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The excitation spectrum of a dilute
Bose gas with an impurity

Jonas Lampart* Arnaud Triay'

January 29, 2024

We study a dilute system of N interacting bosons coupled to an im-
purity particle via a pair potential in the Gross—Pitaevskii regime. We
derive an expansion of the ground state energy up to order one in the
boson number, and show that the difference of excited eigenvalues to the
ground state is given by the eigenvalues of the renormalized Bogoliubov—
Frohlich Hamiltonian in the limit N — co.
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1 Introduction

At very low temperatures a gas of bosons forms a Bose-Einstein condensate (BEC), a
quantum state in which a macroscopic fraction of the bosons occupy the same single-
particle state. The particles outside the condensate state, often called excitations or
phonons, play a crucial role in the thermodynamic properties of the BEC. In 1947,
Bogoliubov developed a theory to explain the emergence of superfluidity in dilute
Bose gases using Landau’s criterion of superfluidity [34]. In Bogoliubov’s theory [6],
the excitations are described by a quantum field governed by a Hamiltonian that is
quadratic in the creation and annihilation operators of the excitations. This allowed
him to compute explicitly the ground state energy and the low-lying excitation
spectrum of the system. The rigorous justification of Bogoliubov’s theory has now
been studied in depth from a mathematical point of view (see [49, 22, 15, 37, 41, 3,
44, 8, 10, 27, 11, 5, 7, 12] for a selection, and references therein).

The interaction of the Bose gas with an impurity particle will create additional
excitations out of the condensate, which in turn act on the impurity. In the regime
of large boson number, the Bogoliubov-Frohlich Hamiltonian has been proposed as
an effective model (cf. [23, 40, 33]) for the excitation spectrum of the system. In this
Hamiltonian, the interaction between the impurity and the excitation field given by
a coupling term that is linear in the field operator. This model has already been
mathematically justified in the mean-field limit [40, 33]. However, Bose-Einstein
condensates, as they are prepared in experiments, are better modeled by the dilute



Gross—Pitaevskii limit, and the validity of the Bogoliubov-Frohlich model has been
questioned in the physics literature [13]. The goal of this article is to study the
ground state energy and spectrum of the Bose gas with an impurity in this limit
and prove validity of the approximation by the Bogoliubov-Frohlich Hamiltonian.

In the Gross—Pitaevskii regime, N bosons are spread out over a volume of diameter
L = N in three dimensions. The density is therefore of order N=2. It is however
more convenient to rescale the system in a volume of order one. This leads us to
consider the Hamiltonian

N N
Hy =—Dp+> (=Ay)+ Y. NV(N(yi—y)+ > NW(N(z—y)). (1.1)
=1

1<i<j<N i=1

For simplicity, we will consider a system with periodic boundary conditions. The
position of the impurity will be denoted by x € T? and those of the N bosons
by (yi)1<i<n € T3V, where T3 = R3/Z? is the three-dimensional unit torus. We
assume that the boson-boson potential V' and boson-impurity potential W belong
to L?(R3) and have compact support. If N is sufficiently large, the scaled potentials
Vn(y) = N?V(Ny) and Wy(x) = NW (v/Nz) have support inside the cube [0, 1],
therefore we may identify the support with a subset of the torus and replace the
potentials by their periodic extension. The Hamiltonian Hy thus acts on the Hilbert
space S = L?(T3) @ L*(T3)®»mN with domain H?(T3V*1) N 4.

The scaling for W is chosen so that the interaction between the impurity and the
excitations from the condensate is of the same order as the kinetic energy of the
Bogoliubov excitations, similarly to [40, 33]. In Remark 1.6 below, we explain how
such a scaling can also be obtained by considering subsystems of a dilute gas in the
thermodynamic limit. Heuristically, one should think that as N — oo, the boson-
boson interaction behaves like N~1§(y; — y;), and the boson-impurity interaction
like N=%/2§(z — y;). This singular behavior leads to considerable difficulties in the
analysis. For the case without an impurity, such an analysis has been carried out in
the works [39, 38, 3, 27].

In order to state our first main result on the asymptotic expansion of the ground
state energy, we need to introduce the scattering length for the potentials V' and
W. This characteristic length of an interaction potential v € L'(R3 R) is defined
by solving the effective two-body problem

— : 2 1 2
dra = it L, (9e@P + Jo@l+ ¢(@)) do. (1.2)

Theorem 1.1. Let 0 < V,W € L*(R3) be even and compactly supported. Assume
moreover that Bose—Einstein condensation holds in the sense of Condition 4.1. Then
as N — oo

inf o (Hy) = 4way N + 8ray VN — 327(27/3 — V/3)ad, log N + O(1).



Remark 1.2. Our analysis only requires integrability conditions on V, W. However,
we need an a-priori bound on the number of bosons that do not condense for large
N, which we spell out precisely in Condition 4.1. This is an additional condition
on V, which is known to hold if V' is radial [4, 27], but is expected to hold more
generally. For the latter reason, we prefer to state this as a condition instead of
restricting ourselves to radial potentials V.

The first two terms in the expansion account for the boson-boson and the boson-
impurity interaction, respectively. They are natural guesses, as two-body scattering
is expected to be responsible to the leading order in the energy. The log N-term,
on the other hand, is explained by an effective three-body interaction between the
impurity and two bosonic excitations (see Remark 1.8). The emergence of such
a term from the Bogoliubov-Frohlich Hamiltonian with cutoff A = N was proved
n [32], after being observed in [24, 23]. The specific form of the pre-factor to
a%v log N is due to our choice of the masses of both the bosons and the impurity
being equal to one-half. For a general mass of the particle m and reduced mass
p~t = m~1 4 2, the pre-factor is (note that the correct definition of ay then also

depends on p)

m

Cm = —21271'/1,3(% arcsin (£) — /1 — (ﬁ)2). (1.3)

Our second main result is that the low-lying spectrum of Hy is well approximated
by the one of the renormalized Bogoliubov-Fréhlich Hamiltonian. This operator acts
on

Hy = (T & T(5.), (14)

where T'($); ) is the bosonic Fock space over £, = {1}, the orthogonal to the (con-
stant) condensate wave-function 1ps. Formally, the Bogoliubov-Frohlich Hamilto-
nian is given by

A, + dI'(w) + a(wy) + a*(wy), (1.5)

where w is the Fourier multiplier with Bogoliubov’s dispersion relation

w(p) = +\/p* + 16mayp?, (1.6)

and w;(y) = w(x — y) is the distribution with Fourier coefficients

W(p) = 8maw |plw(p) /2, p € 27Z° \ {0}. (1.7)

However, the expression (1.5) is ill-defined due to the lack of decay of w(p) ~ 8may,
for p — oco. For a rigorous definition, it should be replaced by the renormalized
Bogoliubov-Frohlich Hamiltonian on the torus, constructed as in [32].



Proposition 1.3. Define w® by its Fourier coefficients @™ (k) = W(k)Ljp<p for
A e Ry, and set

Hfyp = — Ay + dT(w) + a(w?) + a*(wh), (1.8)
which defines a self-adjoint operator on D(—A, + dI'(w)). There exists a family

(Er)a>0 C R and a self-adjoint operator (Hgr, D(Hgr)) with compact resolvent so
that

A A—oo
HBF — EA — HBF
in norm resolvent sense.

We prove this proposition in Section 3, where we also give more details on Hpp.
With the renormalized Bogoliubov-Fréhlich Hamiltonian, we can resolve the excita-
tion spectrum of Hy for N — oo.

Theorem 1.4. Let 0 < V,W € L?(R3) be even and compactly supported, and as-
sume that Bose-Finstein condensation in the sense of Condition 4.1 holds. Let
(Hpr, D(HpF)) be the renormalized Bogoliubov-Frohlich Hamiltonian of Proposi-
tion 1.3, and for k € Ny let ex,(H) denote the k-th min-mazx value of the operator
H. Then as N — o0

ex(Hy) — eo(HN) = ex(Hpr) — eo(Hpr) + O(N—1/80).

Note that in Theorem 1.1 we determine the ground state energy eo(Hy) =
inf o(Hy) with an error O(1) but in Theorem 1.4 we can express the elementary
excitations ex(Hy) — eg(Hy) up to a precision o(1). From the proof of Theorem 1.4
one can extract an expression for eg(Hy) with this precision, but it is quite involved
and not completely explicit, since the value of eg(Hpp) is not known.

There has been some debate in the physics literature concerning the applicability
of the Bogoliubov-Frohlich model. In [13], the authors performed an expansion of
eo(Hy) in ap and found an expression of order a3}, logay,. This cannot arise from
the Bogoliubov-Frohlich Hamiltonian, whose spectrum is invariant under a change of
sign of the interaction. Our results show that, in the precise scaling we consider, such
a term is at most of order one as N — oo and the spectrum is correctly described
by the Bogoliubov-Fréhlich Hamiltonian (see also Section 4.5).

The first application of Bogoliubov’s theory was to provide an explanation of
superfluidity, based on a heuristic criterion due to Landau. This could be made
more precise using the Bogoliubov-Frohlich model, where the impurity serves to
probe the superfluid behavior. A step in this direction was recently made [28], where
the Bogoliubov-Frohlich model in R? is analyzed, and it is shown that a moving
impurity does not experience friction when moving at velocities smaller than the



speed of sound, which equals 4,/may in our derivation. Connecting our derivation
of the Bogoliubov-Frohlich-Hamiltonian on the torus to the one on R? (e.g., by taking
the size of the torus to infinity, as is done in the physics literature [23], see also [15])
would thus provide a detailed explanation of this effect from a many-body quantum
model. This effect has been investigated in a semi-classical setting in [16, 20, 14, 36].

The proof of Theorem 1.4 also shows that the eigenfunctions of Hy can be ex-
pressed in terms of those of Hgp and two unitary transformations: the excitation
map Uy : 5 — N (see Section 4.1) and a Bogoliubov transformation Up (see
Section 4.5). This information is also sufficient to obtain an approximation of the
unitary dynamics.

Corollary 1.5. Assume that the hypothesis of Theorem 1.4 hold. Let Ux be the ex-
citation map defined by (4.2) and Ug the Bogoliubov transformation whose generator
is given by (4.162) with N = co. Then:

a) For any k € N, the corresponding min-max values e, and Uy € ker(Hy —
ex(HnN)), the sequence UsUx VN converges, up to a subsequence, to a limit U €

ker(HBF — ek(HBF)) .

b) The corresponding spectral projections converge in norm: Let B be an open in-
terval with O'(HBF — 60(HBF)) NB= ek(HBF) — 60(HBF), then

]\}i—I}loo U}k(ﬂB(HN — BO(HN))UX = UB]I(HBF = ek(HBF))U];

¢) For any sequence Uy € 5y so that UyW N has a limit V € 7,

]\}gnoo U}k(e—it(HN—eo(HN))\IIN — UBe_it(HBF_eo(HBF))UglII

in the norm of J4.

Remark 1.6. The scaling of our Hamiltonian is motivated by the following physical
situation. Consider a large box of side-length L > 1 containing a gas of bosons with
density p and impurities with density p; < p. The Hamiltonian for the total system
is

Nyp N
Hiot =Y (—0:)+ D> (Ay)+ D> V@i—y)+ >, Wlzi—y;), (1.9)
i=1 i=1 1<i<j<N 1<i<Nj

1<j<N

with N; = piL? and N = pL3. Denote by a := ay the scattering length of V' and
consider the dilute regime, where the dimensionless parameter pa® is small. Now,



as we take the thermodynamic limit L — oo, we consider a subsystem of the Gross—
Pitaevskii length scale £ = a/(pa®)~%/2. The typical number of bosons in such a
subsystem is n = pf® = (pa®)~1/2. By fixing the density of impurities so that

oo =1/pa, (1.10)

there is on average one impurity in each subsystem of size ¢. Rescaling lengths by /¢
yields for the Hamiltonian of such a subsystem with exactly one impurity

(’Hoe ::—Ax—i—zn:(—Ayi)—i— > €2V(€(yi—yj))—l—zn:ﬁzW(f(x—yi)). (1.11)
i=1 i=1

1<i<j<n

We may write V(y) = a= 2V (a~1y) and W (z) = a;fﬁ/(aﬁ}x) with potentials V and
W that have scattering length normalized to one. To retrieve the scaling from (1.1)
we need to fix the ratio between scattering lengths of the two potentials, setting

aw/a = (pa®) /4, (1.12)

Then, using that n = ¢/a we obtain ¢/ay = y/n and arrive at

EQﬁloc = _AI+Z(_Ayi)+ Z 77/2‘7(”(:1/1—y]))—FZTLW(\/ﬁ([B—yz)), (113)
i=1 =1

1<i<j<n

which is of the form (1.1).
Based on the expansion of Theorem 1.1 and the assumption that impurities spread
out evenly, we can make the following conjecture.

Conjecture 1.7. Let V, W > 0 have compact support. In the regime where p; and
ay satisfy (1.10) and (1.12), and as pa® — 0, we have

. info(Hiot) .
lim L<3” = amap? (14 2(pa®)/* — 22/ pa® log(pa®) + O(y/pad)),

N=pL

where ¢, is given by (1.3).

For comparison, note that the p°/2log p term in this expansion is larger than the

well-known Lee-Huang-Yang correction to the energy of the dilute Bose gas [35, 18,
1, 19, 17, 25|, which is of the order p5/ 2. Tt is however very similar in nature to
the term proposed in [50, 48, 29] to capture the three-body effects in a Bose gas.
The latter is expected to be of order p®logp and was very recently derived in the
Gross—Pitaevskii limit [12].



Remark 1.8. The three-body nature of the log N—contribution to the energy can
be understood by the following heuristics. Since the Bose gas is dilute, the effect of
the boson-impurity interaction is dominated by simple two-body scattering events.
These lead to correlations between the impurity and a single boson since, due to
the repulsive nature of Wy, these will try to avoid getting closer than £ ~ N—1/2,
This is captured precisely by the solution ¢ to the minimization problem (1.2)
with v = W, and it is responsible for the scattering length ay appearing in the
coefficient of /N, instead of just the averaged potential J W as in the mean-field
case. If we consider two bosons interacting with the impurity and make the ansatz
U~ o(VN(z — y1)e(VN(z — y2))®(z,y1,y2) at short distances, then Ho¥ will
contain a term with

v (2, y1,0) = NV(,O(\/N(CC - yl))ch(\/N(a: —y2)), (1.14)

coming from the action of —A,. This can be interpreted as an effective three-
body interaction potential acting on ®. Minimizing over ® will make the scattering
length of this three-body potential appear (cf. [42] and Equation (5.8), noting that
this potential integrates to zero), which multiplied by the number of pairs of bosons
~ N? will give the term of order log N in Theorem 1.1. That this is of order
log N can be easily checked. Note that for 1 < |y|, ¢(y) behaves like 1/|y| and
Vo(y) ~ 1/]y|* (cf. [43, Theorem 6]). Then, passing to relative coordinates, the
three-body scattering length, defined by a minimization problem analogous to (1.2),
is approximately given by

/”(3) - <”(3)7 (=(Vy, + vy2)2 — Ay — Ay, + U(g))_lv(3)>

~ =N [ V(YN Ve(VN)
N=12]yl,lyz|
X (_(vm =+ vy2)2 - Ay1 - Ay2)71Vg0(\/]vy1)Vg0(\/Ny2)
1 1 1 41 1 log N
~— (LA, —A )0
N B VA R et =

N=125|y1],lyz|

The proof of Theorem 1.1 contains a rigorous implementation of these heuristic
estimates where we do not use such an ansatz of priduct form, but rather a Weyl
transformation which leads to similar expressions.

2 Preliminaries

2.1 Outline of the article

The following outline of the article may serve as a guide to the proofs of our main
results. In the remainder of Section 2 we introduce some global conventions on no-



tation, and summarize the key properties of the scattering length and the associated
scattering solution, as well as its analogues on the torus. These results will be proved
in Appendix A.

In Section 3, we discuss the renormalization of the Bogoliubov-Frohlich Hamilto-
nian on the torus and prove Proposition 1.3. The proofs of the necessary technical
lemmas are postponed to Section 5, where a more general case with an additional
excitation-impurity interaction is treated.

In Section 4, we write the Hamiltonian Hy in the excitation picture. We then
apply several unitary transformations to extract the correct leading asymptotics of
the energy, and, at the same time, to make the correct model parameters appear.
The general scheme is to deal first with the large momenta, which are responsible for
the bigger terms in the energy asymptotics, and then work downwards step-by-step.
Specifically:

1) In Section 4.2 we apply a Bogoliubov transformation U,, whose generator is
quadratic in boson creation and annihilation operators. It acts on the large
boson momenta and makes the scattering length ay appear at the leading order
of the energy.

2) In Section 4.3 we apply a Weyl-transformation Uy, which additionally depends
on the impurity position = (similarly to the Gross transformation known from
the literature on singular polaron models, like the Nelson model, cf. [45, 21]).
This transformation also acts on large boson momenta and makes the scattering
length ay appear in the energy asymptotics.

3) In Section 4.4 we apply a transformation U, to the boson Hamiltonian that has
a generator which is cubic in creation and annihilation operators. This accounts
for scattering processes that mix low and high energy bosons and makes the
scattering length ay appear in the boson Hamiltonian restricted to small energies.

4) In Section 4.5, we use Bogoliubov’s transformation Ug, which transforms the
remaining boson Hamiltonian into the simple expression dI'(w), with w given
by (1.6).

5) In Section 4.6 we apply another Weyl transformation Ug, which is precisely a
variant of the Gross transform, which accounts for the two-particle impurity-
excitation scattering at low energies.

The final result of Section 4 is Proposition 4.27, after which we can write the trans-
formed Hamiltonian on low energy states as (cf. (5.6))

U*HNU =~ dray (N — 1) + 8rap VN + e + 21§



where ’H]({, is almost the Bogoliubov—Frohlich Hamiltonian with an N-dependent
cutoff Ay (up to a Gross transform), and eg\[,]) is an energy contribution of order
one.

In Section 5, we analyse ’H% and show that after removing the logarithmic di-
vergence, it converges to the renormalized Bogoliubov—Frohlich Hamiltonian con-
structed in Proposition 1.3. We essentially follow the proof of that proposition,
but with one key difference. The excitation Hamiltonian, and also H%, contains an
additional term accounting for the interaction between two excitations and the im-
purity which is not present in the Bogoliubov—Frohlich Hamiltonian. In our scaling
regime, this term is responsible for a global shift of order one in the energy. How-
ever, the excitation spectrum is still correctly described by the Bogoliubov—Frohlich
Hamiltonian as stated in Theorem 1.4, since it only depends on the difference of
eigenvalues.

In Section 6, we prove the main Theorems and Corollary 1.5.

2.2 Notation

For a symmetric operator A on a Hilbert space J, we will denote by D(A) its
domain, and by Q(A) the domain of the associated quadratic form x — (x, Ax).

For a function f,g : N — C where C is a set with a partial order and admitting
multiplication by positive real numbers (i.e., Ry or symmetric quadratic forms on
), we denote

fSgedCeRL VN eN: f(N) <Cg(N). (2.1)

For families of symmetric operators Ay, By, N € N associated with quadratic
forms on Q(A), Q(B), independent of N, we denote by

An = O(Bn) (2.2)

the statement that Q(B) C Q(A) and that there exists a constant C' so that for all
U e@(B)and N € N

Note that this relation is transitive and invariant under unitary transformations.
Moreover, we have as a consequence of the Cauchy-Schwarz inequality that

NBN + ByAn = O(AyAn + By Bn), (2.4)

when the left hand side is extended to the domain of the right.
For any function h : T? — C, we will use the notation

ha(y) = h(z —y). (2.5)

10



For a Hilbert 77 denote by

() =C® é S DsymT (2.6)

n=1

the bosonic Fock space over . In particular, T'(hy) with $, = {1}+ c L?(T3)
(the orthogonal to the constant functions), is the Fock space of excitations. For
U € I'(#) we denote by W) ¢ s#®wm™ its n-particle component, and by

NT =3 nu® (2.7)

n=1

the number operator (with the canonical domain). In the case of I'($)1) we denote
the number operator by N.

For f € , we denote by a*(f), a(f) the bosonic creation and annihilation
operators on I'(#), and in the case /# = L*(T?) we introduce the operators

ap = a(e?)), @)= a*(e?V), (2.8)

and the operator-valued distributions ay, ay as usual. For a distribution v on T3
and a quadratic form A on L?(T?) with Schwartz kernel A(y,v’), we also introduce
the quadratic forms

a®) = vy, @@= [v@a;, W= [AuyIae,  29)

on appropriate subspaces of I'(L?(T?)) (they are well defined at least on finite com-
binations of elements of C*°(T3")).

Any quadratic form on T'(L?(T?)) defines a quadratic form on I'($), ) by restriction,
which we denote by the same symbol. Note that this is not true for operators, where
we would need to project the image back to I'($)4), which is implicit for quadratic
forms.

The excitation space with an impurity is

Hy = (T @ T(5.) = LT, T(5.)). (2.10)

In this context, the variable z is usually reserved for the impurity, while the variables
y; describe the bosons. To a function x ++ A(x) on T3 whose values are quadratic
forms with Q(A;) = D C T'($)4), we associate the quadratic form on ¢

(¥, A0) = [(0(a), Aw) ()

(2.11)
Q) ={w:T° - D| / (T (2), A()T(2))] < o0}

11



by viewing %, as I'($)-valued functions on T3.

Throughout the article we will explicitly write variables of integration or summa-
tion, their domains and the integration measures only when they are not obvious
from the context.

2.3 The approximate scattering problems

For a potential 0 < v € L'(R?) let a, be the scattering length defined by the
variational problem (1.2). This problem admits a unique minimizer yps called the
scattering solution, which solves

—Apps + %vg@Rs = —%v, (2.12)

and satisfies
8ra, = /v(l + ops). (2.13)

Following [27], we will rather use solutions to the corresponding equation on the
torus. As the support of the potentials Vi, Wy shrinks to a point, the boundary
becomes less relevant and these increasingly resemble the scattering solutions in R3,
as discussed in detail in Appendix A. Here, we collect the information of practical
relevance for our analysis. The scattering solution ¢p associated to the boson-
boson interaction potential Vi on the torus is defined to be the unique solution in
(2723 \ {0}) of

. 1 N ~ JIPN

Presm) g D Eel@Vnp—a) = —5Vn(p). (2.14)
qe2nZ3\{0}

For a > 0, we define its truncated version by the Fourier coefficients

Za(p) = EB(D) >N (2.15)

In analogy with (2.13), the torus “scattering length” is then defined by

Sravy = [ NVx(@)(1+en(0) = V(0) + [ NVen. (216)

Similarly, for the interaction potential between the bosons and the particle Wy,
we define the scattering solution ¢y to be the unique solution in £2(27Z3 \ {0}) of

~ 1 TS
Pap +y Y a@Wap—g) = -5 Wa(p). (2.17)
qe2rZ3\{0}

12



Its truncated version is denoted, for oo > 0, by

o1(p) = P1(P) Ly e (2.18)

and the associated tours scattering length is defined by
Sty = [ VEWn ()1 +a1(w)) (2.19)

We gather in the following lemmas useful properties on ¢g, ¢1, ay, and ap,, .

Lemma 2.1 (Properties of ¢p). We have for 0 < a <1

g2 S N2, [€Blloe S 1,
IPBlle S N2, IP°Zelle S N7,
VY2382 < N~'Vlog N, 188 — ¢Blle S N7
Proof. This follows from Lemma A.1 in Appendix A, by taking v = Vi O

Lemma 2.2 (Properties of ¢1). We have for0 < a <1 and0<s<1/2

I1ll2 S NTH2er, @10 S 1
V124Gl  N7H2H72, V172Gl £ N712/log N,
IP*Gillo S NTV2, et = @illoo S N
Proof. This follows from Lemma A.3 in Appendix A, by taking v = Wy O

As we perform all our calculations on the torus, we need to control the difference
of the quantities defined there to the real scattering lengths in R3.

Lemma 2.3. The differences between the scattering length on the torus and in R3
satisfy

layy —ay| SN
‘EWN —Clwf §N71/2.

Proof. This follows from Lemma A.4 in Appendix A, by taking respectively v = Vi
and v = Wy. ]

Remark 2.4. The error estimate above is in fact sharp. When V is radial it can
be computed that [3]

_ - . cos(|p|)
lim 47N - =2- 1 .
wm AN @y —ev) =2 m ) T

pEZ3
lIpllco <M
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3 Renormalization of the Bogoliubov-Frohlich Hamiltonian

In this section we explain the renormalization of the Bogoliubov-Fréhlich Hamilto-
nian and prove Proposition 1.3. For the proof of the technical Lemmas, we will refer
to Section 5, where the whole procedure in performed again, but on a slightly more
general Hamiltonian. Although the proof is based on the ideas of [31, 32], we adapt
it here for the use in the proof of Theorem 1.4.

The problem with the formal expression of the Hamiltonian (1.5) is that the
interaction form factor doesn’t decay for large momentum. Since the form factor is
not square-integrable, the corresponding creation operator is not a densely defined
operator on I'(h;). Moreover, w~ 2w is also not square-integrable, and hence the
interaction in (1.5) cannot be interpreted as a quadratic form on Q(dI'(w)), either.

To approach this problem, we first consider the operator with ultra-violet cutoff
A >0,

Hip = —A, + dT(w) 4 a(w?) + a*(w?), (3.1)
where

@ (p) = 8maw |plw(p) ~/*1 pj<a- (3.2)

This defines a self-adjoint operator on .27, = L*(T?)®I'($), ). In our derivation of the
Hamiltonian from Hy we will encounter a similar but somewhat more complicated
Hamiltonian with A a function of the boson number N. It should be kept in mind
that, as a consequence of this, the notation we introduce below is specific to this
section.

We now perform a Weyl transformation on the Hamiltonian. This is a well-
known procedure that is used for example in the renormalization of the Nelson
Hamiltonian [45, 21]. It will make the divergence of the Hamiltonian explicit, though
in our case it will not yet suffice to arrive at an expression from which the cutoff
may be removed. We will also pass to the Fourier representation for the bosons. We
set for k > 0, to be chosen later,

Fe = =(=As + w(p) " 02 (D)L s (3.3)
and
Up = exp (a*(f2,) — a(f2))- (3.4)

This transformation satisfies the identities [21]

(UM a(g)U2 = alg) + (9, fra); (3.52)
(UM VUL =iVe + a(iVafi,) + a*(iVafl,). (3.5b)
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With ifo,Qx(y) = —in,Qx(y), we obtain for A > k

(UM HEpURY = —Ap + dT'(w) + a*(@%) + a(@F)
+a* (V)2 + a(iVfE,)? +2a*((V£2,)a(iV £2,)

— 20" (iVf2,)iVe — 2iV,a(iVf2,) + (wa, £2,). (3.6)
The numbers
2
(1) A pA 2 p
E\’ = (wy, fiz) = —(8maw 1, ~ —cA 3.7
A ( , ) ( ) p€§23 w(p)(p? + w(p)) <|p|<A (3.7)

diverge as A — oo, but the rest of the operator is now more regular than before.
Indeed, the terms a* (inéx)a(in,ﬁx) and a* (in,ﬁz)iVx—Fh.c. now define quadratic
forms on Q(—Az; + dI'(w)), even for A = co. However, the term a*(iVj‘“é\,‘,E)2 +h.c.
is still singular. To deal with this, we employ an idea developed in [30, 31, 32]. We
write

(U HEUS - BY +1 (3.8)
= (1-G)(=A, +dT(w) +1)(1 — Gp) — Gi(—A, + dT(w) + 1)Gp + Ry,
with
Gr=—(—A; +dT(w) + 1) " (iVf2,)% (3.9)
Ry =2a*(iVf2,)a(iVFL,) — (2iVLa(iVfE,) + a(w)) + h.c.). (3.10)

Note that (3.8) is indeed just a simple identity, as expanding the first term and
cancelling the term with G*(-)G returns the expression (3.6). After rewriting the
Hamiltonian in this way, the singularity is contained in the term G*(-)G and can be
extracted, as we will see. We will now analyse each term in (3.8) as A — oc.

The dressing factor G). We begin with the dressing factor G for which we
have the following Lemma.

Lemma 3.1 (Regularity and limit of Gy ). For all0 < s < 1/2, there exists a family
(Cw)r>0 with limy o Cx, = 0, so that for all A € Ry U{oc}, k>0, ¥ € D(N,)

[(=Az +dl' (W) GA¥ || < Ck|[(Ny + 1)°0]].

Moreover, for all 0 < s < 1/2, there exists (Cy)a>o with limy_,o, Cy = 0, so that
for all K,A >0, ¥ € D(N),

[(=As + dl'(w))*(Ga — Goo) ¥ || < CA N Y.

The proof follows the one of Lemma 5.2. The key point is that w*1/2+s/2kf§° <
|k|*f° € £2 for s < 1/2.
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The dressed kinetic operator K. We can now discuss the behavior as A — oo
of the principal term,

Ky =1 -Gy (—A, +dl'(w) + 1)(1 — Gp), (3.11)
with,
D(Kp) ={P € : (1-Gp)¥ € D(—A, +dTl'(w))}. (3.12)

Lemma 3.2 (Comparison estimates for K, ). For k sufficiently large and all A €
Ry U{oco}, Ky is self-adjoint with compact resolvent. Moreover, for s < 1/2 there
is C > 0 such that for all A € Ry U{oo} and all U € D(Ky)

[Ny + 1) (A, + dD(w) + 1)°F|| < C|| KA.

Proof. By Lemma 3.1, 1 — G is invertible for A € Ry U{oo} by Neumann series for

 large enough. In particular, D(K,) is dense. As —A, + dI'(w) + 1 is invertible,

the symmetric operator K, is a product of three invertible operators, and thus

self-adjoint. Since the resolvent of —A, + dI'(w) + 1 is compact, so is that of K.
The bound follows by inserting =G and writing

[Ny 4+ 1) 3 (=Ap + dD(w) 4+ 1)°Y||
< |WNg + D)5 (=A, +dD(w) + 1)5(1 — GA) ¥||
+ NV + DI (— AL 4+ dT(w) + 1)°GA T (3.13)

To bound the first term, we use that (N + 1)17(—=A, + dl(w) + 1)* < (A, +
dI'(w) + 1) and

[(=Az +dl(w) + 1) (1 — Gp) K Y| < C, (3.14)

from Lemma 5.3 which holds uniformly in A and 0 < ¢ < 1. This follows from an
interpolation argument as it holds trivially for ¢t = 0 and comes from the definition
of Ky for t = 1. Note that 1 — G is invertible.

The second term in (3.13) is estimated using the properties of G from Lemma 3.1.
This makes appear a term with (M + 1) and small constant Cy, which can be ab-
sorbed by the left-hand side of the inequality. More general estimates and additional
details are given in Lemma 5.3. O

Note that D(Ky) coincides with D(—A+dI'(w)) for A < oo, but from Lemma 3.1
for A = oo we only have D(K) C D((—A +dI'(w))®) for s < 1/2 (and in fact the
intersection is trivial for s > 1/2, cf. [30]).
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The singular term T) + E/(f).

denote it by

We now consider the second term in (3.8), and

Ty+EY : = —G*(—A, +dT(w) + )G
= —a(iVf2,)?(—Ay +dD0(w) + 1) la* (iV f2,)2, (3.15)

where E1(\2) is the logarithmically divergent scalar, which corresponds to the vacuum
expectation of the right hand side,

(P~ @) F2o )21 F20(a))?

=2
p}qgm (P+a)?+wp) +wlg)+1

~ —clog A. (3.16)

Now we rewrite (3.15) in a sort of normal order, that is, with all creation operators on
the left of the annihilation operators. To do so, we use that iV e #% = e 1k (iV  +k)
and dI'(w)a; = a;(dI'(w) + w(k)), which implies

-1 . -1
( — A+ dF(w)) e kagr — ik, ((1V + k)2 +w(k) + dF(w)) :
(3.17)
This gives
2
Ty = —a(iVf2,) (~Ap +dT(w) + 1) a* (V2,2 - EY = S 64, (3.18)
§=0

where © ; contains the terms with j remaining creation/annihilation operators after
this reordering. These are given explicitly by

B (- )12 @) 1A ()
Ono=-2 Z (iVe+p+¢)2 +w(p) +w(q) +dlN(w) + 1

~-EY (319

p,qE2TZ3
On1=4 > e Parfy;(p,q)age'™ (3.20)
p,q€27Z3
Ora= Y. e e qra 0y 5(p, q. k, O)agae™ e, (3.21)
D,q,k,0E2mZ3
with
9/\,1 (p7 Q)

FRo)(p - k)(a- k) fho(k)*fAo(a)

_ )?
- ke§Z3(iv$+p+q"‘k) w(k) + ()+ (q) +dlM'(w) + 1’

(3.22)
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and

Or2(p,q, k. )
_ o (®)fo(@)(p - @) (k - Of8 (K) Fo () (32
 (iVatpta+tk+02+wlp) +wlg) +wk) +wl)+dl(w)+1"

Note that the kernels 05 1,05 2 as functions of the commuting operators iV, and
dI'(w), are well defined also for A = oo, since in 6, ; the sum over k£ converges.
Moreover, writing the terms in © o with a common denominator we obtain

S ( (k-0 FRo(k)* Fo(£)?
(iVe+k+0)?+wlk)+wl)+dlN(w) + 1

(iVe +k+0)? +dl(w) — (k + 5)2)))
(k+0)2+wk)+w@)+1 ’

Opo =
ke2nZ3

(3.24)

where the series also converges for A = 0o to a well defined, although unbounded,
function of iV, and dI'(w). With these observations, we can make sense of Ti.
The key properties of Ty are summarized in the following lemma. In particular, T,
defines an operator on D(K ) and Ko + T is self-adjoint on D(K ).

Lemma 3.3. (Estimates and convergence of Ty ) Given 6 > 0, the following holds
for k sufficiently large. For all A,A" € Ry U{oc}, ¥ € D(Ky/)

[TAW]| < S| K.

Moreover, there exists (Cp) o withlimp_, o, Cx = 0 so that for all A, A" € R U{o0},
U € D(KY,)

[(Th — Too)W|| < Col| KT

The proof is similar to the one of Proposition 5.4 and is omitted here. The main
idea is to estimate Ty, respectively the difference T\ — T, by operators of the form
N{7%(=A; + dT(w))*, which are themselves controlled by K,/ using Lemma 3.2.

The remainder term R,. Since p — pA,SOx(p) is not square summable, the ex-

pression a*(—iV f,ﬁm)ivx occuring in R, only makes sense as a quadratic form for
A = o0.

Lemma 3.4. Given 6 > 0, |s| < 1/8, the following holds for k sufficiently large.
There is C > 0, so that for all A, A" € Ry U{oo} and U, ® € D(Ky/)

(@, RaW)| < BI|[(K N> + C)@|||(K 0> + C)w.
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Moreover, there exists (Cp)aso withlimp_,o Cx = 0 so that for all A, A" € R U{o0}
and ¥ € Q(KA/)

(W, (Rp — Roo)¥)| < Cp (¥, Kp/ ).
The proof of this lemma is a combination of Lemma 5.12 and Lemma 3.2.

Proposition 3.5. For k sufficiently large, the quadratic form
Koo+ To + Reo

1s associated with a unique self-adjoint operator with compact resolvent and domain
contained in Q(Ky) = (1 — Goo)1Q(=A; + dT(w)). Moreover,

lim (Ky Ty + Ry % )7 = (Koo 4 Too + Roo £1) (3.25)
—00

in the operator norm.

Proof. By Lemma 3.3 and the Kato-Rellich Theorem, Ky + T} is self-adjoint on
D(K,) for k sufficiently large. Lemma 3.4 shows that R, is a perturbation of the
quadratic form of Ky + T with relative bound § < 1. This implies existence of the
self-adjoint realization by the KLMN theorem, whose resolvent is compact since the
resolvent of K is. Moreover, since the relative bounds of T4 and R, are uniform
in A, the operators

Ky (Ky + Ty + Ry +1) " (3.26)

are uniformly bounded in A € Ry U {oo} for s < 1/8 (where the restriction comes
from Lemma 3.4). Given the bounds of Lemma 3.3, Lemma 3.4, we obtain easily

lim ((KA+TA+RA+1)_1 — (Koo + Too + Roo +1)‘1) (3.27)
~ lim ((KA+TA+RA+i)_1(KOO—KA)(KOO+TOO+ROO+i)_1),

in norm. That is, we can replace T\ and R, by their limits T, and R, but not
for K. For that, we rewrite

(Koo - KA) = (1 - G?\)(_A:v + dl—‘(w) + 1)(GA - Goo)

+ (G — G5)(—Ay +dTN(w) + 1)(1 — Guo), (3.28)
and deal with the two terms similarly. Let us consider for example the first term.
The difficulty lies in dealing with the kinetic term —A, + dI'(w). By Lemma 3.1,
(Gp — G) can only absorb powers s < 1/2 of the kinetic operator. However, using
the bound (3.26) together with (3.14) allows us to put a power 1 —s > 1/2 on
(Kp+Tp+ Ra +1)71(1 — G3) while remaining uniformly bounded. This implies the
claimed convergence. O

We can now conclude by proving the proposition on the renormalization of the
Bogoliubov-Frohlich Hamiltonian.
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3.1 Proof of Proposition 1.3

Setting Ey = E/(\l)%—E/(f)7 with the latter defined in (3.7), (3.16). Let  be sufficiently
large for Proposition 3.5 to hold. Then, with the notations of (3.8) and (3.15), we
have

(UM HpUp — Ex + 1=Ky + Th + Ry. (3.29)

By Proposition 3.5, this converges to Ko + T + Ro in norm resolvent sense as
A — oo. It remains to deal with the convergence of the transformation U,. Note
that £, € ¢2(2rZ3), and thus (cf. [21, Lem.C.2]) for ¥ € Q(Ky/), A’ € Ry U {00},

00 1SS A—o0
I(US = U@ <2l £ = [NV + DV2e) =70, (3.30)

Since [N} 2U| < | K2 < |[(Koo + Too + Too)/2¥|| from Lemma 3.2 and Propo-
sition 3.5 (inclusion of the domains), this proves that

lim (Hip — Ex +141) " = UP(Kso + Too + Roo + %i) (U (3.31)

A—o0

in norm. We have thus proved Proposition 1.3 with the renormalized Bogoliubov—
Frohlich Hamiltonian given by

Hpp = U (Ko + Too + Roo — 1)(UX)". (3.32)

K

The resolvent of this operator is compact by Proposition 3.5. ]
The proof above shows that

Q(Hpr) = UPQ(Koo) = U (1 = Goo) ' Q(=A; +dT(w)), (3.33)
since Ro is only a form perturbation of K. More precise information on the
operator domain is obtained using the slightly different formulation of [31, 32].

4 Transformation of the Hamiltonian

4.1 The excitation Hamiltonian
In a first step, we transfer the Hamiltonian

N

N
Hy=-0:+Y (=Ay)+ > Vnlwi—wy)+ > Wiz — ) (4.1)
=1 I<i<j<N i=1
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from the N-particle space %y to the excitation space ;. using the excitation map
introduced in [37]. This map is given by
U X - jﬁr — J6 N

N
| (4.2)
(UX\II)(xaybayN) = E SN(]I(Z/]Jrl’ayN)\IJ(])(xvyla7yj))
Jj=0

where 1 denotes the constant function and Sy the projection to symmetric functions
in y1,...,yn. In words, Uy completes the function ¥\ (z,y1,...,y;) to a function
on T3(V+D by multiplying with the constant function in the variables Yjtls-- - YN
and then symmetrizes the result. This defines a partial isometry, i.e., we have

UxUx = 1n, <N, UxUx = 1, (4.3)

where Ny denotes the number operator on 7 .

The Bose—Einstein condensation condition that we will use in the proof of our main
theorems ensures that there are at most v/ N excitations in a state of the bosons
whose energy has the correct leading order for N — oo. To state this precisely, let

N
HBose — Z(_ij) + Z VN(yz - yj) (44)

j=1 j<k
be the Hamiltonian for the system without the impurity.

Condition 4.1 (Bose-Einstein condensation). There exist ¢,d > 0 so that
Hpgse — Amay N > cUx N U% — dvV/N.

This condition is satisfied if V' is radial [4, 27], where it holds with a rate of
order one instead of v/N. For our use, this improved rate is of no importance since
the impurity will change the energy at order v/N in any case. A discussion of the
non-radial case can be found in [43].

We will now evaluate the action of Ux on Hy in detail.

Proposition 4.2. In the sense of quadratic forms on Q(—A, + dI'(—A)) C 4,
we have the identity

U;(HNUX = ]l,/\/’_,_gNHN]l./\/'_,.ng
where

Hy = L(N = 1)V(0) + VNW(0) + Hp + Hi,
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with
Hp = dD(=A) 4+ (N = V) dD (Vi (=iV)) + Lo + L2 + L3 + Ly,
1 ~
Lo =5 VIONL (Ve — 1),

L2 = =N /N /(= W+ /M) [ NVie(on = ), + e,

1 .
= ﬂ/ 1-NL/N)+ /mVN(yl — Y2) 0y, Gy, Oy, + hoc.,

= e
and
Hi=—-Ar + Q1 +dI'(Wy ),
Q1 = /(1 =Ny /N)ya(VNW ) + a*(VNWy L)/ (1= Ny /N4

Proof. This follows by applying well-known identities, going back to [37], hence we
only sketch the calculations. The kinetic operator is unchanged by Ux since the
constant function has derivative zero, thus only the potentials are transformed in a

non-trivial way. For the boson-boson interaction, we can write
1 ~
Z Vn(yi —y5) = 5 Z VN (k)ay agaq+kap

1<i<j<N k,p,qe27Z3
by considering #j as a subspace of L?(T3) @ I'(L*(T?)). With
UkagaoUx = (N — Ny, > UxatapUx = Ny,
pe2nZA\{0}

the restriction of the sum to £ = 0 yields

Ubdtar N —1)V(0
Z agapaUx = (2)()+£0.

p,qE2TZ3

For p # 0 we further have

UXa CLoUX = a (N N+)
which leads to

1 i * %k *
5 E VN (k)Uxa, agaqskapUx
k,p,q€27Z3
k0

= (N = N})dT(Viy(<iV)) + L2 + L3 + La.
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For the boson-impurity interaction, we find similarly

N N
Ux Y Wr(z—y)Ux = > Wn(k)e™UkasapnUx

i=1 kpE2nT3
=VNW(O) + Y WN(’“)GM(\/ (N = Ny)jag +aZyy/ (N—N+)+)
ke2rZ3\ {0}
+ Y Wak)e*Talay,, (4.10)
k,pe2nZ3\ {0}
p+k#0

where we may identify dI'(Wp ) in the last line and @) in the line before. This
proves the identity. O
4.2 Scattering of high-energy bosons: a first quadratic transformation

We start by implementing a transformation whose generator is quadratic in the
creation and annihilation operators. This transformation makes explicit correlations
among the bosons that are due to their interaction at high energies. More precisely it
makes the correct leading order of the Bose gas 4may (N —1) appear and renormalizes
the quadratic term Lo into a less singular version L5. Variants of this transformation
have been used in many works on the dilute Bose gas [49, 9, 3, 26, 44].

Let ¢p, defined in (2.15), be the truncated scattering solution at momentum N,
0 < a <1. We set, with Q(B,) = Q(N;),

1 -
= 5/11‘3 NeB(y1 — y2)ay, ay,dyidys — h.c. (4.11)

From the Cauchy-Schwarz inequality and |[N@plls < N™%/2, see Lemma 2.1, we
obtain

W5 B, / Nop(y1 — y2)ay, ay,dyidys + h.c.
< /T i INEBl2 (Vs + 1) gy, dyrdys
+ [ N 1gntn - )Pdndinl N sl (A + 1)
= O(N~?(NL 4+ 1)) (4.12)

Hence by the commutator theorem [47, Thm.X.36], there exists an anti-self-adjoint
operator, denoted also by B,, whose form is the above and for which D(N) is a
core. We can thus define

U, = ébs, (4.13)
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and U,(t) = eBa. The effect of this transformation on Hy is summarized in the
following proposition.

Proposition 4.3. Let 0 < a < 1/6, and ay be the scattering length defined by (1.2).
We have, in the sense of quadratic forms on 7,
UHNU, = dmay (N — 1) + e + VNW(0)
4+ dT(=A + NVy(=iV) + V(0) — 8may) + Lo + L5 + L4
— Ap+ QY AT (W) + £UD),

with
Ly = /\7]\/(:3 — y)aza, + h.c., V(p) = drayLocpi<nea,
UsN.U,
Ua = \/<1 — qN”) a(VNWy ) + h.c.,
+

2/\/>VN y)ayaya, + h.c.,

the scalar correction

~ (4
D — 4N (v —a)+ Y TS
pe2rz3
[p| <N

as well as the error bound
+&Wa) S N=2(Ly + Ny + 1+ N-YV2AD (W) + N2 IN2,

Remark 4.4. The term eg\(,]") is a lower order energy contribution, where the first
term is a boundary effect of order one, see Remark 2.4, and the second term is
of order N®. This divergence is due to the fact that we solely renormalized the
quadratic part with momenta higher than N®. It will later combine with a similar
term coming from the diagonalization of the low momenta part of the Hamiltonian,
yielding together a contribution of order one, which is the well-known Lee-Huang-
Yang correction.

Proof of Proposition 4.3. The proof relies on several lemmas about the transforma-
tion of individual terms that we will prove later. We will be rather brief, as the
treatment of the bosonic part of the Hamiltonian is standard, except for some esti-
mates we need to adapt to our analysis.
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The correlation energy that renormalizes N 17(0) into the torus scattering length
8may, defined in (2.16) is hidden in dI'(—A), Lo, and £4. We can see this by
combining Lemmas 4.8, 4.7, 4.6 below. These give

Up(dD(=A) + Lo + L4)U,
= ;/NZVNSZQB + /szNcﬁB(l — %) + N%2(—A@g, ) (4.14a)
T /NGVN‘EB +3Vn - ASBB)(yl — Y2)ay, a,, + h.c. (4.14Db)
+dI'(-A4) —N+/NVN95B + Ly + &,
with,
+E SNT2(NL 4+1)+ N~2L4 + N2\ 4+1)2, (4.15)

Adding to the scalar terms (4.14a) the contribution (N — 1)V (0) from Hy, we find
using the definition of ay,, in (2.16), and the scattering equation (2.14),

N -1 1 N _ 1 U
T/NVN—|—§/N2VNQ0B—|—/1\72V1\74P]3(1—*) + N*(—Agg, @B)

2N
~ 1 1 ~
= 4dmay, (N —1) + (Q*ﬁ) /NQVN(SOB —¢B)
+ N*(@p, —Agp + SV + 3V )
= 4may, (N — 1)+ (5 - ﬁ) /N Vn(PB — ¢B) + /N VnoB(#B — ¢B).

(4.16)

Following the computation in the proof of [27, Proposition 4] and using that ay,, =
ay + O(N~1) from Lemma 2.3 gives

(471'0\/)2

S+ O(N*, (4.17)

1 N
i/NQVN(lJFSOB)(SOB —pB)= >
[p|<N« p

The additional term with prefactor 1/(2N) is of order N®~! by Lemma 2.1.
We now turn to the quadratic terms (4.14b) and show that they are approximated
by Lo. Again using the scattering equation (2.14), we have

/N(%VNSZB +3Vv - A[’EB)(yl )y, 0y

1 % T * 3k
=5 2 N(Vn(p)+ Vnes(p)agal, (4.18a)
[p|<Ne
1 A * *
+ §/NVN(<PB — ) (1 — y2)ay, ay,. (4.18b)
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The first term (4.18a) may be approximated by Ls. Indeed, noting that Vi (0) +
Vneg(0) = 8may,,, we have

—

[NV L+ p0)(p) — Smav] < [ NVx(1+gn)(w)le ™" ~ 1]
+lavy —av| S INT (4.19)

where we used that |y|V € LY(R3) and that ||¢B|leo < 1, from Lemma 2.1. Then,

estimating the operator using the ¢?-norm of its kernel,

~ 1 8 * %
((4.183) +he) = Lo =5 Y (NVN(1+¢B)(p) — 87av aga®,, + hec.
[p|<N«

= O(N®/27H Ny +1)). (4.20)

To estimate the second term (4.18b), we use the Cauchy-Schwarz inequality to get
(v, [ NVa (@~ pn)n ~ a0, v )|
1/2 /2
< ([ Wl = mllanen ¥IF) - NIEn - o)V el 9]
-1 ~ 1/2 2 2
< 0P, LaW) + (46) 7 (N[(ZB — ¢B) VN “ll2) [1V]I°. (4.21)
With Lemma 2.1, the choice § = N~%/2 and a < 1/6 this gives

(4.18b) + h.c. = O(N~%2L, + N~%/2), (4.22)

Of the terms coming from dI'(—A) + Lo + L4, we still have the term N; [ NVygp
that does not appear in the statement as such. It can be written as

—N.A,_/NVN@B = (‘7(0) — 87Tav) N+
+ (SW(aVN —ay) + /NVN(QDB - (,5]3)) Ny, (4.23)

The first term now appears in the statement, an(i the second can be absorbed in the
error by Lemma 2.1 and Lemma 2.3. For dI'(NVx(—iV)), we easily find

Uz dD(NVy (=iV)U; = dD(NVy(=iV)) + O(N~/2N), (4.24)
using that [NV * N@gllz < N~%/2 by Lemma 2.1. Writing

(N = N})+dT (Vv (=iV)) = dT(NVy(=iV)) + O(N2/N), (4.25)
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the previous estimates and Lemma 4.5 below show that U; (N —N+)+dF(‘A/N(—iV))Uq

is equal to dI'(NVy(—iV)) plus a term that can be absorbed in the error £Ue).
The transformation of Lo = —(Ny 4+ 1)V, /2N is absorbed in the error &g, as

well. The remaining terms are treated by applying Lemmas 4.10 and 4.9 below,

after which the proof is complete. ]

Lemma 4.5. For a > 0 we have uniformly in |s| <1
Uyls) N Uy(s) = Ny + O(N—2(N, +1)),
and fort >0
Uq(s)*MUq(S) = O(Ni +1).

Proof. The first claim follows directly from the bound (4.12) and Groénwall’s inequal-
ity. For the generalization to arbitrary exponents see [9, Lem.3.1] for the case t € N,
which implies the general case by operator monotonicity of x — z® for0 < s < 1. O

Lemma 4.6. In the sense of quadratic forms on ., we have for a > 0

Uplaly = L4+ [ NVignln — wlag,ap, +he.+ 5 [ N?Vigh + €857,
with

+&0) < NN, + NTUWNL +1)2 + N2y,
Moreover,

Ur(s)LaUq(s) S La+ N'NL+1)° + N
uniformly in s € [0,1].

Proof. From Duhamel’s formula, we obtain
1
UrLaUy = L4+ /O U2 (3) (L1, BylUy(5)ds. (4.26)

Calculating the commutator and putting terms in normal order, we find (using that
Vi is even)

X3

1 ~ * %
[L4,B,] = 5 /NVN@B(yl — yg)aylay2 +h.c.

+ / NVi (11 — 12)@(ys — yo)a a2, ay, +hec. (4.27)

X2
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Using the Cauchy-Schwarz inequality as in (4.21) gives
(0, X00)] < (¥, L4%) + NGV " BII* < (¥, £49) + N9, (4.28)

where we used Lemma 2.1 in the last step. With the same reasoning and another
application of Cauchy-Schwarz, we obtain

(P, XoW)|
1 N i 2
< 6V, L4V) + g/NQVN(?h —y2) /SDB(?JB — Y2)ay, ay, Wdys || dyidys
< 5(‘1’754‘10+5_1N2H¢B||§HVNH1/Hayzayl‘l’\l2+/Hay1‘1’\|2
S O(U, L40) + 5N (VL + )20 (4.29)

Here, we used the estimates of Lemma 2.1 and the bound for g € L*(T?),
i} 2
/H/g(yl *’yz)aylayz‘l’dylH dys
= /g(y1 —y2)9(ys — Y2)(¥, ay, ay, ay, ay, ¥)dy1 dysdys
= [ latnr = w)P(¥, a0, ) dindye

+ / 9(y1 — y2)9(ys — y2)(V, ay, ay, ay, ay, ¥)dyrdysdys
< |lgl3llWNr + 1w 1%, (4.30)

where we used the Cauchy-Schwarz inequality to bound the second term, similarly
as in (4.12). Now taking 6 =1 in (4.29) and using Lemma 4.5 gives

Up(8)£al(s) S Lot N+ N7 Wo + 172+ [ U5 ()40 (r)ar
from which the a-priori bound on Uy (s)£4U,(s) follows by Grénwall’s inequality. To

get the more precise statement for s = 1, we continue the Duhamel expansion to
obtain

1 t
UZLaUy = L4+ X) +hic. + /O /0 U7 (5)([X1, Byl + huc.)Uy(s)dsdt

1
+/ U, (s)(X2 + h.c.)Uy(s)ds. (4.31)
0
We may compute

1 - _ ~ *
[X1,B,] = §/N2VNSDB + /NVNsDB(yl —Y)N@B(Y2 — y)ay, ay,. (4.32)
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The first term contributes to the main term in the statement (with an additional fac-
tor 1/2 from the double integral). The second is estimated by | NVn@g/||1 | N@Bl2N5,
so its contribution can be absorbed in the error by Lemma 4.5 and Lemma 2.1. In
order to control the final contribution to (4.31), we write

Uy (5)XaUy(s)
= [ NVl — )P0 — 92)U; ()03, 03, Uy (5)U ()30, U5

= [ NV (1~ 92)88 (s — a3, U5 (a5, U, (5) (4.332)
[T NV = i) Ban - U5 0)[6),05,. B () (4.33b)

x Uy (8)ay,ay, Uy(s)dt.
With the reasoning of (4.29) and 6 = N~%/2 we find
(T, (4.332)0)| S N™2(W, Ly0) + N2 (W + 1)20,(s) 0|2, (4.34)
To bound (4.33b), we use the identity

lay, ay,, Byl = =N@B(y1 — y2) — Nay, a(@p(- — y2)) — Nag,a(@B(- —y1)),
(4.35)

to obtain
(4.33) / [ NvE8) 1 — 1)U ()0 (N @l — ye))ay, Uy(s)de
[ [ 5Vt = )05 0) (a5, 0N Ba (-~ ) + a3, a(N (- 1)
x Uqg(t)Uq (8)a™ (8B (- — y2))ay, Uq(s)dt. (4.36)
Using the Cauchy-Schwarz inequality and the estimate (4.30), we have
(P, (4.33D)¥)| < /0 N(Va@sliINGsll2l|(Ny + 1)/2Uy(s) ¥ *dt
+ [ IVa I INB I3 Vs + D U0 9]
+ [ VNI INBBIBING + DU () at
SN2NL 4+ NHN +1)2, (4.37)

where we used that Uy(s)*N*¥U,(s) = O(NF + 1), see Lemma 4.5. This can be
absorbed in £ EZ‘I) and the proof is complete. O
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Lemma 4.7. In the sense of quadratic forms on ., we have for a > 0
N 1
U, LUy = i/NVN Y1 — Y2)Gy, ay, + hec.

+ <1 = /X[* - ) /NQVN@B+5( Va),

with, for all 0 < § < N2,
&) S NNy + 1)+ L4 + 6 NTH WL + 12
Proof. Using that where Ny < N

Ni+1 Ny Ny 1 Ni+1
— A I T A S N P
‘ 1=y 1= (1 - 2N>‘N o (4.38)
we obtain with the argument of (4.21)
1 Ny
£2:2<1—N+)/NVN (y1 — y2)(ay,ay, + hoc.) + &, (4.39)

+& SN2Ly+ N Y WVG + D)2
Using the a-priori estimate of Lemma 4.6 and Lemma 4.5, the error term U;EU,

can be absorbed in qu). Denoting x(Ny) := (1 % — ﬁ) and using Duhamel’s

formula, we obtain

1 *
§Uq {X(N+> /NVN(y1 — Y2)ay, ay, + h.c.} Uy

1
— SXUNLUY [ NV = g)ayay, + e (4.40a)

1
U;/\/'+Uq)/0 Uq(s)*[/NVN(yl - yg)aylayQ,Bq] Uq(s)ds + h.c.
(4.40b)

Let us start with the first term. Using the definition of x(Ny), we have by the
argument of (4.21)

((4 40a) — = /NVN — Y2)ay, ay, + h.c. ) <OLy+ 0 INTHNL +1)2,

(4.41)
which can be absorbed in EgQ). Now for the commutator term, we have by (4.12)
/NVN 2) Ay, Ay q} = /N2VN®B + dI‘(N‘A/N(—iV)N;EB(—iV)),
SN+N7204
(4.42)

30



where we used Lemma 2.1. From Lemma 4.5, we get

NUENLU,) = X(N+) + O(NTI=92(N, 4 1)), (4.43)
and together this yields

(4.40b) = x(N}) / N2Vngp + O (N™*2(Np +1) + NT720A2) . (4.44)

This finishes the proof of Lemma 4.7. O

Lemma 4.8. In the sense of quadratic forms on ., we have for a > 0

UZdD(—A)U, = dT(~A) + N/(-A@B)( — yp)al,a’, + hic.
+ N*(=Agp, gp) + O(N2N).

Proof. From Duhamel’s formula, we obtain

UZdD(~A)U, = dT(=A) + [dT(=A), B, (4.45)
4 / / Uz () [ AT (= A), By, By Uy(s)dsdt. (4.46)

Moreover,
[ar(-a).8,) = N / (—AGE)(y1 — yo)a a, + hc., (4.47)

and with Lemma 2.1

[[A0(~2), B,], B,] = 2N*(~Agn, &) + 2dT(N*G(=iV) (~Agg)(~iV)),

:O(N+N72O‘)

(4.48)

where we used that [|Pgllee < N2 and ||p?@pllee < N7! from Lemma 2.1.
Plugging this into (4.46) and using that Uy (s)N;Uy(s) = O(N4 + 1) proves the
claim (note that we obtain a factor 1/2 from the double integral in (4.46)). O

Lemma 4.9. As quadratic forms on %, we have for a > 0

UsN .U,
UrHiU, = —A, + \/(1 - QNM> a(VNWy ) + hoc. + dT(Wy,) + &5
+

where

+67) S N7 (N7 (W) + (W +1))).
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Proof. First note that Uy (—Az)U, = — Ay, since U, does not depend on the variable
x. Let us now turn to Q1. From Duhamel’s formula we obtain

U QiU = \/(1 ~ U‘I%U‘]L <a(\/NWN,x)
+ /O 1 U;(s)[a(\/NWN,x),Bq]Uq(s)ds> +h.c  (4.49)
We have (using that V', ¢pp are even)
[a(VNWi ), By] = N¥2a* (G Wiv) = O(NY2N*2| g ]| Wi |1 ). (4.50)

With Uy (s)N;Uy(s) S (Mg + 1) and Lemma 2.1 we thus obtain

UsN LU,
UrQU, = \/(1 — ‘1N+">+a(\/JVWN,x) +he +OWPN"2). (4.51)

Let us now turn to dI'(Wx ). Using the Duhamel formula again, we obtain for
te[-1,1]

Uy (AT (W 1)Uy (t) = dT (W 2) + /Ot Uy ()[AT(W o), Bg]Uy(s)ds.  (4.52)
Then, using the Cauchy-Schwarz inequality as in (4.21),
[T (W), By = N / Wi (@ — 1) @8 — 1)a’, a, + hec.
= O(N=2712A0 (W ) + N™2(N 4 1)). (4.53)

From (4.52), the above estimate, Lemma 4.5 and the Gronwall lemma, we first
deduce the a-priori estimate Uy (¢)dT (Wi 2)Uy(t) < (AT (Whz) + Ny + 1), for all
€ [—1,1]. Taking ¢ =1 in (4.52), we then obtain

Uy dD(Wiy)Uy = dD(Wiv,) + O(N=9/272d0 (W) + N2(Wy +1)).
(4.54)

This proves the claim O

Lemma 4.10. For o > 0, we have as quadratic forms on
U LUy =+ [ VNV, y h.c. + &V
¢~3Y%a =3 N(y1 — ?J2)%1ay2ay1 +he +Cp 7,

with, for all N~*%2 < § < 1,

ié’g") SNPNL 4+ 6NN +1)2 4 6L,
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Proof. Let us denote x(Ny) = /(1 — %)J’_ From Duhamel’s formula, we obtain
U L3Uy = X(USNLU,) / VNVi (11 — 1), gy, + hic. (4.55)

1
FXUENGU) [ U3(5) [ VRV = w2)la], apnays, BylUy(s)ds + hc

To obtain £3U‘I), we need to extract the main contribution from the first term. With

WV1—2—1] <z and UsN U, S (N4 + 1), we find
1= (UINLT)| S NUN +1). (4.56)

This allows us to bound for § > 0, as in (4.21),

+ { (1 — X(U;NJ,_Uq)) /\/NVN(yl — yg)a;ayzayl + h.c.}

2
$OLu+ 6 (1= X(UNLU) ) VI
SOLy+ 6 INTINE (4.57)

To bound the commutator terms, one proceeds as in the proof of Lemma 4.6. That is,
one calculates the commutator, noticing that the terms linear in a*, a vanish on J%, ,
and then inserts an additional factor Uy (s)Uq(s) after a pair of creation/annihilation
operators to apply Duhamel’s formula once more. The details, with slightly different
conventions, can be found in [27, Lem. 6]. O

4.3 High-energy boson-impurity scattering: a Weyl transformation

As a next step we apply an z-dependent Weyl transformation to the Hamiltonian. Its
role is very similar to the one of U, used in the previous section. This transformation
corrects the scalar N W(O) from the excitation Hamiltonian to make the scattering
length ayy appear. Additionally, it renormalizes the high momentum part of the
interaction term Q1 by transforming it into a less singular interaction.

Let @1 be the solution to the approximate impurity-boson scattering equation (2.17)
cut-off at momentum N, for the same o > 0 as in the previous section (cf. Equa-
tion (2.18)). Define the unitary

U (t) = exp (t / VNGI(z — y)aidy — h.c), Uw = Uw (1), (4.58)

whose generator is clearly (essentially) anti-self-adjoint on D(./\/i/ 2). This transfor-
mation is very similar to the transformation U2 from Section 2.3 with x = N,
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except that the definition of @y also takes the interaction term dI'(Wy ) into ac-
count. Note that the generator is linear in a, a*, but if we were to include creation
and annihilation operators for the impurities it would be cubic in total. The trans-
formation satisfies the identities

Usyay,Uw = ay + VN@1(y — o), (4.59)
and
Uiy N Uw = N + (a(VNGLa) +hc) + [ VNG
= Ny + O(N"Y2(Ny +1)). (4.60)
The result of transforming the Hamiltonian with Uy is given below.

Proposition 4.11. Let 0 < a < 1/6, aw be the scattering length of W defined
by (1.2), and recall the Hamiltonian Uy HNUq from Proposition 4.3. Then, we have
as quadratic forms on J€,

U U HNU Uy = dmay (N — 1) + 8maw VN + el
+HGE) + HEW 4 €W,
where
1) — AD(—A + 2V(0) — Sray) + Lo + L5 + L4,
and (with the notation f.(y) = f(x —y))
Hip™ = =8, + (@"(Wn) + he) + (0" (VNiVED))” + he.) +dD (W)
—2a* (VN(iV@1)2)iVe + hee. + 2a* (VN (V@) ) a(VN (V@)L

WN(p) = 87TC1W]10<|p‘§Na s
4ﬂav)2-F2(4ﬂaw02
p? ’

e§\[/]W) = 47N (Qyy — av) + 8V N (aw, — aw) + Z (

pe2nzZ3
0<|p| <N

and the error term EUW) satisfies
+&OW) < N=2(1 4 Ny 4 L4 +dD(Wip)) + N71H2N2 1 N=V4AD([iv)).
Proof. Let us rewrite the result of Proposition 4.3 as

UHNU, = dmay(N — 1) + e + Hig + Hp + EU), (4.61)
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with
Hip = VNW(0) — Ay + dT(—A) + QY7 + dT (W),
Hpp = dAT(NVy(=iV) + V(0) — 87ay) + Lo + L5 + L4, (4.62)

In Lemma 4.12 below, we prove that Hpp remains essentially unchanged by the
transformation Uy, except that we will be able to simplify NVy(—iV) to V(0).
The relevant changes thus occur in the part of the Hamiltonian describing non-
interacting bosons coupled to the impurity, that is in Hig. Let us therefore consider
Uy HisUw

Estimating U{,“VQ?‘]UW. The action of Uy on Qlqu is easily evaluated using the
identity (4.59):

Uiy QY Uy = \/(1 - UWUJyv*UqUW) (a(VN W) + N(Wx, 1)) + hec.
Jr
(4.63)

By Equation (4.60) and Lemma 4.5, we have for all ¥

(- - ) )l

5 IN T UR USNL U U )| S [N (N + 1)) (4.64)

By the Cauchy-Schwarz inequality,

2 (@, a(VEN W) )| < (/WN(x—y)]]ayql]\z)l/z(/NWN)1/2H¢>]. (4.65)
—

=(U,dT(Wy )W) =VNW(0)

Thus Lemma 2.2 with (2.4) and using that N(Wy,@1) = O(N'/?) by Lemma 2.2
yield
Uiy Q1" Uw = 2NRe(Wy, @1) + (a(VNWy ) + h.c.)
+ONTV2 A0 (W) + N2 (NG 1) + NTHNG + 1)),
(4.66)

where the last line can be absorbed in £Uw).
Estimating Uy, (dI'(—=A) + dI'(Wn ) ) Uw. With the shift property (4.59), we find

Uiy dU (W 2 ) Uy = AT (W) + (a(VN(Wx@1)2) + hec.) + N{(@1, Waer),
(4.67a)

Uiy dT(—=A) Uy = dT(=A) — (a(VN(A@1).) +h.c) — N(@r, Agp).  (4.67b)
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We keep these terms to combine them with those coming from @ and —A, later.
We also note that, applying the Cauchy-Schwarz inequality as in (4.65), we have the
a-priori estimate

Uy dU (Wi 2)Uw < dD(Wi ) + N{(@r, Wy @) < dT(Waz) + VN. (4.68)

Estimating Uy, A Uy . As the generator of the transformation Uy depends on the
position = of the particle, —A, also transforms non-trivially. Using that V,¢1, =
—(V 1)z, the shift property (4.59), and that ¢ is real, we find
1
Uy (—iVa) Uiy = —iV, + / ds Uiy (s)] = iV, a* (VN@L) — hoe] U (s)
0
= —iV, — (a*(VN(=iV@r).) + h.c.), (4.69)
and thus
2
Uy (—A2) U = (= iV = (" (VN(=iV@1).) + hec.) )
= -A—a*"(VN({iV@p),)2iV, + hec.
+ 20" (VN(=iV@1).)a(VN(=iV@1)) + a* (VN(=iVE1).)? + hec.
+a* (VN(=A@1)z) + hee. + N(@r, (=A)@r). (4.70)

Combining the scalar and linear terms. We now combine the scalars and terms linear
in a,a” from these equations, which add up in a non-trivial way. The remaining
errors will be estimated at the end. Together with /N I//I\/(O), the scalar terms
from (4.66), (4.67a), (4.67b) add up to

VNW(0) + 2NRe(Wn, @1) + N{(—2A + Wx) @1, ). (4.71)

Similarly as in (4.17), using the scattering equation (2.17), the definition of ay, in
(2.19) and that @y, = ap + O(N~/?) from Lemma 2.3, we obtain

VN8maw, + (Wn(1+ @1), &1 — 1)

- 4 2
= VN8raw, +2 > @ + O(N?=1/2), (4.72)
Ip|<Ne

Gathering the terms linear in a, a* from (4.66), (4.67a), (4.70) and (4.67b) yields

a(\/ﬁ( (—2A +Wn)pr + Wy )x) + h.c. (4.73)
=f
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Using the scattering equation (2.17) for ¢, we see that the Fourier transform of the
function f above equals

~ —

f(p) = —p*@1(p)Lo<ipi<ne — W (o1 — @1)(p)
= WNﬁ‘PI)(p)HOdMSNQ — Wi (g1 — &1)(). (4.74)

By the same reasoning as (4.19) and using that aw, = ap +O(N~'/?) from Lemma
2.3, we have with o < 1/6

(W (L + 1) (p) — 8raw ) Ljp<yell2 S N?*/271 4 N3271/2 < N=e/2 - (4.75)
Moreover, using the Cauchy-Schwarz inequality as in (4.65) and Lemma 2.2, we have

+(a(VNWx (o1 — @1)z) + hoc.) S 8AT(Wiy ) + 6 INTY/242 (4.76)
Choosing 6 = N~%/? and using that o < 1/4, this yields

a(VNf.) +hc=a(Wnya) +he+ O(N"2(1 4 dT(Wy,))), (4.77)
with the modified interaction WN. This proves that

- 4 2
Uiy HisUw = 8maw, VN +2 > @

Ip|<Ne
+ON2AT (W) + Ny +1) + NTH WV + 1)), (4.78)

+dD(—A) + HTW)

Estimating Uy, € Wa) Uy, Tt remains to track the behavior of the error terms &(a)

under Uyy. Using the a-priori estimates from Lemma 4.12 together with (4.68) (note
that dT'(Wy,.) appears with an additional factor N~1/2 in the error £(V4)), we obtain
that Uy, & WUa) Uy can be absorbed in £UW). This completes the proof. O

Lemma 4.12. For o > 0, we have as quadratic forms on
Uty (Lo + AD(NVy (—iV)) + LY + L) U = Lo+ V(ONy + LY + L4+ ETW),
with
LG S N7 (14 Ny + L4) + N7/3+/04((iv)).
Moreover, we have fort >0
Uy N5 + 1) Uw S (N + 1),
and

Uiy LaU < Ly 4+ N7Y/3H/04D(|iV]) + N™¥2(NV, 4 1).
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Proof. Estimating Uy, (N4 + 1) Uy . For integer ¢, this bound follows directly from
the identity (4.60) together with (2.4). The general case then follows by interpola-
tion [47].

FEstimating U{fVZQUW. For the quadratic term L we calculate using the shift prop-
erty (4.59)

Uf/kVZQUW = ZQ + 2 / \/NYN/N(yl — yQ)QBI(J:‘ — yl)ay2 + h.c.

4 / NV (31 — 12)@1(y1) 31 (u2) - (4.79)

UV oo VR ZIZEN -0
With |V * VNGl < [V lleo | VN illa < N~%/2 from Lemma 2.2, we thus find
Uiy LoUw = Lo+ O(N~2(N, +1)). (4.80)
Estimating U;‘VdF(N‘A/N(—iV))UW. Similarly as above, we find

UsyydD(N Vi (=iV)) U = dD(N Vi (=iV)) + (a( N¥/2(Vy (=iV)@1). ) + hec.)
oSN -a/2
+ N*{(@r, Vi (—=iV)@1), (4.81)

SN-«

and

AT (NVn(—iV))
= Y Vo/Naa,=VON: + Y (V/N) = V(0)) asa,, (482)

0#£pe2nZ3

<N-1dI(iv])

where it is used that |y|V € L'(R?), as in (4.19).
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Estimating U{,‘VE4UW. For the quartic term we have

1 * * *
Uy LsUw — L4 = 5 / Vn(y1 — yg)UWaylayzaylayzUW — Ly

= /mVN(yl —y2)p1(z — y1)ay, a;,a,, +h.c. (4.83a)
+ é / NVi(y1 — 12)31(& — 11)@1(e — y2)a’, a, + hc. (4.83D)
+ /NVN(y1 —y2)P1(x — y1)@r(z — yo2)ay, ay, (4.83¢c)
+dT (N Vi [ @1e]?) + <N3/2a((VN *|@rel*) 1) + h-C~) (4.83d)
45 [ VB0 Plnate) PV — v2) (4.83)

To start with, the Holder inequality yields for the scalar in the last line
0 < (4.83¢) S [NVx |1 IVNal3a1ll3 < N2 (4.84)

The second term in (4.83d) can easily be estimated using Lemma 2.2 by

+ (N*2a((Vx # |Z12)P1e) + hec.)
S INV G NVNGilla(WVe + 1Y S N2 +1)Y2 (4.85)

The first term in (4.83d) is non-negative and will also be used as a reference to
bound other error terms later. By the Sobolev embedding of H'/2(T?) into L3, the
norm of a multiplication operator from H/2 to H~/2 is controlled by the L3-norm
of the multiplier. By Lemma 2.2 and Young’s inequality we thus have the bound

(¥, dT(NViy * |f1e )W) S [NV * @[3, dT([iV]) ®)
< N~UFIB0 dr([iv|) ). (4.86)

We can now estimate the other error terms, starting with the cubic term (4.83a).
Using the Cauchy-Schwarz inequality as in (4.21) we obtain

+(4.832) S N72L, + NY2dD(NVy * |Pr.)?). (4.87)
For the quadratic term (4.83b), we have similarly by the Cauchy-Schwarz inequal-
ity
+(4.83b) S N™Y2L, + N¥/2(4.83¢) S N™Y2 (L4 +1). (4.88)
A similar reasoning gives

+(4.83¢) S AD(NVy * |Pre|?) S N~UHOB4r(|iv). (4.89)
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We have thus obtained that

Uiy LUy = L4+ O(N‘a/2£4 + NN+ 1)+ N‘1/3+a/6dF(]iV|)). (4.90)

In particular, this proves the claim on Uy, L4Uyy .
Estimating U{,‘Vﬁgq Uy, . For the cubic term £3 we have

1
Uﬁ/ﬁgqUW - £3Uq =3 / \/]VVN(yl - yQ)Uf}VaZla;alew +h.c. — qu

_ 1 - .
=dI'(NVy * ¢14) + 5/NVN(y1 —y2)P1.2(y1)ay,ay, +h.c. (4.91a)

1 ~ * *

+ i/NVN(yl —yo)pr(x — yl)aylay2 + h.c. (4.91Db)
3

+ §a((N3/2VN * Pre)Pre) + hec. (4.91c)
1 ~ -

5 [ NV - 92)Be )l ()P (491d)

These terms are estimated by similar means as for £4. Similarly to (4.86) and (4.89),
we obtain

+(4.91a) < (INVy # |@1]lls + [N Vi [l [ @1]l)dD([iV]) S N7V32/3d0([iv)).
(4.92)

For the quadratic terms in (4.91b), we have by the Cauchy-Schwarz inequality

+(4.91b) < N~/2L, + N*/2N? / Vi (y1 — y2)|@1(y2) 2

SNY2(L,+1). (4.93)

The linear terms in (4.91c) are estimated by

+(4.91c) < 2| (Vv * @1)@1l2NG” S N7 (W +1). (4.94)
Finally, the scalar term (4.91d) is bounded by the Holder inequality and Lemma 2.2

|(4.91d)] < [INVwIlllrll2N @il € N7 (4.95)
Together, these bounds show that

Uy £3°Uw = L3 + O(N™2 (Ly + Ny + 1) + N7/340/040(jiv))). (4.96)

This completes the proof of the Lemma. O
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4.4 Scattering of soft boson pairs: a cubic transformation

We now apply a transformation in the boson variables whose generator is cubic in
creation and annihilation operators. This transformation eliminates the cubic term
qu while turning dI'(2V (0) — 87ay) into d['(8way).

Such a renormalization has its roots in [51], where a cubic non-unitary transforma-
tion was used to derive the upper bound to the Lee-Huang-Yang formula. Later in
[4, 3], a unitary version has been implemented to prove optimal rate of condensation
and derive the low-lying excitation spectrum in the Gross—Pitaevskii regime.

In [44], a cutoff in the number of excitations 07 (N1) ~ Lnr, <y was introduced
in the kernel of the cubic transformation. The idea is that if we know a priori a
condensation rate on the low-lying eigenvectors (¥, N, ¥) < My < N, it is enough
to renormalize the sectors with N < M for M > Mj. The the rate of condensation
provided by Condition 4.1 means that it we can work on sectors with Ny < M for
some M > v/N.

Our implementation of the cubic transformation essentially follows [27], although
an important difference is that we have to use dI'(|iV|) instead of dI'(—A) in the error
estimates, as the latter would interfere with the renormalization of the impurity-
boson interaction explained in Section 3, because Q(Hpr) € Q(dI'(—A)).

Let @p be the truncated scattering solution for the bosons (2.15), as in Section 4.2.
Let 6 : Ry — [0,1] be a smooth function satisfying 6(z) = 1 for |z| < 1/2 and
O(x) =0 for |z| > 1, and set Opr(x) = O(x/M). We define for M > 1

Ue(t) =B, U.=U.(1), (4.97)
with the generator
Be = 0nr(N+)BE — B. 0a(N), (4.98a)
Bf = Y \/NaB(P)]HqKNWanip@q? B = (Bf)". (4.98b)
p,q€2nZ3\{0}

Note that, due to the cutoff 6, in N, B, is a bounded operator, since

R 1/2
(@, B:0)] < (stzB(p)Qnaq(M + 1>—1/2<I>u2)

p.q
1/2
< (3 lapraa-pN + 2729017
p,q
< NV INGo LRIV + 270, (1.99)

Denoting by x € L?(T?) the (even) function with Fourier coefficients X(p) = 1jpj<ya,
we can also write

B = VN [ (o~ )@l — ), 03,00 (4.100)
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The main result of this section is the following proposition.

Proposition 4.13. Let 0 < o < 1/8 and M = NY/2Ha/2 - Let Hy be given by
Proposition 4.2 and recall its transformation by U,Uw given in Proposition 4.11.
We have as quadratic forms on J€

U U Ui HNUUw U,
= dmay (N — 1) + 8maw VN + eg\[,]W)
= Ay + (a(Wha) +hee) + (0" (VN(=iV@1))* + he.) +dD (W)
— a*(VN(iV@1)2) 21V, + hec. + 2a* (VN(iV1) . ) a(VN(iVEr).)
+dD(—A + 8ray) + Lo + L4+ EY),
where EUe) satisfies
+ W) S NTPAL (Wi o) + N~/ 4Ly + N7V
+ N~4(log NAT'(|iV|) + Ny 4+ 1+ (N +1)V2|V,]).

We first give the proof of Proposition 4.13 using the commutator bounds and the
a-priori estimates of Lemmas 4.14, 4.15, 4.16, 4.17, 4.18, 4.19, 4.20, 4.21, 4.22 and
4.23 below, which we then prove in the remaining part of this section.

Proof of Proposition 4.13. From Proposition 4.11, we have (with the definitions
given there)

U U U HN U U U, = dmayy, (N — 1) 4 el
+UHI U+ v U, + U, (4.101)

Let us estimate the three terms above separately.
Estimate of UrH\W U Recall that

1) — AD(—A +2V(0) — Sway) + Lo + L5 + L4,
We first deal with the term dT(—A) + £57 + £4. With
U ! U Lol U
Uz Llu, - / U (s) LU (5)ds = / / Us(0)[£%, BJU(H)dtds  (4.102)
0 0 Js

and Duhamel’s formula, we may write

U (A(=A) + L5 + L4) U
1
— AT (—A) + L4 + /0 Uz(s) {[AD(- ) + L2, B + £57} Un(s)ds  (4.103)

1 1
+ /0 / U= (0)[£Y7, BJU.()dtds. (4.103b)
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With the cancellation showed in Lemma 4.16 below, the error bounds from Lem-
mas 4.14, 4.15 and the conservation estimates of Lemmas 4.22 and 4.23 we find,

(4.103) = AT(=A) + L4 + & (4.104)
with, using that M = N/2+%/2 and o < 1/8,
+& S N™YALy 4+ AT (iV]) + Ny + 1) + N~Y2e/4p2, (4.105)

Using Lemma 4.18 for the commutator with qu yields with M = NV2+a/2 apd
dI'(]iV]) > N4 on % (note that the double integral gives a factor of 1/2)

(4.103b) / / U (t)(4dD(8may — V(0)) + &z, 5,)) Ue(t)dtds (4.106)

= 2d0(8may — V(0)) + O(N™2Ly + N~/4AD(iV]) + 1) + N~Y22/2\2),

by the conservation estimates of Lemmas 4.22 and 4.23.
Together with the estimate on the transformation of Lo from Lemma 4.17, this
shows that

UrHIU, = dD(=A + 8may) + Lo + L4+ EF, (4.107)
where 8](3 *) satisfies the error bounds claimed for £Ue).
Estimate of UC*HI(gW)UC. Recall that
Hip™) = =8, + (" (W) + he ) + (" (VN(=iVE1))” +he.) +dD (W)
—2a* (VN (iV@1)2)iVa + hec. + 2a* (VN (iVP)2)a(VN(iVPL),), (4.108)

and note that UXA,U. = A, since since B, does not depend on x. By the Duhamel
formula, we then have

v, = 1gw +/ U ()[HYY) + Ay, BJUL(t)dt (4.109)

The commutators of individual terms are estimated in Lemmas 4.19, 4.20, 4.21
below. Combining these bounds with the conservation estimates of Lemmas 4.22
and 4.23, we obtain, setting M = N/2t%/2 and using that o < 1/8

1
+ / U ()M + Ag, B|U(t)dt (4.110)
0

< N~Y2d0 (W) + N~4(log NAT([iV]) + (N + DY2| V| + Ny + 1),

which can be absorbed in the final error term £(Ue).

Estimate of U EWwWIU,. Recalling the bound on the error £UW) from Proposi-
tion 4.11, the expression UC*(‘:(UW)UC can be absorbed in the error UVe) by Lemmas
4.22 and 4.23. ]
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Commutator estimates: Boson Hamiltonian. Here, we treat the commuta-
tors of B, with the different terms of the boson-Hamiltonian. To remove the cutoff
O (Ny) from the leading terms, we will make use of the inequality

001t — 1) = Oar(8)] S M~ y<nria, (4.111)
which follows from Taylor’s theorem.

Lemma 4.14. For alla > 0, M > 1 we have

[dD(=A),B] =~ Y VN(Vn(p)+Vn*@p(p))as a0’ paq+h.c.+Eara) 5.
p,q‘€2|7r23\{0}
q|<N<

where the error satisfies uniformly in M

+ Elar(-a),B.] S N=ALy + Na/4M71(N+ + 1)2
+ VM N®/271210g NAT([iV]) + VM N3/27V2(N, +1).

Proof. A simple computation gives

00 (N4)[dT(-A), B
= 00 Y VN(20” + 209) P (P) 1 g < vty ga” paq.  (4.112)
p.q

By the scattering equation (2.14) (note that @p has no cutoff)

2p°%p(p) = —(VN(p) + Vi * &g (P) L nes (4.113)

so we need to remove the cutoff 1},-yo and 6 from the term with p? in order to
obtain the leading term from the claim. Using the Cauchy-Schwarz inequality as
in (4.99), we find

‘<qf 0N S VN(Un(p) + Dy @B(p))a;+qatpaqxp>'
Ip|,|q|<N™
S VN((Vw + Vi # @8) Ljpjena 2NV 20|02 (NN, 0|
< VMN~Y2E2 N P2, (4.114)

which can be absorbed in the error and allows us to drop 1}, ye. To remove 6y,
we first write

Z \/N(VN(p) + ‘7N * OB (p))]l|q|§Naa;+qaipaq

pq

= [ Xt = ) VAV + 98) (32 — 91), 05,00, (4115)
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where x € L?(T?) denotes the function with Fourier coefficients X(p) = Lj,j<na. We
then use that 1 — 0y, (NVy) < M N, together with the Cauchy-Schwarz inequality
(as in (4.21), (4.29)), to obtain for § > 0

+ ((1 —0n(NG)) D VN (Vy(p) + Vi PB(P))ayy 0" pag + h.c.)

P,q
lg|<N™
S8 [Vt pn) - p)ag,afanan + 5N [ty - e,
SOLy+ 6 ' MTING, (4.116)

Choosing § = N~%/* here gives the required bound on this term. It remains to
bound the term coming from the pg-part in (4.112). This satisfies, for all § > 0,

+ (QQM(N+) Zp . q\/N?EB(p)]IMSNQ Uy qO g + h.c.)

Y2
SO0k D Iplldlapigatyapaprg 67N Y |pllalle () agaq
p,lg| <N« p,lg| <N«
S ONO3AT([IV )Ny + 6~ N[||V[/2Gg[5dT (JiV)). (4.117)

Using that N+0%4 < M, Lemma 2.1, and choosing § = M~1/2N—9/2-1/2]og N then
completes the proof. ]

Lemma 4.15. For all o > 0, M > 1 we have as quadratic forms on €y

[L4,B)= > VNVyx@glpay,,a°,aq+he +Ep, 5,
qu|€2‘7f23\{0}
q|<Ne

where the error satisfies uniformly in M and § > 0
£Ei2,5) S 0La+ 8T (MNT + DMN TN 1) + MTI6TING.

Proof. Following the proof of [27, Lemma 12] (with ag replaced by v/N and using
6pr to bound any powers of N in excess of one), we arrive at
001 (N3 )[Ly, BY]
= 00N Y VNVN(p — 1)p(r)Lg<nadl, g0 yag + & (4.118)

r7p7q
with
+€ 4+ he SOLy+ 0 Y (MN L+ 1)MNIBYN, +1). (4.119)

By the bound (4.116), the error due to the removal of 83, from the main term can
be absorbed in &z, 5,)- O
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Lemma 4.16. For all « > 0, M > 1 and with the definitions from Lemma 4.14,
Lemma 4.15, we have as quadratic forms on J€.

[AT(=A) + L4, B.] + L5 = Ear(-a)5. + Eicap) + ONT2(Ly+dT([iV]))).

Proof. Combining Lemma 4.14, Lemma 4.15 and the Fourier representation of £3Uq,
we obtain

[dF(—A) —I-,C4,B ZfVN ]l‘q|>Naap+q _paq + h.c.

+ 5[d1"(_A)7BC] + 8[54735]' (4.120)
With the function defined by 7(p) = 1},~ y= we have by the reasoning of (4.116)

Z\/»VN ]l‘q|>Naap+qa aq—i—hc
p.q

SO0Ly+ 0" /n*ny y)aay/—5£4+(51 Z Upap. (4.121)
p|>N

Clearly, the last term is bounded by N~*dI'(|iV|), so choosing § = N~%/2 proves

the claim. O
Lemma 4.17. For all « > 0 and uniformly in M > 1 we have as quadratic forms
on Fp.

(L2, B:] = O(VMN*Y2(N, +1)).

Proof. From the definition of L5 in Proposition 4.3 and using that a, N = (N} +
1)ap, we have

(L2, 00 (N3] = (O (Ny) — 0Ny +2)) > 4drayapa, + hec. (4.122)
[p| <N«

Using the bound (4.111) on the difference for 0y, together with the bound (4.99) on
B., gives

(@, [La, OarN)IBE DY S N2 MY N Ly <onr W[ (N + 1) 2Dy, <ons O
SVMN3 (N + 1D)Y20)2. (4.123)

Due to the cut-off 1|~ ya in the definitions of op and B}, we have

[£2aB+ —877‘1VZ \ ‘PB ]llq\<N°‘a—p p+qa:1

— 8may Z \/>g0B ]l|p+q|<Na]l|q‘<Naa A (p+q)Qq- (4.124)
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With the reasoning of (4.114) we get from this

00031 (N ) (Lo, BEO) S VB oo N2 N W L, <o 0]

SVMN V2o 12y 2, (4.125)

Together with the bound on the commutator with 6;; this proves the claim. O
Lemma 4.18. For alla > 0, M > 1 we have as quadratic forms on F;

[£57, B.] = 4(8may — V(0N + Eicy 5,
where the error satisfies uniformly in M

&1y 5 SNTPLy+ NTOAD([iV]) + MN T2 (N 4+ 1) + MTINZ,

Proof. The proof follows the computations carried out in [27, Lem.15], with the only
difference being the cut-off 8;; that does not entirely commute with £3Uq, which we
deal with in the same way as in [44]. First, write L’gq = L3 + L3 with

1
i = / VNVi (g1 — yo)a?, a’, oy, (4.126)
and L3 = (£35)*. With this, we find
(L5, 00 NIBE = (£, s (N)]BS
+ (O Ny + 1) = O (VL)) (B L3+ [£5,BF]). (4.127)

Using the bounds (4.111) on 6y, (4.99) on Bf and the Cauchy-Schwarz inequality
(as in [44, Lem.26)), gives

(L3 [0 WN4), BE] + (On (N4 +1) — 0ar(N1))BI L3 +hec)
SN™2Li+ MNTV2(N +1). (4.128)
In view of (4.127), we thus have
1£59, B, = 00 (N [LE, B + 00 (Ny + 1)[L5,B] + hee.
+ O(N2Ly+ MNTIT2(N, + 1)), (4.129)

The remaining relevant terms correspond to those denoted (I) and (II) in [27,
Eq.(77)]. Following the proof there yields (replacing a;r], ap by V'N and thus ig-
noring their commutators)

O (NODLT, BF] = O(N~Y2L, + MNTHY(N, +1)). (4.130)
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Now following the proof from [27, Eq.(79)] on, we find (note that the term (II), in
our case is just equal to (II), with agao is replaced by N)

O (N4 +1)[L5, B = 0N +1) > N (Vv G (0) + Viv * P () g <nveagag
q
+ O(N™2Ly + MNTIF2(N, 1)), (4.131)
As in (4.19), we have
N[V = &p(q) — Vv * @p(0)] < lgIN 7", (4.132)

< N7+ from Lemma 2.1, we obtain for |¢| < N

~

and together || — ¢B|loo
NV &p(g) — NV * @p(0)] S N~ (4.133)
Using this, we have
O (Ny +1) Z NVy * @B(q)]lm‘g]vaaz%
q

= 0Ny +1) Y NVy % op(0)Ljg<naaiaq + O(NTONL). (4.134)
q

By definition (2.16), NVy % $5(0) = 8mdy, — V(0), which is bounded in N. To
remove the cutoffs 6y and 1<y, we use that

3" NV # 35(0)1 )5 naalag = O(N~dL([iV])), (4.135)
q
and
(1 — 0N +1) Y NV # pp(0)aiag = O(MIN2). (4.136)
q
Since ay,, = ay + O(N~!) by Lemma 2.3 this proves the claim. O

Commutator estimates: Interaction Hamiltonian. We now prove bounds on
the commutators of B, with the terms in the interaction Hamiltonian.

Lemma 4.19. For all o > 0 and uniformly in M > 1 we have as quadratic forms

on Fp

[a*(Wi2), Be] + h.c. = O(N* Y2V +1)).
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Proof. Recall that Wy (p) = 8maw 1y <ne. Since
[ (W), 00 (N = (O (Vs — 1) — Oar(N))a* (W) (4.137)
and with (4.111) as well as (4.99) we find
(W, [a* (Wi a), 0B O)| S W 2NV (MY [y, <ons B
< N2 MYV N@g||a IV AU [, <onr (N + 1)
< N7V + )Y 22 (4.138)

For the commutators with B, we have

Orrla*(Wh.p), BY] +hc. = > \/JVGEB(p)HMa;ﬂaipWN,x(q) + h.c.
P

= O(N"V2|N@g || Wy alla (Vs +1))
= O(N* V2N +1)). (4.139)

A similar bounds holds for 6, [a*(WN@),Bg |. Together, these inequalities imply
the claim. ]

Lemma 4.20. We have as quadratic forms on 2. for all « > 0 and uniformly in
M>1

+[AD (W), Be] < (M/N)VENVAFdr (W) + Ny).

Proof. First, note that dI'(Wyx ) commutes with 67(N1). Using the representa-
tion (4.100) of B}, we compute

[d0(Wh ), BY] (4.140)
= /\/N@B(m —y3) (Wi z(ys) + Wi e(y2) — Wz (y1))x(y1 — ys)ay,ay,ay, -

Using the Cauchy Schwarz inequality similarly to (4.65), we get for any 6 > 0 the
bound

+ (/ VNGB(y2 — ys)X (11 — y3) Wi e (y1)a),al,ay, + h.c.>

< AT (W i) + 8 N Wall1llx11311 @B 3N (Vg — 1). (4.141)

The other terms in (4.140) satisfy the same bound with N? replacing N (N — 1).
With N|[|[Wxll1lxI3]@sl? < N~3/272% and choosing § = v/ M N~3/4+e this yields

+ (Op (N [ATD (W ), BF] + h.c.)
< (M/NYYAN=VAHAqD (W) + Ny) - (4.142)

and proves the claim. O
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Lemma 4.21. Denoting g = vV NiV @y, we have that for all 0 < o < 1/6 and
uniformly in M > 1, as quadratic forms on &,

+([a*(g)% Be] + hc.) S VMN~37% (log NAT(|iV]) + 1), (4.143a)
+([a* (ga)a(ge), Be] + h.c.) < VMN~175 (log NAT([iV]) + 1), (4.143b)
+ ([0 (92)iVe, B + hoc.) S VMNTE73 (dD([iV]) + Wy + 1)MY2[iV,] +1).
(4.143c)

Proof. Note that ||g]lz < NY/* by Lemma 2.2. We prove successively the three
inequalities.

Proof of (4.143a). We start by observing that [a*(g.), Bf] = 0 due to the cut-off
1j4<ne in the definition of Bf and 1|4<neg(g) = 0. For the commutator with B,
we find

B ,a%(9:)") = 2> VNG5 (p) g <vaba(p + 0)3:(—p)a; (4.144a)
b,q
+23" VNG (p) 1y <nae(p + q)a* (9z)ala—y (4.144b)
p,q
+2% VNG (P jgj<neGe(—p)a" (9:)aapiqg- (4.144c)
p,q

With g+ 50l < 113131 8sll2 < N7'/27/2 by Lemmas 2.1, 2.2, we find
(4.144a) = O(N~?(N} + 1)/?). (4.145)
To bound the other terms, we will use the inequality
la(VA) @] < V]2 f 2| (AT (EV]) + 1)/ w]). (4.146)
For the first one, this yields with § > 0
+((4.144b) + he.) S I[VIVPGB AL (V) + 1) + 67 gl3 IV NG 3G +1)%.
(4.147)
For the second one, we have similarly
+((4.144¢) + hue.) S O)|VIV2@ BT (IV]) + 67 N |gl12 VNG 3V +1)%.
(4.148)

Using Lemma 2.2 and o < 1/6, combining with 6,,(N;) and then choosing § =
VMN~Y4=2/2 e find

+ ([B.,a*(92)"10m (V) + hec)
< VMNTYA=2 (10g NAD(JiV]) + N + 1), (4.149)
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It remains to estimate
[a*(g2)%, 00 (N)IBS +hee. = (Oar(Ny) — Oy (N +2))a*(92)° B +h.c. (4.150)
With the bound (4.99) on B, and (4.146) we obtain

0,57 (02 0rs (A )
S gl V172V NG oIV 20| MYV N Ga | v, <on (N +2)2¥
SVMN-VA RV + 1) 2 (4.151)
by Lemmas 2.1, 2.2. This proves the claim on the commutator with a*(g,)?.
Proof of (4.143b). The argument for the commutator with a*(g,)a(g,) is similar
to the bounds on (4.144b), (4.144c), as all other terms vanish in this case.
Proof of (4.143c). Let us now deal with the term involving a*(g,)iV,. We have
[07(92)1Va, Be] = [a"(92)1V e, Oar (NGBS — B 0 (Ny)]
= (O Ny — 1) — 0pr(NL))a*(g2)iVaeBF (4.152a)
+ (O N3 + 1) = On (N5 ))a™ (92)iVe By (4.152b)

+ 0Ny +1) > VNG gene (0,5:(0 + @) + 65.4452(p) ) agiVe.
p,qe2nZ3\{0}
(4.152c)

We used here that V, commutes with B, and that [a*(g;)iV,, BI] = 0 because of
the cutoffs in the definitions of g and Bf. To obtain the desired bound, we need
distribute V, to the left and right argument of the quadratic form, since otherwise
we would obtain a bound by —A, and not |V,|. To do this, we use that

0" (92)| Vel = [Val 20" (92) Va2 + (0" (g2), [V V)| Va2, (4.153)
With iV,e % = e~ #2(iV, + k) and ||p — k|'/2 — |p|"/?| < |k|Y/2, we get that

Va2, alg) Wl S D7 IR g(R) lax W] S llglllldT(EV]) /@] (4.154)
k

Using this and the estimate on B, and B} (4.99), we obtain

| (W, (4.1522)T) |
< MYV2NTY2| NG o lglal| (Vs + 1)V 2w

+ MYANTV2 NGl lglla AT (7)Y 2@ [V + 1),
< MURNTVARR (N 1), [

+ MYANT 2 ar (i) V2RV + 1)V 2
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where we used that (0 (N+—1) =0y (V1)) S M~ Mpr, <onr and [[N@p|l2 S N7/,
Similarly, one shows that (4.152b) satisfies the same bound. For the third term, we
commute again |V,|'/2, and a similar reasoning leads to

(U, (4.152¢) W) | S M'2NTY2|NGglalglll| (N4 + 1)V, V20> (4.155)

+ MYANT2INGg 2| 1) vl Izl V29 oo

X NG+ DV + DYV )

S ]\41/2]\[—1/4—a/2”(./\/'Jr + 1)1/4|vx|1/2\1!”2

+ MYANTER WL+ 1)V [N+ DYV 2,

where we used that [[|V]/2gllee S VN|p*2G1]lec S VN[5 151]15" S N2
from Lemma 2.2. The above can be absorbed in (4.143¢) as N} < dI'(|iV). This
concludes the proof. O

Conservation estimates. Here, we prove that the operators appearing in the

bound on the error term remain of the same order when transformed with U,.(t) =
tB.
e'Pe.

Lemma 4.22. For all s > 0, we have uniformly in M >1 and t € [—1,1]

UL(t) N UL () = N + O (N2 (N + 1)),
Ue(t) (N + 1)°Ualt) = O((W + 1)),

as quadratic forms on J; .

Proof. This follows from a simple calculation of the commutator [Ny, B.] and Gron-
wall’s Lemma, see [27, Lem.10], and interpolation for non-integer s. ]

Lemma 4.23. Let 0 < a < 1/6, then we have as quadratic forms on

U, (t)*dD([iV])U.(t) = O(dT([iV])), (4.156a)
Uo(t)* LaUc(t) = O(La + Ny + MTINZ 4+ 1), (4.156b)
U (t) dD (W 2)Ue(t) = O(AT (Wi o) + N, ), (4.156¢)

uniformly in s € [—-1,1] and M < N'73«,

Proof. We start with the inequality (4.156a) and compute

[ ([iV]), BS] = " VNG (p)Ljg<ne(lp+ | + |pl — lal)ap ga” paq.  (4.157)

p.q
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Using that ||[p+q|—|q|| < |p|, we obtain by the Cauchy-Schwarz inequality, for § > 0

40, (N4 )[dT(|iV]), Bf] + h.c.

< 863 Z |play 4 qapapaprq + 5! Z Niplog (p)2]1|q|§N&a:;aq
P, P,q

< OMAT(|iV]) + 6 ' N log NNV, (4.158)

since ||[iV|'/2@g||3 < N~2log N by Lemma 2.1. Taking § = /N/(Mlog N) this

gives

+[dD(|iV]), B] < /M log N/N (N + dT([iV])). (4.159)

Let f(t) = Uc(t)*dI'(|iV|)U.(t). Then, as /M log N/N < 1 by assumption, we
obtain with AV < dI'(|iV]) on ;.

L) = U6 [d0([iV]), BI|U(t) S £ (D). (4.160)

The bound (4.156a) now follows from Grénwall’s inequality.

To prove the inequality (4.156b), we use the calculation of the commutator [Ly4, B,|
from Lemma 4.15. The principal term satisfies, using the Cauchy-Schwarz inequality
as in (4.116),

S Vn#@a(p)aj,,at ag +he. = O(Ly+N). (4.161)
p,q€27Z3\{0}
lg|<Ne

The difference of the principal term and the full commutator is bounded by using
Lemma 4.15 with 6 = 1 and the constraint M < N173% The claim then follows
from Lemma 4.22 and Gronwall’s inequality, as above.

The inequality (4.156¢) follows from Lemma 4.20 and Gronwalls inequality. [

4.5 Low-energy bosons: Bogoliubov’s transformation

In this section we apply the well known Bogoliubov transformation that diagonalizes
the boson Hamiltonian for momenta below N®. This goes back to the original work
of Bogoliubov [6], and has been employed in all subsequent works on the topic.
In addition to the standard computations, that we will omit, we will also need to
transform the boson-impurity interaction terms. The article [13] found a term in
the expansion of the ground state energy Hpy in powers of the scattering lengths
that does not come from the Bogoliubov—Frohlich model. This term seems to arise
from interaction terms that create or annihilate two excitations from the condensate,
which are generated by acting on dI'(Wy ;) with Ug. In Lemma 4.25 below, we show
that these terms are small relative to dI'(Wy ;). Since the latter contributes to the
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energy at order one, this shows that the contribution of these interaction terms is
small in IV, in our setting.
The generator of the transformation is

16
Be=: 3 log (1 I L;V)(apa_p—h.c.). (4.162)
pe2rz3\{0} p
[p|<N<

The action of the unitary U = €58 on the creation and annihilation operators can
be expressed by the explicit formulas

Uga™(f)Us = a*(Cf) +a(Sf),  Uga(f)Us =a(Cf)+a"(Sf),  (4.163)

where C, S are the Fourier multipliers with coefficients

_ 1 p| (p* + 16may p?)/4
Clr) = 2<(p4 + 16may p?)1/4 7] >]l|p|§Na + 1> ne
(4.164a)
1 p| (p* + 167Tavp2)1/4>
"2 - 1< ne- 4.164

Notice that C(p) = cosh(—%log(1l + 16way/p®)), and S(p) = sinh(—1log(1l +
167ay /p?)).

The main result of this section is the following proposition, which states that
for momenta below N the Hamiltonian acts almost like the Bogoliubov-Frohlich
Hamiltonian (1.8) with cutoff A = N, except for the continued presence of the
positive terms dI'(Wy ;) and Ly.

Proposition 4.24. Let 0 < a < 1/8 and U Uy, U; HNU,UwU. be given by Propo-
sition 4.13. Then as quadratic forms on 4

URUZU U HN U Un UoU
= 4ray (N — 1) + 8maw VN + eg\(,]B)
+dl'(w) — Ay + a(wny) + a*(wnz) + Hint,> + AT (W z) + L4 + W),
with
Smay|ple”P*
p* + 16mayp?)1 /4’

o~

Wy (p) = (

@N,x(p) = ﬁ}x(p)]l()<|p|<N0‘a
the high momentum interaction

Hine,> = (¢ (VN(=iVG1),)” + hec.) + 20" (VN(iVE).)a(VN (V1))
—2a*(VN(iV@1)2)iVye + h.c.,
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the scalar,

e\®) = 4N (v, — av) + 87VN (@, — aw)

1 1 Aay)?  2(4may)?
+ ) (2\/p4+167ravp2—2p2—47rav+( pz) + (pz )>7

0#£pe2nZ3
[p| <N

and where the error satisfies

+£WUB) < N=2qD (W) + N=/4L, + N7V2-o/in2
+ N=/*(log NAT([iV]) + Ny + 1+ (NVy + 1DY2|v,)).
As usual, we will first prove Proposition 4.24 assuming known the bounds the

estimates given by Lemmas 4.25 and 4.27, which we will discuss in the remaining
part of this section.

Proof of Proposition 4.24. First, note that —A, and My~ (which already appears
in Proposition 4.13) are left unchanged by Ug since the generator does not depend
on x and acts only on momenta |p| < N®. By standard calculations (see e.g. [27])
using the relations (4.163), one finds that

U (dT(—A + 8may) + L2)Up

Z ( p4 + 167Tavp2]l|p|§]va + (p2 + 87rav)]l|p‘>Na)a;ap
p
+ Z (1 pt + 16mayp? — }PQ _ 47“1‘/)' (4.165)
2 2

|p|<Ne

The second term contributes to eg\(,]B) and the first equals dT'(w) +O(N ~2%N\,) using
that

w(p) — (p* + 8may)[Ljpsne S N2 (4.166)

For the interaction terms on momenta below N%, one finds with (4.163)

Uiy (a(Wn2) +a*(Wn2))Us = 3 _(C(p) + 5(p))e_i”xVQVN(p)(aZ +a-p)

eiipx‘p|87TClW .
2 (p* + 16may p?)l/4 (ap+a—p), (4.167)
lp| <N

which gives wy ..
The terms dI'(Wy ) and L4 are preserved by Ug up to errors that can be absorbed
in £(UB) by Lemmas 4.25, 4.26 below. Moreover, UﬁE(UC)UB can also be absorbed in
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the error, where in the case of the error term (N + 1)/2|V,| we additionally make
use of the fact that V, commutes with both Ug, and N, which gives

U + 1) 2| Va|Us = Vo[ V2US (N + 1)U Va2
— O((Ns + )2V, ), (4.168)
by Lemma 4.26. This proves the claim. O
Lemma 4.25. We have for a > 0 as quadratic forms on
Udl (W o)Up = dT (W o) + O(N V4D (W) + N7YANG +1)).
Proof. Writing dI'(Wy ) as

A0 (W) = > e PO Wy (p — g)aja, (4.169)
p,q

we find from (4.163)
UKL (Wiva)Us = > _(C(p)C () + S(p)S(a)e™ P~V W(p — a)ajaq

P.q
+ZC’ e~y (p — q)aya, +h.c.
+ ZS )Wy (0). (4.170)
p
We have
S(p)* = (1= 1+ Torav /7?)° (8mav )* e (M (2rZ3). (4.171)

1 a <
4/p* + 16may p? [pl<Ne = pty/pt + 16may p?

From this the last term in (4.170) is a O(N~'/2). To bound the a*a* term, we
use that C(p) = 1+ H(p) with H(p) = /S(p)?+1 — 1. By the Cauchy-Schwarz
inequality, we obtain

:l:ZS =D Wy (p — q)ayay + h.c. —j:/WNx y)S(y — y')ayay +h.c.

ST (Wava) + 67 [ Waa)S(y - 30)S — o,
S 8d0 (W) + 6 Wil ISIBN + 1), (4172)
and

:I:ZH(p)S(q —iz(p— q)WN(p q)ayay + h.c.

SUIWn ol Sll2l H |2 (N5 + 1)
<N V2N, +1). (4.173)
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Since C(p) is uniformly bounded in N, this gives with § = N~1/4

Z C(p)S(q)e @9 W (p — q)anay + h.c.

= O(N"V*AD (Wi ) + NTVAHWN, +1)). (4.174)
From (4.171) we also immediately obtain

2 S)S(@e 00 Wlp — azag = OV, (4.175)

and 3> S(p)2W (0) < N~1/2. Writing again C(p) = 1 + H(p) and using the Cauchy-
Schwarz inequality as in (4.174) then gives

3" CW)Clq)e PO Wy(p — q)ataq

= dAD(Wxo) + O(N“V4AD (W) + NTVAHN, +1)). (4.176)
This proves the claim. O
Lemma 4.26. For allt >0 and 0 < o < 1/2 we have as quadratic forms on

UsNLUg = O(NE + 1),

UsNLUL = O(NE +1),

UiLaUp = L4+ O(NT12* 4 NTING),
URdL(JiV|)Up = O(dT(|iV]) + N4 +1).

Proof. The first three estimates follow from the same arguments as in [27, Lem.18]
(first, for integer ¢, and then for all ¢ by interpolation). The final inequality follows
from the fact that |p|'/2S(p) € ¢?(2rZ%) and C(p) < 1 by an argument similar to
Lemma 4.25. Ul

4.6 Excitation-impurity scattering: a second Weyl transformation

In this section we apply another Weyl transformation, similar to the one from Sec-
tion 4.3. However, it acts now on small momenta and the form factor of the trans-
formation is obtained from an equation involving the Bogoliubov dispersion relation
w, instead of simply —A, and the interaction wy instead of the potential Wy. The
transformation is closely related to the first step of the renormalization in Section 3.

Let k > 0, to be chosen later, and let @ > 0 be the parameter of the previous
sections. We define the function f € L?(T3) by

-~ @N(p)eip$ _87TaW|p|eipx]ln<|p|§Na

pr— —7]1 = .
f=(p) 2+ w(p) w<|p| (p? + /pt 4 16mayp?) (p* + 1671’Clvp2)1/4

(4.177)
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Note that this corresponds to f2 with A = N® in (3.3). One easily checks that
I fzll2 < 1, uniformly in x and N. We then define the following unitary transfor-
mation, which is similar to the Gross transformation used in the renormalization of
some polaron models,

Ua(t) = exp (t(a"(fa) —a(f2))),  Ua =Ucs(1). (4.178)

After this transformation, the Hamiltonian from Proposition 4.24 resembles closely
the operator (3.6) appearing in the renormalization procedure.

Proposition 4.27. Let k > 0, 0 < a < 1/10 and M = N1/2+e/2 " denote U =
UcU,UwU.Ug and recall the transformation of Hy from Proposition 4.24. Then,
for N > K

U*HnU = dray (N — 1) + Sraw VN + eld)
— A, +dT(w) + a(ws) + a*(wh) + a*(iVun,e)? + a(iVuy,.)?
+ 20" (iVun z)a(iVon ) + 20" (iVa0N )iV + 21V4a(iVaon 2)
+d0 (W) + Lo+ ED), (4.179)

where

@5 (p) = 8ma(W)|plw(p) ™/ 2P Loy <s:
87TClW ‘p’ eipﬂf

UNg = p*+ w(p) w(p)

VN@i(p)e™  N* < |p|,

K <|[p] < N9,

the scalar term has the value

U)

el = 4nN(ay, — ay) + 87V N(aw, — aw)

+ 5 Z (\/p4 + 167Tavp2 —p — 87TaV + 2]?2)

0#pe2nz3
[p|<N<

2 1 P>
+ (8maw) O¢gﬁzg <2p2 (p? +w(p))w(P)>’

[p|<N&

and the error term satisfies

:l:g(U) S N_a/zdF(WN,z) + N_a/4£4 4 N—1/2—a/4NJ’Q_
+ N4 ((log N)2dT(|iV]) + Ny + 1+ Wy + DY2|V,)).  (4.180)
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Proof. Recall from Proposition 4.24 that

UHnU = dray (N — 1) + Sraw VN + elV®) 4 dl(w) — A,
+a(wng) + a*(wnz) + Hines + AW ) + L4 4+ EUB). (4.181)

We have the identities (compare (3.5a), (3.5b) and (4.69))

UGayUc = ay + fo(y), (4.182a)
UG (Vo) U = iVy + a*(iVafs) + a(iVafa), (4.182b)

which gives with V. f, = —(Vf)

Us(— Ay +dT(w) + a(wng) + a*(wng))Ug
= —A, +dT(w) + a(w?) + a* (") + a(iVf,)? + a*(iV f,)?

+2a(iV fz)a" (iV fz) — 2a*(iV f2)iVg — 2iV,a(iV f2)

w(p)®

2 (P* +w(p)

k<|p| <N«

(4.183)

We now pass to Hint,>, which we recall is defined in Proposition 4.24. Note that the
transformation U¢, leaves invariant the terms involving momenta greater than N¢.
Therefore, all the terms in Hiyg > remain unchanged except the ones containing the
gradient V,. This gives, with V,f, = —(Vf)s

UsHme>Uc = Hie,> + 20 (VNiVL,) (a(iVfe) + a*(iVfe)) +he.  (4.184)

Introducing vy, = fr + VN @1, and noting that the additional terms in (4.184)
complete the square with (4.183), we find
(4.183) + (4.184) = —A, + dI'(w) + a(wk) + a* (wh) — Z pr
) ) = "
) e P ()

+a*(iVoy)? + a(iVoy 2)? + 20" (iVoy 2 )a(iVun..)
(

—2a*(iVun 2)iV — 2iVa(iVuy z). 4.185)

It remains to consider dT'(Wy ), £4 and £UB). With the shift property (4.182a),
we obtain

UédF(WN,x)UG = dP(WN,I) + a*((WNf)a:) + a((WNf)x) + <f7 WNf> (4’186)
Next, one easily checks that

(L WNE) S IWN Ll fIZ, S N7Y22e (4.187)
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and, using the Cauchy-Schwarz inequality, one obtains

a (W f)z) + a(Wn f)e) S N7 (W z) + N2 (f, Wn f)
SN™2A0 (Wi ,) + N~/ (4.188)

for « < 1/6. This gives
ULAT (W 2)Uq = AT (W) + O(N ™2 (AT (W o) + 1)). (4.189)

We now estimate the transformation of the quartic term L4, which gives

UiLaUc — L4 = / Viv(sn — 1) fo (1) a2,y + hic. (4.190a)
45 [ Vil = ) el fa)aj,aj, + e (4190b)
+ [Vl = 1) o) )0 (4.190¢)
+d0(Viy = f2) + (a((Viv * f2)f2) + bee.) (4.190d)
45 [ Vi — 1), (4.190¢)

Since || fulloo S [1fellt S N and || fll2 S 1 we have

(4.190¢) S Vil fallZoll £ 113 < N 712, (4.191)
Similarly, we obtain

(4.190d) = O(N~2(N, +1)). (4.192)

Using the Cauchy-Schwarz inequality as in (4.21) and (4.57) yields

(4.190b) = O(N~/2 Ly 4 N~1+59/2) (4.193a)
(4.190a) = O(N~/2L, + NO2dT (Vi * f2)) = O(N~2L, + N7IH2 N1,
(4.193D)

These estimates, together with av < 1/10, show that
ULLUG = L4+ O(N™2(Ly 4+ Ny +1)). (4.194)

Finally, we estimate the action of Ug on £(UB). Similarly as in (4.188), |[|p|*/2f|3 <
log N yields

U&dT([iV])Ug = O(log N(dT(iV]) + 1)). (4.195)
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With || f|l2 < 1, one easily obtains

ULONEUG () = ONF +-1) (4.196)
for k € N. Moreover,
UL + D)Y2|V, | Uq (4.197)

1
= Ny + 1)1/2|Vm\ + / U(;(t)*([(/\/+ + 1)1/2|V1\,a*(fw)} + h.c.)Ug(t).

0

Let us estimate the commutator

(N4 + 1)Y2V,], 0 (f2)]
= (Vs + DY2[|Val,a" (fo)] + [Ny + DY2, 0" ()] Val. (4.198)

To estimate the first term, we use that iV,e % = e=7*%(iV, + k) and the triangle
inequality ||iV, + p| — [iV|| < |p| for all p, to obtain that

(W, [V, @ (£ = [(0, Y (V] = [iVa = p) fo(p)ay )

Ip|
< Vlog N||dL(JiV]) /2 @] @], (4.199)

where we used that ||[p|'/2f]|2 < log N. Hence, the first term in (4.198) is bounded
by

_ ||dF(!iV|)1/2‘I’||<Z H (|iVa| — iV, — ip!)Qlﬁ(p)P\pH?)l/Q

(N + DYV, a* (fo)] + hec. = O(log N(dT(|iV]) + 1)). (4.200)
To bound the second term in (4.198), we write
@ (f2)|Val = Vo 2a* (f) Va2 = (Va2 a*(£2)]| Va2 (4.201)

and use again that iV,e~#* = ¢~ (iV_+k) and that |[iV,+p|/2—[iV.|'/2| < |p|/?
from which we obtain

[Ny + DY2, 0 (f2)][Val = (W + DY2 = NP a* ()| Vsl
= O(Wy + 1)2|V, [ +log NAD(iV])),  (4.202)

where we used that |||p|/2f]|2 < log N and that |(Ny + 1)Y/2 — ./\/i/Ql <1.
It thus follows from (4.195) and Gronwall’s inequality that

UL +D)Y2V,|Ug = (’)((N+ + 1)Y2|V,| + log N(dT([iV]) + 1)). (4.203)

This completes the proof of the proposition. O
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5 Convergence of the transformed Hamiltonian

In the section, we study the main part of the Hamiltonian appearing at the end of the
previous section in Proposition 4.27. The remaining singular contribution, which will
give rise to the log N-term in the energy, is the interaction term a* (iVIvN@)2 +h.c.
from (4.179) (compare Section 3). For technical reasons, we will cut this term off at
particle numbers N > M = N'=2 for the same a > 0 as before.

We thus define

HSing =-A, + dF(w) + dP(WNﬂj)
+ HN+SN17aa*(iVUN7I)2 + a(iVUN@)Q]lNJrSNpa. (5.1)

The remaining terms from the transformed operator of Proposition 4.27, except L4
the constants and the error terms, are collected in the remainder

Ry = 2a"(iVung)a(iVun ) — 20" (iVun )iV — 2iVza(iVon )+
+auf) + a*(wf). (52)

where we recall that for o > 0

@5 (p) = 8maw |plw(p) /2P Loy <
8maw lp| olPT

One =4 P+ w(p) Vw(p)
VNG (p)e™ N < pl.

k< |p| < N¢ (5.3)

Note that, since vVN@;(p) < |p|~2 by Lemma 2.2,

on(p) < Ipl 72, (5.4)

and that U is also a well-defined function. Also by Lemma 2.2, we have | Vuy 42 <
NY/ 4 s0

iy, 0@ (iVoong)? + he. = O(MT2VN(NL + 1)), (5.5)
The result of Proposition 4.27 may be rephrased as
U'HNU = Hsing + BN + dray (N — 1) + 87Taw\/]v + eg\[,J)
+ Ly + EU) L QN3N+ 1)), (5.6)

For later use, we introduce the notation for the relevant part of the transformed
Hamiltonian

/H]({/ = Hsing + Bn. (5.7)
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Without the term dI'(Wi ;) in Hging, one should think of H% as the Bogoliubov-
Frohlich Hamiltonian HQF defined in (3.1) for A = N dressed with the appropriate
Weyl transformation (compare with the expression given in (3.6)). This will be
discussed in detail in Section 5.1.

We will then show in Section 5.2 that the extra term dI'(Wy ) only shifts the
limiting operator by a constant of order one. Indeed, the divergence in Hgjyg is
naturally expressed by the scalar

Enw = 72<WN ® Vuy, (5.8)
—1
(Vo + Via)? + w(iVy,) + 0(iVy5) + Wi (y1) + Wir(y2) +1) Yoy @ Vo),

which differs from the same quantity with Wy omitted from the resolvent at or-
der one, as shown in the proof of Theorem 1.1. The results of this Section are
summarized by:

Proposition 5.1. Recall the unitary operator UL defined in (3.4). For k large
enough and 0 < a < 1/2 we have

lim (HY — Envw) = (US) HepU®
N—o0
mn norm T'esolvent sense.

Proof of Proposition 5.1. In Proposition 3.5, we defined a self-adjoint operator as-
sociated to the quadratic form K, + Tso + Roo, whose domain is contained in
Q(Kx) = (1 — Goo)1Q(—A, + dI'(w)). In (3.32) we proved that

HBF = Ulgo(KOO —+ Too + Roo - 1)(USO)* (5-9)

On the other side of the equation, we will show in Proposition 5.7 that ’H]l{, - Enw
converges to Ko + Too + Roo — 1 in norm resolvent sense. Together, these prove the
claim. O

5.1 Analysis of the singular Hamiltonian for W =0

Let us denote
Hsing0 = —Ay + dT(w) + a*(iVunz)? + a(iVun )2, (5.10)

Note that here we do not cut off the interaction at A7y < N1~ as this is unnecessary
when the interaction term dI'(Wy ) is absent, and such a cutoff is not used in
Section 3. Following the procedure form Section 3, we introduce

Gy = —(—A, + dD(w) + 1) La*(iVon )2, (5.11)
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and rewrite
Hsingo = Kn +Tn + En — 1 (5.12)
with
Ky = (1 - G?V)(*Ax + dF(W) + 1)(1 - GN)?
Ty := —a(iva,x)2(—A;5 +dlNw) + 1)*1a*(inN7x)2 — FEn (5.13)

and
—1
Ey = =2(Vox@Von, ((Vy, + V4,2 +0(iVy,)+w(iV,,)+1)  Von@Voy ). (5.14)

We also use the definitions of G, Koo, T from Section 3.

We now show regularity estimates for G, and its convergence rate to Go,. We
then use these to infer comparison estimates between the dressed K and the bare
Hamiltonian —A, + dI'(w), as well as its convergence rate towards K.

Lemma 5.2 (Properties of G). For all 0 < s < 1/2 there exists (Cy)r>0, C with
limy 00 Cx = 0 so that for all k >0, N € NU {oco}

[GN(=Ag +dT(w)) (Vg +1)7%|| < C, (5.15a)
and for all a > 0

(G — G2 ) (— Ay +dT(w))* (N4 + 1) 7% < ONEs—De, (5.15b)
Moreover, for 1/2 < s <1, e >0 there is C so that for all k >0, N € N

1G5 (~ A + dD(@))* (NG + 1)~ < CNGH=, (5.150)
Proof. By the Cauchy-Schwarz inequality, we have

a*(iVun.)2a(iVuy )

= Y (k-1)(p- Q)ona(k)one(r)on e (p)On 2 (9)akarapaq
D,q,k,r

PR @R
S 2 s g ) e

~ 4
ON T (CAL 4 dT@)2 O N (5.16)
2

~ 4
2| ar 2 <]
2

w2 g
for all s > 0, N € NU {oo} for which the right hand side is finite. Using (5.4), we
have for 0 < s < 1/2 that

C,. = Hyk\ ”_

2s—1
Z Ik |2 )= Sk . (5.17)

2 Jk[>k
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Thus, denoting Hy := —A, +dI'(w) + 1,
Ny + ) HGNGRHN, + 1)~ < C2, (5.18)

which proves (5.15a).

To prove the statement for the difference (5.15b), note that vy (k) — veo(k) is
supported on the set where |k| > N, so this follows from the same argument where
now k = N¢.

By the same reasoning, we have for s > 1/2 and N < o0

(N + 1) HGNGYH N +1)7° S G (5.19)

with, using Lemma 2.2,

2 1 ~
S Y o + NIIVEGE S Nem2e (5.20)

UN
Cn = H|k|17;5 o[ 4=25
w 2 |k| <N«

O

Lemma 5.3 (Properties of Ky). For k sufficiently large, the following hold. The
operators Ky with domain

D(Ky) := (1 - Gn)"'D(-A, + dl'(w)),

are self-adjoint for any N € NU{oo}. Moreover, for 0 < s <1 there is C > 0, such
that for all N € NU {oco} we have

I(~As + dT(w))*(1 - GY)ER] < C, (5.21a)
IV Ky < C. (5.21b)

Furthermore, Ky converges to Ko in norm resolvent sense, and for 0 < s,a < 1/2,
there exists C' > 0 so that for all N € N

| Ko (BN — K K

< CN@s=De, (5.21c)

Proof. The operator Hy = —A +dI'(w) + 1 is invertible and, for s sufficiently large,
so is 1 — Gy (by Lemma 5.2), for all N € NU {co}. From this, one easily checks
that K is invertible on its domain. Since it is manifestly symmetric, K must be
self-adjoint.

We now prove the estimate (5.21a). We will argue by interpolation, so first let
s = 1. By Lemma 5.2, for N € NU {oo}, inserting (1 — G’) and its inverse yields

I(=A, + L)+ D(1 - GVER ] = |1 -G < (1-Co) (5.22)
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For s = 0, we simply have, also by Lemma 5.2,
[(=Az +dT(w) + 1)°(1 = GN)KY || < 1+ C,. (5.23)

The estimate (5.21a) now follows by complex interpolation (cf. [47, Theorem IX.20]).
To prove the bound (5.21b) on A, we use that Ny Gy = Gy (N4 +2). Adding and
subtracting G, we obtain

INTER] < NS (L= GW)ER |+ Cull (W + 2 K3l (5.24)

where we bounded Gy using Lemma 5.2. As z — x° is sub-additive for s < 1 this
implies the claim (5.21b) if x is sufficiently large for C\, < 1 to hold.

We now show the convergence by proving the bound (5.21c). With the resolvent
formula, we have

K (Ky' = KK = Ky (Koo — Ky) K (5.25)
= K5 (Gl = Gi)Ho(1 = Goo) + (1= Gi)Ho(Gy — Goo) ) K55

Thus (5.15b) and (5.21a) imply that for 0 < s < 1/2
| K3 (KR = KX K
SIENT(GN — GE)H I H (1 — Goo) K|

+ KN (1= Gy~ [ HG (G — Goo) K|
S NETDA(| Wy + 2 K| + W +2° K, (5:26)

where we used that GyN; = (N1 +2)G%. In view of (5.21b) this proves (5.21¢). O

We now discuss the operator T. Rewriting Hgingo as in (5.12) extracts the
divergent scalar contribution Ey, and T, is well defined as the limit of Tx. To
make this explicit, we follow Section 3. Using the commutation rules

iV,e % = e h2 (37, + k), dI'(w)aj, = aj,(dT'(w) + w(k)) (5.27)
we write Ty as a sum of terms in “normal order”,

Tn =0Opn0+On1+OnNp, (5.28)
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with

(k- 0)*0n (k)*0n (0)°
Ono=-2 > = —Ex  (5.29)
ralt (iVy —k —0)?2 + w(k) + w(f) + dl'(w) + 1
[k, 1€ >k
@Nl =4 Z _ﬂm *91\71 k E)age (5.29b)
k,e€2nz3
[K|,|€]>k

Onz= Y Yoo e mre®rar af Oy (ki ko, b, bo)ag, age” 1T,

kq,kg€27Z3 £ Lo€27Z3
[k1l, kol >k [£1],le2] >k

(5.29¢)

where the kernels are defined as

_ (k- &)(L- &) (k)on(0)on(€)?
Ona(k, ) = - Z (iVe+k—0—-8)?+wk)+wl)+w()+dl(w) +1

ce2n3
[§]>r

(5.30)

and

On2(k1, ko, L1, £2) (5.31)
(k1 - k2)on (k1)Un (k2) (41 - £2)0n (01)UN (€2)
(iVe + k1 + ky— 01 —€2)2 +w(ky) + w(ks) +w(ly) + w(ly) + dTN(w) + 1

Observe that the series 6 ; converge as functions of iV, and dI'(w). As we will

see, the operators © ; are bounded relatively to Ky. Because of this, T, is well
defined on D(Ky). This entails:

Proposition 5.4. For k sufficiently large, 0 < a < 1/2, N,N' € NU {00} and all
U e D(Ky)

TN < Cx|[ Ky ¥

where lim,_,oo Cx = 0. Moreover, for all 0 < ¢ < 1/4 there is C > 0 so that for
N,N e NU{oo}, 0<a<1/2

(T — Too) Ky || < ONT°.
In particular, for k > 0 large enough, the operator Ko, + Too 1s self-adjoint on
D(Ko) = (1 — Goo) " 'D(=A, 4 dT(w)).

and Hging,0 — En converges to Ko, + T in norm resolvent sense.
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Proof of Proposition 5.4. We split the proof of the bounds on Ty = OnN +
OnN,1 + On 2 into two parts, one on uniform bounds for O ;, and one on the differ-
ences Oy ; — O ;-

Lemma 5.5. Let 0 < s < 1/2. There is C, with lim,_o, Cx, = 0 so that for all
k>0, NeNU{oo} and ¥ € DN} *(=A, +dl'(w)?)

1ON 1T < C N> *dT (w)* T ||

1ON2¥|| < CrlNE*dD (w)* ¥
Moreover, for e > 0 there is C' so that for all N € N and k > 0

O8] < Cr™5[[(=Ag + dl'(w))" V||

Proof. We start by proving the estimate on ©py ;. First note that using (5.4) we
have the point-wise bound
IS 1

™ (K[ (w(k) + w(€) + dT(w)) /2]

|On 1(K, £) (5.32)

Using this and the Cauchy-Schwarz inequality, we have that for any & € 7.,V €
D(dT(w)* N1 %) and & > 0, denoting t = s + 1/2 € (1/2,1),

(@,0n19) = 3 {w(O) D 20(k)2ap®, w(0) D (k)" 20y 1 (k, £)ar ¥ )

K|, |€]>r
) ! —(1-0)/24|2
S5 S w0y oy
k], e|>K H (w(k) + w(l) + dI(w))/? + H
1 ) ) )
Z —(1+1) ¢ (1-1)/2
" 0 Ikl%»ew“{) 0 H (w(k) + w(l) + dT(w))1/2-t/2 agNy ‘1’H

< Cu(B)ldr (@) 2d0 (@) /2N 1 g
+6—1Hdr(wt)lndr(w)—(1—t)/2NJ(r17t)/2\I,Hz)
S Cr (81 @]7 + 671 dT (@) 2N )
= Cy (S]] + 671 [[dD (w) N2 w2, (5.33)
where we used that d'(w?) < dI'(w)!A} 7" and denoted

Co= Y w(k) " — 0. (5.34)

K—00
|k|>kK

Optimizing over § yields the claim.
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We now turn to the proof of the bound on © 2. With the same reasoning as (5.32)
we find the bound

1
|2 TRl Tl + (k) + w(f)  w(fa) + dT(@))
(5.35)

|On 2(F1, ko, 01, 42)

Similarly as above, let ® € ., ¥ € DN} **dl'(w)?), § > 0 using the Cauchy-
Schwarz inequality and denoting again ¢ = (1 + s)/2 € (1/2,3/4), we obtain

(®, O 2)
<6 Y w(ln) MW (le) MW () (ke

[k1l,lka|>k
[e1];1e2]1>K

X (@) +w(ks) +w(t1) + w(l) + dT(w)) " ag, ap, N 2002
1T ) ) () ()

[k1]s| ko>~
[e1];182]>k

X [[(w(k1) + w(ka) + w(61) + w(la) + AT (W)™ Hag ap N0 2
< C2(8[d0 (w")dD (w) "N V@2 + 671 |dr (w!)dD (w) "IN e ?)
S CRO)I@)? + 07 H|dT (w) N0 |?). (5.36)
Optimizing over ¢ proves the desired bound.
Finally, we prove the bound on ©y . Since Oy is a function of the commuting

operators iV, and dI'(w), it is sufficient to prove a point-wise bound on this function,
by the functional calculus. First, rewrite Oy as

_ 2(k - )*on (k)*0n (¢)?
Onvo= D, ((ivx + k46?2 +w(k) +w(l) +dl(w) + 1

kte2nZ3
(Ve +k+0)2? +dl(w) — (k + £)2)>
(k+0)2+wk)+w)+1

(5.37)
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Using that |y (k)| < k72, we have for all £ > 0,

Ono] S Z 1 (iVs)? + [V + dT(w)
O S PR (R) + w(0) (V% + &+ 07 + w(k) +w(0) + dTw))
! 1
< (iV, 2
s k%»e KBIER (Ve + k + 0)2 + [k + [¢]2
! 1 k
Va |
o Iklzélzx KPP (Ve + k + )2 + k2 + €2
1 1
+dr(w)
|k|7|z£|:>n |k[3J¢[3 dT (w) + [k[2 + |¢]?
SH(IV) + AT @) (5.39

where we used that
1 < 1
(iVe +k+ 02+ |k2+ €2~ (iV,)2

(5.39)

This proves the claim. O
Lemma 5.6. For 0 < a,s < 1/2,0 < e < s there is C so that for all N € N, kK >0
and ¥ € DN 5(—=A, +dT'(w))*)

[(Ox1 — O )T < CN 4| NE 2" (w) ]

1(On,2 = Boo2)¥|| < CN N *dT ()" P||.
Moreover, for all 0 < e < 2 there is C > 0 so that for N €N, k >0

1(ON.0 = Occ0)¥[| < ONT*[[(=As + dl'(w))"W|].
Proof. To estimate the convergence rate as N — oo, we use (5.4) in the form

08 () = Ve (P)] S Lppjsvalp| ™2 < N70%|p|~>F=. (5.40)
From this it follows that

N—Oé&

Oni1(k,l) —bOs1(k,0)] <
‘ N,l( ) ) ,1( )‘ ~ ]k|1—€|€|1—5(w(k‘)+w(€)+dF(W))1/2*€/2

(5.41)

and

10N 2 — oo 2|(k1, k2, £1, £2) (5.42)
N—QE

< .

™ k|t E ko Lo Oy 1R o e (w (B ) + w(ke) + w(fr) 4 w(le) +dT(w))
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The rest of the proof follows as in the proof of of Lemma 5.5. We only give the
details for ©x 1. Choosing t = s + % + 5, from the condition on s and e, we have
1 —e+1t>3/2, and therefore

N[®, (On1 = Ooo1) V)]

(N, +1)-(-t9)2 2

<6 Z w(g)*(l—ﬁt)w(k)tfs ) T () L @) ap®

ARG
1 o 3 (N + 1)(1—t+€)/2 2
- k (1 E-‘rt) € t—e + \II
5 T G e + aroy
S Ci (S| + 671 [[dD (w) N2 2] (5.43)
As before, optimizing over § gives the desired estimate. O

We conclude this section with the proof of Proposition 5.4.

Proof of Proposition 5.4. Recall that Ty = O 0+OnN,1+O N 2, so in view of Lemmas

5.5 and 5.6, we only need to bound the operators ./\/i/Q_SdF(w)s, N{72dT (w)?* and
(=A; +dT(w))*, for 0 < s < 1/4, relative to K. The worst case is N~ 2*dT'(w)?,
for which we have

IVE 2D ()20 < [AE3A0 @)% (1 - Gy) B + W20 ()* G|
SN+ [V +2)8) S (Ko +2)8), (5.44)

by applying first (5.21a) and (5.15a), and then (5.21b).

This implies self-adjointness of Ko, + 1o, by the Kato-Rellich theorem. Resolvent
convergence follows from the convergence of T and the uniform relative bound. A
detailed argument is provided in the more general case of Proposition 5.7. 0

5.2 Analysis of ’H]({, = Hsing + BN

We now turn to the full Hamiltonian HY;, starting with the singular part Hsing. In
analogy with the previous section and Section 3, we introduce

Gnw = — (=D +dD(w) + AT (Wn ) + 1) 'y, cyi-aa®(iVona)®,  (5.45)

where now the particle number is cut off at M = N~ as in (5.1). Then, we can
write

Hsing = Knw +Tyw + Enw — 1, (5.46)
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with Enw defined in (5.8) and

Knw = (1 - Giw) (A +dT'(w) + AT(Wn,e) + 1)(1 — Gaw), (5.47)
Tnw = —1y, <ni-aa(iVonz)*(—Ag + dl'(w) + AT (Wi e) + 1) 'a* (iVon,2)®
— Enw. (5.48)

In this section we prove that Hsing + Ry — En,w + 1 converges to the self-adjoint
operator Koo + Too + Roo in norm resolvent sense, where R, is defined by setting
N = o0 in Ry, as in Section 3.

Proposition 5.7. For k sufficiently large there exists C' so that for all0 < a < 1/2,
€ >0, and N € N we have

I(HS = Exnw +1£1) 7" = (Koo + Too + Roo £1) 71| < CN~(G79)e,
Moreover, for 0 < s < 5/8 there exists C' so that for all N € N
KR w(HY — Exw 1) 71| < C.

In order to prove this, we proceed similarly as in the previous section and first
establish bounds on Gy, Ky w, as well as their differences to Gy, K.

Lemma 5.8 (Properties of Gy w). For 0 < s < 5/8 there ezists (Cy)r>0, C with
limy 00 Cxk = 0 so that for all k,a > 0, and sufficiently large N € N

1GNw (=D +dT(w))* (N4 +1) 7% < C, s<1/2, (5.49)
IG i w (=g + dT(w))* (N + 1)7%|| < ON®T2+, s>1/2.  (5.49b)

Moreover, for 0 < s < 1/2 there is C' so that for all k,a >0, N € N,
|G = GR)(=A + dD(@)) (Vi + 1) 73| £ ONCEHEDD0= - (5.490)

Proof. Denote Hy = —A,+dI'(w)+1, W = dI'(Wx ;). From the proof of Lemma 5.2,
specifically (5.16), using that W > 0 we obtain the a-priori bound on Gn w,

(Wi + 1)V G Gy Y P (W + 1) 7Y/2
< CYHY (Ho + W) ™" Ho(Hy + W)~ "Hy? < €%, (5.50)

with the constant

_ . 1 =
On = llw™Hklonl3 S - WJrNH!VI”QsOIH%SlogN, (5.51)
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by Lemma 2.2. This proves that ||G7v,WH(1)/2(N+ +1)712|| < log N. Now, by the
resolvent formula,

G?V,W - GTV]].N+§N1—& = —a(iVUN7x)2]lN+SN1—a ((HQ + W)il - Ho_l)
= —GrywWH; " (5.52)

As we already have bounds on [|GRHE (VG +1) "1y, <yr-o| < |GRHGNG +1)77|
from Lemma 5.2, we will prove the bounds on Gy, by estimating the right hand
side. With (5.50) we have

|G WHIG = (N 1) || S log N [y Y/ *WHG™ (N +1)2* 1y, <o | (5.53)
To bound this, we use that the Sobolev inequality on the torus gives
Wx S IWa 3/ (—A + 1), (5.54)
for t € (0,3/2), from which we obtain that
AT (Wy ) S NHF(w!) S NP4 an (w)! (5.55)

uniformly in z. Note we assume that W € L' N L?, which corresponds to t €
[3/4,3/2]. Consider first the case s < 1/4. Applying the inequality once for t = 1
and once for ¢t = 3/2 — 2¢, for 0 < e < 3/8 yields

||H81/QWH8—1(N+ + 1)1/27811N+§N1_QH g Nfa(1/475). (556)
Similarly, for 1/4 < s < 1/2, we use t = 2(1 — s) > 1 and find
||H0_1/2WH8_1(N+ + 1)1/2_81/\/’+§N1*‘1H 5 N—a(l/Z—s). (557)

Choosing N sufficiently large then proves the claim (5.49a). The inequality (5.49b),
where s > 1/2, follows from the same the reasoning, but here we do not need to use
the cutoff 1, <y1-a or choose N large (the restriction s < 5/8 ensures that only
the norms ||[Wy ||, with 1 < p < 2 intervene). To prove the final bound (5.49¢), we
use again the resolvent formula to obtain

* * s _1
[(Gyw — GN)HGNG +1) 72|
* TS -1 * —14s —1
< GRVHSN: + 1) 721, s yi—all + |Gy WHG (V. + 1) 72 (5.58)

The first term is bounded by NU=®(=1/2) by Lemma 5.2, and the second by
N —%+(s—i)++e’ as before (without having to use the cutoff on Ny due to the larger
power of (Ny +1)~1). Both of these quantities are smaller than the claimed one for
an appropriate choice of ¢ (depending on «, s). This proves the claim. O
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Lemma 5.9 (Properties of Ky w). For k sufficiently large and 0 < o < 1/2 the
following holds. The operators Ky w are self-adjoint and converge to Ko in norm-
resolvent sense as N — oo.

Moreover, for 0 < s <1 there is C' > 0, such that for large enough N € N

(=2 +d0 () +dD(Wx))* (1 = Gaw) K| < €. (5.592)
INIE N Wl < C, (5.59b)

and for 0 < s < 1/2, € > 0 there exists C > 0 so that for N € N sufficiently large

| Ko (Kl — Ky ER]| < ONCEem000me) (5.590)
Proof. In view of the bounds on Gy w from Lemma 5.8, self-adjointess and the esti-
mates (5.59a), (5.59b) follow from exactly the same argument as their analogues for
Ky in Lemma 5.3. Convergence to K, will follow once we have established (5.59¢),
since we already know that K converges to K.

It remains to prove (5.59c¢). Similarly as above, we have with W = dI'(Wy ),
Hy = —A, + dF(UJ) +1,

K (Kyhw — Ky KR = Ky (Ky — Kyw) Ky

= Kfv_t/le((l = Gyw)(Ho +W)(Gy — Gnw)) Kyt (5.60a)
+ K (1= Ghyw)W(1 - Gr)) K3 (5.60D)
+ K (Gl — Gy w)Ho(1 — Gn)) KX (5.60c)

To bound (5.60a), we use that ||(Ho + W)*H || < 1 (which holds by (5.55) and for
s = 1/2 by operator monotonicity or interpolation) to obtain

(5.59a)
1(5.60a) < |I(Ho +W)*(Gy — Gvw) Ky S IHHGN — Grw) K|

~

(5.49¢) | 1y L .
< NEate=DO0=0 (N, + 3) 3 K57 (5.61)

~

The final quantity is bounded by (5.21b), which proves the required estimate. The
bound on (5.60c) is obtained in the same way.

The middle term (5.60b) is bounded using (5.21a), (5.59a) and (5.55), to obtain
fore >0

1(5.60b) | S K5 (1 — Givw) (Ho + W) Y2 ||| (Ho + W)~ V/2Hy |
x [[dD (w) ~2WAD (W) A0 (w) =5 (1 = Gv) Kirg |
< N—ats—++e, (5.62)

This concludes the proof of (5.59¢), and the proposition. O
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Corollary 5.10 (Comparison estimates for Kyw). For all 0 < s < 1/2, and
s <t <1 we have for k, N large enough

VT3 (= Ap + dD(w))* Ky | S 1.
Moreover, for 0 < s,e <1/8
I(=Ag + dD (@) VK| < NoFe, (5.63)

Proof. Let us denote Hy = —A;+dI'(w)+1 and W = dI'(Wy ;). Using Lemma 5.8,
we obtain with N;. Gy o = Gno(Ny +2)

IV HEK N |
SN (Ho + W+ 1)°(1 = Gy Ky | 4+ IV (Ho + W) Gyw K3y |
SHHo + W+ 1)'(1 = Gyw) Ky | + Cell Wy + 2" Ky |- (5.64)

We also used that W > 0 and that s < 1/2. The first bound thus follows from (5.59a)
and (5.59b). To prove the second bound, the same calculation using (5.49b) yields

1/2+ —1/2—
I Ky )

SIHEY* (1 — Guw) Ky Sl + ONSH (W + DYZHK°)L (5.65)

The second term on the right hand side is bounded using (5.59b). For the first term,
we use (5.59a) to obtain

L (1 = G ) Ky I S 1™ (Ho + W) =/272|
< (G 2 (B + W) 20 4 AW + W) A0

1/2 1/2 s
ST+ Wl W) S N (5.66)

where we used again that HY(Hy + W)~ is uniformly bounded for —1/2 <t < 1/2,
and (5.55). The restriction s < 1/8 means that 3/(2 —4s) < 2, so the corresponding
norm of Wy is finite by hypothesis. ]

Lemma 5.11. For all 0 < s < 1/4 there are C, (Ck)r>0 with C;, — 0 as k — 00
such that for all k > 0, and sufficiently large N € N, it holds that for all ¥ €

DWNYP (A, + dT(w))*)
(T, Ty O)| < Crl|(— Ay + dT(w))* N2~ 0|
and

(W, (T — Tn)W)| < ON~O=| N2 (LA, 4 dr(w)) |,
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It is important to note that this lemma together with Lemma 5.6 implies that
Emy oo (W, Tnw¥) = (U, T ¥), which is crucial for the fact that dI'(Wy ;) does
not change the excitation spectrum. It only contributes a scalar term of order one
which is limy_oo (Enw — En). The fact that dI'(Wy ) does contribute at order
one in this way makes the proof of Lemma 5.11 rather subtle. This proof is given in
Section 5.2.1 below.

Lemma 5.12. For3/8 <s<1/2, |[t| <1/2—5s and § > 0, there exists ko, so that
for all kK > kg there is C with

(@, Ry )| < 6 [[{(—As +dT (@) (W, + 1)Y=+ + ) @
< [{(=as +dr@) Wy + )2t | (5.67a)

for all N e NU{oo}, ®,¥ € D((—A; + dF(w))SN}r/2+t). Moreover, for 3/8 < s <
1/2 there is C' so that for all N € N, k >0

+(Ry — Roo) < CN~Ws=3/20(_ A 4 dD(w)) (N +1)172, (5.67h)

The proof of this Lemma is given in Section 5.2.2 below. These estimates allow
us to define a self-adjoint realization of Ky w + TN w + Ryv.

Lemma 5.13. For k >0, N’ € NU{oo} sufficiently large and all N € NU {oo} the
quadratic form

(U, (Knw + Tnew)V) + (¥, Ry D)

defines a unique self-adjoint operator Ky w + Ty w + Ry with domain contained
in Q(Knw).

Moreover, for3/8 <t < 5/8 there ezists a constant C' so that for all N € NU{oo}
and N' € NU {oo} sufficiently large

1K w (Knw + T + Ry +1) KA | < C.

Proof. Recall that by Corollary 5.10 we can bound uniformly the quadratic forms
(=A +dl(w))* N1 % by Ky for all 0 < s < 1. Therefore, it follows from Lemmas
5.11 and 5.12 that Ty and Ry are form bounded by Ky v, uniformly in N, N'.
The same lemmas show that for x and N’ large enough the relative constant can be
chosen smaller than one. This allows us to apply the KLMN theorem [47, Theorem
X.17]: the quadratic form Ky w + Tn/w + Rnv then defines a unique self-adjoint
operator with domain contained in Q(K  w). This also implies the resolvent bound
for t = 1/2. Moreover, Lemmas 5.12 and 5.11 imply that

[(Enw + O) 'Ry (Knw +C) 7| < 1

) ) (5.68)
I(Enw + C) T (K +C) Y| < 1
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for 3/8 <t < 5/8 and k, C, N’ sufficiently large. This implies the bound in the
general case by application of the Kato-Rellich Theorem to Ky w and (Kyw +
C)t_lRN/(KNJ/V + C)l_t, (KN,W + C)t_lTNIVW(KN,W + C)l_t. O

We can now prove Proposition 5.7.

Proof of Proposition 5.7. Recall that ’H% —Enw+1=Knw +Tnw + Ry, hence
the resolvent identity gives
(HS — Exw +1+1) 71 = (Koo + Too + Roo )7}
= (Knw + Tnw + By £1) 7 (T + Roo — Tvyw — Ryv)
X (Knw + Too + Roo £1) 71 (5.69a)
+ (Knw + Too + Roo £1) (KN — Knw)

X (K + Too + Roo £1) 71 (5.69b)
+ (KN + Too + Roo 1)1 (Koo — Kn)
X (Koo + Too + Roo £1) 71 (5.69¢)

Using the bound from Lemma 5.13, the resolvents can absorb factors of K}t\/,w for
t < 5/8. Therefore we will obtain the convergence from the estimates on Tn w — TN
in Lemma 5.11, on Ty — T in Lemma 5.6 and on Ry — Ry in Lemma 5.12,
together with the comparison estimates between (—A, +dI'(w))* N1 ~* and KJTITW in
Corollary 5.10. Explicitly, we obtain from Lemma 5.11, Lemma 5.6 with s = 1/8 —¢
and (5.67b) with s =1/2 —¢, for 0 <e < 1/8,

1(5.69q)|| < NV/B+e)I—a) 4 N=(1/2-4e)a (5.70)
From (5.59¢) with s =3/8 4+ ¢ for any 0 < e < 1/8,

15.600) | (13w (Kivh — Ky ) Kol £ NU/BH0-), (5.71)
and from (5.21c) with s =3/8 + ¢, for any 0 < e < 1/8

1(5.69¢) | S 15K 0 (K — Ko K | S N-(/A=29e, (5.72)

Gathering the above estimates proves the claimed convergence, and inserting that
M-V8te < N=(1/4=26)a for M = N'=® and o < 1/2 yields the stated rate. The
relative bound for Ky y, is a direct corollary to Lemma 5.13. O

5.2.1 Proof of Lemma 5.11

We again use the notation Hy = —A, +dI'(w) + 1, W = d['(Wn ). We start by
proving the bound on the difference Ty v — T, which will also imply the bound on
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Tn,w by using Lemma 5.5. We first introduce a cutoff at 17, <ps into Ty, to match
that of Ty . Since T commutes with Ay, Lemma 5.5 gives us for 0 < s < 1/4,

(W, TNIn,>m )| < MT2[(0, TN N T)|
—(1—a)s 1+s)/2 1-5)/2qrs
< N A 2 A PR (5.73)

It thus remains to consider the difference Tn1a, <y — Tvw. Recall that Ty is
given by (5.48). To evaluate the difference with Ty, we decompose Ty simarly
to (5.28), in the form

Tnw =ONnwo+Onwi1+ Onwe. (5.74)

Since Ty w commutes with N it is characterized by its restriction to the n-boson

sectors %@5”) for n < M. Denote by (1.f)(y) = f(x — y) the translation by = on
L*(T3) ® L*(Ty) = L*(T3, L*(T})) and set T, = 7, ® 7, ® 1, which satisfies

TS (=A2)Te = [Va — Vy, — V% (5.75)
Moreover, denote
H®) = —(Vyy + Vi) +w(iVy,) + w(iVy,) + Wiv(ys) + Wir(y2) + 1. (5.76)

For U™ € 7™ ¢ L2(T3, L*(T?)®") we then set

(T, O ol ™) (5.77a)
= —2(Voy @ Voy @ U0, T (Ho + W) ' T, — (H®) ™' Voy ® Voy @ 0™),
(W) Oy 0M) (5.77b)
= —4n(Von, ® Von, © 8™, (Ho + W) " Vo, @ U™ ® Vo, ),

(T 0N w27™) (5.77¢)

= —n(n—1)(Vox, @ Vo, ® U0, (H + W) "0 @ Yoy, ® Vo).

Note that the tensor products here do not involve symmetrization. The coordinate x
of the particle is always integrated over at the end, while the tensor products concern
the variables y1, ..., yn+2. A simple computation shows that these operators sum to
Tn,w. The operators On o, On,1, On,2 without dI'(Wy ) can of course be expressed
in the same way, with the difference that W is set to zero.

When calculating the difference of these operators, the resolvent formula yields
expressions involving Wiy ,(y;) fori = 1,...,n+2. The key is to use the regularity of
U™ in either y; or x. We need to take care, however, since not all of the resolvents
commute with derivatives in these directions.
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We start by simplifying © v v,0 by replacing Ho+W with Ho+Wx 5 (y1)+Wn 2 (y2),
which no longer contains the potentials in ys,...,yn+2 and thus commutes with
derivatives in these directions. To estimate the difference, we will use that

| @'t @ 1) (Ho + W)™

< (@'t @ 1)Hy 4|12 |y (Hy + W) )

1< 1. (5.78)

We thus take 0 < s < 1/4, and bound
‘<VUN,I ® va,x & \I,(n)’

((Ho + W)_l — (Ho + Wi o(y1) + WN,z(yg))_IVUN@ ® Vun gz ® \I/(n)>‘

= (Von, ® Vo, © 00 (Hy + W),

n+2
(3 Wi (97)) (o + Wi o (92) + Wi (2)) ™ Vo © Vo © )|
=3
_ —1/2 —1/2 —s n s n
< ™40y |4 [Hy /AWy AT (w) ]| €T (w)* ¥ |
< (log NN~ w ([ [[d0 (w)* ® ™, (5.79)

since w1 /*Voyl||? < log N (see the definition of vy in (5.3) and Lemma 2.2), and
W is bounded using (5.55). Another application of the resolvent identity leads to

(@, 0wl ™) = 2(Voy @ Voy @ WO (TTHGT, + War(yn) + Wa(y2)) ™,

n+2

( Ay 2V (Vy + V) + > w(ivyj)) (H)Vuy ® Voy @ \11(”>>
=3

+ O(N"*(log N)?||@||[|dT (w)*@]). (5.80)

To arrive at the quadratic form of Oy, we have to set Wy to zero in the first
resolvent and (H®)~!. Consider for example the term arising from expanding
(THoTo + Wi (y1) + Wa(y2))~!. Using that H® commutes with derivatives in x
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and ys, ..., Yn+2, it is bounded by

‘<VUN ® Voy @ U (TXHo T, + Wi (1) + W (y2)) ™ Wi (y1) (T HoT2) 7Y,

n+2
(= A +2Va(Vy, + Vi) + - w(iV,,) ) (HP) ' Voy @ Yoy ® x11<”>>‘
j=3

~1/2 _ ~1/2 s _
< [, (Ton) B[ (H) T2 (Ton) 2 [ Hy AW o (1) Hy *w(iV,,) 7

< (I TR AL Tl 4 B T Va2 Tl - A0 0 )

+ \IH51+8dP(w)1SH\(dr(w)>sw<n>||”\y<n>||}
< ™AW o™ 2o ) 9 )
< (log NN 5w ™) |9 )], (5.81)

where we applied (5.54). The error terms coming from replacing H® by —(Vy, +
Vi)? +w(iVy,) + w(iVy,) are bounded in a similar way, which yields

™) (@x w0 — On0) U™)| < (log N)2N~*[H5w ™ || T (5.82)

for 0 < s < 1/4 and proves the claim for Oy .
To bound the difference of O ;1 and Oy 1 we use that on f%ﬁfnﬁ)

Hal— (Ho + W) - = (Ho + % WN,ac(yj)) _IWNJ(ynH) (HO + W)_l
=1
ntl ’ _1ntl

+ (Ho + Z WN,x(yj)) Z Wvi(yj) (HO + WN’x(le_l
Jj=1 J=2

-1
+ (Ho + WN,a:(yl)) W2 (y1)Hp . (5.83)

With this decomposition, we can use the regularity of ¥ and the fact that the deriva-
tive in the relevant variable commutes with the resolvent on the right to estimate the
middle term of each summand. To bound the factor n in the definition of Oy w1,
we also need to use the symmetry of U("). We proceed in the following way, denot-
ing by Sup, for 1 < a < b < n+ 2, the projection onto functions symmetric under
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permutations of yq, . . ., s, we have for all & € L2(T3("+2)

w41V, )4 (V)AL () 7285 1042 ® |2

n+2

=1 H(S3042®, dT(w) 'w(iVy )2 D" w(iVy,) /2S5 ni2®)
j=3

<0285 40®, dT(w) T 2w(iVy,) /2S5 42 ®)

<n V2|02 (5.84)

Yn+2

Then, from the decomposition (5.83) and the estimate above we obtain, using the
symmetry of U and again (5.55), that for 0 < s < 1/4
(@0, (O w1 —On 1) ¥)]
< N7*n||S2,n 1A (w) "V2Vuy ® Voy @ w(iVy,.,) 0|
% |13 1 2dT (w) "2 Voy © U™ @ Vo
+ N7*n||Son1dD(w) " 2Vuy @ Voy @ 0™
X |83 42dT (w) "2 Voy © AT (w)* T @ Vo ||
+ N =% Sy, 1dD(w) V2 Voy @ Voy @ 0|
X ||S3.42dD(w) 2 Voy @ w(iV,, ) 0™ @ Vo |
S N7 2w Aoy 312 ™) ((lw (V1) @™ + [0 @) e ™))
S (log N)2N [V} 10|V 0 () ). (5.85)

~

For the difference of © w2 and ©xn 2 we proceed in a similar way, writing on

e%ﬂ_ﬁn—i-Z)

n+2 n-+2

Hy' - (Ho+ W)_l = Hy' S Wa(yy) (Ho + - Walyy))
j=3 Jj=3
(0t W) (W) + Wivale)) (Ho+ 3" Waalp) ' (5:56)
§=3
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From this we obtain
(T (Onw2 — Ona)T™M)|
= n(n = 1)|(S1n (mVoy © . Voy © ™), (Hy' - (Ho + W) ™)
Synpz (¥ @ 7, Voy @ 7, Voy))|

SN *n(n — 1)[|dT(w) Y283 5 12(W(iVy,)* + w(iV,,)))T™ @ Voy @ Voy||

x || Al (w) Y28, Voy ® Voy @ ¥ (5.87a)
+ N~*n(n — 1)[|d0(w) Y28, ,Voy ® Vuy @ (dD(w)*T™)]|

x [|[dD(w) Y285 1129 ™ © Vuy @ Yoy, (5.87b)

where we used the bound (5.54). We now use the symmetry to absorb the factors
in n. We have for ® € L?(T3("+2))

/4 (V, )41V, )T (w) ~ /281, @2
= (81,®,dT(w) " w(iV,,)Y2w(iV,,) 2 S) @)

1 n+2 . 1 n ' o ' o
- n(n—1)<Sl’"q)’ (;w(lvye)) D wliV) ulivy,) sl,nq>>
= i#j=1
L e (5.58)
~Vnn-1)" :

where in the final step we used the Cauchy-Schwarz inequality on the double sum.
We can now bound (5.87a) and (5.87b). Consider the first factor in (5.87a). We

have
1T (w) /281, Voy ® Voy @ B

< ™ AVon Pl 1V, )l (V)T (@) 72810 2 paceo) |
log N

It =S 1O

CCEEITI.

(5.89)
Similarly, the second factor in (5.87a) is bounded by

[0 (@) ™2 S 42 (w(iV,,)° + w(iV,,)°) 8™ © Yoy © Vo]
< A1V, )0 A1V, 2T (w) 2S5 2T g sy (V)2

10 N S —S n
< (n(nfwndr(w) Npe™].

(5.90)
From this we obtain that
(5.87a) < N~*(log N)*\/n(n — 1) &™) [T (w)* N7 w™|
< N=5(log N2V 20 |V 5dD (w)*w ™). (5.91)
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The same computation leads to
(5.87b) S N~*(log N2 N 2wV 2dD (@) w ). (5.92)
We thus obtain
(T (On w2 — On2) ™)
< N7 (log N2 N2 24T w) e ™)), (5.93)

Collecting the estimates (5.82), (5.85) and (5.93) and the bound on the cutoff (5.73)
shows the bound on the difference T — T w .

To prove the estimate of Ty, simply combine the bounds (5.82), (5.85) and
(5.93) on O ,v,; with those on Oy j from Lemma 5.5 for n < M. Moreover, in (5.93)
bound n® by M?, which yields

12, (Ox3w2=Ow2) U)|| S (M/N)*(log N)* A 2N dD(w) W]

(5.94)

This implies the claim when N is chosen large enough. O

5.2.2 Proof of Lemma 5.12
Recall that

Ry =2a"(iVunz)a(iVon i) — 2a™(iVun 2)iVe + hee. + a(w)) + a* (w}).

We will only give the proof of the estimate of Ry in (5.67a), as the one for the
difference Ry — R in (5.67b) follows from the same reasoning, replacing vy by
VN (k) — Voo, which using (5.4) satisfies

o272 k| [on (k) = oo (k)ll2 S I1[L g5 v [R] 742 S N7OUT3/2), (5.95)

for 3/8 < s <1/2. We now prove (5.67a) by estimating each term.
The term a*(w?%). This term is bounded using that w”" € L?(T?) (see the defini-
tion (5.3)). We obtain that for all 4 > 0 using Young’s inequality

(@, a(wp) W) | < [[w|P[(N5 + DR[|V + 1)V e
< N + Coy@lll(N® + Coywl, (5.96)

For the other terms in Ry, we make the following observation. Each term X in
Ry satisfies that N X = X (N + k) for some k € Z, therefore to conclude the proof
of the desired bound (5.67a) it is enough to prove estimates of the form

(@, X0) | £ 3]((~A +dDw) ANED | ((~Ag +dD@) AT (5.97)
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for some 0 < a,b such that a +b <1 — 2s.
The term a*(iVuy 4)iV,. For this term, we decompose

(@,iVaa(Vone)U)| < Va2 Ve] ™ a(Vone) 9]l (5.98)

The first factor above is bounded by ||((—A; + dI'(w))*®||. To bound the second
factor, we commute the gradient to the left,

Vol "2a(Vona) = a(Vone) | Vel ™ + [ V2] 7%, a(Von )] (5.99)
For a > 1/4, we have from (5.3) that w™*Vouy € L? and that

Cy, = sup [|[w *Vouyll2 = 0, as Kk — 0. (5.100)
N>1

Using the Cauchy-Schwarz inequality, we can therefore bound the contribution com-
ing from the first term in (5.99) by

|a(Von )| Vel "2 < w*Voy[[2]|dT (W) 2|V, =20
< Cill(Az + dP(w))aH/%sNi/?—a\I,H
< Ol (=Ay + dT(w)) N0, (5.101)

where we took a = 2s —1/2 > 1/4 for s > 3/8. To bound the term coming
from the commutator in (5.99), we use that iV,e % = e *(iV, + k) and that
[lp = k"% — [p|"=**| S [k|'"**, to obtain

1Vl a(Von N S [la(1V >~ on ) ¥
< ™ VP20 o [T () 2],
< [lw™ | V220 [l (w) N 2w (5.102)

where the norm tends to zero for £ — oo since |k[*~*Tn (k) < [k|7**1}5)>,. This
proves that for all § > 0,

(@, iV2a(Voye)P)| < 0]/(—Ag + dT(w))*@[[[|(—Ag + dT'(w)) N {2 W],
(5.103)

for x sufficiently large.

The term a*(iVun z)a(iVuy ;). Finally, we finish the bound (5.67a) on Ry by
estimating the term with a creation and an annihilation operator. Similarly as
above, we have

%/ . —s 2 sarl/2—s sarl/2—s
(@, 0" (IVon2)a(iVuy,e)¥) < [lw™* Vo [[3]|dE(w) "NV @ff][dE (w) N7 ).
(5.104)

Using (5.100) we conclude the proof of the desired bound (5.67a).
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6 Proof of the main results

In this section we prove Theorem 1.1, Theorem 1.4, and Corollary 1.5. We start by
recalling the results that form the basis of the proofs, and proving precise upper and
lower bounds on the spectrum of Hy as preliminary lemmas.

In Section 4 we computed

UxHnUx = 1y, <NHNIN, <N, (6.1)
with Uy the excitation map (4.2) . We then showed in Proposition 4.27 and (5.6)
UHNU = dmay (N — 1) + 8raw VN + el + HY + £, + € (6.2)

where U is a unitary operator on .7, . Here the notation H¥; is defined in (5.7), L4

is the quartic term defined in Proposition 4.2, e is the scalar of order one defined
in Proposition 4.27, and the error €& = £W) 4 O(N=3/212%(N\, 4 1)3) satisfies

+& 5 N_a/2dF(WN7w) + N—a/4£4 +N_1/2_a/4/\[_|2_ + N_3/2+2QN_?_
+ N7 ((log N)*dD([iV]) + Ny + 1+ (N +1)2|V,). (6.3)

for any a < 1/10.
Moreover, we proved the following conservation estimates under the transforma-
tion U.

Lemma 6.1. Let U = U,UwU.UgUgq be the product of the unitaries from Section 4.
Under the assumptions of Proposition 4.27, for any t > 0 we have

UNLU = ONL +1), UNLU* = ONL +1),
and it holds
U*L4U = o(m + N7V2Ol2N2 4 £y + N2 log NdT([iV]) + N),

U*dD (W)U = O(d0 (W) + Ny + V).

Proof. This follows from the various bounds in Section 4. Specifically: for N,
Lemmas 4.5, 4.12, 4.22, 4.26 and Equation (4.196); for £, Lemmas 4.6, 4.12, 4.23,
4.26 and Equations (4.194), (4.195); For dI'(Wy ) Equations (4.54), (4.68), Lemmas
4.23, 4.25 and Equation (4.189). O

In Propostion 5.1 we proved that 'H% — Enw converges to an operator that is
unitarily equivalent to Hpp in norm resolvent sense, where Ey v is given by (5.8)
and contains the terms of order log N. Moreover, Proposition 5.7 and Corollary 5.10
imply that for 0 < s <1

N{73(=Ap +dT(w)* SHY — Enw +1, (6.4)

uniformly in N.
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Lemma 6.2 (Upper bound). Assume the hypothesis of Theorem 1.1 and let
ey :=4may(N — 1) + 8raw VN + V) + Enw.

Then for any k € N
ex(Hy) — en < ex(Hpp) + O(N~Y/80),

Proof. By Proposition 5.1, HY — Ex w converges to (U°) Hgr(UZS°)* in norm resol-
vent sense, so the min-max values also converge. Moreover, the spectral projections
to an interval around e (Hpp) that contains no other eigenvalues of Hpp also con-
verge, cf. [46, Thm.VII.23]. In particular, their ranks are equal for N sufficiently
large. To deduce the rate of convergence, consider such an interval and write for all
eigenvalues in this interval ej(’}-[]l\], —Enw) = rj_l — i, where r; is the corresponding
eigenvalue of (H§, — Exw +1)71. The eigenvalues r; all lie in the complement of a
disc in C, where the function z — z~! —1i is Lipschitz. It is thus sufficient to bound
Irj — (ex(Hpr) + 1) 1|, which is bounded by the norm-difference of the resolvents
(cf. [2, Theorem 6.3.3], which applies to compact operators by the same proof).
Proposition 5.7 thus gives us the rate of convergence

lex(Hpr) — ex(HY) — Exw| S NCatee (6.5)

for 0 < o < 1/2 and € > 0, where we will take @ = 1/10, the largest value
permitted by Proposition4.27. It is thus sufficient to prove the upper bound using
ex(HY) — Enw. Let Yy denote the span of the first k+ 1 eigenfunction of H¥,. Our
test function for Hp is of the form

U =UxUxy®

with ® € Y, normalized and xps a cutoff on Ny < M = N a/9  More precisely, let
X,7 : R = [0,1] be two smooth functions with x2+7% = 1 and x(r) = 1 for r < 1/2,
x(r) = 0 for r > 1, and define nyy = (N /M), xpr (N5 /M).

Normalizing W. We first show that that ¥ = UxUxp® is almost normalized.
Recall that Uy is a partial isometry, hence we first bound, using that U*N U < Ny
by Lemma 6.1, and (6.4),

1Uxm®|* = |¥]* = (Uxm®, (1 — UxUx)Uxu®) = (Uxm®, Ly, > nUxr ®)
< N ' xm®, UN Uxu®)
SN NP, (HY — Enw + 1)®). (6.6)
Then, we find that for § > 0 small enough

1 [[Ux®[? = (@, 13,®) < M40 (@, NV p)
SN~Y3D, (HY — Enw +1))2®) S N~/8, 67
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where we used the second bound of Proposition 5.7 together with (5.59b), and
chose M = N9 We also used that the k first eigenvalues of H% — Enw are
uniformly bounded in N because of the resolvent convergence we discussed before.
In particular, the map UxUxs : Y — F¢N is injective for large enough N. Thus
we have for the min-max value

B . <\I/,(HN—€N)\P>
cwlHy) —en = min mex
dimX=k+1

< max (xu®, U*U% (Hy — ex)UxUxnr®)(1 + O(N~/8))
I#)|=1

< max (@, U Ln, <N(HN — en) I, <NU®) (1 + O(N~/8)).

(6.8)

I®]=1

Removing 1, <n. To estimate the main term above, we first need to remove the
projection. First, we use Hy > eo(Hy ), hence up to increasing the above quantity,
we can add

0<1n,>nv(HN —eo(Hn)) AN, >N
< ]1N+>N(HN_€N)]1N+>N+ (GN—eo(HN))NJQFNfa (6.9)

where (exy — eg(Hy)) S N. It then remains to control the cross terms. We have,
collecting the terms from Proposition 4.2 that do not preserve particle number,

Inen, (Hy —en)Insn, = Inen, (Lo + L3+ Q1)1n, >N (6.10)

Since these operators vanish when projected to N > N and annihilate at most
two particles, the right projection can be replaced by 1ny<ar, <n42 and the terms
simplify. For Lo we have explicitly

1
Lolnyan, <ny2 = 7 / Vn(y1 — y2)ay, ay Lar, =N 42, (6.11)

which is smaller than the general expression for Lo by a factor of N. Treating the
other terms in the same way and using that Ty, sy < N ~2N?2, we obtain using the
Cauchy-Schwarz inequality (cf. (4.28))

Ivan, (Hx — en)lnsy, = O(NTV2NG + N732Ly 4 N732d0 (W) ).
(6.12)
Using Lemma 6.1 to transform this bound with U then gives
Ulyen, (Hy — en)Insa U +hec. (6.13)
= O(NTY2NZ +1) + N™¥2L, + N=*2d0 (W) + N2 log NdD'(|iV])).
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This can be combined with the error term ) from Proposition 4.27, forming a

new error term that satisfies the same estimate as £U) and such that
UU%(Hy — en)UxU < HY, — Exnw + L4+ &, (6.14)
where £’ also satisfies the bound (6.3). We thus have

ex(Hy) — ex < max (xy@, (HY, — Exw + L4+ E)xmu®)(1+CM™).
k
llefl=1

(6.15)

Estimating £'. We can now bound the error term &’ which, as &, satisfies (4.180).
We proceed term by term. The powers of the number operator are bounded by
xMNE < MF=1yx Ny, which is then bounded as in (6.6). Moreover, by (6.4) we
have that

O ®, (dD(EV]) + N2V Dxar®) < (xar® N2 (= A, +dD(w) /2y ®) (6.16)

is of order one since s commutes with the operator in the middle. Fort = 1—a/4 <
1, we have (compare with (5.55))

AW o) S dU((=A))[Wirllsjar S N0 w) W13 /64 (6.17)
and using the bound (6.4), we obtain

N™2A0 (Wi o) S N~YYHE — Exw +1). (6.18)
Hence from (4.180), the above estimates give

ar®, Exu®)| S Ny, (MY, — Eny +1)®). (6.19)

Estimating L4. For the remaining term L4, we use the analogue of the bound (5.54)
on Wy to obtain for 1 <t < 3/2

£4< [VirllsyadD((—A + DAL S N2 2dD(=A + DA (6.20)

Here, we cannot use t < 1 since £4 does not come with a small constant. However,
L4 comes from Vi which scales with N, while the singularities of HY; come from
Wy which only scales with v/N, so by using ¢ > 1 we gain more decay from Vy than
we loose form HY and this term will still be small. To see this, we set t = 1 + /4
and first use the cutoff at M, which gives

(Xm®, Laxar®) < N™2M (xpr®, dT(—A) /4y @), (6.21)
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As dT'(—A) commutes with N, and thus xjs, we can now apply the bound (5.63)
from Corollary 5.10 with the second bound from Proposition 5.7, with M = N®/9,
to obtain

Oor®, Laxar®) S N2 M|dD(—a) /2R g 2o ls) 2
< KN HE = Bxw + 97D
S NN S N, (6.22)
for £ > 0 small enough. Putting these bounds together, the inequality (6.15) yields
er(Hy) — ey < max (or®, (i — Evaw)xar®) (1+O(NV-%)) . (6.23)
l®ll=1

Removing xp- It remains to prove that the quadratic form on the right gives
approximately (®, (HY, — Ex.w)®). We use the IMS localization formula [37, Propo-
sition 6.1]

HY = xauHRxar + e HS e + 2 (Do Do, HRD) + g, e, HRDD). - (6.24)

Using that the smallest eigenvalue of 7-[1[{[ — Enw is approximated by eo(Hgr) from
(6.5), we find for the term localized on large particle numbers

(@m0 (MK — Enw )i ®) = eo(Hpr) [ ®||* + O(N /%) = O(N~*/%), (6.25)

where we used (6.7). Collecting from the explicit expression of HY in (5.7) the terms
that do not commute with N, we see that
[xars Dxar HY = [xars [xars a(iVon )% + 2iV,.a(iVoy ) + a(w™) + h.c.]
= (2iV,a(iVoy z) + a(w™)) (xar (V4 + 1) — xar(N1))? + hee.
T aliVona (Vs +2) — xu (V) +he. (6.26)
With the bounds of Lemma 5.12 on the first line and (5.16) (with ¢t = 1/2 4 ¢)
together with (6.4) for the last line, this gives

(@, xar, Dxar, HRJ®)| S N¥(®, (HK — Enw +1)@) sup (x(%37) x(#))*
SMTENT S N8 : (6.27)
The same reasoning applies to the commutator with 7, and we thus obtain
O ®, (MY — Envw)xar®) < (@, (HE — Exw)®) + O(N~/%). (6.28)

In view of (6.23) and with the choice @ = 1/10 this proves the claim. O
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Lemma 6.3 (Lower bound). Assume the hypothesis of Theorem 1.1 and let
en = 4may (N — 1) + 8maw VN + U + Exyp.

Then for any k € N
ex(Hy) — en > ex(Hpp) + O(N Y80,

Proof. Localizing in Ny. In order to control the error terms with N_%, Nﬁ in £
from (6.3), we need to localize on a subspace of 7 with Ni < M. Let xu,num
be as in Lemma 6.2, with the choice of M = NY/2t%/8 a5 the cutoff scale. We now
apply the localization formula (6.24) to H]%,N = U HnUx. The term localised by
xm will be analyzed further, and the other terms need to be estimated as errors.
This is where the condensation hypothesis, Condition 4.1 enters into play. Indeed,
together with the positivity of W and —A, it gives

UxHyUx > Uy HposeUx > (dmay (N — 1) + Ny — dVN) Ly, <n. (6.29)

For the choice M = N'/2%/8 using that n3, < M~'N,n?,, we can reconstruct the
energy €y on the sector of large particle numbers using the gap, that is

Y I > enni g <v (6.30)

for N sufficiently large.
To control the commutators, we collect the terms that do not commute with Ay
from Proposition 4.2, which gives

[t [ar, )] = Doy [, D, <v (L2 + L3 + Q1) Ly, <] (6.31)

Arguing as in (6.27) and using the bounds Lo+ L3 S L4+ N, Q1 S AT (Wy ) + VN,
which follow from the Cauchy-Schwarz inequality (cf. (4.28)), we can bound the
localization errors by

[t [a, RN + Dears Do, HRY N S MLy + dD(Wa) + N)Lyjocnr, <

SNTIAARY + N). (6.32)

Here we used that L4 +dI'(Wyz) S H%N + N which follows again from the Cauchy-
Schwarz inequality applied to the terms composing Hy .

For the term localized at Ny < M = N'/2+/8 first note that xmLn, <y = Xur

for N large enough, so we can drop the projections. Making use of the unitary to
rewrite this term as in (6.2) yields together with (6.30)

HYY > enly, <n + xuU(HY — Enw + Lo+ E)U Xt (6.33)
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Estimating £. We can now control the error term L4 + £. As L4 > 0, we can
simply drop L4 + O(N~%/*L4) > 0 for large N. To bound N2, N3, we use that by
Lemma 6.1

XMUNFU xS xar W+ 1Fxar S M (Vs + D (6.34)
We have thus obtained
XU (L + E)U*xar > —xaU (N0 (W) + (N7/% 4 N7H2R0/) \r,

+ N~*((log N)2dT(|iV]) + 1+ (N} + 1)1/2!Vz\)U*xM. (6.35)

These remaining error terms have to be estimated using "H]({, — Enw. The term

dT'(Wy ) is bounded as in (6.18). With dT'(|iV]) < A}/2dT'(w)!/? and (6.4) we also

get

N=BNL4+N"4((log N)2dT(JiV])+1+ N4 +1) V2V, ]) S N-Y3(HY — Exw+1).
(6.36)

We have thus shown that

U;(HNUX > 5N1N+§N + (1 - CNia/S)XMU(H% - EN,W)U*XM — CN7Q/8.
(6.37)

Removing the localization. We are now ready to bring the proof of the lower
bound to conclusion. Let Xj < L*(T3W+1)) denote the span of the first k + 1
eigenvectors of Hy and let ¥ € X} with norm equal to one. We first need to show
that xpUx ¥ ~ UV for large N. We have with M = N1/2+e/8 a5 before, using
the a priori bound (6.29) and the upper bound from Lemma 6.2,

(= xanUR I < 20 (1 = xan)UR W A (1= xan) U 0)
<M N, (Hy — 4may (N — 1)) + O(N /%)
= O(N~/%), (6.38)
In particular, xp Uy @ X — %4 is injective for sufficiently large N. For the
min-max values this implies, coming from (6.37),

ex(Hy) —en > max (1 - CN=3 (xp U0, UHS — Exw)U*xmU% W)

=1
+ O(N/8)
= min IXxm U@ |Per(HY — Enw) + O(N /%)
[w]j=1
> ep(HY — Enw) + O(NT8). (6.39)
Taking o = 1/10, the largest value permitted by Proposition 4.27, proves the claim.

O
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6.1 Proof of Theorem 1.1

Proof of Theorem 1.1.
The upper and lower bounds proved in the lemmas above imply that

ian(HN) = 6N+O(1). (640)
The proof now simply consists in analyzing
en = 4may (N — 1) + 8taw VN + ) + Exyy, (6.41)

where () is given in Proposition 4.27 and Enw by (5.8). Using Lemma 2.3 and
straightforward estimates on the sums, we obtain that e(W) is of order one. Hence,
it remains to extract the logarithmic contribution from Fy /. Let us write

EN,W = —2<VUN ® Vouy, (H(Z))71V7}N (= VUN>,

(6.42)
H® = —(Vy, + Vy,)? + w(iVy,) + w(iVy,) + Wy (y1) + Wi (y2) + 1.

Recall that for large momenta, which are the relevant ones for the divergence, vy
is essentially given by the scattering solution, vy = vV N@; for N > N¢ (cf. (5.3)).
The term of order log N is already contained in Fy o, which is obtained by replacing
H® with

HY = —(V,, + V,,)? + w(iVy,) + w(iV,,) + 1. (6.43)
We have
Enw — En

= (Vo ® Vo, (H?) " Wy (y1)(H) " Yoy ® Vo)
_ 4<WN ® Vo, (H) Wy (y1) (HP) 1 Voy @ WN> (6.44a)
— 4(Voy @ Vo, (H) ™ Wi (y:) (H?) !

X (W (y1) + Wi (32)(H) " Voy @ Vo ). (6.44b)

Using that HW;/ *(H®)~1/2| is uniformly bounded, we can bound the expression of
the last two lines by

1(6.44b)| < |[W (1) 2 (HE) "' Von @ Vo ||? = 1(6.44a). (6.45)
This is now bounded using (5.54) and Lemma 2.2 with 0 < s < 1/4
(6.44a) < |lw V4 2V0n |* lw V2 Wyw 278 < 1. (6.46)
Lemma 2.2 (5.54)
S N2s S N—2s
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We have thus reduced the problem to the analysis of
|2

By— s Y N EPEN @

(p+q)?+wp)+w(g) +1° (6.47)

p,qE27Z3

We may cut-off any of the sums at scale v/N at the expense of an error of order one,
since, with p?0(p) = O(1) from (5.4) and ||Voy|lz2 = O(N'/4) from Lemma 2.2,

(p- q)?|on(p)?|0n (q)? 5 1
ng/ﬁ @+ 02 +0@) +w@+1 - Vel |p§m P (p)

To compute the sum, we can replace w(p) by p?, at the price of another error of
order one. We also need to deal with vx which we recall is defined in (5.3). We can
replace On1,<|pj<ne by 4may in (6.47) up to an error of order one. For the large

<1 (6.48)

momentum part Oy Ly sye = VN Z1(p)e'”, we use the scattering equation (2.17)
and the definition of ayy, in (2.19), to obtain

~ 4dra 1 erT 1
VNG )~ T < 1) R @Y
p-x 1
Sll [ NPWORDE < o (na)

Therefore, using the cutoff in the sum and also that dy, = aw + O(N~"/?), we
can replace entirely oy by 4may /p? in (6.47) up to an error of order one. Next,
we may also replace the sum by the corresponding integral, as the difference of the
summand at two different points decays more quickly. Thus,

2 / (4raw)*(p - ¢)*dgdp
Pl ((p+ )2 + 2+ 2+ 1)

O(1). (6.50)
Ipl,lgl<VN

This integral can now be evaluated up to order log N. Using spherical coordinates
and Gaussian integrals, we obtain

/ (p-q)*dg o /1 /OO s*drds (6.5)
P**((p+ ) +p* + ¢?) ~1Jo (2r% 4 2p% + 2|p|rs) '

1 [e'e) o) 2, o
= 7r/ / / s2e P HIPITS) 4 drd s
-1Jo Jo

2

72 ol s2ds
= ——~ —  — _ (4arcsin (1) —2,/3).
ot L i = (e () - 2v5)

Integrating over p, this yields
2
Ey = —327ra%v(§ —V3)log N + O(1). (6.52)

This completes the proof of Theorem 1.1. O
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6.2 Proof of Theorem 1.4 and Corollary 1.5

Proof of Theorem 1.4.

This follows immediately by combining the upper bound of Lemma 6.2 with the
lower bound of Lemma 6.3 and cancelling all the scalar contributions to er(Hy),
€0 (HN) . OJ

Proof of Corollary 1.5.

a) Convergence of eigenfunctions up to subsequences follows immediately from the
convergence of spectral projections of part b). Indeed, denote ey := eg(Hpr)
and let B be an interval containing ex(Hpp) — o, but no different eigenvalues of
Hpr — eg. Then, for N sufficiently large, ex(Hn) — eo(Hn) € B and UgUx U =
UsUx1p(Hn —eo(Hn))¥n. With b) the difference to 1 5(Hgr —eo)UgUx ¥ N tends
to zero. The latter sequence has a convergent subsequence in the finite-dimensional
range of llB(HBF - 60) = ]1<HBF = ek(HBF))

b) Recall from (6.2) that Uy HnUx = In, <NHN 1A, <N, With
UHNU =HS — Exyw +en + L4 +E.

We already know from the norm-resolvent convergence of Proposition 5.1 that
Jim 1p(HS — Enw — e0) = (U°)* 1 p(Hpr — eo)U. (6.53)

We thus need to take care of the interaction term L4, the error term £ and the con-
vergence of the unitary U = U,Uw U.UgUg, which depends on N via the generators
of its factors defined in Section 4.

Convergence of U. Concerning the unitary, we have

Jim Ulg(HY, —Exw —e)U* = Jim UpUX1 g(HY, — Enw —eo)(UsUX)*. (6.54)
—00 —0o0
The reason is that for the transformations Uy, Uy and U, acting on large momenta,
0= lim (U, — )Ny +1)"V2 = lim (U. - )NV, +1)7Y/2
N—o0 N—o00
(Uw — DN, +1)"Y2 (6.55)

lim
N—o00
which follows easily using Duhamel’s formula as in Sections 4.2, 4.4 in the first two
cases and a simple bound on the generator (compare (3.30)) in the last case. By the
same reasoning, the transformations Ug and Up that act on small momenta converge
to their limits, defined by setting N = oo in the generators, when regularised by
(N +1)"Y/2 (for N = oo, Ug equals U as defined in (3.4)). Since all the unitaries
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are uniformly bounded on Q(N,) (cf. Lemma 6.1) and (N + 1)/2 is uniformly
bounded on the range of the spectral projection by (6.4) this proves (6.54).
Convergence of the spectral projections. It remains to prove that

dim (L(HE — Exw — e0)) = U"UxLp(Hy — eo(Hn))UxU) = 0. (6.56)

We will argue by induction on the number k of the min-max value. For any k let
By, be an interval containing ey (Hpr) — €p, but no other part of the spectrum of
Hgr — ep, as in the hypothesis. Define d; by sup By = ex(Hpr) — €0 + dk, and then
for j € Ny

P = U*U;(]I(HN < ek(HN) —i—(sk)UxU =1-Q,

~ - (6.57)
Pj = 1(Hy < er(HY) + k) =1 — Q.

Then we have for N sufficiently large
U*U;(]lBk(HN—eo(HN))UxUZPk—]P’k,l, (6‘58)

1, (HY, — Exnw — e0) = P, — Py,

with the convention that P_; = P_; = 0. Therefore, it is enough to prove that
P, — P = QP — P Qs converges to zero for every k. In fact, we will prove that
@k}P’k and @ka converge to zero. Let us now assume the statement that has been
proved up to k—1 for some k£ > 0 (it is obvious for k < 0, as P_; = 0). In Lemma 6.2,
we showed that

Tr((?—t% —Enw — 60)@)
6.28) /= U > ~1/80
> Tr(IP’kXM(HN — Enw — 60)XM]P’k) +O(N )
> Tr(@kXM(U*UXHNUXU — €N — GO)XM@k) +O(NT1/8)
Z TI‘(@]CXM(U*U)(HNU)(U — eO(HN))PkXMEDk)
+ (ex+1(HN) — eo(HnN))Tr (@kXMQkXM@k) +O(NTHE0), (6.59)

where we specifically used (6.14) together with (6.22) and (6.19) for the second
inequality to get rid of £4 and &£, as well as the lower bound on ey(Hy) from
Lemma 6.3. We may remove the localization y s in the two terms in (6.59) thanks
to the presence of P, and because

~ 6.7
1B;(1 = xan) |22 O(N1/50), (6.60)
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Let dj, be the dimension of ran 1, (7—(% — En,w — ep), which equals the multiplicity
of ey (Hpr) by (6.53) for IV large enough. By the induction hypothesis, which implies
in particular that Pp_1Pp — Pr_1 — 0, we then have by Theorem 1.4,

k—1
]\;gnoo TI‘(PkXM(U*UxHNUXU—eo(HN))PkflxM]P)k> = Z dj(ej(HBF)—eo). (661)

7=0
Moreover, by (6.5) we also have
k
]\}i—r>noo Tr((?-[N ENW — €0 ]Pk) Z 6] HBF - 60) (6.62)

We can thus take the limit in (6.59), whence the terms with j < k cancel, giving

dk(ek<HBF) - 60) Z lim sup ((ek<HBF) - eg)Tr((IFk - Iﬁkfl)Pk) (663)

N—o0

+ (er+1(Hpr) — o) Tr((Py, — ﬁ)k—l)@k))-

AsP.+Qr =1and d, = Tr(]?’k — Iﬁ’k_l) for large N, dividing by dj, and eliminating
eo expresses ei(Hpr) as a convex combination of itself and eyi1(Hpr). But since
ek(HBF) < 61€+1(HBF) this implies,

= lim Tr((P, — P,_ = lim Tr(P > lim ||P 64
0= lim (P, — Pr—1)Qy) Am r( k@k)_NngooH 8 Qul, (6.64)

where we used the induction hypothesis once more. The argument for the conver-
gence of PrQy is essentially the same, using the inequalities proved in Lemma 6.3.

¢) This follows from b) by an approximation argument. To be precise, let € > 0 and
let N be large enough for |[Ux ¥y — ¥|| < € to hold. Choose k so that

||]1(HBF > ek(HBF) + 5)U§\I’H <eg, (6.65)

where § is such that part b) applies to Bs(ex(Hpr)Hpr)). By the convergence of
spectral projections proved there, we have

||]l(HN > ek(HN) + 5)UX\IJ” < 2¢, (666)
for sufficiently large V. Consequently, using unitarity of the group,
H U* e_it(HN_eO(HN))\I/N _ UBe—it(HBF—e()(HBF))Ué\II ”

<HZ( )N (= e(Hy))Ux ¥

eflt(ej(HBF) 60(HBF))UB]1(HN =€ (HN) UB )H + 4e, (667)

which is less than 5e for sufficiently large N by the convergence of the eigenvalue
differences from Theorem 1.4 and the spectral projections from part b). O
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A The scattering problem on the torus

A.1 Properties of the scattering solution

Let 0 < v € L%(T?) be even and let us define

1 1

YT PI(CA+ Ly)P

1 1723
—Ptue PEIA(TY), (A1)

where P is the orthogonal projection to the complement of the constant 1, i.e, func-
tions that integrate to zero. The Fourier coefficients of ¢ then solve the scattering
equation (2.14) with potential v,

so)+: D @) —q) =—-10(p) (A.2)
ge2meZ3\{0}

Lemma A.1 (Regular estimates). There is C > 0 so that for 0 < v € L*(T3)

lelle < Cllvl 011, 1Vella < Cllolly vl (A.3a)
15(p)| < 2H14F/3Hvu4”2 p € 2773\ {0}, (A.3b)
|wm<wwWWw”( + 1+ olD)lloll) - (A.3¢)

Remark A.2. Taking v,(z) = n?v(nz) for n > 1, that is 9,(p) = n~'9(p/n), we
obtain

2/3 4/3 _ 2/3 4/3
valls" onll1® = 20|33 0)172,
1/3 2/3 1/3 2/3
v} lval3" = HH/MV,

(1 + vall®) ol = (071 + vl o]l

Proof. Since v > 01is in L?, we have ¢ € L?(T3). Writing the scalar product of —Agp
with ¢ in Fourier space, we obtain with v > 0

awe)”
—~ ~ vip ~
1p@l5 < lIp@ll3 + 21IVoell3 = —3(3,8) < ( > 2) 1p@]]2-
pe2nzi\foy P
(A4)

We deduce that ¢ € HY(T?) and |[p@|2 < |||p|~'9|l2. Let us now bound, for any
A>1,

v(p (p)|?
ERCEE.S _ 3y B0P 5 W)l

peszivoy P sea P pEa P

< A7%)9)3 + CAlB|1% < Cllol3 v, (A.5)
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where we took A = |[o]|Z?||lv]|;?* > 1, used that [|7]|es < |lv|l < ||v||2. This proves

the second estimate in (A.3a). The same computation gives also |||p|™! * 9|3 <
C||v\|§/3||v]\11/3, which allows us to bound

1/2

= 2

o~ v\p—4q ~

5% Bllo < ( 5 W) Ipllz < Clol2 o], (A.6)
pEZ3\{0}

From this and the scattering equation (A.2), we obtain the point-wise bound on
@ (A.3b) as well as the first estimate in (A.3a). Multiplying (A.2) by [p|~2 and
summing over p, we also obtain

2|18lh < lpl =20l + [llpl =20 * @]l (A7)

The first term is bounded as follows, picking A = (||v||2/|v[l1)%? > 1, we obtain

P23 01 < I8 pp<alpl2l1l1Blloo + (1L alpl2l2llvllz < Cllolly?|loll3.
(A.8)
For the second term, we also decompose it for A > 1 as
1Pl =25+ Bl < 172024 * Bll1 + Pl Lppjs 47 * Bl
< Pl 2L < alli 5 * Blloo + o2 Lpps all2 17 + Bl
< C (AJol3 vl + A28 20181 ) - (A.9)
For A = C?||v||3 + 1 > C?||v||3 this yields
1@l < C(1 = A72 i)~ (Il l0l3 + Alloll3 o)1)
< Oyl (1+ (1 + I3l (A.10)
with a new constant C. ]

We now consider, for m > 1, the truncated scattering solution

Pm(p) = IL\p|>m§5(p)' (A.11)

Lemma A.3 (Estimates on ¢,,). There is C > 0 so that for 0 < v € L*(T3) and
allm > 1, we have

_ 2/3 4/3 1/3 2/3
lemllz < Cm= 210320112, IVemllz < Cllolly®[lv]l3?, (A.12a)
e — omlloo < Cmflo]| 23 |l0][ 1 (A.12b)
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Moreover, for 0 < s <1 there is C > 0 so that if s < 1/2

P> @mllz < Cm= /2= 10|57 |0]}/? (A.12¢)

~ 2/3 4/3
l1p1Y2@ll2 < Cllol3 o]y 1og [[vlla] + 1, (A.12d)

and for 1/2 < s <1

1" @llz < O C=/2]jol |5~ o] 3577,

Proof. The estimates (A.12a), (A.12b) and (A.12c) follow easily from (A.3b) and
(A.3a). The estimate for 1/2 < s < 1 follows by Hoélder’s inequality |||p|*@mll2 <
11218 I5]| @3~ together with the two bounds in (A.12a).

It remains to prove the case s = 1/2. We use the equation (A.2) to obtain

2[[p["*@ll2 < lllpl~*3ll2 + lllpI /%3 = |la- (A.13)
We bound the first term as follows, for any A > 1, we have

1Pl ~%/%5(13 < 1L jp1<alpl /%0113 + 1L jp>alpl /%03
< Clog Al[|2, + A7?||5]3
< C||9]|2, (log(||B]l2/|7]|oc) + 1) (A.14)

where we chose A = H@H?S/HGH%B > 1. Similarly, we have

161725 % Blla < C10 % Blooy/log([0 % B2/ [0 % Blloc) + 1

2/3 4/3
< Cllol3 )11/ 1og [|v]la] + 1. (A.15)

where we used the bounds on [|7 * 3jec < [[0]|¥3||v[|?/® < [|v]|2 from (A.6) and
~ o~ —2~ 1/3 2/3
2 > 2 2 1 % 2 1 = 2 4-
15 @12 < Cllollz (1170l + A + [l 1017*) < C(lvll2 + 1)

(A.16)

Finally combing the above estimates, we obtain

—~ 2/3 4/3
1121232 < Cllolly vl \/| 1og [[v]l2] + 1. (A.17)

O
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A.2 Comparison between torus and free space scattering lengths

For a generic potential 0 < v € L?(T3), we define the torus scattering length by
minimization problem

1
drags(v) = inf { |wy2+f/ v1+<p|2} (A.18)
T3 2 T3

eeH1(T3)
©=0
By the Lax-Milgram Theorem this problem has a unique minimizer @gs, which
satisfies the equation (A.2). We may extend v beyond the unit cube by zero, to
obtain a potential 0 < v € L!(R?). Denote by aps(v) the scattering length on the
full space defined in (1.2) of this potential.

Lemma A.4. Let 0 < v € L?(T?). There exists C > 0 so that, denoting v,(x) =

n?v(nx), we have for all n > 1

|nags (v,) — ags(v)| < CnL.
Proof. Let ¢gs be the solution to (2.12), then from [43, Theorem 6] we know that
1 1
I <0 \V4 <
’IE‘—Fl N(pRg’(x)— ) ‘ ()OR3($>‘N ‘$|2+1

for all x € R3. Let 0 < x € C®(R3) such that y(x) = 1 for |z| < 1/3 and x(x) =0
for |z| > 1/2. We set on(z) = x(x)¢rs(nz) + ¢,, with ¢, chosen so that the integral
of ¢, over the unit cube equals zero. Then ¢,, satisfies for n > 2

(A.19)

—Appn + 301+ on) = (—AX)p(n) — 20V x - Vp(n:) + Fvpcn (A.20)
since supp v, C {|z| < 1/3} C {x =1} for n > 2. Note that
1
| < I < <p! A.21
e < [Ixemm) S [ g e (A21)
[-1/2,1/2]3

s0, since ps is bounded and [v, =n~! [v,

[ onl1+ gal? = 14 xms (2)2) = O(0™2). (422)

Then, using the variational characterization of 4mays(vy,) and (2.13), we obtain
2 1 2
dmars (vn) < Ven|” + 5 n|l + ¢n|
T3 2 Jr3

= drazs(va) + [ (~A)¢rs(n) = 209X Vepgs (0)) 2 + O(n ™)

1 n 9
<
< dmags(vy) + C / L + (il + 1)3) +O0(n™7)
[-1/2,1/2]
< 4mags(v)n~t + O(n™?), (A.23)
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where we used that suppx C [—1/2,1/2]® and the exact scaling relation nags(v,) =
aRs3 ('U)
Reciprocally, take this time ¢, (z) = X(m)cpq(r? (z) where
n 1 1
90%*3) = —=
2 PL(—A + fv,) Pt

Ptv, € PH e L¥(T%) = L2([-1/2,1/2)%). (A.24)
The same computation as above now leads to, since (s is real,

Amags(vy) — dmars(vy) < / ((—Ax)goq(rg) —2Vx - Vgoq(gé)) X‘Pﬂ(r?

]R3

= [ ORI

< Cllefi I3 = 0(n™), (A.25)
where for the last estimate we used Lemma A.1 together with Remark A.2. O
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