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Abstract

In [Mut19], D. Muthiah proposed a strategy to define affine Kazhdan-Lusztig R-
polynomials for Kac-Moody groups. Since then, Bardy-Panse, the first author and
Rousseau have introduced in [BPHR22] the formalism of twin masures and we have
extended combinatorial results from affine root systems to general Kac-Moody root
systems in [HP24]. In this paper, we use these results to explicitly define affine
R-Kazhdan-Lusztig polynomials for Kac-Moody groups. The construction is based
on a path model lifting to twin masures. Conjecturally, these polynomials count the
cardinality of intersections of opposite affine Schubert cells, as in the case of reductive
groups.

1 Introduction

1.1 The affine reductive setup

Reductive groups over Laurent polynomial rings Let G be a split reductive group
scheme with the data of a Borel subgroup B containing a maximal torus T. Let W v =
NG(T)/T be its vectorial Weyl group and Y be its coweight lattice: Y = Hom(Gm,T).
The action of W v on T induces an action of W v on Y and allows to form the semidirect
product W̃ = Y ⋊W v. This group called the extended affine Weyl group of G, appears
naturally in the geometry and the representation theory of G over discretely valued fields or
Laurent polynomial rings. A foundational work in this regard was done by N. Iwahori and
H. Matsumoto in 1965 ([IM65]), when they exhibited a Bruhat decomposition of G(Qp)

indexed by W̃ .
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Let k be a finite field and ϖ be a transcendental element over k. Let G = G(k((ϖ))),
its integral points form the maximal compact subgroup G(k[[ϖ]]) which contains the Iwa-
hori subgroup, defined as I0 = {g ∈ K | g mod ϖ ∈ B(k)}. The affine Weyl group is
identified with the quotient NG(T(k((ϖ))))/T(k[[ϖ]]), and admits lift in G. Then, G ad-
mits a decomposition in I0 double cosets indexed by W̃ , the Iwahori-Matsumoto Bruhat
decomposition:

G =
⊔
x∈W̃

I0xI0.

This decomposition also holds for G(K) when K is any discretely valued field with residue
field k. Actually it was first proven by Iwahori and Matsumoto for G(Qp). The group W̃
is a finite extension of a Coxeter group, it is equipped with a Bruhat order which enables
to describe the homogeneous space G/I0, an infinite-dimensional variety over k referred as
the affine flag variety. We are interested by R-Kazhdan-Lusztig polynomials, which is an
instance of the relation between the structure of G/I0 and the combinatorics of W̃ .

Reductive affine R-Kazhdan-Lusztig polynomials In G = G(k((ϖ))), the Iwahori
group I0 admits an opposite Iwahori subgroup I∞ = {g ∈ G(k[ϖ−1]) | g mod ϖ−1 ∈
B−(k)} where B− is the opposite Borel subgroup to B. Then we have an Iwahori-Birkhoff
decomposition:

G =
⊔
y∈W̃

I∞yI0.

The affine R-Kazhdan-Lusztig polynomials (Rx,y)x,y∈W̃ are combinatorially defined poly-
nomials (see [KL79] or [BB05, §5.3] for a more recent expository) which verify , for all
finite field k:

|I∞yI0 ∩ I0xI0/I0| = Rx,y(|k|). (1.1)

This formula, in its affine form, is implicitly used by D. Kazhdan and G. Lusztig in
[KL80, §5], and was proven by Z. Haddad ([Had85]). A method to describe the combina-
torics of these polynomials, and their appearance in Formula (1.1), is through a gallery
model in the standard apartment of the Bruhat-Tits building associated to G. It is a
particular instance of the techniques used by E. Milićević, Y. Naqvi, P. Schwer and A.
Thomas (see [MNST22], [Sch22] where the authors describe similar subsets of G/I0).

The affine R-polynomials are auxiliary polynomials in order to define the more famous
P -Kazhdan-Lusztig polynomials, which are the cornerstone of Kazhdan-Lusztig theory, but
they also seem to have a representation theoretic interpretation on their own (see [ES23]).

Extension to Kac-Moody groups Replace (G,T) by a general split Kac-Moody group
G with maximal split torus T, as defined by Tits in [Tit87]; its vectorial Weyl group may
now be infinite. Let Y = Hom(Gm,T) be the cocharacter lattice of (G,T) and let Y + is
the set of W v-translates of the dominant elements of Y . When G is reductive Y + = Y but
otherwise Y + is a proper subcone of Y . Set W+ = Y + ⋊W v. The Iwahori-Matsumoto
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decomposition no longer holds on G = G(k((ϖ))) (and neither on G(K) for more general
discretely valued fields K) but it can be replaced by:

G+ =
⊔

ϖλw∈W+

I0ϖ
λwI0,

where G+ is some sub-semi-group of G (see [BKP16, §3.4.2] or [BPGR16, §1.9]). This
weakened Iwahori-Matsumoto decomposition appears in related contexts, for example in
the definition of the Iwahori-Hecke algebra of G(K), when K is a non-Archimedean local
field (see [BGKP14] and [BPGR16]). In this paper, we construct affine R-polynomials in
the Kac-Moody setting, using the theory of masures.

1.2 Affine R-Kazhdan-Lusztig polynomials in the Kac-Moody case

Masures and twin masures Masures are generalizations of Bruhat-Tits buildings adapted
to the study of Kac-Moody groups, introduced by S. Gaussent and G. Rousseau originally
to compute MV-cycles through a path model [GR08]. Let ω be a non-trivial discrete val-
uation on a field K. In order to study G(K), Rousseau (generalizing the construction of
[GR08]) defined a masure Iω = I(G,K, ω) on which G acts (see [Rou16]). When G is
reductive, Iω is the usual Bruhat-Tits building. Let Aω = Y ⊗ R be the standard apart-
ment. When G is a reductive group then W+ is a Coxeter group and Aω is a realization
of the Coxeter complex of W+. Therefore it has a simplicial structure such that W+ acts
transitively on the simplices of maximal dimension, which are called alcoves. When G is
general Kac-Moody, there is no such simplicial structure but one can still define analogs of
alcoves; no longer as simplices but as filters (sets of sets), and W+ acts freely transitively
on the set of (special) alcoves. We have Iω =

⊔
g∈G g.Aω (the dependency on ω is hidden

in the fact that the action of G on Iω depends on ω).
Let us now specify to the case of global function fields: we suppose that K is of the

form k(ϖ), where ϖ is transcendental over k. Let ω⊕ (resp. ω⊖) be the valuation on
K such that ω⊕(k

∗ϖ) = {1} (resp. ω⊖(k
∗ϖ−1) = {1}). Let I⊕ = Iω⊕ and I⊖ = Iω⊖ .

Then one defines the Iwahori subgroups in terms of masures: I0 (resp. I∞) is the fixator
of a particular alcove, named the fundamental alcove C0 (resp. C∞) of A := Aω⊕ (resp.
A⊖ = Aω⊖) in G. We then can see G/I0 as a set of alcoves of I⊕. When G is reductive,
the pair (I⊕, I⊖) forms a twin building: there is a codistance d∗ relating I⊕ and I⊖ (see
[AB08, 5.8]). One can also define a retraction ρC∞ : I⊕ → A centered at C∞: this is
the unique I∞-invariant map whose restriction to A is the identity. We can then recover
d∗ from ρC∞ . In the Kac-Moody case, no equivalent of the codistance is known for the
moment. However, one can define ρC∞ on a subset of I. A difficulty is that the set of
definition of ρC∞ is hard to determine and very few is currently known on this set.

Conjecturally (see [BPHR22, 4.4.1]), this set is large enough and we can use ρC∞ to
compute |I∞yI0∩ I0xI0/I0|. Elements of I∞yI0∩ I0xI0/I0 are in bijection with the alcoves
in ρ−1

C0
(Cx)∩ρ−1

C∞
(Cy). Each of these alcoves defines an open segment (the data of a segment

and an alcove based at its end point) in I⊕ and, when x has finite stabiliser in W v (we say
that it is spherical), we can count them using the path model in A described below.
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Affine Bruhat order on W+ When G is reductive, the extended affine Weyl group
W̃ , which is a finite extension of the affine Weyl group W a, naturally inherits a Bruhat
order ≤ from the Coxeter group structure of W a. This order plays a crucial roles in the
study of Kazhdan-Lusztig polynomials. For example, if x,y ∈ W a, then Rx,y ̸= 0 if and
only if y ≤ x and it is conjectured that Rx,y only depends on the structure of the interval
[y,x] = {z ∈ W̃ | y ≤ z ≤ x}. In the Kac-Moody setting, A. Braverman, D. Kazhdan
and M. Patnaik propose in [BKP16, Appendix B2] a definition of a preorder on W+ which
would replace the Bruhat order of W̃ and they conjecture that it is a partial order. In
[Mut18], D. Muthiah extends the definition of this preorder to any Kac-Moody group G
and proves that it is actually an order. A. Welch proved in [Wel22, Theorem 3] that
the intervals for this order are finite, when G if non-twisted affine of ADE type and we
generalized this result to any Kac-Moody groups in [HP24, Corollary 1.2].

C∞-Hecke open paths and R-Kazhdan-Lusztig polynomials In this paper we in-
troduce C∞-Hecke open paths, they are the piece-wise affine paths which appear as images
of open segments by ρC∞ in the masure I⊕, but they can be defined combinatorially in A
without reference to the masure. Non-open C∞-Hecke paths have already been introduced
by Muthiah ([Mut19] where they are called I∞-Hecke paths) and developed by N. Bardy-
Panse, the first-named author and Rousseau in [BPHR22]. An open path is a non-open
path with the additional data of a decoration, and an ending alcove (see Definition 3.1).
These open paths permit to study G+/I0, whereas non-open paths are suited to the study
of G+/K, where K is fixator of the vertex 0A of the fundamental alcove. In particular any
C∞-Hecke open path has a type x ∈ W+ (which we suppose spherical, that is to say that
x has finite stabilizer in W v) and an end alcove Cy with y ∈ W+; we denote by C∞

x (y) the
set of C∞-Hecke open paths of type x and with end alcove Cy. We start by looking at the
relation between C∞-Hecke open paths and the affine Bruhat order. In particular, using
the finiteness of the intervals, we obtain:

Proposition 1.1. (see Corollary 3.11) Let x,y ∈ W+ with x spherical. Then C∞
x (y) is

finite, and it is empty if y ̸≤ x.

R-Kazhdan-Lusztig polynomials A given C∞-Hecke open path c of spherical type
x ∈ W+ lifts to open segments in I⊕, and we show that the number of these lifts are
obtained by the evaluation at |k| of an integral polynomial Rx,c, independent of the masure,
for which we give an explicit formula in Theorem 4.25. Summing up Rx,c upon all the paths
of C∞

x (y) we are able to define an R-Kazhdan-Lusztig polynomial Rx,y associated to any
pair (x,y) of W+ such that x is spherical. They therefore appear in the following result:

Theorem 1.2. Let x,y ∈ W+ be such that x is spherical. Let Ax,y(I⊕) denote the set of
alcoves C ∈ ρ−1

C0
(Cx) ∩ ρ−1

C∞
(Cy) such that the retraction ρC∞ is defined on the whole open

segment [0A, C] ⊂ I⊕. This is a finite set and:

|Ax,y(I⊕)| = Rx,y(|k|). (1.2)
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By construction |Ax,y(I⊕)| ≤ |I∞yI0 ∩ I0xI0/I0| and upon Conjecture [BPHR22, 4.4.1]
this is an equality. Therefore Formula (1.1) remains conjectural in this context, however
these polynomials already have interesting combinatorial properties related to the affine
Bruhat order on W+. For example, we show that, if x covers y, then Rx,y(X) = X − 1
which is a standard property in the reductive setting.

Note that in the recent preprint [Pat24], M. Patnaik obtains results which might be
related to ours. He proves that when G is affine, in some completion Ĝ of G, a variant of the
left hand side of (1.1) is finite (see [Pat24, 5.2]). He proves an analogue (in his frameworks,
which is slighlty different from ours) of a conjecture in [BPHR22, 4.4.1]. However, he does
not prove polynomiality results. His techniques are very different from ours and do not use
masures. It would be interesting to relate these two works.

Going further In classical Kazhdan-Lusztig theory, R-polynomials are auxiliary tools
to compute the more famous P -Kazhdan-Lusztig polynomials, which play a significant role
in geometric representation theory and representation theory of Lie algebras (see [KL80]).
We would like to define the affine version of these P -polynomials in the general Kac-Moody
setting, this requires that the R-polynomials satisfy an appropriate involutive formula in
which the affine Bruhat length appears (see [Mut19, §1.2.4]).

Organization of the paper In section 2 we introduce the affine Weyl semi-group asso-
ciated to a Kac-Moody root datum, and the affine Bruhat order. We then give a geometric
interpretation of these objects. In section 3, we introduce the notion of C∞-Hecke open
path in the standard apartment. We establish properties of these paths with respect to the
Bruhat order (Proposition 3.10) and use it and the finiteness results on the affine Bruhat
order to prove finiteness results on the set of C∞-open paths (see Corollary 3.11).

We then turn, in section 4, to liftings of C∞-Hecke open paths in the masure, in
order to construct affine R-polynomials. We start by introducing twin masures, and in
subsection 4.2 we explain our strategy to construct affine R-polynomials. We prove in
subsection 4.3 that C∞-friendly open segments retract to C∞-Hecke open paths, and we
give combinatorial formulas to count, for each C∞-Hecke open path of a given type, its
number of lifts in subsection 4.4. We conclude, in subsection 4.5, by defining the affine
Kazhdan-Lusztig R-polynomials, and we compute R-polynomials of covers.

There is an index of notations at the end of the paper.
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2 The standard apartment and the affine Bruhat order

2.1 Definitions and notations

Kac-Moody root systems Let D = (A,X, Y, (αi)i∈I , (α
∨
i )i∈I) be a Kac-Moody root

datum in the sense of [Rém02, §8]. It is a quintuplet such that:

• I is a finite indexing set and A = (aij)(i,j)∈I×I is a generalized Cartan matrix.

• X and Y are two dual free Z-modules of finite rank, we write ⟨, ⟩ the duality bracket.

• (αi)i∈I (resp. (α∨
i )i∈I) is a family of linearly independent elements of X (resp. Y ),

the simple roots (resp. simple coroots).

• For all (i, j) ∈ I2 we have ⟨α∨
i , αj⟩ = aij.

Vectorial Weyl group For every i ∈ I set si ∈ AutZ(X) : x 7→ x − ⟨α∨
i , x⟩αi. The

generated group W v = ⟨si | i ∈ I⟩ is the vectorial Weyl group of the Kac-Moody root
datum. The duality bracket ⟨Y,X⟩ induces a contragredient action of W v on Y , explicitly
si(y) = y − ⟨y, αi⟩α∨

i . By construction the duality bracket is then W v-invariant.
The pair (W v, {si | i ∈ I}) is a Coxeter system, in particular W v has a Bruhat order <

and a length function ℓ compatible with the Bruhat order. The Weyl group W v is infinite
if and only if the matrix A is not of finite type, we will usually work in this setting.
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Real roots Let Φ = W v.{αi | i ∈ I} be the set of real roots of D, it is a, possibly infinite,
root system (see [Kum02, 1.2.2 Definition]). In particular let Φ+ = Φ∩⊕i∈INαi be the set
of positive real roots, then Φ = Φ+ ⊔ −Φ+, we write Φ− = −Φ+ the set of negative roots.

The set Φ∨ = W v.{α∨
i | i ∈ I} is the set of coroots, and its subset Φ∨

+ = Φ∨∩⊕i∈INα∨
i

is the set of positive coroots.
To each root β corresponds a unique coroot β∨: if β = w(αi) then β∨ = w(α∨

i ). This
map β 7→ β∨ is well defined, bijective between Φ and Φ∨ and sends positive roots to positive
coroots. Note that ⟨β∨, β⟩ = 2 for all β ∈ Φ.

Moreover to each root β one associates a reflection sβ ∈ W v: if β = w(±αi) then
sβ := wsiw

−1. It is well-defined, independently of the choices of w and i. Explicitly it is
the map x 7→ x − ⟨β∨, x⟩β. We have sβ = s−β and the map β 7→ sβ forms a bijection
between the set of positive roots and the set {wsiw−1 | (w, i) ∈ W v × I} of reflections of
W v.

Let w ∈ W v. The inversion set of w is the set

Inv(w) := {α ∈ Φ+ | w(α) ∈ Φ−} = {α ∈ Φ+ | wsα < w}.

An element of the vectorial Weyl group is completely determined by its inversion set.

Dominant coweights and Tits cone Elements of Y are called coweights. We say that
a coweight λ ∈ Y is dominant if ⟨λ, αi⟩ ≥ 0 for all i ∈ I, or equivalently if ⟨λ, β⟩ ≥ 0 for all
β ∈ Φ+. The set of dominant coweights is denoted as Y ++ = {λ ∈ Y | ⟨λ, αi⟩ ≥ 0 ∀i ∈ I}.

The orbit of Y ++ by W v is the integral Tits cone, Y + =
⋃

w∈W v

w.Y ++; it is a sub-cone

of Y and it is a proper sub-cone if and only if W v is infinite, if and only if A is not of finite
type (see [Kum02, 1.4.2]).

The set Y ++ is a fundamental domain for the action of W v on Y +, and for any coweight
λ ∈ Y + (resp. λ ∈ −Y +), we denote λ++ to be the unique element of Y ++ (resp. −Y ++)
in its W v-orbit.

Parabolic subgroups and minimal coset representatives Let λ ∈ Y ++ be a dom-
inant coweight. Then the fixator of λ in W v is a standard parabolic subgroup, which we
denote by Wλ. Explicitly, if J = {i ∈ I | ⟨λ, αi⟩ = 0}, then Wλ = WJ := ⟨rj | j ∈ J⟩.

Any class [w] ∈ W v/Wλ admits a unique element of minimal length, and we denote by
W λ the set of coset representatives of minimal length. Therefore w ∈ W λ ⇐⇒ ℓ(w) ≤
ℓ(w̃)∀w̃ ∈ wWλ.

Suppose now that λ ∈ Y + (not necessarily dominant), we denote by vλ the unique
element of minimal length such that λ = vλλ++, it is an element of W λ++ . The element
vλ is determined by: {α ∈ Φ+ | ⟨λ, α⟩ < 0} = Inv((vλ)−1).

The coweight λ also admits a parabolic fixator in W v, which is Wλ = vλWλ++(vλ)−1.
A coweight λ is spherical if its fixator Wλ is finite, and it is regular if Wλ is trivial.

These notions only depend on the dominant part λ++ of λ. We denote by Y +
sph the set

of spherical coweights. Note that a coweight λ is regular and dominant if and only if
⟨λ, αi⟩ > 0 for all i ∈ I.
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For any λ ∈ Y +
sph, we denote by wλ,0 the maximal element of the standard parabolic

subgroup Wλ++ .

Affine Weyl semi-group Through the left action W v ↷ Y we can form the semidirect
product Y ⋊W v, for (λ,w) ∈ Y ⋊W v we denote by ϖλw the corresponding element of
Y ⋊W v. If W v is finite, this semi-direct product is (a finite extension of) a Coxeter group,
hence admits a Bruhat order, a Bruhat length and a set of simple reflections. However
when W v is infinite, it does not have a Coxeter structure, and there is no known analog of
the Bruhat order on it.

By definition, Y + ⊂ Y is stable by the action of W v, therefore we can form W+ =
Y + ⋊ W v which is a sub-semi-group of Y ⋊ W v. This semi-group is called the affine
Weyl semi-group, it is sometimes referred as "the affine Weyl group" in the literature,
even though it is not a group.

Braverman, Kazhdan and Patnaik have defined a preorder on W+ in [BKP16, B.2]
using an affine root system on which Y ⋊W v acts. We now introduce this preorder (which
is, in fact, an order), and in Section 2.2 we give a geometric interpretation, already detailed
in [Phi23].

We denote by projY
+

the projection function W+ → Y + and projY
++

the projection on
the dominant coweight, so if x = ϖλw ∈ W+, then projY

+

(x) = λ and projY
++

(x) = λ++.
We say that an element x ∈ W+ is spherical if its coweight projY

+

(x) is spherical, we
then denote W+

sph = Y +
sph ⋊W v the set of spherical elements in W+.

Affine roots Let Φa = Φ × Z, it is the set of affine roots of D. Let (β, n) ∈ Φa, we
say that (β, n) is positive if n > 0 or (n = 0 and β ∈ Φ+); we write Φa

+ for the set of
positive affine roots. We also have Φa = Φa

+ ⊔ −Φa
+. We can see β = (β, n) ∈ Φa as the

affine form on Y defined by β(λ) = ⟨λ, β⟩+n. Since Y ⋊W v acts by affine transformations
on Y , it also acts on its space of affine forms (by (w · φ)(λ) = φ(w−1λ) for w ∈ Y ⋊W v

and φ ∈ HomAff(Y,Z)), and this action preserves Φa. We therefore have a natural action
of Y ⋊W v on Φa, explicitely given by:

ϖλw.(β, n) = (wβ, n+ ⟨λ,wβ⟩). (2.1)

For any n ∈ Z, its sign is denoted sgn(n) ∈ {−1,+1}, with the convention that sgn(0) =
+1.

For n ∈ Z and β ∈ Φ+, we set:

β[n] = (sgn(n)β, |n|ϖ) ∈ Φa
+ (2.2)

sβ[n] = ϖnβ∨
sβ ∈ Y ⋊W v. (2.3)

If n ̸= 0 we also define β[n] ∈ Φa
+ for β ∈ Φ−, by β[n] = (−β)[−n]. Note that the element

sβ[n] does not belong to W+ in general, but it is an element of order 2 in Y ⋊W v which
fixes β[n]−1({0}), the affine reflection associated to β[n].
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Affine Bruhat order The affine Bruhat order on W+ is the transitive closure of the
relation < defined by, for x ∈ W+ and β[n] ∈ Φa

+: sβ[n]x < x ⇐⇒ x−1(β[n]) /∈ Φa
+. In

some sense this means that β[n] belongs to the inversion set of x−1. Note in particular
that if x−1(β[n]) /∈ Φa

+ and x lies in W+ then sβ[n]x ∈ W+.
Explicitly, if x = ϖλw ∈ W+, then x−1(β[n]) /∈ Φa

+ if and only if |n| < sgn(n)⟨λ, β⟩, or
|n| = sgn(n)⟨λ, β⟩ and sgn(n)w−1β ∈ Φ−.

D. Muthiah (see [Mut18]) has proved that the transitive closure of < is anti-symmetric,
hence it is an order. Moreover, together with D. Orr, they define in [MO19] a Z-valued
length function on W+ strictly compatible with the affine Bruhat order.

2.2 The affine Bruhat order in the standard apartment

There is a strong geometric intuition behind root systems, vectorial Weyl groups and the
vectorial Bruhat order, developed for instance in the context of buildings in [Ron89]. There
is also a geometrical interpretation of the affine Bruhat order on W+ which we develop
in this section, it takes place in the standard apartment A, which is the affine space
underlying Y ⊗ R. More precisely, elements of W+ can be identified with certain local
germs in A, called alcoves, and each positive affine root corresponds to a hyperplane Mβ[n]

separating the set of alcoves in two. For x ∈ W+, β[n] ∈ Φa
+, we have that x < sβ[n]x

if and only if the alcove corresponding to x is on the same side of the wall Mβ[n] as the
fundamental alcove (the alcove corresponding to 1W+). In the reductive setting, we recover
the geometric interpretation of the affine Bruhat order in term of tiling of the standard
apartment. We start by recalling the geometrical interpretation of the standard Bruhat
order of a (vectorial) Weyl group.

2.2.1 The vectorial apartment

We fix a Kac-Moody root datum D = (A,X, Y, (α∨
i )i∈I , (αi)i∈I). Let V = Y ⊗Z R, X

embeds in its dual V ∨ and the vectorial Weyl group W v acts naturally on it. For each root
β ∈ Φ+ let Mβ = {x ∈ V | ⟨x, β⟩ = 0}, it is a hyperplane of V called the vectorial wall
associated to β. We denote M0 = {Mβ | β ∈ Φ+}. The pair (V,M0) is the vectorial
apartment of D.

Inside V we have the fundamental chamber Cv
f = {v ∈ V | ⟨v, αi⟩ > 0,∀i ∈ I} and

the Tits cone T = W v.Cv
f , it is a convex cone. We denote its interior by T̊ , it is the

set of elements with finite stabilizer in W v. Note that Y + = T ∩ Y , Y +
sph = T̊ ∩ Y and

Y ++ = Cv
f ∩ Y . We extend the definition of ++ to T ∪ −T : for x ∈ T (resp. x ∈ −T ),

we denote by x++ the unique element of Cv
f ∩W v.x (resp. −Cv

f ∩W v.x).
A (positive) vectorial chamber is a set of the form w.Cv

f for w ∈ W v. Since Cv
f has

trivial stabiliser in W v, the set of chambers is in natural bijection with W v by w 7→ Cv
w :=

wCv
f . Note that the vectorial chambers are the connected components of T \ (

⋃
β∈Φ+

Mβ).

Moreover, if β = w(αi) with αi a simple root, then Mβ ∩ T contains Cv
w ∩Cv

wsi
, which we
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call the panel of type i of the chamber Cw. We define negative chambers as the opposite of
positive chambers. If Φ is infinite, then positive and negative chambers form two distinct
W v-orbit.

We can put a structure of simplicial complex on T , for which the chambers are the
cells of maximal rank and the panels are the cells of maximal rank within non-chambers.
The walls split the Tits cone in two parts, and separate the set of vectorial chambers in
two: say that Cv

w is on the positive side of Mβ if w−1(β) > 0. In particular since β is a
positive root, the positive side is always the one which contains the fundamental chamber.

Remark 2.1. The condition is on w−1(α) and not w(α) because W v acts on the left on
V and the contragredient action on its dual, which contain the roots, is more naturally a
right action: ⟨w.y, α⟩ = ⟨y, w−1(α)⟩

Then the vectorial Bruhat order can be interpreted by: sβw > w if and only if, when
we split T along Mβ the chambers Cv

w and Cv
f are in the same connected component of

T , that is to say Cv
w is on the positive side of Mβ.

Moreover Inv(w−1) the inversion set of w−1 can be interpreted as the set of walls
separating the chamber Cv

w = w.Cv
f from the fundamental chamber Cv

f .

Figure 2.1: The vectorial apartment for a root datum of with Kac-Moody Matrix(
2 −3
−2 2

)
.

2.2.2 The affine apartment

We now define the affine apartment associated to a Kac-Moody root datum, as it is defined
in [GR14]. Let D = (A,X, Y, (α∨

i )i∈I , (αi)i∈I) be a Kac-Moody root datum and let A be

10



the real affine space associated to V = Y ⊗ R.
To any positive affine root β[n] ∈ Φa

+ corresponds an affine hyperplane Mβ[n], the
affine wall associated to the affine root β[n]. This hyperplane is equal to (β[n])−1({0}) if
we consider β[n] as an affine form on A. Explicitly, we therefore have

Mβ[n] = {x ∈ A | ⟨x, β⟩+ n = 0}. (2.4)

Let Ma = {Mβ[n] | β[n] ∈ Φa
+} be the set of affine walls. Then the affine apartment is

the pair (A,Ma). If n ∈ R \ Z and β ∈ Φ, the affine hyperplane {x ∈ A | ⟨x, β⟩ + n = 0}
is referred as a ghost wall, and is still denoted Mβ[n]. A half-apartment is any region
of A delimited by an affine wall, hence any region of the form {x ∈ A | ⟨x, β⟩+ nR0}, for
R ∈ {<,>,≤,≥}.

The group W v ⋉ Y acts by affine transformations on A, by the formula ϖλw(x) =
−λ+ w(x). This action preserves Ma.

To give an interpretation of the affine Bruhat order, we need to define the affine analog
of vectorial chambers, which are called alcoves. However, when the root system is infinite,
the set of affine walls is not locally discrete, and therefore the connected components of
A \ ∪M∈MaM have empty interior and are not adapted. There are two ways of dealing
with this issue, either by working in the tangent space of A, as it is done in [Phi23], or by
defining affine chambers no longer as sets but as filters of sets, which is better suited for
masure theoretic purposes and therefore is more often done in the literature (see [GR14]).

Filters A filter on a set E is a nonempty set V of nonempty subsets of E such that, for
all subsets S, S ′ of E, if S, S ′ ∈ V then S ∩S ′ ∈ V and, if S ′ ⊂ S, with S ′ ∈ V then S ∈ V .

Let E,E ′ be sets, E ′ ⊂ E and V be a filter on E ′. One says that a set Ω ⊂ E contains
V if there exists Ω′ ∈ V such that Ω′ ⊂ Ω (or equivalently if Ω ∈ V if E = E ′). Let
f : E → E. One says that f fixes V if there exists Ω′ ∈ V such that f fixes Ω′.

A basis for a filter V is a subset B ⊂ V such that V = {S ⊂ E | ∃B ∈ B, B ⊂ S}.
If B is a set of sets closed by finite intersection and not containing the empty set, then
{S ⊂ E | ∃B ∈ B, B ⊂ S} is a filter with basis B.

Alcoves Let ∥.∥ be an arbitrary norm on V , and for any x ∈ A, r ∈ R+ let B(x, r)
denote the open ball of radius r centered at x for ∥.∥. Let x ∈ A, w ∈ W v and ε ∈ {+,−}.
The (closed) alcove based at x and of vectorial direction εCv

w is the filter with basis
{(x + εCv

w) ∩ B(x, r) | r > 0}, it is denoted a(x, εw), ε is its sign. The sector generated
by a(x, εw) is the set x+ εCv

w ⊂ A. When (A,Ma) is discrete (when the Kac-Moody root
system is of finite type), we recover the definition of pointed alcoves: alcoves with a choice
of base-point.

An alcove is well-defined by its base-point and its vectorial direction: if a is an alcove,
then its base-point x is the unique point of A such that ∀U ∈ a, x ∈ U , and its vectorial
direction is the unique vectorial cone of the form εCv

w such that (x+εCv
w)∩U has non-empty

interior for all U ∈ a. We denote by av the direction of an alcove a.

11



The semi-direct product W v⋉Y acts freely on the set of alcoves, through the following
action (induced by its action on A):

ϖλw.a(x, εv) = a(w.x− λ, εwv).

We can therefore identify W+ = Y + ⋊W v, with a subset of alcoves: to any ϖλw ∈ W+,
the associated alcove is a(−λ,+w) = ϖλw.a(0A, 1W v), which we denote Cϖλw.

The map (x, ε, w) 7→ a(x, εw) induces a bijection between the set of alcoves and A ×
{−,+} ×W v. Using this bijection, we equip the set of alcoves with the product topology,
where A is equipped with the usual topology of finite dimensional affine space and {−,+}×
W v is equipped with the discrete topology. Given any point x ∈ A, the set of alcoves based
at x forms the tangent fundamental apartment at x, which has a particular combinatorial
structure described below.

Tangent apartment at a point Let x ∈ A and ε ∈ {+,−}. Denote by T ε
x (A) the set of

alcoves of sign ε based at x. We define a W v-valued distance function dε : T ε
x (A⊕) → W v:

if a1, a2 ∈ T ε
x (A), there exist unique elements w1, w2 ∈ W v such that a1 = a(x, εw1) and

a2 = a(x, εw2). Then we set:
dε(a1, a2) = w−1

1 w2. (2.5)

We also define a codistance function: d∗ : T +
x (A⊕)×T −

x (A⊕)∪T −
x (A⊕)×T +

x (A⊕) → W v:
If (a+, a−) ∈ T +

x (A⊕) × T −
x (A⊕), similarly there exist w+, w− ∈ W v such that a+ =

a(x,+w+) and a− = a(x,−w−). Then set d∗(a+, a−) = w−1
+ w− and

d∗(a−, a+) = w−1
− w+ = d∗(a+, a−)

−1. (2.6)

We say that a−, a+ are opposite if d∗(a−, a+) = 1W v . We call (T ±
x (A), d±, d∗) the stan-

dard tangent apartment at x. In building theoretic terms, it is a twin apartment (or
twin thin building) of type (W v, S).

Geometric interpretation of the affine Bruhat order Mirroring the classical situa-
tion, C0 = a(0A,+1W v) is called the fundamental alcove and W+ acts on {Cx | x ∈ W+}
simply transitively. Affine walls (and ghost walls) separate naturally the set of alcoves in
two and we call the side containing C0 the positive side. Note that an affine root (β, n)
is positive if and only if β(C0) + n ⊂ R+, therefore the positive side of an affine wall
corresponds to the associated positive root. Let β ∈ Φ, n ∈ Z and ϖλw ∈ W+.

• If n ̸= 0 and −λ /∈ Mβ[n], then Cϖλw is on the positive side of Mβ[n] if and only
if −λ is in the same connected component of A \ Mβ[n] than 0A, that is to say
|n| − sgn(n)⟨λ, β⟩ > 0.

• If n > 0 (resp. n < 0) and −λ ∈ Mβ[n], it is on the positive side if and only if Cv
w is

on the positive side (resp. negative side) of Mβ, that is to say sgn(n)w−1(β) > 0.

• If n = 0 and −λ /∈ Mβ[0] then Cϖλw is on the positive side of the wall if and only if
⟨λ, β⟩ < 0 hence on the side of Cv

f .
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• If n = 0 and −λ ∈ Mβ[0], then Cϖλw is on the positive side of the wall if and only if
Cv

w is on the positive side of Mβ, that is to say w−1(β) > 0, hence on the side of C0.

Then the W+-Bruhat order can be interpreted by: sβ[n]ϖλw > ϖλw if and only if Cϖλw

is on the positive side of Mβ[n].

Remark 2.2. Another possible choice of embedding would be to identify ϖλw to the alcove
a(λ,−w) and define Mβ[n] as {x | ⟨x, β⟩ = n} but either way, the vectorial direction of the
alcove needs to be of opposite sign of its base-point. Our choice is motivated by the choices
made in [BPHR22].

Figure 2.2: The affine apartment for a root datum with Kac-Moody Matrix
(

2 −3
−2 2

)
.

2.2.3 Segments, paths, segment germs

We end this preliminary section by formally introducing segments, paths and segment
germs in the standard apartment. We also define projections of alcoves on points and on
segment germs, the projections will play an important computational role.

By segment in A, we mean an affine map s : [tin, tf ] 7→ A where tin < tf are real
numbers.

A path in A is a piece-wise affine map [tin, tf ] 7→ A, with tin < tf ∈ R . That is to
say, it is a continuous map c : [tin, tf ] 7→ A such that there exists a finite number of times
t0 = tin < t1 < · · · < tn = tf , and segments (sk)k∈J1,nK such that, for each k ∈ J1, nK,
Dom(sk) = [tk−1, tk] (where Dom denotes the domain of a map) and c(t) = sk(t) for all
t ∈ [tk−1, tk]. We identify two paths c, c′ if Im(c) = Im(c′) and c−1◦c′ has positive derivative.
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Therefore we may always assume that the domain of a path (and in particular of a segment)
is [0, 1].

Definition 2.3 (Segment germs). For t ∈ [0, 1), (resp. t ∈ [0, 1), resp. t ∈ (0, 1)) let
[t, t+) (resp. (t−, t], resp. (t−, t+)) be the filter of [0, 1] with basis {[t, t+ ε) | ε > 0} (resp.
{(t− ε, t] | ε > 0}, resp. {(t− ε, t + ε) | ε > 0}). Filters of this form and their images in
A by affine maps from R to A are called segment germs.

In particular, for any path c : [0, 1] 7→ A, we denote by c+(t) the segment germ c+(t) :=
c([t, t+)) and by c−(t) the segment germ c−(t) := c((t−, t]). So c+(t) is the filter of A with
basis {c([t, t + ε)) | ε > 0}. Note that, by definition of the derivative and since c is piece-
wise affine, c+(t) = c(t) + [0, 0+)c′+(t) and c−(t) = c(t) + (0−, 0]c′−(t) where c′+(t) (resp.
c′−(t)) denotes the right (resp. left) derivative of c at t. The derivatives c′+(t) and c′−(t)
depend on the choice of parametrization, but the filters c+(t), c−(t) do not.

Definition 2.4 (λ-paths). Let λ ∈ A. A λ-path is a piecewise affine map c : [0, 1] → A
such that for all t ∈ (0, 1), we have c′±(t) ∈ W v.λ. In particular, the path sλ : t 7→ −tλ is
a −λ-path which we call the standard segment of type λ.

Projection on points and on segment germs For x, y ∈ A, we write x ≤ y if
y − x ∈ T . Since T is a convex cone, it is a preorder on A, called the Tits preorder.

Let x, y ∈ A be such that x ≤ y (resp. y ≤ x) and a ∈ T ±
y (A) be an alcove based at

y. Then the projection of a at x, denoted projx(a) ∈ T +
x (A) (resp. projx(a) ∈ T −

x (A)),
is the unique alcove based at x which contains a in its sector, it should be thought of as
"the closest alcove based at x from a" (see [BPR21, §2.1] for a proof of uniqueness).

Suppose that s is a path in A and t ∈ [0, 1] is such that s(t) =: x and s′−(t) ∈ ∓T̊ .
Then the segment germ s−(t) = x + (0−, 0]s′−(t) is contained in finitely many alcoves of
T ±
x (A), and the projection of a on s−(t) is the unique alcove projs−(t)(a) containing s−(t)

which minimizes the distance to the point projection projx(a). Similarly, if s′+(t) ∈ ∓T̊
then s+(t) is contained in a finite number of alcoves of T ∓

x (I⊕), and we define projs+(t)(a)
as the unique alcove containing s+(t) which maximizes the codistance to projx(a). Again
projsε(t)(a) should be thought of as "the closest alcove from a containing sε(t)".

Lemma 2.5. Let s : [t0, t1] → A be a segment, where t0, t1 ∈ R. Let C be an alcove based
at s(t1). Let D be a half-apartment containing s(t0) and C. Then D contains projs+(t0)(C).

Proof. Let β = (β, n) ∈ Φa be such that D = {x ∈ A | β(x) ≥ 0}. Set M = β−1({0}).
If M ⊃ [s(t0), s(t1)], then D ⊃ prisms+(t0)(C), where prism is defined in [BPR21, 2.1.2].
Then by [BPR21, Lemma 2.1], D contains projs+(t0)(C).

Assume now that M ̸⊃ [s(t0), s(t1)]. Ifβ(s(t0)) > 0, then β(C ′) > 0 for any alcove C ′

based at s(t0) and in particular projs+(t0)(C) ⊂ D. Assume β(s(t0)) = 0. Then β(s(t1) −
s(t0)) > 0. Write projs+(t0)(C) = a(s(t0), εv), with ε ∈ {−,+} and v ∈ W v. We have
β(εv.Cv

f ) ∈ {R>0,R<0} and as εv.Cv
f ⊃ s(t1) − s(t0), we have β(εv.Cv

f ) = R>0. Therefore
β(s(t0) + εv.Cv

f ) = R>0, hence β(projs+(t0)(C)) ⊂ β(s(t0) + εv.Cv
f ) = R≥0 and the lemma

follows.
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Lemma 2.6. Let λ ∈ T̊ , let t1 < t2 ∈ R and let s : [t1, t2] 7→ A be a segment such that
s′+(t1) = ±λ. Let u ∈ W v and suppose that a = a(s(t1),±u) dominates s+(t1). Then
projs−(t2)(a) = a(s(t2),∓uwλ,0), where wλ,0 is the maximal element of the finite standard
parabolic subgroup Wλ++.

Proof. By definition of the projection, projs−(t2)(a) is the unique alcove ã dominating s−(t2)
and such that there is no wall containing s−(t2) and separating ã from a.

With the notation of the lemma, let ε ∈ {+,−} be such that s′η(t) = ελ for all (t, η) ∈
[t1, t2]

±. Since a = a(s(t1), εu) dominates s+(t), λ = uλ++ and Wλ = uWλ++u−1. Therefore
alcoves dominating s−(t2) are the alcoves in the set

{a(s(t2),−εuw) | w ∈ Wλ++} = {a(s(t2),−εw̃u | w̃ ∈ Wλ}.

Any wall M separating two such alcoves needs to contain the segment germ s−(t2) and
since s is affine on [t1, t2], it also contains s+(t1). Therefore the half-apartment delimited
by M and containing a = a(s(t1), εu) also contains a(s(t2), εu). Suppose that w ∈ Wλ++

is such that there exists a root β ∈ Φ+ with ⟨λ++, β⟩ = 0 and sβw > w, and let M denote
the wall of direction u(β) going through s(t2). Since ⟨λ, u(β)⟩ = ⟨λ++, β⟩ = 0, M contains
s−(t2). Let x denote any point of the vectorial chamber Cv

w. Then sβw > w ⇐⇒ ⟨x, β⟩ >
0 ⇐⇒ ⟨u(x), u(β)⟩ > 0. Moreover, by definition −Cv

u = −u.Cv
f = {y ∈ V | ⟨y, u(α)⟩ <

0∀α ∈ Φ+}. Therefore the vectorial wall of direction u(β) separates −Cv
u from uCv

w = Cv
uw

if and only if sβw > w. By the definition of the projection, we deduce that, if we write
projs−(t2)(a) = a(s(t2),−εuw) then sβw < w for any root β ∈ Φ+ such that ⟨λ++, β⟩ = 0.
Hence w needs to be maximal in Wλ++ , that is to say w = wλ,0.

Lemma 2.7. Let λ ∈ T̊ , let tin, tf ∈ R and let s : [tin, tf ] 7→ A be a segment with direction
s′+(tin) = ±λ. Then for any tin ≤ t1 < t2 < t3 ≤ tf , and any two alcoves a1, a2 respectively
dominating s+(t1) and s+(t2) we have projs−(t3)(a1) = projs−(t2)(a2) if and only if a1 and
a2 have the same direction.

Proof. Let ε ∈ {+,−} be such that s′+(tin) = ελ. For i ∈ {1, 2}, let ui ∈ W v be such
that ai = a(s(ti), εui). The alcoves a1 and a2 have same direction if and only if u1 = u2.
Moreover, by Lemma 2.6, projs−(t3)(a1) = projs−(t3)(a2) ⇐⇒ u1wλ,0 = u2wλ,0 ⇐⇒ u1 =
u2 which proves the result.

Local fundamental chamber For x ∈ −T , let C++
x := projx(C0) be the projection

of the fundamental alcove C0 at x, the unique alcove which contains C0 in its sector. By
[BPHR22, §5.1], it is also the unique alcove which is on the positive side of every wall
(including ghost walls) which go through x. We also define C∞

x as the opposite alcove of
C++

x based at x.

Lemma 2.8. Let x ∈ −T , write x = −vxx++ with vx ∈ W v of minimal length and
x++ ∈ Cv

f . Then C++
x is the alcove a(x,+vx), and C∞

x = a(x,−vx).
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Proof. Note that 0A = x+vxx++ ∈ x+Cv
vx , so it lies in the sector of a(x,+vx). Assume by

contradiction that there is an affine or ghost wallMβ[n] containing x and such that a(x,+vx)
lies on the negative side of Mβ[n]. Since 0A ∈ C0∩ (x+Cv

vx), the wall Mβ[n] necessarily goes
through 0A, so n = 0 and sβx = x. Then sβ[0].a(x,+vx) = a(x,+sβv

x) lies on the positive
side of the wall Mβ[0]. By definition of the affine Bruhat order, this implies that sβ.vx < vx,
which, since sβvxx++ = −x, contradicts minimality of vx. By uniqueness of the projection
we conclude that C++

x = a(x,+vx), and since C∞
x is its opposite, C∞

x = a(x,−vx).

The alcove C++
x can be considered as the local fundamental chamber at x: by definition

an alcove based at x and of direction Cv, is on the positive side of Mβ[n] if and only if Cv

is on the same side of the (affine or ghost) wall Mβ as Cv
vx (which is the direction of C++

x ).

3 C∞-Hecke open paths
The goal of this section is to introduce C∞-Hecke open paths, which are generalized
piece-wise affine segments in an affine space satisfying combinatorial properties related
to the affine Bruhat order; they are slight variants of the C∞-Hecke paths introduced
by Muthiah ([Mut19]) and further studied by Bardy-Panse, the first-named author and
Rousseau ([BPHR22]).

3.1 Definition and relation with the affine Bruhat order

For any t, t′ ∈ R such that t < t′, we denote by [t, t′]± the set [t, t′]± :=
(
[t, t′) × {+}

)
⊔(

(t, t′]× {−}
)
.

Definition 3.1 (Open paths). An open path is a tuple c := (c, D, c(1)) where:

1. c : [0, 1] → A is a −λ-path, for some spherical λ ∈ T̊ ,

2. D is the data, for each (t, ε) ∈ [0, 1]±, of an alcove Dε
t based at c(t) and dominating

cε(t),

3. c(1) is an alcove based at the endpoint c(1) of c.

We respectively call c, D and c(1) the underlying path, the decoration and the end
alcove of c.

Moreover, we say that it is admissible if, for any t0 < t1 ∈ [0, 1] such that c is affine
on [t0, t1], we have that, for all t ∈ (t0, t1),

D−
t = projc−(t)(D

+
t0
) andD+

t = projc+(t)(D
−
t1
). (3.1)

This is equivalent to requiring that for all (t, ε), (t′, ε′) ∈ [t0, t1]
±, we have

Dε
t = projcε(t)(D

ε′

t′ ). (3.2)
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Remark 3.2. Suppose that c is an open path whose non-open component is a −λ-path
for λ regular, that is to say Wλ = 1. Then there is a unique alcove dominating cε(t) for
(t, ε) ∈ [0, 1]±, so the decoration is uniquely determined from the data of the non-open
component c.

Lemma 3.3. Let λ ∈ T̊ , let wλ,0 denote the maximal element of the finite standard
parabolic subgroup Wλ++. Let c = (c, D, c(1)) be an open path such that c is a −λ-path. Let
0 ≤ t1 < t2 < t3 ≤ 1 and suppose that the admissibility condition is satisfied on [t1, t2] and
[t2, t3]. Then the admissibility condition is satisfied on [t1, t3] if and only if:

c′+(t2) ̸= c′−(t2) or d∗(D−
t2
, D+

t2
) = wλ,0. (3.3)

Proof. Let c be an open path as in the lemma.
If c′+(t2) ̸= c′−(t2) then, for any t̃1 < t̃2 ∈ [t1, t3], if c is affine on [t̃1, t̃2] then either

t̃1 ≥ t2, either t̃2 ≤ t2, so it is clear that the admissibility condition is satisfied on [t1, t3].
Suppose that c′+(t2) = c′−(t2), then let [t̃1, t̃2] ⊂ [t1, t3] be the maximal interval containing
t2 on which c is affine. Since the admissibility condition is satisfied on [t1, t2] and [t2, t3] it
is also satisfied on [t1, t̃1] and [t̃2, t3]. Therefore as c′ varies on t̃1 and on t̃2 it is satisfied
on [t1, t3] if and only if it is satisfied on [t̃1, t̃2]. By Lemma 2.7, the admissibility condition
for [t̃1, t2] and [t2, t̃2] implies that D+ (resp. D−) has constant direction on [t̃1, t2) and on
[t2, t̃2) (resp. on (t̃1, t2] and on (t2, t̃2]), therefore the decoration is admissible on [t̃1, t̃2]
if and only if D+

t2 and D+

t̃1
have same direction (if and only if D−

t2 = projc−(t2)(D
+

t̃1
) and

D−
t̃2

= projc−(t̃2)
(D+

t2) have same direction). Let u ∈ W v be such that D+

t̃1
= a(c(t̃1),−u)

then D+
t2 and D+

t̃1
have same direction if and only if D+

t2 = a(c(t2),−u). Moreover by
Lemma 2.6 D−

t2 = a(c(t2), uwλ,0), we deduce that D+
t2 and D+

t̃1
have same direction if and

only if d∗(D−
t2 , D

+
t2) = wλ,0, which concludes the proof.

Remark 3.4. Let c = (c, D, c(1)) be an admissible open path, let λ be such that c is a
−λ-path and recall that wλ,0 denotes the maximal element of Wλ++. Set E = {t ∈ (0, 1) |
c′+(t) ̸= c′−(t)}. Write E = {t1, . . . , tn}, with 0 < t1 < . . . < tn < tn+1 = 1. From
Lemma 3.3, we deduce that the decoration D is completely determined by the choice, for
each i ∈ J1, n+ 1K of a vectorial chamber Cv

i dominating c′−(ti), as follows:
For each i ∈ J1, n+1K let ui ∈ W v be the element such that Cv

i = ui.C
v
f . The decoration

D associated to (Cv
1 , . . . , C

v
n+1) is then given by D−

t = a(c(t), ui) = germc(t)(c(t)+C
v
i ) (resp.

D+
t = a(c(t),−uiwλ,0)) for t ∈ (ti−1, ti] (resp. t ∈ [ti−1, ti)) and i ∈ J1, n+ 1K.
In particular, if the non-open component c is a segment then it suffices to choose D−

1 ,
and there is a canonical choice given by the end alcove c(1), which motivates the following
definition.

Definition 3.5 (Open segments). Let x = ϖλw ∈ W+
sph be any spherical element. The

open segment sx = (sλ, Dx, Cx) is the unique admissible open path with underlying path
sλ : t 7→ −tλ, with end alcove sx(1) = Cx and such that D−

x,1 = projsλ,−(1)(Cx).
Explicitly, the decoration Dx is given by Dε

x,t = projsλ,ε(t)(Cx) for any (t, ε) ∈ [0, 1]±.
An open segment is an element of the form sx, for some x ∈ W+

sph.
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Open paths can be folded along affine walls, through the following process. C∞-Hecke
open paths are then obtained from open segments through successive foldings satisfying a
positivity condition (see 3.8).

Definition 3.6 (Folding of an open path). Let c = (c, D, c(1)) be an open path, t0 ∈ [0, 1]
be a time and β[n] ∈ Φa

+ be such that c(t0) ∈ Mβ[n]. The folding of c along Mβ[n] is the
open path φt0,β[n](c) = (φt0,β[n](c), φt0,β[n](D), φt0,β[n](c)(1)) defined by:

1. φt0,β[n](c)(t) =

{
c(t) if t < t0

sβ[n]c(t) if t ≥ t0
,

2. φt0,β[n](D)εt =

{
Dε

t if t < t0 or (t, ε) = (t0,−)

sβ[n]D
ε
t if t > t0 or (t, ε) = (t0,+)

,

3. φt0,β[n](c)(1) = sβ[n]c(1).

Note in particular that a folding at time t0 = 1 only affects the end alcove. We may
also fold decorated paths, in a similar fashion.

For t0 < 1 (resp. t0 = 1), we say that the folding is positive (or C∞-centrifuged) if
D+

t0 (resp. c(1)) is on the negative side of the wall Mβ[n]. That is to say, if it is on the side
not containing C0 or equivalently if it is on the side containing C∞

c(t0)
.

Remark 3.7. Note that the folding of an admissible open path need not be admissible (if
the folding is done at a time t0 such that c+(t0) ⊂Mβ[n]).

We may now define C∞-Hecke open paths, which are particular open paths obtained
trough successive positive foldings.

Definition 3.8 (C∞-Hecke open paths). Let x = ϖλw ∈ W+ be any spherical element,
a C∞-Hecke open path of type x is an admissible open path c for which there exists a
sequence ((ti, βi[ni]))i∈J0,rK such that:

1. The sequence (ti)i∈J0,rK is a non-decreasing sequence in [0, 1].

2. For any i ∈ J0, rK, we have sβi−1[ni−1] . . . sβ0[n0](−tiλ) ∈Mβi[ni].

3. The open path c is obtained through successive positive foldings from the open segment
sx:

c = φtr,βr[nr] ◦ · · · ◦ φt0,β0[n0](sx). (3.4)

If c is a C∞-Hecke open path, any such sequence ((ti, βi[ni]))i∈J0,rK is called a folding data
for c. Note that, by condition 2, the integers (ni)i∈J0,rK are completely determined from
(ti, βi)i∈J0,rK, hence we might drop them from our notation.

Given any spherical element x ∈ W+ and any element y ∈ W+, we let C∞
x (y) denote

the set of C∞-Hecke open paths of type x and with end alcove Cy.
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Figure 3.1: A C∞-Hecke open path of type ϖλs1s2 and end alcove Cϖν .

On figure 3.1 we give an example of a C∞-Hecke open path c of type ϖλs1s2, indicating
its non-open component c and its end alcove c(1). Note that λ is regular, so the decoration
needs not be precised. We have highlighted in orange two walls which correspond to the
folding data (α1[1], α2[7]) for c.

Remark 3.9. To a given type x ∈ W+ and a given folding data ((ti, βi[ni]))i∈J0,rK, there is
at most one associated C∞-Hecke open path. However, the converse is not true: a given
admissible open path c may simultaneously be a C∞-Hecke open path of different types. For
instance, if λ ∈ Y ++ and β ∈ Φ+ are such that ⟨λ, β⟩ ≠ 0, then ssβϖλ is a C∞-Hecke open
path of type sβϖλ = ϖsβλsβ (with trivial folding data) and of type ϖλ (with folding data
((0, β))).

The positivity condition satisfied by C∞-Hecke open paths relates them with the affine
Bruhat order, as detailed in Proposition 3.10 below.

Proposition 3.10. Let c = (c, D, c(1)) be a C∞-Hecke open path of type x = ϖλw with
folding data ((ti, βi[ni]))i∈J0,rK. Then, the following properties hold:

1. The end alcove c(1) is a special alcove: there exists y ∈ W+ such that c(1) = Cy.

2. We have a chain for the affine Bruhat order:

y = sβr[nr] . . . sβ0[n0]x < · · · < sβ0[n0]x < x. (3.5)

3. The restriction c|[tr,1] is a segment, and for all (t, ε) ∈ [tr, 1]
±, we have Dε

t =
projcε(t)(c(1)).
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Proof. For this proof only, we call C∞-Hecke open paths the open paths which are not
necessarily admissible, but which are obtained through positive folding from open segments
as in Definition 3.8; the difference is that the direction of the decoration can vary at a point
where the path does not fold (but it still only varies at finitely many points). We prove
these three points by induction on r. If r = −1 then c is the open segment sx, and c(1) = Cx

by definition, in particular it is a special alcove.
Suppose that points 1-2-3 hold for C∞-Hecke open paths with folding data of length r−

1 ≥ −1 and let c be a C∞-Hecke open path of type x with a folding data
(
(tk, βk[nk])

)
k∈J0,rK.

Then c0 := φtr−1,βr−1[nr−1]◦· · ·◦φt0,β0[n0](sx) is a C∞-Hecke open path of type x and with
a folding data of length r − 1, so for which the result stands. Moreover c = φtr,βr[nr](c0)
and this folding needs to be positive. Note that c(1) = sβr[nr]c0(1), therefore since c0(1) is
a special alcove, so is c(1), which proves 1.

Moreover setting c0(1) = Cy0 and c(1) = Cy, we have y = sβr[nr]y0 and by iteration,
to prove 2. it suffices to check that sβr[nr]y0 < y0. By the geometric interpretation of
the affine Bruhat order, this is verified if and only if y0 is on the negative side of Mβr[nr].
Suppose first that tr = 1. Then since the folding is positive this is verified, so y < y0,
and point 3. is trivially verified in this case. Suppose now that tr < 1. Then since the
folding is positive, we know that D+

c0,tr is on the negative side of Mβr[nr]. By point 3. and
Lemma 2.5, D+

c0,tr and c0(1) are on the same side of this wall, hence y < y0. Finally,
point 3. for c is a consequence of point 3. for c0: for (t, ε) ∈ [tr, 1]

±, Dε
t = sβr[nr]D

ε
c0,t

=
sβr[nr]projc0,ε(t)(c0(1)) = projcε(t)(c(1)).

Using [HP24, Corollary 3.4], we deduce:

Corollary 3.11. Let x and y be two elements of W+, with x spherical. The set C∞
x (y) is

finite, and if it is non-empty, then y ≤ x.

This is a variant of [Mut19, Theorem 5.54] which extends, by [HP24, Corollary 3.4],
from the untwisted affine ADE case to the general Kac-Moody case.

3.2 A local characterization of C∞-Hecke open paths

In this subsection, we give a local characterization of C∞-Hecke open paths. That is to
say, in order to check whether an open path is a C∞-Hecke open path, we may only look
locally at the points on which the path folds, see Lemma 3.14.

Definition 3.12. Let a ∈ A and C, C̃ be two alcoves based at a. A (C∞
a ,W

v
a )-chain from

C to C̃ is a finite sequence C(0) = C, . . . , C(r) = C̃ of alcoves of A based at a such that
there exist β1, . . . , βr ∈ Φ such that for all i ∈ J1, rK, if ni = −⟨a, βi⟩, we have:

(i) sβi[ni](C
(i−1)) = C(i),

(ii) βi[ni](C
(i−1)) and βi[ni](Ca) have opposite signs,
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(iii) ni ∈ Z.

Then (β1[n1], . . . , βr[nr]) (or simply (β1, . . . , βr)) is called a chain data from C to C̃.

Remark 3.13. In [BPHR22, 5], (C∞
a ,W

v
a )-chains are sequences of vectors instead of se-

quences of alcoves. It is easy to pass from chains of alcoves to chains of vectors. Indeed,
let C(0), . . . , C(r) be a (C∞

a ,W
v
a )-chain. Let Cv

0 , . . . , C
v
r be the directions of these alcoves,

let ξ ∈ Cv
f and for i ∈ J1, rK, denote by ξi the element of W v.ξ ∩ Cv

i . Then if (ξ′i)i∈J0,r′K is
obtained from (ξi)i∈J0,rK by keeping only one vector from each sequence ξi, ξi+1, . . . of con-
stant vectors, (ξ′i) is a (C∞

a ,W
v
a )-chain. It is also easy to pass from a sequence of vectors

to a sequence of alcoves.

Lemma 3.14. Let c = (c, D, c(1)) be an admissible open path. Let x ∈ W+
sph, we assume

that c is a (−λ)-path for λ = projY
+

(x).
Let c̃(1) denote the unique alcove in T +

c(1)(A) such that d+(D−
1 , c̃(1)) = d+(D−

x,1, Cx)

(recall that Dx denotes the decoration on the open segment sx). Let t0, . . . , tn+1 ∈ [0, 1] be
such that 0 = t0 < t1 < . . . < tn+1 = 1 and such that {ti | i ∈ J1, nK} = {t ∈ (0, 1) | c′−(t) ̸=
c′+(t)}. Then c is a C∞-Hecke open path if and only if:

1. for every i ∈ J1, nK, there exists a (C∞
c(ti)

,W v
c(ti)

)-chain from D+
ti to limt→t−i

D+
t .

2. there exists a (C∞
c(1),W

v
c(1))-chain from c(1) to c̃(1).

Proof. Let c be an admissible open path satisfying 1. and 2. We prove that c is a C∞-Hecke
open path by induction on n(c) = n := |{t ∈ (0, 1) | c′−(t) ̸= c′+(t)}|. Let (γ1[p1], . . . , γu[pu])
be a chain data from c(1) to c̃(1). Let c̃ = (c, D, c̃(1)). Then we have

c = φ1,γ1[p1] ◦ . . . ◦ φ1,γu[pu](̃c), (3.6)

and c̃ satisfies 1. and
d+(D−

1 , c̃(1)) = d+(D−
x,1, Cx) (3.7)

Note that equality (3.7) is invariant under applying foldings at times t < 1 to c̃. Moreover
the foldings involved in (3.6) are positive, by definition of a chain data.

Assume that n > 0. Let t∗ = max{t ∈ (0, 1) | c′+(t) ̸= c′−(t)}. Let (β1[m1], . . . , βr[mr])
be a chain data from D+

t∗ to limt→t−∗
D+

t . Then we have limt→t−∗
D+

t = sβr[mr] ◦ . . . ◦
sβ1[m1](D

+
t∗). Let ĉ = φt∗,βr[mr] ◦ . . . ◦ φt∗,β1[m1](̃c). Write ĉ = (ĉ, D̂, ĉ(1)). Then we have:

D̂+
t∗ = sβr[mr] ◦ . . . ◦ sβ1[m1](D

+
t∗)

= sβr[mr] ◦ . . . ◦ sβ1[m1] ◦ sβ1[m1] ◦ . . . ◦ sβr[mr]( lim
t→t−∗

D+
t ) = lim

t→t−∗

D+
t = lim

t→t−∗

D̂+
t .

Let ε > 0 be such that ĉ is affine on [t∗ − ε, t∗]. By the admissibility condition, the
direction of D+

t does not depend on t ∈ [t∗ − ε, t∗). Denote by Cv this direction. Then
for t ∈ [t∗ − ε, t∗), we have (ĉ)′+(t) = µ, where µ is the unique element of W v.(−λ) ∩ Cv.
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But (ĉ)′+(t∗) is the unique element of Cv ∩W v.(−λ) (since Cv is also the direction of D̂+
t∗).

Therefore ĉ does not fold at t∗ and n(ĉ) = n(c)−1. As max{t ∈ (0, 1) | (ĉ)′+(t) ̸= (ĉ)′−(t)} <
t∗ (if the set of foldings of ĉ is non-empty) and as ĉ satisfies (3.7) (with ˜ replaced by )̂,
we obtain c inductively by successive positive foldings of a path d satisfying n(d) = 0 and
(3.7) with c̃ replaced by d. Since d is admissible, has underlying non-open path sλ and
satisfies (3.7), we have d = sx and therefore c is a C∞-Hecke open path of type x.

Conversely, let c be a C∞-Hecke open path of type x ∈ W+
sph, and let c̃(1) be as defined

in the statement. Write c = φtr,βr[mr] ◦ . . . ◦ φt0,β0[m0](sx), where ((ti, βi[mi]))i∈J0,rK is a
folding data for c and assume that r > 0. Let E = {t ∈ [0, 1] | ∃i ∈ J0, rK, ti = t}. Let
t∗ ∈ E. Set J = {i ∈ J0, rK | ti = t∗}. Then J is an integers interval. Let r′ = |J | − 1
and r1 = min(J). If t∗ < 1 (resp. t∗ = 1), set C(0) = D+

t∗ (resp. C(0) = c̃(1)) and
define inductively (C(i))i∈J1,r′K by C(i) = sβr′+r1−1−i[mr′+r1−1−i]

(C(i−1)), for i ∈ J1, r′K. Then
(C(i))i∈J1,r′K is a (C∞

c(t∗)
,W v

c(t∗)
)-chain from D+

t∗ to limt→t−∗
D+

t (resp. c(1) to c̃(1)), which
proves the lemma.

4 Lifts of paths in the masure and application to Kazhdan-
Lusztig polynomials

The motivation for the introduction of C∞-Hecke open paths is that they appear as images
by certain retractions of open segments in a masure, an analog of the Bruhat-Tits building
for Kac-Moody groups. We introduce Kac-Moody groups, masures and twin masures in
the first subsection. Each C∞-Hecke open path can thus be lifted, in any masure built upon
A, to numerous open segments, and we are able to compute these lifts, it is the content
of subsection 4.4. From this computation and finiteness of the number of C∞-Hecke open
paths, we can define Kazhdan-Lusztig R-polynomials on W+, which is the content of
subsection 4.5. Upon certain masure-theoretic conjectures, this gives an expression for the
cardinal of the equivalent of Formula (1.1) for Kac-Moody groups.

4.1 Kac-Moody groups, masures and twin masures

4.1.1 Split Kac-Moody groups over valued fields and masures

Let G = GD be the group functor associated in [Tit87] with the generating root datum
D, see also [Mar18, Chapter 7] or [Rém02, 8]. Let K be a field equipped with a valuation
ω : K ↠ Z∪{+∞}. Let G = G(K) be the split Kac-Moody group over K associated
with D. The group G is generated by the following subgroups:

• the fundamental torus T = T(K), where T = Spec(Z[X]),

• the root subgroups Uα = Uα(K), isomorphic to (K,+) by an isomorphism xα.

In [GR08] and [Rou16] (see also [Rou17]) the authors associate a masure I = I(G,T,K, ω)
on which the group G acts. We recall briefly the construction of this masure. Let N be
the normalizer of T in G.
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A first step is to define an action ν = νω of N on A, see [GR08, 3.1]. For t ∈ T , denote
by at the unique element of A satisfying χ(at) = −ω(χ(t)), for every χ ∈ X. If t ∈ T , ν(t)
is the translation on A by the vector at. For n ∈ N , ν(n) is a translation if and only if
n ∈ N and we have ν(N) = W v ⋉ Y .

The masure I = I(G,K, ω) is defined to be the set G × A/ ∼, for some equivalence
relation ∼ (see [GR08, Definition 3.15]). Then G acts on I by g.[h, x] = [gh, x] for g, h ∈ G
and x ∈ A, where [h, x] denotes the class of (h, x) for ∼. The map x 7→ [1, x] is an
embedding of A in I and we identify A with its image. Then N is the stabilizer of A in
G and it acts on A by ν. If α ∈ Φ and a ∈ K, then xα(a) ∈ Uα fixes the half-apartment
Dα,ω(a) = {y ∈ A | α(y) + ω(a) ≥ 0} and for all y ∈ A \Dα,ω(a), xα(a).y /∈ A.

An apartment is a set of the form g.A, for g ∈ G. We have I =
⋃

g∈G g.A. Then
I satisfies axioms (MA I), (MA II) and (MA III) of [Héb22, Corollary 3.7], which are
equivalent to the axioms (MA1) to (MA5) defined by Rousseau in [Rou11]. These axioms
describe the following properties.

(MA I) Let A be an apartment of I. Then A = g.A, for some g ∈ G. We can then transport
every notion which is preserved by ν(N) = W v⋉Y to A (in particular, we can define
a segment, a wall, an alcove, ... in A).

(MA II) This axiom asserts that if A and A′ are two apartments, then A ∩ A′ is a finite
intersection of affine half-apartments (i.e of sets of the form h.Dα,k, for α ∈ Φ, k ∈ Z,
if A = h.A) and there exists g ∈ G such that A′ = g.A and g fixes A ∩ A′.

(MA III) This axiom asserts that for some pairs of filters on I, there exists an apartment con-
taining them. This axiom is the building theoretic translation of some decompositions
of G (e.g Iwasawa decomposition).

The following proposition extends [BT72, Proposition 7.4.8] to masures.

Proposition 4.1. Let g ∈ G. Then A ∩ g−1.A is enclosed and there exists n ∈ N such
that g.x = n.x for every x ∈ A ∩ g−1.A.

Proof. We assume that Ω := A ∩ g−1.A is non-empty. Then it is enclosed by (MA II) and
there exists h ∈ G such that hg.A = A and h fixes A∩ g.A. Then hg stabilizes A and thus
it belongs to N , by [Rou16, 5.7 5)]. We get the lemma by setting n = hg.

4.1.2 Masures associated with G(k[ϖ,ϖ−1]), G(k(ϖ)) and G (k((ϖε)))

For a given Kac-Moody group functor G and a given finite field k, the loop group of G
over k admits several incarnations in the litterature, which give rise to different masures.
In this paragraph we introduce some of these choices and compare the different masures
associated.

Let k be a finite field and ϖ be an indeterminate. Let ε ∈ {⊖,⊕}. Let ωε be the usual
valuation on k((ϖε)): ω⊕(

∑+∞
k=−∞ xkϖ

εk) = k0 if
∑∞

k=−∞ xkϖ
εk ∈ k((ϖε)) \{0} is such that
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xk0 ̸= 0 and xk = 0 for k ∈ Z<k0 , where ϖ⊕ = ϖ and ϖ⊖ = ϖ−1. Let K = k(ϖ). Let
Îε = I(G,k((ϖε)), ωε) and Iε = I(G,K, ωε).

Let O = k[ϖ,ϖ−1], one defines Gtwin = ⟨xα(O),T(O), α ∈ Φ⟩ ⊂ G, which is the group
Gmin

D (O) defined by Marquis in [Mar18, Definition 8.126].
We denote by Aε the standard apartment of Iε. As affine spaces equipped with a

hyperplane arrangement, A⊕ and A⊖ are copies of (A,Ma), where A = Y ⊗ R. However
the actions of T on A⊕ and A⊖ differ, since they take into account ω⊕ and ω⊖, and for
the same reason xα(u).A⊕ ∩A⊕ is in general different from xα(u).A⊖ ∩A⊖, for u ∈ K and
α ∈ Φ.

Let ε ∈ {⊖,⊕}. The masure Itwin
ε of (Gtwin, ωε) is Gtwin.Aε equipped with the set of

apartments {g.Aε | g ∈ Gtwin}. As (O, ωε) is dense in k((ϖε)), the masures Îε, Iε and Itwin
ε

are the same when we regard them as sets, by [BPHR22, Corollary 3.7] (in particular,
Iε = Gtwin.Aε). More precisely, if we regard Aε as a subset of Iε, then by [BPHR22,
Theorem 3.6], if Aε is an apartment of Iε, and P is a bounded subset of Aε, there exists
gtwin ∈ Gtwin such that P ⊂ gtwin.Aε, and the same holds with G(k((ϖε))) instead of G(K) if
we regard Aε ⊂ Îε. Therefore when we are interested in local questions on Iε (for example
when we consider alcoves or tangent buildings), we can work with G(k((ϖε))), G or Gtwin

indifferently. However, the set of apartments of Îε strictly contains the set of apartments
of Îε, which strictly contains the set of apartments of Itwin

ε .

4.1.3 Twin masure associated with Kac-Moody groups over Laurent polyno-
mials

In [BPHR22], the authors study the interplay between I⊕ and I⊖, in order to obtain an
analogue of the twinnings of buildings, adapted to the frameworks of masures. We recall
some of the key properties obtained there.

A twin apartment is a set of form g.(A⊕ ⊔A⊖), for some g ∈ Gtwin. Let ε ∈ {⊖,⊕}.
An apartment of the form g.Aε, for some g ∈ Gtwin is called twinnable. Then the map from
the set of twinnable apartments of I⊕ to the set of twinnable apartments of I⊖ defined by
A⊕ = g.A⊕ 7→ A⊖ = g.A⊖, for g ∈ Gtwin is a well-defined bijection by [BPHR22, 4.1.10]).
If A⊕ is a twinnable apartment of I⊕, the corresponding apartment of A⊖ is called its
twin.

If P is a bounded subset of an apartment of I⊕, then there exists a twinnable apartment
containing P , by [BPHR22, Theorem 3.6]. By [BPHR22, Proposition 3.8 and Theorem 4.7],
if ε ∈ {⊖,⊕} and if Aε and Bε are two twinnable apartments, then there exists g ∈ Gtwin

fixing (A⊖ ∩B⊖) ∪ (A⊕ ∩B⊕).
A priori, the group G (k((ϖ))) has no natural action on I⊖. The groups G = G(K) and

Gtwin both act on I⊕ and I⊖. However, the group Gtwin is more adapted in order to define
the retraction ρC∞ .

From now on, we write A instead of A⊕. We add a subscript ⊖ to the objects related
to I⊖.

24



Iwahori subgroups Let C0 = germ0(C
v
f ) ⊂ A (resp. C∞ = germ0⊖(−C

v
f,⊖) ⊂ A⊖) be

the fundamental alcove of A (resp. A⊖).
We denote by I (resp. I0, I∞) the fixator of C0 (resp. C0, C∞) in G (resp. in Gtwin, in

Gtwin). Descriptions of I are given in [Rou16, 5.7 and Définition 5.3] and [BPHR22, 2.4.1
1)]. The map g 7→ g.C0 induces a bijection between G/I and the set of positive alcoves of
I⊕ based at an element of g.0A. By 4.1.2, this set is also the set of positive alcoves based
at an element of Gtwin.0A and we have a natural bijection between G/I and Gtwin/I0.

4.1.4 Prerequisites on masures

Tits preorder on Iε Let ε ∈ {⊖,⊕}. For x, y ∈ Iε, we write x ≤ε y if there exists
g ∈ G such that g.x, g.y ∈ Aε and g.y− g.x ∈ Tε. This does not depend on the choice of g.
This defines a G-invariant preorder on Iε by [Rou11, Théorème 5.9]. When G is reductive
this preorder is trivial since Tε = Aε. However in the non-reductive case, ≤ε is a crucial
tool which is a partial remedy to the existence of pairs of points which are not contained
in a common apartment.

Retractions centered at alcoves Let E (resp. EC∞,⊕) be the set of points of I⊕ such
that there exists an apartment Ax (resp. a twinnable apartment Ax,⊕) of I⊕ containing
C0 (resp. whose twin Ax,⊖ contains C∞). One defines a retraction ρC0 on A centered
at C0 and a retraction ρC∞ onto A centered at C∞ as follows. Let x ∈ E (resp.
x ∈ EC∞,⊕). Then by (MA II) (resp. by [BPHR22, Theorem 4.7]), there exists g ∈ G (resp.
g ∈ Gtwin) such that g.Ax = A (resp. g.(Ax,⊕ ⊔Ax,⊖) = A ⊔A⊖) and g fixes Ax ∩A (resp.
(A∩Ax,⊕)⊔(A⊖∩Ax,⊖) (with the same notation as above). One then sets ρC0(x) = g.x (resp.
ρC∞(x) = g.x). This is well-defined, independently of the choices made and thus it defines
an I-invariant retraction ρC0 : E → A and an I∞-invariant retraction ρC∞ : EC∞,⊕ → A.
When G is reductive, E = EC∞,⊕ = A, however in general, these sets can be proper subsets
of A (by [Rou16, Exemple 4.12.3 c)] and [BPHR22, 6.5]) and determining these sets is a
difficult task. By [Rou11, Proposition 5.4] or [Héb20, Proposition 5.17], E ⊃ I⊕,≥0 ∪I⊕,≤0,
where I⊕,R0 = {x ∈ I⊕ | xR0} for R ∈ {≤⊕,≥⊕}. However, very little is known on
EC∞,⊕. It is conjectured in [BPHR22, 4.4.1] that EC∞,⊕ ⊃ I⊕,≥0 ∪ I⊕,≤0, but no case of
the conjecture is known. In a recent preprint, Patnaik [Pat24] proves a local Birkhoff
decomposition of a completion of G when G is affine. This decomposition seems to be
related to this conjecture in the affine case, but we do not know to what extent, since the
groups and subgroups considered are slightly different.

Note that there exist elements of T(k(ϖ)) which fix A⊖ but translate A⊕ non-trivially.
Therefore ρC∞ is not FixG(C∞)-invariant and this is the main reason why we consider
Gtwin.

Tangent buildings For any x ∈ I⊕ and ε ∈ {+,−}, let T ε
x (I⊕) denote the set of

alcoves of sign ε based at x. Explicitly, an element of T ε
x (I⊕) is the image g.a of an alcove

a ∈ T ε
y (A) for some y ∈ A and g ∈ G such that g.y = x.
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We extend theW v-distance dε (resp. the codistance d∗) defined in (2.5) (resp. (2.6)) to a
W v-valued distance dε : T ε

x (I⊕)×T ε
x (I⊕) → W v (resp. a codistance d∗ : T +

x (I⊕)×T −
x (I⊕)∪

T −
x (I⊕) × T +

x (I⊕) → W v). Let a1, a2 ∈ T ε
x (I⊕) (resp. (a1, a2) ∈ T +

x (I⊕) × T −
x (I⊕)). By

[Héb20, Proposition 5.17] there exists an apartment containing both of them, so by (MA
I) a g ∈ G such that g.a1, g.a2 lie in T ε

y (A), for some g ∈ G such that g.x = y ∈ A. One
sets dε(a1, a2) = dε(g.a1, g.a2) (resp. d∗(a1, a2) = d∗(g.a1, g.a2) = d∗(a2, a1)

−1). By (MA
II) these functions are well-defined (do not depend on the choices we made).

We say that a−, a+ are opposite if d∗(a−, a+) = 1W v . Then for any x and ε ∈ {+,−},
(T ε

x (I⊕), d
ε) defines a building of type (W v, S) (where S is the set of simple reflections of

W v: S = {si | i ∈ I}) , with system of apartments induced by the one of I⊕. The codistance
d∗ defines a twinning, we say that (T ±

x (I⊕), d
±, d∗) is the local tangent building at x, it is

thus a twin building of type (W v, S) and of model twin apartment T ±
x (A) (see [AB08, §5.1,

§5.8] for the axioms of buildings and twin buildings, and [GR08, Propositions 4.7, 4.8] for
proofs). Any element g ∈ G induces an isomorphism of twin buildings: T ±

x (I⊕) ∼= T ±
g.x(I⊕).

Remark 4.2. Note that, in this paper, T ±
x (I⊕) is a set of alcoves and not a set of segment

germs (unlike for instance in [GR08, §4.5]), because we consider the tangent buildings as
abstract buildings, of which the set of segment germ is a geometric realization. In [GR08,
§4.5], there are two distinct tangent building structures, the one exposed and used here
corresponds to the unrestricted structure.

Thickness of the tangent buildings Let (T , d) be an abstract building of type (W,S),
and let s ∈ S. A panel of type s is a subset of the form p(C, s) := {C ′ ∈ T | d(C,C ′) ∈
{1, s}} for some alcove C. We say that C ′ dominates p(C, s) if C ′ ∈ p(C, s); each alcove
dominates exactly one panel of each type. Note that, for C,C ′ two distinct alcoves p(C, s) =
p(C ′, s) if and only if d(C,C ′) = s and a panel is entirely defined by two of its dominating
alcoves. The thickness of p(C, s) is |p(C, s)| − 1, a panel is called thin if its thickness
is equal to 1, and thick otherwise. Note that an isomorphism of buildings sends a given
panel to another panel of same type and same thickness.

In general, the local tangent buildings in a masure admit thin panels. More precisely,
suppose that x ∈ A and a = a(x, εw) ∈ T ε

x (A) is an alcove based at x (with ε ∈ {+,−}, w ∈
W v). Then, for si ∈ S, the panel p(a, si) is identified with a(x, εw)∩ a(x, εwsi): an alcove
ã ∈ Tx(I⊕) dominates p(a, si) if and only if it contains the filter a(x, εw) ∩ a(x, εwsi). Let
β = w(αi) the root associated to (w, si), then the support of the panel p(a(x, εw), si)
is the (affine or ghost) wall Mβ[−⟨x,β⟩] = {y ∈ A | ⟨y, β⟩ = ⟨x, β⟩}, it is the only wall
containing the filter-theoretic intersection a(x, εw) ∩ a(x, εwsi). Note that the support
does not depend of the sign ε. The panel is thick if and only if its support is an affine wall
(an element of Ma), if and only if ⟨x, β⟩ ∈ Z. Moreover, for split Kac-Moody groups, the
thickness of thick panels is constant equal to |k|.

This extends to any x ∈ I⊕ and any panel p of T ±
x (I⊕), as there always exists an

element g of G which sends x to an element of A, and p to a panel lying in Tgx(A).
We deduce that, for x ∈ A, T ±

x (I⊕) is thick (in the sense that all its panels are
thick) if and only if ⟨x, αi⟩ ∈ Z for all simple root αi, in particular this is verified if
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x ∈ Y . Since elements of G induce isomorphism of tangent buildings, this extends to all
x ∈ G.Y = G.0A ⊂ I⊕ (which are called the "special vertices" of I⊕). Moreover for any
special point x, the tangent twin building T ±

x (I⊕) is |k|-homogeneous: all its panels have
the same thickness |k|. In general, T ±

x (I⊕) is (|k|, 1)-semi-homogeneous and the set of
thick panels depends on the G-orbit of x. For x ∈ I⊕ we denote by Px the set of thick
panels of the tangent building T ±

x (I⊕) in A.

Remark 4.3. If we forget about thin panels, we obtain the restricted building structure
(see [GR08, §4.5]) rT ±

x (I⊕) which is a quotient of T ±
x (I⊕) and a |k|-homogeneous twin

building. However its type depends on x and may be a Coxeter group of infinite rank, we
work with the unrestricted structure in order to avoid this difficulty.

In order to work in local tangent buildings, we introduce galleries and building-theoretic
retractions, with the formalism of abstract twin buildings.

Definition 4.4 (Galleries and retractions in a building). Let W be a Coxeter group with
set of simple reflections S, and let (T ±, d±, d∗) be a twin building of type (W,S) (in the
sense of [AB08, 5.8]).

• Let w ∈ W and let iw = (s1, . . . , sn) ∈ Sn be a reduced S-expression of w. A
sequence of chambers (C0, . . . , Cn) ∈ (T +)n forms a gallery of type iw if Ci lies in
the panel p(Ci−1, si)} for all i ∈ J1, nK (that is to say; d(Ci−1, Ci) ∈ {1W , si}. We
say that it is a minimal gallery if there is no shorter gallery from C0 to Cn, in
particular this implies that d(Ci−1, Ci) ̸= 1W for all i. Note that, in this case, we
have d(C0, Cn) = s1 . . . sn = w. If i is such that Ci−1 = Ci we say that the gallery is
folded along the panel p(Ci, si).

• Let (A+, A−) be a pair of twin apartments. Let g = (C0, .., Cn) be a gallery in
A+ of type iw = (s1, .., sn) and let C− be a chamber lying in A−. We say that g
is C−-centrifugally folded if, for any i ∈ J1, nK such that Ci−1 = Ci, we have
that d∗(C−, Ci) < d∗(C−, Ci)si. Geometrically, this means that the wall supporting
p(Ci, si) (along which the gallery is folded) separates C− from Ci−1. More generally,
we say that g crosses M , or folds along M away from C− ∈ A± (resp. towards C−)
if and only if, for every panel p supported by M and i ∈ J1, nK such that Ci−1, Ci ∈ p,
Ci−1 and C− lie on the same side of M (resp. on opposite sides of M).

• Let g = (C0, . . . , Cn) be a gallery in A+ and ρA± be a retraction T ± → A±. Then a
ρA±-lift of g is a gallery (C̃0, . . . , C̃n) in T + such that ρA±(C̃i) = Ci for all i ∈ J0, nK.
A ρA±-minimal lift is a ρA±,x-lift which is also a minimal gallery.

• If C− ∈ A−, we denote by ρA±,C− the retraction centered at C− and with image A±.
It sends any alcove C ∈ T + (resp. C ∈ T −) to the unique alcove C ′ ∈ A+ (resp.
C ′ ∈ A−) such that d∗(C ′, C−) = d∗(C,C−) (resp. d−(C ′, C−) = d−(C,C−)).
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Projections in the masure Like other notions, we can extend the definition of projec-
tions from the fundamental apartment to more general points and segment germs in the
masure as follows.

Suppose that x̃ ≤⊕ ỹ ∈ I⊕ (resp. x̃ ≥⊕ ỹ ∈ I⊕) and let a be an alcove based at ỹ. Then
by [Héb20, Proposition 5.17 (ii)] there is an apartment A⊕ containing a and x̃. Therefore
there is g ∈ G such that A = g.A⊕ and g.ỹ − g.x̃ ∈ T (resp. g.ỹ − g.x̃ ∈ −T ). We then
define projx̃(a) as g−1.projg.x̃(a) ∈ T +

x̃ (I⊕) (resp. g−1.projg.x̃(a) ∈ T −
x̃ (I⊕)). If sε(t) is a

segment germ based at x, then (by [Héb20, Proposition 5.17 (ii)] again) we can suppose
that A⊕ also contains sε(t), and we can therefore define projsε(t)(y) similarly. Note that,
for ε ∈ {+,−}, any apartment containing a and sε(t) (resp a and x) contains projsε(t)(a)
(resp. projx(a)) which ensures, using the second axiom (MAII), that these projections are
well-defined. In particular, C++

x̃ is well-defined for any x̃ ≤⊕ 0A, as C++
x̃ = projx̃(C0).

Since it is well-defined, C++
x̃ is the only alcove based at x̃ which retracts to C++

x by ρC0 .
We also extend the definition of C∞

x̃ to any x̃ ∈ ρ−1
C∞

(−T ): recall that, for x ∈ −T ,
C∞

x is the unique alcove of T −
x (A) opposite to C++

x . Now if x̃ ∈ ρ−1
C∞

(x), there is g ∈ I∞
such that x̃ = g.x, and set C∞

x̃ := g.C∞
x , it does not depend on the choice of g (see

[BPHR22, §5.1]). This alcove should be thought of as the projection of C∞ at x (except
that C∞ does not live in A but in the opposite twin apartment A⊖). Note that, for
x ∈ ρ−1

C∞
(−T ) ∩ ρ−1

C0
(−T ), the alcoves C∞

x and C++
x need not be opposite in T ±

x (I⊕),
unless x ∈ −T .

In the following proposition, we rephrase results of [BPHR22].

Proposition 4.5. 1. Let x ∈ I⊕ be C∞-friendly (i.e such that there exists a twin apart-
ment (A⊕, A⊖) such that A⊕ ∋ x and C∞ ⊂ A⊖). Then if (B⊕, B⊖) is a twin apart-
ment containing x and C∞, B⊕ contains C∞

x .

2. Let ε ∈ {⊖,⊕}. Let A = (A⊕, A⊖), B = (B⊕, B⊖) be two twin apartments such that
Aε ∩Bε has non-empty interior. Let g ∈ Gtwin be such that g.A = B and such that g
fixes a non-empty open subset of Aε∩Bε. Then g fixes A∩B := (A⊕∩B⊕)⊔(A⊖⊔B⊖).

Proof. 1) This is a consequence of [BPHR22, 5.1 2)].
2) Using isomorphism apartments, we may assume A = Atwin := (A,A⊖). By [BPHR22,

Theorem 4.7], there exists h ∈ Gtwin such that h.Atwin = B and such that h fixes Atwin∩B.
Then g−1hAtwin = Atwin and g−1h induces an affine automorphism φ of Aη for both η ∈
{⊖,⊕}. As φ fixes a non-empty open subset of Aε, it fixes Aε. Using [BPHR22, 4.1.7], we
deduce g−1h ∈ T(k) and thus g−1h fixes Atwin. Lemma follows.

Using projections, the masure-theoretic retractions ρC0 , ρC∞can be computed at the
level of tangent buildings, as we develop now.

Local behaviour of masure retractions Let x ∈ −T , then C∞
x is an alcove in T −

x (A).
In the tangent building T ±

x (I⊕) we have the building-theoretic retraction centered at C∞
x :

ρC∞
x

: T ±
x (I⊕) → T ±

x (A). By definition, for any a ∈ T −
x (I⊕) (resp. a ∈ T −

x (I⊕)), ρC∞
x
(a)

is the unique alcove in T ±
x (A) such that d−(C∞

x , a) = d−(C∞
x , ρC∞

x
(a)) (resp. d∗(C∞

x , a) =
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d∗(C∞
x , ρC∞

x
(a))). Let x̃ ∈ ρ−1

C∞
({x}) and let g ∈ I∞ be any element such that g.x̃ = x.

Then, ρC∞ defines a map T ±
x̃ (I⊕) → T ±

x (A) and by [BPHR22, Lemma 5.1.4] we have the
following factorization:

T ±
x (I⊕)

T ±
x̃ (I⊕) T ±

x (A)

ρC∞
xg

ρC∞

(4.1)

Similarly for x̃ ∈ ρ−1
C0
(x) and any g ∈ I0 such that g.x̃ = x, we have the factorization:

T ±
x (I⊕)

T ±
x̃ (I⊕) T ±

x (A)

ρ
C++
xg

ρC0

(4.2)

Proposition 4.6. Let x ∈ A and CA be an alcove of A based at x. Let ρ : T ±
x (I⊕) → T ±

x (A)
be the retraction onto T ±

x (A), centered at CA. Let C,C ′ be two alcoves based at x and of
the same sign ε. Let C̃ be the alcove of A such that dε(ρ(C), C̃) = dε(C,C ′) Then there
exists a (CA,W

v
x )-chain from ρ(C ′) to C̃.

Proof. We prove it by induction on n := ℓ(dε(C,C ′)). If n = 0, this is clear. Assume that
n > 0. Let w = dε(C,C ′). Write w = si1 . . . sin , with i1, . . . , in ∈ I. Let C(1), . . . , C(n+1)

be the gallery from C to C ′ such that dε(C(j), C(j+1)) = sj for all j ∈ J1, nK. We have
dε(C(2), C ′) = w2 := si1w and ℓ(w2) = n − 1. Let C̃2 be the alcove of A such that
dε(ρ(C(2)), C̃2) = w2.

Assume the existence of a (CA,W
v
x )-chain from ρ(C ′) to C̃2. If there exists an apartment

A containing C, C(2) and CA, let φ : A → A be the apartment isomorphism fixing A ∩ A.
Then dε(ρ(C), ρ(C(2))) = dε(φ(C), φ(C(2))) = dε(C,C(2)) = si1 . Therefore dε(ρ(C), C̃) =
si1w2 = w, thus C̃ = C̃2, which proves the existence of a chain, by assumption.

Assume now that there exists no apartment containing C,C(2) and CA. Let A be an
apartment containing C(2) and CA, which exists by [Héb20, Proposition 5.17]. Let M be
the wall delimiting C and C(2). Let D1 and D2 be the half-apartments of A delimited by
M . We can assume that D1 contains CA.

Then by [Rou11, Proposition 2.9], there exists an apartment B containing D1 and C.
If D1 contained C(2), then B would contain C,C(2) and CA. Therefore D1 does not contain
C(2). Let ψ : B → A be the apartment isomorphism fixing A∩B. In particular since ψ fixes
CA ⊂ A ∩ B, we have ρ|B = ρ|A ◦ ψ. Then ψ(C) is the alcove of B dominating the closed
panel C ∩ C(2) and not contained in D1. Therefore ψ(C) = C(2) and thus ρ(C) = ρ(C(2)).
Moreover if C ′′ is the alcove of A such that dε(ρ(C), C ′′) = si1 and M ′′ is the wall of A
separating ρ(C) and C ′′, then C ′′ and CA are on the same side of M ′′. Let γ[m] ∈ Φa be
such that sγ[m] is the reflection of W v ⋉ Y fixing M ′′. Then we have C̃ = sγ[m](C̃2). The
minimal gallery of type (si1 , . . . , sin) (see Definition 4.4) from ρ(C) to C̃ has C ′′ as a second
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term and M ′′ separates C ′′ and ρ(C). Consequently C ′′ and C̃ are on the same side of M
and C̃2 is on the opposite side. Let (β1[n1], . . . , βr[nr]) be a chain data from ρ(C ′) to C̃2.
Then (β1[n1], . . . , βr[nr], γ[m]) is a chain data from ρ(C ′) to C̃.

4.2 Lifts of C∞-Hecke open paths in a twin masure

In this section we explain the main results of the paper through Theorem 4.9 and Corol-
lary 4.10. These results will be detailed and proved in the subsequent sections.

Segments in a masure As it has already been mentioned, the notion of segment in
A naturally extends to the notion of segment in the masure I⊕: s is a segment in I⊕
if and only if it can be written s = gs.s0 for some element gs ∈ G and some segment
s0 in A. Similarly an open segment in I⊕ is any triplet s = (s, Ds, s(1)) of the form
gs.s0 = (gss0, gsDs0 , gss0(1)) for some open segment s0 = (s0, Ds0 , s0(1)) in A.

Definition 4.7. For any λ ∈ Y +, we say that a segment is a segment of type λ if it is
a segment in I⊕ such that ρC0 ◦ s = sλ. Note that this slightly differs from the definition
given in [BPHR22]. Similarly, an open segment of type x ∈ W+

sph in I⊕ is any open
segment s such that ρC0(s) = sx.

Lemma 4.8. Let x ∈ W+
sph, then the following properties hold:

1. For any alcove C in ρ−1
C0
(Cx), there is a unique open segment s starting at 0A and

with end alcove C. Moreover s is an open segment of type x.

2. An open segment s is of type x if and only if there is g ∈ I = FixG(C0) such that
s = g.sx

Proof. By definition of ρC0 , there exists an apartment A of I⊕ containing C0 and C. Then
A contains 0A and C. By (MAII) there exists g ∈ G fixing A ∩ A and such that A = g.A.
Then s := gsx is an open segment starting at 0A and with end alcove C. As C0 ⊂ A ∩ A,
g−1 fixes C0 and therefore ρC0(s) = ρC0(g

−1s) = sx, hence s is of type x.
Let now s̃ = (s̃, D̃, C) be an other segment starting at 0A and with end alcove C. Let Ã

be an apartment containing s̃. Then as Ã contains 0A and the base point a of C, we have
s̃ = s by (MA II). We have D̃−

1 = proj̃s−(1)(C) = projs−(1)(C) = D−
1 and then Dε

t = D̃ε
t for

(t, ε) ∈ [0, 1]±, by the compatibility condition. Therefore s̃ = s, which concludes the proof
of point 1.

Moreover any open segment of type x necessarily starts at 0A (because ρ−1
C0
(0A) = {0A}),

and ends at an alcove in ρ−1
C0
(x). Hence by uniqueness it is, as constructed above, of the

form s = gsx for some g ∈ FixG(C0), which proves point 2.

A segment s is said to be C∞-friendly if, for any t ∈ [0, 1], s(t) ∪ C∞ is contained in
a twin-apartment. In this case, ρC∞ is well-defined on s. Muthiah has proved in [Mut19]
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that the image γ of a C∞-friendly segment by ρC∞ is a C∞-Hecke path (see 3.1 for the
definition). Reciprocally, he proves that if γ is a C∞-Hecke path, then the number of lifts
of γ by ρC∞ is finite and non-zero. More than that, he proves the existence of a polynomial
Rγ such that for every finite field k′, the number of lifts of γ in I(G,k′(ϖ), ω⊕) is Rγ(|k′|).
Muthiah’s proof was detailed in [BPHR22]. We aim to produce the same results for open
segments and C∞-Hecke open paths. We say that an open segment is C∞-friendly if its
non-open component is. Note that, by [BPHR22, Proposition 4.2], the retraction ρC∞

is then well defined on its decoration and its end alcove aswell. The next sections are
dedicated to the proof of the following result.

Theorem 4.9. The image of a C∞-friendly open segment of type x ∈ W+
sph is a C∞-

Hecke open path of type x. Moreover there exists a polynomial Rx,c(X) ∈ Z[X], which only
depends on (A,x, c), such that the number of open segments of type x lifting c is given by
Rx,c(|k|).

This result is reformulated and proved in the next Section: In Proposition 4.15 we prove
that a C∞-friendly open segment of type x retracts to a C∞-Hecke open path of the same
type, and in Theorem 4.25 we give an explicit formula for the polynomials Rc,y(X) ∈ Z[X].

Recall that the principal motivation is to produce an analogous of Formula (1.1) for
general Kac-Moody groups. In the language of masures, we want to count ρ−1

C0
(Cx) ∩

ρ−1
C∞

(Cy). Conjecturally, any element of this set is the ending alcove of a C∞-friendly
segment of type x, and from Theorem 4.9 we deduce the following.

Corollary 4.10. Suppose that Conjecture [BPHR22, 4.4.1] holds. Then, for x,y ∈ W+

such that x is spherical, the cardinality |(I∞yI0 ∩ I0xI0)/I0| is finite and given by the
evaluation of a polynomial Rx,y(X) ∈ Z[X], which only depends on the combinatorics of
W+, at |k|.

Proof. Since I0 is the stabiliser of C0 and I∞ the stabiliser of C∞, alcoves in ρ−1
C0
(Cx) ∩

ρ−1
C∞

(Cy) are in bijection with (I∞yI0 ∩ I0xI0)/I0 (note that Cx = x.C0 and Cy = y.C0).
Moreover, for any alcove C ∈ ρ−1

C0
(Cx)∩ρ−1

C∞
(Cy), the open segment starting at 0A and with

end alcove C is sent to sx by ρC0 . By Conjecture [BPHR22, 4.4.1], it is C∞-friendly and its
image by ρC∞ is a C∞-Hecke open path with end alcove Cy. Therefore |(I∞yI0∩I0xI0)/I0|
is equal to the number of ρC∞-lifts of C∞-Hecke open paths of type x with ending alcove Cy.
Hence, by Theorem 4.9 and Corollary 3.11, it is given by the evaluation of the polynomial∑

cRx,c at |k|, where the summand runs over all C∞-Hecke open paths of type x with end
alcove Cy.

4.3 Retractions of open segments

In this section, we prove the first part of Theorem 4.9: the image of a C∞-friendly segment
of type x by the retraction ρC∞ is a C∞-Hecke open path (see Proposition 4.15).

Lemma 4.11. Let C,C−, C+ be three alcoves of I⊕ based at the same point x, with C+

positive and C− negative. Let A⊕ be an apartment containing C. Let ρ : T ±
x (I⊕) ↠
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T ±
x (A⊕) be the retraction centred at C. Assume that ρ(C−) and ρ(C+) are opposite. Then
C− and C+ are opposite.

Proof. Let B⊕ be an apartment containing C+ and C, and φ : B⊕ → A⊕ be the apartment
isomorphism fixing A⊕∩B⊕. By symmetry, we can assume that C is positive. Then we have
d+(C,C+) = d+(φ(C), φ(C+)) = d+(C, ρ(C+)) and similarly, d∗(C,C−) = d∗(C, ρ(C−)).
Since ρ(C−) and ρ(C+) are opposite and since ρ(C−), ρ(C+) and C are contained in a com-
mon apartment, we have d+(C, ρ(C+)) = d∗(C, ρ(C−)). Therefore d+(C,C+) = d∗(C,C−)
and thus C− and C+ are opposite by [AB08, Corollary 5.141].

Lemma 4.12. Let A⊕ be an apartment of I⊕ and τ : (0−, 0+) → A⊕ be a segment germ.
We assume that τ is increasing for ≤⊕. Let C be an alcove based at τ(0), C+ be an alcove
containing τ+(0) and AC

⊕ be an apartment of I⊕ containing C. Let ρ : T ±
τ(0)(I⊕) ↠ T ±

τ(0)(A
C
⊕)

be the retraction centred at C. Assume that ρ ◦ τ is a segment germ. Then there exists an
apartment containing τ((0−, 0+)), C and C+.

Proof. The alcove ρ(C+) contains ρ◦ τ+(0). Let C ′
− be the alcove of AC

⊕ opposite to ρ(C+).
Let B⊕ be an apartment containing τ−(0) and C. Let φ : B⊕ → AC

⊕ be the apartment
isomorphism fixing AC

⊕ ∩ B⊕. Then φ is the restriction of ρ to B⊕. Let C− = φ−1(C ′
−).

Then ρ(C−) and ρ(C+) are opposite and thus by Lemma 4.11, C− and C+ are opposite.
Moreover, ρ(C−) = φ(C−) = C ′

− ⊃ ρ(τ−(0)) = φ(τ−(0)) and thus C− ⊃ τ−(0).
By symmetry, we can assume that C is positive. We have d∗(C,C−) = d∗(C,φ(C−)) =

d∗(C,C ′
−) and similarly, d+(C,C+) = d+(C, ρ(C+)). As C, ρ(C−) and ρ(C+) are contained

in a common apartment and as ρ(C−) and ρ(C+) are opposite, we have d∗(C,C−) =
d∗(C, ρ(C−)) = d+(C, ρ(C+)) = d+(C,C+). By [AB08, Proposition 5.179], C belongs to
the unique apartment of the tangent twin building T ±

τ(0)(I⊕) containing C− and C+ and
this apartment also contains τ , since C− ⊃ τ−(0) and C+ ⊃ τ+(0).

Lemma 4.13. Let x ∈ W+
sph and s be an open segment of type x. We assume that s is

C∞-friendly. Write s = (s, D,C). Then there exist n ∈ Z≥0 and t1, . . . , tn ∈ (0, 1) such
that t0 := 0 < t1 < . . . < tn < tn+1 := 1 and such that for every i ∈ J0, nK, there exists
an apartment Ai containing C∞, s([ti, ti+1]) and Dε

t , for (t, ε) ∈ [ti, ti+1]
±. In particular, if

i ∈ J0, nK, then ρC∞ ◦ s|[ti,ti+1] is a segment in A and ρC∞(s) = (ρC∞(s), ρC∞(D), ρC∞(C))
is an open path.

Proof. Let (t, ε) ∈ [0, 1]±. By [BPHR22, Proposition 4.2], there is a twin apartment Bε
t

containing Dε
t ∪C∞ and thus ρC∞(Dε

t ) is well-defined. Since D+
t ∪D−

t ⊂ A+
t ∪A−

t there is
an open interval Ut of [0, 1], containing t and such that Dε

t∗ ⊂ A+
t ∪A−

t for all t∗ ∈ Ut. By
compactness of [0, 1], there exist k ∈ N and u1, . . . , uk ∈ [0, 1] such that [0, 1] =

⋃k
i=1 Uui

.
Therefore, up to reducing k and to renumbering there exist s1, . . . , sk ∈ [0, 1] such that

0 = s0 < s1 < . . . < sk = 1 and such that for every i ∈ J0, k − 1K, for every t ∈ [si, si+1),
D+

t ⊂ B+
ui
∪ B−

ui
. Let ε ∈ {−,+} be such that Bε

ui
⊃ D+

si
. If for all t ∈ (si, si+1), we have

D+
t ⊂ Bε

ui
, one sets mi = si. Otherwise, one sets mi = inf{t′ ∈ (si, si+1) | D+

t′ ̸⊂ Bε
ui
}.

If D+
mi

⊂ Bε
ui

, then D+
t ⊂ Bε

ui
for t > mi close enough to mi: a contradiction. Therefore
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D+
mi

̸⊂ Bε
ui

. Let t ∈ (mi, si+1) and assume that D+
t ⊂ Bε

ui
. Then s(t) ∈ Bε

ui
and thus

s([si, t]) ⊂ Bε
ui

by (MA II). Therefore D+
mi

= projs+(mi)
(D+

t ) ⊂ Bε
ui

: a contradiction.
Consequently D+

t ̸⊂ Bε
ui

and thus D+
t ⊂ B−ε

ui
for all t ∈ [mi, si+1) . By induction we deduce

the existence of {t0, t1, . . . , tn, tn+1} among {sj,mj | j ∈ J0, k − 1K} and of apartments
A0, . . . , An among the {B+

uj
, B−

uj
| j ∈ J0, k − 1K} such that 0 = t0 < . . . < tn+1 = 1 and

such that Ai contains C∞, s([ti, ti+1]) and D+
ti for i ∈ J0, nK. But then by (3.2), Ai contains

Dε
t for all (t, ε) ∈ [ti, ti+1]

±.
Since ρC∞ restricts to an isomorphism of twin apartments Ai → A ⊔ A⊖, we deduce

that ρC∞ ◦ s|[ti,ti+1] is a segment for all i ∈ J1, nK and that ρC∞(s) is an open path.

Lemma 4.14. Let x ∈ W+
sph and s = (s, D, C), be an open segment of type x. Assume

that s is C∞-friendly and set c = ρC∞ ◦ s. Let t∗ ∈ (0, 1). We assume that c′−(t∗) ̸= c′+(t∗).
Then there exists a (C∞

c(t∗)
,W v

c(t∗)
)-chain from ρC∞(D+

t∗) to limt→t−∗
ρC∞(D+

t ).

Proof. Let n ∈ Z≥0, t1, . . . , tn and A1, . . . , An be as in Lemma 4.13. Let i ∈ J1, n + 1K be
such that t∗ ∈ (ti, ti+1] and A = Ai. As c([ti, ti+1]) is a segment, we have ti+1 = t∗.

Let C− be the alcove of A⊕ based at s(t∗) and whose direction is opposite to the
direction of D+

t , for any t ∈ [ti, t∗). Let Ã be a twin apartment such that Ã⊕ contains
C− and D+

t∗ , which exists by [Héb20, Proposition 5.17]. Since C− contains s ((t−∗ , t∗]), Ã⊕

contains D+
t for t ∈ (t−i , t

−
∗ ), by (3.2). Let t̃ ∈ (ti, t∗) be such that D+

t̃
⊂ Ã⊕. Identify

Ã⊕ and A. Let Cv be the direction of D+
t∗ . Then we have D+

t∗ = germs(t∗)(s(t∗) + Cv),
D+

t̃
= germs(t̃)(s(t̃) + Cv). By assumption, the directions of D+

t̃
and C− are opposite and

thus C− = germs(t∗)(s(t∗)− Cv): C− and D+
t∗ are opposite.

Let µ ∈ Y ∩ Cv. Let τ : (0−, 0+) → Ã⊕ be defined by τ(t) = s(t∗) + tµ for t ∈ R close
enough to 0. Then τ is a twinnable segment germ and by [BPHR22, 5.10 Proposition],
γ := ρC∞ ◦ τ is a C∞-Hecke path-germ. More precisely, let p = ρC∞(s(t∗)). Then there
exist m ∈ Z≥0, ξ0 = γ′+(0), ξ1, . . . , ξm = γ′−(0), β1, . . . , βm ∈ Φ such that for all j ∈ J1,mK,
sβj

(ξj−1) = ξj, βj(ξj−1) < 0, βj(p) ∈ Z and βj(C
∞
p ) > βj(p). For j ∈ J0,mK, denote by

C(j) the alcove of A containing p + (0, 0+)ξj and set kj = −⟨p, βj⟩. Then we have C(j) =
sβj−1[kj−1](C

(j−1)) for j ∈ J1,mK and C(0) = ρC∞(D+
ti+1

). Denote by Cv
j the direction of the

sector generated by C(j). As the direction of Cv
j contains ξj, we have βj[kj](C(j−1)) < 0.

Therefore C(0), C(1), . . ., C(m) is a (C∞
p ,W

v
p )-chain from C(0) = ρC∞(D+

t∗) to C(m).
Let us prove that C(m) = limt→t−∗

ρC∞(D+
t ). We now identify A = Ai and A, using an

element i∞ of I∞ such that i∞.A⊕ = A. Let µ = τ ′−(0) ∈ Y . Let t̃ ∈ (ti, t∗). We have
D+

t̃
⊂ A⊕. Let τ t̃ denote the segment germ τ t̃ = s(t̃)+[0, 0+)µ. Then (τ t̃)′+(0) = µ = τ ′−(0).

We have ρC∞(a) = i∞.a for every a ∈ A⊕. As A⊕ contains τ t̃([0, 0+)) and τ((0−, 0]) we
deduce that if γ t̃ = ρC∞ ◦ τ t̃, then we have (γ t̃)′+(0) = γ′−(0). As the alcove containing
ρC∞

(
τ t̃ ((0, 0+))

)
= c(t̃)+(0, 0+)(γ t̃)′+(0) is ρC∞(D+

t̃
) and as this is true for every t̃ ∈ [ti, t∗),

we deduce that C(m) = limt→t−∗
ρC∞(D+

t ), which concludes the proof of the lemma.

Proposition 4.15. Let x ∈ W+
sph and let s be a C∞-Hecke friendly open segment of type

x. Then ρC∞(s) is a C∞-Hecke open path of type x. In particular, it is admissible.
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Proof. Let n ∈ Z≥0, t0, t1, . . . , tn, tn+1 and A1, . . . , An be as in Lemma 4.13.
Write s = (s, D, s(1)) and set c = (c, Dc, c(1)) = ρC∞(s) := (ρC∞(s), ρC∞(D), ρC∞(c(1))).
For each Ai there is gi ∈ Gtwin sending Ai to (A,A⊖) and fixing the intersection;

in particular gi ∈ I∞. By the admissibility condition for D, we have that Ai contains
Dε

t = projsε(t)(D
+
ti ) and ρC∞(Dε

t ) = giD
ε
t for all t ∈ [ti, ti+1]

±. Therefore Dc satisfies the
admissibility condition (3.1) on [ti, ti+1]. By Lemma 3.3 it remains to check that for all
i ∈ J1, nK,

c′+(ti) ̸= c′−(ti) or d∗(D−
c,ti
, D+

c,ti
) = wλ,0.

Let i ∈ J1, nK. Assume that c′+(ti) = c′−(ti), then c((t−i , t
+
i )) is a segment germ based at

c(ti). Note that, since s is a segment and since gi−1(s(ti)) = c(ti), the filter gi−1s((t
−
i , t

+
i ))

is also a segment germ based at c(ti). Since ρC∞((s, Ds)) = (c, Dc), the local factorization
of ρC∞ implies:

ρC∞
c(ti)

(gi−1s((t
−
i , t

+
i ))) = c((t−i , t

+
i )), D

±
c,ti

= ρC∞
c(ti)

(gi−1D
±
ti
). (4.3)

By Lemma 4.12 since gi−1D
+
ti contains gi−1s+(ti), there is an apartment A⊕ contain-

ing the segment germ gi−1s((t
−
i , t

+
i )) and the alcoves C∞

c(ti)
, gi−1D

+
ti . Since gi−1D

−
ti =

projgi−1s−(ti)
(gi−1D

+
ti ), this apartment also contains gi−1D

−
ti . Since C∞

c(ti)
⊂ A⊕ ∩ A⊕, the

retraction ρC∞
c(ti)

restricts to an isomorphism T ±
c(ti)

(A⊕) → T ±
c(ti)

(A). Therefore, we have:

d∗(D−
ti
, D+

ti
) = d∗(gi−1D

−
ti
, gi−1D

+
ti
) = d∗(ρC∞

c(ti)
(gi−1D

−
ti
), ρC∞

c(ti)
(gi−1D

+
ti
)) = d∗(D−

c,ti
, D+

c,ti
).

(4.4)
Since s is an open segment and s is a segment of type −λ, we have d∗(D−

t , D
+
t ) = wλ,0 for

all t, and in particular for t = ti. We deduce from Equation (4.4) that d∗(D−
c,ti , D

+
c,ti) = wλ,0.

Therefore by Lemma 3.3, c is admissible.
Let E = {t ∈ (0, 1) | c′+(t) ̸= c′−(t)} and n′ = |E| (we have n′ ≤ n). Write E =

{t′1, . . . , t′n′}, with t′1 < . . . < t′n′ . Set t′0 = 0 and t′n′+1 = 1. We proved that for all
i ∈ J1, n′ + 1K, the restriction of (c, D) to (t′i−1, t

′
i) is a decorated path satisfying (3.1).

Let now i ∈ J1, n′K. Then by Lemma 4.14, there exists a (C∞
c(t′i)

,W v
c(t′i)

)-chain from D+
c,t′i

to limt→t′−i
D+

c,t. It remains to prove that c satisfies the second condition of Lemma 3.14.
By assumption, D−

1 = projs−(1)(s(1)). Let c̃(1) be the alcove of T +
c(1)(A) such that

d+(ρC∞(D−
1 ), c̃(1)) = d+(D−

c,1, c̃(1)) = d+(D−
x,1, Cx).

Then as d+(D−
x,1, Cx) = d+(D−

1 , s(1)), there exists a (C∞
c(1),W

v
c(1))-chain from ρC∞(s(1)) =

c(1) to c̃(1), according to Proposition 4.6, applied with CA = C∞
c(1) (using the local factor-

ization of ρC∞). Therefore by Lemma 3.14, c is a C∞-Hecke open path of type x.

4.4 Counting the lifts of a C∞-Hecke open path

We have proved that any open segment of type x ∈ W+
sph retracts to a C∞-Hecke open path

of type x. We now aim to compute, for a fixed open path c, the number of open segments
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of type x retracting to c. In order to do this, we give in Subsection 4.4.1 a description
of this set of open segments in term of local tangent buildings (see Proposition 4.20).
In Subsection 4.4.2 we introduce building-theoretic methods in order to obtain numerical
results from this local description. This leads to Theorem 4.25, in which we explicit the
polynomials mentioned in Theorem 4.9.

4.4.1 Local description of the lifts of a C∞-Hecke open path

For any x ∈ W+
sph and any C∞-Hecke open path c of type x, we denote ρ−1

C0
(sx) ∩ ρ−1

C∞
(c)

the set of open segments of type x which retract to c. In this section, we give an explicit
local description of this set.

Definition 4.16. Let c = (c, D, c(1)) be an admissible C∞-Hecke open path of type x =
ϖλw ∈ W+

sph. Recall that wλ,0 denotes the maximal element of the spherical parabolic
subgroup Wλ++, and let wx be such that D+

x,0 = a(0,−wx). We introduce the following
notation:

• The ordered set T (c) of times t ∈ [0, 1] such that, either t ∈ {0, 1}, either there is an
affine wall separating C∞

c(t) and c+(t). By [BPHR22, Lemma 5.4.2)], this is a finite
set.

• The set of folding times: T f (c) := {t ∈ [0, 1) | c′+(t) ̸= c′−(t)} (by convention,
c′−(0) = −λ++ and D−

0 = C0). This set is contained in T (c) by [BPHR22, Lemma
5.4.4)].

• For t ∈ [0, 1], w∞
c,t :=

{
d−(C∞

c(t), D
+
t ) if t < 1

d∗(C∞
c(1), c(1)) if t = 1

and w−
x,t :=


d∗(C0, D

+
x,0) if t=0

d+(D−
x,1, Cx) if t=1

wλ,0 otherwise
.

• For t ∈ [0, 1):

C(c,x, t) := {C ∈ T −
c(t)(I⊕) | d−(C∞

c(t), C) = w∞
c,t, d

∗(D−
t , C) = w−

x,t},

and

C(c,x, 1) := {C ∈ T +
c(1)(I⊕) | d+(D−

1 , C) = w−
x,1, d

∗(C∞
c(1), C) = w∞

c,1}.

Lemma 4.17. Let c be an admissible C∞-Hecke open path of type x ∈ W+
sph. For each

t ∈ T (c) \ {1} and every at ∈ C(c,x, t), there exists iat ∈ I∞ such that

iat .C
∞
c(t) = C∞

c(t) and iat .D
+
t = at.

Similarly, for every a1 ∈ C(c,x, 1), there exists ia1 ∈ I∞ such that ia1 .C∞
c(1) = C∞

c(1) and ia1 .c(1) =
a1.
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Proof. Let t ∈ T (c). By [BPHR22, Proposition 4.2], for any at ∈ T −
c(t)(I⊕) there is a

pair of twin apartments (A⊕, A⊖) such that C∞ ⊂ A⊖ and at ⊂ A⊕. By Proposition 4.5,
C∞

c(t) ⊂ A⊕ ∩ A and there is an element g ∈ Gtwin fixing (A⊕ ∩ A) ⊔ (A⊖ ∩ A⊖) such that
g.(A,A⊖) = (A⊕, A⊖). In particular, such g fixes C∞, so belongs to I∞, and also fixes C∞

c(t).
Moreover, if t < 1 (resp. t = 1) and at ∈ C(c,x, t) then d−(C∞

c(t), at) = d−(C∞
c(t), D

+
t ) (resp.

d∗(C∞
c(1), a1) = d∗(C∞

c(1), c(1))) so, since D+
t ⊂ A (resp. c(1) ⊂ A) and at ⊂ A⊕, we have

g.D+
t = at (resp. g.c(1) = a1), and we can set iat = g.

Lemma 4.18. Let c be an admissible C∞-Hecke path of type x ∈ W+
sph, and, for each time

t ∈ T (c) and alcove at ∈ C(c,x, t), fix iat as in Lemma 4.17. Set by convention that, for
t /∈ T (c), iat = 1G.

For any a ∈
∏

t∈T (c)

C(c,x, t), let us define ga.c := (ga.c, ga.D, ga.c(1)):

1. the path ga.c is defined by t 7→ ga(t).c(t), with ga(t) =
∏

t′∈T (c)∩[0,t)
iat′ ,

2. the decoration ga.D is given by (ga.D)−t = ga(t)D
−
t and (ga.D)+t = ga(t)iatD

+
t ,

3. the end alcove is given by ga.c(1) = ga(1)ia1c(1).

Then, ga.c is an open segment such that ρC0(ga.c) = sx and ρC∞(ga.c) = c.

Proof. By construction, since ga(t) ∈ I∞ for all t ∈ [0, 1], it is clear that ρC∞(ga.c) = c.
Let us first prove that ga.c is a segment on [0, 1], and that the decoration ga.c satisfies

the admissibility condition. Let t1, t2 be two consecutive times in T (c). Then ga is constant
on (t1, t2], ga(t1) = ga(t2)i

−1
at1

and iat1 fixes c(t1), since it fixes C∞
ct1

. Moreover c|[t1,t2] is a
segment and thus (ga.c)|[t1,t2] = ga(t2).c|[t1,t2] is a segment. By the admissibility condition
for c, ga.c satisfies the admissibility condition on [t1, t2].

Therefore in order to prove admissibility of ga.c on [0, 1], by Lemma 3.3 it remains to
check that condition (3.3) holds at every time t ∈ T (c) \ {0, 1}. However, by construction,
for any such time t, (ga.D)−t = ga(t).D

−
t and (ga.D)+t = ga(t).iatD

+
t , hence:

d∗((ga.D)−t , (ga.D)+t ) = d∗(D−
t , iatD

+
t ).

Moreover, by definition of iat , iatD
+
t = at ∈ C(c,x, t), and in particular d∗(D−

t , iatD
+
t ) =

w−
x,t = wλ,0 (because t /∈ {0, 1}). Hence condition (3.3) is verified, and ga.c is an admissible

open path. This also proves that the segment germs (ga.c)−(t) and (ga.c)+(t) are opposite
(because d∗((ga.D)−t , (ga.D)+t ) ∈ Wλ++) for all t ∈ [0, 1], and thus by [GR14, Lemma 4.9]
it proves that (ga.c) is a segment, starting at 0A.

Let us now prove that ρC0(ga.c) = sx. By [Héb20, Proposition 5.17 (ii)] there exists an
apartment A⊕ containing C0 and ga.c(1). Note that the distance d+((ga.D)−1 , ga.c(1)) =
w−

x,1 = d−(D−
x,1, Cx) is minimal in itsWλ++-coset w−

x,1Wλ++ (becauseD−
x,1 = projsλ,−(1)(Cx)),

therefore (ga.D)−1 = proj(ga.c)−(1)(ga.c(1)). Thus by convexity, A⊕ also contains (ga.D)−1 .
Since ga.c is a segment and since, by admissibility, (ga.D)εt = proj(ga.c)ε(t)((ga.D)−1 ), it
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also contains (ga.D)εt for all (t, ε) ∈ [0, 1]±. By (MA II), there exists h ∈ Gtwin such
that h.A⊕ = A fixing A⊕ ∩ A⊕, in particular fixing C0. Therefore hga.c = ρC0(gac) is
an open segment starting at 0A (in particular it is admissible). Since c′+(t) ∈ −W vλ
for all t, the derivative (hga.c)

′
+(t) lies in −W vλ for all t. Moreover, since (ga.D)+0 ∈

C(c,x, 0), d∗(C0, (ga.D)+0 ) = w−
x,0 = d∗(C0, D

+
x,0), so ρC0((ga.D)+0 ) = D+

x,0. This im-
plies that (hga.c)+(0) is the segment germ sx,+(0), so for any t ∈ [0, 1), (hga.c)

′
+(t) =

(hga.c)
′
+(0) = −λ, thus hgac is the segment sλ. Since hga.D = ρC0(ga.D) satisfies the

admissibility condition, the equality ρC0((ga.D)+0 ) = D+
x,0 extends to any (t, ε) ∈ [0, 1]±.

Finally d+((ga.D)−1 , ga.c(1)) = d+(h(ga.D)−1 , hga.c(1)) = d+(D−
x,1, Cx), hence ρC0(ga.c(1)) =

hga.c(1) = Cx, so ρC0(ga.c) = hga.c = sx. We thus have proved that ga.c is an open segment
of type x.

Lemma 4.19. Let f1, f2 : [0, 1] → A be two continuous maps and g1, g2 ∈ G be such that
g1.f1(r) = g2.f2(r), for every r ∈ [0, 1). Then g1.f1(1) = g2.f2(1).

Proof. By Proposition 4.1, there exists n ∈ N such that for every x ∈ g−1
2 g1.A∩A, we have

g−1
1 g2.x = n.x. The element n induces an affine automorphism of A and thus its restriction

to A is continuous. Therefore f1(1) = n.f2(1) and hence g1.f1(1) = g2.f2(1).

Proposition 4.20. Let c be an admissible C∞-Hecke open path of type x ∈ W+
sph. Then

the map a 7→ ga.c defined in Lemma 4.18 defines a bijection∏
t∈T (c)

C(c,x, t) ∼= ρ−1
C0
(sx) ∩ ρ−1

C∞
(c). (4.5)

Proof. By Lemma 4.18, the map a 7→ ga.c is a well defined map associating, to a sequence
of alcoves a ∈

∏
t∈T (c)

C(c,x, t), an open segment in ρ−1
C0
(sx) ∩ ρ−1

C∞
(c). It remains to prove

that it is injective and surjective.

1. Injectivity: Suppose that a, a′ are two distinct elements of
∏

t∈T (c)

C(c,x, t). Let t be

the first time such that at ̸= a′t. If t < 1, then ga(t) = ga′(t) and iatD
+
t = at ̸=

a′t = ia′tD
+
t , so (ga.D)+t ̸= (ga′ .D)+t . If t = 1, then ga.c(1) = a1 ̸= a′1 = ga′ .c(1).

Either way, ga.c ̸= ga′ .c, hence the map is injective (and this also shows injectivity of
(as)s∈[0,t)∩T (c) 7→ ga.c|[0,t) for all t ∈ (0, 1]).

2. Surjectivity: Let s = (s, Ds, s(1)) ∈ ρ−1
C0
(sx) ∩ ρ−1

C∞
(c). Since C0 is based at 0A,

ρ−1
C0
(0A) = {0A} and thus s(0) = sλ(0) = 0A. Let t be the upper bound of the set

U of times s such that s|[0,s] = ga.c|[0,s] for some a ∈
∏

u∈T (c)∩[0,s)
C(c,x, u). We aim to

show that t is a maximum and that t = 1.

By assumption, D+
s,0 ∈ C(c,x, 0) so for r > 0 small enough (in particular such that

T (c) ∩ [0, r) = {0}), s|[0,r) = g(D+
s,0)
.c|[0,r), which implies that t > 0. Let s ∈ [0, t)

be such that s > max{u ∈ T (c) | u < t}, and let a = (au)u∈T (c)∩[0,s) be such that
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s|[0,s] = ga.c[0,s]. For any r ∈ (s, t) we know that s|[0,r] = ga.c|[0,r]. Indeed, if s ≤ r < t
then r ∈ U so there exists a′ ∈

∏
u∈T (c)∩[0,r)

C(c,x, u) such that s|[0,r] = ga′ .c|[0,r]. By

injectivity of the map (au)u∈[0,s) 7→ ga.c|[0,s), au = a′u for all u < s and thus, since
T (c) ∩ [s, t) = ∅, this is also true for all u ≤ r, therefore s|[0,r] = ga.c|[0,r]. By
Lemma 4.19, ga.c(t) = s(t). Moreover since D+

s,s = ga(s)D
+
s and ga(s) = ga(t) we

have:

D−
s,t = projs−(t)(D

+
s,s) = projga(t)c−(t)(ga(t)D

+
s ) = ga(t)projc−(t)(D

+
s ) = ga(t)D

−
t .

Therefore D−
s,t = ga(t)D

−
t and t = maxU .

Assume by contradiction that t < 1. Note that D+
s,t = projs+(t)(D

−
t ) is the unique

alcove containing s+(t) at codistance w−
x,t from D−

s,t, and since ρC∞(D+
s,t) = D+

t we
have d−(C∞

s(t), D
+
s,t) = w∞

c,t. Applying ga(t)
−1, which preserves distance, codistance

and sends D−
s,t to D−

t , C∞
s(t) to C∞

c(t), we deduce that ga(t)−1D+
s,t is an element of

C(c,x, t).
If t ∈ T (c), we extend a = (au)u∈T (c)∩[0,t) setting at = ga(t)

−1D+
s,t and then by con-

struction (ga.c)+(t) = s+(t). If t /∈ T (c), then since there is no wall between C∞
c(t)

and c+(t), the fact that C∞
s(t) = ga(t).C

∞
c(t) already implies that ga(t).c+(t) = s+(t)

(because c+(t) is in the enclosure of C∞
c(t), see [BPHR22, Definition 2.1.2.4)]). Either

way there is ga such that s+(t) = (ga.c)+(t) and in particular there exists r > t
such that s|[0,r] = ga.c|[0,r], contradicting the definition of t. Thus t = 1, and there
is a sequence a ∈

∏
u∈T (c)\{1}

C(c,x, u) such that (s, Ds) = (ga.c, ga.D). To prove sur-

jectivity, it remains to check that, for such a sequence, the end alcove ga(1)−1s(1)
belongs to C(c,x, 1). The element ga(1) defines an isomorphism of local tangent
buildings T ±

c(1)(I⊕) ∼= T ±
s(1)(I⊕), which sends the alcoves C∞

c(t) and D−
1 to C∞

s(1) and
D−

s,1 respectively. Therefore a1 := ga(1)
−1s(1) satisfies d∗(C∞

c(1), a1) = d∗(C∞
s(1), s(1))

and d+(D−
1 , a1) = d+(D−

s,1, s(1)). Since d∗(C∞
s(1), s(1)) = d∗(C∞

c(1), c(1)) (because
ρC∞(s(1)) = c(1)) and d+(D−

s,1, s(1)) = d+(D−
x,1, Cx) (because ρC0(s) = sx), we

deduce that a1 belongs to C(c,x, 1), and we conclude that the map C 7→ ga.c is
surjective.

In order to deduce numerical expressions from Formula (4.5), it therefore remains to
compute, for a given C∞-Hecke open path c the cardinals of the sets C(c,x, t) for all
t ∈ T (c). This is doable at the level of local tangent buildings using the techniques below.

4.4.2 Computation at the level of local tangent buildings

Let us start by recalling results which hold for general twin-buildings, they will be used in
order to compute the cardinility of the sets C(c,x, t) appearing in the preceding subsection.
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Lemma 4.21. Let (T ±, d±, d∗) be a twin building and let A± be a twin apartment of
T ±. Let C− ∈ A− and C+ ∈ A+ be two chambers of opposite signs and let w, v be
two elements of the Weyl group W of T ±. Let iw be a reduced expression of w and let
Cv be the unique chamber of A+ at codistance v from C−. Let ΓC−(C+, Cv, iw,A±) be
the set of C−-centrifugally folded galleries of type iw from C+ to Cv in A± . For any
g ∈ ΓC−(C+, Cv, iw,A±), let Cm

C−
(g, C+, T +) denote the set of minimal galleries, in T +,

which retract to g by ρA±,C−.
Then, the map which sends a gallery to its last chamber defines a bijection:

⊔
g∈ΓC− (C+,Cv ,iw,A±)

Cm
C−(g, C+, T +) ∼= {C ∈ T + | d+(C+, C) = w, d∗(C−, C) = v}.

Proof. Suppose that C ∈ T + verifies d+(C+, C) = w, then there exists a unique minimal
gallery g̃ = (C̃0, . . . , C̃n) of type iw = (s1, . . . , sn) from C+ to C in T +. Let g = (C0, . . . , Cn)
be the image of g̃ by ρA±,C− , we need to verify that it is centrifugally folded. Suppose
that Ci = Ci−1. By definition, ρA±,C− preserves the codistance to C−, so d∗(C−, C̃i) =

d∗(C−, C̃i−1) = d∗(C−, Ci). Moreover and d(C̃i−1, C̃i) = si. Therefore, by the converse of
axiom (TW2) of [AB08, Definition 5.133], the fact that d∗(C−, C̃i) = d∗(C−, C̃i−1) implies
that d∗(C−, C̃i−1)si > d∗(C−, C̃i−1) and since d∗(C−, Ci−1) = d∗(C−, Ci) = d∗(C−, C̃i−1)
this implies that g is C−-centrifugally folded at i. Hence we have an injection:

{C ∈ T + | d+(C+, C) = w, d∗(C−, C) = v} ↪→
⊔

g∈ΓC− (C+,Cv ,iw,A±)

Cm
C−(g, C+, T +).

Conversely, suppose that g̃ lies in Cm
C−

(g, C+, T +) for some g ∈ ΓC−(C+, Cv, iw,A±), then
since g̃ is minimal of type iw and starts at C+, its last chamber C is at distance w of C+.
Moreover, since ρA±,C−(C) = Cv, we have d∗(C−, C) = d∗(C−, Cv) = v. Hence we obtain
an inverse map of the injection above, and thus a bijection:⊔

g∈ΓC− (C+,Cv ,iw,A±)

Cm
C−(g, C+, T +) ↪→ {C ∈ T + | d+(C+, C) = w, d∗(C−, C) = v}.

The next lemma is proved in more generality in [GR14, Corollary 4.5], it is also detailed
in [BPR21, §2.3].

Lemma 4.22. Let A± be a twin apartment of type (W,S), let C− ∈ A− and C+ ∈ A+ be
two chambers of opposite signs. Let P be a set of panels in A+ (which should be thought
of as thick panels). Let g = (C1, . . . , Cn) be a C−-centrifugally folded gallery of type
i = (i1, . . . , in) in A+ from C0 = C+ to Cn = Cv and suppose that the panels along which
g folds belong to P.
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Let l(g) = |{j ∈ J1, nK | Cj−1 ̸= Cj, d
∗(C−, Cj) < d∗(C−, Cj−1), p(Cj, sj) ∈ P}|

and r(g) = |{j ∈ J1, nK | Cj−1 = Cj}|. Let RC−
g,P(X) denote the polynomial with integral

coefficients defined by:
R

C−
g,P(X) = X l(g)(X − 1)r(g).

Then for any (q, 1)-semi-homogeneous twin building T ± with twin apartment A± and
such that P is the set of thick panels of A+ in T +, we have:

|Cm
C−(g, C+, T +)| = R

C−
g,P(q).

In particular, it is non-zero for any gallery g which is C−-centrifugally folded along
panels of P. If g folds along a panel which is not thick (not in P), then it does not lift to
any minimal gallery, so |Cm

C−
(g, C+, T +)| = 0 and we set RC−

g,P = 0.

This motivates the following definition, in order to explicit Formula (4.5).

Definition 4.23. Let A± be a twin apartment and let P be a set of panels in A+. Let
C− ∈ A− and C+ ∈ A+, let v, w ∈ W . As in Lemma 4.21, let iw be a reduced expression of
w, and let Cv be the unique chamber of A+ at codistance v from C−. Then we define the
polynomial RC−,C+

v,w,P (X) ∈ Z[X] by:

R
C−,C+

v,w,P (X) =
∑

g∈ΓC− (C+,Cv ,iw,A±)

R
C−
g,P(X). (4.6)

By Lemmas 4.21 and 4.22, it is the unique polynomial such that, if T ± is a (q, 1)-semi-
homogeneous twin building with twin apartment A± and P is its set of q-thick panels in
A+ we have:

|{C ∈ T + | d+(C+, C) = w, d∗(C−, C) = v}| = R
C−,C+

v,w,P (q).

In particular, this polynomial does not depend on the choice of iw.

Remark 4.24. These polynomials should be thought of as twisted versions, with unequal pa-
rameters, of the R-polynomials associated to a twin building, or to a Hecke algebra. Indeed
when P is the set of all panels of A+, then R

C−,C+

v,w,P only depends on v, w, d∗(C−, C+) ∈ W ,
and if d∗(C−, C+) = 1 then it is equal to the classical polynomial Rv,w(X) defined by Kazh-
dan and Lusztig [KL79].

4.4.3 Polynomial expression for the lifts of C∞-Hecke open paths

Combining the results of Subsections 4.4.1 and 4.4.2, we obtain the following result.

Theorem 4.25. Let D be any Kac-Moody root datum, and let A be the associated affine
apartment. Let c be a C∞-Hecke open path of type x ∈ W+

sph in A. Then, there exists a poly-
nomial Rx,c(X) ∈ Z[X] such that, for any twin masure (I⊕, I⊖) with standard apartment
A and constant finite thickness q, we have:
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|ρ−1
C0
(sx) ∩ ρ−1

C∞
(c)| = Rx,c(q) (4.7)

Moreover, this polynomial is explicitly given by:

Rx,c(X) =
∏

t∈T (c)

Rloc,t
x,c (X) (4.8)

where

Rloc,t
x,c (X) =


R

D−
t ,C∞

c(t)

w−
x,t,w

∞
c,t,Pc(t)

(X) if t < 1

R
C∞

c(1)
,D−

1

w∞
c,1,w

−
x,1,Pc(1)

(X) if t = 1
(4.9)

with the notation of Definition 4.23, and Pc(t) denotes the set of panels of T ±
c(t)(A) supported

on affine walls.

Proof. This is a direct application of Formula (4.5) and Lemmas 4.21, 4.22.

Remark 4.26. Note that for any Kac-Moody root datum and associated apartment A,
there exists a twin masure of standard apartment A and of constant finite thickness q for
any prime power q. Therefore the polynomials Rc,ϖλw are characterized by Formula (4.7).

4.5 Definition and computation of R-Kazhdan-Lusztig polynomi-
als

We use the computations above to define affine R-Kazhdan-Lusztig polynomials for Kac-
Moody groups. This follows the work of D. Muthiah in [Mut19], where he defines spherical
R-Kazhdan-Lusztig polynomials for affine simply laced Kac-Moody groups. Spherical and
affine Kazhdan-Lusztig polynomials play a very similar role, but the former for spherical
Hecke algebras, and the latter for Iwahori-Hecke algebras.

4.5.1 Definition of affine R-Kazhdan-Lusztig polynomials for Kac-Moody groups

Lemma 4.27. Let x,y ∈ W+, with x spherical. Then the map ψ : s 7→ s(1) is a bijection
between Ex,y :=

⊔
c∈C∞

x (y) ρ
−1
C∞

(c) ∩ ρ−1
C0
(sx) and the set E ′

x,y of alcoves C of I⊕ such that:

1. C and 0A belong to an apartment of I⊕,

2. every element of [0A, vert(C)] is C∞-friendly, where vert(C) is the vertex of C,

3. ρC0(C) = Cx and ρC∞(C) = Cy.

Its reciprocal is the map ψ′ : E ′
x,y → Ex,y which associates to every C the open segment

starting at 0A and with end alcove C (which is well-defined by Lemma 4.8).
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Proof. The fact that ψ(Ex,y) ⊂ E ′
x,y is clear. Conversely, let C ∈ E ′

x,y and let s be the open
segment starting at 0A and with end alcove C. Then s is of type x by Lemma 4.8. In other
words, ρC0(s) = sx. Moreover, by Proposition 4.15, ρC∞(s) ∈ C∞

x (y), so ψ′(E ′
x,y) ⊂ Ex,y.

The fact that ψ ◦ψ′ = Id is clear and the fact that ψ′ ◦ψ = Id follows from the uniqueness
in Lemma 4.8 1).

Definition 4.28 (Affine R-Kazhdan-Lusztig polynomials). Let x,y be elements of W+,
suppose that x is spherical. Let C∞

x (y) be the finite set of C∞-Hecke open paths of type
x starting at 0A and with end alcove Cy. Then define the R-Kazhdan-Lusztig polynomial
Rx,y by:

Rx,y(X) =
∑

c∈C∞
x (y)

Rx,c(X) =
∑

c∈C∞
x (y)

∏
t∈T (c)

Rloc,t
x,c (X). (4.10)

It is the polynomial such that:

Rx,y(q) =
∑

c∈C∞
x (y)

|ρ−1
C∞

(c) ∩ ρ−1
C0
(sx)|. (4.11)

Upon Conjecture [BPHR22, 4.4.1] and according to Lemma 4.27, we have: Rx,y(q) =
|I0xI0 ∩ I∞yI0/I0|. This motivates their study, we expect them to be the R-polynomials
for a, yet to be defined, Kazhdan-Lusztig theory for Kac-Moody groups over discretely
valued fields. This was schemed by Muthiah in [MO19].

4.5.2 Comparison with Spherical R-polynomials

Let K ⊃ I denote the stabiliser of 0A in G. In [Mut19], Muthiah defines spherical R-
polynomials, which conjecturally compute the cardinal of the sets (KϖλK ∩ I∞ϖµK)/K
for λ ∈ Y ++

sph and µ ∈ Y + (see [Mut19, §5]). In order to do this, he computes certain sets of
segments in the masure I⊕, and his computation were made more precise by Bardy-Panse,
the first author and Rousseau in [BPHR22]. Let us briefly explain how to relate the affine
R-polynomials defined here with their results.

Since K is the stabilizer of the special vertex 0A, the set (KϖλK ∩ I∞ϖµK)/K bijects
with ρ−1

0A
(−λ)∩ρ−1

C∞
(−µ), where ρ0A is the masure retraction centered at 0A. More precisely

ρ0A(x) is the unique element of K.x ∩ ±Cv
f for all x ∈ {x ∈ I⊕ | x ≤⊕ 0A or x ≥⊕ 0A}.

Since the fundamental alcove is based at 0A, we have ρ0A = ρ0A ◦ρC0 and, since ρ0A restricts
to x 7→ x++ on ±T , we have ρ0A(x) = (ρC0(x))

++ for every x ≤⊕ 0A ∈ I⊕. Therefore
KϖλK =

⊔
w∈Wλ

IϖwλK for any λ ∈ Y ++ (recall that W λ is the set of minimal coset

representatives of W v/Wλ). In term of masure retractions, we have:

ρ−1
0A
(−λ) ∩ ρ−1

C∞
(−µ) =

⊔
w∈Wλ

ρ−1
C0
(−wλ) ∩ ρ−1

C∞
(−µ).

Since the alcove Cϖwλw is the projection C++
−wλ = proj−wλ(C0) of the fundamental alcove

at −wλ, the map x 7→ projx(C0) defines a bijection ρ−1
C0
(−wλ) ∼= ρ−1

C0
(C++

−wλ).
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For any C∞-Hecke non-open path of type λ ending at −µ (defined as I∞-Hecke paths
in [Mut19, §5.3.1]), and for any w ∈ W λ let Hc,w denote the set of C∞-Hecke open paths
of type ϖwλw with underlying non-open path c.

Then there is a bijection between the set of C∞-friendly segments of type −wλ retracting
to c and the set of C∞-Hecke open segments of type ϖwλw retracting to some (necessarily
unique) c ∈ Hc,w:

ρ−1
C0
(swλ) ∩ ρ−1

C∞
(c) ∼=

⊔
c∈Hw,c

(ρ−1
C0
(sϖwλw) ∩ ρ−1

C∞
(c)). (4.12)

In [BPHR22, Theorem 5.1], the authors compute ρ−1
0A
(sλ)∩ρ−1

C∞
(c) =

⊔
w∈Wλ

ρ−1
C0
(swλ)∩ρ−1

C∞
(c).

We recover a polynomial expression for the cardinal of this set (and in particular its
finiteness) from the definition of the polynomials Rϖwλw,c, Formula (4.12) and the first two
points of the following Lemma.

Lemma 4.29. The following sets are finite:

1. for a fixed pair c, w, the set Hc,w,

2. for a fixed C∞-Hecke path c, the set {w ∈ W λ | Hc,w ̸= ∅},

3. for a fixed pair λ ∈ Y +
sph, µ ∈ Y +, the set {(w, v) ∈ W λ ×W v | Rϖwλw,ϖµv ̸= 0}

Proof. In this proof, we use the length ℓa : W+ → Z introduced by Muthiah in [Mut18, 5].
It is also defined in [Phi23, (1.19)].

1.,2. Let c be a C∞ non-open path of type λ and ending at −µ. Let w ∈ W λ and
assume that Hc,w is non-empty. Then c(1) is based at µ. Combining Proposition 3.10 and
[Phi23, Corollary 2.12], we get:

ϖµvµ ≤ c(1) ≤ ϖwλw,

where vµ is the minimal element such that µ = vµµ++. Using the finiteness of the intervals
for the Bruhat order ( [HP24, Corollary 3.4]), we deduce 1. Moreover by [MO19, Theorem
1.1], ℓa is compatible with ≤ and thus we have ℓa(ϖµvµ) ≤ ℓa(ϖwλw). Using [Phi23, (2.8)]
this is equivalent to:

ℓ(w) ≤ ℓa(ϖλ) + ℓa(vµ)− ℓa(ϖµ).

Since W v admits finitely many simple reflections, the set {x ∈ W λ | ℓ(x) ≤ ℓa(ϖλ) +
ℓa(vµ)− ℓa(ϖµ)} is finite, from which we deduce 2.

The polynomial Rϖwλw,ϖµv is non zero if and only if there is a C∞-Hecke open path of type
ϖwλw ending at Cϖµv, which is not possible if ϖµv ̸≤ ϖwλw. Since ϖµW v is bounded
below by ϖµvµ, and ϖwλw is bounded above by ϖλ, by finiteness of the interval between
these two elements for the affine Bruhat order again, we deduce this third finiteness result.
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From the third point of this lemma, we also obtain an alternative description of the
spherical R-polynomial RK

µ,λ introduced by Muthiah (see [Mut19, Definition 5.55]). It is
defined as

RK
µ,λ(q) =

∑
c∈C∞

λ (µ)

|ρ−1
0A
(sλ) ∩ ρ−1

C∞
(c)|,

for any twin masures (I⊕, I⊖) of constant thickness q (where C∞
λ (µ) denotes the set of

C∞-Hecke (non-open) paths of type λ ending at −µ). Recollecting the previous arguments
we deduce:

RK
µ,λ(X) =

∑
w∈Wλ

∑
v∈W v

Rϖwλw,ϖµv(X). (4.13)

4.5.3 Elementary properties of R-Kazhdan-Lusztig polynomials

Our R-polynomials have properties quite similar to the defining properties of the classical
R-polynomials for Coxeter groups. In the next Proposition, we state analogs of points
i) and ii) of [BB05, Theorem 5.1.1]. In Proposition 4.34 we compute R-polynomials for
covers, it is the analog of a particular case of [BB05, Theorem 5.1.1.iii)].

Proposition 4.30. Let x,y ∈ W+ and suppose that x is spherical. Then:

1. If Rx,y ̸= 0, then x ≥ y.

2. We have Rx,y = 1 ⇐⇒ x = y.

Proof. If Rx,y is non-zero, then there is a C∞-Hecke open path of type x with end alcove
Cy which implies, by Proposition 3.10 2., that y ≤ x.

Let x = ϖλw ∈ W+
sph. The unique C∞-Hecke open path of type x ending at Cx is the

open segment sx, and T (sx) = {0, 1}. Since C∞
0A

and C0 are opposite in T ±
0A
(I⊕), we have

C(sx,x, 0) = {D+
x,0}, hence Rloc,0

x,sx
= 1. It remains to check that Rloc,1

x,sx
= 1. Let i be the

type of a reduced expression for w−
x,1 = d+(D−

x,1, Cx). There is a unique gallery g from D−
x,1

to Cx = sx(1) of type i, and it is a minimal gallery. Therefore Rloc,1
x,sx

(X) = X l(g) where l(g)
is the number of affine walls crossed by g away from C∞

−λ or, equivalently, towards C++
−λ ,

its opposite in T ±(A).
Let us check that l(g) = 0. On the one hand since g is minimal, the walls it crosses are

crossed away from its initial alcove D−
x,1 and since D−

x,1 = projsλ,−(1)(Cx), it does not cross
any wall containing the segment germ sλ,−(1). Since the non-open component of sx is the
segment sλ from 0A to −λ, we have C++

−λ = projsλ,−(1)(C0) which dominates the segment
germ sλ,−(1). Therefore a half-apartment containing D−

x,1 also contains C++
−λ , unless the

affine wall delimiting it contains sλ,−(1). Since none of the walls crossed by g contain
sλ,−(1) and since they are all crossed away from D−

x,1, they are also crossed away from
C++

−λ , so l(g) = 0 and Rloc,1
x,sx

= 1.
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Conversely, suppose that Rx,y = 1. Then there is a unique C∞-Hecke open path of
type y with end alcove Cx. Since any folding induces a factor X − 1, it can not be folded.
Therefore this Hecke open path is just the segment of type y, and y = x.

We will now compute R-polynomials associated to covers, the result is the same as
for classical R-Kazhdan-Lusztig polynomials (see 4.34). The computation relies on several
technical lemma, and on the classification of covers given in [Phi23, Proposition 3.20].

Lemma 4.31. Let c+(t) = c(t)+ [0, 0+)c′+(t) be a segment germ such that c(t), c′+(t) ∈ −T
and let γ ∈ Φ.

1. If ⟨c(t), γ⟩ ̸= 0, then the (affine or ghost) wall of direction γ going through c(t)
separates C∞

c(t) from c+(t) if and only if ⟨c(t), γ⟩⟨c′+(t), γ⟩ < 0.

2. If ⟨c(t), γ⟩ = 0, then the affine wall of direction γ going through c(t) separates C∞
c(t)

from c+(t) if and only if sgn(γ)⟨c′+(t), γ⟩ > 0.

Proof. 1. Let n = −⟨c(t), γ⟩, so that c(t) ∈ Mγ[n], and suppose n ̸= 0. If ⟨c′+(t), γ⟩ = 0
then the wall Mγ[n] contains the segment germ c+(t), hence this segment germ is
automatically on both sides of Mγ[n], so there is nothing to prove. Let us suppose that
it is not the case. By definition, C∞

c(t) dominates the segment germ c(t) + [0, 0+)c(t).
Therefore the side of Mγ[n] containing C∞

c(t) contains this segment germ, and since
⟨c(t), γ⟩ ̸= 0 it is the only side of Mγ[n] containing this segment germ. Therefore
C∞

c(t) and the segment germ c+(t) are separated by Mγ[n] if and only if the respective
directions c(t) and c′+(t) of c(t) + [0, 0+)c(t) and c+(t) are separated by the vectorial
wall Mγ, if and only if ⟨c(t), γ⟩ and ⟨c′+(t), γ⟩ have opposite sign, hence we get the
first point.

2. Suppose now that ⟨c(t), γ⟩ = 0. Up to replacing γ by −γ, we suppose that γ is
positive. By definition C∞

c(t) and the fundamental alcove C0 are on opposite sides of
Mγ[0] (because this wall goes through c(t)), so c+(t) and C∞

c(t) are on opposite sides if
and only if c+(t) is on the same side of Mγ[0] as C0). Since γ is positive, ⟨C0, γ⟩ > 0,
so C0 and c+(t) are on the same side of Mγ[0] if and only if ⟨c′+(t), γ⟩ > 0, which
concludes point 2.

Lemma 4.32. Let v1, v2 ∈ W v be such that ℓ(v1v2) = ℓ(v1) + ℓ(v2). Then

Inv(v−1
2 ) ∩ Inv(v1) = ∅.

Proof. Suppose that there exists γ ∈ Inv(v−1
2 ) ∩ Inv(v1). Then v1sγ < v1 and v−1

2 sγ < v−1
2

(so sγv2 < v2). Therefore, by the triangular inequality,

ℓ(v1v2) = ℓ((v1sγ)(sγv2)) ≤ ℓ(v1sγ) + ℓ(sγv2) < ℓ(v1) + ℓ(v2).
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Lemma 4.33. Let x,y ∈ W+ be such that y is covered by x. We assume that y = ϖvλw
and x = sv(β)[n]y = ϖv(sβλ+nβ∨)sv(β)w, with λ ∈ Y ++, v ∈ W λ, w ∈ W v, β[n] ∈ Φa

+ and
n ∈ {−1, ⟨λ, β⟩ + 1}. Let t0 = |n|

⟨λ,β⟩+2
. Let c = φt0,v(β)[n](sx). Then T (c) = {0, t0, 1} and

Rloc,t0
x,c = X − 1.

Proof. With the notation of the Lemma, since x covers y with projY
++

(x) ̸= projY
++

(y),
by [Phi23, Proposition 3.21], β needs to be a quantum root (see [HP24, Definition 2.4]):

∀γ ∈ Inv(sβ) \ {β}, ⟨β∨, γ⟩ = 1. (4.14)

Moreover, λ+ β∨ is almost-dominant, that is to say:

⟨λ+ β∨, τ⟩ ≥ −1 for all τ ∈ Φ+. (4.15)

It is clear that {0, t0, 1} ⊂ T (c) since there is a folding at t0. Moreover since c is
obtained from sx by a folding at time t0, both open paths agree on [0, t0) and thus we have
that T (c) ∩ [0, t0) = T (sx) ∩ [0, t0) = {0}. Let us now prove that, on [t0, 1), there is no
other affine wall separating C∞

c(t) and c+(t).
For any γ ∈ Φ+ and t ∈ [t0, 1), let Mγ,t denote the (affine or ghost) wall of direction

v(γ) going through c(t), we say that it is separating if it separates C∞
c(t) from c+(t). We want

to prove that, if Mγ,t is separating, then it is a ghost wall, unless t = t0 and γ = β. We
use Lemma 4.31 in order to verify this. Let gγ denote the affine function t 7→ ⟨c(t), v(γ)⟩
defined on [t0, 1]. Then Mγ,t is an affine (non-ghost) wall if and only if gγ(t) ∈ Z, and by
Lemma 4.31 Mγ,t separates C∞

c(t) from c+(t) if and only if either gγ(t)⟨c′+(t), v(γ)⟩ < 0 or
gγ(t) = 0 and sgn(v(γ))⟨c′+(t), v(γ)⟩ > 0. We will separate cases according to the value of
n and to the sign of ⟨c′+(t), v(γ)⟩. This value does not depend on t ∈ [t0, 1) as c is affine
on [t0, 1].

Note that gγ(1) = ⟨−λ, γ⟩ ≤ 0 and

gγ(t0) =

{
−t0⟨λ+ β∨, γ⟩ if n = ⟨λ, β⟩+ 1

−t0⟨λ+ β∨, sβ(γ)⟩ if n = −1.
(4.16)

In particular, since λ+β∨ is almost dominant and γ ∈ Φ+, gγ(t0) ≤ t0 < 1 unless n = −1
and γ ∈ Inv(sβ). Moreover if n = −1, clearly gβ(t0) = 1 and if γ ∈ Inv(sβ)\{β}, since β is
a quantum root , ⟨β∨, γ⟩ = 1 and sβ(γ) = γ − β, thus gγ(t0) = 1

⟨λ+β∨,β⟩⟨λ+ β∨, β − γ⟩ < 1
in this case aswell. Therefore we have

gγ(t0) ≤ 1, (4.17)

with equality if and only if n = −1 and γ = β. In particular outside of this case, since
gγ is affine on [t0, 1], gγ([t0, 1]) ⊂ (−∞, 1): there is no time for which gγ(t) is integral and
positive.

1. Suppose first that ⟨c′+(t), v(γ)⟩ < 0, and γ ̸= β. Then since gγ(t) cannot be integral
and positive, by Lemma 4.31 the wall Mγ,t is separating and non-ghost if and only if
gγ(t) = 0 and v(γ) ∈ Φ− (that is to say γ ∈ Inv(v)). Note that the existence of such
a time t implies that gγ(t0) > 0
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(a) If n = ⟨λ, β⟩+1 then gγ(t0) = −t0⟨λ+β∨, γ⟩ is positive if and only if ⟨λ+β∨, γ⟩ <
0, if and only if γ ∈ Inv(u−1) where u ∈ W v is the minimal element such that
u−1(λ+β∨) ∈ Y ++. However, by [Phi23, Lemma 3.7] we have ℓ(vu) = ℓ(v)+ℓ(u),
so by Lemma 4.32, Inv(v) ∩ Inv(u−1) = ∅ and Mγ,t can not be separating.

(b) If n = −1 then gγ(t0) = −t0⟨sβ(λ + β∨), γ⟩ is positive if and only if γ ∈
Inv(u−1sβ) (with u defined as above). By [Phi23, Lemma 3.7] and Lemma 4.32,
if γ ∈ Inv(u−1sβ) then γ ̸∈ Inv(v), so v(γ) is a positive root. Therefore by
Lemma 4.31 the wall Mγ,t is not separating.

2. Suppose that ⟨c′+(t), v(γ)⟩ > 0. Let us then show that, for any such γ and t ∈ [t0, 1),
gγ(t) is not integral, unless t = t0 and γ = β. Since gγ(1) is integral, it suffices to
prove that

|gγ(t0)− gγ(1)| ≤ 1, (4.18)

with equality if and only if γ = β. We have |gγ(t0)− gγ(1)| = |(1− t0)⟨c′+(t0), v(γ)⟩|,
and t0 = |n|

⟨λ+β∨β⟩

(a) If n = −1 then c′+(t0) = −v(λ + β∨) so ⟨c′+(t), v(γ)⟩ = −⟨λ + β∨, γ⟩ is positive
if and only if ⟨λ + β∨, γ⟩ < 0. Since λ + β∨ is almost dominant and γ ∈ Φ+,
this is equivalent to ⟨λ+ β∨, γ⟩ = −1, in which case

|(1− t0)⟨c′+(t0), v(γ)⟩| = 1− t0 < 1.

(b) If n = ⟨λ, β⟩ + 1 then c′+(t0) = −vsβ(λ + β∨) so if ⟨c′+(t), v(γ)⟩ = −⟨λ +
β∨, sβ(γ)⟩ > 0 then it is equal to 1 unless γ ∈ Inv(sβ). If it is equal to 1, then
|gγ(t0)− gγ(1)| = 1− t0 < 1. If γ ∈ Inv(sβ) \ {β}, and since (1− t0) =

1
⟨λ+β∨,β⟩ ,

we have |gγ(t0)− gγ(1)| = |⟨λ+β∨,sβ(γ)⟩|
⟨λ+β∨,β⟩ . This is equal to 1 if γ = β. Else, since β

is quantum, we have |⟨λ+ β∨, sβ(γ)⟩| = ⟨λ+ β∨, β⟩ − ⟨λ+ β∨, γ⟩ < ⟨λ+ β∨, β⟩
so |gγ(t0)− gγ(1)| < 1.

We have therefore proven that there is no non-ghost separating wall on [t0, 1), except Mβ,t0 .
Therefore T (c) = {0, t0, 1}. It remains to prove that Rloc,t0

x,c = X − 1.
Let g be a minimal gallery, in T −

c(t0)
(A), from C∞

c(t0)
to the decorating alcove D+

t0 of c
at time t0, and let i be its type. In order to compute Rloc,t0

x,c we will prove that there is a
unique D−

t0-centrifugally folded gallery g̃ of type i from C∞
c(t0)

to D+
x,1 (which is the unique

alcove at codistance w−
x,t0 from D−

x,t0 = D−
t0), and that it satisfies r(g̃) = 1, l(g̃) = 0. Since

g is minimal, it is of the form g0g1 where g0 goes from C∞
c(t0)

to projc+(t0)(C
∞
c(t0)

) and where
every alcove of g1 dominates c+(t0). Since Mv(β),t0 is the only affine wall separating C∞

c(t0)

from c+(t0), it is the unique affine wall along which g0 can be folded, let g̃0 denote the
associated folded gallery. Then, since d+(C∞

c(t0)
, D+

x,t0) ∈ W(λ+β∨)++ , any gallery of type i

from C∞
c(t0)

to D+
x,t0 is of the form g̃0g̃1 with g̃1 of type i1. Moreover, if we suppose that

g̃ is D−
x,t0-centrifugally folded, since D−

x,t0 and D+
x,t0 are on the same side of every wall

dominating s
projY

+
(x),+

(t0), the gallery g̃1 can not be folded (else the last folding would

47



be done towards D+
x,t0 , hence towards D−

x,t0). We deduce that there is a unique possible
choice of such g̃, and since g̃1 is minimal it crosses every wall towards its last alcove, hence
also towards D−

x,t0 . Therefore it satisfies r(g̃) = 1, l(g̃) = 0. Thus, Rloc,t0
x,c = X − 1, which

concludes the proof of the lemma.

We now compute the R-polynomials associated to covers. We will use the classification
of covers which was obtained by Welch in the affine ADE case (see [Wel22, Theorem 2]),
and extended to the general Kac-Moody case by the second author (see [Phi23, Proposition
3.20]).

Proposition 4.34. Let x,y ∈ W+ and suppose that x ∈ W+
sph. Then

y ◁ x =⇒ Rx,y = X − 1. (4.19)

Proof. We use the classification of covers for the affine Bruhat order given in [HP24, Lemma
3.1] (note that, in this proposition x covers y, whereas it is the opposite in [HP24]). We
separate the computation in 5 cases, according to the form of the cover:

y = ϖvλw and x = sv(β)[n]y = ϖv(sβλ+nβ∨)sv(β)w, (4.20)

with λ ∈ Y ++, v ∈ W λ, w ∈ W v and β[n] ∈ Φa
+.

The integer n may take four values, namely {0, ⟨λ, β⟩,−1, ⟨λ, β⟩ + 1}. Moreover, an
element c ∈ C∞

x (y) is obtained from the open segment sx by folding along the affine root
β[n]. Indeed, if c ∈ C∞

x (y), then c is obtained from sx via some folding data (ti, βi[ni])i∈J0,rK.
By Proposition 3.10, we have y = sβr[nr] . . . sβ0[n0]x. By definition of a cover, we thus have
r = 0 and β0[n0] = v(β)[n]. Therefore it is unique, unless ⟨λ, β⟩ = n = 0 (in which case we
can fold either at time 0 or 1, but we will see that only one choice contributes to Rx,y).

1. Suppose that n = ⟨λ, β⟩ ̸= 0, so that x = ϖvλsv(β)w and ℓ(v−1sβw) = ℓ(v−1w) + 1.
In this case the only difference between c and sx is the end alcove. Therefore Rloc,t

x,c =

Rloc,t
x,sx

= 1 for all t < 1. We need to check that Rloc,1
x,c = X − 1. Let i be the type of a

minimal gallery from C++
−vλ to Cx. Since C++

−vλ dominates the segment germ svλ,−(1)
and by definition ofD−

x,1, we can write i = i1i2 where i1 is the type of a minimal gallery
(let us denote it g1) from C++

−vλ to D−
x,1 and i2 is the type of a minimal gallery from

D−
x,1 to Cx. Therefore if g2 is a gallery of type i2 from D−

x,1 to Cy then concatenating
it with g1 we obtain a gallery from C++

−vλ to Cy of type i. Since (by Lemma 2.8)

ℓ(v−1w) = ℓ(d+(C++
−vλ, Cy)) = ℓ(v−1sβw)− 1 = ℓ(d+(C++

−vλ, Cx))− 1,

this gallery necessarily folds exactly once, and does not cross any wall towards C++
−vλ,

so ℓ(g2) = 0. Moreover the folding is C∞
−vλ-centrifuged as it folds towards C++

−vλ , so
r(g2) = 1. Hence Rx,y = Rloc,1

x,c = X − 1.

2. Suppose that n = 0 ̸= ⟨λ, β⟩, then the unique element of C∞
x (y) is obtained from

folding sx at time 0 along Mv(β)[0]. Therefore it is just the open segment sy, and
T (sy) = {0, 1}. By [HP24, Lemma 3.1], x = ϖvsβ(λ)sv(β)w and ℓ(vsβ) = ℓ(v)− 1.
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• To compute Rloc,1
D , let us fix a reduced expression i of w−

x,1 = d−(D−
x,1, Cx). Since

there is no folding at time 1, we have d−(D−
y,1, Cy) = w−

y,1 = w−
x,1,so there is a

unique gallery g of type i from D−
y,1 to Cy, it is minimal, and does not cross any

wall containing c−(1) since D−
y,1 = projc−(1)(Cy). Moreover C++

−vλ and D−
y,1 are

separated only by walls containing c−(1) since they both dominate this segment
germ, so any wall crossed by g is crossed away from C++

−vλ. Hence l(g) = 0 and
Rloc,1

x,c = 1.

• At t = 0, we have that D−
0 = C0 is opposite (in T ±

0A
(A)) to C∞

0A
. Therefore by

Remark 4.24, the polynomial Rloc,0
x,c is a classical R-polynomial, and to prove that

it is equal toX−1, it suffices to check that w∞
c,0 is a cover of w−

x,0. We thus need to
express these two elements. Since C++

−vλ (which is the opposite of C∞
−vλ) and D−

y,1

both dominate the segment germ svλ,−(1) the codistance d∗(C∞
−vλ, D

−
y,1) =: w̃ lies

in Wλ. Explicitly, we therefore have C∞
−vλ = a(−vλ,−v), D−

y,1 = a(−vλ,+vw̃)
and D−

x,1 = sv(β)[0]D
−
y,1 = a(−vsβλ,+vsβw̃). Since there is no folding after time

t = 0, by the admissibility condition we deduce that D+
y,0 = a(0A,−vw̃wλ,0) and

D+
x,0 = a(0A,−vsβw̃wλ,0), where wλ,0 is the maximal element of the standard

parabolic subgroup Wλ. Therefore:

w−
x,0 = vsβw̃wλ,0 and w∞

c,0 = vw̃wλ,0. (4.21)

In particular, w∞
c,0 = sv(β)w

−
x,0, so the two elements are comparable in W v. Let us

write vsβ = uJuJ with uJ ∈ W λ. By [Phi23, Proposition 3.20.2c], a(−vλ, vu−1
J )

is on a minimal gallery from C++
−vλ = a(−vλ, v) to Cy so, since a(−vλ, vw̃) = D−

y,1

is the projection of Cy on svλ,−(1) and uJ ∈ Wλ, the alcove a(−vλ, vu−1
J ) is on

a minimal gallery from C++
−vλ to D−

y,1. In term of distance, this implies that
ℓ(w̃) = ℓ(uJ) + ℓ(uJw̃). Recall that for any element r ∈ W λ, t ∈ Wλ, we have
ℓ(rtwλ,0) = ℓ(r) + ℓ(twλ,0) = ℓ(r) + ℓ(wλ,0)− ℓ(t). We deduce:

ℓ(w∞
c,0) = ℓ(v) + ℓ(wλ,0)− ℓ(w̃),

ℓ(w−
x,0) = ℓ(uJ) + ℓ(wλ,0)− ℓ(uJw̃) = ℓ(uJ) + ℓ(wλ,0)− ℓ(w̃) + ℓ(uJ).

Since ℓ(uJ) + ℓ(uJ) = ℓ(vsβ) = ℓ(v) − 1, we deduce that ℓ(w∞
c,0) = ℓ(w−

x,0) + 1,
so w∞

c,0 covers w−
x,0 and, by Remark 4.24, Rloc,0

x,c = X − 1. We conclude that
Rx,y = X − 1 in this case.

3. Suppose that n = 0 = ⟨λ, β⟩, then there are two open paths of type x ending at
Cy, obtained folding along Mv(β)[0] at time either 0 or 1. Let c denote the open path
obtained by folding at time 0, and c̃ the one obtained by folding at time 1. Note
that D−

c̃,1 = D−
x,1. However, Mβ[0] contains the segment germ svλ,−(1) and D−

x,1 is
the projection of Cx on this segment germ, so d+(D−

x,1, Cy) = d+(sβ[0]D
−
x,1, Cx) >

d+(D−
x,1, Cx). Therefore there is no gallery with type a reduced expression of w−

x,1

from D−
x,1 to Cy. Hence Rloc,1

x,̃c = 0 and only the first open path c may have a non-zero
contribution to Rx,y.
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Note that c = sy. The computation of Rx,c is similar to the previous case: T (c) =
{0, 1} and we compute that Rloc,1

x,c = 1. At time t = 0, the computation of w−
x,0 and

w∞
c,0 is slightly different: we are in a specific case of [Phi23, Proposition 3.20.1], so

we have ℓ(sβv−1w) = ℓ(v−1w) + 1 (where, recall, y = ϖvλw and x = sv(β)[0]y). The
decorating alcove D−

y,1 dominates svλ,−(1) hence is of the form a(−vλ,+vw̃) for some
w̃ ∈ Wλ, and since it is the projection of Cy = a(−vλ, w) on this segment germ, any
minimal gallery from an alcove dominating it to Cy goes through D−

y,1. Therefore

ℓ(v−1w) = ℓ(d+(C++
−vλ, Cy)) = ℓ(d+(C++

−vλ, D
−
y,1)) + ℓ(d+(D−

y,1, Cy)) (4.22)
= ℓ(w̃) + ℓ(d+(D−

y,1, Cy)). (4.23)

Similarly for sx, since D−
x,1 = sv(β)[0]D

−
y,1 = a(−vλ, vsβw̃) and by W+ invariance of

d+, we have

ℓ(sβv
−1w) = ℓ(d+(C++

−vλ, Cx)) = ℓ(d+(C++
−vλ, D

−
x,1)) + ℓ(d+(D−

x,1, Cx)) (4.24)
= ℓ(sβw̃) + ℓ(d+(D−

y,1, Cy)). (4.25)

Hence from ℓ(sβv
−1w) = ℓ(v−1β)+1 we deduce that ℓ(sβw̃) = ℓ(w̃)+1, or equivalently

that ℓ(sβw̃wλ,0) = ℓ(wλ,0) − ℓ(sβw̃) = ℓ(wλ,0) − ℓ(w̃) − 1 = ℓ(w̃wλ,0) − 1. Moreover
D+

y,0 = a(0A,−vw̃wλ,0) and D+
x,0 = a(0A,−vsβw̃wλ,0), so w∞

c,0 = vw̃wλ,0 covers w−
x,0 =

vsβw̃wλ,0 and we conclude that that Rx,y = Rloc,0
x,c = X − 1 exactly as in case 2.

4. If n ∈ {−1, ⟨λ, β⟩+1}, then by Lemma 4.33 the unique C∞-Hecke c open path of type
x with end alcove Cy verifies T (c) = {0, t0, 1} with t0 = |n|

⟨λ+β∨,β⟩ and Rloc,t0
x,c = X − 1.

Moreover since c and sx agree on [0, t0) and Rloc,0
x,sx

= 1, we have Rloc,0
x,c = 1. It remains

to verify that Rloc,1
x,c = 1. Since there is no folding at time 1, Rloc,1

x,c = X l where
l is the number of walls crossed away from C∞

−vλ = a(−vλ,−v) (or equivalently,
towards C++

−vλ = a(−vλ,+v)) in a given minimal gallery from sv(β)[n]D
−
x,1 to Cy. Let

µ = projY
+

(x) ∈ {v(λ + β∨), vsβ(λ + β∨)} and let ṽ denote the minimal element
such that µ = ṽ(µ++), so ṽ ∈ W µ++ . Then C++

−µ = a(−µ,+ṽ) contains the segment
germ sµ,−(1), so a minimal gallery from this alcove to Cx goes through D−

x,1 =
projsµ,−(1)(Cx). Therefore, a minimal gallery from sv(β)[n]C

++
−µ to Cy = sv(β)[n]Cx goes

through D−
c,1 = sv(β)[n]D

−
x,1. Moreover, by [Phi23, Proposition 3.20.3.d], a minimal

gallery from C++
−vλ to Cy goes through sv(β)[n]C++

−µ , hence also through sv(β)[n]D−
x,1. We

deduce that a minimal gallery from sv(β)[n]D
−
x,1 to Cy only crosses walls away from

C++
−vλ, hence l = 0 and Rloc,1

x,c = 1.

Therefore, in these cases aswell Rx,y = X − 1, which concludes the proof.
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projY

+

, projY
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sβ, 7
sβ[n], 8

T (c), 35
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W+, 8
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Wλ, WJ , W λ, 7
w∞
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