iVy,)+1)  Voy@Von). (5.14)

We also use the definitions of Go, Koo, T from Section 3.

We now show regularity estimates for G, and its convergence rate to Go,. We
then use these to infer comparison estimates between the dressed K and the bare
Hamiltonian —A, + dI'(¢), as well as its convergence rate towards K.

Lemma 5.2 (Properties of Gy). For all 0 < s < 1/2 there ezists (Cy)r>0, C with
lim,, 00 Cx = 0 so that for all k >0, N € NU {oco}

IGN(=Ay +dT(€)) (N3 + 1) < Cy, (5.15a)
and for all o > 0

(G = G) (=D +dT(€))* (N3 + 1)~ < ONBs7 Do, (5.15b)
Moreover, for 1/2 < s <1, e >0 there is C so that for allk >0, N € N

G (— Ay +dT(€)) (Vs +1)75| < ONE—3)++e, (5.15¢)

Proof. By the Cauchy-Schwarz inequality, we have

a*(iVun.z)2a(iVun ) (5.16)
= Z (k : T)(p ’ Q)@N,x(k)@N,x (T)GN,z(p)aN,m(q)altaiapaq
D,q,k,r
2|5N(P)‘2 |77N(Q)‘2 1—s 1—s % UN ! 1—5\2
< 3 0P X ENOE ety agatasan < 2] a2
e(p)'—* €(q) ezl

p,q,k,r
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for all s > 0, N € NU {oo} for which the right hand side is finite. Using Holder’s

1-s
inequality on each particle sector E?Zl 631—3 < k* (Z;‘?Zl Ej) , we obtain

4
(—A, 4 dT(e))2079) A2, (5.17)

a*(iV’L)N’x)Qa(iV’UN@)2 < H|k|’liNa
e 2 ll2

since 0 < —A, and dI'(e) commute. Using (5.5), we have for 0 < s < 1/2 that

2
1 2s—1
<> TR < 2L (5.18)

N
Cy = HW1
€2 12 g>k

Thus, denoting Hp := —A, + dI'(e) + 1,
Ny + ) HGNGAH NG + 1) < C2, (5.19)

which proves (5.15a).

To prove the statement for the difference (5.15b), note that vy (k) — veo(k) is
supported on the set where |k| > N, so this follows from the same argument where
now k = N¢.

By the same reasoning, we have for s > 1/2 and N < oo

(N + 1) HIGNGRH N + 1) S G (5.20)
with, using Lemma 2.2,
UN |2 1

N oS o1
On = HW [, S Y s T NVIIVEGE S Nt (5.21)
€ 2 2 lk'SNoe ’k|

O]

Lemma 5.3 (Properties of Ky). For k sufficiently large, the following hold. The
operators Ky with domain

D(Ky):=(1-Gn)"'D(-A, +dI'(e)),

are self-adjoint for any N € NU{oco}. Moreover, for 0 < s <1 there is C > 0, such
that for all N € NU {co} we have

I(~A, +dT(0) (1 - Gy KR < C. (5.22a)
INS K| < C. (5.22b)

Furthermore, Ky converges to Ko in norm resolvent sense, and for 0 < s,a < 1/2,
there exists C' > 0 so that for all N € N

HKfv,o(K&,lo - KJ)KS | < NG, (5.22¢)

o0
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Proof. The operator Hy = —A 4 dI'(¢) + 1 is invertible and, for x sufficiently large,
so is 1 — Gy (by Lemma 5.2), for all N € NU {co}. From this, one easily checks
that K is invertible on its domain. Since it is manifestly symmetric, K must be
self-adjoint.

We now prove the estimate (5.22a). We will argue by interpolation, so first let
s = 1. By Lemma 5.2, for N € NU {oo}, inserting (1 — G’) and its inverse yields

I(=Az +dT(e) + 1)(1 = Gn) KN | = (1= GR) M < (1= Co) L (5.23)
For s = 0, we simply have, also by Lemma 5.2,
(A +dT(e) + 1)°(1 — GN)KY || <1+ C,. (5.24)

The estimate (5.22a) now follows by complex interpolation (cf. [65, Theorem IX.20]).
To prove the bound (5.22b) on A, we use that Ny Gy = Gy (N4 +2). Adding and
subtracting G, we obtain

INTER] < NS (L= Gw)ER |+ Cull W +2)° K3l (5.25)

where we bounded Gy using Lemma 5.2. As x — z° is sub-additive for s < 1 this
implies the claim (5.22b) if & is sufficiently large for Cy; < 1 to hold.

We now show the convergence by proving the bound (5.22c). With the resolvent
formula, we have

Ky (K3t = KK = Ky (Koo — KK (5.26)
= K37 (G = GR)Hp(1 — Goo) + (1 — GR)Ho (G — Goo) ) KT

Thus (5.15b) and (5.22a) imply that for 0 < s < 1/2
| KR (R = KK
SIEN (G = GR)H|[[HG (1 = Goo) K|

FIER (1 - GH A HS (G — Goo) K
SN[V + 2 K o) + || (W + 2 K, (5.27)

where we used that G N} = (M4 +2)GY,. In view of (5.22b) this proves (5.22¢). O

We now discuss the operator Ty. Rewriting Hgingo as in (5.12) extracts the
divergent scalar contribution Fpy, and Ty, is well defined as the limit of Th. To
make this explicit, we follow Section 3. Using the commutation rules

Ve o = o=h7(37, 4+ k), dD(e)al = al(dT(e) + e(k)) (5.28)
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we write Ty as a sum of terms in “normal order”,

Ty =Opno+On1+Onp, (5.29)
with
(k- 0)*0n (k)*on (0)?
Ono=-2 —E 5.30
A HZ (Ve —k— 02+ ek)+e(@) +dl(e)+1 (5.30a)
[k, 1€1> K
Oni=4 > e " apiya(k, Oae™ (5.30b)
k,e€2n73
\k|,|5\>'<
®N,2 = Z z e_iklze_ik2zazlazgeNQ(kjl7 k‘Q, 61, fg)ag1a52€_wl$€i£2m,

kq,ko€2nZ3 01052773
[k, lka| >k [£1],le2] >k

(5.30¢)
where the kernels are defined as
R W e R ETOETIoEY
o (5.31)
and
O a (ks ki €1, ) (5.32)

(K1 - k2)Un (k1)On (k2) (61 - L2)On (£1) VN (£2)
(iVm + k1 + ko — b1 — 62)2 + E(kil) + E(kg) + 6(51) + 6(52) + dF(E) +1
Observe that the series fx ; converge as functions of iV, and dI'(¢). As we will

see, the operators ©y ; are bounded relatively to K. Because of this, T, is well
defined on D(K ). This entails:

Proposition 5.4. For k sufficiently large, 0 < o < 1/2, N,N' € NU {00} and all
U € D(Ky)

TN ¥ < Crl Kn ¥

where limg_,oo C;, = 0. Moreover, for all 0 < ¢ < 1/4 there is C > 0 so that for
N,N e NU{x}, 0 <a<1/2

(T — Too) K/ || < ONT°.
In particular, for k > 0 large enough, the operator Ko, + Too is self-adjoint on
D(Ky) := (1 = Goo) ' D(=A, +dI'(e)).

and Hging,0 — En converges to Ko, + T in norm resolvent sense.
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Proof of Proposition 5.4. We split the proof of the bounds on Ty = OnN +
OnN,1 + On 2 into two parts, one on uniform bounds for O ;, and one on the differ-
ences Oy ; — O ;-

Lemma 5.5. Let 0 < s < 1/2. There is C, with lim,_o, Cx, = 0 so that for all
k>0, NeNU{oo} and ¥ € DN} 5(—A, + dT'(e)*)

lOn 1T < Cull N *dr () |
1ON,29| < Ch|NL*dT(e)*W|].

Moreover, for e > 0 there is C' so that for all N € N and k > 0
[ON 0V < Cr™[[(=Ag 4 dI'(€))" V|-

Proof. We start by proving the estimate on ©py ;. First note that using (5.5) we
have the point-wise bound

1
On,1 (K, 0)| < (5.33)

S ki) <@ + Ty

Using this and the Cauchy-Schwarz inequality, we have that for any & € 7.,V €
D(dT'(e)*N{~*) and § > 0, denoting t = s+ 1/2 € (1/2,1),

(@051 0) = > <e(e)—<1+t>/2€(k)f/2akc1>,e(e)<t+1>/2€(k)—t/29N,1(k,z)a,gq/>

|kl,[e]>r
2
<6 Y (e AN 0702
K|, |5|>/£ H _|_ dF( ))t/2 + H
1 -1 ) 1tz |2
K lkl%l:w» : H 0+ dF( iz e w|

< Cp (5”dr(et)1/2dr(e)—t/2/\/;<1‘”/2q>\|2
+ 37D () /2dT () =002V P 2)
< Gy (]|]J? + 671 [T (€)'~ /2N L1 ?)
= Cic (Bl1I + 67" A (e) A3 *~"w|?) (5.34)
where we used that d['(e!) < dT'(e)!AV} " and denoted

Co= Y ek)"" — 0. (5.35)

KR—00
|k|>kK

Optimizing over § yields the claim.
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We now turn to the proof of the bound on © 2. With the same reasoning as (5.33)
we find the bound

1
2 x| 2| |[€1] 62| (e(K1) + €(k2) + €(€r) + €(b) +dT'(€))
(5.36)

|On 2(F1, ko, 01, 42)

Similarly as above, let ® € .,V € DN} 2*d['(¢)?*), § > 0 using the Cauchy-
Schwarz inequality and denoting again ¢ = (1 + s)/2 € (1/2,3/4), we obtain

(®, O 2)
<6 Y ()T e(ly) ey ) (ko)

[k1l,ka|>k
[e1];1e2]1>K

s l(eCk) + €(ka) + €(61) + e(6) + AT ()t ap a2 002
S ) O hy) (e ()

[k1]s| ko>~
[e1];182]>k

X | (e(kn) + e(ka) + €(tr) + e(b2) + dT(€)) " ag, ap, N7 0|2
< C2(8][dr(e)dr ()N D)2 4+ 57 [dD(eH)dT (e) "IN ?)
< CR@[[ @ + 7 H|dD () N> 0 1?). (5.37)
Optimizing over ¢ proves the desired bound.
Finally, we prove the bound on ©y . Since Oy is a function of the commuting

operators iV, and dI'(e), it is sufficient to prove a point-wise bound on this function,
by the functional calculus. First, rewrite Oy as

_ 2(k - 0)%0n (k)*0n ()
CIMENDS ((ivx +k+0)? +e(k) +€(€) +dl'(e) + 1

klc2nZ3
(iVy 4+ k+0)% +dl(e) — (k+ 6)2)>
(k+0)2+e(k) +e(l) + 1

(5.38)
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Using that |y (k)| < k72, we have for all £ > 0,

> 1 (iVg)? + iV ||k + dT(e)
S 2 TRER((R) T (@) (Vs + b+ OF + (k) + e(0) + dT(0))
1 1
KPP (Vs + &+ 07 + R + (]2
| | ]
FUVel O R G, R T R I
1 1

r .
HAO O REER AT + b IR

|On0

K], 1€>x

< (V2 Y

kL 1€]>r

(5.39)

Dropping dI'(¢), (iV,+k+¢)? from a power (1—¢) of the denominator and |k|? + |£|?
from the remaining power ¢, and using that that

(iVy +k+ 6)12 + k|2 + |2 S (ile)T (5.40)
we obtain

1On0] S K 5((iV2)? + dD(e))°. (5.41)
This proves the claim. -

Lemma 5.6. For 0 < a,s < 1/2,0 < e < s there is C so that for all N € N, k >0
and ¥ € DN 5(—=A, +dT(e))*)

1O — Ol < ON—|NE 30 (e) W,
103 — Ooc2) U] < CN N5 ()W
Moreover, for all 0 < e < 2 there is C > 0 so that for N € N, k > 0
1(ON.0 = Ooo0)¥[| < CNT¥[[(=Ag + dl(€)) V.
Proof. To estimate the convergence rate as N — oo, we use (5.4), (5.5) in the form
[08(D) — Voo (P)] S Ljpj>nalpl ™ < N7O[p|72F=. (5.42)

From this it follows that

‘ < N—OZ€
™ k[ (e(R) + €(0) + dD(e)) /22

‘QN,I(kve) - Goo,l(kae) (543)
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and

10N 2 — Oco2| (K1, k2, 41, 42) (5.44)
< N*O{E
N k|t e ko Yoy 1 e ot E (e(Rr) 4 €(R2) 4 €(f1) + €(ba) + dT(e))

The rest of the proof follows as in the proof of of Lemma 5.5. We only give the
details for ©y 1. Choosing t = s + % + 5, from the condition on s and e, we have
1 —¢e+1t>3/2, and therefore

N[(®,(On1 = Ooo1) V)|

55 Z E(K)_(I_E-H)E(k)t_a

(N+ + 1)7(17t+€)/2 2

(c(h) + e(0) + dr ()2 ®

|k, e]>r
1 o 3 (N+ + 1)(1—t+£)/2 2
+ = S(k) (1 €+t)€(€)t € ag\l’
IkIJZEIZH (e(k) + e(£) + dT(e))1/2-1/2
S G (81192 + 57 H|dD () N7 P w2) (5.45)
As before, optimizing over ¢ gives the desired estimate. O

We conclude this section with the proof of Proposition 5.4.

Proof of Proposition 5.4. Recall that Ty = Oy 0+On,1+0O N 2, so in view of Lemmas

5.5 and 5.6, we only need to bound the operators leL/%de(e)s, N17%dT (€)% and
(=A, +dT (€))%, for 0 < s < 1/4, relative to K ns. The worst case is N}~ 2%dT'(e)%,
for which we have

I} 22D (€2 0| < AE2d0(€)% (1 — G )| + [N} 2dD (e Gy
S RN+ [N+ 2] S [ (K +2) ], (5.46)

by applying first (5.22a) and (5.15a), and then (5.22b).

This implies self-adjointness of K, + T, by the Kato-Rellich theorem. Resolvent
convergence follows from the convergence of Ty and the uniform relative bound. A
detailed argument is provided in the more general case of Proposition 5.7. O

5.2 Analysis of the full Hamiltonian

We now turn to the full Hamiltonian HY, starting with the singular part Hsing
(which includes dI'(Wy ,)). In analogy with the previous section and Section 3, we
introduce

Gyw =—(—Ay +dl'(e) + AI' (Wi ») + 1)_1]IN+§N1—aa*(iVUN’m)2, (5.47)
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where now the particle number is cut off at M = N'~ as in (5.2). Then, we can
write

Hsing = Knw +Tnw + Enw — 1, (5.48)

with Enw defined in (5.8) and

Knw = (1= Gyw)(—Ag +dl(e) + dT (W) + 1)(1 — Gyw), (5.49)
Tnw = —1y, <yi-aa(iVone)*(—Ag +dI(€) + dT(Whe) + 1) a* (iVun,2)?
— Enw. (5.50)

In this section we prove that Hsing + Ry — En,w + 1 converges to the self-adjoint
operator Ko, + T, + Roo in norm resolvent sense, where R, is defined by setting
N = o0 in Ry, as in Section 3.

Proposition 5.7. For k sufficiently large there exists C' so that for all0 < a < 1/2,
>0, and N € N we have

IHY — Exgy +141) " — (Koo + Too + Roo £1)7Y| < ON~(i=9)2
Moreover, for 0 < s < 5/8 there exists C' so that for all N € N
1K R w (Y — Enw £1) 71| < C.

In order to prove this, we proceed similarly as in the previous section and first
establish bounds on Gnw, Kn,w, as well as their differences to G, K.

Lemma 5.8 (Properties of Gy w). For 0 < s < 5/8 there ezists (Cy)w>0, C with
limy— oo Cx = 0 so that for all kK, > 0, and sufficiently large N € N

|G N w (=As +dT(€))* (N5 +1)7°|| < Ci, s<1/2,  (55la)
IG5 w (—Ay +dT(€)* (N} + 1) 75 < CN*"57%, s>1/2.  (5.51b)

Moreover, for 0 < s < 1/2 there is C' so that for all k,a >0, N € N,
(G — G ) (=D +dT(€))* (N + )72 < CNTIFED0-) - (551c)

Proof. Denote Hy = —A,+dI'(e)+1, W = dI'(Wx ;). From the proof of Lemma 5.2,
specifically (5.17), using that W > 0 we obtain the a priori bound on G w,

(Wi + )V G Gy By P (W + 1) 712
< CZHY A (Ho + W)~ Ho (Ho + W) HY* < ¢2, (5.52)
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with the constant

_ . 1
Cn =l ki3 < > WP + N[|[V[Y25]3 < log N, (5.53)
|k|<Ne

by Lemma 2.2. This proves that [|G}; - H 1/2(./\/'_‘_ +1)712|| < log N. Now, by the
resolvent formula,

G}t\f’w - G;(\]]].NJFSNI—Q = —a(iv’l)N7x)2]lN+Slea ((HO + W)il — Hal)
= —GywWH; " (5.54)

As we already have bounds on ||GRHE (N +1) "1y, <y1-o| < |GRHGNG +1)7%|
from Lemma 5.2, we will prove the bounds on Gy by estimating the right hand
side. With (5.52) we have

Gy WHG 5 (W +1) 72| < log N|Hg /> WHE (Wi +1) Y21y, <yi-all. (5.55)
To bound this, we use that the Sobolev inequality on the torus gives
Wx S IWn /20 (—A + 1), (5.56)
for t € (0,3/2), from which we obtain that

< NUHAD(eh) < NIV TD4an o) (5.57)

~

dI'(Wn )

uniformly in z. Note we assume that W € L' N L?, which corresponds to t €
[3/4,3/2]. Consider first the case s < 1/4. Applying the inequality once for ¢t = 1
and once for ¢t = 3/2 — 2¢, for 0 < e < 3/8 yields

I PWHS ™ (N + 1)Y2 5 1y, cyioal| S N700/479), (5.58)
Similarly, for 1/4 < s < 1/2, we use t = 2(1 — s) > 1 and find
I 2WHS ™ (N + 1)Y2 5 1y, cyial| S N7OO/279), (5.59)

Choosing N sufficiently large then proves the claim (5.51a). The inequality (5.51b),
where s > 1/2, follows from the same the reasoning, but here we do not need to use
the cutoff 1 <y1-« or choose N large (the restriction s < 5/8 ensures that only
the norms ||WN||p with 1 < p < 2 intervene). To prove the final bound (5.51c), w

use again the resolvent formula to obtain

* * s _1
[(Gyw — GN)HGNL +1)7 2]
* TS -1 * —1+s -1
< |GNVHGNy + 1) 720y, s pial| + |G WHG 5 (VL + 1) 72 . (5.60)
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The first term is bounded by N(1=®(=1/2) by Lemma 5.2, and the second by
N_%*'(S_%)*‘*'E, as before (without having to use the cutoff on Ay due to the larger
power of (N +1)71). Both of these quantities are smaller than the claimed one for
an appropriate choice of ¢ (depending on «, s). This proves the claim. ]

Lemma 5.9 (Properties of Ky w). For k sufficiently large and 0 < o < 1/2 the
following holds. The operators Knw are self-adjoint and converge to Ko in norm-
resolvent sense as N — 0.

Moreover, for 0 < s <1 there is C' > 0, such that for large enough N € N

(=2, +dD(e) + dD(Wiy1))*(1 — Gxw) Ky | < €, (5.61a)
[INIKN W <O, (5.61b)

and for 0 < s < 1/2, € > 0 there exists C > 0 so that for N € N sufficiently large
| Ko (K = Ky K| < ONECm00 (5.61c)

Proof. In view of the bounds on Gy, from Lemma 5.8, self-adjointness and the es-
timates (5.61a), (5.61b) follow from exactly the same argument as their analogues for
Ky in Lemma 5.3. Convergence to K, will follow once we have established (5.61c),
since we already know that K converges to K.

It remains to prove (5.61c). Similarly as above, we have with W = dI'(Wpy ),
Hp = —A, +dI'(e) 4+ 1,

K (Kyhw — Ky KR = Ky (Ky — Kyw) Ky

= KfV_VIV((l = Gyw)(Ho +W)(Gy — Gyw)) K5t (5.62a)
+ K (1= Ghyw)W(1 - Gn)) K3 (5.62b)
+ K (G = Ghw)Ho(1 - Gr)) Ky (5.62¢)

To bound (5.62a), we use that ||(Ho + W)*Hj || < 1 (which holds by (5.57) and for
s = 1/2 by operator monotonicity or interpolation) to obtain

(5.61a)

15.620) | S | +W)* (G — Gww) KNI S [HE (G — Grw ) KR
(5.51c) 1 1 1 1
<7 NEEHeDO0-) v, 4 3R (5.63)

The final quantity is bounded by (5.22b), which proves the required estimate. The
bound on (5.62c) is obtained in the same way.
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The middle term (5.62b) is bounded using (5.22a), (5.61a) and (5.57), to obtain
fore >0

(5.62b) 1 S 1Ky (1 = G ) (Elo + W) /21| (ELo -+ W)~ /2By |
X [|dT(e) /AW ()* M| [[dT (€)'~ (1 = Gn) Ky |
S NTatlsmDete, (5.64)
This concludes the proof of (5.61¢), and the proposition. O

Corollary 5.10 (Comparison estimates for Kyw). For all 0 < s < 1/2, and
s <t <1 we have for k, N large enough

INT*(=As +dT(e)° K|l S 1.
Moreover, for 0 < s,e <1/8
(=2 +dD(e) /2 Ky 070 < Note. (5.65)

Proof. Let us denote Hy = —A, +dI'(e) + 1 and W = dI'(Wy ;). Using Lemma 5.8,
we obtain with N7 Gy o = Gno(Ny +2)

N HG K Nl
SNV (Ho + W+ 1)°(1 = Gy w) K3y | + IV (Ho + W)*Gvw Ky |
SIH + W+ 1D)'(1 = Gyw) Kyl + Call Wy + 2" Ky |- (5.66)

We also used that W > 0 and that s < 1/2. The first bound thus follows from (5.61a)
and (5.61b). To prove the second bound, the same calculation using (5.51b) yields

1/2 s 1 2—s
Iy > Ky
< |]Hé/2+5(1 — G By I+ ONSFE (W + DY K5 (5.67)

The second term on the right hand side is bounded using (5.61b). For the first term,
we use (5.61a) to obtain

g (1 = G w) Kyl < 11> (B + W) ~/272)
< I 2 (B + W) 20 4+ HG W + W)

1/2 1/2 s
ST+ WN ) IWN 5oy S N, (5.68)

where we used again that H(Hy + W)~ is uniformly bounded for —1/2 <t < 1/2,
and (5.57). The restriction s < 1/8 means that 3/(2 —4s) < 2, so the corresponding
norm of Wiy is finite by hypothesis. O
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Lemma 5.11. For all 0 < s < 1/4 there are C, (Ck)x>0 with C;, — 0 as k — o0
such that for all kK > 0, and sufficiently large N € N, it holds that for all ¥ €
DWYP (2 A, + dT(€))*)

(0, T ®)| < Cul| (=2 + dT () N>
and

(T, (T — Tw)B)| < CN~O=)s | N2 (L AL 4 aD(e)) 0|,

It is important to note that this lemma together with Lemma 5.6 implies that
Emy oo (W, Tnw¥) = (U, T ¥), which is crucial for the fact that dI'(Wy ;) does
not change the excitation spectrum. It only contributes a scalar term of order one
which is imy oo (En,w — En). The fact that dI'(Wy ;) does contribute at order
one in this way makes the proof of Lemma 5.11 rather subtle. This proof is given in
Section 5.2.1 below.

Lemma 5.12. For 3/8 < s <1/2, [t| < 1/2—5s and § > 0, there exists kg, so that
for all kK > Ko there is C with

(@, Ry )| < 6]|{(~2s +dT()* Wy + )24 4 C o
x |{(=a; +dr@) W, + )2t ol (5.692)

forall N € NU{oo}, &,V € D((—Ax+df(e))5/\fi/2+t). Moreover, for3/8 < s < 1/2
there is C' so that for all N € N, k > 0

+(Ry — Roo) < ON~Ws=3/20(_ A 4 dD(€)) > (N + 1)1 7%, (5.69b)

The proof of this Lemma is given in Section 5.2.2 below. These estimates allow
us to define a self-adjoint realization of Ky w + TN w + Rnv.

Lemma 5.13. For k >0, N’ € NU{oo} sufficiently large and all N € NU{oo} the
quadratic form

(O, (Knw + Tnew) ) + (¥, Ry ¥)
defines a unique self-adjoint operator Ky w + Ty w + Ry with domain contained
in Q(Kn,w).
Moreover, for 3/8 <t < 5/8 there exists a constant C so that for all N € NU{oco}
and N € NU {oo} sufficiently large

Ky w(Enw + Tnrw + Ry +1)7 1K}\, | <cC.

77



Proof. Recall that by Corollary 5.10 we can bound uniformly the quadratic forms
(=A +dT(€))*NL* by Knw for all 0 < s < 1. Therefore, it follows from Lemmas
5.11 and 5.12 that T+ and Ry are form bounded by Ky, uniformly in N, N’
The same lemmas show that for x and N’ large enough the relative constant can be
chosen smaller than one. This allows us to apply the KLMN theorem [65, Theorem
X.17): the quadratic form Ky w + Ty w + Ry then defines a unique self-adjoint
operator with domain contained in Q (K w ). This also implies the resolvent bound
for t = 1/2. Moreover, Lemmas 5.12 and 5.11 imply that

|(Knw + C)tilRN/(KNyw + C)ftH <1

) ) (5.70)
[(Knw +C) ' Tnvw (Knw +0) 7 < 1

for 3/8 <t < 5/8 and k, C, N’ sufficiently large. This implies the bound in the
general case by application of the Kato-Rellich Theorem to Ky w and (Kyw +
C)tilRN/(K]\LW + C)lft, (KN,W + C)tilTNgw(KN,W + C)lft. ]

We can now prove Proposition 5.7.

Proof of Proposition 5.7. Recall that ’H]({, —Enw +1=Knw+Tnw + Ry, hence
the resolvent identity gives
(MY — Exnw +141)7" — (Koo + Too + Roo £1) 7!
= (Knw +Tnw + Ry £1) (T + Roo — Tv,w — RN)
X (Knw + Too + Roo 1)1 (5.71a)
+ (Enw + Too + Roo £1) (KN — Kyw)

X (KN + Too + Roo £1) 71 (5.71b)
+ (KN + Too + Roo +1) (Ko — Kn)
X (Koo 4+ Tho + Roo £1)7 L. (5.71c)

Using the bound from Lemma 5.13, the resolvents can absorb factors of K}f\,’W for
t < 5/8. Therefore we will obtain the convergence from the estimates on T w —Tn
in Lemma 5.11, on Ty — T in Lemma 5.6 and on Ry — Ro in Lemma 5.12,
together with the comparison estimates between (—A, +dI'(€))*N " and K;,fW in
Corollary 5.10. Explicitly, we obtain from Lemma 5.11, Lemma 5.6 with s = 1/8 —¢
and (5.69b) with s =1/2 —¢, for 0 < e < 1/8,

||(571a)” 5 N(71/8+€)(17(1) +N7(1/274€)a' (572)
From (5.61c) with s =3/8 + ¢ for any 0 < e < 1/8,

|70 < 1K (B — Ky ) K oll £ NS00, (5.73)
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and from (5.22c) with s =3/8 + ¢, for any 0 <e < 1/8
15.710) | £ 13 oKy — Ko ES | S -0/, (5.74)

Gathering the above estimates proves the claimed convergence, and inserting that
M-Vste < N—(1/4=20)a for M = N1~ and o < 1/2 yields the stated rate. The
relative bound for Ky y, is a direct corollary to Lemma 5.13. O

5.2.1 Proof of Lemma 5.11

We again use the notation Hy = —A, +dI'(e) + 1, W = dI'(Wx ). We start by
proving the bound on the difference Ty v — T, which will also imply the bound on
Tn,w by using Lemma 5.5. We first introduce a cutoff at 17, <as into Ty, to match
that of Ty,. Since Ty commutes with Ay, Lemma 5.5 gives us for 0 < s < 1/4,

(U, Tl >m0)| < M5 (U, Ty N )|
—(1-a)s 1+s)/2 1-5)/277s
< N s A2 A=) P g (5.75)

It thus remains to consider the difference Tn1a, <y — Tvyw. Recall that Ty w is
given by (5.50). To evaluate the difference with Ty o, we decompose Ty simarly
to (5.29), in the form

Tnw =Onwo+Onwi1+ Onwe. (5.76)

Since Ty, commutes with N it is characterized by its restriction to the n-boson

sectors ,%i(n) for n < M. Denote by (7. f)(y) = f(z — y) the translation by x on
LA(T?) ® LQ(Tg) = L*(T3, LQ(TS)) and set T, = 7, ® 7, ® 1, which satisfies

E*(_AI)E = |vx —Vy, — vyz|2- (5-77)
Moreover, denote
H® = —(Vy, + Vy,)? +€(iVy,) + €(iVy,) + Wi (y1) + Wa(y2) + 1. (5.78)

For U™ € s ¢ L2(T3, L*(T?)®") we then set

(W Oy o0 ™) (5.79a)
= —2(Voy @ Voy ® U0, T (Ho + W) 7' T, — (H®) ™' Vo © Voy @ 0™),
(W Oy W) (5.79b)
= —4n<VvN,x ® Vunz ® ) (Ho + W)_lva,z 2 v g VUN733>,

(W Oy o0 ™) (5.79¢)

= —n(n - 1)(Vone ® Von, ® U0, (Hy + W) 700 @ Yoy, @ Vow, ).
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Note that the tensor products here do not involve symmetrization. The coordinate x
of the particle is always integrated over at the end, while the tensor products concern
the variables y1, ..., Yn+2. A simple computation shows that these operators sum to
Tn,w. The operators O, On,1, On2 without dI'(Wy ) can of course be expressed
in the same way, with the difference that W is set to zero.

When calculating the difference of these operators, the resolvent formula yields
expressions involving Wiy (y;) for ¢ = 1,...,n+2. The key is to use the regularity of
U™ in either y; or 2. We need to take care, however, since not all of the resolvents
commute with derivatives in these directions.

We start by simplifying © y w0 by replacing Ho+W with Ho+Wnx . (y1)+Wn 2 (y2),
which no longer contains the potentials in ys,...,y,4+2 and thus commutes with
derivatives in these directions. To estimate the difference, we will use that

(V4 ® /% @ 1) (Hy + W) 7|
< |I(7* @ 1)Hy 2 1HY? (Ho + W) %) S 1. (5.80)

We thus take 0 < s < 1/4, and bound

‘<V/UN,:L‘ & VUN,J: & \I’(n)a
(Ho 4+ W)~ — (Ho + Wy (y1) + Waa(12)) " Von e @ Voy . ® w>>\

= ’<VUN,x X VUN@ X \I/(n) (Ho + W)fl,

n+2

( > WN,z@j)) (Ho + Wxz(y1) + Wrz(y2)) " 'Voye ® Voy, ® \I/(”)>‘
j=3
< [l VAVun |4 [Hy P WH, 2 dr ()72 | [ @ )| [|dT (e)*w ™|
< (log N)2N 5[ @™ AT (e) T ™), (5.81)

since e /4*Vouy||? < log N (see the definition of vy in (5.4) and Lemma 2.2), and
W is bounded using (5.57). Another application of the resolvent identity leads to

(0, On w0 ™) = 2(Voy @ Voy @ U (T H T, + Wi (yr) + Wa(y2) ™,

n+2

( Ay 2V (Vi + Vi) + > e(ivyj)>(H(2))_1VvN ® Vuy ® x11<”>>
j=3

+ O(N~*(log N)?||W|[[|dT (¢)*@|]). (5.82)

To arrive at the quadratic form of Oy, we have to set Wy to zero in the first
resolvent and (H(®)~!. Consider for example the term arising from expanding
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(THoTs + Wi (y1) + Wa(y2)) "', Using that H® commutes with derivatives in x
and ys, ..., Ynt2, it is bounded by

‘<VUN ® Voy @ U (TFH T, + Wi (1) + Wi (y2)) " W (1) (T Ho 7o)

n+2
( Ay +2V(Vy + V) + Y e(ivyj)) (H) " 'Vuy ®@ Voy @ \Il(”)>‘
=3

< |[Hy 2 (Von )22 || (HP) 2(Von) 22| [Hy Wi o (1) Hy *e(iV,,) 72|

x {(HHU—HS?;*A;—S%H [ T Va2V | Ta ) (— ) @ ™2

+ IIHo”de(E)l_SIIII(dF(f))S‘If(”)IIII\I’(”)II}

< [l on | Hle2Wve 2o g e
S (log NN~ [H3 v ||| ¢V, (5.83)

where we applied (5.56). The error terms coming from replacing H® by —(Vy, +
V)2 +€(iVy,) + €(iVy,) are bounded in a similar way, which yields

1™, (©x w0 — Ow0) T S (log N)2NET ™) || ¥ (5.84)

for 0 < s < 1/4 and proves the claim for © .
To bound the difference of © 1 and © 1 we use that on %ﬁfnﬁ)

Hal— (Ho + W) - = (Ho + ’f WN,z(yj)) _lWN,m(ynH) (Ho + W)_l
i=1
n+1 ’ _qntl

+ (HO +> WN,:c(yj)) > Wi (ys) (HO + WNﬁ“’(yl)yl
i=1 j=2

—1
+ (Ho + WN,x(yl)) W (y1)Hy (5.85)

With this decomposition, we can use the regularity of ¥ and the fact that the deriva-
tive in the relevant variable commutes with the resolvent on the right to estimate the
middle term of each summand. To bound the factor n in the definition of Oy w1,
we also need to use the symmetry of U(™. We proceed in the following way, denot-
ing by Sup, for 1 < a < b < n+ 2, the projection onto functions symmetric under
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permutations of yq, . . ., s, we have for all & € L2(T3("+2)

1€/4(1V )€/ 4 iV, . )dT (€) /2S5, 40 ® |

n+2

=1 H(S3,042®,d0(€) Le(iVy, )2 D €(iVy,) /2 S5042P)
j=3

<0285 40®, dT(€) T 2e(iV,, )2 95 12 ®)

<n V2|02 (5.86)

Yn+2

Then, from the decomposition (5.85) and the estimate above we obtain, using the
symmetry of U™ and again (5.57), that for 0 < s < 1/4
(@0, (O w1 —On 1))
< N 70| So,n11dT(e) V2V @ Voy @ €(iV,,,,) 0|
% ||S3 1 2dT(€) 2 Voy @ U™ @ Vuy|
+ N7*n||Son1dl(e) " 2Vuy ®@ Vo @ 0|
X || S3.n12dl(e) 2V @ AT (€)* ¥ ™ @ Vo ||
+ N=%n| Sy, 1d0(e) V2 Vuy © Voy @ B™||
X ||S3.12dT () V2Voy @ €(iV,,)* 0™ @ Voy|
S N7 2|V ATu 30| (|[e(iV1) e + T (e ) e ™))
S (log N)2N [V Mo |V dT () ™). (5.87)

~

For the difference of © w2 and ©xn 2 we proceed in a similar way, writing on

e%ﬂ_ﬁn—i-Z)

n+2 n-+2

Hy' - (Ho+ W)_l = Hy' S Wa(yy) (Ho + - Walyy))
j=3 Jj=3
(0t W) (Wivaln) + Wivaloe)) (Ho+ 3" Waealp) - (559
§=3
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From this we obtain
(T (Onw2 — Ona)T™M)|
= n(n = 1)|(S1n (mVoy © . Voy © ™), (Hy' - (Ho + W) ™)
Synpz (¥ @ 7, Voy @ 7, Voy))|

< N7 n(n — 1)||dT(€)"Y283 ,42(€(iVy, )* + €(iV,,)*) T @ Vuy @ Vo ||

x || Al (e)~Y28) ,, Voy ® Voy @ T (5.89a)
+ N~*n(n — 1)[|dT(e) /281, Voy ® Vuy @ (dT(e)*0™)||

x [|[dD(e) 71285 100 © Vuy @ Vop|, (5.89b)

where we used the bound (5.56). We now use the symmetry to absorb the factors
in n. We have for ® € L?(T3("+2))

[€!/4(iV,, )€/ 41V, )AL (€) /251 , @2
= (81,®,dT(e) " te(iV,, )/ %e(iV,,) /2S5, ®)

1 n+2 ' 1 n ' " s
= S (i) 3 iVl S
= i#j=1
L e (5.90)
~ n(n—1) ’ :

where in the final step we used the Cauchy-Schwarz inequality on the double sum.
We can now bound (5.89a) and (5.89b). Consider the first factor in (5.89a). We
have

IdT(e)/281,n Von ® Voy @ 0|

< e AVun P[4 (1, )€ 1V, )AL (€) 7281 T o pacesa |
log N

et ).

CCEENIEI.

(5.91)
Similarly, the second factor in (5.89a) is bounded by
I (€) 7/ 421V, )* + €(iV,)*) ¥ © Yoy © Vo ||
S H€1/4(ivyn+1 )61/4(ivyn+2)dr(f)_1/253,n+2]1L2(R3<n+2)) | He(ivyl)skll(”) |
log N _
S |[dT(e)* N . 5.92
<t Tyl @) (592)
From this we obtain that
(5.89a) < N~*(log N)*\/n(n — 1) &™) [T (e) N7 * ™|
< N7 (log N)? NG 2RO AR5 dr (e w ) (5.93)
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The same computation leads to
(5.89) S N~*(log N2 N 2w IV 2ar () w ™). (5.94)
We thus obtain
(T (On w2 — On2) ™)
< N (log N2 N2 v 2ar e w ™). (5.95)

Collecting the estimates (5.84), (5.87) and (5.95) and the bound on the cutoff (5.75)
shows the bound on the difference T — T w .

To prove the estimate of Ty, simply combine the bounds (5.84), (5.87) and
(5.95) on O ,v,; with those on Oy j from Lemma 5.5 for n < M. Moreover, in (5.95)
bound n® by M?, which yields

12, (@2 —On2) T ™) | £ (M/N)*(log N)* [N 2N ar (e w ™).

(5.96)

This implies the claim when NN is chosen large enough. O

5.2.2 Proof of Lemma 5.12
Recall that

Ry =2a"(iVunz)a(iVon i) — 2a™(iVun 2)iVe + hee. + a(w)) + a* (w}).

We will only give the proof of the estimate of Ry in (5.69a), as the one for the
difference Ry — Roo in (5.69b) follows from the same reasoning, replacing vy by
N (k) — Voo, which using (5.5) satisfies

€722 k[ [ () = oo (B) 12 S [[[Lgs e [ 7*5 ]l S N7/, (5.97)

for 3/8 < s <1/2. We now prove (5.69a) by estimating each term.
The term a*(w?%). This term is bounded using that w" € L?(T?) (see the defini-
tion (5.4)). We obtain that for all 6 > 0 using Young’s inequality

(@, a(wp) W) | < [[w PNy + DR[|V + 1)V
< N + Coy@ll(GN® + Coywl, (5.98)

For the other terms in Ry, we make the following observation. Each term X in
Ry satisfies that N X = X (N + k) for some k € Z, therefore to conclude the proof
of the desired bound (5.69a) it is enough to prove estimates of the form

(@, X0) | < 3((~As +dT(O) NB||[[((— A, + dT(e) "N . (5.99)
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for some 0 < a,b such that a +b <1 — 2s.
The term a*(iVuy 4)iV,. For this term, we decompose

(@,iVaa(Vone)U)| < Va2 Ve] ™ a(Vone) 9]l (5.100)

The first factor above is bounded by |[((—=A; + dI'(€))*®||. To bound the second
factor, we commute the gradient to the left,

Va1 a(Voxs) = a(Von )| Vel =2 + [ Va7, a(Tow,0)] (5.101)
For a > 1/4, we have from (5.4) that e “Vuvy € L? and that

Cy,, = sup |le “Vunll2 = 0, as k — 0. (5.102)
N>1

Using the Cauchy-Schwarz inequality, we can therefore bound the contribution com-
ing from the first term in (5.101) by

la(Vor o) Vol 2] < [ Vox D) V]|
< Cull(=Ay + dT(e)) T2 A2
< Cull(=A +dD() N0, (5.103)

where we took a = 2s —1/2 > 1/4 for s > 3/8. To bound the term coming
from the commutator in (5.101), we use that iV,e % = e7#%(iV, + k) and that
[lp — K[*=2° — Ip|'=%*] < [k|'~2*, to obtain
Va2, a(Von )| < a(|VE > vne) 9|
< e[V P un o [ldT(e*) /20,
< (|7 [V oy o [T () N2, (5.104)

where the norm tends to zero for £ — oo since |k[*~*Tn (k) < [k|7**1}5)>,. This
proves that for all § > 0,

(D, iV,a(Von ) U)| < 6]l (—Ag + dT(€)) || (— Ay + dT(e)) N 2w
(5.105)

for x sufficiently large.

The term a*(iVun z)a(iVuy ;). Finally, we finish the bound (5.69a) on Ry by
estimating the term with a creation and an annihilation operator. Similarly as
above, we have

(®,a*(iVon )a(iVon.) ) < [le Vo |30 () N2 ® || [dT (e) N> .
(5.106)

Using (5.102) we conclude the proof of the desired bound (5.69a).
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6 Proof of the main results

In this section we prove Theorem 1.2, Theorem 1.5, and Corollary 1.6. We start by
recalling the results that form the basis of the proofs, and proving precise upper and
lower bounds on the spectrum of Hy as preliminary lemmas.

In Section 4 we computed

U;(HNUX :]l./\/'+§NHN]l./\/'+§N; (6.1)
with Uy the excitation map (4.2). We then showed in Proposition 4.26 and (5.1)
UHNU = dmay (N — 1) + 8raw VN + el + HY + £, + € (6.2)

where U is a unitary operator on %, . Here, the notation HY; is defined in (5.7), L4

is the quartic term defined in Proposition 4.1, e is the scalar of order one defined
in Proposition 4.26, and the error £ = £WU) 4 O(N=3/272%(N\, 4 1)3) satisfies

+& 5 N_a/2dF(WN7w) + N—a/4£4 +N_1/2_a/4/\[_|2_ + N_3/2+2QN_?_
+ N7**(log NAT([iV]) + (log N)* + (N5 + 1)'/2|V,). (6.3)

for any a < 1/10.
Moreover, we proved the following conservation estimates under the transforma-
tion U.

Lemma 6.1. Let U = U,UwU.UgUgq be the product of the unitaries from Section 4.
Under the assumptions of Proposition 4.26, for any t > 0 we have

UNLU = ONL +1), UNLU* = ONL +1),
and it holds
U*L4U = o(m + N7V2Ol2N2 4 gy + N2 log NAT([iV]) + N),

U*dD (W)U = O(d0 (W) + Ny + V).

Proof. This follows from the various bounds in Section 4. Specifically: for N,
Lemmas 4.4, 4.11, 4.21, 4.25 and Equation (4.197); for £, Lemmas 4.5, 4.11, 4.22,
4.25 and Equations (4.195), (4.196); For dI'(Wy ) Equations (4.56), (4.70), Lemmas
4.22, 4.24 and Equation (4.190). O

In Proposition 5.1 we proved that 7-[][{7 — En,w converges to an operator that is
unitarily equivalent to Hpp in norm resolvent sense, where Ey v is given by (5.8)
and contains the terms of order log N. Moreover, Proposition 5.7 and Corollary 5.10
imply that for 0 < s <1

NI (=D, +dI'(e))* S HY — Exw + C, (6.4)
for some C' > 0, independent of N.
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Lemma 6.2 (Upper bound). Assume the hypothesis of Theorem 1.2 and let
Ay = dmay (N — 1) 4+ 8raw VN + ) + Ex .

Then for any k € N
en(Hy) — A < er(Hgr) + O(N~1/80),

Proof. By Proposition 5.1, H{ — Ex w converges to (US°) Hgr(UZS°)* in norm resol-
vent sense, so the min-max values also converge. Moreover, the spectral projections
associated to an interval around ey (Hpr) that contains no other eigenvalues of Hpp
also converge, cf. [64, Thm.VII.23|. In particular, their ranks are equal for N suf-
ficiently large. To deduce the rate of convergence, consider such an interval and
write for all eigenvalues in this interval e;(HS — Enyw) = rj_l — i, where 7; is the
corresponding eigenvalue of (H]l\], — Enw + i)~1. The eigenvalues rj all lie in the
complement of a disc in C, where the function z — 2z~ —1i is Lipschitz. It is thus
sufficient to bound |r; — (ex(Hpr) + i)~ *|, which is bounded by the norm-difference
of the resolvents (cf. [4, Theorem 6.3.3], which applies to compact operators by the
same proof). Proposition 5.7 thus gives us the rate of convergence

lex(Hpr) — ex(HY) — Exw| S NCa+oe, (6.5)

for 0 < o < 1/2 and ¢ > 0, where we will take & = 1/10, the largest value
permitted by Proposition 4.26. It is thus sufficient to prove the upper bound using
ek (7—[][\],) — Enw. Let Yj denote the span of the first k + 1 eigenfunction of HJZ{, Our
test function for Hy is of the form

U =UxUxy®

with ® € Y, normalized and xj; a cutoff on Ny < M = N a/9  More precisely, let
X;1 : R = [0,1] be two smooth functions with x2+n% =1 and x(r) = 1 for r < 1/2,
x(r) =0 for r > 1, and define nyr = (N3 /M), xpr = x(Ny/M).

Normalizing W. We first show that ¥ = UxUxa® is almost normalized. Recall
that Ux is a partial isometry, hence we first bound, using that U*N, .U < Ny by
Lemma 6.1, and (6.4),

1Uxm®|” = |9]* = (Uxm®, (1 - UxUx)Uxu®) = (Uxn®, Ly >nUx @)
< N ' xu® U N Uxu®)
SNH®, (HY — Enw + C)®). (6.6)
Then, we find that for 4 > 0 small enough

1 — [[Uxar®||2 = (@, 52,®) < M54+ NP/ p)
S NTUH@, (Y — Bww + 0))"@) SN, (67)
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where we used the second bound of Proposition 5.7 together with (5.61b), and
chose M = N®/9. We also used that the k + 1 first eigenvalues of HY — En yw are
uniformly bounded in N because of the resolvent convergence we discussed before.
In particular, the map UxUxs : Yr — F¢N is injective for large enough N. Thus
we have for the min-max value

ex(Hy) = min ggw (6.8)
dimX=k+1
< max (xu®, U U HyUxUxar®)(1 + O(N—/8))
[l®f=1
< max (@, U, sn My, sxUxn @)(1+ O(N %)),
[l®f=1

Removing Ty, <n. Since In<n, HNInsn, = 0 and Insn, HyInsa, > 0, we
can remove the projections for an upper bound. We thus have with (6.2)

ek(HN) = Ay < max (ou®, (MY = Exw + La + E)xn®) (1 + O(N %)),
[Iel=1

(6.9)

Estimating £. We can now bound the error term £ which satisfies (6.3). We
proceed term by term. The powers of the number operator are bounded by x s\ f <
M*=1x /N, which is then bounded as in (6.6). Moreover, by (6.4) we have that

(xr®, (AD([iV]) + N2 Vo) xar®) S (xr®, N2 (= Ay +dT () /2y @) (6.10)

is of order one since x s commutes with the operator in the middle. Fort = 1—a/4 <
1, we have (compare with (5.57))

AL(Whe) S AD((=A)) Wi llsjar S NE' () Wi ls /2, (6.11)
and using the bound (6.4), we obtain for some C' > 0,

N™2A0 (Wi ,) < CN™YHY, — Exw + O). (6.12)
Hence from (6.3), the above estimates give

(X ®, Exr®)| S N™*log N (xm®, (HY — Enw +log N)xur®).  (6.13)

Estimating L4. For the remaining term L4, we use the analogue of the bound (5.56)
on Wy to obtain for 1 <t < 3/2

£4< [VirllsyadD((—A + DIAG S N22dD(=A + DA (6.14)
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Here, we cannot use ¢ < 1 since £4 does not come with a small constant. However,
L4 comes from Vi which scales with N, while the singularities of ”HJL\[, come from
W which only scales with v/N, so by using t > 1 we gain more decay from Vy than
we loose form HY, and this term will still be small. To see this, we set t = 1+ /4
and first use the cutoff at M, which gives

(X ®, Laxar®) < N™2M (xpr®, dT(—A) 4y @), (6.15)

As dT'(—A) commutes with N; and thus x s, we can now apply the bound (5.65)
from Corollary 5.10 with the second bound from Proposition 5.7, with M = N®/9,
to obtain

(our®, Laxar®) < N-2MdD(=A) /e /S B2
< KNS HE — Bxw + 07D
SNTOEN S N, (6.16)
for £ > 0 small enough. Putting these bounds together, the inequality (6.9) yields
er(Hy) = Ay < max (or®, (K — Exaw)xar®) (1+OV%)) . (6.17)
@] =1

Removing xp- It remains to prove that the quadratic form on the right gives
approximately (®, (H§, — Ex w)®). We use the IMS localization formula [52, Propo-
sition 6.1]

HY = xaHRxar + e H e + & (s Do, HR) + [, I, HRD. - (6.18)

Using that the smallest eigenvalue of HY; — Enw is approximated by eg(Hpr) from
(6.5), we find for the term localized on large particle numbers

(@, v (K — Exw)nu®) > eo(Hpr)[nu @[+ O(N /%) = O(N /%), (6.19)
where we used the approximate normalization (6.7). Collecting from the explicit
expression of 7—{% in (5.7) the terms that do not commute with A, we see that

[xars Dxars HY = xars Dxars a(iVon )% + 2iV,a(iVoy ) + a(w™) + h.c.]
= (2iV,a(iVon,e) + a(w")) er (Ve +1) = xar(Vy))® + hee.
+a(iVon )2 (xmr Ny +2) — xar(NV4))? + hee. (6.20)

With the bounds of Lemma 5.12 on the first line and (5.17) (with ¢t = 1/2 4 ¢)
together with (6.4) for the last line, this gives

|<(I)7 [XM7 [XMvH]l{f”(I)>| < CN8<(I)7 (/H][{f - EN,W + C)(I)> Sgl()) (X(:DWH) - X(%))Q
<M7INT < N~O/8, (6.21)
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The same reasoning applies to the commutator with 7, and we thus obtain
X ®, (MY — Exw)xu®) < (P, (HY — Exw)®) + O(N /%), (6.22)
In view of (6.17) and with the choice o = 1/10 this proves the claim. O
Lemma 6.3 (Lower bound). Assume the hypothesis of Theorem 1.2 and let
Ay = 4ray (N — 1) + 8taw VN + ) + Ey .
Then for any k € N
ex(Hy) — Ay > ep(Hgr) + O(NY/80),

Proof. Localizing in Ny. In order to control the error terms with N3, N2 in €
from (6.3), we need to localize on a subspace of 7 with N < M. Let xas,nav be
as in Lemma 6.2, with the choice of M = N1/2t2/8 45 the cutoff scale. We now apply
the localization formula (6.18) to H]%N = UxHNnUx. The term localized by xas
will be analyzed further, and the other terms need to be estimated as errors. This
is where the condensation hypothesis, Condition 1.1 enters into play. It translates
to (compare with (4.4))

HY > (dray N + Ny — dVN) Ly, <n. (6.23)

For the choice M = N1/2+/8 using that n3, < M~'Nin?,, we can reconstruct the
energy Ay on the sector of large particle numbers using the gap, that is

MY e = Anmi <y (6.24)

for N sufficiently large.
To control the commutators, we collect the terms that do not commute with Ay
from Proposition 4.1, which gives

(g [nars RN = [, [, (L2 + L3+ Qu)])- (6.25)

Arguing as in (6.21) and using the bounds Lo+ L3 < L4+ N, Q1 < dT(Wy )+ VN,
which follow from the Cauchy-Schwarz inequality (cf. (4.30)), we can bound the
localization errors by

[y s Y1)+ Do D, Y S M2 (L + AT (W) + N)Lagjocpr, <
SN AHSY 4 N). (6.26)

Here we used that Tar, <y (L4 4+ dT(Wi)) < HY + N which follows again from
the Cauchy-Schwarz inequality applied to the terms composing Hy .
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For the term localized at V. < M = NY2+/8 firgt note that xmIn, <N = XM
for N large enough, so we can drop the projections. Making use of the unitary to
rewrite this term as in (6.2) yields together with (6.24)

HYY > Ay, <n + xuU(HY — Exw + L4+ E)U xar. (6.27)

Estimating £. We can now control the error term £4 + £. Recall the estimate (6.3).
As L4 > 0, we can simply drop L4 + O(N~%/*L£,) > 0 for large N. To bound N2,
N3, we use that by Lemma 6.1

XMUNFU xm S xr W+ 1Fxar S MP (Vs + D (6.28)
We have thus obtained
XuU (La+ E)U*xar > —XMU(N—WdF(WN@) + (N—0/8 4 N—1/24+9a/4y 7,
+ N7/ (log NAT([iV]) + (log N)? + (N4 + D)2|V, ) Uy, (6.29)
These remaining error terms have to be estimated using 7—[][{, — Enw. The term

dI'(Wpy ) is bounded as in (6.12). With dI'(|iV]) < N}r/2df‘(e)1/2 and (6.4) we also
get

NN, + N~4(log NAT(|iV]) 4 (log N)? + (N + 1)Y2|V,|)
SNBHY — Exw 4+ C). (6.30)

We have thus shown that

UxHnUx > )\N]lj\/JrSN +(1- CN_O[/S)XMU('H% — EN,W)U*XM ~ CON—9/8,
(6.31)

Remowving the localization. We are now ready to bring the proof of the lower
bound to conclusion. Let X; c L*(T3N+1) denote the span of the first k + 1
eigenvectors of Hy and let ¥ € X} with norm equal to one. We first need to show
that xpUx W ~ UV for large N. We have with M = N1/2+e/8 a5 before, using
the a priori bound (6.23) and the upper bound from Lemma 6.2,

(1= xan)UR¥[? < 2M (1 = xan) U W, N (1 = xan) UK 9)
<MYV, (Hy — 4ray (N —1))0) + O(N~/8)
= O(N~/%), (6.32)
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In particular, xp U : X — J is injective for sufficiently large N. For the
min-max values this implies, coming from (6.31),

ex(Hy) = Ax > max (1 - CN=® (xp U0, UHS — Exw)U*xnU% W)

[wfj=1
+ O(N~Y/®)
> e (MY — Exw) + O(N~/5). (6.33)
Taking o = 1/10, the largest value permitted by Proposition 4.26, proves the claim.
O
6.1 Proof of Theorem 1.2
Proof of Theorem 1.2.
The upper and lower bounds proved in the lemmas above imply that
info(Hy) = Any + O(1). (6.34)
The proof now simply consists in analyzing
Ay = dmay (N — 1) 4+ 8raw VN + eY) + Exw, (6.35)
where e(U) is given in Proposition 4.26 and Eyw by (5.8). Using Lemma 2.3 and

straightforward estimates on the sums, we obtain that el is of order one. Hence,
it remains to extract the logarithmic contribution from Ex /. Let us write

Enw = —2<VUN ® Vo, (H?) " 'Vuy @ VUN>,
H® = —(Vy, + Vy,)? + €(iVy,) + €(iVy,) + W (1) + Wi (y2) + 1.

Recall that for large momenta, which are the relevant ones for the divergence, vy
is essentially given by the scattering solution, vy = VN@ for N > N® (cf. (5.4)).
The term of order log N is already contained in Ey := Ej , which is obtained by
replacing H?) with

(6.36)

HY = —(Vy, + Vy)? + €(iVy,) + €(iV,,) + 1. (6.37)
We have
Enw — En

- 4<WN ® Vo, (H) Wy (y1) (HP) 1 Voy @ WN>
= 4(Von @ Yoy, (M) Wi (1) () ' Vox © Vo) (6.38a)
—4(Vuy ® Vo, (D) Wy (y)(H)

x (W (1) + Wi (1)) (HP) "' Vox © Yoy ). (6.38b)
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Using that ||W]{,/2(H(2))_1/2H is uniformly bounded, we can bound the expression of
the last two lines by

1(6.38b)| < W (1) V2(HP) "' Vo ® Yoy |? = (6.384). (6.39)

This is now bounded using (5.56) and Lemma 2.2 with 0 < s < 1/4

(6.38a) < [|[e /A3 2oy || e 2 Wye V29| < 1. (6.40)
Lemma 2.2 (5.56)
/S N2s S/ N—2s

We have thus reduced the problem to the analysis of

By=—2 Y (P~ 9)*|on (p) 2|AN(Q)|2 (6.41)

|
p,qE2TT3 (p+q)? +elp) +e(q) +

We may cut-off any of the sums at scale v/N at the expense of an error of order one,
since, with p?0(p) = O(1) from (5.5) and ||Voy|lz2 = O(N'/4) from Lemma 2.2,

1
p*e(p)

(p- @)*[on (p)[*[on () .
|p§/ﬁ((p+(ﬁ +e(p)+elg)+1 S NH2|p§/ﬁ

<1 (6.42)
To compute the sum, we can replace e(p) by p?, at the price of another error of
order one. We also need to deal with vx which we recall is defined in (5.4). We can
replace On1,<|pj<ne by 4may in (6.41) up to an error of order one. For the large
momentum part Oy Ljpsye = VNG (p)elP*, we use the scattering equation (2.19)
and the definition of ayy, in (2.21), to obtain

- 1 v 50

. 1
S et [ N¥2W (VN2 |p 7l < . 6.43
il [ NPWWNDESE S s (63)

Therefore, using the cutoff in the sum and also that ay, = aw + O(N -1/ ), we
can replace entirely iy by 4may /p? in (6.41) up to an error of order one. Next,
we may also replace the sum by the corresponding integral, as the difference of the
summand at two different points decays more quickly. Thus,

Ey=—

2 (4maw)*(p - ¢)*dgdp
/ - 1 o). (6.44)

(27r)6| e Pt ((p+ )+ + 2+ 1)
P9~
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This integral can now be evaluated up to order log N. Using spherical coordinates
and Gaussian integrals, we obtain

/ (p-q)*dg o /1 /OO s2drds (6.45)
(P2 ((p+ @)® +p* + ¢ ~1Jo  (2r2 +2p2 + 2|p|rs) '

1 oo oo
=7 / / / s2eH P HP* HIplrs) qedpds
-1Jo Jo

™

w2 [l s2ds 2
- e ) in (L) —2./3).
2] /_1 T |p]( arcsin () 4)

Integrating over p, this yields
2
By = —327rafjv(§ —V3)log N + O(1). (6.46)

This completes the proof of Theorem 1.2. O

6.2 Proof of Theorem 1.5 and Corollary 1.6

Proof of Theorem 1.5.

This follows immediately by combining the upper bound of Lemma 6.2 with the
lower bound of Lemma 6.3 and cancelling all the scalar contributions to ex(Hy),
EO(HN). ]

Proof of Corollary 1.6.

a) Convergence of eigenfunctions up to subsequences follows immediately from the
convergence of spectral projections of part b). Indeed, denote ey := eo(Hpr)
and let B be an interval containing ex(Hpr) — €p, but no different eigenvalues of
Hpr — €p. Then, for N sufficiently large, ex(Hn) — eo(Hy) € B and URUx ¥y =
UUx1p(Hn —eo(Hy))U n. With b) the difference to 1 g(Hpr —eo)UU% U N tends
to zero. The latter sequence has a convergent subsequence in the finite-dimensional
range of 15(Hpr — e9) = 1(Hpr = ex(Hgr)).

b) Recall from (6.2) that Uy HnUx = In, <NHN 1A, <N, With
U HNU = HY, — Enw + Ay + L4+ €.

We already know from the norm-resolvent convergence of Proposition 5.1 that
Jim_ 1p(HS — Exnw — e0) = (U°)*1g(Hpr — eo)U. (6.47)

We thus need to take care of the interaction term L4, the error term £ and the con-
vergence of the unitary U = U,Uw U.UgUg, which depends on IV via the generators
of its factors defined in Section 4.
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Convergence of U. Concerning the unitary, we have
Jim Ulp(HY, —Exw —e)U* = Jim UpU1 g(HY, — Enw —eo)(UpU®)*. (6.48)
— 00 — 00
The reason is that for the transformations Uy, Uy and U, acting on large momenta,
0= lim (U, — )Ny +1)"Y2 = lim (U. - 1)(Ny +1)7Y/2
N—o0 N—o0
(Uw — N, +1)"Y2 (6.49)

= lim
N—o00
which follows easily using Duhamel’s formula as in Sections 4.2, 4.4 in the first two
cases and a simple bound on the generator (compare (3.26)) in the last case. By the
same reasoning, the transformations Ug and Up that act on small momenta converge
to their limits, defined by setting N = oo in the generators, when regularised by
(N +1)"Y2 (for N = oo, Ug equals U as defined in (3.4)). Since all the unitaries
are uniformly bounded on Q(N,) (cf. Lemma 6.1) and (N, + 1)/2 is uniformly
bounded on the range of the spectral projection by (6.4) this proves (6.48).
Convergence of the spectral projections. It remains to prove that

lim (113(%% — Enxw —€0)) — UUiAp(Hy — eO(HN))UXU) —0. (6.50)

We will argue by induction on the number k of the min-max value. For any k let
By, be an interval containing ex(Hpr) — €p, but no other part of the spectrum of
Hgr — ep, as in the hypothesis. Define §; by sup By = ex(Hpr) — €0 + dk, and then
for j € Ny

P = U*U;(]I(HN < ek(HN) +5k)UxU =1-Q,

- - (6.51)
Pj = 1(HY < ex(HR) + %) = 1 — Q.

Then we have for N sufficiently large
U*U}k(]lBk(HN—eo(HN))UxUZPk—]P’k,l, (6‘52)

1, (HY, — Exnw — e0) = P, — Py_1,

with the convention that P_; = P_; = 0. Therefore, it is enough to prove that
P — I@k = @kIP’k - IAPi’ka converges to zero for every k. In fact, we will prove that
@kIP’k and Iﬁ’k(@k converge to zero. Let us now assume the statement that has been
proved up to k—1 for some k£ > 0 (it is obvious for k < 0, as P_; = 0). In Lemma 6.2,
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we showed that

Tr((HY, — Exw — eo)B)

(6.22) s
> Tr(PkXM(HN Enw — CO)XM]P’k) + OV )

> Tr(@kXM(U*UXHNUXU — AN — BO)XMIEk) +O(NT1/80)
> Tr(Bxar (U Ux HyUxU = eo(Hy) PrxarPy)
+ (€k+1(HN) — eo(HN))Tr(kaXM@kXMﬁk) + O(Nfl/go), (6.53)

where we specifically used (6.9) together with (6.16) and (6.13) for the second
inequality to get rid of £4 and &£, as well as the lower bound on ey(Hy) from
Lemma 6.3. We may remove the localization y s in the two terms in (6.53) thanks
to the presence of P, and because

2 (8D o(n-1/8), (6.54)

IP5(1 = xa)l
Let dj, be the dimension of ran 15, (HE — Enw — ep), which equals the multiplicity
of ey (Hpr) by (6.47) for IV large enough. By the induction hypothesis, which implies
in particular that Py_1Pp — Px_1 — 0, we then have by Theorem 1.5,

k—1
lim Tr (P (U Ux HyUxU —eo(Hn))Pi_1xiPr) = 3 dj(e;(Hpr)—eo)- (6.55)
j=0
Moreover, by (6.5) we also have
k
]\}i_r)noo TI"((HN ENW — €0 ]P)k) Z 6] HBF - 6()) (656)

We can thus take the limit in (6.53), whence the terms with j < k cancel, giving

di,(ex(Hpr) — €o) > limsup ((ek(HBF) — e0)Tr((P, — Pp_1)Py) (6.57)

N—o0
+ (ex+1(Hpr) — eo) Tr((Py, — ﬁ’kq)@k))
AsP,+Qr=1and d, = Tr(]?’k — f”k_l) for large N, dividing by d; and eliminating
eo expresses ex(Hpp) as a convex combination of itself and eg,q(Hpp). But since

ex(Hpr) < eg+1(Hpr) this implies,

0= lim Tr((Py —Pr1)Q) = lim Tr(PrQy) > lim [|PLQxl, (6.58)

96



where we used the induction hypothesis once more. The argument for the conver-
gence of PrQy, is essentially the same, using the inequalities proved in Lemma 6.3.

¢) This follows from b) by an approximation argument. To be precise, let € > 0 and
let N be large enough for |[Ux ¥y — ¥|| < € to hold. Choose k so that

||]l(HBF > ek(HBF) + 5)U§\I’H < g, (659)

where § is such that part b) applies to Bs(ex(Hpr)Hpr)). By the convergence of
spectral projections proved there, we have

IL(Hy > ex(Hy) + 0)Ux V|| < 2e, (6.60)
for sufficiently large N. Consequently, using unitarity of the group,

HU;(e—it(HNfeo(HN))\I/N — UBefit(HBFieO(HBF))UE\IJH
k .
A
7=0

_ eitle; (Her)—eo(HBr)) [y 1 (Hy = ej(HN))UE;\I/) H + e, (6.61)
which is less than 5e for sufficiently large N by the convergence of the eigenvalue

differences from Theorem 1.5 and the spectral projections from part b). ]

A The scattering problem on the torus

A.1 Properties of the scattering solution

Let 0 < v € L%(T?) be even and let us define

1 1
2PL(—A+ ly)pL

o= Pty e PLLA(T), (A1)

where P is the orthogonal projection to the complement of the constant 1, i.e, func-
tions that integrate to zero. The Fourier coefficients of ¢ then solve the scattering
equation (2.16) with potential v,

o) +5 >, @@)lp—q) =—35(p) (A.2)
qe2neZ3\{0}

Lemma A.1 (Regular estimates). There is C > 0 so that for 0 < v € L*(T3)

2/3 4/3 1/3 2/3
lellz < Cloll ol 1Vella < Cllvls(l0l137?, (A.3a)
. C
()| < ﬁuvué/g”uvm‘/‘”’, p € 2023\ {0}, (A.3D)
~ 1/3 2/3
121 < Clloly?llols” (1+ (1 + I3l - (A.3¢)
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Remark A.2. Taking v,(z) = n?v(nz) for n > 1, that is 9,(p) = n~'9(p/n), we
obtain

2/3 4/3 _ 2/3 4/3
Bloall’ = n=tol3 0] 72,

1/3 2/3 1/3 2/3
3 onll3" = v ||/|r [

[[onl2
[[only

(L + loallD ol = (2" + 0] o]l

Proof. Since v > 01isin L?, we have ¢ € L?(T?). Writing the scalar product of —Agp
with ¢ in Fourier space, we obtain with v > 0

a2\
—~ ~ vip ~
P33 < Ip@ll3 + 211Vvell3 = —3(3,8) < ( > 2> 1p3|l2-
pe2rzi\{oy P
(A.4)

We deduce that ¢ € HY(T?) and |[p@|2 < ||lp|~'9|l2. Let us now bound, for any
A>1,

o3 = 3 _ oy ol s POE

pe2nZ?\ {0} o soa P pEa P

2/3), 14/3
< 4783 + cAal% < Cllll3 ol (A.5)
2/3) 1—2/3 . :
where we took A = ||v]|5"”||v|l; 7 > 1, used that ||U]|sc < ||v||1 < |Jv]l2. This proves

the second estimate in (A.3a). The same computation gives also |||p| =2 * [0]?||oc <
Cllell3llolly”,

[0 @l < sup

qe2nZ3\{0} (P627r23\{0} P’

1/2
~ 2
vip—9q
P~ 9" ) 1p&ll2 < Cllol 22 o]
(A.6)

From this and the scattering equation (A.2), we obtain the point-wise bound on
@ (A.3b) as well as the first estimate in (A.3a). Multiplying (A.2) by [p|=2 and
summing over p, we also obtain

20801 < plolly + ol =0 * Blls. (A7)

The first term is bounded as follows, picking A = (||v||2/|v[1)%? > 1, we obtain

/3 112/3

[[ol5™

(A.8)

Pl =0l < 1Lp<alpl 110l + 1L alpl l2llvllz < Cllolly
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By iterating the equation (A.1) and using that |||p| =20 * hllep/(p16)+e < Ce||hllp for
all p > 6/5, ¢ > 0, we can estimate the second term in (A.7) and already obtain
that ||@|l1 < co. To obtain a quantitative estimate, we decompose the second term
for A>1 as

llp1 =25 % @llx < el 21 jpi<a® * Bll1 + P72 Lpy5.47 % @1
< 0 ppalla [+ Blloo + 12121 i all2ll9 + Bl
< C (ARl ol + A7 725)2)511) (A9)
For A = C?||v||3 + 1 > C?||v||3 this yields
181 S (1= A72Jll) 7 (IRl lol3™ + Alloll3 1o l17?)
S Pl llols (1+ (1 + I3l (A.10)
which concludes the proof. O
We now consider, for m > 1, the truncated scattering solution
Pm(p) = Lp>m@(p)- (A11)

Lemma A.3 (Estimates on ¢,,). There is C > 0 so that for 0 < v € L*(T3) and
allm > 1, we have

_ 2/3 4/3 1/3 2/3
lomllz < Cm 20l 2012, I¥emllz < Cllolly o)}, (A.12a)
4
e — @mlloo < Cmllo]23 0]}/ (A.12b)

Moreover, for 0 < s <1 there is C > 0 so that if s < 1/2
~ _ _ 2/3 4/3
1p*@mll2 < Cm= /2= )53 o]}/ (A.12¢)
—~ 2/3 4/3
11p]23ll2 < Cllvll3 o]’/ og [[v]l2] + 1, (A.12d)
and for 1/2 < s <1
—~ _(1— 2—s/3 2(2— 3
1Pl Bmllo < Cm= =972 0|57/l *=9/3,

Proof. The estimates (A.12a), (A.12b) and (A.12c) follow easily from (A.3b) and
(A.3a). The estimate for 1/2 < s < 1 follows by Holder’s inequality ||[p|*@mll2 <
I21@m15]|Bmlla~* together with the two bounds in (A.12a).

It remains to prove the case s = 1/2. We use the equation (A.2) to obtain

2ll[pl"2@llz < [llpI~*/%3llz + Il|pl =0 * §]l2. (A.13)

99



We bound the first term as follows, for any A > 1, we have

Pl ~>/23113 < 1L jpj<alpl =233 + 1L alpl =213
< Clog Al[v]5 + A7°|[0]l3
< ColI3, (og(lI3ll2/13lloc) + 1) (A.14)

where we chose A = H@H?S/HBH%B > 1. Similarly, we have

161725 % Blla < C10 % @looy/log(7 % B2/ 7% Bloc) + 1

2/3 4/3
< o3 i1y /1 1og [v]l2] + 1. (A.15)
where we used the bounds on [|7 * 3je < [[0]| 23 ||v]|?/® < [|v]|2 from (A.6) and
~ o~ —2~ 1/3 2/3
185 &ll> < Cllolla (el 20l + (1 + [elB) ol ol < C(lollz + D)™

(A.16)

Finally combing the above estimates, we obtain

~ 2/3 4/3
l1plY2@llz < Cllol5 ol Nog olla] + 1. (A.17)

O

A.2 Comparison between torus and free space scattering lengths

For a generic potential 0 < v € L?(T3), we define the torus scattering length by
minimization problem

1
drags(v) = inf {/ |wy?+f/ v1+<p|2} (A.18)
T3 2 Jr3

eeH1(T3)

=

By the Lax-Milgram Theorem this problem has a unique minimizer @gs, which
satisfies the equation (A.2). We may extend v beyond the unit cube by zero, to
obtain a potential 0 < v € L*(R3). Denote by ags(v) the scattering length on the
full space defined in (1.2) of this potential.

Lemma A.4. Let 0 < v € L?(T3). There exists C > 0 so that, denoting v,(v) =

n?v(nx), we have for all n > 1

[nags (vy,) — ags(v)] < Cn~L.
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Proof. Let pgs be the solution to (2.14), then from [60, Theorem 6] we know that
1 1

—— S <0, |V S

|ZL‘| +1~ SORS(J:) =Y | QOR?’('IN ~ |1:|2 +1

for all z € R3. Let 0 < xy € C*°(R3) such that y(z) =1 for |z| < 1/3 and x(z) =0
for |z| > 1/2. We set ¢n(z) = x(x)¢rs(nz) + ¢,, with ¢, chosen so that the integral
of ¢, over the unit cube equals zero. Then ¢, satisfies for n > 2

(A.19)

—Ap, + %vn(l + ¢n) = (—Ax)p(n) — 2nVyx - V(n-) + %Uncn (A.20)
since supp v, C {|z| < 1/3} C {x =1} for n > 2. Note that
1
| < I < <p! A.21
e < [Ixemm) S [ g e (A21)
[-1/2,1/2]3

so, since pgs is bounded and [v, =n~1 [v,

[ on(l1 + @nl? = 11+ x5 (2)2) = O ~2). (A.22)

Then, using the variational characterization of 4raps(v,) and (2.15), we obtain
2 1 2
drars(vy) < | |Ven|”+ 2 [ op|l+ ¢nl
T3 2 Jrs
= dmags(va) + [ | (=Ax)0ms(n) = 209X Vims () o+ O(n™2)

! ” ) +On?)

<
< 4rags(v,) + C CEESE + CIEESE

[~1/2,1/2)3
< 4mags(v)n~t + O(n~?), (A.23)

where we used that suppyx C [~1/2,1/2]® and the exact scaling relation nags(v,) =
aR3 (’U) .
Reciprocally, take this time ¢, (z) = X(x)cpq(r? (z) where
n 1 1
‘Pq(r3) =5
2 PL(—A + Lv,) P+

Ptv, e Pt e L3(T3) = L*([-1/2,1/2]%). (A.24)
The same computation as above now leads to, since (s is real,

Amags(vn) — dmapa(en) < [ (=800 - 29 V) xell)

RS

= [ 19X

< Cllpi I3 = 0(n™2), (A.25)
where for the last estimate we used Lemma A.1 together with Remark A.2. O
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