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Uniqueness for Quasilinear Elliptic Problems in a
Two-Component Domain with L! data

Rheadel G. Fulgencio* and Olivier GuibéT

Abstract

In the present paper, we prove the uniqueness of the renormalized
solution of the class of quasilinear elliptic problems with L' data given by

—div(B(z,u1)Vu) = f in Q1,
—div(B(z,u2)Vus) = f in Qg,
uy =0 on 0%,

(B(z,u1)Vui)v1 = (B(z, u2)Vua)rs on T,
(B(z,u1)Vur)v = —h(z)(u1 — uz2) on I
The open sets €21 and 2, with ' as the interface between them, are the
two components of the domain Q. The data f is in L'(Q). In addition to

uniform ellipticity, we also prescribe the assumption that the matrix field
B is locally Lipschitz continuous with respect to the second variable.

1 Introduction

In the present paper, we study the uniqueness of the renormalized solution of
the following class of quasilinear elliptic problems:

—div(B(z,u1)Vuy) = f in Qy,
—div(B(z,u2)Vug) = f in Qo,
up =0 on 0f2, (1.1)

(B(x,u1)Vuy)vy = (B(x, uz)Vug)ry on I,
(B(x,u1)Vuy)vy = —h(z)(u; — usg) onT.

The domain € can be written as the disjoint union of €, Q5 and I', where
and 25 are the two open components of §2, and I is the interface between them.
The matrix field B is a Carathéodory function that is uniformly elliptic (see
assumption (A3)). The function h is in L°(T") while f belongs to L(Q).

When f belongs to L?(2) and the domain is composed of only one compo-
nent, that is, — div(B(z,u)Vu) = f in  with Dirichlet boundary conditions, the
uniqueness of the solution was obtained in [1] and [6] under a global Lipschitz-
kind condition on B with respect to the second variable. Some generalizations
to nonlinear elliptic problems were addressed in [5], [7] and [8].

As far as the two-component domain is concerned, additional difficulties
arise due to the jump at the interface. When f € L2(Q), the uniqueness of
the variational solution was proved in [2] by adapting the method of Chipot
introduced in [7] (see also [12] for (1.1) with a singular term).
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Elliptic problems in the usual one component domain and L' data, that
is, —div(B(z,u)Vu) = f in  with Dirichlet boundary conditions, are not in
the standard variational setting. Furthermore, in the sense of distribution, we
do not have uniqueness of the solution (see [17]). Thus, we need a convenient
framework to prove the uniqueness of the solution.

Uniqueness results were proved by using the notion of entropy solutions (see
[16]) or by using the (equivalent) notion of renormalized solutions (see [3], [10],
and [13]).

Since we consider L' data, we choose the appropriate framework of renor-
malized solutions (see [9, 15]). The existence of a renormalized solution (which is
motivated by homogenization, see [11]) has been obtained in [14] (see Definition
2.2).

The main novelty of the present paper is the uniqueness of the renormalized
solution under a fairly used assumption on the matrix field B(z, s) in s (similar
to [10], see assumption (A4)). With respect to the already mentioned references,
let us point out that mixing technical test functions developed in [3] for L!
problem and the jump give additional difficulties.

In particular, we cannot expect to control the sign of the contribution of the
interface terms. To overcome this, we first prove in Lemma 3.3 that if v and v
are two renormalized solutions of (1.1), then u; — vy and us — v9 have the same
sign on the interface I'. This sign property is crucial to prove the uniqueness
result, Theorem 4.2, which we accomplish by adapting the method of [10].

The present paper is organized as follows. The next section is devoted to the
assumptions and the definitions that are necessary to achieve our aim. Here,
we present the definition of a renormalized solution of (1.1) (see Definition 2.2).
Section 3 is devoted to prove some properties of the renormalized solution to
(1.1), in particular, the sign property (see Lemma 3.3) mentioned above. Our
uniqueness result (see Theorem 4.2) is proved in Section 4.

2 Assumptions and Definitions

We now present the assumptions and some definitions for our problem. The
domain  is a connected bounded open set in RY with its boundary 9Q. We
can write € as the disjoint union 2 = Q1 U Qs U T, where )y is an open set
such that Qp C Q with a Lipschitz continuous boundary I and Q1 = Q\ Q5 (see
figure below).

We denote by u; = u|q, the restriction of u in €;, where w is any measurable
function defined on Q\ T'.

We prescribe the following assumptions on f, h and B:

(A1) The function f is in L*(9).
(A2) The function h belongs to L*°(T") and for some hg > 0,

h(y) > hg for a.e. yeT. (2.1)

(A3) The matrix field B is a Carathéodory function, that is,

(a) the map r — B(x,r) is continuous for a.e. x € ;

(b) the map x — B(x,r) is measurable for every r € R,
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Figure 1: The two-component domain

and it satisfies the following properties:
(a) B(z,7)€- & > alé]?, for some a > 0 a.e. © € Q, Vr € R, V& € RY;
(b) for any k > 0, B(z,r) € L>®(Q x (—k, k))N*N;

(A4) B(xz,r) is Locally Lipschitz with respect to r, that is, for any compact
subset K of R, there exists Mg > 0 such that

|B(z,r) — B(x,s)| < Mg|r—s|, Vr,s€ K, ae. xz €. (2.2)

Due to the jump of a solution on the interface I', the usual Sobolev spaces
are not suitable to work with for our problem. Hence, we need to define a special
normed space V.

Let V7 be the normed space defined as

Vi={veH' (M) :v=00n09} with |Jv]v, := [|[VV]120,)-
The space V is defined as
Vi={v=(vi,v2) :v1 € V) and vy € H ()},
equipped with the norm
[0l = 1Vorlliz o, + 1Vv2lZaa,) + lor = vallZar).- (2.3)

As presented in [14], since the data f is in L!(Q2), we do not expect a solution
uw of (1.1) to be in any LP-space. Moreover, it is also not expected to have
the regularity required to have a gradient and trace in the usual sense. The
following proposition was proved in [14] to give a definition for the gradient and
trace of any measurable function. This proposition made use of the truncation
function Ty : R — R, given by

—k,  ift<k,
Ti(t) = { ¢, if —k<t<bk, (2.4)
k, if t > k.



Proposition 2.1 ([14]). Let u = (uj,us) : Q\I' — R be a measurable function
such that T(u) € V' for every k > 0.

1. For i = 1,2, there exists a unique measurable function G; : ; — RN
such that for all k > 0,

VTk(uz) = GiX{|ui|<k} a.e. in Qi, (25)
where X {|u,|<k} denotes the characteristic function of
{z € Q; : Ju(z)| < k}.
We define G; as the gradient of u; and write G; = Vu,.
2. If
1
sup [ Ti(w) 3 < oo, (26)
E>1
then there exists a unique measurable function w; : ' — R, for i =1,2,
such that for all k > 0
Yi(Tk(u;)) = Te(w;)  a.e. inT, (2.7)
where v; : HY(Q;) — L?(T") is the trace operator. We define the function
w; as the trace of u; on T' and set
~i(u;) = w;.
With this proposition, we can now present the definition of a renormalized
solution of (1.1) given in [14].

Definition 2.2. Let u = (uj,uz2) : Q\T' — R be a measurable function. Then
u is a renormalized solution of (1.1) if

Ti(u) €V, Vk>0; (2.8a)

(u1 — uo) (T (uy) — Ti(uz)) € LY, Vk > 0; (2.8b)
1

lim — B(z,u)Vu-Vudzx = 0; 2.9a

Jim /{ B (2.90)

T (= ) () = T (02)) dor = 0 (2:90)
T

and for any Sy1,Ss € CH(R) (or equivalently for any Sy, So € WH(R)) with
compact support, u satisfies

S1(u1)B(z,u1)Vuy - Vipy dx + St (uy)B(z,u1)Vuy - Vuy 9y da

Ql Q1

+ So(ug)B(z, ug)Vug - Vipo dx + S5 (ug) B(, uz)Vug - Vug by dx
QQ QZ

+ / B() (i — w2) (4151 () — 25 (uz)) do

= | fiSi(ui)de+ | fiaSa(us)de, (2.10)

Q1 Q2
for all ¥ € VN (L>=(21) x L>®(Q2)).



Remark 2.3. In the previous definition, conditions (2.8a) and (2.9a) are stan-
dard in the definition of renormalized solution. However, due to the presence of
the boundary integral on T, (2.8b) and (2.9b) have to be added. In particular,
since v;(u;) € LY(T') is not an assumption in Definition 2.2, we need (2.8b) to
give sense to the integral on T' in (2.10) (see [14, Remark 2]).

We can avoid introducing this extra regularity condition on I' by using the
Boccardo-Gallouét estimates presented in [{] (see also Proposition 3.2). How-
ever, these estimates are heavily dependent on the Sobolev constants. With the
final aim of doing the homogenization process (see [11]) or of considering more
general nonlinear equations we chose not to impose it in the definition.

As presented in [14], assumptions (A1)-(A3) are enough to show the exis-
tence of a renormalized solution of (1.1) in the sense of this previous definition.
However, to have uniqueness of the solution, an additional assumption on matrix
B must be added (see (A4)), as will be seen in the next section.

3 Preliminary Results

In this section, we prove some properties on renormalized solutions of (1.1)
(see Lemma 3.1 and Proposition 3.2), which are standard in the L' framework.
Moreover, we prove Lemma 3.3, which states that if u and v are two renormalized
solutions of (1.1) for the same data f, then we have the sign condition on the
interface T', that is sgn(u; — v1) = sgn(us — v2) on I'. This result is crucial for
the proof of our uniqueness result (see Theorem 4.2).

Lemma 3.1. Let u be a renormalized solution of (1.1). If ¢ is a bounded and
increasing function belonging in C1(R) such that p(0) = 0, then

@' (us) B(x,u;)Vu; - Vu; € LH), i=1,2, (3.1)
(u1 —uz) ((u1) — p(uz)) € L'(T). (3.2)

Proof. Let ¢ be a bounded increasing function that belongs in C'*(R) such that
©(0) = 0. Let n > 0. Define the function 6, : R — R by

0, if s < —-2n
f+2, if —2n<s<-n
n
0.(s) =<1, if —n<s<n (3.3)
f§+2, fn<s<2n
n
0, if s > 2n.

We can clearly see from the definition of 6, that it is a continuous Lipschitz
function verifying

0,(r)] <1 and |0, (r)] < —, ae. inR. (3.4)

S|

Substituting S; = So = 60, and ¢ = (T, (u)

~—

in (2.10) of Definition 2.2, we



have

/Hn(ul)gol(ul)B(:c,ul)VmVuldx+/ 0 (u2)@ (u2) B(x, uz) Vua Vus dx
Ql QZ

+/ Gg(ul)w(ul)B(x,ul)VmVuldx+/ 0! (u2)(uz) B(x, ug) Vus Vus da
Ql Q2

n / () (i — ) (B (12 )@(112) — B (2)ip (1)) dor = /Q F0n () (us) iz
(3.5)

We now study the terms in (3.5) to pass to the limit as n goes to infinity.
Regarding the third and fourth terms we have, for i = 1, 2,

’ / 0! (u;)(u;)B(w, ui)VuiVuidx’
Q;

< ||90||Loo(R)

/ B(z,u;)Vu;Vu;de,
n {n<|u;|<2n}

so that the decay of the energy of the truncates (2.9a) implies that

lim ’/ Hz(ui)go(ui)B(ac,ui)VuiVuidx’ =0, fori=1,2. (3.6)
Q;

n—-+oo

As far as the fifth term of (3.5) is concerned, we have in view of the definition
of 0,

h(z)(ur — u2)(0n (u1)p(ur) — On(uz)p(uz))
= h(z)(u1 — u2)0n(u1) (O2n(u1) — O2n(uz))p(ur)
+ h(@) (w1 — u2)8p (u1)82n (us) ((ur) — @(uz))
— h(x)(ur — uz)B2n (ug) (On(u1) — On(uz))p(uz).

Since the functions 6,, and 6s,, are Lipschitz continuous and recalling that ¢ is
bounded, we deduce that

‘h(x)(ul — u2)0p (ur) (B2 (ur) — 92n(u2))<ﬁ(ul)‘

(3.7)

S ”}L”;'%(ul — ’lL2)(T4n(U1) - T4n(u2))||50”L°°(R)’
’h(x)(m — )0 (u2) (O (u1) — 9n(U2))<P(u2)’
< M(ul — ug)(Tan(u1) — Ton(u2))llol o (®),

2n
so that condition (2.9b) leads to

lim /ﬂ ‘h(a:)(ul — )0 (1) (B2 (1) — Hgn(u2))<p(u1)‘dx -0, (38)

n——+oo

lim / ‘h(z)(ul — 12) 0 (us) (O (1) — Hn(uQ))go(uQ)‘da: —0. (39
Q

n—-+4oo

At last, the integral on the right-hand side of (3.5), by (3.4), is bounded by

<N fller el Loe m)- (3.10)

/ £0, () p(u) d
Q




Combining (3.5)-(3.10), we obtain

/ O (1)@ (u1)B(z,u1)Vug Vuy d:E+/ O (u2)¢’ (uz) B(z, u2) Vua Vug d
Ql Q2

+ / ()t — 02)6 (1) B (112) (p(t1) — (1)) dor
<w(n) + Ifllzr @) llell e ),

where w(n) — 0 as n goes to infinity.
Since uy (resp. usg) is finite almost everywhere in O (resp. €22), the definition
of #,, and Fatou’s Lemma allow one to deduce that

B(z,u1)¢' (u1)Vur Vuy dr + B(z,u2)¢' (u2)VuaVus dr
Ql QZ

+/Fh(w)(ul —uz) (p(u1) = p(u2)) do < [|fllzr@llellze@. (3.11)

This gives (3.1) and (3.2). O

As mentioned in Remark 2.3, we do not impose in Definition 2.2 that ~;(u;)
(i = 1,2) belongs to L!(T"). However, having no regularity on v; (u;), for i = 1,2,
seems to be an obstacle to prove Theorem 4.2. By adapting the estimates of
Boccardo-Gallouét (see [4]) to our two-component domain, we are able to prove
in Proposition 3.2 that 7;(u;) belongs to LY(T), for i =1, 2.

Proposition 3.2. Fori = 1,2, let 7; be the trace function defined on H*(£);).
If u is a renormalized solution of (1.1), then ~;(u;) € LY(T'), i = 1,2.

Proof. By taking ¢ = T} in Lemma 3.1, and by observing the precise estimate
(3.11) at the end of the proof of Lemma 3.1, we have

T ()Y < Ellfll ), V> 0.

Since on V, the norm || - ||y is equivalent to the norm of H'(Q;) x H (), the
Boccardo-Gallouét estimates hold true, so that u; € WHP(Q;), i = 1,2, for any
p < 725. We are then able to conclude that v;(u;) € L*(T), i = 1,2. O

In proving the uniqueness result, one of the main difficulties we encountered
is managing the integral on the interface I' with test functions which are nonlin-
ear with respect to the unknown. The very first step to overcome this difficulty
is the following lemma which establishes a sign property of the difference of any
two renormalized solutions of (1.1) on the interface. We will denote by sgn the
usual sign function (sgn(r) = r/|r| if r # 0 and sgn(0) = 0).

Lemma 3.3. Suppose (A1)-(A4) hold. If w and v are two renormalized solu-
tions of (1.1), then sgn(u; — v1) = sgn(us — v2) a.e. on I

Proof. Let u and v be renormalized solutions of (1.1). Writing (2.10) of Defini-
1
tion 2.2 for S; = Sy =6, and ¢ = ETk(u —v), where 0 < k < 1, for u and v,

and subtracting the resulting equations, we have

LM+ I 4 P T IR = MR (3.12)



where for i =1, 2,
1
fhm =1 / (00 () B, 1)Vt — 0 (03) Bz, 03) Vo) VT (s — v7) dar,
Q;

1
Jik’" = f/ (0], (u;) B(z, u;)Vu;Vu; — 0., (v;) B(x,v;) Vo,V ) Ty (u; — v;) d,

i

k Jo
LR /F Aw) (ur = 2) (O (1) Ti (s = v1) = On () Te(uz = v2)) do
_ %/Fh(x)(vl = v2) (O (v1)Th (w1 — v1) = O (v2) Tk (uz — v2)) do,

MET = % F(On () — 00 (0))Te(u — v) da
Q

We study the behavior of each term first as kK — 0 and then as n — oo.

. & .
We can write I;”", i = 1,2, as

kn _ rk.n k,n k,n
L =Ly +1L5 +15,

3

where

1

Iﬁ’ln = E/ O (u;) B2, u; )V (u; — v;)) VT (u; —v;)dz, i=1,2,

Q;

1

I = E/ 00 () (Bl us) — B(x,v03))VoiVTh(us — vi) da, i = 1,2,
1

I = E/Q (O () — 00 (03)) B, 0)V0s VT (s — v3) da, i = 1,2.

Clearly, Ii]f’l" >0,i=1,2. For Iik”zn, 1 =1,2, we use (2.2) and (3.4) to obtain

\Ii]fén = ‘ / 0 (w;)(B(z,u;) — B(z,v;)) Vo, VT (u; — v;) da
Q;

T =

1
< & Jospucaic Ba (uol|Bla.us) = Bla0)|[Voi][ Ve s = v3)| do
N{|ui|<2n}
N{|vi|<2n+1}

1
< % ﬁ0<|ui_vi|<k} Clu; — vi| [V VT (u; — vg)| dx
N{Ju;|<2n}
N{|vi|<2n+1}
<C IVTont1(0i) VT (u; — v;)| da.

{O<\ui—vi|<k}

From (2.8a) of Definition 2.2, we know that for any 0 < k < 1,4 =1,2,
[V T2 41 () VT (5 = 03)X (0< s i <k} ] < [V Tong1 (00) VT (s — )| € LH(€2).
In addition, we have,

VTi(ui = vi)X{o<|us—vi|<ky — 0 ask—0, ae in€y i=12

By Lebesgue Dominated Convergence Theorem, we conclude that

C IVTon41(v;) VT (u; —v;)|de — 0 ask — 0, i=1,2,
{0<|u;—vi| <k}



which gives
lim lim Ify" =0, i=1,2 (3.13)

n—00 k—0

For Ii]fé”, noting that 6,, is Lipschitz continuous with (3.4), we have for i = 1,2,

1
|Iz’“3” — ‘k/g (O (u;) — 0, (v:)) B2, v;)Vo; VTk(u; — v;) do

1

% Jo<tu—vi<i} |0 (i) — O (vi)|| Bz, us) Vo; V(u; — v;)| d
N{Jui|<2n+1}
N{|v;|<2n+1}

1
— ﬁ0<\ui*vi|<k} |B(.Z‘, UZ)V’WV(UZ - 'Ui)l dz
T J A {|us|<2n+1}

N{|vi|<2n+1}

1
*/{0<\u1¢—vi|<k} |B(x,v;)Vu; V| dx
" J Afjul<2n+1}
N{|v;|<2n+1}
1
+ - ﬁ0<|uwvi|<k} B(x,v;)Vv;Vu; dz
" J A {jui|<2n+1}
N{|v;|<2n+1}

IA

IN

IN

1
f/ |B(z,v;)VTant1(u;) VTeni1(v;)| dz
{0<|u;—vi| <k}

n

IN

1

+7/ B(x,v;) VT 1(v) VIopy1(v;) d.
N J{0<|us—vi| <k}

Again, from (2.8a) of Definition 2.2, we deduce that for i = 1,2,
IV o1 () VT 241 (v3) X o< s —vi <} < |V ong1 (i) Vg1 (v5)] € L' ()

and
IV Ton1(00) PX {0< jus—oi <k} < [VTons1(v)]* € L' ().

Furthermore,
VTon11(ui) VTany1(Vi) X {0<|us—vs )<k} — 0 ask —0, ae iny, i=1,2,
and

|VT2n+1('Ui)‘2X{O<|ui7vi\<k} —0 ask—0, ae in€Q, i=1,2.

Using the Lebesgue Dominated Convergence Theorem, we have

1
*/ |B(x,v3)VT2p41(ui) VIopi1(vi)| d
n J{o<|u;—v; | <k}
1
+ */ B(2,v:)|VTans1(v;)|>dz — 0 as k — 0.
" Jio<|u;—vi| <k}
Hence,
lim lim I3 =0, i=1,2. (3.14)
n—oo k—0

For Jik’", i = 1,2, since we have (3.4) and

|T(r)| <k, VreR, Vk>0, (3.15)



we obtain for ¢ = 1,2,

K,
7"

= ’]1/ (0!, (u;) B(z,u; ) Vu; Vu; — 0., (v;) B(x,v;) Vo, Vv ) Tj (u; — v;) dz
Q.

i

S/ |9;(ui)B(x7ui)Vul'Vui|dx+/ |67, (v;) B(z, v;)Vv;Vu;| dz
Q; Q;

1 1
< —/ B(x,u;)Vu;Vu; de + f/ B(z,v;)Vv;Vu; dz.
T J{Jusl<2n} T J{Jvil<2n}
By (2.9a) of Definition 2.2, it follows that
lim lim J*" =0, i=1,2. (3.16)

n—o00 k—0

For the integral on the boundary, we use Proposition 3.2 to pass to the limit.
Note that by (3.4) and (3.15), we have

1
7M@) (ur = u2)0n (ua) T (ur — vi) | < [Pl Lo ryus — 2] € LY(T).

Furthermore,
%h(z)(ul — u2)0n (u1) Tk (ug — v1) — h(z)(ur — uz)bp(ur) sgn(uy — vy)
a.e. on I', and
h(z)(ur — uz)by, (u1) sgn(ug — v1) — h(z)(ur — uz)sgn(u; — v1),

a.e. on I'. The Lebesgue Dominated Convergence Theorem implies

1
lim lim — [ h(z)(u; — u2)8, (u1)Tk(ur — v1) do

n—oo k—0 T
= / h(z)(uy — ug)sgn(uy — v1) do,
r
Similarly, we obtain

|
nh_}rrgc %13% Z g h(z)(uy — u2)0yp (u2) Tk (ug — va) do

= /Fh(x)(ul — ug) sgn(ug — ve) do,

1
lim lim — [ h(z)(u; — u2)bp (v;) Tk (uz — v2) do

n—00 k—0 r
= / h(z)(uy — ug)sgn(us — ve)do, i=1,2.
r
Thus,

lim lim LF"
n—oo k—0

(3.17)
= /Fh(x)[(ul — 1) — (ug — v2)](sgn(u; — v1) — sgn(us — v9)) do.

10



For the integral on the right-hand side of (3.12),
1
‘Mk’n| = ‘k‘ /Q f(an(u) - on(v))Tk(u — ’U) dx
< [ 1118a0) =0, (0)

Note that |f||0,(u) — 0, (v)| < 2|f| € L}(Q) with
On(u) —6,(v) — 0 asn— oo, ae. in .

Thus, by the Lebesgue Dominated Convergence Theorem,
[ 110ut0) ~ bu(@) 0 s o,
Q

which gives
lim lim M*" = 0. (3.18)

n—oo k—0

From (3.12) and the fact that If”l" > 0, we obtain
IZk’Qn +Iﬁén+Xk’n+Lk’n < Mk’n.

Taking the limit of both sides of the last inequality first as kK — 0 then as
n — 00, we get

/Fh(x)((ul — 1) — (u2 — v2))(sgn(u; —v1) —sgn(ug — v2)) do = 0.

That is, sgn(u; — v1) = sgn(uz — ve) on I

4 Main Result

This section is devoted to our main result, Theorem 4.2, namely the uniqueness
of the renormalized solution under assumptions (Al)-(A4). The proof of this
uniqueness result makes use of the results of the previous section and the method
developed in [3, 10]. The following proposition, proved in [10], states that
assuming a very local Lipschitz control of B(z, s) with respect to s, we have the
existence of a function ¢ which controls the Lipschitz continuous character of
the matrix field B through very technical conditions.

Proposition 4.1 ([10]). Suppose that (2.2) holds. Then there exists a function
© € CY(R) that satisfies the following properties:

0(0)=0 and ¢ >1. (4.1)

In addition, there are constants 6 > 1/2, 0 < ko < 1, and L > 0 such that
/

(H“TW € L®(R), (4.2)

11



and for any r,s € R satisfying |p(r) — p(s)| < k, for 0 < k < ko,

B(z,r) B(z,s) 1 Lk

70 P |96 At e+ e@° (4.3)
and , »
o'(s

7 < () < L. (4.4)

We now state and prove the main theorem.

Theorem 4.2. If assumptions (A1)-(A4) hold, then the renormalized solution
of (1.1) is unique.

Proof. In view of Theorem 1 in [14], assumptions (A1)—(A3) are sufficient to give
the existence of at least one solution to (1.1). Let u and v be two renormalized
solutions of (1.1).

Since (2.2) holds, by Proposition 4.1, we can find a function ¢ € C1(R), such
that for some constants § > 1/2, 0 < kg < 1, and L > 0, ¢ satisfies (4.1)-(4.4).

The proof is then decomposed into two steps. Step 1 is devoted to show
the very technical result (4.5). Roughly speaking, (4.5) is an extension of the
method developed by Artola in [1] (see also [5]), and allows one to consider very
general dependency of B(z,s) with respect to s and L! data. Limit (4.5) was
also derived in [3] (see also [10]) for elliptic equations with Dirichlet boundary
condition. Since we have to deal with the boundary term, we give here a com-
plete proof of (4.5). In Step 2, we are able to conclude that u = v a.e. in
Q.

Step 1. In this step we prove that
i 5 [ (i + S ) I9Ti(w) — o) Pdo =0, i= 12 (45)
N AN R ()

Writing (2.10) of Definition 2.2 for v and v, with S; = Sy = 6,, and ¢ =
Wi = Ti(o(Tsn(u)) — ©(T3n(v))), where n € Ny n > 1 and 0 < k < 1, and
subtracting the resulting equations, we have

AP™ 4+ AS" + BP" 4 B 4 CP = DR (4.6)
where

Af’”:/ (0 (w;) B(x, w;) Vu; — 0, (v;) B(x,v) Vo) VW dz,  i=1,2,
Q

Bf’n = / (0;(UZ)B(IL’,U1)VUZVUZ — HL(UZ)B(SC, vi)Vvini)Wk d$, 1=1,2,
Q;
Ok’n = / h(a:)(ul — UQ)(W]C719”(U1) — kagan(’u,g)) do
r
— / h(l?)(l}l — vz)(Wk,lﬁn(vl) — Wk,Zgn('UZ)) d(f,
I

Dk = /Q Wi (0, (uw) — 0, (v)) da.

12



We will first look at the limit of each term as n — oo.
. k,n
We can write A" as
B(‘T> u’L)

A= /ﬂ Fa{) ¢’ (ui)
n /Q 0, () (B(x,ui) - B(x,vi)) A
i

(Vo(u;) = Vo(v;)) VW dx

¢'(wi) @' (v)
/Q‘ (On(u;) — On(vy))B(x,v;) Vo, VW, dx, i=1,2.

Using the symmetry with respect to v;, we obtain

k,n k,n k,n k,n .
A7 =A AR H A, =12,

i ¢ (vi)

B(z,u;) B B(xz,v;)
/Qi ( @' (ui) ¢’ (vi) )
X (0 (u;) 0" (0;) Vi + 0, (v5) 0 () Vu; )VWy, dz,

k,n_} U B(xvul) Vs B(.’E,'Ui) w) — Vs T
Aty =5 [ (0 0,0 2 ) (Vi) = Vit Vi
1
;

/Q (On () — 00 (00)) (Bl ) Vg + B, 0) Vi) VW

For i = 1,2, let us define UF = {z € Q; : 0 < |¢(u;) — ¢(v;)| < k}. For any
k > 0 small enough, since supp 6,, = [—2n, 2n], we have a.e. in UF,

On (ui) VT3 (p(ui) = p(vi) = On(ui) VI (0(Tsn (ui) — @(Tsn (i)

4.7
= 0,,(u; ) VIV, 1 =1,2. (47)

As a consequence of (4.7), for any k > 0 small enough, we get for i = 1,2,

Afln = %/ﬂ en(ui)Bga(’gi;;:)i) (Vo(ui) — Vo(v;)) VW, do
+ % o 9n(vi)B<p(,aE;;})i)(Vgo(ui) — Vo(v;)) VW, dx
=3 [, 0u0) 28 (00 - V() (Vi) ~ () d
#5200 - Vi) (Vo) - Vip(un) d

i

Using the coercivity of B we obtain that

g Hn(uz) gn(vz) w) — s 2 " ].C’n i

As far as Af; are concerned, by (4.3), we have for ¢ = 1,2, and any k > 0 small

13



enough

g < =
|Az,2|7 2 U
1 Lk

<5/Uw< ) @+ [p(a)] + e (o))
X 100 (1) V' (03) + B0 (05) Vip )|V ((115) — p(00))] dt

Blz,u) - Bla,vi) U, V; V; Us
S o | P Ve + 0w Ve(w)

X [V(p(ui) — p(vi))] d

—_

< 1/ 1 Lk
= 2 Jur @ (u) (1 [p(ua)| + [ ()])°
X O (ui)[Vo(0) ||V (p(ui) = p(vi))] dz

L1 1 / 1 Lk
2 Jur #'(ui) (14 lp(ui)| + [ (vi)])°
X O (vi) Voo (i) [[V (@ (us) — o(vi))] de.
For € > 0 (which will be chosen later), Young’s inequality leads to, for i = 1,2,

on [ Bulu) (w0 [1 (L Vew) Y’
1S [, = l (P Tt o)

te (go/(lvi)m’(“i) - w(vin)Q] dz

On (i)' (us) |1 ( Lk V()| ’
+/Uf 2 ls(sa%un<1+|so<ui>|+|so<w>|>6>

1 2
te (M)Ws@(ui) - ww) ] s

s [ (Bl ) V(e + 0 (0)! (w)| Vo))
=Gk /U ()2 (L + o) + (o)) I

)?
9 ui) 071,('01) A Vs 2 T
+025/Uf (G + e ) 190 = Pt

In view of assumption (4.4), we deduce that, for i = 1,2,
2 [ [0n(u) @ (V)| Vp(0)? + 0 (v)¢" (i) [V (ui)*]
Cik /m @2+ o) + e
o [ (L20n(us)¢ (v3)|Vil® + On(vi)g
<o | (T + el + ()P
¢’ () |Vui|* + ¢’ (vi) Vi |
(14 [ (ua)| + lp(vi) )2

(ul)|Vul| ) da

dz.

<Cak? [ (Oulus) + ()
Ut
It follows that

()| Vg |* + ¢ (0;)| Vg |2
Ak <ck2/ B (us) + 0 (07)) £-022)!

On(ui) = On(vy) N s i
*Cﬁ/@(W(ui)w,w)wwz) Vo)’ de, i=1.2,

dx
(4.9)
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where Cy and C3 are positive constants independent of k& and n (with Cy also
independent of ¢).
We now turn to the term Af;” By (4.1) and (4.4), we have

L
lu; — v < 7>|g0(uz) —p(v)| ae inUF, i=1,2, (4.10)

@ (u;

and since 0,, is a Lipschitz continuous function verifying |6}, (r)| = 1 x (< |rj<2n}
a.e. in R, we obtain
Lk

ae inUF, i=1,2. 4.11
g () (1)

1
|9n(ul) - an(vz)l < *|U7; — ’Ui| <
n

Observe that this inequality still holds if the roles of u; and v; are interchanged.
Therefore using (4.11), we obtain, for i = 1,2,

1
125 [ 1Bw) = a0 [ Bl u)e () VT
{\u,|<2n+1}
N{|v;|<2n+1}

+ B(x,u;) ¢ (u;))Vu; Vo, — B, v;)¢ (v;) Vu; Vo,
— B(x,v;)¢ (v;)V;Vu; | dz

Lk
=2/, un
{|ui|<2n+1}
N{|vi|<2n+1}

Lk

o Ukn

20 J w2y
N{|vi|<2n+1}

(B(x,u; )Vu; Vu; + B(x,v;)Vo; Vu;) de

(B(z,u;)|Vu; V| + B(z,v;)|Vu; V,|) da

Applying Young’s Inequality on the second term of the previous inequality, we
get, for i = 1,2,

Lk
90 Ukn
20 J (il <2nt1y
N{|vi|<2n+1}
< Lk
= Ukn
4 ) g danty
N{|vi|<2n+1}

(B(z,uw;)|Vu; V| + B(z,v;)|Vu; Vuy|) da
[B(x, ;) (Vu; Vu; + Vo, V)

+ [B(z,v;)(Vu; Vu,; + Vvini)} dx.

It follows that, for i = 1,2,

Cuk
|Ai’; S%/ Ukn (B(z,u;)Vu;Vu; + B(x,v;)Vo; Vu;) da
{|us|<2n+1}
. ;{\1)7-,|<2n+1} (412)
+ % UkA (B(z,u;)Vv;Vv; + B(z,v;)Vu; Vu;) dx.

{|ui|<2n+1}
N{|vi|<2n+1}
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By (2.9a) of Definition 2.2, the first term of the right-hand side of (4.12) goes
to zero as m goes to infinity. It is worth noting that the second term of the
right-hand side of (4.12) contains non symmetric terms in u; and v;, so that
without any bound on B, the behavior of this term is not a direct consequence
of the decay of the truncate energy (2.9a). Using (2.9a) and condition (4.3), we
claim that the second term also goes to zero as n goes to infinity.

Indeed, writing for i = 1, 2,

/ UkA B(x,u;)Vv;Vu; dx
{uil<2n+1}
N{|vi|<2n+1}

B i B s Us
(luil<2nt+1}y \ 7 (ui) @' (v;)
N{lvi|<2n+1}

B(z,v;
+ / UFn Mw’(ui)Vvini dz,
(uil<zniry  #(0)
N{|vi|<2n+1}

and using (4.3) and (4.4), we have, for i = 1,2,
Coh

Ukn B(z,u;)Vu;Vo; dz
n k3

{lus|<2n+1}
N{|v;|<2n+1}

< dxr

CoLi? | [Voif?
(tol<zns1y AT To@)] + (@]

/ B(x,v;)Vv;Vu; dx.
{lvil<2n+1}

n
CsLEk
n

_|_

It follows that by (2.9a) of Definition 2.2, we have

li ¢ B VoV, de =0, i=1,2

Jim A sl <2nt 1} (z,u;)Vo;Vu;de =0, i=1,2.
N{|v;|<2n+1}

By similar computations, it can be shown that

li ¢ B(z,v;)Vu;Vu;dx =0, i=1,2

Jim VA us <241} z,v;)Vu;Vu; de =0, i=1,2.
N{|v;|<2n+1}

Consequently,

lim APy’ =0, i=1,2. (4.13)

n—oo

Regarding the term Bf’", i =1,2, we have
|BF™| = ‘/ (07, (ui) Bz, ;) Vi Vg — 00 (v;) B(z, v;) Vo, Vo, ) Wy, d
Q;
< / |07, (w;) | B(z, u;) Vu; Vu | Wy | da —|—/ 167, (v;)| B(x, v;) Vv; Vo, | Wy | da

< E/ B(z,u;)Vu;Vu; de + E/ B(z,v;)Vv;Vu; dx.
{lus|<2n} {lvi|<2n}

n n
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These last two integrals go to zero as n goes to infinity by (2.9a) of Definition 2.2.
Thus,
lim B¥" =0, i=1,2 (4.14)

n—oo

To pass to the limit of C*™ as n goes to oo, we use Proposition 3.2. Note
that
h(@)(ur = ug) Wi 18 (ur)| < [|B] oo (rylur — uo|k € LY(T),

and

h(x)(ur — u2) Wi 105 (u1) —— h(x)(u1 — u2)Tip(p(u1) — ¢(v1)) ae. onT.

n—oQ

By the Lebesgue Dominated Convergence Theorem, we have

lm [ h(z)(u1 — ug) Wi 10p(u1) do = / h(z)(u1 — u2)Ti (p(u1) — p(v1)) do.

Using similar arguments, we obtain that

lim h(x)(u1 — u2) Wi 20y, (ug) do = /Fh(x)(ul — ug)Tx(p(uz) — ¢(v2)) do

n—oo r

and for i =1, 2,

lim [ h(z)(vr — v2) Wi (v) do = / h(z)(v1 — v2) Ti(p(uwi) — @(vi)) do.

Therefore, we conclude that

lim R — /F h(@)[(u1 — uz) — (01 — v3)]

n—oo (4.15)
x [T(p(ur) = p(v1)) — Ti(p(uz) — ¢(v2))] do.
Finally, concerning D*", since
[fWi(0n(u) = 0, (v))] < 2k| f| € L'(Q),
while
On(u) —0,(v) — 0 a.e. in Q as n — oo,
the Lebesgue Dominated Convergence Theorem leads to
lim DF"™ = 0. (4.16)

n— oo

Combining (4.8), (4.9), (4.13), (4.14), and (4.16), and choosing & small
enough, we obtain

On(u1) | On(v1) S
/Uf (so’(ul) +sa'(v1)>|w<“1> V(o) d
0

" /U (St + 52 19tun) - Tl da -+ O
‘PI(U1)\Vu1|2 + ‘Pl(01)|VU1|2
(1+ |p(ur)] + |e(v1)])?0
¢’ (u2)|Vuz|? + ¢ (v2)[ Vs |?
(1+ lo(uz)| + lo(v2)])*

(4.17)
dx

< Ck? /Uk(en(ul) + 0 (v1))

1+ Ok> /Uk(en(u2)+9n(v2)) dz + p(n),
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where C is a positive constant independent of k and n, and where p(n) goes to
zero as n goes to oo.
Let 7 : R — R such that

)
T“)‘/o Tt )=

Clearly, 7 is an increasing C'* (R)-function and since 26 > 1, 7 is bounded. Then,
by Lemma 3.1 and (4.1) of Proposition 4.1, we deduce that

@' (u;)|Vug|? and @' (v3)| Vi |*
(14 |p(ui)])? (14 |p(v)])?

Hence, we can pass to the limit on the right-hand side of (4.17). Furthermore,

LY (). (4.18)

On(u;) — 1 asn— o0, ae inQ;, =12

By Fatou’s Lemma and (4.15), we have

/Uf< ' (un) w’(lvl))m"(“l) Vi (v1)|? da

2 k
2)) [Vo(us) — Vo(vg)|*de + C

so’(
! Vu \2 + ¢’ (v1)|Vor |?
<Ck2/ (“1)| : d
vr (L p(ur)] + |p(v1)])?
VU2|2 + (,0/(1)2)|v1)2‘2
cow [ 20 "
v (L4 lp(ug)] + [@(v2)])?

(4.19)

where
Ccr = /Fh(x)[(m —v1) = (u2 — v2)][Th(p(u1) — p(v1)) — Ti(p(uz) — p(v2))] do.

Dividing both sides of (4.19) by k? and noting that x; » — 0 a.e. in §; as
k — 0, (4.18) and the Lebesgue Dominated Convergence Theorem allow one
to conclude that

1 1 1
limsup [ — + Vo(u) — Vo(v)|? dz
mop<k2/w (a7 * ) Vet = Foton)

(4.20)
4L ( L, 1 >V( ) — Vel )|2d—|—10k><0
— Ug) — v T+ —
R Jup \ @) @l(vg) )T A )=
As a consequence, proving (4.5) is equivalent to showing that
. 1 .
limsup —5C" > 0. (4.21)
k—0 k

We now study the behavior of C*/k? as k goes to zero. To shorten the
notation, we will denote by g; the function given by

gk = h[(u1 —v1) — (u2 — v2)] X [T (p(ur) — p(v1)) — Ti(p(uz) — @(v2))].
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The main difficulty in managing this term is its non-linearity. Indeed, even if
sgn(u; —v1) = sgn(ug — v9) a.e. on I', there is no reason to have g > 0 nor to
give a bound of gj/k%. In order to study the behavior of C*/k?, we decompose
the integral on I' into the integral on different subsets. Since from Lemma 3.3,
sgn(u; —v1) = sgn(ug —v2) a.e. on I', in view of the symmetry of g, with respect
to u; and v; (i = 1,2), proving (4.21) is equivalent to prove

1
lim sup —2/ grdo > 0.
k—0 k {u1—'l}1>0}

We now split the set {& € T'; u1(x) — vi(x) > 0} (up to a zero measure
subset) into 4 subsets,

{’LL1 — V1 >0}iP1 UP,UP3U Py,
where
Pr={p(ur) — p(v1) > k} N {p(uz) — p(v2) > k},
Py :={0 < p(u1) — p(v1) < k} N {0 < p(uz) — ¢(v2) < k},
Py ={p(ur) —p(v1) > k} N {0 < p(uz) — p(va) < k},
Py ={0 < p(ur) —p(v1) <k} N{p(u) —p(v2) > k}.

Since we have

Ti(p(u1) — @(v1)) — Te(p(u2) — @(v2)) = 0 a.e. on P,

we obtain that )
k2 Jp,
As far as fP2 grdo is concerned, recalling that ¢ € C*(R) with ¢'(t) > 1 for
any t € R gives

grdo = 0. (4.22)

0<u; —v1 <p(ur)—p(v1) <k ae. on Py

and
0 <ug —ve < ug) —p(ve) <k a.e. on Ps.

As a consequence, we deduce that

Slon] = Al — ) = (a2 = )l[(p(r) — (1)) — (plu2) — o(22))
< |Ih||Lee(ry a.e. on P,

Since
xp, =0 ask—0 ae onl,

the Lebesgue Dominated Convergence Theorem leads to

.1
]112%) = /PZ grdo = 0. (4.23)

We now study fPs grdo by splitting P3 into Ps N {u; —v; > k} and P3N
{u1 —v1 < k}. With already used arguments, we have

0<us —wvy <k a.e. on Ps.

19



It follows that
[(u1 - ’Ul) — (UQ - ’Ug)] Z 0 a.e. on P3 N {Ul — U1 2 k},

so that
gr > 0 a.e. on P3sN{u; —v; > k}.

On the other hand, we have

1 1
w2 l9rl = 5 [hll(ur —v1) = (uz —v2)|(k = (p(uz) = @(v2)))
2]l o (ry a.e. on P3N {0 < uyp — vy < k}.

IN

Since
xp; 0 ask—0, ae onl,

the Lebesgue Dominated Convergence Theorem leads to

1
lim —

gde = O
k—0 k2 /Pgm{o<u1—v1<k}

Noting that we can write

/ gkdU:/ gkd0+/ grdo,
Ps Pgﬂ{ul—ﬂlzk} Pgﬂ{0<u1—1)1<k‘}

we deduce that

1
limsup—Q/ grdo > 0.
k—o Kk Jp,

At last, by writing

/ gkdUZ/ gkd0+/ grdo,
Py Pyn{uz—v2 >k} Pyn{0<us—va<k}

and by proving with similar arguments that

/ grdo >0
Pyn{uz—va>k}

and

lim — grdo =0,
k=0 k Pyn{0<uz—va<k}

yield

1
limsupj/ grdo > 0.
k—0 k Py

The results (4.22)—(4.25) give

1
lim sup —C* > 0.
k%Op k2 o

Therefore, (4.5) holds true.

(4.24)

(4.25)

(4.26)

Step 2. In this step, we prove that u; = v1 a.e. in Q1 and us = v9 a.e. in Qs.
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We first show that w1 = v; a.e. in €. To do this, we consider the function
On(u1)Ti(p(u1) — p(v1)) € L=(Q21) N V4.

Since u; = v1 = 0 on 052, we can apply Poincaré inequality which leads to

Ti(p(u) — p(v1)) |*
/Ql(ﬂn(ul))2 ’ ‘ dx

<cC /Q (O (u1))> <VT’“(“”(“1]C) - ‘/’(”1))>2 dz (4.27)

2

Ti(p(u1) — p(v1)) e

k

+C [ (0, (w)? |V [?
(951

where C' > 0 does not depend on k£ and n. The second integral on the right-hand
side of (4.27) can be bounded by

Ti(p(u1) = p(v1)) ’2
k

/ (01, (12))2| Va2
Q1

1
dx < —2/ |Vuy|? da.
n {|lu1|<2n}

The integral on the right-hand side goes to zero as n goes to co by (2.9a) of
Definition 2.2. This implies

Ti(p(u1) = ¢(v1))
k

lim lim [ (0} (u1))?|Vuy|? dr = 0. (4.28)

n—oo k—0 Q

For the first integral on the right-hand side of (4.27), we have

/ (0, (u)? (vma(un —so(vn))? s
931

k

maXe[—2n,2n] ' (5) / 1 2
< — dx.
= k2 v ¢ (u1) Vi) = Viplua) e

The integral on the right-hand side of this inequality goes to 0 as k goes to 0
by (4.5). Thus,

/ X{p(ur)#p(v1)} AT
Q1

) (4.29)
T(ew) =) [, o

= lim lim [ (6,(u1))? ’

n—oo k—0 B}

that is, o(u1) = p(v1) a.e. in Q. Since ¢’ > 1, we have u; = vy a.e. in Q. As
a consequence, 1 (u1) = 71 (v1), that is, u; = v; a.e. on T.

From Lemma 3.3, sgn(u; — v1) = sgn(uz — v2) on I'. Since u; —v; =0 a.e.
on I', we also have us — vy = 0 a.e. on I'. Thus, us = v a.e. on I'.

It only remains to prove that us = vg in 25. Consider the function

O (uz) T (p(u2) — p(v2)) € L= (Q2) N H' (D),
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which has a zero value a.e. on I' since us = v2 a.e. on I'. We can then apply
Poincaré inequality which implies that

/| (Bufu)?
<O | (Bn(u2))? (VT’“(“D(UZ) - ‘p(”))>2 dz

Q2
Ti(p(uz) — p(v2)) [°
3 ‘ dx.

T (p(u2) — p(v2)) *
3 ‘ dx

+C [ (60, (u2))?|Vusl®
Qo

Using the same arguments to show (4.29), we conclude that

Ti(p(uz) = p(va))|*
3 ‘ dx = 0.

/QX{muz);w(vz)}dx: lim lim [ (6n(us))?
2

n—oo k—0 Qs

This implies p(uz) = p(v2) a.e. in Q. Therefore, since ¢’ > 1, us = vy a.e. in
Q.

This concludes the proof of the uniqueness of the renormalized solution of
(1.1). O
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