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Abstract

In | |, D. Muthiah proposed a strategy to define affine Kazhdan-Lusztig R-
polynomials for Kac-Moody groups. Since then, Bardy-Panse, the first author and
Rousseau have introduced in | | the formalism of twin masures and we have
extended combinatorial results from affine root systems to general Kac-Moody root
systems in | ]. In this paper, we use these results to explicitly define affine
R-Kazhdan-Lusztig polynomials for Kac-Moody groups. The construction is based
on a path model lifting to twin masures. Conjecturally, these polynomials count the
cardinality of intersections of opposite affine Schubert cells, as in the case of reductive
groups.

1 Introduction

1.1 The affine reductive setup

Reductive groups over Laurent polynomial rings Let G be a split reductive group
scheme with the data of a Borel subgroup B containing a maximal torus T. Let W* =
Ng(T)/T be its vectorial Weyl group and Y be its coweight lattice: Y = Hom(G,,, T).
The action of W* on T induces an action of W* on Y and allows to form the semidirect
product W =Y x W". This group called the extended affine Weyl group of G, appears
naturally in the geometry and the representation theory of G over discretely valued fields or
Laurent polynomial rings. A foundational work in this regard was done by N. Iwahori and
H. Matsumoto in 1965 (| ]), when they exhibited a Bruhat decomposition of G(Q,)

indexed by W.



Let k be a finite field and w be a transcendental element over k. Let G = G(k(w))),
its integral points form the maximal compact subgroup G(k[w]) which contains the Iwa-
hori subgroup, defined as Iy = {g € K | ¢ mod w € B(k)}. The affine Weyl group is
identified with the quotient Ng(T(k(@))))/T(k[ew]), and admits lift in G. Then, G ad-
mits a decomposition in I, double cosets indexed by W, the Iwahori-Matsumoto Bruhat
decomposition:

G= || IoxI.
xeW
This decomposition also holds for G(K) when K is any discretely valued field with residue
field k. Actually it was first proven by Iwahori and Matsumoto for G(Q,). The group w
is a finite extension of a Coxeter group, it is equipped with a Bruhat order which enables
to describe the homogeneous space G/ I, an infinite-dimensional variety over k referred as
the affine flag variety. We are interested by R-Kazhdan-Lusztig polynomials, which is an
instance of the relation between the structure of G/, and the combinatorics of W.

Reductive affine R-Kazhdan-Lusztig polynomials In G = G(k(w))), the Iwahori
group Iy admits an opposite Iwahori subgroup I, = {g € G(k[w™]) | ¢ mod w™! €
B~ (k)} where B~ is the opposite Borel subgroup to B. Then we have an Iwahori-Birkhoff
decomposition:

G=|| Lyl

yeWw

The affine R-Kazhdan-Lusztig polynomials (Rxy), 7 are combinatorially defined poly-
nomials (see | | or | , §5.3] for a more recent expository) which verify , for all
finite field k:

|Iooyf()ﬂ]0X]0/I()| = Rx7y(|]k|) (11)

This formula, in its affine form, is implicitly used by D. Kazhdan and G. Lusztig in
[ , 85|, and was proven by Z. Haddad (| ). A method to describe the combina-
torics of these polynomials, and their appearance in Formula (1.1), is through a gallery
model in the standard apartment of the Bruhat-Tits building associated to G. It is a
particular instance of the techniques used by E. Mili¢evié, Y. Naqvi, P. Schwer and A.
Thomas (see | |, | | where the authors describe similar subsets of G//Ij).

The affine R-polynomials are auxiliary polynomials in order to define the more famous
P-Kazhdan-Lusztig polynomials, which are the cornerstone of Kazhdan-Lusztig theory, but
they also seem to have a representation theoretic interpretation on their own (see | D).

Extension to Kac-Moody groups Replace (G, T) by a general split Kac-Moody group
G with maximal split torus T, as defined by Tits in | |; its vectorial Weyl group may
now be infinite. Let Y = Hom(G,,,T) be the cocharacter lattice of (G, T) and let YT is
the set of W*-translates of the dominant elements of Y. When G is reductive Y™ =Y but
otherwise Yt is a proper subcone of Y. Set W+ = YT x W, The Iwahori-Matsumoto



decomposition no longer holds on G = G(k((w))) (and neither on G(K) for more general
discretely valued fields KC) but it can be replaced by:

G+ = I—l Iowkwjg,

wAweEW +

where G is some sub-semi-group of G (see | , §3.4.2] or | , §1.9]). This
weakened Iwahori-Matsumoto decomposition appears in related contexts, for example in
the definition of the Iwahori-Hecke algebra of G(K), when K is a non-Archimedean local
field (see | | and | |). In this paper, we construct affine R-polynomials in
the Kac-Moody setting, using the theory of masures.

1.2 Affine R-Kazhdan-Lusztig polynomials in the Kac-Moody case

Masures and twin masures Masures are generalizations of Bruhat-Tits buildings adapted
to the study of Kac-Moody groups, introduced by S. Gaussent and G. Rousseau originally
to compute MV-cycles through a path model | |. Let w be a non-trivial discrete val-
uation on a field K. In order to study G(K), Rousseau (generalizing the construction of
| |) defined a masure Z,, = Z(G, K,w) on which G acts (see | ). When G is
reductive, Z, is the usual Bruhat-Tits building. Let A, =Y ® R be the standard apart-
ment. When G is a reductive group then W+ is a Coxeter group and A, is a realization
of the Coxeter complex of WT. Therefore it has a simplicial structure such that W acts
transitively on the simplices of maximal dimension, which are called alcoves. When G is
general Kac-Moody, there is no such simplicial structure but one can still define analogs of
alcoves; no longer as simplices but as filters (sets of sets), and W acts freely transitively
on the set of (special) alcoves. We have Z,, = | | ., g.A, (the dependency on w is hidden
in the fact that the action of G on Z, depends on w).

Let us now specify to the case of global function fields: we suppose that K is of the
form k(w), where w is transcendental over k. Let wg (resp. ws) be the valuation on
K such that wg(k*w) = {1} (resp. we(k*w™') = {1}). Let Zp, = 7, and Iy = I,,_.
Then one defines the Iwahori subgroups in terms of masures: Iy (resp. ) is the fixator
of a particular alcove, named the fundamental alcove Cy (resp. Cu) of A := A, (resp.
Ag = A, ) in G. We then can see G/l as a set of alcoves of Zg,. When G is reductive,
the pair (Zg,Zs) forms a twin building: there is a codistance d* relating Z4 and Z, (see
[ , 5.8]). One can also define a retraction pc,, : Zg — A centered at C..: this is
the unique I -invariant map whose restriction to A is the identity. We can then recover
d* from pco._ . In the Kac-Moody case, no equivalent of the codistance is known for the
moment. However, one can define po_ on a subset of Z. A difficulty is that the set of
definition of pc_ is hard to determine and very few is currently known on this set.

Conjecturally (see | , 4.4.1]), this set is large enough and we can use pc, to
compute |I.yIoNIgxly/Iy|. Elements of I,y lyN IyxIy/Iy are in bijection with the alcoves
in p;! (Cx)Npcl (Cy). Bach of these alcoves defines an open segment (the data of a segment
and an alcove based at its end point) in Zg and, when x has finite stabiliser in W (we say
that it is spherical), we can count them using the path model in A described below.
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Affine Bruhat order on W* When G is reductive, the extended affine Weyl group
W, which is a finite extension of the affine Weyl group W, naturally inherits a Bruhat
order < from the Coxeter group structure of W°. This order plays a crucial roles in the
study of Kazhdan-Lusztig polynomials. For example, if x,y € W*, then Ry, # 0 if and
only if y < x and it is conjectured that Rx, only depends on the structure of the interval
ly,x] = {z € 1% |y <z < x}. In the Kac-Moody setting, A. Braverman, D. Kazhdan
and M. Patnaik propose in | , Appendix B2| a definition of a preorder on W+ which
would replace the Bruhat order of W and they conjecture that it is a partial order. In
[ |, D. Muthiah extends the definition of this preorder to any Kac-Moody group G
and proves that it is actually an order. A. Welch proved in | , Theorem 3| that
the intervals for this order are finite, when G if non-twisted affine of ADE type and we
generalized this result to any Kac-Moody groups in | , Corollary 1.2].

Cs-Hecke open paths and R-Kazhdan-Lusztig polynomials In this paper we in-
troduce C,.-Hecke open paths, they are the piece-wise affine paths which appear as images
of open segments by pc. in the masure Zg, but they can be defined combinatorially in A
without reference to the masure. Non-open C,.-Hecke paths have already been introduced
by Muthiah (| | where they are called I.-Hecke paths) and developed by N. Bardy-
Panse, the first-named author and Rousseau in | |. An open path is a non-open
path with the additional data of a decoration, and an ending alcove (see Definition 3.1).
These open paths permit to study G+ /Iy, whereas non-open paths are suited to the study
of GT /K, where K is fixator of the vertex 04 of the fundamental alcove. In particular any
C-Hecke open path has a type x € W+ (which we suppose spherical, that is to say that
x has finite stabilizer in W") and an end alcove Cy with y € W: we denote by C°(y) the
set of Cx-Hecke open paths of type x and with end alcove Cy. We start by looking at the
relation between C,-Hecke open paths and the affine Bruhat order. In particular, using
the finiteness of the intervals, we obtain:

Proposition 1.1. (see Corollary 3.11) Let x,y € W with x spherical. Then CP®(y) is
finite, and it is empty if y £ X.

R-Kazhdan-Lusztig polynomials A given C,-Hecke open path ¢ of spherical type
x € W lifts to open segments in Zs, and we show that the number of these lifts are
obtained by the evaluation at |k| of an integral polynomial Ry ., independent of the masure,
for which we give an explicit formula in Theorem 4.25. Summing up Ry, upon all the paths
of C°(y) we are able to define an R-Kazhdan-Lusztig polynomial Ry, associated to any
pair (x,y) of W7 such that x is spherical. They therefore appear in the following result:

Theorem 1.2. Let x,y € W be such that x is spherical. Let Axy(Zg) denote the set of
alcoves C' € paol(Cx) N paio(Cy) such that the retraction pc., is defined on the whole open
segment [0p, C] C Zg. This is a finite set and:

[ Axy (Ze)| = By ([k). (1.2)



By construction |Ax y(Zs)| < [looylo N Iox1y/1o| and upon Conjecture | , 4.4.1]
this is an equality. Therefore Formula (1.1) remains conjectural in this context, however
these polynomials already have interesting combinatorial properties related to the affine
Bruhat order on W. For example, we show that, if x covers y, then Ry, (X) = X — 1
which is a standard property in the reductive setting.

Note that in the recent preprint | |, M. Patnaik obtains results which might be
related to ours. He proves that when G is affine, in some completion G of G, a variant of the
left hand side of (1.1) is finite (see | , 5.2]). He proves an analogue (in his frameworks,
which is slighlty different from ours) of a conjecture in | , 4.4.1]. However, he does
not prove polynomiality results. His techniques are very different from ours and do not use
masures. It would be interesting to relate these two works.

Going further In classical Kazhdan-Lusztig theory, R-polynomials are auxiliary tools
to compute the more famous P-Kazhdan-Lusztig polynomials, which play a significant role
in geometric representation theory and representation theory of Lie algebras (see | D).
We would like to define the affine version of these P-polynomials in the general Kac-Moody
setting, this requires that the R-polynomials satisfy an appropriate involutive formula in
which the affine Bruhat length appears (see | , §1.2.4]).

Organization of the paper In section 2 we introduce the affine Weyl semi-group asso-
ciated to a Kac-Moody root datum, and the affine Bruhat order. We then give a geometric
interpretation of these objects. In section 3, we introduce the notion of C.-Hecke open
path in the standard apartment. We establish properties of these paths with respect to the
Bruhat order (Proposition 3.10) and use it and the finiteness results on the affine Bruhat
order to prove finiteness results on the set of C-open paths (see Corollary 3.11).

We then turn, in section 4, to liftings of C.-Hecke open paths in the masure, in
order to construct affine R-polynomials. We start by introducing twin masures, and in
subsection 4.2 we explain our strategy to construct affine R-polynomials. We prove in
subsection 4.3 that Cy.-friendly open segments retract to C-Hecke open paths, and we
give combinatorial formulas to count, for each C..-Hecke open path of a given type, its
number of lifts in subsection 4.4. We conclude, in subsection 4.5, by defining the affine
Kazhdan-Lusztig R-polynomials, and we compute R-polynomials of covers.

There is an index of notations at the end of the paper.
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2 The standard apartment and the affine Bruhat order

2.1 Definitions and notations

Kac-Moody root systems Let D = (A, XY, (®)icr, () )icr) be a Kac-Moody root

7

datum in the sense of | , §8]. It is a quintuplet such that:
e [ is a finite indexing set and A = (a;j)(j)erxz is a generalized Cartan matrix.

e X and Y are two dual free Z-modules of finite rank, we write (,) the duality bracket.

(a)ier (resp. (o )ier) is a family of linearly independent elements of X (resp. Y),
the simple roots (resp. simple coroots).

For all (i,7) € I* we have (o, o) = a;;.

Vectorial Weyl group For every i € I set s; € Auty(X) : @ — = — (o, x)a;. The
generated group W = (s; | i € I) is the vectorial Weyl group of the Kac-Moody root
datum. The duality bracket (Y, X) induces a contragredient action of W on Y, explicitly
si(y) =y — (y, ;). By construction the duality bracket is then W"-invariant.

The pair (W?,{s; | i € I}) is a Coxeter system, in particular W has a Bruhat order <
and a length function ¢ compatible with the Bruhat order. The Weyl group W is infinite
if and only if the matrix A is not of finite type, we will usually work in this setting.



Real roots Let ® = WV {qa; | i € I} be the set of real roots of D, it is a, possibly infinite,
root system (see | , 1.2.2 Definition|). In particular let &, = ® N ®;e;Ne; be the set
of positive real roots, then & = &, LI —d, | we write &_ = —P the set of negative roots.

The set @Y = W' {«/ | i € I} is the set of coroots, and its subset Y = ®YNP;c;Nay
is the set of positive coroots.

To each root 8 corresponds a unique coroot Y: if § = w(«;) then 8Y = w(«;’). This
map [ — (Y is well defined, bijective between ® and ®¥ and sends positive roots to positive
coroots. Note that (8Y,3) =2 for all § € ®.

Moreover to each root [ one associates a reflection sg € W": if § = w(%a;) then
sg = ws;w . It is well-defined, independently of the choices of w and i. Explicitly it is
the map x — z — (Y, x)5. We have sg5 = s_z and the map  — sz forms a bijection
between the set of positive roots and the set {ws;w™" | (w,i) € W" x I} of reflections of
we.

Let w € W". The inversion set of w is the set

Inv(w) :={a € &, |w(a) e P_} = {a € & | ws, < w}.

An element of the vectorial Weyl group is completely determined by its inversion set.

Dominant coweights and Tits cone Elements of Y are called coweights. We say that
a coweight A € Y is dominant if (\, «;) > 0 for all ¢ € I, or equivalently if (\, ) > 0 for all
f € ®,. The set of dominant coweights is denoted as Y ={A €Y | (\, ;) > 0Vi € I}.

The orbit of Yt by W is the integral Tits cone, Y™ = [J w.Y'T; it is a sub-cone
weWwv
of Y and it is a proper sub-cone if and only if W is infinite, if and only if A is not of finite

type (see | , 1.4.2]).

The set Y+ is a fundamental domain for the action of W* on Y*, and for any coweight
A€YT (resp. A € —=YT), we denote ATt to be the unique element of Y™+ (resp. —Y ')
in its W"-orbit.

Parabolic subgroups and minimal coset representatives Let A\ € Y be a dom-
inant coweight. Then the fixator of A in W is a standard parabolic subgroup, which we
denote by Wy. Explicitly, if J ={i € I | (A, ;) =0}, then W\ =W, :=(r; | j € J).

Any class [w] € WY /W, admits a unique element of minimal length, and we denote by
W? the set of coset representatives of minimal length. Therefore w € W?* <= /f(w) <

Suppose now that A € Y+ (not necessarily dominant), we denote by v* the unique
clement of minimal length such that A = v*A**, it is an element of W*"". The element
v* is determined by: {a € ®, | (\,a) < 0} = Inv((v*)7}).

The coweight A also admits a parabolic fixator in W?, which is Wy = v* Wyt (v})~

A coweight )\ is spherical if its fixator W), is finite, and it is regular if W, is trivial.
These notions only depend on the dominant part A™* of \. We denote by Y,!, the set
of spherical coweights. Note that a coweight A\ is regular and dominant if and only if
(A, ;) >0 foralliel.
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For any A\ € Y:I;h,

subgroup Wy++.

we denote by wy o the maximal element of the standard parabolic

Affine Weyl semi-group Through the left action W¥ ~ Y we can form the semidirect
product Y x W?, for (\,w) € Y x W* we denote by @*w the corresponding element of
Y x Wv. If W is finite, this semi-direct product is (a finite extension of) a Coxeter group,
hence admits a Bruhat order, a Bruhat length and a set of simple reflections. However
when W7 is infinite, it does not have a Coxeter structure, and there is no known analog of
the Bruhat order on it.

By definition, Y+ C Y is stable by the action of W, therefore we can form W+ =
Y™ x WY which is a sub-semi-group of Y x W?". This semi-group is called the affine
Weyl semi-group, it is sometimes referred as "the affine Weyl group" in the literature,
even though it is not a group.

Braverman, Kazhdan and Patnaik have defined a preorder on W in | , B.2]
using an affine root system on which Y x W acts. We now introduce this preorder (which
is, in fact, an order), and in Section 2.2 we give a geometric interpretation, already detailed
in | |.

We denote by pron+ the projection function W+ — Y and pron++ the projection on

the dominant coweight, so if x = w*w € W, then proj”" (x) = A and proj* " (x) = A*+.
We say that an element x € W is spherical if its coweight proj? " (x) is spherical, we
then denote W}, =Y., » W? the set of spherical elements in W*.
Affine roots Let ®* = ® x Z, it is the set of affine roots of D. Let (5,n) € ¢%, we
say that (8,n) is positive if n > 0 or (n = 0 and § € ®); we write ®% for the set of
positive affine roots. We also have ®* = @4 LI —®%. We can see § = (f,n) € ®* as the
affine form on Y defined by S(\) = (A, 8) +n. Since Y x W acts by affine transformations
on Y, it also acts on its space of affine forms (by (w - ¢)(\) = @(w™'\) for w € Y x W
and ¢ € Homag(Y,Z)), and this action preserves ®*. We therefore have a natural action
of Y x W7 on &%, explicitely given by:

M. (B,n) = (wh,n + (N, wp)). (2.1)

For any n € Z, its sign is denoted sgn(n) € {—1, +1}, with the convention that sgn(0) =
+1.
Forn € Z and g € &, we set:

Bln] = (sgn(n)p, n|w) € & (2.2)
S8n] = wnﬁvslg ey x W (2.3)
If n # 0 we also define 8[n] € ®% for § € ®_, by S[n] = (—F)[—n]. Note that the element

Sg[,) does not belong to W™ in general, but it is an element of order 2 in Y x W" which
fixes 8[n]~*({0}), the affine reflection associated to [3[n].



Affine Bruhat order The affine Bruhat order on W is the transitive closure of the
relation < defined by, for x € W and fB[n] € ®%: sgpx < x <= x '(fn]) ¢ 4. In
some sense this means that S[n] belongs to the inversion set of x~!. Note in particular
that if x!(8[n]) ¢ ®% and x lies in W then sgp,x € W.

Explicitly, if x = @w*w € W, then x~'(8[n]) ¢ ®% if and only if |n| < sgn(n)(X, 3), or
In| = sgn(n)(\, B) and sgn(n)w='8 € d_.

D. Muthiah (see | |) has proved that the transitive closure of < is anti-symmetric,
hence it is an order. Moreover, together with D. Orr, they define in | | a Z-valued

length function on W strictly compatible with the affine Bruhat order.

2.2 The affine Bruhat order in the standard apartment

There is a strong geometric intuition behind root systems, vectorial Weyl groups and the
vectorial Bruhat order, developed for instance in the context of buildings in | |. There
is also a geometrical interpretation of the affine Bruhat order on W™ which we develop
in this section, it takes place in the standard apartment A, which is the affine space
underlying Y ® R. More precisely, elements of W can be identified with certain local
germs in A, called alcoves, and each positive affine root corresponds to a hyperplane Mgy,
separating the set of alcoves in two. For x € W, f[n| € ®%, we have that x < sg,x
if and only if the alcove corresponding to x is on the same side of the wall Mg, as the
fundamental alcove (the alcove corresponding to ly+). In the reductive setting, we recover
the geometric interpretation of the affine Bruhat order in term of tiling of the standard
apartment. We start by recalling the geometrical interpretation of the standard Bruhat

order of a (vectorial) Weyl group.

2.2.1 The vectorial apartment

We fix a Kac-Moody root datum D = (A4, XY, () )icr, (a)icr). Let V =Y @z R, X
embeds in its dual V'V and the vectorial Weyl group W? acts naturally on it. For each root
gedylet Mg={x eV | (x,B) =0}, it is a hyperplane of V called the vectorial wall
associated to . We denote My = {Mz | B € @, }. The pair (V, M) is the vectorial
apartment of D.

Inside V' we have the fundamental chamber C} = {v € V | (v,a;) > 0,Vi € I'} and

the Tits cone 7 = W“._}’, it is a convex cone. We denote its interior by T , it is the
set of elements with finite stabilizer in W". Note that Y+ = 7 NY, Y;h = 7NY and

Y+t =y NY. We extend the definition of ** to 7 U —7: for x € F (resp. x € —F),
we denote by 7" the unique element of C’_}i N W?.z (resp. —C’_;ﬁ NWv.z).

A (positive) vectorial chamber is a set of the form w.C} for w € W". Since C} has
trivial stabiliser in W", the set of chambers is in natural bijection with W* by w +— C} :=

wC'%. Note that the vectorial chambers are the connected components of 7\ ( J Mp).
Bed
Moreover, if 3 = w(«;) with o; a simple root, then Mg N .7 contains C¥ N CY_ , which we

ws;?
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call the panel of type i of the chamber C,,. We define negative chambers as the opposite of
positive chambers. If ® is infinite, then positive and negative chambers form two distinct
W?-orbit.

We can put a structure of simplicial complex on .7, for which the chambers are the
cells of maximal rank and the panels are the cells of maximal rank within non-chambers.
The walls split the Tits cone in two parts, and separate the set of vectorial chambers in
two: say that C is on the positive side of Mg if w™(8) > 0. In particular since 8 is a
positive root, the positive side is always the one which contains the fundamental chamber.

Remark 2.1. The condition is on w™'(a) and not w(a) because W acts on the left on
V' and the contragredient action on its dual, which contain the roots, is more naturally a
right action: {(w.y,a) = (y,w (a))

Then the vectorial Bruhat order can be interpreted by: sgw > w if and only if, when
we split .7 along My the chambers Cy, and C} are in the same connected component of
7, that is to say C} is on the positive side of Mp.

Moreover Inv(w™') the inversion set of w™ can be interpreted as the set of walls
separating the chamber Cj, = w.C} from the fundamental chamber C7.

Mioon) My () M,, M, My

C'U Cﬂ C (z]v

8182 S1

CU

515251

Cy

5251

sy s1s2(ay)

s18981(0ry)
sysi(a)

Figure 2.1: The vectorial apartment for a root datum of with Kac-Moody Matrix
2 =3

(% 7)

2.2.2 The affine apartment

We now define the affine apartment associated to a Kac-Moody root datum, as it is defined
in | . Let D = (A, X,Y, () )icr, (vi)ics) be a Kac-Moody root datum and let A be
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the real affine space associated to V =Y ® R.

To any positive affine root f[n] € ®% corresponds an affine hyperplane Mg, the
affine wall associated to the affine root 3[n]. This hyperplane is equal to (3[n])~'({0}) if
we consider 3[n] as an affine form on A. Explicitly, we therefore have

Mgy = {r € A| (x, ) +n =0} (2.4)

Let M® = { Mgy, | B[n| € %} be the set of affine walls. Then the affine apartment is
the pair (A, M?). If n € R\ Z and § € ®, the affine hyperplane {x € A | (z,5) +n =0}
is referred as a ghost wall, and is still denoted Mg,). A half-apartment is any region
of A delimited by an affine wall, hence any region of the form {x € A | (x, 8) + nR0}, for
Re{<,> <, >}

The group W x Y acts by affine transformations on A, by the formula iw(z) =
—A+ w(x). This action preserves M.

To give an interpretation of the affine Bruhat order, we need to define the affine analog
of vectorial chambers, which are called alcoves. However, when the root system is infinite,
the set of affine walls is not locally discrete, and therefore the connected components of
A\ Uprepma M have empty interior and are not adapted. There are two ways of dealing

with this issue, either by working in the tangent space of A, as it is done in | |, or by
defining affine chambers no longer as sets but as filters of sets, which is better suited for
masure theoretic purposes and therefore is more often done in the literature (see | D).

Filters A filter on a set E is a nonempty set V of nonempty subsets of E/ such that, for
all subsets S, S’ of £, if S, S’ € V then SNS" € V and, if S’ C S, with S” € V then S € V.

Let E, E' be sets, E' C E and V be a filter on E’. One says that a set {2 C E contains
V if there exists ' € V such that ' C Q (or equivalently if Q@ € V if E = E’). Let
f: E— E. One says that f fixes V if there exists 0 € V such that f fixes .

A basis for a filter V is a subset B C V such that V = {S C £ | 3B € B, B C S}.
If B is a set of sets closed by finite intersection and not containing the empty set, then
{SCFE|3Be€ B, BCS}isa filter with basis B.

Alcoves Let ||.| be an arbitrary norm on V', and for any = € A, r € R let B(x,r)
denote the open ball of radius r centered at x for ||.||. Let x € A, w € WY and € € {4, —}.
The (closed) alcove based at z and of vectorial direction £C is the filter with basis
{(z +eC?)N B(z,r) | r > 0}, it is denoted a(x,ew), ¢ is its sign. The sector generated
by a(x,ew) is the set x +C? C A. When (A, M%) is discrete (when the Kac-Moody root
system is of finite type), we recover the definition of pointed alcoves: alcoves with a choice
of base-point.

An alcove is well-defined by its base-point and its vectorial direction: if a is an alcove,
then its base-point x is the unique point of A such that YU € a, x € U, and its vectorial
direction is the unique vectorial cone of the form eC? such that (x+cCy)NU has non-empty
interior for all U € a. We denote by a" the direction of an alcove a.

11



The semi-direct product W¥ x Y acts freely on the set of alcoves, through the following
action (induced by its action on A):

ww.a(z,ev) = alw.x — A, ewv).
We can therefore identify W+ = Y+ x W7, with a subset of alcoves: to any wiw € W,
the associated alcove is a(—\, +w) = w*w.a(0, 1y ), which we denote C_x,,.

The map (z,e,w) — a(z,ew) induces a bijection between the set of alcoves and A x
{—,+} x W". Using this bijection, we equip the set of alcoves with the product topology,
where A is equipped with the usual topology of finite dimensional affine space and {—, +} x
W" is equipped with the discrete topology. Given any point z € A, the set of alcoves based
at x forms the tangent fundamental apartment at x, which has a particular combinatorial
structure described below.

Tangent apartment at a point Let z € A and ¢ € {4, —}. Denote by 7.(A) the set of
alcoves of sign e based at x. We define a W"-valued distance function d° : T (Ag) — W
if ai,as € TZ(A), there exist unique elements wy, wy € W? such that a; = a(x,ew,) and
as = a(x,ewsy). Then we set:
d* (a1, az) = wy  ws. (2.5)
We also define a codistance function: d* : 7,7 (Ag) X T, (Ag)UT, (Ag) X Tt (Ag) — W*:
If (ar,a-) € T,7(Ag) x T, (Ag), similarly there exist w;,w_ € W" such that a; =
a(z,+w,) and a_ = a(z, —w_). Then set d*(a,,a_) = wi'w_ and

d*(a_,ay) =wwy = d*(ay,a ). (2.6)

We say that a_,a, are opposite if d*(a_,a,) = ly. We call (T,5(A),d*, d*) the stan-
dard tangent apartment at x. In building theoretic terms, it is a twin apartment (or
twin thin building) of type (W@, S5).

Geometric interpretation of the affine Bruhat order Mirroring the classical situa-
tion, Cy = a(04, +1yv) is called the fundamental alcove and W+ acts on {Cy | x € W}
simply transitively. Affine walls (and ghost walls) separate naturally the set of alcoves in
two and we call the side containing Cj the positive side. Note that an affine root (5,n)
is positive if and only if f(Cy) + n C Ry, therefore the positive side of an affine wall
corresponds to the associated positive root. Let 3 € ®, n € Z and w*w € W.

o If n # 0 and —\ & Mgy, then Cyx, is on the positive side of Mg, if and only
if —A is in the same connected component of A \ Mgy, than 04, that is to say
n| —sgn(n)(A, 5) > 0.

o If n >0 (resp. n < 0) and —\ € Mg, it is on the positive side if and only if C}, is
on the positive side (resp. negative side) of Mg, that is to say sgn(n)w=(8) > 0.

o If n =0 and —\ ¢ Mgy then Cpax, is on the positive side of the wall if and only if
(A, B) < 0 hence on the side of C7.
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o If n =0 and —\ € Mg, then C_», is on the positive side of the wall if and only if
C? is on the positive side of Mp, that is to say w='(3) > 0, hence on the side of Cj.

Then the W*-Bruhat order can be interpreted by: sB[n]w)‘w > ww if and only if Cx,,
is on the positive side of Mg,

Remark 2.2. Another possible choice of embedding would be to identify ww to the alcove
a(A, —w) and define Mgy, as {x | (x, B) = n} but either way, the vectorial direction of the
alcove needs to be of opposite sign of its base-point. Our choice is motivated by the choices

made in [ /.

]V[m[Z]

MWZ[U] Mm [0]

2.2.3 Segments, paths, segment germs

We end this preliminary section by formally introducing segments, paths and segment
germs in the standard apartment. We also define projections of alcoves on points and on
segment germs, the projections will play an important computational role.

By segment in A, we mean an affine map s : [t;,,t7] — A where t;, < t; are real
numbers.

A path in A is a piece-wise affine map [t;,,, t¢] — A, with ¢;,, < t; € R . That is to
say, it is a continuous map ¢ : [t;,, tf] — A such that there exists a finite number of times
to = tin <ty < --- < t, = ty, and segments (5;)rep,ny such that, for each k£ € [1,n],
Dom(sy) = [tk—1,tx] (where Dom denotes the domain of a map) and c(t) = s;(¢) for all
t € [tr_1,tx]. We identify two paths ¢, ¢ if Im(c) = Im(¢’) and ¢~!oc’ has positive derivative.
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Therefore we may always assume that the domain of a path (and in particular of a segment)
is [0, 1].

Definition 2.3 (Segment germs). For t € [0,1), (resp. t € [0,1), resp. t € (0,1)) let
[t,t7) (resp. (t7,t], resp. (t,tT)) be the filter of [0, 1] with basis {[t,t +¢) | € > 0} (resp.
{(t —e,t] | e > 0}, resp. {(t —e,t+¢)]|e>0}). Filters of this form and their images in
A by affine maps from R to A are called segment germs.

In particular, for any path ¢ : [0,1] — A, we denote by ¢, (t) the segment germ ¢, (t) :=
c([t,t7)) and by c¢_(t) the segment germ c_(t) := ¢((t7,t]). So ci(t) is the filter of A with
basis {c([t,t +¢)) | € > 0}. Note that, by definition of the derivative and since ¢ is piece-
wise affine, ci(t) = ¢(t) +[0,07)c, (t) and c_(t) = ¢(t) + (07,0]¢"_(t) where ¢, (t) (resp.
¢’ (t)) denotes the right (resp. left) derivative of ¢ at t. The derivatives ¢ (t) and ¢ _(t)
depend on the choice of parametrization, but the filters ¢, (t), ¢_(t) do not.

Definition 2.4 (A-paths). Let A € A. A A-path is a piecewise affine map ¢ : [0,1] — A
such that for all t € (0,1), we have ¢/_(t) € WY.A. In particular, the path sy : t — —t\ is
a —\-path which we call the standard segment of type ).

Projection on points and on segment germs For z,y € A, we write x < y if
y—x € 7. Since .7 is a convex cone, it is a preorder on A, called the Tits preorder.
Let 2,y € A be such that < y (resp. y < x) and a € T;5(A) be an alcove based at
y. Then the projection of a at z, denoted proj,(a) € T,F(A) (resp. proj,(a) € T, (A)),
is the unique alcove based at z which contains a in its sector, it should be thought of as
"the closest alcove based at x from a" (see | , §2.1] for a proof of uniqueness).
Suppose that s is a path in A and ¢ € [0,1] is such that () =: = and §_(t) € F.7.
Then the segment germ s_(t) = = + (07, 0]s’_(¢) is contained in finitely many alcoves of
T2 (A), and the projection of a on s_(t) is the unique alcove projﬁ_(t)(a) containing s_(t)
which minimizes the distance to the point projection proj,(a). Similarly, if &', (t) € +7
then s, (¢) is contained in a finite number of alcoves of T,7(Zs), and we define proj,, ((a)
as the unique alcove containing s, (#) which maximizes the codistance to proj,(a). Again
proj,_(a) should be thought of as "the closest alcove from a containing s.(¢)".

Lemma 2.5. Let s : [tg,t1] — A be a segment, where tg,t; € R. Let C be an alcove based
at s(t1). Let D be a half-apartment containing 5(to) and C. Then D contains projs,, ;,)(C).

Proof. Let 8 = (8,n) € ®* be such that D = {x € A | B(z) > 0}. Set M = 571 ({0}).
If M O [s(ty),s(t1)], then D D prism,, () (C), where prism is defined in | 01, 2.1.2].
Then by | , Lemma 2.1], D contains proj,, (;,(C).

Assume now that M 5 [s(ty),s(t1)]. If5(s(to)) > 0, then B(C’) > 0 for any alcove C’
based at s(tp) and in particular projﬁ+(t0)(5) C D. Assume ﬁ?s(to)) = 0. Then 5(s(t1) —
s(to)) > 0. Write proj,, 4y (C) = a(s(to),ev), with ¢ € {—,+} and v € W*. We have
B(ev.CY) € {Rsp, R0} and as m D 5(t1) — s(to), we have B(ev.C}) = Ryq. Therefore
B(s(to) + €v.C§) = R, hence S(proj,, ) (C)) C B(s(to) + ev.CY) = Rxq and the lemma
follows. ]
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Lemma 2.6. Let \ € 90, let t1 < ty € R and let s : [t1,t2] — A be a segment such that
s (t1) = £A. Let u € WV and suppose that a = a(s(t1), £u) dominates s, (t1). Then
PrOj,_(1,)(a) = a(s(t2), Fuwyo), where wy is the mazimal element of the finite standard
parabolic subgroup Wy++.

Proof. By definition of the projection, proj, (,,)(a) is the unique alcove @ dominating 5 (t2)
and such that there is no wall containing s_(¢5) and separating a from a.

With the notation of the lemma, let € € {+, —} be such that 5] (t) = e for all (¢,7) €
[t1,t2]%. Since a = a(s(ty), cu) dominates s, (¢), A = uA™+ and Wy = ulWy++u~t. Therefore
alcoves dominating s_(t3) are the alcoves in the set

{a(s(t2), —cuw) | w € Wys+} = {a(s(t2), —ewu | w € W)}.

Any wall M separating two such alcoves needs to contain the segment germ s_(t3) and
since s is affine on [t1,%s], it also contains s (¢;). Therefore the half-apartment delimited
by M and containing a = a(s(t1),cu) also contains a(s(tz),cu). Suppose that w € W+
is such that there exists a root § € &, with (\™, 5) = 0 and szw > w, and let M denote
the wall of direction u(8) going through s(ts). Since (A, u(8)) = (\™+, 8) = 0, M contains
s_(t2). Let o denote any point of the vectorial chamber C?. Then sgw > w <= (z,5) >
0 <= (u(x),u(B)) > 0. Moreover, by definition —~C = —u.C} = {y € V' | (y,u(a)) <
OVa € @, }. Therefore the vectorial wall of direction u(f) separates —C? from uC?, = C?,
if and only if spw > w. By the definition of the projection, we deduce that, if we write
Proj,_(1,)(a) = a(s(tz), —suw) then sgw < w for any root 8 € &, such that (A\**, 3) = 0.
Hence w needs to be maximal in Wy++, that is to say w = w, . O

Lemma 2.7. Let \ € j, let tin,tr € R and let s : [ti,, tf] — A be a segment with direction
s’ (tin) = £X. Then for any ty, <ty <ty <t3 <1y, and any two alcoves ay, as respectively
dominating s, (t1) and s, (t2) we have proj, «,)(a1) = proj;_«, (az) if and only if ay and
as have the same direction.

Proof. Let € € {+,—} be such that s (t,,) = eX. For i € {1,2}, let u; € W" be such
that a; = a(s(t;),eu;). The alcoves a; and ay have same direction if and only if u; = us.
Moreover, by Lemma 2.6, proj, (,,)(a1) = proj,_,)(a2) <= wwyg = wawyy <= uy =
uy which proves the result. O

Local fundamental chamber For z € —7, let C/* := proj,(Cy) be the projection
of the fundamental alcove Cj at x, the unique alcove which contains Cj in its sector. By
[ , §5.1], it is also the unique alcove which is on the positive side of every wall
(including ghost walls) which go through z. We also define C2° as the opposite alcove of
CH* based at x.

Lemma 2.8. Let v € —7, write v = —v2*" with v* € W* of minimal length and
™t € Cf. Then CFF is the alcove a(z, +v7), and CF = a(x, —v").
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Proof. Note that 0, = z+ 0"zt € 24 C%, so it lies in the sector of a(z, +v%). Assume by
contradiction that there is an affine or ghost wall Mg, containing = and such that a(x, +v)
lies on the negative side of Mgy, Since 04 € CoN (x+CY), the wall Mpgp, necessarily goes
through 04, so n = 0 and sgr = 2. Then sgp.a(z, +0v") = a(z, +s5v") lies on the positive
side of the wall Mgy. By definition of the affine Bruhat order, this implies that sg.v* < v®,
which, since sgv*z™t = —z, contradicts minimality of v*. By uniqueness of the projection
we conclude that C+ = a(z, +v"), and since C° is its opposite, C° = a(z, —v®). O

The alcove C* can be considered as the local fundamental chamber at x: by definition
an alcove based at x and of direction C", is on the positive side of Mgy, if and only if C”
is on the same side of the (affine or ghost) wall Mg as CZ (which is the direction of C/).

3 (C,-Hecke open paths

The goal of this section is to introduce Cy.-Hecke open paths, which are generalized
piece-wise affine segments in an affine space satisfying combinatorial properties related
to the affine Bruhat order; they are slight variants of the C,-Hecke paths introduced
by Muthiah (] |) and further studied by Bardy-Panse, the first-named author and
Rousseau (| D).

3.1 Definition and relation with the affine Bruhat order
For any t,#' € R such that ¢ < t/, we denote by [¢,¢'|* the set [t,']* := ([t,t') x {+}) U

((t, ] x {-}).
Definition 3.1 (Open paths). An open path is a tuple ¢ :== (¢, D,¢(1)) where:
1. ¢:[0,1] = A is a —A-path, for some spherical A € 7,

2. D is the data, for each (t,€) € [0,1]%, of an alcove D based at ¢(t) and dominating
(1),

3. ¢(1) is an alcove based at the endpoint ¢(1) of c.

We respectively call ¢, D and ¢(1) the underlying path, the decoration and the end
alcove of ¢.

Moreover, we say that it is admissible if, for any to < t; € [0,1] such that ¢ is affine
on [to, t1], we have that, for allt € (to,t1),

Dy = PFOjc,(t)(D;E) and D} = PTOJc+(t)(D£)- (3.1)
This is equivalent to requiring that for all (t,e), (t',€') € [to, t1]F, we have

D; = proj,q(D5). (3.2)
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Remark 3.2. Suppose that ¢ is an open path whose non-open component is a —\-path
for X regular, that is to say Wy = 1. Then there is a unique alcove dominating c.(t) for
(t,e) € [0,1]%, so the decoration is uniquely determined from the data of the non-open
component c.

Lemma 3.3. Let \ € 90, let wyp denote the mazimal element of the finite standard
parabolic subgroup Wy++. Let ¢ = (¢, D, c(1)) be an open path such that ¢ is a —\-path. Let
0 <t <ty <tz <1 and suppose that the admissibility condition is satisfied on [t1,ts] and
[ta, t3]. Then the admissibility condition is satisfied on [t1,t3] if and only if:

C/Jr(tQ) % CL(tg) or d*(Dt27 D ) = W),0- (33)

Proof. Let ¢ be an open path as in the lemma.

If ¢ (ty) # ¢ (t9) then, for any t; < fy € [ti,t3], if ¢ is affine on [f;,%,] then either
1, > t, either to < Ly, so it is clear that the admissibility condition is satisfied on [t1,13].
Suppose that ¢, (t2) = ¢ (ts), then let [f;,%,] C [ti, 3] be the maximal interval containing
t2 on which ¢ is affine. Since the admissibility condition is satisfied on [t1,{5] and [t2, 23] it
is also satisfied on [tl,tl] and [tg,tg] Therefore as ¢ varies on #; and on #5 it is satisfied
on [t,t3] if and only if it is satisfied on [t1,15]. By Lemma 2.7, the admissibility condition
for [tl,t2] and [tg,tQ] implies that Dt (resp. D) has constant direction on [t1,t,) and on
[ta,t2) (resp. on (t1,t5] and on (ts,15)), therefore the decoration is admissible on [y, %]
if and only if D} and D’;{ have same direction (if and only if D, = projc_(tQ)(D;{ ) and
D- = projc_(;Z)(D;;) have same direction). Let u € WY be such that D-t?; = a(c(ty), —u)
then Dy, and D] have same direction if and only if D;, = a(c(t2), —u). Moreover by
Lemma 2.6 Dy, = a(c(t2), uwxo), we deduce that Dy, and DI have same direction if and
only if d*(D,,, D}}) = w0, which concludes the proof.

to)
O

Remark 3.4. Let ¢ = (¢, D,¢(1)) be an admissible open path, let X be such that ¢ is a
—A-path and recall that wy o denotes the maximal element of Wy++. Set E = {t € (0,1) |
¢ (t) # < (t)}. Write E = {t1,...,t,}, with0 < t; < ... < t, < tpp1 = 1. From
Lemma 3.3, we deduce that the decoration D is completely determined by the choice, for
each i € [1,n + 1] of a vectorial chamber C? dominating ¢ (t;), as follows:

For eachi € [1,n+1] let u; € W? be the element such that C} = u;.Cy. The decoration
D associated to (CY,...,Cp. ) is then given by D; = a(c(t) u;) = germey(c(t)+C7) (resp.
D = a(c(t), —ujwrg)) for t € (ti1,t;] (resp. t € [ti_1,t;)) and i € [1,n + 1].

In particular, if the non-open component ¢ is a segment then it suffices to choose D7,
and there is a canonical choice given by the end alcove ¢(1), which motivates the following
definition.

Definition 3.5 (Open segments). Let x = w’w € W;;h be any spherical element. The
open segment s, = (sy, Dy, Cx) is the unique admissible open path with underlying path
sy 1t —tA, with end alcove 5,(1) = Cx and such that Dy y = proj,, (1)(Cx).
Ezplicitly, the decoration Dy is given by Dy , = projsm(t)(C ) for any (t,€) € [0, 1]*.
An open segment is an element of the form s, for some x € W;h
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Open paths can be folded along affine walls, through the following process. C..-Hecke
open paths are then obtained from open segments through successive foldings satisfying a
positivity condition (see 3.8).

Definition 3.6 (Folding of an open path). Let ¢ = (¢, D, ¢(1)) be an open path, t, € [0, 1]
be a time and f[n] € ®L be such that c¢(ty) € Mpay,). The folding of ¢ along Mgy, is the
open path g, i) (€) = (o801 (€); Pro,81n] (D), Pro,81m)(€)(1)) defined by:

C(t) th < 1y
spmc(t)  ift >ty

1. @1, (€) (1) = {

Ds if t <ty or(te)
Smn]l)%€ ift >ty or (t,S) = (to, +)

I
—~
S~

e
|
~—

2. Y16 (D) = {

3. P10, (€)(1) = spmie(1).

Note in particular that a folding at time to = 1 only affects the end alcove. We may
also fold decorated paths, in a similar fashion.

For ty < 1 (resp. to = 1), we say that the folding is positive (or Cu-centrifuged) if
Dy (resp. ¢(1)) is on the negative side of the wall Mgy, That is to say, if it is on the side
not containing Cy or equivalently if it is on the side containing C’E’(‘zo).

Remark 3.7. Note that the folding of an admissible open path need not be admissible (if
the folding is done at a time to such that ¢; (to) C Mg, ).

We may now define C-Hecke open paths, which are particular open paths obtained
trough successive positive foldings.

Definition 3.8 (C,.-Hecke open paths). Let x = w*w € W™ be any spherical element,
a Cy-Hecke open path of type x is an admissible open path ¢ for which there exists a
sequence ((t;, Bi[ni]))icfo) such that:

1. The sequence (t;)ic[o, i a non-decreasing sequence in [0, 1].
2. For any i € [0,7], we have sg,_,[n, 1] - - - Sao[no] (—ti\) € Mp,mn,)-

3. The open path ¢ is obtained through successive positive foldings from the open segment
6. :

x -

€= Ot Brne] © O Pro, Bolno] (8x)- (3.4)

If ¢ is a C-Hecke open path, any such sequence ((t;, B;[ni]))icpor] s called a folding data
for ¢. Note that, by condition 2, the integers (n;)icjo,] are completely determined from
(ts, Bi)iclos], hence we might drop them from our notation.

Given any spherical element x € W and any element 'y € W, we let C°(y) denote
the set of C-Hecke open paths of type x and with end alcove Cy .
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C7r*8182 A

Figure 3.1: A C,.-Hecke open path of type @”s;s5 and end alcove Cgw.

On figure 3.1 we give an example of a C.-Hecke open path ¢ of type w?”s; 59, indicating
its non-open component ¢ and its end alcove ¢(1). Note that \ is regular, so the decoration
needs not be precised. We have highlighted in orange two walls which correspond to the
folding data (a[1], as[7]) for c.

Remark 3.9. To a given type x € W+ and a given folding data ((t;, Bi[n]))icfo,, there is
at most one associated Cy-Hecke open path. However, the converse is not true: a given
admissible open path ¢ may simultaneously be a Cy-Hecke open path of different types. For
instance, if X\ € Y1 and € &, are such that (\,3) # 0, then S, 15 a Coo-Hecke open

path of type sgw® = w*# sz (with trivial folding data) and of type @ (with folding data

((0,8))).

The positivity condition satisfied by C..-Hecke open paths relates them with the affine
Bruhat order, as detailed in Proposition 3.10 below.

Proposition 3.10. Let ¢ = (¢, D,¢(1)) be a Co-Hecke open path of type x = w w with
folding data ((t;, Bi[ns]))icporp- Then, the following properties hold:

1. The end alcove ¢(1) is a special alcove: there exists y € W such that ¢(1) = Cy.

2. We have a chain for the affine Bruhat order:

Y = 88,0, - - - SBono]X < 1t < Spp[nelX < X. (3.5)

3. The restriction |y, 1) is a segment, and for all (t,e) € [t,, 1], we have D =
proje ) (e(1)).
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Proof. For this proof only, we call C,-Hecke open paths the open paths which are not
necessarily admissible, but which are obtained through positive folding from open segments
as in Definition 3.8; the difference is that the direction of the decoration can vary at a point
where the path does not fold (but it still only varies at finitely many points). We prove
these three points by induction on r. If r = —1 then ¢ is the open segment s, and ¢(1) = Cx
by definition, in particular it is a special alcove.

Suppose that points 1-2-3 hold for C,-Hecke open paths with folding data of length r —
1 > —1 and let ¢ be a Cy.-Hecke open path of type x with a folding data ((tk, B [nk]))ke[[O,r]]’

Then ¢ = Q1,1 8, 1[nr—1]°" * *©Pto,B0[no] (Sx) 18 @ Coo-Hecke open path of type x and with
a folding data of length » — 1, so for which the result stands. Moreover ¢ = ¢, 5.1m,1(¢)
and this folding needs to be positive. Note that ¢(1) = sg,[n,1¢0(1), therefore since ¢;(1) is
a special alcove, so is ¢(1), which proves 1.

Moreover setting ¢(1) = Cy, and ¢(1) = Cy, we have y = sg,1,,1y0 and by iteration,
to prove 2. it suffices to check that sg [, 1yo < yo. By the geometric interpretation of
the affine Bruhat order, this is verified if and only if yq is on the negative side of Mg .
Suppose first that ¢, = 1. Then since the folding is positive this is verified, so y < yo,
and point 3. is trivially verified in this case. Suppose now that ¢, < 1. Then since the
folding is positive, we know that D;E,t,« is on the negative side of Mg, p,,;. By point 3. and
Lemma 2.5, D}, and ¢,(1) are on the same side of this wall, hence y < yo. Finally,
point 3. for ¢ is a consequence of point 3. for ¢y: for (t,e) € [t,,1]*, D = s34, D5, =

88, nr]PPOJc, . ) (€0(1)) = Proje, () (e(1))-
]

Using | , Corollary 3.4], we deduce:

Corollary 3.11. Let x andy be two elements of W, with x spherical. The set C2°(y) is
finite, and if it is non-empty, then y < x.

This is a variant of | , Theorem 5.54] which extends, by | , Corollary 3.4,
from the untwisted affine ADE case to the general Kac-Moody case.

3.2 A local characterization of C,-Hecke open paths

In this subsection, we give a local characterization of C.-Hecke open paths. That is to
say, in order to check whether an open path is a C,-Hecke open path, we may only look
locally at the points on which the path folds, see Lemma 3.14.

Definition 3.12. Let a € A and C,C be two alcoves based at a. A (C®, WP)-chain from
C to C is a finite sequence C© = C,...,C") = C of alcoves of A based at a such that
there exist By, ..., B3, € ® such that for all i € [1,7], if n; = —(a, B;), we have:

(Z) Sﬁi[ni](o(iil)) = C(i);

(i3) Bi[n](CUY) and B;[n;](C.) have opposite signs,
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(iii) n; € Z.
Then (By[n4], ..., Brlng]) (or simply (Bi,...,5,)) is called a chain data from C' to C.

Remark 3.13. In [ , 5], (O, WP)-chains are sequences of vectors instead of se-
quences of alcoves. It is easy to pass from chains of alcoves to chains of vectors. Indeed,
let CO ..., C" be a (O, W?)-chain. Let C,...,C¥ be the directions of these alcoves,
let £ € C_}’ and for i € [1,r], denote by & the element of W¥.£ N CP. Then if (£)icqor is
obtained from (&)icpor) by keeping only one vector from each sequence &,&41, ... of con-
N is a (C°,W2)-chain. It is also easy to pass from a sequence of vectors

stant vectors, (&
to a sequence of alcoves.

Lemma 3.14. Let ¢ = (¢, D,¢(1)) be an admissible open path. Let x € W;];h,
that ¢ is a (—\)-path for A = proj”” (x).
Let ¢(1) denote the unique alcove in 7:23)(.&) such that d*(Dy,¢(1)) = d"(Dy,Cx)

we assume

x,1
(recall that Dy denotes the decoration on the open segment s, ). Let to, ... t,11 € [0,1] be
such that 0 =ty < t; < ... <tny1 = 1 and such that {t; | i € [I,n]} ={t € (0,1) | ¢ (¢) #
¢’ (t)}. Then ¢ is a Cx-Hecke open path if and only if:

W’U

1. for every i € [1,n], there exists a (C o(t)

) )-chain from D to lim,_,,- D} .

2. there exists a (CZyy, Wyy)-chain from ¢(1) to ¢(1).

Proof. Let ¢ be an admissible open path satisfying 1. and 2. We prove that ¢ is a C,-Hecke
open path by induction on n(c) = n = |{t € (0,1) | ¢_(t) # . (t)}|. Let (ni[p1],-- -, Vulpul)

be a chain data from ¢(1) to ¢(1). Let ¢ = (¢, D, ¢(1)). Then we have

C=Pimm ©---° 901,'yu[pu](aa (3.6)

and ¢ satisfies 1. and

d*(Dy, (1)) = d"(Dyy, Cx) (3.7)

Note that equality (3.7) is invariant under applying foldings at times ¢t < 1 to ¢. Moreover
the foldings involved in (3.6) are positive, by definition of a chain data.

Assume that n > 0. Let ¢, = max{t € (0,1) | ¢/, (¢) # ¢_(¢)}. Let (B1[m4],..., B [m,])
be a chain data from Df to lim, ,- Df. Then we have lim, ,,- D" = sgm,0...0

sﬁl[ml](Dtt), Let ¢ = ¢4, g(m,] © - O got*ﬁl[ml]@). Write ¢ = (¢, ﬁ,ﬁ(l)) Then we have:

Dtt = S,Br[mr} O0...0 Sﬂl[ml](Dtt)

= 58,[m,] © -+ O SB1[ma1] © SBima] © - - - © 58, [my]( lim D) = lim D} = lim D},
tsts tsts tsts

Let € > 0 be such that ¢ is affine on [t, — ¢,¢,]. By the admissibility condition, the
direction of D;" does not depend on t € [t, — ¢,t.). Denote by CV this direction. Then
for t € [t. —€,t.), we have (¢)',(t) = p, where p is the unique element of W*.(=\) N C".
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But (¢), (t.) is the unique element of C* N W".(=\) (since C" is also the direction of D).
Therefore ¢ does not fold at ¢, and n(¢) = n(¢)—1. Asmax{t € (0,1) | (¢)/.(t) # (¢)_(¢)} <
t. (if the set of foldings of ¢ is non-empty) and as ¢ satisfies (3.7) (with ™ replaced by ),
we obtain ¢ inductively by successive positive foldings of a path ? satisfying n(2) = 0 and
(3.7) with ¢ replaced by d. Since D is admissible, has underlying non-open path s, and
satisfies (3.7), we have 0 = s, and therefore ¢ is a C.-Hecke open path of type x.
Conversely, let ¢ be a C.-Hecke open path of type x € W;;h, and let ¢(1) be as defined
in the statement. Write ¢ = ¢y g.m,] © -+ O Vty,80imo] (8x), Where ((t;, Bilmi]))icpoq 1s @
folding data for ¢ and assume that » > 0. Let £ = {t € [0,1] | Ji € [0,r],t; = t}. Let
t. € E. Set J ={i € [0,r] | t; = t.}. Then J is an integers interval. Let ' = |J| — 1
and 7, = min(J). If t, < 1 (vesp. t, = 1), set C© = D/ (resp. C© = (1)) and
define inductively (C);cpr, by C® = sm,ﬂlfl%[mr,ﬂrl%](C’(i_l)), for i € [1,7]. Then
(CDiep is a (C ), W, |)-chain from D} to lim, - D} (resp. ¢(1) to ¢(1)), which

c(te)? 7V e(ts)
proves the lemma. O

4 Lifts of paths in the masure and application to Kazhdan-
Lusztig polynomials

The motivation for the introduction of C,-Hecke open paths is that they appear as images
by certain retractions of open segments in a masure, an analog of the Bruhat-Tits building
for Kac-Moody groups. We introduce Kac-Moody groups, masures and twin masures in
the first subsection. Each C,,-Hecke open path can thus be lifted, in any masure built upon
A, to numerous open segments, and we are able to compute these lifts, it is the content
of subsection 4.4. From this computation and finiteness of the number of C..-Hecke open
paths, we can define Kazhdan-Lusztig R-polynomials on W, which is the content of
subsection 4.5. Upon certain masure-theoretic conjectures, this gives an expression for the
cardinal of the equivalent of Formula (1.1) for Kac-Moody groups.

4.1 Kac-Moody groups, masures and twin masures
4.1.1 Split Kac-Moody groups over valued fields and masures

Let G = Gp be the group functor associated in | | with the generating root datum
D, see also | , Chapter 7] or | , 8]. Let K be a field equipped with a valuation
w: K — ZU{+oc}. Let G = G(K) be the split Kac-Moody group over K associated
with D. The group G is generated by the following subgroups:

e the fundamental torus 7' = T(K), where T = Spec(Z[X]),
e the root subgroups U, = U, (K), isomorphic to (I, +) by an isomorphism z,.

In | | and | | (see also | |) the authors associate a masure Z = Z(G, T, K, w)
on which the group G acts. We recall briefly the construction of this masure. Let N be
the normalizer of T in G.
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A first step is to define an action v = v, of N on A, see | , 3.1]. For t € T', denote
by a; the unique element of A satisfying y(a;) = —w(x(t)), for every x € X. If t € T, v(t)
is the translation on A by the vector a;. For n € N, v(n) is a translation if and only if
n € N and we have v(N) =W" x Y.

The masure Z = Z(G, K,w) is defined to be the set G x A/ ~, for some equivalence
relation ~ (see | , Definition 3.15]). Then G acts on Z by g.[h, x] = [gh, z| for g,h € G
and z € A, where [h,x] denotes the class of (h,z) for ~. The map =z — [l,z] is an
embedding of A in Z and we identify A with its image. Then N is the stabilizer of A in
G and it acts on A by v. If o € ® and a € K, then z,(a) € U, fixes the half-apartment
Dow) ={y € Al a(y) +w(a) >0} and for all y € A\ Dy a), Tala).y ¢ A.

An apartment is a set of the form g.A, for ¢ € G. We have 7 = UgeGgA. Then
7 satisfies axioms (MA I), (MA II) and (MA III) of | , Corollary 3.7], which are
equivalent to the axioms (MA1) to (MA5) defined by Rousseau in | |. These axioms
describe the following properties.

(MA 1) Let A be an apartment of Z. Then A = g.A, for some g € G. We can then transport
every notion which is preserved by v(N) = W? x Y to A (in particular, we can define
a segment, a wall, an alcove, ... in A).

(MA II) This axiom asserts that if A and A’ are two apartments, then A N A’ is a finite
intersection of affine half-apartments (i.e of sets of the form h.D, , for a € ®, k € Z,
if A= h.A) and there exists g € G such that A’ = g.A and ¢ fixes AN A’

(MA III) This axiom asserts that for some pairs of filters on Z, there exists an apartment con-
taining them. This axiom is the building theoretic translation of some decompositions
of G (e.g Iwasawa decomposition).

The following proposition extends | , Proposition 7.4.8| to masures.

Proposition 4.1. Let g € G. Then AN g LA is enclosed and there exists n € N such
that g.x = n.x for everyx € AN g 1A,

Proof. We assume that 2 := AN g '.A is non-empty. Then it is enclosed by (MA II) and
there exists h € G such that hg.A = A and h fixes AN g.A. Then hg stabilizes A and thus
it belongs to N, by | , 5.7 5)]. We get the lemma by setting n = hg. O

4.1.2 Masures associated with G(k[w,@w!]), G(k(w)) and G (k(=*))

For a given Kac-Moody group functor G and a given finite field k, the loop group of G
over k admits several incarnations in the litterature, which give rise to different masures.
In this paragraph we introduce some of these choices and compare the different masures
associated.

Let k be a finite field and w be an indeterminate. Let ¢ € {©,®}. Let w. be the usual
valuation on k((@®)): we (32,20 wxw™) = ko if Yoo 2@ € k(@) \ {0} is such that

k=—o00
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Tk, # 0 and 2 = 0 for k € Z.y,, where @® = @ and @® = w™!. Let K = k(w). Let
7. = I(G, k(%)) w.) and Z. = (G, K, w.).

Let O = k[w, @], one defines Gyin = (£,(0), T(O),a € ®) C G, which is the group
G1"(O) defined by Marquis in | , Definition 8.126].

We denote by A. the standard apartment of Z.. As affine spaces equipped with a
hyperplane arrangement, Ag and Ag are copies of (A, M®), where A =Y ® R. However
the actions of T" on A4 and Ao differ, since they take into account wg and we, and for
the same reason z,(u).Ag N Ag is in general different from z,(u).Ag N Ag, for v € K and
ae .

Let € € {©,®}. The masure Z" of (Giyin,w:) 18 Grwin-A. equipped with the set of
apartments {g.A. | g € Giuwin}. As (O,w.) is dense in k((w®)), the masures Z., Z. and Z:vi"
are the same when we regard them as sets, by | , Corollary 3.7|] (in particular,
Z. = Giin-A:). More precisely, if we regard A, as a subset of Z., then by | ,
Theorem 3.6], if A, is an apartment of Z., and P is a bounded subset of A, there exists
Grwin € Grwin such that P C guuin.A., and the same holds with G(k((ww?))) instead of G(K) if
we regard A, C i. Therefore when we are interested in local questions on Z. (for example
when we consider alcoves or tangent buildings), we can work with G(k((w®))), G or Gpin
indifferently. However, the set of apartments of Z strictly contains the set of apartments
of Z., which strictly contains the set of apartments of Z!“.

4.1.3 Twin masure associated with Kac-Moody groups over Laurent polyno-
mials

In | |, the authors study the interplay between Zg and Zs, in order to obtain an
analogue of the twinnings of buildings, adapted to the frameworks of masures. We recall
some of the key properties obtained there.

A twin apartment is a set of form g.(Ag U Ag), for some g € Giyin. Let € € {©, D},
An apartment of the form g.A,, for some g € Gy, is called twinnable. Then the map from
the set of twinnable apartments of Z to the set of twinnable apartments of Z defined by
Ag = g.Ag — Ag = g.Ag, for g € Gupin is a well-defined bijection by | , 4.1.10]).
If Ag is a twinnable apartment of Zs, the corresponding apartment of A is called its
twin.

If P is a bounded subset of an apartment of Z,, then there exists a twinnable apartment
containing P, by | , Theorem 3.6|. By | , Proposition 3.8 and Theorem 4.7],
if e € {©,®} and if A. and B. are two twinnable apartments, then there exists g € Gypin
fixing (Ac N Bg) U (Ag N By).

A priori, the group G (k((@))) has no natural action on Zs. The groups G = G(K) and
G'twin both act on 7, and Z. However, the group Gy, is more adapted in order to define
the retraction pc__ .

From now on, we write A instead of A,. We add a subscript © to the objects related
to Zs.
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Iwahori subgroups Let Cy = germy(C}) C A (resp. Co = germy_(—C3) C Ag) be
the fundamental alcove of A (resp. Ag).

We denote by I (resp. Iy, I) the fixator of Cy (resp. Cp, Cs) in G (resp. in Gyin, in
G1win). Descriptions of I are given in | , 5.7 and Définition 5.3| and | , 241
1)]. The map g — ¢.Cy induces a bijection between G/I and the set of positive alcoves of
T+ based at an element of g.04. By 4.1.2; this set is also the set of positive alcoves based
at an element of Gyy,.04 and we have a natural bijection between G/I and Gyyin/Io-

4.1.4 Prerequisites on masures

Tits preorder on Z. Let ¢ € {&,®}. For z,y € Z., we write x <. y if there exists
g € G such that g.z, 9.y € A, and g.y — g.x € .. This does not depend on the choice of g.
This defines a G-invariant preorder on Z. by | , Théoréme 5.9]. When G is reductive
this preorder is trivial since .7, = A.. However in the non-reductive case, <. is a crucial
tool which is a partial remedy to the existence of pairs of points which are not contained
in a common apartment.

Retractions centered at alcoves Let £ (resp. ¢ ) be the set of points of Zg such
that there exists an apartment A, (resp. a twinnable apartment A, ) of Zg containing
Cy (resp. whose twin A, 5 contains C,). One defines a retraction pc, on A centered
at Cy and a retraction po, onto A centered at C, as follows. Let x € £ (resp.
x € &, ). Then by (MA II) (resp. by | , Theorem 4.7]), there exists g € G (resp.
g € Gruin) such that g.A, = A (resp. g.(Azo UA,c) = AUAg) and g fixes A, N A (resp.
(ANA, )U(AsNA, ) (with the same notation as above). One then sets pe, (z) = g.x (resp.
pc.. (x) = g.x). This is well-defined, independently of the choices made and thus it defines
an [-invariant retraction pc, : £ — A and an I-invariant retraction pc_ : Ec.e — A.
When G is reductive, £ = ¢ ¢ = A, however in general, these sets can be proper subsets
of A (by | , Exemple 4.12.3 ¢)] and | , 6.5]) and determining these sets is a
difficult task. By | , Proposition 5.4| or | , Proposition 5.17|, € D Zg >0 UZg <o,
where Zg po = {2z € Iy | xR0} for R € {<g,>s}. However, very little is known on
Ec.. @ It is conjectured in | , 4.4.1] that Ec_ e D Zs >0 U Zg <o, but no case of
the conjecture is known. In a recent preprint, Patnaik | | proves a local Birkhoff
decomposition of a completion of G when G is affine. This decomposition seems to be
related to this conjecture in the affine case, but we do not know to what extent, since the
groups and subgroups considered are slightly different.

Note that there exist elements of T(k(w)) which fix As but translate Ag non-trivially.
Therefore pe is not Fixg(Cy)-invariant and this is the main reason why we consider

Gtwin .

Tangent buildings For any x € Zg and € € {+,—}, let TF(Zs) denote the set of
alcoves of sign € based at z. Explicitly, an element of 7.5(Zg) is the image g.a of an alcove
a € T, (A) for some y € A and g € G such that g.y = .
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We extend the W*-distance d° (resp. the codistance d*) defined in (2.5) (resp. (2.6)) to a
W?-valued distance d® : T2 (Zg) X T (Zs) — W (resp. a codistance d* : T.F(Zg) X T, (Zs)U
T (Zo) x T,"(Zs) — W"). Let ar,a2 € T (Zg) (vesp. (ar,a2) € T,"(Zs) x T, (Zs))- By
[ , Proposition 5.17] there exists an apartment containing both of them, so by (MA
I) a g € G such that g.a;, g.ap lie in 77 (A), for some g € G such that g.x =y € A. One
sets d¥(ay,as) = d*(g.a1,g.a2) (resp. d*(ai,as) = d*(g.a1, g.as) = d*(as,a;)™). By (MA
IT) these functions are well-defined (do not depend on the choices we made).

We say that a_,a, are opposite if d*(a_,ay) = ly». Then for any z and € € {4, —},
(TF(Zs), d°) defines a building of type (W",S) (where S is the set of simple reflections of
Wv. S ={s; | i€ l}),with system of apartments induced by the one of Z5. The codistance
d* defines a twinning, we say that (7.5 (Zg), d*, d*) is the local tangent building at z, it is
thus a twin building of type (W?,S) and of model twin apartment 7,=(A) (see | , 85.1,
§5.8] for the axioms of buildings and twin buildings, and | , Propositions 4.7, 4.8| for
proofs). Any element g € G induces an isomorphism of twin buildings: 7;5(Zg) = 7.%5(Zs).

Remark 4.2. Note that, in this paper, T2 (Zs) is a set of alcoves and not a set of segment
germs (unlike for instance in [ , §4.5]), because we consider the tangent buildings as
abstract buildings, of which the set of segment germ is a geometric realization. In [ ,
§4.5], there are two distinct tangent building structures, the one exposed and used here
corresponds to the unrestricted structure.

Thickness of the tangent buildings Let (7, d) be an abstract building of type (W, 5),
and let s € S. A panel of type s is a subset of the form p(C,s) := {C" € T | d(C,C") €
{1,s}} for some alcove C'. We say that C’ dominates p(C,s) if C" € p(C,s); each alcove
dominates exactly one panel of each type. Note that, for C, C” two distinct alcoves p(C, s) =
p(C’, s) if and only if d(C, C") = s and a panel is entirely defined by two of its dominating
alcoves. The thickness of p(C,s) is [p(C,s)| — 1, a panel is called thin if its thickness
is equal to 1, and thick otherwise. Note that an isomorphism of buildings sends a given
panel to another panel of same type and same thickness.

In general, the local tangent buildings in a masure admit thin panels. More precisely,
suppose that z € A and a = a(z,cw) € T7(A) is an alcove based at = (withe € {4+, —},w €
W?). Then, for s; € S, the panel p(a,s;) is identified with a(z,cw) Na(z,cws;): an alcove
a € T,(Zg) dominates p(a, s;) if and only if it contains the filter a(z, ew) Na(x,cws;). Let
B = w(«;) the root associated to (w,s;), then the support of the panel p(a(z,ecw),s;)
is the (affine or ghost) wall Mgz = {y € A | (y,8) = (x, )}, it is the only wall
containing the filter-theoretic intersection a(z,ew) N a(x,cws;). Note that the support
does not depend of the sign . The panel is thick if and only if its support is an affine wall
(an element of M%), if and only if (z, 5) € Z. Moreover, for split Kac-Moody groups, the
thickness of thick panels is constant equal to |k]|.

This extends to any z € Zy and any panel p of T,5(Zs), as there always exists an
element g of G which sends z to an element of A, and p to a panel lying in 7, (A).

We deduce that, for # € A, T.5(Z) is thick (in the sense that all its panels are
thick) if and only if (z,q;) € Z for all simple root «;, in particular this is verified if
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x € Y. Since elements of G induce isomorphism of tangent buildings, this extends to all
r € G.Y = G.04 C Zy (which are called the "special vertices" of Zg). Moreover for any
special point x, the tangent twin building 7.%(Zg) is |k|-homogeneous: all its panels have
the same thickness |k|. In general, T.X(Zy) is (|k|,1)-semi-homogeneous and the set of
thick panels depends on the G-orbit of x. For x € Z5 we denote by P, the set of thick
panels of the tangent building 7,%(Zs) in A.

Remark 4.3. If we forget about thin panels, we obtain the restricted building structure
(see [ , §4.5]) "TE(Zy) which is a quotient of T,.-(Zg) and a |k|-homogeneous twin
building. However its type depends on x and may be a Coxeter group of infinite rank, we
work with the unrestricted structure in order to avoid this difficulty.

In order to work in local tangent buildings, we introduce galleries and building-theoretic
retractions, with the formalism of abstract twin buildings.

Definition 4.4 (Galleries and retractions in a building). Let W be a Coxeter group with
set of simple reflections S, and let (T=,d*,d*) be a twin building of type (W, S) (in the
sense of [ , 5.8).

o Let w € W and let iy, = (s1,...,8,) € S™ be a reduced S-expression of w. A
sequence of chambers (Co,...,C,) € (TT)™ forms a gallery of type i, if C; lies in
the panel p(Ci—1,s;)} for all @ € [1,n] (that is to say; d(Ci—1,C;) € {lw,s;}. We
say that it is a minimal gallery if there is no shorter gallery from Cy to C,,, in
particular this implies that d(C;_1,C;) # 1w for all i. Note that, in this case, we
have d(Cy, Cy,) = $1...8, = w. If i is such that C;_y = C; we say that the gallery is
folded along the panel p(C;, s;).

o Let (AT, A7) be a pair of twin apartments. Let g = (Co,..,Cy) be a gallery in
AT of type i, = (s1,..,8,) and let C_ be a chamber lying in A~. We say that g
is C_-centrifugally folded if, for any i € [1,n] such that C;_y = C;, we have
that d*(C_,C;) < d*(C_,C)s;. Geometrically, this means that the wall supporting
p(C;, si) (along which the gallery is folded) separates C— from C;_y. More generally,
we say that g crosses M, or folds along M away from C_ € A* (resp. towards C_)
if and only if, for every panel p supported by M and i € [1,n] such that C;_1,C; € p,
Ci—1 and C_ lie on the same side of M (resp. on opposite sides of M ).

o Letg = (Cy,...,C,) be a gallery in AT and pa+ be a retraction T — A*. Then a

pax-lift of g is a gallery (Cy, ..., Cy) in T such that ps=(C;) = C; for alli € [0,n].
A pax-minimal lift is a pa= ,-lift which is also a minimal gallery.

o IfC~ € A™, we denote by pa+ o the retraction centered at C~ and with image A*.
It sends any alcove C € T+ (resp. C € T~) to the unique alcove C' € AT (resp.
C" € A7) such that d*(C',C~) = d*(C,C™) (resp. d~(C",C~) =d(C,C7)).
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Projections in the masure Like other notions, we can extend the definition of projec-
tions from the fundamental apartment to more general points and segment germs in the
masure as follows.

Suppose that T <g y € Zg, (resp. T >4 y € Zg) and let a be an alcove based at y. Then
by | , Proposition 5.17 (ii)] there is an apartment Ag containing a and Z. Therefore
there is g € G such that A = g.Ag and g.y — 9.7 € T (resp. g.y — 9.7 € —7 ). We then
define proj;(a) as g~'.proj,;(a) € T;"(Zg) (resp. g~ '.proj,z(a) € T- (Zg)). If sc(t) is a
segment germ based at x, then (by | , Proposition 5.17 (ii)] again) we can suppose
that Ag also contains s.(t), and we can therefore define proj,_(y) similarly. Note that,
for e € {+, —}, any apartment containing a and s.(t) (resp a and x) contains proj,_(a)
(resp. proj,(a)) which ensures, using the second axiom (MAII), that these projections are
well-defined. In particular, C3* is well-defined for any T <g 04, as C3* = proj;(Cp).
Since it is well-defined, C3* is the only alcove based at T which retracts to C; by pc,.

We also extend the definition of C2° to any T € pg' (—.7): recall that, for z € -7,
C2° is the unique alcove of 7, (A) opposite to C;7 . Now if T € p;' (z), there is g € I
such that T = g.z, and set C° := ¢.Cy°, it does not depend on the choice of g (see
[ , §5.1]). This alcove should be thought of as the projection of Cw, at x (except
that C, does not live in A but in the opposite twin apartment A.). Note that, for
z € pel (=) N pey(—T), the alcoves C2° and C;F need not be opposite in 7,*(Zs),
unless x € —.7.

In the following proposition, we rephrase results of | |.

Proposition 4.5. 1. Let x € Iy be Coo-friendly (i.e such that there ezists a twin apart-
ment (Ag, Ag) such that Ag > x and Cy C Ag). Then if (Bg, Bo) is a twin apart-
ment containing x and C, Bg contains C2°.

2. Lete € {©,®}. Let A= (Ag,As), B = (Bg, Bs) be two twin apartments such that
A. N B. has non-empty interior. Let g € Gipin be such that g.A = B and such that g
fizes a non-empty open subset of A-NB.. Then g fites ANB := (AgNBg)U(AsUBg).

Proof. 1) This is a consequence of | , 5.1 2)].

2) Using isomorphism apartments, we may assume A = A, := (A, Ag). By | )
Theorem 4.7|, there exists h € Gyipn such that h.A,;,, = B and such that h fixes Ay, N B.
Then g~ '"hAyyin = Awin and g 'h induces an affine automorphism ¢ of A, for both 7 €
{6,®}. As ¢ fixes a non-empty open subset of A., it fixes A.. Using | , 4.1.7], we
deduce g~'h € T(k) and thus g~'h fixes Asyi,. Lemma follows. O

Using projections, the masure-theoretic retractions p¢,, pc. can be computed at the
level of tangent buildings, as we develop now.

Local behaviour of masure retractions Let x € —.7, then C2° is an alcove in 7, (A).
In the tangent building 7,(Z) we have the building-theoretic retraction centered at C'°:
pee : TE(Zs) — T5(A). By definition, for any a € T, (Zg) (resp. a € T, (Zs)), pos(a)
is the unique alcove in 7. *(A) such that d~(C°,a) = d~(C°, pes(a)) (resp. d*(C,a) =

T
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d*(C°, pee(a))). Let T € po' ({2}) and let g € I be any element such that ¢.7 = x.
Then, pc,, defines a map T=°(Zg) — T,5(A) and by | , Lemma 5.1.4] we have the
following factorization:

TH(Zs)
NG (4.1)
T (Zs) L » Too(A)

Similarly for = € pa} () and any g € Iy such that g.x = x, we have the factorization:

7.5 (Zs)
/ %* (4.2)
TH(Zs) > T(A)

Proposition 4.6. Let z € A and Cy be an alcove of A based atx. Let p: T (Ts) — TE(A)
be the retraction onto T,Z(A), centered at Cy. Let C,C" be two alcoves based at x and of

the same sign €. Let C' be the alcove of A such that d*(p(C),C) = d°(C,C") Then there
ezists a (Ca, WY)-chain from p(C") to C.

Proof. We prove it by induction on n := ¢(d°(C,C")). If n = 0, this is clear. Assume that
n > 0. Let w = d°(C,C"). Write w = s;, ...5;,, with iy,...,i, € I. Let CV . . C*+D
be the gallery from C to C' such that d°(CY CU+Y) = s; for all j € [1,n]. We have
d(C? 0" = wy = s;w and L(wy) = n — 1. Let Cy be the alcove of A such that
d*(p(C?)), Cy) = wy.

Assume the existence of a (Cy, W)-chain from p(C") to Cs. If there exists an apartment
A containing C, C® and Cj, let ¢ : A — A be the apartment isomorphism fixing A nNA.
Then d*(p(C), p(C?)) = d*(¢(C), p(C?)) = d*(C,C?) = s;,. Therefore d*(p(C),C) =
S;, We = w, thus C = 52, which proves the existence of a chain, by assumption.

Assume now that there exists no apartment containing C,C® and C4. Let A be an
apartment containing C® and C, which exists by | , Proposition 5.17]. Let M be
the wall delimiting C and C®. Let D; and D, be the half-apartments of A delimited by
M. We can assume that D; contains C}.

Then by | , Proposition 2.9|, there exists an apartment B containing D; and C.
If Dy contained C®, then B would contain C, C® and C4. Therefore D; does not contain
C®@. Let ¢ : B — A be the apartment isomorphism fixing ANB. In particular since v fixes
Cy C AN B, we have p|p = p|a 0 ¢. Then ¢(C) is the alcove of B dominating the closed
panel C' N C® and not contained in D;. Therefore 1)(C) = C® and thus p(C) = p(C?).
Moreover if C” is the alcove of A such that d*(p(C),C") = s;, and M” is the wall of A
separating p(C') and C”, then C” and Cj are on the same side of M”. Let y[m] € ®* be
such that s, is the reflection of W* x Y fixing M"”. Then we have C = S,y[m](ég). The

minimal gallery of type (s;,, ..., s;,) (see Definition 4.4) from p(C) to C has C" as a second
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term and M" separates C” and p(C). Consequently C" and C are on the same side of M
and Cj is on the opposite side. Let (S1[n1], ..., B:[n,]) be a chain data from p(C”) to Cs.
Then (51[n1], ..., Br[n.],v[m]) is a chain data from p(C") to C. O

4.2 Lifts of C..-Hecke open paths in a twin masure

In this section we explain the main results of the paper through Theorem 4.9 and Corol-
lary 4.10. These results will be detailed and proved in the subsequent sections.

Segments in a masure As it has already been mentioned, the notion of segment in
A naturally extends to the notion of segment in the masure Z;: s is a segment in Zg
if and only if it can be written s = g;.50 for some element g, € G and some segment
s9 in A. Similarly an open segment in Zg is any triplet s = (s, Ds,5(1)) of the form
9s-50 = (9550, 9s Dsy» 9s5,(1)) for some open segment s, = (5o, Dy, 5,(1)) in A.

Definition 4.7. For any A € Y, we say that a segment is a segment of type \ if it is
a segment in Lg such that po, o s = s\. Note that this slightly differs from the definition
given in [ [. Similarly, an open segment of type x € W;}h n L is any open
segment s such that pc,(s) = s

X

Lemma 4.8. Let x € W

ophs Uhen the following properties hold:

1. For any alcove C' in pE&(C’X), there 1s a unique open segment s starting at 05 and
with end alcove C'. Moreover s is an open segment of type x.

2. An open segment s is of type x if and only if there is g € I = Fixg(Cy) such that
§ =95«

Proof. By definition of p¢,, there exists an apartment A of Zg containing Cy and C. Then
A contains 04 and C. By (MAII) there exists g € G fixing AN A and such that A = g.A.
Then s := gs, is an open segment starting at 0, and with end alcove C. As Cy C AN A,
g~ fixes Cy and therefore pc,(s) = pc,(97'5) = 5, hence s is of type x.

Let now s = (s, D, (') be an other segment starting at 0, and with end alcove C. Let A
be an apartment containing 5. Then as A contains 04 and the base point a of C, we have
s =5 by (MA II). We have D; = proj; (1,(C) = proj, (;,(C) = Dy and then D; = D for
(t,e) € [0,1]F, by the compatibility condition. Therefore § = s, which concludes the proof
of point 1.

Moreover any open segment of type x necessarily starts at 0, (because pg, (04) = {04}),
and ends at an alcove in pa} (x). Hence by uniqueness it is, as constructed above, of the
form s = gs, for some g € Fixg(Cp), which proves point 2.

O

A segment s is said to be Cy-friendly if, for any ¢ € [0, 1], s(¢t) U C is contained in
a twin-apartment. In this case, pc_ is well-defined on s. Muthiah has proved in | ]
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that the image v of a C,-friendly segment by pc is a C-Hecke path (see 3.1 for the
definition). Reciprocally, he proves that if v is a C,-Hecke path, then the number of lifts
of v by pc., is finite and non-zero. More than that, he proves the existence of a polynomial
R, such that for every finite field k', the number of lifts of v in Z(G, k' (w), wg) is R, (|k']).

Muthiah’s proof was detailed in | |]. We aim to produce the same results for open
segments and C.-Hecke open paths. We say that an open segment is C,-friendly if its
non-open component is. Note that, by | , Proposition 4.2|, the retraction pc__

is then well defined on its decoration and its end alcove aswell. The next sections are
dedicated to the proof of the following result.

Theorem 4.9. The image of a Cu-friendly open segment of type x € W;‘,h 15 a Cuo-
Hecke open path of type x. Moreover there exists a polynomial Ry (X) € Z[X], which only
depends on (A, x,¢), such that the number of open segments of type x lifting ¢ is given by
Ry ([K]).

This result is reformulated and proved in the next Section: In Proposition 4.15 we prove
that a C.-friendly open segment of type x retracts to a C,-Hecke open path of the same
type, and in Theorem 4.25 we give an explicit formula for the polynomials Ry (X) € Z[X].

Recall that the principal motivation is to produce an analogous of Formula (1.1) for
general Kac-Moody groups. In the language of masures, we want to count pE&(C’x) N
,05;(0},). Conjecturally, any element of this set is the ending alcove of a C..-friendly
segment of type x, and from Theorem 4.9 we deduce the following.

Corollary 4.10. Suppose that Conjecture [ , 4.4.1] holds. Then, for x,y € W+
such that x is spherical, the cardinality |(IoyIo N loxIo)/Io| is finite and given by the
evaluation of a polynomial Ry y(X) € Z[X], which only depends on the combinatorics of
W+, at |k|.

Proof. Since I is the stabiliser of Cy and I, the stabiliser of C,, alcoves in pE&(Cx) N
pe.- (Cy) are in bijection with (Icyly N IoxIy)/Iy (note that Cx = x.Cy and Cy = y.Cj).
Moreover, for any alcove C' € pg!(Cx)Npgl (Cy), the open segment starting at 04 and with
end alcove C' is sent to s, by pc,. By Conjecture | , 4.4.1], it is Co-friendly and its
image by pc.. is a Cx-Hecke open path with end alcove Cy. Therefore |(1yloNIox1y)/Io|
is equal to the number of pc__-lifts of C'x.-Hecke open paths of type x with ending alcove Cy,.
Hence, by Theorem 4.9 and Corollary 3.11, it is given by the evaluation of the polynomial
> Rx at |k|, where the summand runs over all C,.-Hecke open paths of type x with end
alcove Cly. [

4.3 Retractions of open segments

In this section, we prove the first part of Theorem 4.9: the image of a C'-friendly segment
of type x by the retraction pc_ is a C,.-Hecke open path (see Proposition 4.15).

Lemma 4.11. Let C,C_,Cy be three alcoves of Ls based at the same point x, with C
positive and C_ negative. Let Ag be an apartment containing C. Let p : TE(Zs) —
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TE(Ag) be the retraction centred at C. Assume that p(C_) and p(Cy) are opposite. Then
C_ and C are opposite.

Proof. Let Bg be an apartment containing C'y and C, and ¢ : By — Ag be the apartment
isomorphism fixing AeNBg. By symmetry, we can assume that C'is positive. Then we have
dt(C,Cy) = dT(e(C),p(Cy)) = dT(C, p(Cy)) and similarly, d*(C,C_) = d*(C, p(C-)).
Since p(C-) and p(C}) are opposite and since p(C_), p(C;) and C are contained in a com-
mon apartment, we have d*(C, p(Cy)) = d*(C, p(C_)). Therefore d*(C,C) = d*(C,C-)
and thus C_ and C are opposite by | , Corollary 5.141]. ]

Lemma 4.12. Let Ag be an apartment of Iy and 7 : (07,07) — Ag be a segment germ.
We assume that T is increasing for <g. Let C be an alcove based at 7(0), C. be an alcove
containing 74 (0) and AS be an apartment of Is, containing C. Let p : 7;%0) (Zg) — 7?([0) (AS)
be the retraction centred at C'. Assume that po T is a segment germ. Then there exists an
apartment containing 7((0~,0%)), C' and C,..

Proof. The alcove p(C.;) contains po7(0). Let C” be the alcove of AS opposite to p(C..).
Let Bg be an apartment containing 7_(0) and C. Let ¢ : By — AY be the apartment
isomorphism fixing AS N Bg. Then ¢ is the restriction of p to Bg. Let C_ = ¢~ (C").
Then p(C_) and p(CY) are opposite and thus by Lemma 4.11, C_ and C are opposite.
Moreover, p(C_) = p(C_) = C” D p(7-(0)) = ¢(7—(0)) and thus C_ D 7_(0).

By symmetry, we can assume that C' is positive. We have d*(C,C_) = d*(C, p(C_)) =
d*(C,C") and similarly, d*(C,Cy) = d*(C, p(C4)). As C,p(C_) and p(C-) are contained
in a common apartment and as p(C_) and p(C,) are opposite, we have d*(C,C_) =

d*(C,p(C-)) = dT(C,p(Cy)) = dT(C,Cy). By | , Proposition 5.179], C' belongs to
the unique apartment of the tangent twin building 7?{0) (Zs) containing C_ and C, and
this apartment also contains 7, since C_ D 7_(0) and C D 74(0). O

Lemma 4.13. Let x € W;ph and s be an open segment of type x. We assume that s is
Cu-friendly. Write s = (s,D,C). Then there exist n € Z>o and ty,...,t, € (0,1) such
that tg :== 0 < t; < ... < t, < tpy1 := 1 and such that for every i € [0,n], there exists
an apartment A; containing Cu, 5([ti, tiv1]) and D, for (t,€) € [t;, tia|*. In particular, if
i € [0,n], then po, © Sl gy i @ segment in A and po. () = (pew (8), pn (D), pen (C))
s an open path.

Proof. Let (t,e) € [0,1]*. By | , Proposition 4.2|, there is a twin apartment B
containing Df U C\, and thus po_ (Df) is well-defined. Since D} U D; C A U A; there is
an open interval Uy of [0,1], containing ¢ and such that D C A U A; for all t* € U,. By
compactness of [0,1], there exist k € N and uy, ..., u; € [0,1] such that [0,1] = U, U,,.
Therefore, up to reducing k and to renumbering there exist sq,. .., sy € [0, 1] such that
0=s9< 58 <...<8=1and such that for every ¢ € [0,k — 1], for every t € [s;, 8;11),
D € Bf UB, . Let ¢ € {—,+} be such that B; D D}. If for all t € (s;,5;41), we have
Df C B;, one sets m; = s;. Otherwise, one sets m; = inf{t' € (s;,s,41) | D ¢ BS }.

If D, C B, then D C B for t > m; close enough to m;: a contradiction. Therefore
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D ¢ B . Let t € (my, si+1) and assume that D" C BS . Then s(t) € B and thus
s([si,t]) C Bj, by (MA II). Therefore D} = projq, ., (D;) C B;: a contradiction.
Consequently D;” ¢ B and thus D] C B¢ for all t € [m;, s;11) . By induction we deduce
the existence of {to,t1,...,t,,th1} among {s;,m; | j € [0,k — 1]} and of apartments
Ag, ..., A, among the {B, B, | j € [0,k — 1]} such that 0 = #; < ... <t,41 =1 and
such that A; contains Ct, 8([t;, t;+1]) and D for i € [0,n]. But then by (3.2), A; contains
Ds for all (t,e) € [ti, tiv1]T.

Since pc.. restricts to an isomorphism of twin apartments A; — A U Ay, we deduce
that pc., © 8|y, is & segment for all ¢ € [1,n] and that pcoo(s) is an open path. O

Lemma 4.14. Let x € W+h and s = (s, D,C), be an open segment of type x. Assume
that s is Coo-friendly and set ¢ = pc_ os. Let t, € (0,1). We assume that ¢’ (t.) # ¢ (t.).

Then there exists a (CF; ), W,.y)-chain from pc., (D;f) tolim,_,,- pc.. (D).

Proof. Let n € Zxg, t1,...,t, and Ay,..., A, be as in Lemma 4.13. Let ¢ € [1,n + 1] be
such that t, € (t;,t;41] and A = A;. As ¢([t;, t;11]) is a segment, we have t;,1 = t..

Let C~ be the alcove of Ag based at s(t.) and whose direction is opposite to the
direction of D;", for any t € [t;,t.). Let A be a twin apartment such that A contains
C~ and D;, which exists by [ , Proposition 5. 17]. Since C~ contains s ({85, 1)), Ag
contains D, for t € (t; ,t;), by (3. 2) Let t € (t;,t,) be such that DI C Ag. Identify

Ag and A. Let C? be the direction of D;". Then we have D} = germsq,)(s(t.) + C?),
DI = germg (s(t) + C"). By assumption, the directions of D} and C~ are opposite and
thus C~ = germg,(s(t.) — C¥): C~ and D} are opposite.

Let n € Y NCY. Let 7: (07,0%) — Ag be defined by 7(t) = s(t,) + tu for t € R close
enough to 0. Then 7 is a twinnable segment germ and by | , 5.10 Proposition],
v = po,, o T is a Cy-Hecke path-germ. More precisely, let p = pco.(s(t4)). Then there
exist m € Zxo, & = 7/.(0), &1, ..., &m =72(0), B, ..., B € ® such that for all j € [1,m],
s, (&i-1) = &, Bi(&-1) <0, Bi(p) € Z and 5;(Cp°) > B(p). For j € [0,m], denote by

CU) the alcove of A containing p + (0, 07)¢; and set k; = —(p, 8;). Then we have cW) =
Sg; 11k (CYU™D) for j € [1,m] and C© = p¢_ (D;:l) Denote by C? the direction of the

sector generated by CU). As the direction of C’J” contains &;, we have S3;[k;](CYU=Y) < 0.
Therefore CO, ¢, .. C™ is a (C2°, WY)-chain from C© = pc_(D;}) to C™).

Let us prove that C(™ = lim, Lo PO (Df). We now identify A = A; and A, using an
element io of Ios such that ic.As = A. Let p = 7.(0) € Y. Let t € (t;,t,). We have
DI C Ag. Let 71 denote the segment germ 7 = §(¢)+[0,0%)x. Then (7 )+(0) =u=1"(0).
We have pc._(a) = is.a for every a € Ag. As Ag contains 7:([0,0%)) and 7((0~,0]) we
deduce that if 7' = pc_ o 7!, then we have (7’?);(0) = 7"(0). As the alcove containing
PCos (7”?((0, 0*))) = ¢()+(0,07) (') (0) is pc., (DF) and as this is true for every t € [t;,t.),
we deduce that C™ = lim, i PO (D;"), which concludes the proof of the lemma. O

Proposition 4.15. Let x € W;h and let s be a Cy-Hecke friendly open segment of type
x. Then pc,, (8) is a Co-Hecke open path of type x. In particular, it is admissible.
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Proof. Let n € Z>, to,t1,...,tn, tns1 and Ay, ..., A, be as in Lemma 4.13.

Writes = (s, D,s(1)) and set ¢ = (¢, D, ¢(1)) = pe.(8) :== (pc.. (8), pe. (D), pe., (€(1))).

For each A; there is g; € Gy sending A; to (A, Ay) and fixing the intersection;
in particular g; € I. By the admissibility condition for D, we have that A; contains
D; = proj,_ (D) and pe..(D$) = g;Df for all t € [t;,t;41]F. Therefore D, satisfies the
admissibility condition (3.1) on [t;,t;11]. By Lemma 3.3 it remains to check that for all
i€ [1,n],

CI-O-(tZ> 7& Cl_( ) or d*(Dct 7Dct ) = Wxo-

Let ¢ € [1,n]. Assume that ¢, (¢;) = ¢__(¢;), then ¢((¢;,¢;])) is a segment germ based at
c(t;). Note that, since s is a segment and since g;_1(s(t; )) c(t ) the filter g;_1s((¢;,t))
is also a segment germ based at c(t;). Since pc. ((s, Ds)) = (¢, D,), the local factorization
of pc., implies:

pez, (@15 (67, 9))) = (7, 0)), D&, = pess, (9:1DF). (43)

By Lemma 4.12 since g;—1D; contains g;_164(¢;), there is an apartment Ag contain-
ing the segment germ g¢; 15((¢;,¢;})) and the alcoves Cey 9i- 1D Since ¢;-1D;, =

Projy, 1o (i)(gi-1Dy;), this apartment also contains gl_lDi Smce Cc i C Ao NAg, the
retraction pee; | restricts to an isomorphism 7:?;)(14@) — 7:?;)(1&) Therefore, we have:

d"(Dy;, D) = d*(9i1Dy;, 91 D)) = d*(pes, (9-1Dy), pegs, (9i-1D7)) = d™(Dey,, D)

(4.4)
Since § is an open segment and s is a segment of type —\, we have d*(D; , D;") = w) o for
all ¢, and in particular for ¢ = t;. We deduce from Equation (4.4) that d*(D,,, D) = wx .
Therefore by Lemma 3.3, ¢ is admissible.

Let £ = {t € (0,1) | ¢_(t) # ¢ ()} and n’ = |E| (we have n’ < n). Write £ =
{th,....t,}, with t) < ... <, Setty = 0and t,,,, = 1. We proved that for all
i€ [[1 n' + 1], the restriction of (c D) to ( 1, t;) is a decorated path satisfying (3.1).
Let now i € [[1,n']. Then by Lemma 4.14, there exists a (C’f&), W:Et;))—chain from D:ft:_
to lim, ;- D{,. Tt remains to prove that ¢ satisfies the second condition of Lemma 3.14.
By assumption, Dy = proj, (;)(s(1)). Let ¢(1) be the alcove of 7:?1)(,&) such that

d™(pe, (Dy),€(1)) = d"(Dcy,€(1)) = d¥(Dyy, Cx).
Then as d*(Dy 1, Cx) = d*(Dy,5(1)), there exists a (CF;), Wi,)-chain from pc, (s(1)) =

x,1

¢(1) to ¢(1), according to Proposition 4.6, applied with CA = Cg("i) (using the local factor-

ization of pc_ ). Therefore by Lemma 3.14, ¢ is a C',.-Hecke open path of type x.
O

4.4 Counting the lifts of a C,-Hecke open path

We have proved that any open segment of type x € W;;h retracts to a C.-Hecke open path
of type x. We now aim to compute, for a fixed open path ¢, the number of open segments
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of type x retracting to ¢. In order to do this, we give in Subsection 4.4.1 a description
of this set of open segments in term of local tangent buildings (see Proposition 4.20).
In Subsection 4.4.2 we introduce building-theoretic methods in order to obtain numerical
results from this local description. This leads to Theorem 4.25, in which we explicit the
polynomials mentioned in Theorem 4.9.

4.4.1 Local description of the lifts of a C',.-Hecke open path

For any x € W*h and any Cy-Hecke open path ¢ of type x, we denote pg, Y(sy) N pe (¢)
the set of open segments of type x which retract to ¢. In this section, we give an explicit
local description of this set.

Definition 4.16. Let ¢ = (¢, D,¢(1)) be an admissible Cy-Hecke open path of type x =
o € W;;h. Recall that wyo denotes the maximal element of the spherical parabolic
subgroup Wy++, and let w* be such that D:;O = a(0, —w*). We introduce the following
notation:

e The ordered set T'(c) of times t € [0,1] such that, either t € {0,1}, either there is an
affine wall separating C3;) and ¢, (t). By / , Lemma 5.4.2)], this is a finite
set.

o The set of folding times: T'(c) == {t € [0,1) | <.(t) # ¢_(t)} (by convention,
¢ (0) = =AT" and Dy = Cy). This set is contained in T(c) by [ , Lemma

5.4-4)].
*(C()’ + ) Zf t=0

d C°° ft <1
(C; )< and wy , = d*(Dxl,C’) if t=1

e Fort € [0,1], wes = {d*(COO (1) ift= x,t

Wy 0 otherwise
e Forte|0,1):
Cle,x,t) :={C € 7:(;)(1@) \ d*(C'f(C;),C’) = Wy, d"(D;,C) = w;t},
and

Cle,x, 1) :={C € T}y(Ze) | d" (D1, C) = wy,y, d°(CFy, C) = wen}

Lemma 4.17. Let ¢ be an admissible Cy.-Hecke open path of type x € W;;h- For each
t€T(c)\ {1} and every a; € C(c,x,t), there exists iy, € I such that

iat. f(?f) = Cco((;f) and /l:at.D:_ = Q.
Similarly, for every ai € C(¢,x, 1), there exists ia, € loo such that i, .C3) = CF) and iq, .c(1)

ai.
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Proof. Let t € T(c). By | , Proposition 4.2], for any a; € 7 ;(Zs) there is a
pair of twin apartments (Ag, Ac) such that C,, C Ag and a; C Ag. By Proposition 4.5,
Cf(‘;) C Ag N A and there is an element g € Gy fixing (Ag NA) U (Ag N Ag) such that
g.(A,Ag) = (Ag, Ag). In particular, such g fixes C, so belongs to I, and also fixes Cy-

Moreover, if ¢ <1 (resp. ¢ = 1) and a; € C(¢,x,t) then d~(C, a;) = d~(CF, D) (resp.
d*(Cqy, ) = d*(CFy,£(1))) so, since D C A (resp. ¢(1) C A) and a; C Ag, we have

g.D}f = a; (resp. g.¢(1) = ay), and we can set i,, = g. O

Lemma 4.18. Let ¢ be an admissible C,-Hecke path of type x € W;;h, and, for each time

t € T(¢) and alcove a; € C(¢,%,t), fix iy, as in Lemma 4.17. Set by convention that, for
t ¢ T(c), i, = 1g.

For anya € [] C(c,x,t), let us define gq.¢ == (ga-¢, ga-D, ga-c(1)):
teT(c)

1. the path gq.c is defined by t — go(t).c(t), with go(t) = [  4a,,
#eT(0)N[0,1)

2. the decoration g,.D is given by (g..D); = go(t)D; and (ga.D)f = ga(t)ia, Dy,
3. the end alcove is given by g,.c(1) = ga(1)ig, c(1).
Then, gq.c is an open segment such that pc,(ga-€) = 5, and pe.,(ga-€) = ¢.

Proof. By construction, since g,(t) € I, for all t € [0, 1], it is clear that pc_(g..c) = ¢.

Let us first prove that g,.c is a segment on [0, 1], and that the decoration g,.¢ satisfies
the admissibility condition. Let ¢, be two consecutive times in 7'(¢). Then g, is constant
on (t1,ta], gult1) = ga(tg)z’;i and i, fixes c(t1), since it fixes Cg;. Moreover c|y, 1, is a
segment and thus (gq.¢)|f, 1) = ga(t2)-¢|[t 1] is @ segment. By the admissibility condition
for ¢, g,.¢ satisfies the admissibility condition on [ty t5].

Therefore in order to prove admissibility of g,.c on [0, 1], by Lemma 3.3 it remains to
check that condition (3.3) holds at every time t € T'(¢) \ {0, 1}. However, by construction,

for any such time ¢, (g,.D); = g4(t).D; and (g,.D){ = g4(t).i4, D , hence:
d*((9a-D); + (92-D)) = d*(Dy i, DyF).
Moreover, by definition of i,,, i, D" = a; € C(c,x,t), and in particular d*(D; i, D;") =

wy, = wyp (because t ¢ {0,1}). Hence condition (3.3) is verified, and g,.c is an admissible
open path. This also proves that the segment germs (g,.¢)_(t) and (g,.¢),(¢) are opposite

(because d*((g4-D); s (9a-D);) € Wys+) for all ¢ € [0,1], and thus by | , Lemma 4.9
it proves that (g,.c) is a segment, starting at 0.
Let us now prove that po,(ga.€) = 85. By | , Proposition 5.17 (ii)| there exists an

apartment Ag containing Cy and g,.c(1). Note that the distance d*((g,.D)7, ga-c(1)) =
Wy = d~(Dy 1, Cx) is minimal in its Wy++-coset wy ; Wi+ (because Dy | = proj,, —1y(Cx)),
therefore (g..D); = proji,._(1)(ga-€(1)). Thus by convexity, Ag also contains (g,.D); -
Since g,.¢ is a segment and since, by admissibility, (g..D); = pProjy, o). ((9a-D)1), it
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also contains (g,.D)5 for all (t,e) € [0,1]F. By (MA II), there exists h € Giypin such
that h.Ag = A fixing Ag N Ag, in particular fixing Cy. Therefore hg,.c = pc,(gat) is
an open segment starting at 04 (in particular it is admissible). Since ¢, (t) € —W"A
for all ¢, the derivative (hg,.c)'.(t) lies in —W?"X for all t. Moreover, since (g,.D)§ €
C(¢,x,0), d*(Co, (9a-D)g) = wyy = d*(Co,D3y), 50 pey((9a-D)g) = Dyy. This im-
plies that (hge.c);(0) is the segment germ sy (0), so for any ¢t € [0,1), (hge.c)’ (t) =
(hga-¢)'.(0) = —A, thus hg,c is the segment sy. Since hg,.D = pc,(g..D) satisfies the
admissibility condition, the equality pc,((g4-D)§) = D3, extends to any (t,¢) € [0, 1]*.
Finally d*((ga.D)1 , ga-€(1)) = d* (h(ga-D)1 , hga-€(1)) = d* (D51, Cx), hence pgy(ga-€(1)) =
hgq-€(1) = Cx, 80 pcy(ga-€) = hgq.c = 5,. We thus have proved that g,.c is an open segment
of type x. O

Lemma 4.19. Let fi, fo: [0,1] = A be two continuous maps and g, g2 € G be such that
g1-f1(r) = ga.fa(r), for every r € [0,1). Then g1.f1(1) = g2.f2(1).

Proof. By Proposition 4.1, there exists n € N such that for every z € g5 'g1.ANA, we have
g7 'g2.2 = n.z. The element 7 induces an affine automorphism of A and thus its restriction

to A is continuous. Therefore fi(1) = n.f2(1) and hence g;.f1(1) = ga2.f2(1). O
Proposition 4.20. Let ¢ be an admissible C.-Hecke open path of type x € W;z')h. Then
the map a — g,.c defined in Lemma 4.18 defines a bijection

[T clex.t) = pal(s0) Nl (o). (4.5)

teT (o)

Proof. By Lemma 4.18, the map a — g,.¢ is a well defined map associating, to a sequence

of alcoves a € [] C(c,x,t), an open segment in pg! (s,) N pg (¢). It remains to prove
teT(c)
that it is injective and surjective.

1. Injectivity: Suppose that a,a’ are two distinct elements of [ C(c,x,t). Let t be
teT(c)

the first time such that a; # a}. If t < 1, then g,(t) = gu(t) and i,, D} = a; #
ay = gD, 50 (ga.D)f # (9o.D)f. If t =1, then go.c(1) = a1 # a} = gu.c(1).
Either way, g,.c # gu’.¢, hence the map is injective (and this also shows injectivity of
(as>s€[0,t)ﬁT(g) — ga.g\[ovt) forall ¢t € (0, 1])

2. Surjectivity: Let s = (s, Ds,s(1)) € pag(gx) N paio (¢). Since Cy is based at 0y,
pE&(OA) = {04} and thus §(0) = $,(0) = 04. Let ¢ be the upper bound of the set

U of times s such that s|g s = gq.¢|j0,5 for some a € [T C(e,x,u). We aim to
w€T(¢)N[0,s)
show that ¢ is a maximum and that t = 1.

By assumption, D;f o € C(¢,x,0) so for r > 0 small enough (in particular such that
T(c) M [0,7) = {0}), slos) = 9(p+,)-€ljor), Which implies that ¢ > 0. Let s € [0,7)
be such that s > max{u € T(c) | u < t}, and let a = (au)uer(©)no,s) be such that
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$|[0,s] = Ya-C[o,s]- For any r € (s,t) we know that s/, = ga-c|jo,). Indeed, if s <r <t

then 7 € U so there exists «’ €  []  C(¢,x,u) such that s, = go-€|ps- By
uweT (¢)N[0,r)

injectivity of the map (ay)ucjo,s) = Ga-Clj0,5), @ = ai, for all u < s and thus, since

T(c) N [s,t) = @, this is also true for all u < r, therefore s|jp,) = ga-ljo,). By

Lemma 4.19, gq.c(t) = s(t). Moreover since D, = g,(s)D} and ga(s) = ga(t) we

have:

Dy, = proj,_((Dd,) = projy, e )(9a(t) DY) = ga(t)proj._(DT) = ga(t) Dy .

Therefore D_, = g4(t)D; and t = max{.

Assume by contradiction that ¢ < 1. Note that D, = proj,, () (D;) is the unique
alcove containing s, (t) at codistance wy, from D, and since pc (D7) = D we
have d~ (Cﬁo(i), DY) = wgy. Applying ga(t)™t, which preserves distance, codistance
and sends Dy, to Dy, Cg) to CF, we deduce that g,(t)"'D], is an element of
C(e,x,t).

If t € T(c), we extend a = (au)uer(o)no,) Setting a; = ga(t)*lD;’t and then by con-
struction (gq.€)+(t) = s4(¢). If ¢ ¢ T'(c), then since there is no wall between C,
and ¢ (t), the fact that C5) = ga(t).C;, already implies that go(t).c4 () = s4(t)
(because ¢ (?) is in the enclosure of CJ), see | , Definition 2.1.2.4)]). Either
way there is g, such that s, (t) = (g,.c)+(t) and in particular there exists r > ¢
such that s|j,] = ga.¢|0,], contradicting the definition of . Thus ¢ = 1, and there
is a sequence a €  [[  C(¢,x,u) such that (s, Ds) = (ga.¢, ga-D). To prove sur-
uw€T(c)\{1}
jectivity, it remains to check that, for such a sequence, the end alcove g,(1) 's(1)

belongs to C(¢,x,1). The element g,(1) defines an isomorphism of local tangent
buildings ’7?1)(1@) >~ 7?1)(1@), which sends the alcoves CF, and Dy to () and
D, respectively. Therefore a; := g,(1)7's(1) satisfies d*(Cy @) = d*(Cgy,8(1))
and d*(Dy,a1) = d*(D,;,8(1)). Since d*(Cg,s(1)) = d*(CF).c(1)) (because
pes.(8(1)) = ¢(1)) and d¥(Dgy,8(1)) = d™(Dy,Cx) (because pe,(s) = si), we
deduce that a; belongs to C(c,x,1), and we conclude that the map C +— g,.c is
surjective.

]

In order to deduce numerical expressions from Formula (4.5), it therefore remains to

compute, for a given C-Hecke open path ¢ the cardinals of the sets C(c, x,t) for all
t € T'(c). This is doable at the level of local tangent buildings using the techniques below.

4.4.2 Computation at the level of local tangent buildings

Let us start by recalling results which hold for general twin-buildings, they will be used in
order to compute the cardinility of the sets C(¢, x, t) appearing in the preceding subsection.
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Lemma 4.21. Let (T*,d*,d*) be a twin building and let A* be a twin apartment of
TE. Let C_ € A~ and Cp € A" be two chambers of opposite signs and let w,v be
two elements of the Weyl group W of T+. Let i, be a reduced expression of w and let
C, be the unique chamber of AT at codistance v from C_. Let T'c (Cy,Cy,iw, AT) be
the set of C_-centrifugally folded galleries of type i, from C, to C, in A* . For any
g € T (Cy,Cy, iy, A%, let CZ (g, Cy, TT) denote the set of minimal galleries, in T,
which retract to g by pa+ c_ -
Then, the map which sends a gallery to its last chamber defines a bijection:

I_I Cgl, (g,C+,T+) = {C € T+ | d+(C+7C) = w, d*(c—v C) - U}'

gerc, (C+ ,Cuiw 7Ai)

Proof. Suppose that C € T+ verifies d*(Cy,C) = w, then there exists a unique minimal
gallery g = (50, e ,CN’n) of type iy, = (s1,...,8,) from Cy toC'in T+, Let g = (Cp, ..., Cy)
be the image of g by pa+ ¢ , we need to verify that it is centrifugally folded. Suppose
that C; = C;_y. By definition, ps+  preserves the codistance to C_, so d*(C’_,@) =

d*(C-,C;—1) = d*(C-,C;). Moreover and d(Cj_1,C;) = s;. Therefore, by the converse of
axiom (TW2) of | , Definition 5.133|, the fact that d*(C, ;) = d*(C-, C;_1) implies
that d*(C_,C;-1)s; > d*(C_,C;_1) and since d*(C_,C;_;) = d*(C_,C;) = d*(C_,Ci_1)

this implies that g is C'_-centrifugally folded at ;. Hence we have an injection:

{CeTd"(C:,C) =w, d'(C-.C) = v} = || o (g, Cy, TH).

geFC_ (C+7C’U7iw7Ai)

Conversely, suppose that g lies in C% (g, C,,T ") for some g € I'c_(C4, C,, iy, A%), then
since ¢ is minimal of type i, and starts at C', its last chamber C is at distance w of C..
Moreover, since py+ ¢ (C) = C,, we have d*(C_,C) = d*(C_,C,) = v. Hence we obtain
an inverse map of the injection above, and thus a bijection:

|| Ct (8, Cy, T = {CeT"[d"(Cy,C)=w, d'(C_,C) = v}.
geFC_ (C+7Cv7iw 7Ai)
O]
The next lemma is proved in more generality in | , Corollary 4.5], it is also detailed

in | ,§2.3).

Lemma 4.22. Let A* be a twin apartment of type (W, S), let C_ € A~ and C, € A" be
two chambers of opposite signs. Let P be a set of panels in At (which should be thought
of as thick panels). Let g = (Cy,...,C,) be a C_-centrifugally folded gallery of type
i=(i1,...,1,) in AT from Cy = C, to C,, = C, and suppose that the panels along which
g folds belong to P.
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Let I(g) = {j € [Ln] | Cjmr # Cj, d*(C-,C5) < d*(C-,Cj1), p(Cy,s5) € P}
and r(g) = [{j € [1,n] | Cj—1 = C;}|. Let jop(X) denote the polynomial with integral
coefficients defined by: .

Ry p(X) = X"®(X —1)®.

Then for any (q,1)-semi-homogeneous twin building T+ with twin apartment A* and
such that P is the set of thick panels of AT in T, we have:

€ (8. C4, TH) = Ryp(a).
In particular, it is non-zero for any gallery g which is C_-centrifugally folded along

panels of P. If g folds along a panel which is not thick (not in P), then it does not lift to
any minimal gallery, so |CZ (g,Cy, TT)| =0 and we set Rg; = 0.

This motivates the following definition, in order to explicit Formula (4.5).

Definition 4.23. Let AT be a twin apartment and let P be a set of panels in A*. Let
C_eA  andCy € AT, letv,w € W. Asin Lemma 4.21, let i, be a reduced expression of
w, and let C, be the unique chamber of AT at codistance v from C_. Then we define the

polynomial RS’;’JCD*(X ) € Z[X] by:

Ryu5 (X) = >, R p(X). (4.6)

gel'c_(C,Cu iw 7Ai)

By Lemmas 4.21 and 4.22, it is the unique polynomial such that, if T+ is a (q,1)-semi-
homogeneous twin building with twin apartment A* and P is its set of q-thick panels in
AT we have:

{CeTH[dH(Cy,C) =w, d*(C_,C) = v}| = Ry, (q).

v,w,P
In particular, this polynomial does not depend on the choice of i,,.

Remark 4.24. These polynomials should be thought of as twisted versions, with unequal pa-
rameters, of the R-polynomials associated to a twin building, or to a Hecke algebra. Indeed
when P is the set of all panels of A, then Ri;:%” only depends on v,w,d*(C_,Cy) e W,
and if d*(C_,Cy) =1 then it is equal to the classical polynomial R, ,,(X) defined by Kazh-
dan and Lusztig [ /.

4.4.3 Polynomial expression for the lifts of C',.-Hecke open paths

Combining the results of Subsections 4.4.1 and 4.4.2, we obtain the following result.

Theorem 4.25. Let D be any Kac-Moody root datum, and let A be the associated affine
apartment. Let ¢ be a C-Hecke open path of type x € W:;;h i A. Then, there exists a poly-
nomial Ry (X) € Z[X] such that, for any twin masure (Zs,Zs) with standard apartment
A and constant finite thickness q, we have:
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|Pcy (8) N P, (€)] = Rxe(q) (4.7)

Moreover, this polynomaial is explicitly given by:

Reo(X) = ] Riet(x) (48)
teT (c)
where
D;,Cf‘; .
o wfxfp (X)ift<1
Rig?t(X) — C:;(,)ﬁ [5),3’ c(t) (49)
< 1yt (X) ift=1

N
WET Wy 1, Pe(1)

with the notation of Definition 4.23, and Py denotes the set of panels of 7:?5)(.&) supported
on affine walls.

Proof. This is a direct application of Formula (4.5) and Lemmas 4.21, 4.22. O]

Remark 4.26. Note that for any Kac-Moody root datum and associated apartment A,
there exists a twin masure of standard apartment A and of constant finite thickness q for
any prime power q. Therefore the polynomials R, -, are characterized by Formula (4.7).

4.5 Definition and computation of R-Kazhdan-Lusztig polynomi-
als

We use the computations above to define affine R-Kazhdan-Lusztig polynomials for Kac-
Moody groups. This follows the work of D. Muthiah in | |, where he defines spherical
R-Kazhdan-Lusztig polynomials for affine simply laced Kac-Moody groups. Spherical and
affine Kazhdan-Lusztig polynomials play a very similar role, but the former for spherical
Hecke algebras, and the latter for Iwahori-Hecke algebras.

4.5.1 Definition of affine R-Kazhdan-Lusztig polynomials for Kac-Moody groups

Lemma 4.27. Let x,y € W, with x spherical. Then the map ¢ : s — s(1) is a bijection
between Exy = |comy) pol () N pei(sy,) and the set B, of alcoves C' of Ty such that:

1. C and Oy belong to an apartment of Ls,
2. every element of (04, vert(C)] is Coo-friendly, where vert(C') is the vertex of C,
3. pc,(C) = Cx and pc, (C) = Cy.

Its reciprocal is the map ' : ES , — Exy which associates to every C' the open segment
starting at 0, and with end alcove C (which is well-defined by Lemma 4.8).
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Proof. The fact that (Exy) C E; , is clear. Conversely, let C' € E} _ and let 5 be the open
segment starting at 0, and with end alcove C. Then s is of type x by Lemma 4.8. In other
words, pc,(5) = 8. Moreover, by Proposition 4.15, pc_,(s) € C°(y), so ¢¥'(Ey ) C Exy.
The fact that ¢ o)’ = Id is clear and the fact that w’ o1 = Id follows from the uniqueness
in Lemma 4.8 1). O

Definition 4.28 (Affine R-Kazhdan-Lusztig polynomials). Let x,y be elements of W,
suppose that x is spherical. Let C°(y) be the finite set of Cy-Hecke open paths of type
x starting at 04 and with end alcove Cy. Then define the R-Kazhdan-Lusztig polynomial

Ry y by:
= > ReX)= Y H Rl (X (4.10)

ceCe(y) ceCee (y) teT(c

It is the polynomial such that:

Ray(@) = D Ipah(e)Npal(sdl: (4.11)
c€C(y)
Upon Conjecture | , 4.4.1] and according to Lemma 4.27, we have: Ry,(q) =

|IoxIo N 1oy 1o/ Ip|. This motivates their study, we expect them to be the R-polynomials
for a, yet to be defined, Kazhdan-Lusztig theory for Kac-Moody groups over discretely
valued fields. This was schemed by Muthiah in | |.

4.5.2 Comparison with Spherical R-polynomials

Let K D I denote the stabiliser of 04 in G. In | |, Muthiah defines spherical R-
polynomials, which conjecturally compute the cardinal of the sets (K@K N I " K)/K
for A€ Yo" and p € Y (see | , 85]). In order to do this, he computes certain sets of
segments in the masure Zg, and his computation were made more precise by Bardy-Panse,
the first author and Rousseau in | |. Let us briefly explain how to relate the affine
R-polynomials defined here with their results.

Since K is the stabilizer of the special vertex 0y, the set (Kow*K N I w"K)/K bijects
with py ' (=) Npgl (—p), where pg, is the masure retraction centered at 04. More precisely
po, () is the unique element of K.z N+CY for all z € {x € Iy | © <g 04 or & >¢ Op}.
Since the fundamental alcove is based at 04, we have py, = po, © pc, and, since p, restricts
to z — x7 on £.7, we have py, () = (pg,(x))TT for every x <g 0y € Zy. Therefore

KoK = || I@"K for any A € YT (recall that W?* is the set of minimal coset
weWw?
representatives of W /W,). In term of masure retractions, we have:

o (=N Npct (=) = || pop(=wA) N pcl (—p).
weWA

Since the alcove Cgua,, is the projection C*F, = proj wr(Co) of the fundamental alcove
at —wA, the map z — proj,(Co) defines a bijection pg! (—wX) = pc ! (CH1)).

—wA
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For any C,.-Hecke non-open path of type A ending at —p (defined as I.-Hecke paths
in | , §5.3.1]), and for any w € W let H,,, denote the set of C..-Hecke open paths
of type @ w with underlying non-open path c.

Then there is a bijection between the set of C.-friendly segments of type —wA retracting
to ¢ and the set of C,-Hecke open segments of type w® w retracting to some (necessarily
unique) ¢ € He

per(8u) N pct (€)= || (pe (8ewrw) N el (0)). (4.12)
cEHuw,e
In | , Theorem 5.1], the authors compute py, ' (53)Npgl (¢) = L] pep (Sua)Npc (¢).
weWw?

We recover a polynomial expression for the cardinal of this set (and in particular its
finiteness) from the definition of the polynomials Rw,,, Formula (4.12) and the first two
points of the following Lemma.

Lemma 4.29. The following sets are finite:
1. for a fized pair ¢, w, the set H .y,
2. for a fized Coo-Hecke path ¢, the set {w € W* | He # D},

3. for a fized pair N € Y, € YT, the set {(w,v) € WA X WY | R_uryy somy, 7 0}

sph’
Proof. In this proof, we use the length ¢* : W+ — Z introduced by Muthiah in | , 5.
It is also defined in | , (1.19)].

1.,2. Let ¢ be a C* non-open path of type A and ending at —u. Let w € W* and
assume that #.,, is non-empty. Then ¢(1) is based at u. Combining Proposition 3.10 and
| , Corollary 2.12|, we get:

o' < ¢(1) < wMw,

where v* is the minimal element such that g = v#p*". Using the finiteness of the intervals
for the Bruhat order ( | , Corollary 3.4|), we deduce 1. Moreover by | , Theorem
1.1], ¢# is compatible with < and thus we have (¢(wwtov*) < £¢(w® w). Using | , (2.8)]
this is equivalent to:

U(w) < () + L2 (v*) — ().

Since W admits finitely many simple reflections, the set {x € W* | {(z) < (¢(=) +
e(v*) — £%(wt)} is finite, from which we deduce 2.

The polynomial R _wx,, u, is non zero if and only if there is a Co-Hecke open path of type
w w ending at Cu,, which is not possible if wtv £ @w® w. Since wHW? is bounded
below by w*v*, and w" w is bounded above by w?, by finiteness of the interval between
these two elements for the affine Bruhat order again, we deduce this third finiteness result.

]
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From the third point of this lemma, we also obtain an alternative description of the

spherical R-polynomial R, introduced by Muthiah (see | , Definition 5.55]). It is
defined as
RE(0)= > lpo)(sx) Nl (o),
c€C (1)

for any twin masures (Zg,Zs) of constant thickness g (where C3°(u) denotes the set of
C-Hecke (non-open) paths of type A ending at —u). Recollecting the previous arguments
we deduce:

REVX)= )" ) Bowsymnn(X). (4.13)

weWA veWv

4.5.3 Elementary properties of R-Kazhdan-Lusztig polynomials

Our R-polynomials have properties quite similar to the defining properties of the classical
R-polynomials for Coxeter groups. In the next Proposition, we state analogs of points
i) and 1) of | , Theorem 5.1.1]. In Proposition 4.34 we compute R-polynomials for
covers, it is the analog of a particular case of | , Theorem 5.1.1.iii)].

Proposition 4.30. Let x,y € W and suppose that x is spherical. Then:
1. If Ryy #0, thenx >y.
2. We have Ryy =1 <= x =Y.

Proof. If Ry, is non-zero, then there is a Cs-Hecke open path of type x with end alcove
Cy which implies, by Proposition 3.10 2., that y < x.

Let x = wiw € W:I;h. The unique C4-Hecke open path of type x ending at Cy is the
open segment s, and T'(s,) = {0,1}. Since C¢° and Cj are opposite in Ty (Zg), we have
C(sx,%,0) = {Dy o}, hence RY:? = 1. Tt remains to check that RZe! = 1. Let i be the
type of a reduced expression for w, ; = d* (D, Cx). There is a unique gallery g from D,
to Cy = 5,(1) of type i, and it is a minimal gallery. Therefore RS (X) = X'(® where I(g)
is the number of affine walls crossed by g away from C™ or, equivalently, towards C*,
its opposite in 7+(A).

Let us check that I(g) = 0. On the one hand since g is minimal, the walls it crosses are
crossed away from its initial alcove Dy ; and since D) = proj,, (1)(Cx), it does not cross
any wall containing the segment germ s, _(1). Since the non-open component of s, is the
segment sy from 0y to —\, we have C*} = proj%_(l)(C’o) which dominates the segment
germ s _(1). Therefore a half-apartment containing D, also contains C}, unless the
affine wall delimiting it contains s, _(1). Since none of the walls crossed by g contain
sy —(1) and since they are all crossed away from D, they are also crossed away from
C*y,s0l(g) = 0and RS = 1.

x,19

44



Conversely, suppose that Ry, = 1. Then there is a unique Cu-Hecke open path of
type y with end alcove Cy. Since any folding induces a factor X — 1, it can not be folded.
Therefore this Hecke open path is just the segment of type y, and y = x.

0

We will now compute R-polynomials associated to covers, the result is the same as
for classical R-Kazhdan-Lusztig polynomials (see 4.34). The computation relies on several
technical lemma, and on the classification of covers given in | , Proposition 3.20].

Lemma 4.31. Let ¢, (t) = ¢(t)+[0,07)c, (t) be a segment germ such that ¢(t), ¢, (t) € =T
and let v € P.

1. If (c(t),~y) # 0, then the (affine or ghost) wall of direction ~v going through c(t)
separates CZyy from ¢, (t) if and only if {c(t),7) (¢, (t),7) <O0.

2. If (c(t),y) = 0, then the affine wall of direction ~y going through ¢(t) separates C
from ¢ (t) if and only if sgn(v){(c (t),y) > 0.

Proof. 1. Let n = —(c(t), ), so that ¢(t) € M, and suppose n # 0. If (¢/_(t),7) =0
then the wall M,p, contains the segment germ ¢, (¢), hence this segment germ is
automatically on both sides of M., so there is nothing to prove. Let us suppose that
it is not the case. By definition, CJ;, dominates the segment germ ¢(t) + [0,0%)e(?).
Therefore the side of M., containing Cg‘(ct’) contains this segment germ, and since
(c(t),7) # 0 it is the only side of M., containing this segment germ. Therefore
C’f(?&) and the segment germ ¢, (¢) are separated by M, if and only if the respective
directions ¢(t) and ¢, (¢) of ¢(t) + [0,0%)c(t) and ¢ (t) are separated by the vectorial
wall M, if and only if (c(¢),y) and (¢ (¢),) have opposite sign, hence we get the
first point.

2. Suppose now that (c(t),7) = 0. Up to replacing v by —~v, we suppose that ~ is
positive. By definition C’f(?f) and the fundamental alcove Cj are on opposite sides of
M, o) (because this wall goes through ¢(t)), so ¢ () and CT;, are on opposite sides if
and only if ¢, (¢) is on the same side of M, as Cp). Since v is positive, (Cp,7) > 0,
so Cy and ¢, (t) are on the same side of M, if and only if (¢ (¢),7) > 0, which
concludes point 2.

O]

Lemma 4.32. Let vy,vo € WY be such that £(vivy) = £(v1) + €(v2). Then
Inv(vy ') N Inv(vy) = 9.

Proof. Suppose that there exists v € Inv(vy ') N Inv(vy). Then vys, < vy and vy 's, < vy
(so s,vg < v3). Therefore, by the triangular inequality,

U(v1v2) = L((v154)(Sy02)) < L(v1Sy) + €(sy02) < L(v1) + £(v2).
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Lemma 4.33. Let X,y € W7 be such thaty is covered by x. We assume that y = w" w

and X = Sy@)my = w”(sﬁ””ﬂv)sv(ﬁ)w, with A € Y™, v e WA we W, B[n] € ¢ and
ne{-1,(\0)+1}. Letty= <)\7|g>\+2_ Let ¢ = @iy 0(8)n)(85). Then T'(c) = {0,t0,1} and
Rloc,to =X -1

X,¢ :

Proof. With the notation of the Lemma, since x covers y with proj”" (x) # proj*" (y),

by | , Proposition 3.21], 8 needs to be a quantum root (see | , Definition 2.4|):
Vo € Tnv(ss) \ {8}, (8,7) = 1. (.14
Moreover, A + 3V is almost-dominant, that is to say:
(A+pY,7) > —1forallT € .. (4.15)

It is clear that {0,tp,1} C T'(c¢) since there is a folding at t,. Moreover since ¢ is
obtained from s, by a folding at time ¢, both open paths agree on [0, ) and thus we have
that T'(¢c) N [0,¢) = T'(s,) N [0,t9) = {0}. Let us now prove that, on [ty, 1), there is no
other affine wall separating C;) and ¢,.(¢).

For any v € ®, and t € [t, 1), let M, denote the (affine or ghost) wall of direction
v(7) going through ¢(¢), we say that it is separating if it separates C, from ¢, (¢). We want
to prove that, if M, ; is separating, then it is a ghost wall, unless ¢ = ¢y and v = 3. We
use Lemma 4.31 in order to verify this. Let g, denote the affine function ¢ — (c(t),v(7))
defined on [to, 1]. Then M, is an affine (non-ghost) wall if and only if g,(t) € Z, and by
Lemma 4.31 M, ; separates Cg) from ¢ (¢) if and only if either g,(¢){c/.(t),v(7)) < 0 or
g4(t) = 0 and sgn(v(7y))(c' (), v(y)) > 0. We will separate cases according to the value of
n and to the sign of (¢/_(¢),v(v)). This value does not depend on t € [ty,1) as ¢ is affine
on [to, 1].

Note that g,(1) = (—A,7) <0 and

\Y% 3 —
9+(to) :{ ?(AJFBV’w ?fn: W.5)+ (4.16)
to(A+ 8%, s5(7) i = -1

In particular, since A4-3" is almost dominant and v € &, g,(tg) < top < Ll unlessn = —1

and v € Inv(sg). Moreover if n = —1, clearly gg(tg) = 1 and if v € Inv(sg) \ {5}, since 5 is

a quantum root , (8¥,7) = 1 and sz(y) = v — S, thus g,(tp) = m()\ +8Y, 86— <1
in this case aswell. Therefore we have

gy(to) < 1, (4.17)

with equality if and only if n = —1 and v = (. In particular outside of this case, since
g+ is affine on [to, 1], g,([to, 1]) C (—o0,1): there is no time for which g, (¢) is integral and
positive.

1. Suppose first that (¢!, (¢),v(vy)) <0, and v # 3. Then since g,(t) cannot be integral
and positive, by Lemma 4.31 the wall M, ; is separating and non-ghost if and only if
g,(t) =0 and v(y) € ®_ (that is to say v € Inv(v)). Note that the existence of such
a time ¢t implies that g, (ty) > 0
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(a) Ifn = (X, B)+1 then g, (to) = —to(A\+5Y,7) is positive if and only if (A\+5Y,7) <
0, if and only if v € Inv(u™') where u € WV is the minimal element such that
u (A +3Y) € YT, However, by | , Lemma 3.7| we have {(vu) = {(v)+£4(u),
so by Lemma 4.32, Inv(v) N Inv(u™') = & and M, ; can not be separating.

(b) If n = —1 then g,(to) = —to(sg(A + [Y),7) is positive if and only if 7 €
Inv(u~'sg) (with u defined as above). By | , Lemma 3.7] and Lemma 4.32,
if v € Inv(u~tsg) then v & Inv(v), so v(y) is a positive root. Therefore by
Lemma 4.31 the wall M, ; is not separating.

2. Suppose that (¢/, (¢),v()) > 0. Let us then show that, for any such v and t € [ty, 1),
g,(t) is not integral, unless t = ¢, and v = 3. Since g,(1) is integral, it suffices to

prove that

l9+(to) — g, (D <1, (4.18)
with equality if and only if v = 5. We have |g,(to) — g,(1)| = [(1 —to){(c/_(t0), v(¥))],
and tg = %

(a) If n = —1 then ¢, (t)) = —v(A+ £Y) so (¢! (t),v(y)) = —(A+ BY,7) is positive
if and only if (A + 8Y,v) < 0. Since A + ¥ is almost dominant and v € &,
this is equivalent to (A + Y,v) = —1, in which case

(1= to) (e, (to), o)) = 1 =t < 1.

(b) If n = (X, B) + 1 then ¢ (to) = —vsg(A + fY) so if (¢ (t),v(y)) = —(A +
BY,s5(7y)) > 0 then it is equal to 1 unless v € Inv(sg). If it is equal to 1, then
lgy(to) —g,(1)| =1 —to < 1. If v € Inv(sp) \ {8}, and since (1 — ) = (}\Tlv@,
we have |g,(t9) — g,(1)| = %—iﬁﬁ(;m This is equal to 1 if v = 3. Else, since
is quantum, we have [(A+ 8", s5(7))| = (A + 6Y,8) — A+ 8Y,7) < (A + Y, 8)

50 [g(t0) = g,(1)] < L.

We have therefore proven that there is no non-ghost separating wall on [tg, 1), except Mg, .
Therefore T'(¢c) = {0,%9,1}. It remains to prove that RIS = X — 1.

Let g be a minimal gallery, in T ( ), from C°° t0) to the decorating alcove D;S of ¢
at time tp, and let i be its type. In order to Compute Rl"c to we will prove that there is a
unique D; -centrifugally folded gallery g of type i from Cee (o) 1O D, (which is the unique
alcove at codistance w, ,, from D, = D, ), and that it satisfies r(g) =1,1(g) = 0. Since
g is minimal, it is of the form gog; where gy goes from C'F; ) to proj +(to)(C’f(jo)) and where
is the only affine wall separating C’f(?t
from ¢ (¢y), it is the unique affine wall along which gy can be folded, let gy denote the
associated folded gallery. Then, since dﬂC’f@O), Df,) € Winypv)++, any gallery of type i

every alcove of g, dominates ¢, (ty). Since Myg) 4,

from C'F ) to D, is of the form gog; with g; of type i;. Moreover, if we suppose that
g is Dy y- centrlfugally folded, since Dy < to and D 1, are on the same side of every wall

dominating s v+ . (o), the gallery g; can not be folded (else the last folding would
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be done towards Dy o) hence towards D, ). We deduce that there is a unique possible
choice of such g, and since g; is minimal it crosses every wall towards its last alcove, hence
also towards D, . Therefore it satisfies r(g) = 1, [(g) = 0. Thus, R = X — 1, which
concludes the proof of the lemma. O]

We now compute the R-polynomials associated to covers. We will use the classification

of covers which was obtained by Welch in the affine ADE case (see | , Theorem 2]),
and extended to the general Kac-Moody case by the second author (see | , Proposition
3.20]).
Proposition 4.34. Let x,y € W and suppose that x € W:I;h Then

y<Ix = Ryy=X—1. (4.19)
Proof. We use the classification of covers for the affine Bruhat order given in | , Lemma
3.1] (note that, in this proposition x covers y, whereas it is the opposite in | ). We

separate the computation in 5 cases, according to the form of the cover:

y = @ w and x = So(B)nY = w”(sﬁMnﬁv)sv(ﬁ)w, (4.20)
with A € YT, v € WA w € WY and §[n] € 4.

The integer n may take four values, namely {0, (\, 5), —1, (), 5) + 1}. Moreover, an
element ¢ € C°(y) is obtained from the open segment s, by folding along the affine root
Bln]. Indeed, if ¢ € CP(y), then ¢ is obtained from s, via some folding data (¢;, 3;[n:])icqor]-
By Proposition 3.10, we have y = sg,(,,] - . - S5y[no)X- By definition of a cover, we thus have
r =0 and Sy[no] = v(B)[n]. Therefore it is unique, unless (A, 5) = n = 0 (in which case we
can fold either at time 0 or 1, but we will see that only one choice contributes to Ry ).

1. Suppose that n = (X, 8) # 0, so that x = @ s,gw and (v spw) = (v w) + 1.
In this case the only difference between ¢ and s, is the end alcove. Therefore RS" =
Rﬁf‘;ﬁ =1 for all ¢ < 1. We need to check that RI?S" = X — 1. Let i be the type of a
minimal gallery from C*} to Cx. Since C*;r/\ dominates the segment germ s,y (1)
and by definition of D, ;, we can write i = i;ip where i, is the type of a minimal gallery
(let us denote it g;) from C* 5 to Dy and i is the type of a minimal gallery from
Dy ; to Cx. Therefore if gy is a gallery of type iy from D, ; to Cy then concatenating
it with g; we obtain a gallery from C*| to Cj of type i. Since (by Lemma 2.8)

(v~ tw) = L(dH(CH, Cy)) = L(v spw) — 1 = L(dT(CH, Cy)) — 1,

this gallery necessarily folds exactly once, and does not cross any wall towards C’ oo
so £(g2) = 0. Moreover the folding is C* ,-centrifuged as it folds towards C*], | so
r(g2) = 1. Hence Ryy = RIS = X — 1.

2. Suppose that n = 0 # (A, ), then the unique element of C°(y) is obtained from
folding s, at time 0 along M, ). Therefore it is just the open segment s, and
T(s,) ={0,1}. By | , Lemma 3.1], x = @"¢*Ws, 5w and {(vsg) = £(v) — 1.
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e To compute R'2" let us fix a reduced expression iof Wt = d= (D, ,Cx). Since

there is no folding at time 1, we have d=(D_, y.1o Cy) = wy; = wy 1,50 there is a
unique gallery g of type i from D ; to Cy, it is minimal, and does not cross any
wall containing ¢_(1) since Dy, = proj, (;y(Cy). Moreover C* and Dy, are
separated only by walls containing ¢_ (1) since they both dominate this segment
germ, so any wall crossed by g is crossed away from C*f,. Hence I(g) = 0 and

loc,1 __
Rloet — 1.

o At ¢t =0, we have that Dy = Cj is opposite (in 7 (A)) to C5°. Therefore by
Remark 4.24, the polynomial Ri?%* is a classical R-polynomial, and to prove that
it is equal to X —1, it suffices to check that wey 1s a cover of wy ;. We thus need to
express these two elements. Since C* (Whlch is the opposite of C*, ) and Dy,
both dominate the segment germ s, _(1) the codistance d*(C*,, D; ) =: w lies
in Wy. Explicitly, we therefore have O, = a(—vA, —v), Dy, = a(—vA, +vw)

and D | = sy(g)j0 D51 = a(—vsgA, +vsgw). Since there is no folding after time

t = 0, by the admissibility condition we deduce that D} ; = a(0a, —v@wy ) and

D;L’O = a(04, —vsgwwy o), where wy( is the maximal element of the standard

parabolic subgroup W,. Therefore:

Wy o = VSpwWwy o and wgy = VWW)p- (4.21)

In particular, wgg = Sy(s)Wy ¢, S0 the two elements are comparable in W*. Let us
write vsg = u’uy with u/ € W*. By | , Proposition 3.20.2¢|, a(—v, vu;")
is on a minimal gallery from C*}\ = a(—vA, v) to Cy so, since a(—vA, vw) = Dy |
is the projection of Cy on s, _(1) and u; € W)y, the alcove a(—vA, vu}l) is on
a minimal gallery from C*h to Dy ;. In term of distance, this implies that
l(w) = l(uy) + L(uyw). Recall that for any element r € W*, t € W), we have

Urtwyg) = U(r) + L(twyr) = €(r) + L(wrpo) — £(t). We deduce:

U(weg) = L(v) + L(wyp) — L(w),
Uwio) = L) 4+ L(wyg) — L(ug@) = L(u”) + (w) o) — £(W) + ((uy).

Since ((u”) 4+ l(u;) = {(vsg) = {(v) — 1, we deduce that {(w) = {(wy,) + 1,
so wgy covers wy o and, by Remark 4.24, RZOCO = X — 1. We conclude that
Ry =X —11in this case.

3. Suppose that n = 0 = (\, ), then there are two open paths of type x ending at
Cy, obtained folding along M, gs)[0 at time either 0 or 1. Let ¢ denote the open path
obtained by folding at time 0, and ¢ the one obtained by folding at time 1. Note
that Do) = D, ;. However, Mg contains the segment germ s, (1) and Dy, is
the prOJeCtIOD of Cx on this segment germ, so d* (D, ,,Cy) = d(sgp Dy, Cx) >
d* (D, Cx). Therefore there is no gallery with type a reduced expression of w, ,
from D ; to Cy. Hence Riﬁ%’l = 0 and only the first open path ¢ may have a non-zero
contribution to Ry y.
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Note that ¢ = s,. The computation of Ry is similar to the previous case: T(c) =
{0,1} and we compute that Rl"c L' = 1. At time ¢t = 0, the computation of w, o and

wey 1s slightly different: we are in a specific case of [ , Proposition 3.20.1], so

we have {(sgv~'w) = ((v'w) 4+ 1 (where, recall, y = @ w and x = s,(g)0)y). The
decorating alcove Dy ; dominates s, (1) hence is of the form a(—vA, +vw) for some
w € Wy, and since it is the projection of Cy = a(—vA, w) on this segment germ, any

minimal gallery from an alcove dominating it to Cy goes through Dy ;. Therefore

(™) = £(d7(CL}, Cy)) s

(@) + £(d+ (D3, Cy)). (4.23)

y,b

((d*(CT 5, Dy 1)) +(dT(Dy , Cy)) (4.22)
14

Similarly for s

o since Dy = sy3)0 Dy = a(—vA, vsgw) and by W invariance of
d*, we have

U(sgvw) = L(dT(CH], Cx)) = U(dT(CH, Diy)) + £(d* (Dy, Cx)) (4.24)

x,1»
= ((sgw) + £(d"(Dy ;, Cy)). (4.25)
Hence from ¢(sgv~tw) = (v~ )41 we deduce that (ssw) = ¢(w)+1, or equivalently
that ((sgwwy o) = wyo) — U(spw) = L(wrp) — l(w) — 1 = {(wwyp) — 1. Moreover
D;O = a(0y, —vww, o) and D;O = a(04, —vsaWwWx), SO WY = VWWy o COVEIS W, o =
vsgWwy and we conclude that that Ryy = RS? = X — 1 exactly as in case 2.

. Iftn e {—1,(), 5)+1}, then by Lemma 4.33 the unique Cy,-Hecke ¢ open path of type
x with end alcove Cy verifies T'(¢) = {0, ¢, 1} with ¢y = </\+‘g|v 5 and Rlgoto = X — 1.
Moreover since ¢ and s, agree on [0, ty) and RYS% = 1, we have RlOCO = 1. Tt remains
to verify that R! = 1. Since there is no foldmg at time 1, Rl"c1 = X! where
| is the number of walls crossed away from C=, = a(—vA, —v) (or equivalently,
towards C7f, = a(—vA, +v)) in a given minimal gallery from s,(s)p Dx1 to Cy. Let
po= proj”" (x) € {v(A+ BY),vs5(A + 5Y)} and let T denote the minimal element
such that y = o(u*), so o € WH". Then O = a(—pu,+7) contains the segment
germ s, (1), so a minimal gallery from this alcove to Cyx goes through D,
projs, _(1)(Cx). Therefore, a minimal gallery from sv(g)[n]C’fj to Cy = sy(8)[n)Cx goes
through D} = sy(g)jnjDx,- Moreover, by | , Proposition 3.20.3.d], a minimal
gallery from C*} to Cy goes through s,(g),C,, hence also through s,(g)pn Dy - We
deduce that a minimal gallery from s,(g)n Dy to Cy only crosses walls away from
C*1, hence [ = 0 and Rﬁf@l =1.

Therefore, in these cases aswell Ry, = X — 1, which concludes the proof.

20



Index

Ag, Ay, 24
a(z,ew), 11

plnl, 8

cy,CoL 9
Crt, Ce, 15
Co, 12

Cx, 25

Co, 25

Cny, 12
C2(y), 18, 42
¢ (1), c_(t), 14

d*, 12, 26
&=, dr,d-, 12, 26

5, 80007@, 25

References

[ABOS| Peter Abramenko and Kenneth S. Brown. Buildings, volume 248 of Graduate
Texts in Mathematics. Springer, New York, 2008. Theory and applications.

[BBO5| Anders Bjorner and Francesco Brenti. Combinatorics of Coxeter groups, volume

P, 27

d* 8

pron+, pronH, 8
proj,(a), 14
p(C,s), 26

C_ c_.C
Rg,P(X)7 Rv,wﬂ;’+ (X>? 40
Rx,y, 42
Ry (X), RESNX), 40
r(g), 40

S, 26
S\, 14

58, 7
5p[n]> 8

T(c), 35
t,¢']*, 16
7;8(1.@)’ 25
T, 7,9

U, 22

oM T

W+ 8

Wv. 6

W)u WJ) W)\7 7

00 ...—
wg,t awx,t7 35

wyo, 8
T, 22

Yon 7
Y+ v+ 7

<, 14
++, 9

231 of Graduate Texts in Mathematics. Springer, New York, 2005.

[BGKP14] Alexander Braverman, Howard Garland, David Kazhdan, and Manish Patnaik.
An affine Gindikin-Karpelevich formula. Perspectives in Representation Theory
(Yale University, May 12-17, 2012)(P. Etingof, M. Khovanov, and A. Savage,

eds.), Contemp. Math, 610:43-64, 2014.

[BKP16] Alexander Braverman, David Kazhdan, and Manish M. Patnaik. Iwahori-Hecke

algebras for p-adic loop groups. Invent. Math., 204(2):347-442, 2016.

51



[BPGR16| Nicole Bardy-Panse, Stéphane Gaussent, and Guy Rousseau. Iwahori-Hecke

[BPHR22]

[BPR21]

[BT72]

[ES23]

[GROS]

[GR14]

[Had85]

[H&b20]

|Héeh22]

P24

[IM65)

[KL79]

algebras for Kac-Moody groups over local fields. Pacific J. Math., 285(1):1-61,
2016.

Nicole Bardy-Panse, Auguste Hébert, and Guy Rousseau. Twin masures as-
sociated with Kac-Moody groups over Laurent polynomials. arXiww preprint
arXw:2210.07603, 2022.

Nicole Bardy-Panse and Guy Rousseau. On structure constants of Iwa-
hori-Hecke algebras for Kac-Moody groups. Algebraic  Combinatorics,
4(3):465-490, 2021.

Francois Bruhat and Jacques Tits. Groupes réductifs sur un corps local. Pub-
lications Mathématiques de 'IHES, 41(1):5-251, 1972.

Jens Niklas Eberhardt and Catharina Stroppel. Standard extension algebras I:
Perverse sheaves and Fukaya calculus. 2023.

Stéphane Gaussent and Guy Rousseau. Kac-Moody groups, hovels and Lit-
telmann paths. In Annales de l’institut Fourier, volume 58, pages 2605—2657,
2008.

Stéphane Gaussent and Guy Rousseau. Spherical Hecke algebras for Kac-
Moody groups over local fields. Annals of Mathematics, 180(3):1051-1087,
2014.

Ziad Haddad. A Coxeter group approach to Schubert varieties. In Infinite-
dimensional groups with applications (Berkeley, Calif., 1984), volume 4 of
Math. Sci. Res. Inst. Publ., pages 157-165. Springer, New York, 1985.

Auguste Hébert. A New Axiomatics for Masures. Canad. J. Math., 72(3):732—
773, 2020.

Auguste Hébert. A new axiomatics for masures II. Advances in Geometry,
22(4):513-522, 2022.

Auguste Hébert and Paul Philippe. Quantum roots for Kac-Moody root systems
and finiteness properties of the Kac-Moody affine Bruhat order. arXiv preprint
arXiv:2405.12559, 2024.

N. Iwahori and H. Matsumoto. On some Bruhat decomposition and the struc-
ture of the Hecke rings of p-adic Chevalley groups. Inst. Hautes Etudes Sci.
Publ. Math., (25):5-48, 1965.

David Kazhdan and George Lusztig. Representations of Coxeter groups and
Hecke algebras. Inventiones mathematicae, 53(2):165-184, 1979.

52



[KL80]

[Kum02]

[Mar18|

[MNST22

[MO19]

[Mut18|

[Mut19]

[Pat24]

[Phi23]

[Rém02]

[Ron&9|

[Roull]

[Roul6|

[Roul7|

David Kazhdan and George Lusztig. Schubert varieties and Poincaré duality.
In Geometry of the Laplace operator (Proc. Sympos. Pure Math., Univ. Hawaii,
Honolulu, Hawaii, 1979), volume XXXVI of Proc. Sympos. Pure Math., pages
185-203. Amer. Math. Soc., Providence, RI, 1980.

Shrawan Kumar. Kac-Moody groups, their flag varieties and representation the-
ory, volume 204 of Progress in Mathematics. Birkhduser Boston, Inc., Boston,
MA, 2002.

Timothée Marquis. An introduction to Kac-Moody groups over fields. EMS
Textb. Math. Ziirich: European Mathematical Society (EMS), 2018.

Elizabeth Mili¢evié¢, Yusra Naqvi, Petra Schwer, and Anne Thomas. A gallery
model for affine flag varieties via chimney retractions. Transformation Groups,
2022.

Dinakar Muthiah and Daniel Orr. On the double-affine Bruhat order: the e = 1
conjecture and classification of covers in ADE type. Algebr. Comb., 2(2):197—
216, 2019.

Dinakar Muthiah. On Iwahori-Hecke algebras for p-adic loop groups: double
coset basis and Bruhat order. Amer. J. Math., 140(1):221-244, 2018.

Dinakar Muthiah. Double-affine Kazhdan-Lusztig polynomials via masures.
arXw preprint arXiw:1910.15694, 2019.

Manish M. Patnaik. Local Birkhoff decompositions for loop groups and double
affine R-polynomials (available on manish Patnaik’s website). 2024.

Paul Philippe. Grading of affine Weyl semi-groups of Kac-Moody type. arXiv
preprint arXiv:2306.04514, 2023.

Bertrand Rémy. Groupes de Kac-Moody déployés et presque déployés.
Astérisque, (277):viii+348, 2002.

Mark Ronan. Lectures on buildings, volume 7 of perspectives in mathematics.
Academic Press Inc., Boston, MA, 11:12, 1989.

Guy Rousseau. Masures affines. Pure and Applied Mathematics Quarterly,
7(3):859-921, 2011.

Guy Rousseau. Groupes de Kac-Moody déployés sur un corps local II. Masures
ordonnées. Bull. Soc. Math. France, 144(4):613-692, 2016.

Guy Rousseau. Almost split Kac-Moody groups over ultrametric fields. Groups
Geometry, and Dynamics, 11:891-975, 2017.

23



[Sch22]

[Tit87]

[Wel22]

Petra Schwer. Shadows in the wild - folded galleries and their applications.
Jahresbericht der Deutschen Mathematiker-Vereinigung, 124(1):3-41, 2022.

Jacques Tits. Uniqueness and presentation of Kac-Moody groups over fields.
J. Algebra, 105(2):542-573, 1987.

Amanda Welch. Classification of cocovers in the double affine Bruhat order.
FElectron. J. Comb., 29(4):research paper p4.7, 19, 2022.

o4



	Introduction
	The affine reductive setup
	Affine R-Kazhdan-Lusztig polynomials in the Kac-Moody case

	The standard apartment and the affine Bruhat order
	Definitions and notations
	The affine Bruhat order in the standard apartment

	C-Hecke open paths
	Definition and relation with the affine Bruhat order
	A local characterization of C-Hecke open paths

	Lifts of paths in the masure and application to Kazhdan-Lusztig polynomials
	Kac-Moody groups, masures and twin masures
	Lifts of C-Hecke open paths in a twin masure
	Retractions of open segments
	Counting the lifts of a C-Hecke open path
	Definition and computation of R-Kazhdan-Lusztig polynomials


