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FINITE AND INFINITE DEGREE THURSTON MAPS WITH EXTRA
MARKED POINTS

NIKOLAI PROCHOROV

ABSTRACT. We investigate the family of marked Thurston maps that are defined every-
where on the topological sphere S2, potentially excluding at most countable closed set of
essential singularities. We show that when an unmarked Thurston map f is realized by
a postsingularly finite holomorphic map, the marked Thurston map (f, A), where A < S?
is the corresponding finite marked set, admits such a realization if and only if it has no
degenerate Levy cycle. To obtain this result, we analyze the associated pullback map oy 4
defined on the Teichmiiller space T4 and demonstrate that some of its iterates admit well-
behaved invariant complex sub-manifolds within 74. By applying powerful machinery of
one-dimensional complex dynamics and hyperbolic geometry, we gain a clear understand-
ing of the behavior of the map o 4 restricted to the corresponding invariant subset of the

Teichmiiller space T4.
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1. INTRODUCTION

1.1. Thurston theory for finite and infinite degree maps. In the one-dimensional ra-
tional dynamics, the crucial role is played by the family of postcritically finite (or pcf in
short) rational maps, i.e., maps with all critical points being periodic or pre-periodic. In
this context, one of the most influential ideas has been to abstract from the rigid underly-
ing complex structure and consider the more general setup of postcritically finite branched
self-coverings of the topological 2-sphere S2. Nowadays, orientation-preserving pcf branched
covering maps f: S — 52 of topological degree deg(f) = 2 are called Thurston maps (of
finite degree), in honor of William Thurston, who introduced them to deepen the under-
standing of the dynamics of postcritically finite rational maps on C.

These ideas can be extended to the transcendental setting to explore the dynamics of
holomorphic maps of infinite degree that are not defined everywhere on the Riemann sphere.
In this paper, we focus on postsingularly finite (psf in short) maps that are holomorphic
everywhere on C except at the closed at most countable closed set of essential singularities.
Here, the map is called postsingularly finite if it has finitely many singular values, and each of
them eventually becomes periodic or lands on an essential singularity under the iteration. We
can generalize the notion of a Thurston map to postsingularly finite topologically holomorphic
non-injective maps f: S2 — £ — 52, where E < S? is at most countable closed set, f does
not extend continuously to a neighborhood of any of the points of E and meets a technical
condition of being an admissible type map; see Sections and 2.3 Tt is important to note
that the set E is non-empty if and only if f is transcendental, meaning that it has infinite
topological degree. For simplicity, we will use the notation f: S? --» S? to indicate that the
Thurston map f, whether finite or infinite degree, might not be defined on at most countable
closed set of S2.

For a Thurston map f: S? --» S?%, the postsingular set P; is defined as the union of all
orbits of the singular values of the map f. It is important to note that some of these orbits
might terminate after several iterations if a singular value reaches a point where the map f
is not defined. The elements of the postsingular set Py are called the postsingular values of
the Thurston map f. If the map f is defined on the entire sphere S2, we simply refer to its
posteritical set and postcritical values, as the set of singular values of f coincides with the set
of its critical values. Two Thurston maps are called combinatorially (or Thurston) equivalent
if they are conjugate up to isotopy relative to their postsingular sets; see Definition [2.15

A fundamental question in this context is whether a given Thurston map f: S? --+ 52 can
be realized by a psf holomorphic map with the same combinatorics, that is, if f: S? --» S?is
combinatorially equivalent to a psf holomorphic map. If the Thurston map f is not realized,
then we say that f is obstructed. William Thurston answered this question for Thurston
maps of finite degree in his celebrated characterization of rational maps: if a finite degree
Thurston map f: S? — 5% is not a (2,2, 2,2)-map, then f is realized by a pcf rational map
if and only if f has no Thurston obstruction [DH93]. Such an obstruction is given by a
finite collection of disjoint simple closed curves in 5% — Py with certain invariance properties
under the map f. In many instances, it suffices to restrict to simpler types of Thurston
obstructions provided by Levy cycles; see [Hub16, Theorem 10.3.8], [Shal3, Proposition 1.1],
[HP22, Corollary 1.5], or [Par23, Theorems 7.6 and 8.6] for examples of such cases. The
family of (2, 2,2, 2)-maps that are not covered by Thurston’s characterization result consists
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of all Thurston maps with four postcritical values, where each critical point is simple and
strictly pre-periodic.

The same characterization question can be also asked in the transcendental setting. The
first breakthrough in this area was obtained in [HSS09], where it was shown that an ez-
ponential Thurston map is realized if and only if it has no Levy cycle. More recently, the
characterization question was resolved for a broad class of Thurston maps with four postsin-
gular values and a single essential singularity in [Pro24]. Furthermore, the results of [She22]
and [MPR24] suggest that a Thurston-like criterion for realizability may hold in a greater
generality. However, the characterization question in the transcendental setting remains
largely open, as many of the techniques used in Thurston theory for finite degree maps do
not extend to this context.

Let f: S* --» S? be a Thurston map and A be a subset of S?. We say that A is f-pseudo-
invariant if the orbit of each point a € A, whether it terminates after several iterations or
not, remains within A. Clearly, every f-invariant set is f-pseudo-invariant; however, the
converse is not necessarily true, since one of the points in A could be an essential singularity
of f. If Ais a finite f-pseudo-invariant subset of S? containing Sy (and therefore, the entire
postsingular set Py), we can consider the pair (f, A) called a marked Thurston map, where
A is referred to as the marked set. For clarity in notation, we denote the marked Thurston
map (f, A) by f: (S? A) ©. If no marked set is explicitly mentioned, it is assumed to
coincide with the postsingular set P;. Two marked Thurston maps fi: (5% 4;) ©O and
fa: (52, Ay) © are said to be combinatorially equivalent if they are conjugate up to isotopy
relative to their marked sets; see Definition . It implies, for instance, that fi|A; and
f2|Ay are conjugate. Furthermore, for the unmarked Thurston map f: S? --» S? we can
explore whether f is realized with respect to different marked sets. Naturally, the larger the
marked set we consider, the finer the notion of combinatorial equivalence becomes. Finally,
it is worth noting that the notion of a marked Thurston map naturally emerges even if we
focus solely on unmarked Thurston maps. This phenomenon, for instance, arises in Pilgrim’s
decomposition theory; see [Pil03], [Sell3], and [BD17].

This leads to the same realizability question as before, but now in the broader context of
marked Thurston map. According to [BCT14] (see also [JB23] for an alternative approach),
Thurston’s characterization criterion extends directly to the setting of finite degree marked
Thurston maps that are not (2,2, 2,2)-maps. Marked Thurston (2, 2,2, 2)-maps were studied
in [SY15] and [BD21]. Additionally, although not explicitly stated, the result of [HSS09] also
applies in the context of marked exponential Thurston maps. Finally, in [Pro24] Theorem 4.4
and Example 4.15], it is shown that a marked Thurston maps with at most one essential
singularity, at most three postsingular values, and four marked points is realized if and only
if it has no Levy cycle.

1.2. Pullback maps. From this point forward, we assume that any marked set contains at
least three points, as the case of fewer marked points is rather trivial; see Proposition [2.18]
The key method in determining whether a given finite or infinite degree marked Thurston
map f: (S?, A) © is realized by a psf holomorphic map is the analysis of the dynamics
of an operator o 4, known as the pullback map, defined on the Teichmiiller space Ta; see
Sections and [2.5] Roughly speaking, the Teichmiiller space T4 encodes all possible ways
to put a complex structure, which is biholomorphic to a punctured Riemann sphere, on
the punctured topological sphere S* — A, up to a certain equivalence depending on the
set A. Crucially, the Thurston map f: (S?, A) © is realized if and only if the pullback map
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0,4 has a fixed point in Tj; see Proposition [2.24] Moreover, the dynamics of the pullback
map encodes many other properties of the corresponding Thurston map; see, for instance,
[BEKP09|, [KPS16], and [BDP24].

Teichmiiller space has the structure of (|A| — 3)-complex-dimensional manifold and can be
equipped with a complete metric dr, known as the Teichmailler metric. 1t is known that every
pullback map oy 4 is holomorphic and 1-Lipschitz on Ty, meaning dr(ofa(71),04(T2)) <
dr(m1,12) for all 7y, 79 € T4. Moreover, if f is transcendental, then o 4 is distance-decreasing,
ie., dr(ofa(mh),074(12)) < dp(11,72) for all distinct 74, 75 € T4. The same property holds for
some iterate ajif“A provided that f is not a (2, 2,2, 2)-map; see Proposition . In particular,
if such a pullback map of4 has a fixed point, then it is necessarily unique. However,
these properties no longer apply for (2,2,2,2)-maps. For instance, if f is a (2,2,2,2)-
map, then o p, is an isometry of Tp,, and it is even possible that oy p, = idTpf§ see [Hub16l,
Appendix C.6]. This creates the main challenge of working with marked Thurston (2, 2, 2, 2)-
maps, and one of the reasons why Thurston’s result does not extend to this context.

Although the pullback maps of transcendental Thurston maps are distance-decreasing,
they exhibit more intricate behavior compared with those of finite degree Thurston maps.
To explain this further, we need to introduce the moduli space M 4, which, roughly speaking,
captures all possible complex structures on S? — A that are biholomorhic to a punctured
Riemann sphere; see Section for the precise definition. There is a natural projection map
wa: Ta — My from the Teichmiiller space T4 to the moduli space M 4. For finite degree
maps, there is a close interplay between the o-orbit (037%(7)) of a point 7 € T4 and its
projection (m4(05%(7))) to the moduli space Ma; see [Kocl3d] and [HubI6, Section 10.9].
However, this relationship becomes more subtle and less understood in the case when f is a
transcendental map (partial results can be found in [Pro24]). For instance, one of the key
steps in the proof of Thurston’s characterization theorem is to show that oy 4-orbit of 7 € Ty
converges (indicating that f is realized) if and only if its projection to the moduli space has
a limit, provided that f is not a (2,2,2,2)-map; see [Hub16, Theorem 10.9.2]. This result is
not yet known for transcendental Thurston maps, posing one of the significant challenges in
extending Thurston’s original proof to the transcendental setting.

In this paper, we seek to understand the properties of a marked Thurston map, assuming
we have knowledge about the same Thurston map with respect to a smaller marked set.
Specifically, we discuss realizability question in this context, employing explicit techniques
that shed light on the geometry of the pullback dynamics on Teichmiiller and moduli spaces.

1.3. Main results. Let f: (5% A) © be a marked Thurston map, with finite or infinite
degree, which may have at most countable closed set of essential singularities. Suppose
that B < A is an f-pseudo-invariant subset containing S;. Then, we can also consider
the Thurston map f: (S?, B) ©. It is natural to ask how the dynamical properties of the
Thurston map f: (52, A) © are related to those of f: (S? B) ©. For instance, it is clear
that if f: (5%, A) © is realized, then f: (5% B) ©O must also be realized, but the converse
does not necessarily hold. The main result of this paper provides sufficient and necessary
condition for when this happens.

Main Theorem A. Let f: (52, A) © be a Thurston map of finite or infinite degree. Suppose
that B < A is an f-pseudo-invariant set containing Sy. If the Thurston map f: (S*, B) O
is realized, then the Thurston map f: (S?, A) © is realized if and only if it has no degenerate
Levy multicurve consisting of curves that are non-essential in S? — B.
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Here, if A is a finite subset S?, then a simple closed curve v = S? — A is non-essential
if it can be shrinked to a point by a homotopy in S? — A. Otherwise, we say that ~ is
essential in S* — A. A collection G = {v1,72,...,7} of essential simple closed curves in
S? — A is called a Levy cycle for the Thurston map f: (5%, A) © if there exists a cyclic
permutation o of {1,2,...,7} so that for every i there is a simple closed curve §; € f~1(~;)
that is homotopic in 5% — A to v,(;) and deg(f|7:: 7; — 7)) = 1. A Levy cycle G is degenerate
if each v; bounds an open Jordan region D; so that for every i some connected component
D; of f71(D;) is homotopic in S? — A to D,(; and maps with degree 1 by the map f to D;.
Finally, Levy cycle G is called a Levy multicurve if all curves in G are pairwise disjoint and
pairwise non-homotopic in S? — A; see Section for further discussion.

Main Theorem [A] treats the following three cases for the map f in a unified manner:

(1) f is a finite degree map that is not a (2, 2,2, 2)-map;
(2) fisa(2,2,2,2)-map;
(3) f is an infinite degree map.

In scenario , the Main Theorem |A|can be derived as a direct consequence of Thurston’s
characterization criterion for marked Thurston map. However, for the other two cases,
Thurston’s result does not apply, and we have to address the challenges discussed in Sec-
tion [L.2

Note that Main Theorem [A] does not make any assumptions about the function-theoretic
properties of the considered Thurston maps. This differs from other results in this direction:
[HSS09], which focuses on exponential Thurston maps, [She22], which is primarily devoted
to structurally finite Thurston maps, and [Pro24], where all Thurston maps have at most
three singular values. Note that the geometric and analytic properties of even entire or
meromorphic maps with finitely many singular values can be highly non-trivial; see [Bis15al,
Bis15bl, Bis17].

1.3.1. Strategy of proof. For simplicity, we will outline how to derive the existence of a Levy
cycle for the Thurston map f: (S?, A) © in the context of Main Theorem . With further
efforts, the complete version of Main Theorem [A] can be established.

We begin by considering the case where the set C' := A — B consists of a single fixed
point ¢ of the map f. Suppose that the Thurston map f: (S? B) © is realized by a
postsingularly finite holomorphic map g¢: (@,P) ©, and let o € Tp be the corresponding
fixed point of the pullback map o p defined on the Teichmiiller space 7p. There exist a
holomorphic submersion ¢4 p: 74 — Tp naturally induced by forgetting the marked point c.
It is straightforward to show that the fiber A := t:‘}B(u) is an o s-invariant subset of the
Teichmiiller space T4. Furthermore, as the following proposition indicates, the pullback map
or,a behaves particularly well on A; see Proposition for a more detailed version of this
result.

Proposition 1.1. (1) A is a properly and holomorphically embedded unit disk in Ta such
that O'f’A(A) C A,’
(2) there exists a holomorphic covering map m: A — C — P such that diagram com-
mutes, where W 1= C — g—1(P).

In other word, although the pullback map o4 is defined on the (JA| — 3)-complex-
dimensional manifold 74, it admits a one-complex-dimensional invariant subset. This allows
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FIGURE 1. Behavior of 074 on A.

us to use powerful tools of one-dimensional complex dynamics and hyperbolic geometry to
better understand the dynamical behavior of oy 4.

Holomorphic self-maps of the unit disk that satisfy commutative diagram have been
already investigated. Notably, pullback maps defined on the one-complex-dimensional Te-
ichmiiller space, which is biholomorphic to the unit disk, frequently exhibit this property;
see [Kocl3] for various examples and extending this observation to higher-dimensional Te-
ichmiiller spaces in the context of finite degree Thurston maps, and [Pro24] for the broad
family of such pullback maps for infinite degree Thurston maps. In particular, by applying
[Pro24, Theorem 3.10], we conclude that if the Thurston map f: (S?, A) © is obstructed,
then for any 7 € A, the projection (7(03"(7))) of the oy 4-orbit of 7 converges to the same
repelling fixed point x € P of the map g, regardless of the choice of 7. Finally, we develop
tools (see Section that allow us to deduce the existence of a Levy cycle for the Thurston
map f: (5%, A) ©O based on the behavior of o 4|A.

These ideas also extend to the case when the set C' = B — A consists of several fixed points
of the map f. We say that a point ¢ € A is a trivial marked point of the Thurston map
f: (5% A) ©if ce A— P; and either c is strictly pre-periodic, or it eventually lands to an
essential singularity of the map f after several iterations (this includes the case when c is
already an essential singularity of f). In other words, a point ¢ € A — Py is non-trivial if it
is periodic under the map f. In Section [3.2] we demonstrate that extending the marked set
by adding trivial marked points essentially does not change the properties of the Thurston
map or the corresponding pullback map, allowing us to ignore them in the context of the
proof of Main Theorem [A] Therefore, from this point forward, we assume that every point
c € (' is periodic under the map f.

Given the previous assumptions, we can find an iterate f°™: (S? A) © of the original
Thurston map such that every point ¢ € C' becomes fixed, which allows us to apply previous
considerations to the map f°™. It is straightforward to see that the existence of a Levy
cycle for the Thurston map f°™: (5%, A) © also implies the existence of one for the original
Thurston map f: (S?, A) ©. However, to complete the argument, we must show that
o (8%, A) © is obstructed if f: (5%, A) ©O is also obstructed. This is a trivial result
for Thurston maps that are not of (2,2,2,2)-type because of the contraction properties of
the corresponding pullback maps. However, for the family of marked Thurston (2,2, 2, 2)-
maps, this conclusion is non-trivial. Nevertheless, we confirm the positive answer in the
following statement, which finishes the proof of Main Theorem [A} see Section [3.5] particularly
Proposition [3.8]

Proposition 1.2. For each m = 1, a Thurston map f: (S?, A) O is realized if and only the
iterate fo™: (S?, A) © is realized.
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In conclusion, we mention that the result of Main Theorem [A]is known for finite degree
marked Thurston maps; see [SY15, Main Theorem II] and [BD21, Theorem E]. However,
our approach differs significantly from these two works, and most crucially, applies to the
infinite degree case.

1.4. Organization of the paper. The paper is organized as follows. In Section 2], we review
some general background. In Section[2.1] we fix the notation and state some basic definitions.
We discuss topologically holomorphic maps in Section [2.2] The necessary background on
Thurston maps is covered in Section Section introduces the Teichmiiller and moduli
spaces of a marked topological sphere. In Section [2.5 we define pullback maps, discuss their
basic properties and their relations with the associated Thurston maps. Finally, Section
is devoted to Levy cycles.

In Section[3] we investigate the realizability question and obstructions for marked Thurston
maps. Specifically, in Section [3.1], we provide tools for detecting Levy cycles for marked
Thurston maps. We then focus on the relations between the properties of Thurston maps
f:(S% A) © and f: (S? B) ©, where B ¢ A is an f-pseudo-invariant subset containing
S¢. In Section we consider the case when the set A — B consists of trivial marked points.
Section addresses the situation when A — B consists of a single fixed point of the map f.
In Section , we explore the relations between the fixed points of the pullback maps o 4
and o p. In Section we use previously established results to relate the properties of a
marked Thurston map to those of its iterates. Finally, in Section [3.6] we study obstructions
for the Thurston map f: (5%, A) © to be realized, under the assumption that the Thurston
map f: (S%, B) © is realized. In particular, we establish the proof of Main Theorem .
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2. BACKGROUND

2.1. Notation and basic concepts. The sets of positive integers, real and complex num-
bers are denoted by N, R, and C, respectively. We use the notation I := [0, 1] for the closed
unit interval on the real line, D := {z € C: |z| < 1} for the open unit disk in the complex
plane, and C:=Cu {oo} for the Riemann sphere. If m,n € N, the greatest common divisor
of m and n is denoted by ged(m, n).

We denote the oriented 2-dimensional sphere by S2. In this paper, we treat it as puArely
topological object. In particular, our convention is to write g: C — C or g: C — C to
indicate that g is holomorphic, and f: S? — S?if f is only continuous. The same rule
applies to the notation ¢: C --» C and f: 8% -+ S? (see Section [2.2] for the details).

The cardinality of a set A is denoted by |A| and the identity map on A byida. If f: U -V
is a map and W < U, then f|W stands for the restriction of f to W. If U is a topological
space and W < U, then W denotes the closure and 0W the boundary of W in U.
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A subset D of S? is called an open or closed Jordan region if there exists an injective
continuous map ¢: D — S? such that D = (D) or D = (D), respectively. In this case,
0D = p(dD) is a simple closed curve in S?. A domain U < C is called an annulus if C — U
has two connected components. The modulus of an annulus U is denoted by mod(U) (see
[Hub06l, Proposition 3.2.1] for the definition).

Let U and V' be topological spaces. A continuous map H: U xI — V is called a homotopy
from U to V. When U =V, we simply say that H is a homotopy in U. Given a homotopy
H:UxI — V, foreach t € I, we associate the time-t map Hy := H(t,-): U — V. Sometimes
it is convenient to think of the homotopy H as a continuous family of its time maps (Hy)er-
The homotopy H is called an (ambient) isotopy if the map H;: U — V is a homeomorphism
for each t € . Suppose A is a subset of U. An isotopy H: U x I — V is said to be an isotopy
relative to A (abbreviated “H is an isotopy rel. A”) if Hy(p) = Hy(p) for all pe A and t € L.

Given M, N c U, we say that M is homotopic (in U) to N if there exists a homotopy
H:U x1— U with Hy = idy and H;(M) = N. Two homeomorphisms ¢, ¢1: U — V are
called isotopic (rel. A < U) if there exists an isotopy H: U x I — V (rel. A) with Hy = ¢q
and H1 = Q1.

We assume that every topological surface X is oriented. We denote by Homeo™ (X) and
Homeo™ (X, A) the group of all orientation-preserving self-homeomorphisms of X and the
group of all orientation-preserving self-homeomorphisms of X fixing A pointwise, respec-
tively. We use the notation Homeog (X, A) for the subgroup of Homeo™ (X, A) consisting of
all homeomorphisms isotopic rel. A to idy.

Further, we will require the following two topological facts. Here, Isol(X) denotes the set
of isolated points of the topological space X.

Lemma 2.1. If E is at most countable closed set of S?, then E coincides with the closure
of its isolated points, i.e., E = Isol(E), and its complement S* — E is path-connected.

Proof. Let E—Isol(E) = {e1,ea,...,€n,...}, and define E; := E—{e;} for each i € N. Clearly,
each E; is open and dense in E. Therefore, by the Baire category theorem, Isol(E) = [,y Ei
is dense in F.

The set S? — E is path-connected because, for any two points e;, e; € S? — E, there are
uncountably many arcs in S? connecting e; to e, and intersecting each other only at their
endpoints. 0]

Lemma 2.2. Let o: X — Y be a homeomorphism, where X = S* — Ex andY = S%? — By,
with Ex and Ey being at most countable closed sets of S%. Then ¢ has a unique continuous
extension to S?. Moreover, this extension is a self-homemorphism of S* with p(Ex) = Ey.

If X = C— Ex and Y = C — Ey, where Ex and Ey are at most countable closed sets
of @, and p: X — Y 1is a biholomorphism, then ¢ extends to a Mobius transformation.

Proof. Let p € Ex. We can select a sequence of closed Jordan regions (Up,)nen such that
p€ Uy, Upp1 < Uy, and 0U,, € X for every n € N, and (), .y Un = {p}. Let V,, := p(U,, — X)
be a closed Jordan region with 0V, = p(0U,,). Denote V := (), V4

neN V1
Claim. The set V is a singleton.
Proof. Note that V' is non-empty due to Cantor’s intersection lemma. Next, we show that

V' is connected. Suppose, for the sake of contradiction, that V = V' U V”, where V' and V”
are both open and closed sets of V, and V' n V" = ¢&. Since V is closed in S?%, then V' and
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V" must also be closed subsets of S2. Since S? is a normal topological space, we can find
two open sets W’ oV’ and W” > V” such that W/ n W’ = (.

Denote W := W’ u W”. We aim to show that V,, ¢ W for sufficiently large n. Suppose,
on the contrary, that it is not the case. Then the compact set W,, := V,, — W is non-empty
for every n € N. Since, W, ;1 < W,,, Cantor’s intersection lemma guarantees the existence
a point ¢ € ﬂneN W,. However, it contradicts to the fact that ﬂneN w,=V-W = .
Therefore, V,, ¢ W for sufficiently large n. But then V,, can be written as a disjoint union
of two open non-empty sets V,, n W’ and V,, n W”, and we obtain a contradiction with the
fact that V,, is connected.

Suppose there exists a point ¢ € V nY. Then the point ¢~!(q) € X belongs to U, for all
n € N, which is impossible. Hence, V' < Ey. But Ey is totally disconnected, and therefore,
V' must be a singleton. [ |

Now let us define ¢(p) by setting p(p) := ¢, where {g} = V = () .y Va, and apply the
same procedure to every point p € Ex. It is straightforward to verify that this construction
is independent of the choice of the sequence (U, ). Indeed, it easily follows from the fact that
if D is a neighborhood of p, then U, < D for all sufficiently large n. At the same time, one
can prove that ¢ is continuous on S? by showing that lim,, o f(p,) = f(p) for any sequence
(pn) of points in S? converging to p € S?. Clearly, this is the unique continuous extensions
of v to S2.

Suppose there are two points py, p» € S? such that f(p;) = f(p2). We can pick two disjoint
open Jordan regions D; and D, such that p; € D; and 0¢D; ¢ X for ¢ = 1,2. In this case,
f(Dy) and f(D,) should intersect at uncountably many points of S?, and that would imply
that the original map was not injective on X. Thus, ¢ is injective on S?. Now, let g € S? be
an arbitrary point and (g,) be a sequence of points in Y converging to q. Then the sequence
(¢7'(gn)) has a converging subsequence in S?%. Without loss of generality, we assume that
the entire sequence (¢ '(g,)) converges to p € S?. Since ¢: S?* — S? is continuous, it
follows that o(p) = q. Thus, p: S* — S? is surjective and, because S? is both compact and
Hausdorff, ¢ is a self-homeomorphism of S?. Obviously, p(Ex) = Ey.

Now, suppose that p: X — Y is a bihAolomorphism. As discussed earlier, it has a unique
extension to a self-homeomorphism of C. By post-composing ¢ with a Mobius transfor-
mation, we can assume that it restricts to a self-homeomorphism of C that is holomorphic
outside of at most countable closed set. Then it can be shown, using Morera’s theorem
[Con95, Theorem 5.10], that ¢ must be holomorphic everywhere on C. We leave this verifi-
cation to the reader. O

2.2. Topologically holomorphic maps. In this section we recall the definition of a topo-

logically holomorphic map and some of its basic properties (for more detailed discussion see
[MPR24], Section 2.3] and [Pro24), Section 2.2]; see also [LP20]).

Definition 2.3. Let X and Y be two connected topological surfaces. A map f: X — Y is
called topologically holomorphic if it satisfies one of the following four equivalent conditions:

(1) for every p € X there exist d € N, a neighborhood U of z, and two orientation-
preserving homeomorphisms ¢: U — D and ¢: f(U) — D such that ¢¥(p) = ¢(f(p)) =
0 and (po foy ) (2) = 2% for all z € D;

(2) f is continuous, open, discrete (i.e., f~!(q) is discrete in X for very q € V'), and for
every p € X such that f is locally injective at p, there exists a neighborhood U of p
for which f|U: U — f(U) is an orientation-preserving homeomorphism;
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(3) there exist Riemann surfaces Sx and Sy and orientation-preserving homeomorphisms
©:Y — Sy and ¢: X — Sy such that po foy~!: Sy — Sy is a holomorphic map;

(4) for every orientation-preserving homeomorphism ¢: Y — Sy, where Sy is a Riemann
surface, there exist a Riemann surface Sx and an orientation-preserving homeomor-
phism 1: X — Sx such that po fo~!: Sy — Sy is a holomorphic map.

Remark 2.4. Note that in condition (4)) of Definition [2.3} the pair (¢, Sx) is uniquely deter-
mined up to the following equlvalence (¢, Sx) ~ (J, Sx) if there exists a biholomorphism
0: Sy — Sy such that Y =60o ¢ In particular, the conformal type of the surface Sy is
uniquely determined by the homeomorphism ¢: Y — Sy. If ¢ and the surface Sy are fixed,
then the homeomorphism v: X — Sx is uniquely determined up to post-composition with
a biholomorphism of Sx.

It is straightforward to define the concepts of reqular, singular, critical, and asymptotic
values, as well as reqular and critical points and their local degrees (denoted by deg(f,-)) for
the topologically holomorphic map f (see [MPR24, Definition 2.7]). We denote by Sy < Y
the singular set of f, i.e., the union of all singular values of the topologically holomorphic
map f: X — Y. We say that the map f is of finite type or belongs to the Speiser class S if
the set Sy is finite.

It is possible to derive the following isotopy lifting property for finite-type topologically
holomorphic maps (cf. [ERGIS, Propostion 2.3] and [Pro24, Proposition 2.2]).

Proposition 2.5. Let f: X - Y and f X > Y be topologically holomorphic maps of finite
type, where X, Y, X and Y are connected topological surfaces Suppose that ©o © f= fo1p0
for some orientation-preserving homeomorphisms ¢g: Y — Y and Yo: X — X. Let AcY
be a finite set containing Sy and ¢1:Y — Y be an orientation-preserving homeomorphism

isotopic rel. A to pg. Then g0 f = fo Yy for some orientation-preserving homeomorphism
Y1 X — X isotopic rel. f71(A) to 1.

Proof. Let (¢¢)wer be the corresponding isotopy. From the definition of a singular value,

it follows that the restrictions ¢, o f|Z: Z — T are covering maps for each ¢t € I, where

Z:=X—f"YA) and T :=Y — A. Therefore, [ABF21, Lemma 2.7] implies the existence of

an isotopy (¢ )ser in Z such that g0 f = @go fop,. Each homeomorphism ¢,: Z — Z extends

to a self-homeomorphism of the entire surface X since all points of the set X — 7 = f~1(A)

are isolated. Moreover, the homotopy (¢ )1 can be viewed as an isotopy in X rel. f~1(A).
At the same time, g o f = g o f o ¢g and, therefore, we have the following:

prof=woofogi=(poofodo)odyodi=woofody od=Fo(wopy o).
Thus, we can set 1 := g0 @' © @1, and (g o ¢y © ¢1)ser Provides the required isotopy rel.

f7Y(A). Finally, ¢ is orientation-preserving since f and f are local orientation-preserving
homeomorphisms outside the sets of their critical points. 0

We say that a topological surface X is a countably-punctured sphere, if X = S? — E, where
E is a closed subset of S? that is at most countable. It is worth noting that we allow the set F
to be finite or even empty. In this paper, we mainly focus on topologically holomorphic maps
f: X — S? defined on a countably-punctured sphere X. Additionally, we always assume
that f cannot be extended as a topologically holomorphic map to a neighborhood of any of
the points of the set S? — X. For simplicity, we will use the notation f: S? --» S? in order
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to indicate that f might not be defined on at most countable closed set of S?. Similar to
the holomorphic case, any point e € S — X is referred as an essential singularity of the map
f, which is isolated if it is an isolated point of the set S? — X. We say that a topologically
holomorphic map f: S? --» S? is transcendental if it has an essential singularity. Given our
previous assumptions on the map f, this is equivalent to saying that ]: has infinite topological
degree. Likewise, for a holomorphic map g defined everywhere on C, potentially excluding
at most countable closed set of singularities, we use the notation g: C --» C, and we say
that g: C --» C is holomorphic.

Let ¢: S? — C be an orientation-preserving-homeomorphism and f: X — S? be a topo-
logically holomorphic map of finite type, where X is a countably-punctured sphere. Ac-
cording to item of Definition , there exists an orientation-preserving homeomorphism
1 X — R, where R is a connected Riemann surface, so that the map po foy™': R — C
is holomorphic. Moreover, according to Remark 2.4 the conformal type of R is uniquely
determined for a given homeomorphism .

Definition 2.6. We define f as a topologically holomorphic map of admissible type if the
Riemann surface R, as described above, is biholomorphic to a countably-punctured Riemann
sphere for any orientation-preserving homeomorphism ¢: S? — C.

In fact, the following proposition shows that Definition is independent of the choice
of .

Proposition 2.7. Suppose that f: X — S? is a finite-type topologically holomorphic map,
where X is a countably-punctured sphere. If f is of admissible type, then for every orientation-
preserving homeomorphism @: S? — @, there exists an orientation-preserving homeomor-
phism : X — R such that R is a countably-punctured Riemann sphere and the map
poforyti R — C is holomorphic. Moreover, such 1 is unique up to post-composition
with a Mobius transformation.

Proof. Since f has an admissible type, there exist two orientation-preserving homeomor-
phisms ¢;: S? — C and P X — C - E, where I is at most countable closed subset of (C
such that the map g; := @0 fot);*: C—E —Cis holomorphic. Now let 5: S? — C be any
other orientation-preserving homeomorphism. By item of Proposition , there exists a
connected Riemann surface R and an orientation-preserving homeomorphism 15: X — R so
that the map go := 902 o f oyt R— C is holomorphlc In particular, go = @ o gy © 1;_1 on
R, where & := 5 0 ] . C—>C and @D Yy 0Pyt C— E — R are orientation-preserving
homeomorphisms. Note that ¢ is isotopic rel. Sy to some diffeomorphism of C (see, for
instance, [FM12, Theorem 1.13]). According to Proposition without loss of generality,
we can assume that @ is itself a diffeomorphism of @, and therefore, it is a quasiconformal
mapping. Let puz := ¢*po be the Beltrami form corresponding to ¢, where p is the zero
Beltrami form on C (see [BE14, Sections 1.2 and 1.3]). We define another Beltrami form on
C by
u() = {(gl)*ug(z), if 2eC—E,

0, otherwise.

By a standard argument (see, for example, [BE14] Definition 1.34]) involving Riemann Mea-
surable Mapping Theorem [BF14, Theorem 1.28], it is easy to establish the existence of a
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quasiconformal mapping 6 € Homeo™ (C) such that uy = p almost everywhere on C and the
map ¢ := pog;oft: C - 0(F) — C is holomorphic. Thus, applying Remark to the
map ¢g; and pairs (@Z, R) and (6, C- 0(E)), we conclude that R must be biholomorphic to a
countably-punctured Riemann sphere.

The uniqueness of ¢ as stated in this proposition can be deduced from Lemma [2.2] and
Remark 2.4 0

Further, we will focus on finite-type topologically holomorphic maps f: S? --» S? of
adrEissibleA type. These maps serve as topological models for the family of holomorphic maps
g: C --» C having finitely many singular values. The most straightforward examples of such
maps are branched self-covers of S2. The singular sets of these maps consist of finitely many
critical values, and they do not have any essential singularities. A finite-type topologically
holomorphic map f: S% --» S? with a single essential singularity is of admissible type if and
only if f is of parabolic type (see [Pro24, Section 2.2]).

Let f: S? ——» S? be a finite-type topologically holomorphic map of admissible type. Then
Great Picard’s Theorem and Lemma [2.1] imply that in any neighborhood of an essential
singularity of such a map f, every value is attained infinitely often with at most two ex-
ceptions. In particular, f can have at most two omitted values, i.e., points p in S? such
that the preimage f~!(p) is empty. Furthermore, each omitted value is an asymptotic value
of f. Additionally, observe that if A = S? is a finite set with |A] > 3 and S; < A, then
the restriction

FIS* = f7HA): §* = (A) > 5" - A

is a covering map. Note that the closure f~'(A) consists of f~1(A) along with all essential
singularities of the map f.

The main motivation for introducing maps with countably many essential singularities
is that the family of topologically holomorphic maps with at most one (or even finitely
many) essential singularities is not closed under composition. Indeed, it is straightforward
to construct two such maps, each with a single essential singularity, whose composition has
infinitely many of them. However, the class of finite-type topologically holomorphic maps
f: 5% -5 S?% of admissible type is closed under the operation of composition.

Proposition 2.8. Let fi: Xi — S? and fy: Xo — S? be two finite-type topologically
holomorphic maps, where X1 and X5 are countably-punctured spheres. Then the compo-
sition f1 o fo: Xo 0 fy 1(X1) — S? is also a finite-type topologically holomorphic map, with
Stof, = S fi(Sy,). Moreover, if both fi and fa are of admissible type, then the composition
fio fa: S% ——» S? is of admissible type as well.

Proof. The first part of this proposition easily follows from Definition and the definition
of a singular value.

Let ¢: S% — C be an orientation-preserving homeomorphism. Then by Lemma and
Proposition , there exists another orientation-preserving homeomorphism v: S — C such
that o foy™: (X)) — Cis holomorphic. Applying the same argument to the map f; and
the homeomorphism v, we derive the existence of an orientation-preserving homeomorphism

0: S? — C such that pofoll:0(Xy) — C is holomorphic. Hence,

polfiofa)obd ™ =(pofio™ oo 007 0(Xsn f51(Xy1)) - C
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is holomorphic as well. Obviously, #(X, n f; (X)) is a countably-punctured Riemann
sphere, and therefore, f; o fy is of admissible type. U

Finally, observe that Lemma [2.2] allows us to state the following version of Proposition [2.5]

Corollary 2.9. Let f: X — S? and f: X — S be finite-type topologically holomorphic
maps, where X and X are countably-punctured spheres. Suppose that ¢go f = f oy for
some o,y € Homeo® (S?). Let A = S? be a finite set containing Sy and @1 € Homeo™ (S?)

1s isotopic rel. A to pg. Then @10 f = fo Yy for some 1, € Homeo™ (S?) isotopic rel.
f7HA) v (S? = X) = f7H(A) to .
Analogously to [Pro24] Corollary 2.3], we have the following result.

Corollary 2.10. Let f: X — S? be a finite-type topologically holomorphic map, where X
is a countably-punctured topological sphere. Let A < S? be a finite set containing Sy, and
suppose that o is a simple closed curve in S*> — A. Let Yy = f~1(7) be a simple closed curve
with deg(f|Fo: Jo — V) = d. If v is a simple closed curve that is homotopic in S* — A to
Yo, then there exists a simple closed curve ¥, = f~Y(v1) such that ¥y and ¥, are homotopic
in X — f71(A) = 8% — f71(A) and deg(f[F1: 51 — ™) = d.

Moreover, suppose that ' Dy and Do are connected components of S? — vy and S? — F,
respectively, such that f |D0 DO — Dqy 18 a homeomorphism. Then there exist connected

components D and D1 of S? — 1 and S* — 7., respectively, such that Dy 1s homotopzc m
S2— A to Dy, Dy is homotopic in X — f7(A) c S2 — f~1(A) to Dy, and f|Dy: Dy — D,

18 a homeomorphism.

2.3. Thurston maps. Let f: X — S? be a topologically holomorphic map, where X =
S? — F is a countably-punctured sphere. Then we define the orbit Oy (p) of p € S? under f as

O¢(p) :={qe S : ¢ = f"(p) for some n > 0}.

It is worth to note that f°"(p) might be defined only for finitely many n if f*(p) € E for
some m = 0. In this case, we say that the orbit of p terminates after m iterations of f.

The postsingular set Py of the map f is defined as the union of all forward orbits of the
singular values of f. We say that f: S? --» S? is postsingularly finite (psf in short) if
the set Py is finite, i.e., f has finitely many singular values and each of them eventually
becomes periodic or lands on an essential singularity of f under the iteration. Postsingularly
finite topologically holomorphic maps of finite degree are also called postcritically finite (pcf
in short), and their postsingular values are called postcritical, as their singular values are
always critical.

Definition 2.11. For a topologically holomorphic map f: S? --» S2, the subset A € S? is
called f-pseudo-invariant if the orbit of each a € A belongs to the set A.

Every f-invariant set is f-pseudo-invariant and, if the map f has no essential singularities,
the converse holds as well. Note that if |A| > 3 and f is a finite-type topologically holomor-
phic map of admissible type, then the set A is f-pseudo-invariant if and only if A < f=1(A).
The postsingular set Py provides an example of f-pseudo-invariant set.

Now we are ready to state one of the key definitions of this section.

Definition 2.12. A non-injective topologically holomorphic map f: S% --+ S? is called a
Thurston map if it is postsingularly finite and of admissible type.
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Given a finite f-pseudo-invariant set A < S? such that Py < A, we call the pair (f, A) a
marked Thurston map and A its marked set.

We often consider marked Thurston maps in the same way as usual Thurston maps and
use the notation f: (52, A) © while still assuming that f might not be defined on the entire
sphere S%. If no specific marked set is mentioned, we assume it to be P;.

Definition 2.13. Two Thurston maps f;: (5% A) © and fy: (S?%, A) © are called isotopic
(rel. A) if there exists ¢ € Homeog (5%, A) such that f; = f5 0 ¢.

Remark 2.14. Let fi: (5%, A) © and fy: (5% A) © be two Thurston maps satisfying the
relation ¢y o f; = fy0¢py for some ¢y, po € Homeog (52, A). Then it follows from Corollary
that f; and f5 are isotopic rel. A.

The notion of isotopy for Thurston maps depends on their common marked set. Conse-
quently, we sometimes refer to isotopy relative A (or rel. A for short) to specify which marked
set is being considered. This applies to other notions introduced below that also depend on
the choice of the marked set.

We say that two (marked) Thurston maps are combinatorially equivalent if they are “topo-
logically conjugate up to isotopy”:

Definition 2.15. Two Thurston maps fi: (5% A1) ©© and fy: (5%, Ag) O are called com-
binatorially (or Thurston) equivalent if there exist two Thurston maps f: (S?, A;) © and

~

f2: (8%, Az) O such that:
) ]2 and Ji are isotopic rel. A; for each i = 1,2, and

e fi and f, are conjugate via a homeomorphsim ¢ € Homeo™ (5?), i.e., ¢ o fi=fr00,
such that ¢(A;) = As.

Remark 2.16. Definition can be reformulated in a more classical way. Thurston maps
fi: (S?, A1) © and fy: (S% Ay) © are combinatorially equivalent if and only if there exist
two homeomorphisms ¢y, ¢» € Homeo™ (S?) such that ¢1(A;) = ¢o(A;) = As, ¢1 and ¢ are
isotopic rel. A, and ¢ o fi = fy 0 ¢a.

Remark 2.17. If Ay = Py, and Ay = Pj,, then the condition that ¢(A;) = Ay in Defini-

tion and the condition ¢1(A;) = ¢2(A;) = Ay in Remark can be removed since
they are automatically satisfied if all other conditions hold.

A Thurston map f: (S?, A) © is said to be realized if it is combinatorially equivalent to a
postsingularly finite holomorphic map g: (@, P)©. If f: (8%, A) © is not realized, we say
that it is obstructed.

In the following statement we explore the case when the marked set of a Thurston map
consists of at most three points.

Proposition 2.18. Let f: (S A) © be a Thurston map. The marked set A must contain
at least two points. Furthermore:
(1) if |A| < 3, then f: (8% A) © is realized, and
(2) if |A| = 2, then f: (S2, A) © is combinatorially equivalent to either z — z%: (C, {0,0}) ©
or z > z=¢: (@, {0,0}) ©, where d := deg(f).
Proof. Let X be the complement of the set of essential singularities of f. Then the restriction

fIX — fYA): X — f1(A) > S* — Ais a covering map. If A = ¢f or |A| = 1, this covering
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map must be a homeomorphism, since S? — A is simply connected, and X — f~!(A) would
either be S? or a once-punctured sphere, respectively. In either case, it is clear that f must be
a homeomorphism of S?, which is impossible for a Thurston map. Thus, the set A contains
at least two points.

If |A| = 2, classical theory of covering map gives two possibilities: either X — f71(A) is a
once-punctured sphere and the covering f|X — f7'(A): X — f7'(A) — S? — A has infinite
degree, or X — f71(A) is a twice-punctured sphere and the corresponding covering has a
finite degree. In the first case, f has an essential singularity, implying that S? — X consists
of a single point and f~!(A) is empty. However, this leads to a contradiction, as there exists
a point a € A that is not an essential singularity of f and, in particular, f(a) € A.

In the second case, f has a finite degree and two critical values a,b € A = Sy = Py with
f*({a,b}) = {a,b}. By item of Definition there exist two orientation-preserving
homeomorphisms ¢: S2 — C and 1: S — C such that f = ¢ o g o}, where g is a
rational map. Clearly, |S,| = 2, and therefore, we can post-compose ¢ and ¢ with Mdbius
transformations, to ensure that S, = {0,000}, ¢(a) = ¥(a) = 0, and p(b) = ¥(b) = co. It
follows that g(z) = 2*¢, where d = deg(f). According to [FMI2, Proposition 2.3], ¢ and 1)
are isotopic rel. A and the rest of item follows.

Similarly, by [FM12], Proposition 2.3], two orientation-preserving homeomorphisms ¢: S? —
C and P S? - C that agree on the set A = S% where |A| < 3, are isotopic rel. A. Just as
in the case when |A| = 2, this observation implies that any Thurston map f: (S?, A) © is
realized when the marked set A contains three or fewer points, leading to item . [l

2.4. Teichmiiller and moduli spaces. Let A = S? be a finite set containing at least three
points. Then the Teichmiiller space of the sphere S? with the marked set A is defined as

Ta = {p: $* > C is an orientation-preserving homeomorphism},/ ~

where @7 ~ o if there exists a Mobius transformation M such that ¢ is isotopic rel. A
to M o s.
Similarly, we define the moduli space of the sphere S? with the marked set A:

My:={n:A—- C is injective}/ ~,

where 71 ~ 7y if there exists a Mobius transformation M such that n, = M o ns.

Further, [-]4 denotes an equivalence class corresponding to a point of either the Teichmiiller
space T4 or the moduli space M 4. In situations when the considered marked set is obvious,
we simply use the notation [-]. Note that there is a natural map ma: Ta — My defined as
ma([¢]) = [¢]A]. According to [FM12, Proposition 2.3], when |A| = 3, both the Teichmiiller
space Ty and the moduli space M4 are just single points. Therefore, for the rest of this
section, we assume that |A| > 4.

It is known that the Teichmiiller space 74 admits a complete metric dp, known as the
Teichmiiller metric [Hub06, Proposition 6.4.4]. Moreover, with respect to the topology
induced by this metric, Ty is a contractible space [Hub06, Corollary 6.7.2]. At the same time,
both T4 and My admit structures of (JA| — 3)-complex manifolds (see [Hub06, Theorem
6.5.1]) so that the map ma: T4 — My becomes a holomorphic universal covering map
[Hub16, Section 10.9].

Moreover, the complex structure of M4 is quite explicit in the general case. Let A =
{ay, a9, ..., ak, Gry1, G0, aks3}, kK = 1, where the indexing of the points of A is chosen
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arbitrarily. Define the map h: M4 — CF — L, by
h([@]) = (90(0’1)7 90(&2), SRR (p(ak)%

where the representative ¢: §2 — C is chosen so that (g 1) = 0,¢(ar) = 1, and
o(apy3) = o, and where Ly, is the subset of C* defined by

Lr:={(z1,2,...,2) €CF: z = z; for some i # j, or z; =0, or z; = 1}.

It is known that the map h provides a biholomorphism between M 4 and CF— L, (see [Hub16),
Section 10.9]).

The case |A| = 4 is particularly simple. In this situation, the Teichmiiller space Ty is
biholomorphic to I, with the metric dr coinciding with the usual hyperbolic metric on
the unit disk ([Hub06, Corollary 6.10.3 and Theorem 6.10.6]). Additionally, the moduli
space M4 is biholomorphic to the three-punctured Riemann sphere C - {0,1, 00}.

Suppose that A and B are finite subsets of S? such that B — A. There exist two maps
tap: Ta — Tp and my p: Ms — Mp that are naturally induced by forgetting the marked
points of the set A — B. More precisely, ta 5([¢]a) = [¢]s and ma p([n]a) = [n]s, where
[¢]a € Ta, [¢]p € T, [n]a € Ma, and [n]p € M.

Suppose that A = {ay, as, ..., a, Ggi1, k2, aprst and B = {aq, ag, . .., a1, Qgi1, Qr2, Qprs ),
where [ < k. Define the maps hy: My — CF — £}, and hg: Mp — C! — £; as follows:
ha([pla) = (plar), p(az), ..., p(ar)), h([¥]s) = (¥(a1), ¥(az), . ... Y(@)).

where the representatives p: S? — C and P S? — C are chosen so that olagy1) =
Y(aksr) = 0,9(ars2) = ¥(ans2) = 1, and p(agi3) = Y(ar3) = .

Then it easy to verify that diagram (2)) commutes, where proj, ;: CF — Clis the projection
onto the first [ coordinates.

ta,B
To ————— Tp

FIGURE 2. Maps induced by forgetting marked points.

The previous discussion, along with diagram , indicates that both t4 p and my4 p are
holomorphic submersions. In particular, according to the submersion lemma (see, for in-
stance, [Leel2, Corollary 5.13]), if 7 € Tp, then its fiber tZ}B(T) is a properly embedded
complex submanifold of the Teichmiiller space T4 and dim@(tZ}B(T)) = |A| — |B|. Analo-
gously, if v € Mg, then its fiber m;}B(V) is a properly embedded complex submanifold of
My, also with complex dimension |A| — |B|.

When the sets A and B differ by only one point, a more refined result can be obtained
from Bers Isomorphism; see [Nag82].

Proposition 2.19. Suppose that A and B are finite sets such that B < A < S?, |B| = 3,
and |A| = |B|+ 1. If T € Tg, then Zf;l’lB(T) is a properly and holomorphically embedded unit
disk in the Teichmiiller space Ty.



FINITE AND INFINITE DEGREE THURSTON MAPS WITH EXTRA MARKED POINTS 17

2.5. Pullback maps. In this section we illustrate how the notions introduced in Section
can be applied for studying the properties of Thurston maps. Most importantly, we introduce
the following crucial concept.

Proposition 2.20. Suppose that f: S* -+ S? is finite-type topologically holomorphic map
of admissible type, and A and B are two finite subsets of S* such that |A|,|B| = 3 and B <

f—l(A) Let ¢: S* — C be an orientation- preservmg homeomorphism. Then there exrists an

orientation-preserving homeomorphism 1 : S? — C such that g, :=¢o foyt —»C s
holomorphic. In other words, the following diagram commutes

(52, B) —— (C,%(B))

|
|9

+

(5%,4) —2— (C,p(A))

The homeomorphism 1 is unique up to post-composition with a Mobius transformation. Dif-
ferent choices of ¢ that represent the same point in Ty yield maps 1) that represent the same
point in Tg.

In other words, we have a well-defined map oy ap: Ta — Tp such that o4 s([¢]a) = [V]B,
called the pullback map (or the o-map). As ¢ ranges across all maps representing a single
point in Ta, the map g, is uniquely defined up to pre- and post-composition with Mobius
transformations.

Proof. The existence of a homeomorphism v: S? — @, as well as its uniqueness up to pre-
composition by a Mobius transformation, is guaranteed by Lemma and Proposition [2.7]
If we modify ¢ by an isotopy rel. A, then v changes only by an isotopy rel. f~1(A4) > B
according to Corollary 2.9 Post-composition of ¢ by a Mobius transformation does not
affect the homeomorphism 1. Thus, varying ¢ within its equivalence class in T does not
affect [¢]p, showing that the pullback map o4 p introduced above is well-defined. These
arguments also show that g, is uniquely determined up to pre- and post-composition with a
Mobius transformation. O

Remark 2.21. In the more classical convention, the roles of the sets A and B are usually
reversed, meaning the domain of the pullback map is the Teichmiiller space 7,4, while the
range is the Teichmiiller space Tp; see [KPS16] and |Astl Definition 3.1]. However, in this
paper, we adopt the opposite convention.

Moreover, except for this section (i.e., Section, the sets B and C' are always considered
subsets of A, unless stated otherwise.

Analogously to [Pro24l Proposition 2.16], we can easily derive the following property
related to the behavior of pullback maps.

Proposition 2.22. Suppose that we are in the setting of Proposition[2.20, and there exist
subsets C < A and D < B with Sy < C, D < f~Y(C), and |C|,|D| = 3. Then, the map g,
depends only on the isotopy class rel. C' of ¢ and ¥|D, and the equivalence class [¢]p depends
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only on [¢|c, i.e., the following diagram commutes:

Of A B
Ty ——— Tp

ta.c tB,D

0f,C,D
To ————— Tp

Using Proposition [2.8] it is straightforward to verify that the following composition rule
holds in the context of pullback maps.

Proposition 2.23. Let fi: S? --» S% and fy: S* --» S? be two finite-type topologically
holomorphic maps of admissible type. Suppose that A, B, and C are finite subsets of S2,
each containing at least three points, and satisfying Sy, = A, S;, = B, B < f{'(A), and

C < fy {(B). Then ofop,0,4 = 05,80 © 0f,.4,B-

In this paper, the primary focus is on the case when A = B. In this scenario, either
f: (5% A) © is a Thurston map or f is an orientation-preserving homeomorphism such that
f(A) = A. We will use the notation o 4 for the pullback map oy 4 4. Note that the domain
and co-domain of o 4 are the same, allowing us to explore its dynamical properties.

The following observation provides the most crucial property of pullback maps.

Proposition 2.24. A Thurston map f: (S?, A) O with |A| = 3 is realized if and only if the
pullback map o4 has a fized point in the Teichmiiller space Tx.

Proof. Suppose that f: (S?, A) © is realized by a postsingularly finite holomorphic map
g: (@,P) . Then, as noted in Remark there exist orientation-preserving homeo-
morphisms ¢,1: 2 — C such that ©(A) = Y(A) = P, ¢ and 9 are isotopic rel. A, and
po f=got. Clearly, 7 = [p] = [¢] € T4 is a fixed point of oy 4.

Now, suppose that 7 = [p] € T4 is a fixed point of o 4. By Proposition , there exists
an orientation-preserving homeomorphism v: S? — C such that gy i=@o foyp™h: C--»C
is holomorphic and [¢] = [¢]. Therefore, there exists a Mobius transformation M such that
¢ and M o) are isotopic rel. A and, in particular, p|A = M o ¢)|A. Hence, the holomorphic
map ¢ = g, o M (@,(p(A)) 5 is postsingularly finite and combinatorially equivalent
to f: (S A) ©. O

We say that a Thurston map f: (5%, A) © is a (2,2,2,2)-map if f has a finite degree,
exactly four postcritical values, and each of its critical points is simple (i.e., has local de-
gree 2) and strictly pre-periodic. The following proposition summarizes the most important
properties of pullback maps.

Proposition 2.25. Let f: (5% A) O be a Thurston map with |A| = 3. Then

(1) 0.4 holomorphic;

(2) o¢.4 is 1-Lipschitz, i.e., dr(oa(m1),05,4(72)) < dp(11,72) for every 71,70 € Ta;

(3) o4 is distance-decreasing, i.e., dp(os,a(T1),07,4(72)) < dr(m1,72) for every distinct
T1,To € Ta, if f is transcendental;

(4) O'jfch is distance-decreasing for some k =1 if f is not a (2,2,2,2)-map;,

(5) af.p; is an isometry of Tp, if f is a (2,2,2,2)-map.
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Proof. This result is rather well-known in the context of finite degree Thurston maps (see
[BCT14l, Section 1.3] and [Hubl16l, Sections 10.6 and 10.7, and Appendix C.6]), and it can
be extended analogously to our setting. We provide only an outline of the argument here,
leaving some of the details to the reader.

According to Lemma and Proposition[2.7] there exist two orientation preserving home-
omorphisms ¢, 1: $2 — C and a holomorphic map g: C --» C so that f = =1 o g o). Let
B := p(A) and C := 9(A). In this proof, we identify the topological sphere S? with the
Riemann sphere C. By Proposition , we have the following:

O-va = Oﬂ%QA © UgyB7C © O-S0717A73'

It is well-known that oy ca: To — Ta and 0,1 4 5: T4 — Tp are holomorphic isometries
(see [Hub06, Sections 6.4 and 7.4]). Using an approach analogous to [Ast, Lemma 3.3], one
can show that o, pc: Tp — T is also holomorphic, which establishes item . Similarly,
according to [Eps93, Lemma 16] or [Astl Sections 2 and 3], the pullback map o, g must
be distance-decreasing if the map f is transcendental, leading to item . [tem follows
from [Hub06, Corollary 6.10.7], and item (4)) comes from the previous discussion and [BCT14],
Lemma 2.9] (see also [Hub16, Corollary 10.7.8]). Lastly, item ({5) is well-known; see [DH93),
Section 9] or [Hubl16l Appendix C.6]. O

Remark 2.26. Suppose that f is a (2,2,2,2)-map. According to item (5]), the pullback map
ofp, is an automorphism of the Teichmiiller space Tp,, which is biholomorphic to the unit
disk, as discussed in Section 2.4, Moreover, it is known that there exist examples of Thurston
maps f for which oy p, is the identity, or it is conjugate to an elliptic, parabolic, or hyperbolic
transformation of the unit disk; see [Hub16, Appendix C.6].

Proposition [2.25] called Thurston’s rigidity (cf. [Hubl16l, Corollary 10.7.8]), illustrates how
the properties of a pullback map can be used to derive conclusions about dynamics of the
corresponding Thurston map.

Proposition 2.27. Suppose that f: (S?, A) © is not a (2,2,2,2)-map. If f: (S* A) © is
realized by two postsingularly finite holomorphic maps g1: (C, Py) O and go: (C, Py) O, then
there exists a Mdbius transformation M such that M o g = go o M and M (Py) = Ps.

Proof. According to Remark [2.16] there exist orientation-preserving homeomorphisms ¢,
9, U1, Py: S? — C such that ¢; and 1; are isotopic rel. A, 1;(A) = p;(A) = P,, and
gi = p;o forp; ! for each i = 1,2. Clearly, if |A] > 3, the points 7; = [p;] = [1], i = 1,2 are
fixed points of the pullback map of 4. However, item of Proposition demonstrates
that o 4 can have at most one fixed point in the Teichmiiller space T4. Therefore, 7 = 75,
and there exists a Mcbius transformation M such that ¢, is isotopic rel. A to M o .
Consequently, 1, must isotopic rel. A to M o, and M (P;) = P,. Corollary then implies
that g; and go must be conjugate by M. If |[A| = 2, the same conclusion follows from [FM12],
Proposition 2.3]. O

2.6. Obstructions. Let A be a finite subset of S2. We say that a simple closed curve
v < S? — Ais essential in S? — A if each connected component of S? — 7 contains at least
two points of the set A; otherwise 7y is called non-essential. In other words, 7 is essential in
S? — A if it cannot be shrinked to a point via a homotopy in S? — A. It is easy to see that
this property is independent from the homotopy class of the curve in S? — A. Finally, we
note that essential simple closed curves in S? — A exist if and only if |A| > 4.
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Now, let f: S? -——» S? be a topologically holomorphic map of finite type, and let A

and B be two finite sets with S; ¢ A and B < f~!(A). Suppose that v = S* — A and

5y < 8% — f~1(A) are two simple closed curves such that ¥ = f~1(). If v is non-essential in
S% — A, then 7 is also non-essential in S? — B (see, for instance, [MPR24, Propositions 2.11
and 2.12]). However, if 7 is essential in S? — A, then ¥ may or may not be essential in S? — B.
A multicurve G in S? — A is a finite collection of essential simple closed curves in S — A
that are pairwise disjoint and pairwise non-homotopic in S? — A.

Definition 2.28. Let f: (5% A) © be a Thurston map. A collection G = {71,792, -, %}
of essential simple closed curves in S? — A is called a Levy cycle for the Thurston map
f:(S?, A) © if there exists a cyclic permutation o of {1,2,...,7} so that for every i there
is a simple closed curve ; € f~!(v;) that is homotopic in S — A to v,(;) and deg(f[7;: ¥ —
vi) = 1. A Levy cycle G is degenerate if each ~; bounds an open Jordan region D; so that
for every ¢ some connected component INDZ of f~1(D;) is homotopic in S* — A to D,(; and
maps with degree 1 by the map f to D;.

The following observation is widely known in the context of finite degree Thurston maps
[Hub16, Exercise 10.3.6], and its proof extends to the case of transcendental Thurston maps
as well [Pro24 Proposition 2.11].

Proposition 2.29. A Thurston map f: (S?, A) O having a Levy cycle is obstructed.

IfG = {v,%,...,7} is a Levy cycle for a Thurston map f: (S?, A) ©, then the number r
is called the period of the Levy cycle G. We say that the Levy cycle G is minimal, if the
curves in G are pairwise non-homotopic in S? — A. Clearly, if G is not minimal, we can
extract G’ < G that provides a minimal Levy cycle for f: (5%, A) ©.

We observe that if G = {v1,72,...,7} is a Levy cycle for a Thurston map f: (52, A) ©
and G’ = {71,7,...,7.} is a collection of simple closed curves in S? — A such that v; and
7, are homotopic in S? — A for ¢+ = 1,2,...,r, then by Corollary , G’ is also a Levy
cycle for f: (5%, A) ©. Furthermore, if G is degenerate, then according to the second part
of Corollary [2.10, G’ must also be degenerate.

If additionally G is a multicurve, we say that G is a Levy multicurve. When the period of
a Levy cycle G equals 1, then G consists of a single essential simple closed curve 7 in S? — A
that is called a Levy fized or Levy invariant curve. When the Levy cycle G of period 1 is
degenerate, then v is called degenerate Levy fixed (or invariant) curve.

It is known that a Levy cycle, or even a Levy fixed curve, is not necessarily degenerate
(see, for instance, [HP22, Section 3| for a large class of such examples). At the same time, it
is easy construct an example of a degenerate Levy cycle G for a Thurston map f: (S?%, A) ©
that does not form a Levy multicurve even after replacing curves in G with simple closed
curves homotopic to them in S? — A.

3. MARKED THURSTON MAPS

In this section, we investigate the realizability question and Levy cycles for marked
Thurston maps as introduced in Section [2.3] In Section we present tools for detect-
ing and analyzing Levy cycles. Further, in Sections 3.6, we explore how the properties of
a Thurston map f: (5%, A) © are related to those of the Thurston map f: (S?, B) ©O, where
B < Ais an f-pseudo-invariant subset containing S;. Also, in Section we investigate
the relationship between the properties of a Thurston map and those of its iterates. Main
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Theorem [A] is proven in Section [3.6] while Propositions [I.1] and [I.2] from the introduction
are established in Sections [3.3] and [3.5] respectively.

3.1. Detecting Levy cycles. Let X be a hyperbolic Riemann surface, and let o < X be
a simple closed C'-curve. The length of o with respect to the hyperbolic metric on X is
denoted by £x (). Now, let a be an essential simple closed curve in the punctured Riemann

~

sphere X := C — P, where 3 < |P| < . According to [Hub06, Proposition 3.3.8], there
exists a unique closed geodesic in X that is homotopic (in X) to a. Note that this geodesic
should be necessarily simple [Hub06, Proposition 3.3.9].

Let v be an essential simple closed curve in S* — A, and 7 = [p]| be a point in the
Teichmiiller space T4. We define [,(7) as the length of the unique hyperbolic geodesic in
C - ©(A) that is homotopic in C - ©(A) to ¢(a). Additionally, we introduce w, (1) :=
log 1, (7). It is known that w,: T4 — R is a 1-Lipschitz function [Hub06, Theorem 7.6.4].

Let X be a hyperbolic Riemann surface, and suppose a < X is a simple closed geodesic
with £x(a) < £*, where ¢* := log(3 + 2v/2). In this case, we say that « is short. As stated
in [Hub06, Proposition 3.3.8 and Corollary 3.8.7], two short simple closed geodesics on a
hyperbolic Riemann surface X are either disjoint and non-homotopic in X, or they coincide.
Therefore, [Hub06, Proposition 3.3.8] implies that a punctured Riemann sphere C— P, where
3 < |P| < o0, can have at most |P| — 3 distinct short simple closed geodesics.

The following result allows us to identify a Levy cycle for a Thurston map based on the
behavior of the corresponding pullback map.

Proposition 3.1. Suppose that f: (S, A) © is a Thurston map with |A] = k + 3,k > 1.

Let 1 € Ta and 7; = [p;] = 0;7(271)(7') fori = 1,2,...,k + 1, where the representatives

;i1 S% — C are chosen so that the map g; ;= p; 0 fo go;rll: C--»C is holomorphic for each

1=1,2..., k. Assume that there exists an annulus U < C such that

e cach connected component of@ — U contains at least two points of pri1(A);
e mod(U) > (k + 4)werd /0% where dy := dr (11, T2);
® g1 0go0---0 g is defined and injective on U.

Then the Thurston map f: (S?, A) O has a Levy multicurve G. Moreover, for each v € G,
the inequality 1,(1;) < (k + 4)me*® /mod(U) holds for eachi=1,2,...,k+ 1.

Proof. Define Uy := U and U;yq = gx_i+1(U;) for each ¢ = 1,2,...,k. Notice that each
U; is an annulus with mod(U;) = mod(U). Therefore, we can find a parallel subannulus
V' of Ugs1 such that mod(V) = mod(U)/(k + 4) and V' does not contain any points of
©1(A). Next, define V; := V| and for each i = 1,2,... k, let V;;1 be the annulus coinciding
with the connected component of g, Y(V;) within Uy_;,1. Clearly, V; n ¢i(A) = & for each
1=1,2,....k+ 1. Tt also can be easily verified that each connected component of C - \%
contains at least two points of ¢;(A); otherwise, there would exist a connected component
of C — U containing at most one point of g,1(A) (see, for instance, [For91, Theorems 5.10
and 5.11]).

Let a.1 be a unique hyperbolic geodesic of Vi, 1. It is known that oy, is a simple closed
geodesic that forms a core curve of the annulus Vi1, and its length in Vi, is given by
by, ., (oq1) = m/mod(Vi41); see [Hub06, Proposition 3.3.7] For each ¢ = 2,3,...,k + 1, let
i1 := gi_1(a;). Next, define 3; := ¢; *(ay) for each i = 1,2,..., k + 1. It is straightforward
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FiGurE 3. Diagram depicting the relationships among the
introduced objects.

to verify that f; is an essential simple closed curve in S? — A, with ;.1 = f(3;) and
deg(f|08;: Bi — Bi—1) = 1; see Figure |3| for further clarifications.

Let X; := C - ©i(A) for each i = 1,2,... k + 1. Recall that ¢;|Vii1: Viy1 — Vi is a
biholomorphism for each ¢ = 1,2,...,k, and therefore, by Schwarz-Pick’s lemma, we have
Cy,(a;) = Ly, () for all 4 and j. Thus, according to Schwarz-Pick’s lemma and the choice of
Qp41, we have:

7r T (k+ 4w
Exilaa) < bvifei) = by () = mod(Vis1)  mod(V) < mod(U)

By item (12)) of Proposition , we have dp (7, 7;) < |i—j|-do foreach¢,j =1,2,... k+1.
Therefore, since the function wg,: T4 — R is 1-Lipschitz, it follows that lg (7;) < (k +
4)rerd /mod(U). In particular, there exist short simple closed geodesics 01,0z, ..., 0k 1 in
X1, with each ¢; homotopic in X; to ¢1(5;).

As it was discussed previously, any two short geodesics, d; and ¢;, are either disjoint
and non-homotopic in X, or they coincide. However, the punctured Riemann sphere
X; = C — ¢1(A) can contain at most k distinct short simple closed geodesics. There-
fore, there must be distinct indices 7; and 75 such that §;, = d;,. Without loss of generality,
assume that 4, is the minimal index such that i, > 4, and &;, = &;,. Since ©;'(d;) is
homotopic in S? — A to f3; for each i = 1,2,...k + 1, Corollary implies that the mul-
ticurve {07 (8i,11), 01 (8i,42), - - ., 01 *(8;,)} forms a Levy multicurve for the Thurston map
f:(S? A) ©. Finally, note that lom1(s)(T) = lg,(7) for each i = 1,2,... k + 1 and 7 € Ty,
and the rest follows from the previous discussion. O

The following proposition demonstrates that, under specific conditions, a Levy multic-
urve can be obtained from a Levy cycle by simply modifying the homotopy classes of the
corresponding simple closed curves.

Proposition 3.2. Let G = {y1,72,...,7%} be a minimal Levy cycle for a Thurston map
f: (5% A) ©. Suppose there exist a curve v € G and a point T in the Teichmiiller space T
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such that 1,(1) < £*e~=D where dy := dr(7,07.4(7)). Then, there exists a Levy multicurve
G = {v,7%, -} for fi(S% A) © such that each ~! is homotopic in S* — A to ;.
Moreover, if G is a degenerate Levy cycle, then G' is a degenerate Levy multicurve.

Proof. Without loss of generality, assume that v = v; and o(i) = ¢ + 1 mod r, where o is a
cyclic permutation associated with the Levy cycle G (see Definition [2.28)).

Let 7; = [¢i] = a;,(i;l)(T) for i € N, where the representatives ¢;: 52 — C are chosen so
that g; := @; 0 f o go;rllz C--» Cis holomorphic. Additionally, define X; := C - ©i(A) and
Y; = C — g (¢i(A)) = C — @is1(f1(A)) for all i € N.

Claim. For each i = 1,2,...,r, we have the inequality [, (7;) < [, (71).

Proof. We assume that r > 2, and begin by showing that [.,(72) < I,,(71). The rest then
follows by induction. There exists a simple closed geodesic vy in X; such that £x, (1) =
lo,(11) and a; is homotopic in X to ¢;(71). Denote 1 := ;' (). Since i is homotopic
in S? — A to 7, by Corollary there exists a simple closed curve 8, = f~1(3;) that is
homotopic in S? — A to v, and satisfies deg(f|B2: B2 — B1) = 1. Let ap := po(Bs) = V1.
Obviously, g1(as) = a1 and deg(g1|as: ag — a1) = 1. Therefore, since ¢1|Y;: Y1 — Xj is a
holomorphic covering map, Schwarz-Pick’s lemma gives:

Ux,(qa) < by, (@g) = Lx, (o) = 1y, (1)

At the same time, clearly, [.,(72) < lx,(a2), and the rest follows. |

Item ({2 of Propositionimplies that dp(7;, 7j) < |i—j|-dp for each 4, j € N. Therefore,
based on the claim above and the fact that w,,: 74 — R is 1-Lipschitz, we conclude that
L, () < £* for each i = 1,2,...,r. Therefore, there exist short simple closed geodesics
01,09, ...,0, in Xy, where each ¢; is homotopic in X; to ¢1(v;).

Since G is a minimal Levy cycle, no two geodesics d; and J; are homotopic in X; for ¢ # j.
Therefore, as each 9, is a short simple closed geodesic, d; and d; must be disjoint in X;. Now,
define 7/ := 1 '(8;) and G’ := {7},75, ...,7.}, which forms a multicurve in S? — A. Since ;
and 7/ are homotopic in $% — A, G’ is a Levy multicurve for the Thurston map f: (5% A) ©
and if the original Levy cycle G is degenerate, then G’ is also degenerate. O

3.2. Trivial marked points. Let f: (S?, A) © be a Thurston map. We say that a marked
point a € A is trivial for f: (5%, A) © if a € A — P; and either a is strictly pre-periodic,
or it eventually lands to an essential singularity of the map f after several iterations (this
includes the case when a is already an essential singularity of f). It is easy to see that if
a € A— Py is not a trivial marked point of f: (52, A) ©, then a must be periodic under f.
The following proposition demonstrates that adding trivial marked points to the marked set
does not affect the essential properties of a Thurston map (cf. [Par22, Proposition 2.8]).

Proposition 3.3. Let f: (52, A) © be a Thurston map, where the set A can be decomposed
as A= BuC, with Sy < B, B being f-pseudo-invariant, and C' consisting of trivial marked
points. Then

(1) f: (5% B) O is realized if and only if f: (S?, A) O is realized. Moreover, if |B| =3
and T € Tp is a fized point of the pullback map oy p, then the pullback map o4 has
a unique fized point in t;}B(T);
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(2) f:(S?, B)© has a Levy cycle (or degenerate Levy cycle, Levy multicurve, or degen-
erate Levy multicurve) G = {v1,%2, ..., %}, then f: (S*, A) ©© has a Levy cycle (or
degenerate Levy cycle, Levy multicurve, or degenerate Levy multicurve, respectively)
G = {V1,%2, - - -, 3r} such that v; and ¥; homotopic in S?* — B for each i =1,2,...,r;

(3) if G is a Levy cycle (or a degenerate Levy cycle) for f: (5% A) ©, then G is also a
Levy cycle (degenerate Levy cycle, respectively) for f: (5%, B) ©.

Proof. Let m > 1 be an integer such that every point of C' lands either to a point in B within
at most m iterations, or to an essential singularity of f after at most m — 1 iterations. It is
straightforward to see that A — f~™(DB).

For item (1)), we can assume that |B| > 3. If |B| < 2, this can be easily adjusted by
moving points from C' to B and applying item of Proposition If the Thurston map
f: (8% A) © is realized, then naturally f: (S? B) © is also realized. Now, assume that
f: (8% B) © is realized, and the pullback map o 5 has a fixed point 7 € Tp. According to
Propositions and it follows that [¢]a = 074 ([¢]a) = opem a([¢]a) depends only
on [¢]p for any [¢]a € Ta, and that [¢]p = [p]p if [p]a € t;}B(T). Therefore, 0}%(1&;}3(7))
consists of a single point p € t;'5(7), making p a unique fixed point of oy 4 within ¢,'5(7).
In particular, Proposition implies that f: (5%, A) © is realized.

For items and , we assume that m = 1, i.e., for every c € C, either f(c) € B or ¢ is
an essential singularity of f. Equivalently, this means that A < f~1(B). The general case
can be obtained through induction on m, and we leave this to the reader.

Suppose f: (S?, B) © has a Levy cycle G = {v1,7, ..., }, and let o be the corresponding
cyclic permutation of the set {1,2,...,r}. Then, for each i = 1,2,...,r, there exists a Simple
closed curve ¥; < f~'(v;) such that ¥; is homotopic in S% — B to Yo (i) and deg(f|5;: Vi —

v:) = 1. Now, consider the collection of essential simple closed curves G = {3,%,-..,%} in
$2 — A. We aim to show that G provides a Levy cycle for the Thurston map f: (8% A) ©.

There exists a simple closed curve Y,;y [~ (Vo)) such that deg(f|Vo() : Vo) = Vo)) = 1
for each ¢ = 1,2,...,r. Since 4; and 7,(; are homotoplc in S? — B, Corollary guar-
antees the existence of a simple closed curve §; = f~!(%;) such that §; is homotopic in
5?2 — [~1(B) © 5% — A to Yy() and deg(f|d;: §; — 7;) = 1. Thus, G provides a Levy cycle
for f: (S?, A) ©. Moreover, by the second part of Corollary - 2.10} if G is a degenerate Levy
cycle for f: (S? B) ©, then G is also a degenerate Levy cycle for f: (52, A) ©. Similarly,
if G is a multicurve, then g is a multicurve as well, establishing item .

Suppose that G = {v1,7,...,7-} is a Levy cycle for the Thurston map f: (S? A) ©.
If G were not a Levy cycle for f: (5% B) ©, it would mean that some curve v; € G is
non-essential in S? — B. That implies that if § = f~!(v;) is a simple closed curve, then 4 is
non-essential in S? — A. However, there exists an essential simple closed curve ¥, < f~1(v;)
in 52 — A, which leads to a contradiction. Finally, it is clear that if G is a degenerate
Levy cycle for the Thurston map f: (5%, A) ©, then it is also degenerate for the Thurston
map f: (S?, B) ©. O

Remark 3.4. Suppose we are in the setting of Proposition Let m > 1 be the minimal
integer such that every point of C' lands either to a point in B within at most m iterations,
or to an essential singularity of f after at most m — 1 iterations. Based on the ideas from
the proof of item ({1]), and Propositions and , it can be shown that if |B| = 3, then
o) is constant, although o}y 1s never constant for 1 <n <m — 1.
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3.3. Single marked fixed point. Let f: (5% B) ©O be a Thurston map with |B| > 3. If
c € S2— B is a fixed point of the map f, then we can analyze the Thurston map f: (5%, A) ©,
where A := B U {c}, using the information about the original Thurston map f: (5%, B) ©.

In this section, we assume that f: (S?%, B) ©O is realized. This allows us to gain a deeper
understanding of the behavior of the pullback map o 4, which is defined on the Teichmiiller
space T4.

According to Proposition [2.24] there exists a fixed point p = [61] = [f2] € Tp of the
pullback map o 5. We assume that the representatives 6y, 6: S? — C are chosen such that
6, and 6, are isotopic rel. B (in particular, 6;|B = 6,|B) and g := 6; 0 f 063 ': (C, P) © is
a postsingularly finite holomorphic map, where P := 6;(B) = 05(B).

Now, we are ready to introduce the following objects:

o A:=t,'5(p), which is a oy 4-invariant subset of T4 according to Proposition [2.22;

A~

e m: A — C — P, defined by 7([¢]) = ¢(c), where the representative p: S* — C is
chosen so that ¢|B = 6,|B = 0,|B;

e w: A —C— P, defined as w := 7 o s alA;

o W:=C-— g~ (P), which is a domain of C.

Naturally, the objects introduced above depend on the map f, the marked set B, the fixed
point ¢, as well as the choice of the representatives 6; and 6, for the fixed point 1 € T (which
might not be unique if f is a (2,2, 2,2)-map; see Remark . However, for simplicity, we
exclude these dependencies from the notation.

A oralt . A
T W T
AV \
cC—r c—r

FI1GURE 4. Fundamental diagram.

Proposition 3.5. The objects defined above satisfy the following properties:
(1) diagram commutes.
(2) A is a properly and holomorphically embedded unit disk in Ty;
(8) m: A — C - P, gW: W — C - P, and w: A — W are holomorphic covering maps;
(4) ora(A) & A is open and dense in A, and o a|A: A — o5 a(A) is a holomorphic
Covering map.

Proof. Let 7 = [p] € A, where the representative ¢: S? — C is chosen such that o|B =
0,|B = 02|B. By Propositions and there exists an orientation-preserving home-
omorphism ¢: §2 — C such that ¢ = ¢ o f o ¢! and Y|B = 61|B = 05|B. Clearly,
g(¥(c)) = ¢(c). At the same time, 7(7) = ¢(c), and w(T) = ¥(c) because osa(7T) = [¢].
Thus, we have m = w o ¢g. Using this, we conclude that diagram commutes, establishing

item .
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[tem follows directly from Proposition . The map g|W: W — C—Pisa covering
because S, < P. Similarly, the map 7: A — C — P is a holomorphic covering map due to
the discussion of Section , and particularly, commutative diagram . Therefore, using
the relation 7 = w o g and [Hat02), Section 1.3, Excercise 16], we deduce that w: A — W is
also a holomorphic covering map, thereby completing item .

Similarly, since w = mo g 4|A, the restriction o 4|A: A — 05 4(A) is a covering map,
which is holomorphic because A is a complex submanifold of 74 and o 4 is holomorphic on
T4 by item of Proposition Note that by Great Picard’s Theorem and the Riemann-
Hurwitz formula [Hub06, Appendix A.3], the set C — W contains at least one point different
from the points of the set P. Therefore, o;4(A) = 7' (W) is different from A. Since

W is open and dense in @, it follows that o7 4(A) is open and dense in A, establishing
item . 0

3.4. Fixed points of pullback maps. The following proposition establishes the relation-
ship between the fixed points of the pullback maps o4 and oy g, where f: (5%, A) © is a
Thurston map and B < A is an f-pseudo-invariant subset containing S;.

Proposition 3.6. Let f: (S%, A) © be a realized Thurston map, and let B = A be an f-
pseudo-invariant set with |B| = 3 and Sy < B. If jn € Tg is a fized point of the pullback map
os.p, then the pullback map o4 has a unique fived point in t;}B(u). Furthermore, every
fized point of oy 4 belongs to the t4 g-fiber of a fized point of o p.

Proof. First of all, if 7 is a fixed point of oy 4, then by Proposition tap(T) is a fixed
point of ofp. Next, we will show that the pullback map o; 4 has a unique fixed point in
t;}B(,u), where p is a fixed point of the pullback map oy p.

The answer is straightforward for Thurston maps that are not (2,2,2,2)-maps due to
item (4)) of Proposition which implies that the associated pullback maps can have at
most one fixed point. However, the case of (2,2,2,2)-maps is non-trivial.

First, we demonstrate that trivial marked points of the set C' := A — B can be ignored.

Claim 1. Let C' = C} u Cy, where (5 consists of trivial marked points of the Thurston map
f: (5% A) ©. If the pullback map o ¢, has a unique fixed point in tgLCLB(,u), then the
pullback map oy 4 also has a unique fixed point in tZ}B(u).

Proof. Let 7' be the unique fixed point of oy ¢, such that 7/ € 5! z(n). According to
item (1)) of Proposition there exists a unique fixed point of o 4 within t;'; . (7).
Now, suppose that 7 is any fixed point of o 4 in t;ﬁB(u). By Proposition , tasoc (T)
is a fixed point of o p,c,. Since tap = tpocy,cy © tasoc,, it follows that t4 poc, (T) €
t;bcl,B(u), and therefore, t4 poc, (1) = 7. Thus, any fixed point of oy 4 in tZ}B(u) must
belong to tZ}BUCI (7'), and the rest follows. |

Next, we address the case when all points of the set C' = A — B = {c¢y, ¢a, ..., ¢} are fixed
under the map f.

Claim 1. Suppose that every point ¢ € C is fixed point of f. Then the pullback map o4
has a unique fixed point in tAf’lB (1).

Proof. Define B; = B u {c1,¢a,...,¢;} for each i = 0,1,...,1l. In particular, By = B and
By = A. We prove by induction on ¢ with 0 < ¢ <[ that o p, has a unique fixed point in
t5 5(1). The base case is obvious, since ¢! 5(1) = {1} and p is a fixed point of o,
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Now suppose that for some j with 0 < j < [, the pullback map o 5. has a unique fixed
point 7; € t]§j1_7B(u). Define A := t;;H,Bj(Tj). According to Proposition , A is a properly
and holomorphically embedded unit disk in the Teichmiiller space Tp, ,. Furthermore, by
Proposition , A'is oy p,,,-invariant, and according to item of Proposition the
restriction oy p, . |A: A — A is holomorphic but not an automorphism of A.

However, the oy g -orbit of any point in A forms a pre-compact set within 7p,,,, and
thus within A as well. This follows easily, for example, from the facts that oy p, , has a
fixed point in 7p, , due to Proposition , and that oy p. ., is 1-Lipschitz on Tg, , as
noted in item of Proposition As a result, by the Denjoy-Wolff theorem [Aba23|
Theorem 3.2.1], the pullback map oy p,,, has a unique fixed point in A.

Now, suppose that 7 is any fixed point of the pullback map oy p, , in t;;h s(p). By
Proposition it is straightforward to see that tp,,, p,(7) is a fixed point of o p,. More-
over, since tp,,, p = tp, B O tp,,,B;, We have tp, , 5. (7T) € tgjl_’B(,u). As 7; is unique fixed
point of oy, in tgj’B(u), it follows tp,,, 5,(7) = 7;, or equivalently, 7 € t]?jﬂ,Bj(M) = A.
Since we have already shown that oy p ., has a unique fixed point in A, the uniqueness of

the fixed point of oy p,,, within t1_3}+1,B(M> follows. |

Now, consider the general case. By Claim 1, we may assume that the set C' does not
contain any trivial marked points of the Thurston map f: (52, A) ©O. Therefore, every point
c € C' is periodic under f, and we can choose m > 1 such that every ¢ € C' is fixed under
f°m. Applying Claim 2 to the Thurston map f°™: (5%, A) ©, we find that there is a unique
fixed point 7 of g pom 4 in tZ}B(u). By Proposition , we know that ojem 4 = 077, and in
particular, 7 is a periodic point of o 4.

If 7 is a fixed point of oy 4, we are done, because any other fixed point of of,4 in t'5(p)
would lead to a fixed point of ofom 4 = (07,4)°™, contradicting Claim 2. Now, suppose that
7 is not a fixed point of ;4. Then 7 and o7 4(7) would be distinct fixed points of o pom 4.
However, both 7 and oy 4(7) lie in tZ}B(u), as t:‘}B(u) is 0y a-invariant by Proposition
This leads to a contradiction with Claim 2. ]

Corollary 3.7. Let f: (5%, A) © be a realized Thurston map. Suppose that B = A is an
f-pseudo-invariant set containing Sy, and there exist two orientation-preserving homeomor-

phisms o, : S? — C such that @ and ) are isotopic rel. B and g = o foip™t: (@, o(B)) © is
a holomorphic postsingularly finite map. Then, there exist two orientation-preserving home-
omorphisms @,1: S? — C such that

(1) ¢ and J are isotopic rel. A;

(2) ¢ and @ are isotopic rel. B, and ¥ and 1) are isotopic rel. B;

(3) g = o fod: (C @A) O.
Moreover, if | B| = 3, the orientation-preserving homeomorphisms @ and 1 that satisfy prop-
erties — are unique up isotopy rel. A.

Proof. This result is follows directly from Proposition |3.6, along with Proposition and
[EM12, Proposition 2.3]. O

3.5. Passing to an iterate. The following proposition establishes a connection between
certain properties of a marked Thurston map and of those of its iterates:

Proposition 3.8. Let f: (S A) © be a Thurston map and m > 1. Then:
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(1) f: (5? ) © is realized if and only if f™: (S?, A) © is realized;

(2) if fom (52, A) © has a Levy cycle (or a degenerate Levy cycle) G of period r, then
f: (8% A) i) has a Levy cycle (or a degenerate Levy cycle, respectively) F of pe-
riod mr such that G < F;

(3) f™: (S*,A) © has a Levy cycle (or a degenemte Levy cycle) G and there exist
v € G and 7 € Ta such that 1(1) < €*e=(m=Vdo where dy := dr(7,07 (7)), then
f:(S% A) © has a Levy multicurve (or a degenemte Levy multicurve, respectively) F
of period at most mr;

(4) if f:(S* A) © has a Levy cycle (or a degenerate Levy cycle, Levy multicurve, or
degenerate Levy multicurve) G of period r, then fo™: (S* A) O has a Levy cycle (or
degenerate Levy cycle, Levy multicurve, or degenerate Levy multicurve, respectively)
F of period r/ged(m,r) such that F < G.

Proof. For item . we can assume that |A| = 3 due to item . of Proposition [2.1§] “ Suppose
the Thurston map f: (52, A) © is realized. According to Proposmlonn the pullback map
o4 has a fixed point 7 € T4. By Proposition 7 is also a fixed point of o jom 4, since
o gom 4 = (07.4)°™. From Proposition [2.24] we conclude that fo™: (52, A) © is also realized.

Now, suppose that f°™: (S? A) © is realized. As previously discussed, this implies the
existence of a periodic point of period m for the pullback map oy 4. If f is not a (2,2,2,2)-
map, then by item of Proposition , every periodic point of oy 4 must be fixed, and
the desired result follows from Proposition [2.24]

Suppose that f is a (2,2,2,2)-map. As discussed in Section , the Teichmiiller space
Tp, is biholomorphic to the unit disk. Since oy p, has a periodic point by Proposition m,
then Schwarz’s lemma and the classification of automorphisms of D) imply that oy p, must
have a fixed point p. Clearly, p is also a fixed point of ofom p,. Therefore, according to
Proposition ofom 4 has a unique fixed point 7 in t;ﬁpf (p). Note that both 7 and oy 4(7)
are fixed points of ofom 4. Moreover, o7 4(T) € t;lp (w), since tAP (p) is oy a-invariant
according to Proposition m Therefore, 7 and o a(T ) must comc1de and item (| . ) follows
from Proposition [2.24]

Suppose f°™: (5%, A) © has a Levy cycle G = {71,72,...,7}. Let o denote the cor-
responding cyclic permutation of the set {1,2,...,r}, and for each i = 1,2,...,r, let
Yi < f7™(v;) be a simple closed curve such that 7; is homotopic in S* — A to 7,(; and
deg(f°™7i: 5i — ) = 1. Denote 7;, := fom= % (%,) for each i = 0,1,...m — 1. In particu-
lar, 7,0 = ;. It is clear that each 7;; must be an essential curve in 5% — A, as ¥; would not
be essential otherwise. It is straightforward to verify that

Fi={yx:i=1,2,...,rand k=0,1,...,m — 1}

provides a Levy cycle for the map f: (5%, A) ©. Similarly, if G is a degenerate Levy cycle
for fom: (5%, A) ©, then F is a degenerate Levy cycle for f: (52, A) ©O, and this establishes
item .

Suppose that additionally there exist v € G and 7 € Ta such that [ (1) < ¢*e~(mr—Ddo,
Let us choose a minimal Levy cycle F' such that v € 7' and F' < F. With this, item
follows from Proposition applied to the minimal Levy cycle F'.

Finally, item . can be easily derived from the definition of a Levy cycle (degenerate Levy
cycle, Levy multicurve, degenerate Levy multicurve, respectively); see Section O
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3.6. Realizability question. In this section, we investigate the properties of a Thurston
map f: (5%, A) © under the assumption that the Thurston map f: (S?, B) © is realized,
where B < A is some f-pseudo-invariant subset containing Sy. In particular, we establish
Main Theorem [A] We begin by proving a result that demonstrates that Levy cycles for the
map f: (5%, A) © must exhibit particularly nice properties.

Proposition 3.9. Let f: (S?, A) © be a Thurston map, and let B = A be an f-pseudo-
invariant subset containing Sy. Suppose that the Thurston map f: (S% B) O is realized,
and the Thurston map f: (S* A) © has a Levy cycle G. Then G is degenerate, and every
v € G is non-essential in S* — B.

Proof. Let G = {71,792, ...,7%}, and let o denote the corresponding cyclic permutation of the
set {1,2,...,7}. Then, for each i = 1,2,...,r, there exists a simple closed curve 5; = f~1(;)
such that %; is homotopic in S* — B to v, and deg(f|%;: % — ) = 1.

Suppose that some ; is essential in S? — B. Then Yo-1(j) is also essential in S? — B, since
it is homotopic in S? — A to 7;. This implies that ~,-1(;) is essential in S* — B. Repeatedly
applying this argument, we show that each v; € G is essential in S? — B, and therefore, G
is a Levy cycle for the Thurston map f: (S?, B) ©. However, this leads to a contradiction
with Proposition [2.29]

Now, let us demonstrate that G forms a degenerate Levy cycle for f: (52, A) ©. First,
we suppose that |B| = 3. For each i = 1,2,...,r, since 7; is non-essential in S? — B, we can
select the unique connected component D; of S? — 4; that contains at most one point of B.
Similarly, we introduce 51 as the unique connected component of S — 7; that contains at
most one point of B.

Suppose that some D; contains a single point g; from the set B. Since Sy < B, by the
classical theory of covering maps (see, for instance, [MPR24l, Propositions 2.11 and 2.12]),
there exists a unique connected component U; of S? — 7, that contains a single point p; of
f~Y(B) o B. Moreover, f(p;) = ¢;, and f|U; — {p;}: Ui — {p;} — D; — {q;} is a covering
map of degree deg(f|V:: 7 — i) = deg(f,p;). Clearly, U; must coincide with D;. Since
deg(f|3i: ¥ — i) = 1, we also have deg(f\f)i: D; — D;) = 1. Similarly, when D; n B = ¢,
we can also conclude that f(D;) = D; and deg(f|D;: D; — D;) = 1.

Finally, it is easy to verify that D,y and lN)Z are homotopic in S? — A. Indeed, there exists
an isotopy (¢¢)er in S rel. A with ¢ = idg2 and ¢1(0D,4)) = 1(Vow) = Vi = oD; ([Bus10,
Theorem A.3]; see also [FMI12] Sections 1.2.5 and 1.2.6]). Since both D, ;) and 151 contain at
most one point of B and |B| > 3, we have ¢ (D,(;)) = D;. Thus, Dy(;) and D; are homotopic
in S? — A, implying that G is a degenerate Levy cycle for the Thurston map f: (5%, A) ©.

In the case when the set B contains fewer then three points, we can use Proposition [2.18
to prove that G is a degenerate Levy cycle for the Thurston map f: (5%, A) ©. In particular,
open Jordan regions D; and D; can be defined as the unique connected components of S? —~;
and S? — 7;, respectively, that contain no points of the set B. O

A point z € @ is called a fized point of a holomorphic map g: U — V| where U and V'
are domains of C, if either z € U and g(z) = z, or z is an isolated removable singularity of g
and, after extending g holomorphically to a neighborhood z, we have ¢g(z) = z. The notion
of a repelling fixed point can be generalized in a similar way.

Before proceeding, we present a result regarding the dynamics of holomorphic self-maps
of the unit disk that satisfy certain additional conditions [Pro24, Theorem 3.10].
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Theorem 3.10. Let h: D — D be a holomorphic map, Acmd D —>Vand g: U -V are

holomorphic covering maps, where U < V is a domain of C and V = C—P with3 < |P| < o0.
Suppose that m(h(D)) c U and m = gomoh, i.e., the following diagram commutes:

D —" (D)

o
VG U

If the map g: U — V is non-injective, then exactly one of the following two possibilities
18 satisfied:

(1) for every z € D, the h-orbit of z converges to the unique fized point of h, or
(2) the sequence (w(h°"(2))) converges to the same repelling fized point x € P of the
map g, regardless of the choice of z € D.

Now we are ready to prove Main Theorem [A] from the introduction.

Proof of Main Theorem[A] As stated in Proposition 2.29] if the Thurston map f: (5%, A) ©
has a Levy cycle, then f: (5% A) © is obstructed, establishing one of the directions of
the desired result. Therefore, from this point, we assume that f: (5%, A) © is obstructed.
According to Proposition it remains to prove that f: (5%, A) © has a Levy multicurve.

At the same time, items (1) and of Proposition allow us to assume that the set
C := A — B contains no trivial marked points, meaning that every point ¢ € C' is periodic.
We will focus on the case when every point ¢ € C' is fixed under f. We aim to show that
for any such obstructed Thurston map f: (5%, A) © (satisfying the assumptions of this
theorem) and for every ¢ > 0, there exists a Levy cycle G, a curve v € G, and a point 7
in the Teichmiiller space T4 such that [,(7) < e. Note that all marked points in C' can be
made fixed by passing to an appropriate iterate of the original Thurston map. Therefore,
items and of Proposition imply that the scenario described above is sufficient to
conclude the desired result in the general case. Since under these assumptions, every point
c e C'is fixed under f, we can suppose without loss of generality that there is no point c € C'
such that the Thurston map f: (S?%, B U {c}) © is realized. This assumption and item
of Proposition also ensure that |B| > 3.

According to Proposition , there exists a fixed point u = [¢1]p = [¥1]p € Tp of the
pullback map o 5. We assume that the representatives ¢y, : 5% — C are chosen such that
¢1 and v, are isotopic rel. B (in particular, ¢;|B = ¢1|B) and g := ¢ 0 fo;t: (@7 P)©
is a postsingularly finite holomorphic map, where P := ¢1(B) = ¢1(B).

Now, let 71 = [p1]a € Ta and define 7, := [p,]a = 0;(2_1)( 1) for all n € N, where

the representatlves 0, S? — C are chosen such that ¢,|B = ¢1|B and the map ¢, o f o
On +1' C--»Cis holomorphic. Proposmon 2| ensures that such choice of representatives
is possible and implies that ¢, o f o gan g for all n € N. Let C = {¢1,¢o,...,¢}, and
define z,,; := @, (c;) foreachneNand i =1,2,...,1.

Claim. For each ¢ = 1,2,...,1, the sequence (z,,;) converges to a limit x; € P, which is a
repelling fixed point of the map g.

Proof. Let A; :== B u {¢;} for each i = 1,2,...,l. Since f(¢;) = ¢;, we can study the
Thurston map f: (S?, A;) ©. Specifically, we consider the o 4,-orbit of the point [¢;]a,
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in the Teichmiiller space T4,. By Proposition [2.22] this orbit coincides with the sequence

(ol

Define A; := t;ul, (1), which, according to Proposition , is a 0y 4,-invariant subset of
Ta,. Also, let m;: A; — C — P be defined by mi([¢]a,) = ¢(ci), where the representative
p: 5% — C is chosen so that ©|B = ¢1|B, and let w; = m; 0 0f4,|/A;. Recall that these
objects were discussed in Section . Additionally, we notice that [p,]a, € A; for all ne N
andt=1,2,...,L

According to item of Proposition , A; is biholomorphic to the unit disk, and by
item (/1)) of the same proposition, we have m;(0,4,(A;)) = W, where W = C— g H(P), and
T; = gom;00 4,. Since g is not injective, items ((3)) and (4f) of Propositionallow us to apply
Theorem to the map o .4,/A;. Since the Thurston map f: (5%, A;) ©O is obstructed,
o¢.4,/A; has no fixed points, as stated in Proposition m Therefore, by Theorem m,
the sequence w,,; = m;([¢n]a,) = Wi(U;fZ; 1)([901] 4,)) converges to a point x; € P, which is a
repelling fixed point of the map g. [

Let € P be a point such that there exists a sequence (z, ;) converging to x as n tends
to c0. According to the previous claim, such a point x always exists and must be a repelling
fixed point of the map g. Given this, and the fact that every sequence (x, ;) converges as

n — o0, we can find an annulus U C such that, for all sufficiently large n, the following
conditions are satisfied:

e one of the connected components of C — U contains points = and zJ, while the other
connected component contains all points of P — {z};
e ¢°U4=3) is defined and injective on U.

It is clear that we can take the modulus of the annulus U as large as desired, assuming that
we consider n large enough. Therefore, we can apply Proposition to derive the existence
of a Levy cycle G for the Thurston map f: (S?, A) ©O. Moreover, Proposition also shows
that, by taking mod(U) sufficiently large, we can ensure that for some n and any v € G,
l,(7,) is as small as we want. This completes the proof. O

Example 3.11. Let f: (S?, A) © be a Thurston map, and assume that B = A is an f-pseudo-
invariant subset containing S;.

Now, suppose |A| = 4 and |B| < 3. In this case, by Proposition [2.18 the Thurston
map f: (S%, B) © is clearly realized. Consequently, Main Theorem [A| directly implies that
f: (5% A) © is realized if and only if it has no degenerate Levy cycles. Since any multicurve
on the four-punctured sphere S? — A consists of just one simple closed curve, f: (5%, A) © is
obstructed if and only if it has a degenerate Levy fixed curve, confirming the result [Pro24|
Main Theorem A] in this particular setting.

Remark 3.12. One of the key tools of the proof of Theorem (see [Pro24l, Theorem 3.10])
is the use of the hyperbolic metric on the unit disk. In the proof of Main Theorem [A]
Theorem 3.10 was applied to the restrictions o 4,|A;: A; — A;, where A; = t;ily () is
a properly and holomorphically embedded unit disk in the Teichmiiller space 7T4,, where
|A;| = 4 and |A;| — |A| = 1. However, it is worth noting, that the hyperbolic distance on A;
does not coincide with the metric inherited from the Teichmiiller metric dr on Ty,, except
when |A4;] = 4 and A; = T4, due to [Nag82, Theorem 1]. The same observation applies
to properly and holomorphically embedded unit disk A = tg}ﬂ} B, (7;) in Tp,,, and the map
07,8, |A: A — A from the proof of Proposition |3.6
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