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Wavefunction forms based on products of electron pairs are usually constructed as

closed-shell singlets, which is insufficient when the molecular state has a nonzero

spin or when the chemistry is determined by d- or f−electrons. A set of two-electron

forms are considered as explicit couplings of second-quantized operators to open-shell

singlets. Geminal wavefunctions are constructed and their structure is elaborated.

Numerical results for small model systems clearly demonstrate improvement over

closed-shell singlet pairs.

a)Electronic mail: paul.johnson@chm.ulaval.ca
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I. INTRODUCTION

Quantum chemistry is dominated by the idea of 1-electron states (orbitals). An optimal

choice is made for the ground state Slater determinant, upon which a correction is added

either empirically or based on contributions from low-lying excitations. Such an approach

is correct if the reference Slater determinant is a good first approximation to the system

under study. Many chemical systems require more than one Slater determinant for even a

qualitatively correct description. Such systems are said to be strongly correlated. Examples

include the breaking of chemical bonds (the effect is amplified for multiple bonds), reaction

transition states, and transition metal systems. Whenever it is not possible to identify a

spin-orbital as occupied or virtual, there is not a single dominant Slater determinant.

Wavefunction models based on antisymmetric products of 2-electron functions geminals

are a better starting point for strongly correlated systems.1–5 Up to now, most studies have

been restricted to geminals that are closed-shell singlets, the most general case being the

antisymmetrized product of interacting geminals (APIG).6–9 Computations with APIG are

not feasible, though there are specific cases which are.10 First, one can make the geminals

sparse: by restricting each spatial orbital to a specific geminal, one obtains the antisym-

metrized product of strongly-orthogonal geminals (APSG).11–15 Further, if each geminal

contains at most two spatial orbitals, this becomes the generalized valence-bond / perfect

pairing (GVB-PP)16–20 approach. Next, if all the geminals are the same, one obtains the

antisymmetrized geminal power (AGP).21–35 By structuring the geminals, one obtains the

eigenvectors of the reduced Bardeen-Cooper-Schrieffer (BCS) Hamiltonian,36,37 the so-called

Richardson38–40-Gaudin41 (RG) states. RG states may be used as a basis for the wavefunc-

tion like Slater determinants for weakly correlated systems. The variational mean-field is

feasible,42–50 and systematic improvement is possible with a configuration interaction (CI)

of RG states. Epstein-Nesbet perturbation theory gives the same result at a much reduced

cost. Finally, by choosing one dominant orbital in each geminal, one obtains the antisym-

metrized product of 1-reference orbital geminals (AP1roG)51,52 or equivalently pair coupled

cluster doubles (pCCD).53 This last approach is not feasible variationally, but is easily solved

as a projected Schrödinger equation (pSE).54–62

For APIG, and all of its descendants, there are no unpaired electrons and are hence

said to have zero seniority. They are necessarily approximations to the doubly occupied
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configuration interaction (DOCI) which, as one might expect, is a CI of seniority-zero Slater

determinants.63–68 As orbital rotations will change the seniority of a given spatial orbital,

DOCI and APIG must be orbital-optimized.

The seniority-zero restriction will need to be lifted to treat systems breaking multiple

bonds.69–77 The purpose of this contribution is to explore the more general electron-pair

structures, in particular for open-shell singlets. A few approaches to this problem have

been considered. There is the geminal mean-field configuration interaction (GMFCI) which

may be iterated until convergence giving the geminal self-consistent field (GSCF) approach

with various orthogonality constraints.78–80 There are also the recently proposed 2D-block

geminals.81 Coupled-cluster doubles can be restricted to only singlet-excitations, giving a

method called CCD0.82 Finally, APsetG83 is a geminal product wavefunction which is engi-

neered to include open-shell possibilities despite the fact that it is algebraically a closed-shell

geminal product.

This manuscript is structured as follows. Section II summarizes the Lie algebras obtained

by coupling electrons to singlets in groups of 2 spatial orbitals (so(5)), and in N levels

(sp(N)). Section III presents all the results necessary to employ a pSE approach for sp(N)

geminals. Finally, section IV presents numerical results for 4 electron systems.

II. ELECTRON PAIRS

A. Closed-shell singlet: su(2)

Second quantized operators a†iσ and aiσ which respectively create and remove a σ-spin

electron in spatial orbital i have the structure

[a†iσ, ajτ ]+ = δijδστ . (1)

They may be coupled together to create structured pairs of electrons. The simplest such

structure is closed-shell singlets, built from the objects

S+
i = a†i↑a

†
i↓, S−

i = ai↓ai↑, Sz
i =

1

2

(
a†i↑ai↑ + a†i↓ai↓ − 1

)
. (2)

S+
i creates a pair of electrons in spatial orbital i, S−

i removes a pair of electrons from spatial

orbital i, and Sz
i counts the number of pairs in spatial orbital i: +1

2
(1 pair) or −1

2
(0 pairs).
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These objects have simply verified commutators

[
S+
i , S

−
j

]
= 2δijS

z
i (3a)[

Sz
i , S

±
j

]
= ±δijS

±
i . (3b)

Each set of 3 operators {S+
i , S

−
i , S

z
i } is associated with a specific spatial orbital where the

structure (3) is the Lie algebra su(2). Operators associated to distinct spatial orbitals

commute, and the complete structure is referred to as a collection of “su(2) copies”.

B. Singlets in 2 orbitals: so(5)

It is impossible to have an open-shell singlet in a single spatial orbital. In two spatial

orbitals (labelled 1 and 2), we have two copies of su(2) defined in the same way as above.

Taken together, these objects close the Lie algebra so(4) ≡ su(2) ⊕ su(2), with structure

constants given by eqns. (3). Defining an open-shell singlet requires four operators

A 1
2

1
2

=
1

2

(
a†1↑a

†
2↓ − a†1↓a

†
2↑

)
(4a)

A− 1
2
− 1

2
= −1

2
(a2↓a1↑ − a2↑a1↓) (4b)

A 1
2
− 1

2
= −1

2

(
a†1↑a2↑ + a†1↓a2↓

)
(4c)

A− 1
2

1
2

= −1

2

(
a†2↑a1↑ + a†2↓a1↓

)
(4d)

to close a Lie algebra. Here, A 1
2

1
2

creates an open-shell singlet across the two spatial orbitals

while A− 1
2
− 1

2
removes an open-shell singlet. The other two objects are singlet-excitation

operators.84 The subscript labelling simplifies the structure constants, the non-zero ones

being:

[Sz
1 , Aστ ] = σAστ , [Sz

2 , Aστ ] = τAστ (5a)

[S±
1 , Aστ ] =

√(
1

2
∓ σ

)(
1

2
± σ + 1

)
A(σ±1)τ (5b)

[S±
2 , Aστ ] =

√(
1

2
∓ τ

)(
1

2
± τ + 1

)
Aσ(τ±1) (5c)

The commutators between these elements are given in Table I.

4



[−,−] A− 1
2
− 1

2
A 1

2
− 1

2
A− 1

2
1
2

A 1
2

1
2

A− 1
2
− 1

2
0 1

2S
−
2

1
2S

−
1

1
2 (S

z
1 + Sz

2)

A 1
2
− 1

2
−1

2S
−
2 0 1

2 (S
z
1 − Sz

2) −1
2S

+
1

A− 1
2

1
2

−1
2S

−
1

1
2 (S

z
2 − Sz

1) 0 −1
2S

+
2

A 1
2

1
2

−1
2 (S

z
1 + Sz

2)
1
2S

+
1

1
2S

+
2 0

TABLE I: Structure constants of the open-shell singlet operators: elements in the left

column appear first in the commutator.

These ten operators close the Lie algebra so(5), and it is instructive to classify the irre-

ducible representations (irreps) according to the labels of the group chain

SO(5)
[l1l2]

⊃ SO(4) ∼= SO(3)1
J1

× SO(3)2
J2

⊃ SO(2)1
M1

× SO(2)2
M2

.

The chosen SO(5) group labels denote the values of the Cartan elements on the highest

weight in each irrep, sorted so that l1 > l2. Other choices are possible85. The 16 possible

states in two spatial orbitals are split into six irreps, see Table II.

C. Singlets in N orbitals: sp(N)

Taking N spatial orbitals together, we can couple second-quantized operators to produce

all possible singlets. Each spatial orbital gets a copy of su(2), and each pair of spatial orbitals

gets a four-element set like Eqs. (4). Specifically, for each of the
(
N
2

)
pairs of orbitals, with

i < j, we will employ the elements

A+
ij =

1

2

(
a†i↑a

†
j↓ − a†i↓a

†
j↑

)
(6a)

A−
ij = −1

2
(aj↓ai↑ − aj↑ai↓) (6b)

A0
ij = −1

2

(
a†i↑aj↑ + a†i↓aj↓

)
(6c)

A0
ji = −1

2

(
a†j↑ai↑ + a†j↓ai↓

)
. (6d)
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[l1, l2] (J1, J2) M1 M2

[12 ,
1
2 ] (12 ,

1
2) −1

2 −1
2 |θ⟩

1
2 −1

2 S+
1 |θ⟩

−1
2

1
2 S+

2 |θ⟩

1
2

1
2 S+

1 S
+
2 |θ⟩

(0, 0) 0 0 A 1
2

1
2
|θ⟩

[12 , 0] (12 , 0) −1
2 0 a†2↑ |θ⟩

1
2 0 S+

1 a
†
2↑ |θ⟩

(0, 12) 0 −1
2 a†1↑ |θ⟩

0 1
2 S+

2 a
†
1↑ |θ⟩

[12 , 0] (12 , 0) −1
2 0 a†2↓ |θ⟩

1
2 0 S+

1 a
†
2↓ |θ⟩

(0, 12) 0 −1
2 a†1↓ |θ⟩

0 1
2 S+

2 a
†
1↓ |θ⟩

[0, 0] (0, 0) 0 0 a†1↑a
†
2↑ |θ⟩

[0, 0] (0, 0) 0 0 a†1↓a
†
2↓ |θ⟩

[0, 0] (0, 0) 0 0 1
2

(
a†1↑a

†
2↓ + a†1↓a

†
2↑

)
|θ⟩

TABLE II: Irreps of so(5): [1
2
, 1
2
] singlet, [1

2
, 0] doublet, [0, 0] triplet.

Notice that

(
A+

ij

)†
= −A−

ij (7a)(
A0

ij

)†
= A0

ji. (7b)
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With these definitions, the structure constants

[A+
ij, A

−
i′j′ ] =

1

2

(
δii′δjj′ + δij′δji′ + δii′A

0
jj′ + δjj′A

0
ii′ + δij′A

0
ji′ + δji′A

0
ij′

)
(8a)

[A0
ij, A

+
i′j′ ] = −1

2

(
δji′A

+
ij′ + δjj′A

+
ii′

)
(8b)

[A0
ij, A

−
i′j′ ] =

1

2

(
δii′A

−
jj′ + δij′A

−
ji′

)
(8c)

[A0
ij, A

0
i′j′ ] =

1

2

(
δij′A

0
i′j − δi′jA

0
ij′

)
(8d)

are easily worked out. Two notes should be made regarding the structure constants. First,

the term δij′δji′ in eq. (8a) is an artifact of the chosen representation. Strictly speaking

it should only appear from the commutator of elements like [A+
21, A

−
12], but the object A+

21

doesn’t exist. Looking at the definition of A+
12, we could define it similarly, and find that

A+
21 = A+

12. Second, the convention chosen for the signs of the objects (6) has the result that

the commutators (8b) and (8c) have signs opposite of the usual convention in su(2), where

[Sz, S±] = ±S±. Thus for N spatial orbitals, the Lie algebra for pairs is sp(N). In particular,

for N = 1 the Lie algebras sp(1) ∼= su(2) are equivalent and the name su(2) is accepted.

Similarly for N = 2, sp(2) ∼= so(5), but these are only low-dimensional accidents: for N > 2

the Lie algebras are no longer equivalent. With the relevant Lie algebras understood and

specified, we now move to many-body states.

III. GEMINAL PRODUCTS

The goal of this section is a pSE approach for a general singlet geminal wavefunction. The

pSE will first be quickly summarised, along with the corresponding version for su(2). A pSE

requires a collection of basis functions to project against, which in the case of su(2) is Slater

determinants of doubly occupied orbitals. For sp(N), the natural basis is configuration state

functions (CSFs), e.g. table II for N = 2.

A. Projected Schrödinger Equation

Define a geminal as a two-electron state expressed in a given single-particle basis

G†
α =

∑
ij

gijα a
†
ia

†
j. (9)
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They are building blocks for states of 2M electrons in N sites of the form

|{g}⟩ =
M∏
α=1

G†
α |θ⟩ . (10)

The Coulomb Hamiltonian

ĤC =
∑
ij

hij

∑
σ

a†iσajσ +
1

2

∑
ijkl

Vijkl

∑
στ

a†iσa
†
kτalτajσ + VNN (11)

is written in terms of the 1- and 2-electron integrals

hij =

∫
drϕ∗

i (r)

(
−1

2
∇2 −

∑
I

ZI

|r−RI |

)
ϕj(r) (12)

Vijkl =

∫
dr1dr2

ϕ∗
i (r1)ϕj(r1)ϕ

∗
k(r2)ϕl(r2)

|r1 − r2|
. (13)

Chemists’ notation is employed for the 2-electron integrals. With the wavefunction ansatz

(10), the direct approach is to minimize the Rayleigh quotient

E[{g}] = min
{g}

⟨{g}|ĤC |{g}⟩
⟨{g}|{g}⟩

(14)

variationally. This requires the 1- and 2-body reduced density matrices (RDM) of |{g}⟩,

which are generally very expensive to compute.

The same problem occurs with coupled-cluster theory, and the workaround is to employ

the weak formulation of the problem, the pSE.84 Begin with the Schrödinger equation

ĤC |{g}⟩ = E |{g}⟩ (15)

and notice that the state (10) can be written in a conveniently chosen basis {|Φω⟩}

|{g}⟩ =
∑
ω

Cω |Φω⟩ . (16)

By projecting from the left with a basis vector ⟨Φµ|

⟨Φµ|ĤC |{g}⟩ = E ⟨Φµ|{g}⟩ (17)

and noting the action of the Coulomb Hamiltonian on the basis vectors

ĤC |Φµ⟩ =
∑
ν

λµν |Φν⟩ + |Φ⊥⟩ . (18)
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With |Φ⊥⟩ orthogonal to the vectors {|Φω⟩}, one arrives at a pSE∑
ν

(λµν − δµνE)
∑
ω

Cω ⟨Φν |Φω⟩ = 0. (19)

Each chosen vector ⟨Φµ| leads to one such eq. (19), and enough must be chosen to solve

for the variables: the coefficients {g} and E. The information thus required is the matrix

elements λµν , the expansion coefficients Cω, and the overlap matrix elements ⟨Φν |Φω⟩. The

equations (19) are nonlinear since the expansion coefficients Cω are functions of the geminal

coeficients {g}. The matrix elements λµν are functions of the integrals (12) and (13), while

the overlap matrix elements are combinatorial factors.

B. Closed-Shell Singlets: su(2)

We will first outline the structure for closed-shell singlets as it provides a starting point

for our development. Restricting the geminal (9) to closed-shell singlets yields

G†
α[su(2)] =

N∑
i=1

giαS
+
i , (20)

with S+
i defined as in (2). We now expand a many-body state

|su(2),M⟩ =
M∏
α=1

N∑
i

giαS
+
i |θ⟩ =

∑
ω

Cω |Φω⟩ , (21)

in terms of Slater determinants, |Φω⟩, as basis functions and evaluate the corresponding

expansion coefficients Cω. Specifically, ω is an ordered set of M integers such that 1 ≤ ω1 ≤

ω2 ≤ · · · ≤ ωM ≤ N , labelling which spatial orbitals are doubly occupied

|Φω⟩ = S+
ω1
S+
ω2
. . . S+

ωM
|θ⟩ . (22)

As Slater determinants are orthonormal, the projection we care about is precisely the ex-

pansion coefficient

⟨Φω|su(2),M⟩ =
∑
ω′

Cω′ ⟨Φω|Φω′⟩ = Cω. (23)

From here a projected Schrödinger equation approach follows easily.

In each of the monomials of S+’s in Eq. (21), any S+
i can only occur once since

S+
i S

+
i = a†

i 1
2

a†
i− 1

2

a†
i 1
2

a†
i− 1

2

= 0. (24)

9



Further, the ordering in each monomial does not matter since

[S+
i , S

+
j ] = 0. (25)

The expansion coefficients are thus symmetric sums of a product of factors:

Cω =
∑

π∈SM

M∏
α=1

gωα

π(α). (26)

The sum is performed over all M ! permutations π of M objects, the symmetric group SM .

The previous statement is just the Leibniz formula for the matrix permanent

Cω =

∣∣∣∣∣∣∣∣∣
gω1
1 gωM

. . .

gω1
M gωM

M

∣∣∣∣∣∣∣∣∣
+

. (27)

Because permanents are not invariant to linear transformations,86 they are in general in-

tractable to compute; though there are some forms which reduce to tractable expressions.87–91

Finally, the action of the Coulomb Hamiltonian on a closed-shell Slater determinant yields

ĤC |Φω⟩ =
∑
i∈ω

2hii +
∑

j∈ω(̸=i)

(2Viijj − Vijji) + VNN

 |Φω⟩ +
∑
a

∑
i∈ω

VaiaiS
+
a S

−
i |Φω⟩ + |Φ⊥⟩ .

(28)

C. Singlets: sp(N)

Geminals for singlets with an so(5) structure could be defined and studied, but the main

purpose is to build states for singlets distributed over the entire space. The individual singlet

creators are

A+
ij =

1

2

(
a†i↑a

†
j↓ − a†i↓a

†
j↑

)
. (29)

Since A+
ii = S+

i and A+
ij = A+

ji, an appropriate geminal is

G†
α[sp(N)] =

∑
ij

gijαA
+
ij =

∑
i

giiαS
+
i + 2

∑
i<j

gijαA
+
ij, (30)

where the geminal coefficients are symmetric gijα = gjiα . (If these coefficients were treated as

distinct objects, only the symmetric portion of their linear combination would contribute in
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final formulas.) A geminal product can be written in terms of CSFs with a symmetry label

η denoting the number of closed-shell pairs

|sp(N),M⟩ =
M∏
α=1

G†
α[sp(N)] |θ⟩ =

∑
η

∑
ω

Cη
ω |Φη

ω⟩ . (31)

The labelling ω is now a set of M pairs of index labels (i, j). For example, the CSF

A+
i1,j1

A+
i2,j2

A+
i3,j3

|θ⟩ has ω = {(i1, j1), (i2, j2), (i3, j3)}. There are η repeated indices. Without

any loss of generality, we can list the η repeated indices first, such that

ω = {(i1, i1), . . . , (iη, iη), (iη+1, jη+1), . . . , (iM , jM)}. (32)

The projection of the state (31) onto CSFs is now more complicated because the CSFs do

not form an orthogonal basis. In particular,

⟨Φη′

ω′ |sp(N),M⟩ =
∑
η

∑
ω

Cη
ω ⟨Φ

η′

ω′|Φη
ω⟩ (33)

has contributions from both the expansion coefficient Cη
ω, and the overlap ⟨Φη′

ω′ |Φη
ω⟩. Both

have internal structure. We will first deal with the expansion coefficients, then examine the

CSF overlaps. For each, we will first look at a four-pair example (large enough to show the

non-triviality) before presenting the general result.

When indices are shared across different open-shell pairs, they condense to closed-shell

pairs, while no index can occur more than twice

A+
ijA

+
ij = −1

2
S+
i S

+
j (34)

A+
ijA

+
ik = −1

2
S+
i A

+
jk (35)

A+
ijS

+
i = 0. (36)

Creators acting on distinct sites commute

[A+
ij, A

+
kl] = 0. (37)

Finally, there is a braiding of the elements A+
ij of the form

A+
ijA

+
kl + A+

ikA
+
jl + A+

ilA
+
jk = 0 (38)

which causes linear dependance in the CSF basis. This linear dependance may be dealt with

either by orthogonalizing the CSF basis or by choosing a minimal set of non-orthogonal

CSFs.
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As the Coulomb Hamiltonian has an exact representation in terms of the sp(N) generators

ĤC = −2
∑
ij

hijA
0
ij +

∑
ijkl

Vijkl(2A
0
ijA

0
kl + δjkA

0
il) + VNN , (39)

its action on an open-shell singlet CSF is a linear combination of open-shell singlet CSFs

with |Φ⊥⟩ = 0. In particular

ĤC |Φη
ω⟩ =

(∑
i∈ω

wi +
∑
i<j∈ω

Wij + VNN

)
|Φη

ω⟩

− 2
∑
i(̸=j)

∑
j∈ω

hijA
0
ij |Φη

ω⟩ +
∑

(i,k)̸=(j,l)

∑
j,l∈ω

Vijkl(2A
0
ijA

0
kl + δjkA

0
il) |Φη

ω⟩ (40)

with the elements

wi =

2hii + Viiii, |i ∈ ω| = 2

hii, |i ∈ ω| = 1
(41)

Wij =



4Viijj − 2Vijji, |i ∈ ω| = |j ∈ ω| = 2

2Viijj − Vijji, |i ∈ ω| = 1, |j ∈ ω| = 2 or |i ∈ ω| = 2, |j ∈ ω| = 1

Viijj + Vjjii, |i ∈ ω| = |j ∈ ω| = 1, (i, j) ∈ ω

Viijj, |i ∈ ω| = |j ∈ ω| = 1, (i, j) /∈ ω.

(42)

The singlet-excitation operators acting on |Φη
ω⟩ generate different CSFs. Because of the

braiding (38), a minimal set must be chosen. A linearly independent, though non-orthogonal,

choice is made with the use of Rumer diagrams.92

1. Expansion Coefficients: Four Pair Example

Consider the product

|sp(N), 4⟩ =
4∏

α=1

G†
α[sp(N)] |θ⟩ (43)

and look first at the expansion coefficient of a typical CSF with η = 0, e.g.

|Φ(0)
j1j2j3j4

⟩ = A+
i1j1

A+
i2j2

A+
i3j3

A+
i4j4

|θ⟩ . (44)
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To condense the notation for ω, we will only note the second index in each pair. The CSF

(44) is independent of the other CSFs in the expansion (43): any permutation of the indices

{j1, j2, j3, j4} yields a different CSF. Each A+
ikjk

occurs in each of the four geminals G†
α

with the contribution 2gikjkα , and because the sp(N) singlet creators commute, eq. (37), the

coefficient is a symmetric sum weighted by 24

C
(0)
j1j2j3j4

= 24

∣∣∣∣∣∣∣∣∣∣∣

gi1j11 gi2j21 gi3j31 gi4j41

gi1j12 gi2j22 gi3j32 gi4j42

gi1j13 gi2j23 gi3j33 gi4j43

gi1j14 gi2j24 gi3j34 gi4j44

∣∣∣∣∣∣∣∣∣∣∣

+

= 24
∑
π∈S4

4∏
a=1

giajaπ(a). (45)

π is one of the 4! permutations in the symmetric group S4.

Looking at a typical CSF with η = 1 introduces a complication due to eq. (35). The

final coefficient C of the CSF

|Φ(1)
i1j2j3j4

⟩ = S+
i1
A+

i2j2
A+

i3j3
A+

i4j4
|θ⟩ (46)

will receive contributions from the “raw” coefficients, D, from terms which are permutations

of the index i1, i.e.

C
(1)
i1j2j3j4

S+
i1
A+

i2j2
A+

i3j3
A+

i4j4
|θ⟩ = D

(1)
i1j2j3j4

S+
i1
A+

i2j2
A+

i3j3
A+

i4j4
|θ⟩

+ D
(1)
j2i1j3j4

A+
i1j2

A+
i2i1

A+
i3j3

A+
i4j4

|θ⟩

+ D
(1)
j3j2i1j4

A+
i1j3

A+
i2j2

A+
i3i1

A+
i4j4

|θ⟩

+ D
(1)
j4j2j3i1

A+
i1j4

A+
i2j2

A+
i3j3

A+
i4i1

|θ⟩ . (47)

The three additional terms arise from permutations of the index i1, while permutations of

the indices jk that do not involve i1 generate different CSFs. The first raw coefficient is

D
(1)
i1j2j3j4

= 23

∣∣∣∣∣∣∣∣∣∣∣

gi1i11 gi2j21 gi3j31 gi4j41

gi1i12 gi2j22 gi3j32 gi4j42

gi1i13 gi2j23 gi3j33 gi4j43

gi1i14 gi2j24 gi3j34 gi4j44

∣∣∣∣∣∣∣∣∣∣∣

+

= 23
∑
π∈S4

4∏
a=1

giajaπ(a), (48)

with the understanding that j1 ≡ i1. The remaining three raw coefficients are given by the

same expression as eq. (45), with the appropriate indices. To arrive at the final expression
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for the coefficient, the result of eq. (35) is that the raw coefficients of the permutations are

scaled by −1
2
,

C
(1)
i1j2j3j4

= D
(1)
i1j2j3j4

− 1

2
D

(1)
j2i1j3j4

− 1

2
D

(1)
j3j2i1j4

− 1

2
D

(1)
j4j2j3i1

(49)

= 23
∑
π′∈S1

∑
π∈S4

sgn(π′)
4∏

a=1

g
iajπ′(a)
π(a) . (50)

The set of permutations S1 = {(1), (i1j2), (i1j3), (i1j4)} is not a group, but we will clarify

what it does represent in the next section.

Going to a CSF for η = 2 introduces more terms, but no new complications, so we will

proceed directly to

C
(2)
i1i2j3j4

= D
(2)
i1i2j3j4

− 1

2
D

(2)
i2i1j3j4

− 1

2
D

(2)
j3i2i1j4

− 1

2
D

(2)
j4i2j3i1

− 1

2
D

(2)
i1j3i2j4

− 1

2
D

(2)
i1j4j3i2

+
1

4
D

(2)
j3i1i2j4

+
1

4
D

(2)
i2j3i1j4

+
1

4
D

(2)
j4i1j3i2

+
1

4
D

(2)
i2j4j3i1

+
1

4
D

(2)
j3j4i1i2

+
1

4
D

(2)
j4j3i2i1

(51)

= 22
∑
π′∈S2

∑
π∈S4

sgn(π′)
4∏

a=1

g
iajπ′(a)
π(a) , (52)

where each condensation introduces a factor of −1
2
. The set of summed permutations is

S2 = {(1), (i1i2), (i1j3), (i1j4), (i2j3), (i2j4),

(i1i2j3), (i1j3i2), (i1i2j4), (i1j4i2), (i1j3)(i2j4), (i1j4)(i2j3)}. (53)

The remaining expressions are

C
(3)
i1i2i3j4

= 2
∑
π′∈S3

∑
π∈S4

sgn(π′)
4∏

a=1

g
iajπ′(a)
π(a) (54)

C
(4)
i1i2i3j4

=
∑
π′∈S4

∑
π∈S4

sgn(π′)
4∏

a=1

g
iajπ′(a)
π(a) , (55)

where S3 and S4 are the complete set of 4! permutations. A suggestive pattern has emerged

which will now be made precise.

2. Expansion Coefficients: General Expressions

Let us first consider the two extreme cases of η = 0 and η = M before presenting the

general result. For η = 0, a typical CSF in the expansion (31) wil look like

A+
i1j1

. . . A+
iM jM

|θ⟩ . (56)
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Since all the indices {(i, j)} are distinct, no rearrangement of the indices will yield the same

CSF. Therefore, for each A+
ij in the CSF, each geminal G†

α will contribute the factor 2gijα

to the expansion coefficient. The result is therefore a symmetric sum, expressible as the

permanent

C
(0)
(i1j1),...,(iM jM ) = 2M

∣∣∣∣∣∣∣∣∣
gi1j11 giM jM

1

. . .

gi1j1M giM jM
M

∣∣∣∣∣∣∣∣∣
+

(57)

= 2M
∑

π∈SM

M∏
a=1

giajaπ(a). (58)

We have written the permanent algebraically, (58) so that it can be easily compared with

the closed-shell result η = M . In that case, there is not only a contribution from the term

S+
i1
. . . S+

iM
|θ⟩ ≡ A+

i1i1
. . . A+

iM iM
|θ⟩ , (59)

but also from each permutation π′ ∈ SM of the second lower indices. From eq. (35), each

transposition gives a factor of −1
2
, but each A+

ij occurs twice in the geminal (30) so that the

contribution is just the sign of the permutation. The expression for the expansion coefficient

is therefore

C
(M)
(i1i1),...,(iM iM ) =

∑
π′∈SM

∑
π∈SM

sgn(π′)
M∏
a=1

g
iaiπ′(a)
π(a) , (60)

where there is a double summation over the entire symmetric group.

Now consider 0 < η < M , and arrange the list ω such that the distinct indices are at

the end, i.e. the first η pairs are identical, as in eq. (32). The set of permutations of

the last M − η (open-shell) indices, along with the identity permutation, forms a subgroup

H ⊂ SM , which is equivalent to H ∼= SM−η. The action of each of these permutations will

yield a different CSF. We need to “factor out” the elements of H from SM to arrive at the

permutations which do not yield different CSFs. This is accomplished by looking at the left

cosets of H, i.e. by constructing the sets πH = {ππ′ : π′ ∈ H}, for each π. An elementary

result from the theory of groups is Lagrange’s theorem:

|G| = [G : H]|H| (61)
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which states the order of a subgroup H of G divides the order of G, and the factor [G : H] is

the number of cosets. Each element of G will occur in precisely one coset of H. Returning

to the example of the previous section, for the η = 1 case,

H = {(1), (j2j3), (j2j4), (j3j4), (j2j3j4), (j2j4j3)} (62)

and the corresponding left cosets are:

H = {(1), (j2j3), (j2j4), (j3j4), (j2j3j4), (j2j4j3)} (63a)

(i1j2)H = {(i1j2), (i1j2j3), (i1j2j4), (i1j2)(j3j4), (i1j2j3j4), (i1j2j4j3)} (63b)

(i1j3)H = {(i1j3), (i1j3j2), (i1j3)(j2j4), (i1j3j4), (i1j3j4j2), (i1j3j2j4)} (63c)

(i1j4)H = {(i1j4), (i1j4)(j2j3), (i1j4j2), (i1j4j3), (i1j4j2j3), (i1j4j3j2)}. (63d)

A quick glance will confirm that the coset representatives (those appearing on the left hand

side) are precisely the elements of S1 to be summed over in eq. (50). Similarly, for η = 2,

we have H = {(1), (j3j4)}, with the corresponding left cosets:

H = {(i1), (j3, j4)} (i1i2j3)H = {(i1i2j3), (i1i2j3j4)}

(i1i2)H = {(i1i2), (i1i2)(j3j4)} (i1j3j2)H = {(i1j3i2), (i1j3j4i2)}

(i1j3)H = {(i1j3), (i1j3j4)} (i1i2j4)H = {(i1i2j4), (i1i2j4j3)}

(i1j4)H = {(i1j4), (i1j4j3)} (i1j4i2)H = {(i1j4i2), (i1j4j3i2)}

(i2j3)H = {(i2j3), (i2j3j4)} (i1j3)(i2j4)H = {(i1j3)(i2j4), (i1j3i2j4)}

(i2j4)H = {(i2j4), (i2j4j3)} (i1j4)(i2j3)H = {(i1j4)(i2j3), (i1j4i2j3)},

of which, the coset representatives are precisely S2. We are now in a position to write the

general result for the expansion coefficient. Denote the coset representative of a specific coset

πH as ♮(πH), e.g. ♮((i1i2)H) = (i1i2). The expansion coefficient for a CSF with 0 ≤ η ≤ M

and ω is

C(η)
ω = 2M−η

∑
{π′H}

∑
π∈SM

sgn(♮(π′H))
M∏
a=1

g
iaj♮(π′H)(a)

π(a) . (64)

3. CSF Overlaps: Four Pair Example

We will proceed in a similar manner to our approach for the expansion coefficients,

beginning with the η = 4 case as it is the easiest, and working down to η = 0. CSFs with
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η = 4 are Slater determinants, and thus are orthonormal, i.e.

⟨Φη′

ω′|Φ(4)
ω ⟩ = δ4,η′δωω′ . (65)

Next we consider the overlap ⟨Φη′

ω′|Φ(3)
ω ⟩, with the arbitrary CSF

|Φ(3)
ω ⟩ = S+

i1
S+
i2
S+
i3
A+

ij |θ⟩ . (66)

First, the overlap can only be non-zero if η′ = 3, with identical indices for the S+’s, i.e.

⟨Φ(3)
ω′ |Φ(3)

ω ⟩ = −⟨θ|A−
i′j′S

−
i′3
S−
i′2
S−
i′1
S+
i1
S+
i2
S+
i3
A+

ij|θ⟩ (67)

= −δ{η}{η′} ⟨θ|A−
i′j′A

+
ij|θ⟩ (68)

= δ{η}{η′} ⟨θ|[A+
ij, A

−
i′j′ ]|θ⟩ (69)

=
1

2
δ{η}{η′} (δii′δjj′ + δij′δji′) . (70)

Again, because the pair creator is symmetric, i.e. A+
ij = A+

ji, only one choice is possible.

It is convenient to consider only bra states with i < j, and therefore only the direct term

contributes. The result is that

⟨Φ(3)
ω′ |Φ(3)

ω ⟩ =
1

2
δωω′ . (71)

The abbreviated Kronecker delta δ{η}{η′} denotes the equality of the two sets of indices of

the first η indices. It means that both η = η′, and the sets of indices are the same.

For η = 2, again the indices for S+’s must be identical, and using the sp(N) structure

constants we arrive at

⟨Φ(2)
ω′ |Φ(2)

ω ⟩ = (−1)2δ{η}{η′} ⟨θ|A−
k′l′A

−
i′j′A

+
ijA

+
kl|θ⟩ (72)

with

⟨θ|A−
k′l′A

−
i′j′A

+
ijA

+
kl|θ⟩ =

1

4
(δii′δjj′ + δij′δji′) (δkk′δll′ + δkl′δlk′)

+
1

4
(δik′δjl′ + δil′δjk′) (δki′δlj′ + δkj′δli′)

− 1

8
(δii′δjk′ + δij′δki′) (δjk′δll′ + δjl′δlk′)

− 1

8
(δii′δlj′ + δij′δli′) (δjk′δkl′ + δjl′δkk′)

− 1

8
(δjj′δki′ + δji′δkj′) (δik′δll′ + δil′δlk′)

− 1

8
(δjj′δli′ + δji′δlj′) (δik′δkl′ + δil′δkk′) . (73)
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This expression is easily interpreted as an action of the symmetric group on the indices

{i, j, k, l}, which is to say it is a function of the form

F [i, j, k, l] =
∑
π∈S4

f(π)δπ(i)i′δπ(j)j′δπ(k)k′δπ(l)l′ , (74)

and the result can be simplified substantially because of the property that the indices are

ordered, and that the operators A+
ij commute with one another. The first two lines of eq. (73)

say that the CSF |A+
ijA

+
kl⟩ has overlap 1

4
with the CSFs |A+

ijA
+
kl⟩, |A

+
ijA

+
lk⟩, |A

+
jiA

+
kl⟩, |A

+
jiA

+
lk⟩,

|A+
klA

+
ij⟩, |A+

lkA
+
ij⟩, |A+

klA
+
ji⟩, and |A+

lkA
+
ji⟩, but, these CSFs are identical, and we only consider

⟨A+
ijA

+
kl| in our set of states to project against. The overlap is then substantially simplified

⟨Φ(2)
ω′ |Φ(2)

ω ⟩ =
1

4
δ{η}{η′}

(
δii′δjj′δkk′δll′ −

1

2
δii′δkj′δjk′δll′ −

1

2
δii′δlj′δkk′δjl′

)
. (75)

As in the previous section, this argument may be formalized with cosets. We are dealing

with the symmetric group on the four letters i, j, k, l. The set of eight permutations of

indices which leave the CSF |A+
ijA

+
kl⟩ invariant

H = {(1), (ij), (kl), (ij)(kl), (ik)(jl), (il)(jk), (ikjl), (iljk)} (76)

close a subgroup of S4. To arrive at the distinct CSFs, we again “factor out” the action of

the subgroup by looking at (right) cosets.93 By Lagrange’s theorem, there are three distinct

cosets, which are:

H = {(1), (ij), (kl), (ij)(kl), (ik)(jl), (il)(jk), (ikjl), (iljk)} (77)

H(jk) = {(il), (jk), (ijk), (ikl), (ilj), (jlk), (ijlk), (iklj)} (78)

H(jl) = {(ik), (jl), (ijl), (ikj), (ilk), (jkl), (ijkl), (ilkj)}. (79)

The coset labels are arbitrary, in that each coset member is as good a label as any other.

What does matter is the minimum number of transpositions, which in both cases is 1. We

can clean up the expression to include a summation over right cosets:

⟨Φ(2)
ω′ |Φ(2)

ω ⟩ =
1

4
δ{η}{η′}

∑
{Hπ}

(
−1

2

)♭(Hπ)

δπ(i)i′δπ(j)j′δπ(k)k′δπ(l)l′ (80)

The number ♭(Hπ) is the minimum number of transpositions required to write the coset

representative of Hπ. The number of transpositions is not a specific number, but the
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minimum number is. In this case, ♭(H) = 0, while those of the other two cosets is ♭(H(jk)) =

♭(H(jl)) = 1.

Passing to η = 1 introduces no algebraic complication, though the complete expression

is intractable to report. We must deal with S6, which has 6! = 720 elements. As was the

case previously, several permutations will leave a CSF invariant, and we will factor these

out (i.e., consider only right cosets). Specifically, 23 · 6 = 48 permutations leave the CSF

|A+
ijA

+
klA

+
mn⟩ invariant, and we can deduce this number combinatorially. First, the order of

the indices ij in A+
ij do not matter, so each A+ produces a factor of 2, hence 23. Second,

the order of the 3 A+’s does not matter, since they commute, so there is a factor of 3! = 6.

By Lagrange’s theorem, there are 720
48

= 15 cosets. The expression for the overlap is quite

similar to the previous case,

⟨Φ(1)
ω′ |Φ(1)

ω ⟩ =
1

8
δ{η}{η′}

∑
{Hπ}

(
−1

2

)♭(Hπ)

δπ(i)i′δπ(j)j′δπ(k)k′δπ(l)l′δπ(m)m′δπ(n)n′ (81)

with the distinction being in the members of the sum Hπ. The subgroup H itself has weight

1, while the cosets with labels (jk), (jl), (jm), (jn), (lm), (ln) have weight −1
2
, and those

with labels (jk)(lm), (jk)(ln), (jl)(km), (jl)(kn), (jkm), (jkn), (jlm), (jln) have weight +1
4
.

A definite pattern is now apparent. Without writing the explicit result, the η = 0 case will

have a sum over 8!
24·4! = 105 right cosets.

4. CSF Overlaps: General Expressions

Based on the discussion of the previous section, the overlap between singlet CSFs of 2M

electrons with η pairs is:

⟨Φ(η′)
ω′ |Φ(η)

ω ⟩ =
1

2(M−η)
δ{η}{η′}

∑
{Hπ}

(
−1

2

)♭(Hπ) 2(M−η)∏
a=1

δπ(ia)i′a . (82)

The summation is performed over right cosets of the group of permutations of S2(M−η).

Each coset contains 2(M−η)(M − η)! elements: for the product of (M − η) objects A+
ij, the

order of the indices doesn’t matter so each contributes a factor 2. Further, the order of the

A+
ij doesn’t matter, hence the factor (M −η)!. By Lagrange’s theorem, the number of cosets

is:

(2(M − η))!

2(M−η)(M − η)!
= (2(M − η) − 1)!! (83)
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here the double factorial of an integer is

n!! = n(n− 2)(n− 4)... (84)

Again, the number ♭(Hπ) is the minimum number of transpositions which reproduce the

coset representative of Hπ.

D. Discussion

Now that the expansion coefficients and CSF overlaps are symbolically understood, a

brief discussion of feasibility is warranted. The expansion coefficient (60) is known as a

mixed discriminant:94–96 a complete double summation over the entire symmetric group,

one symmetric, the other antisymmetric. The computation of a mixed discriminant is not

feasible in general, so special cases must be considered to move forward. An obvious avenue

is to consider a geminal coefficient

gijα = f i
αf

j
α, (85)

though this causes the sp(N) geminal to factorize

G†
α =

∑
ij

f i
αf

j
αA

+
ij = α†

↑α
†
↓ (86)

into orbitals

α†
σ =

∑
i

f i
αa

†
iσ. (87)

The resulting geminal product is a Slater determinant of doubly occupied orbitals.

For su(2) geminals, i.e. APIG, the expansion coefficients are permanents which are not

feasible either. However, APIG becomes feasible in three different ways.10 First, if all the

geminal coefficients are the same, gijα = gij, then the mixed discriminant reduces to a

determinant weighted by the factor M !

C
(M)
(i1i1),...,(iM iM ) = M !

∣∣∣∣∣∣∣∣∣
gi1i1 gi1iM

. . .

giM i1 giM iM

∣∣∣∣∣∣∣∣∣ , (88)
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though the geminal coefficients can be diagonalized and the geminal product state reduces

to the antisymmetrized geminal power (AGP) in its natural orbitals, an su(2)-geminal wave-

function. This may be a manner to remove the orbital-optimization from AGP.

Next, the geminal subspaces can be fixed so that each orbital belongs to only one. The

corresponding geminals are strongly orthogonal and the resulting geminal product is known

as APSG. In this case, many of the geminal coefficients are zero, there are only a small

number of mixed discriminants to compute, and the mixed discriminants themselves are

much simpler.

Similarly, one could restrict the geminal coefficients such that for k = 1, . . . , N
2

the only

non-zero possibilities are g
(2k−1)(2k−1)
α , g

(2k−1)(2k)
α = g

(2k)(2k−1)
α and g

(2k)(2k)
α . This amounts

to using a collection of so(5) copies rather than sp(N). Further structure of the geminal

coefficients would still be necessary to arrive at tractable expressions. A related construction

is 2D-block geminals, when restricted to singlets.81 This construction also employs so(5)

copies, but in addition: each so(5) copy contributes closed-shell pairs to one geminal and

open-shell singlet pairs to a different geminal. For example, the kth so(5) copy has geminal

coefficients g
(2k−1)(2k−1)
α and g

(2k)(2k)
α in the αth geminal, and g

(2k−1)(2k)
α = g

(2k)(2k−1)
α = 0, but

also in the βth geminal g
(2k−1)(2k−1)
β = g

(2k)(2k)
β = 0 and g

(2k−1)(2k)
β = g

(2k)(2k−1)
β ̸= 0. For any

other geminal γ, there are no non-zero coefficients from the kth so(5) copy g
(2k−1)(2k−1)
γ =

g
(2k)(2k)
γ = g

(2k−1)(2k)
γ = g

(2k)(2k−1)
γ = 0.

There may be structured geminal coefficients that lead to mixed discriminants that are

computable as a small number of determinants. The strongest known result for permanents

is due to Carlitz and Levine:89 for the matrix P with elements

P =


p11 p1N

. . .

pN1 pNN

 (89)

the permanent of the matrix with elements p−1
ij times its determinant is the determinant of

the matrix with elements p−2
ij∣∣∣∣∣∣∣∣∣

p−1
11 p−1

1N

. . .

p−1
N1 p−1

NN

∣∣∣∣∣∣∣∣∣
+ ∣∣∣∣∣∣∣∣∣

p−1
11 p−1

1N

. . .

p−1
N1 p−1

NN

∣∣∣∣∣∣∣∣∣ =

∣∣∣∣∣∣∣∣∣
p−2
11 p−2

1N

. . .

p−2
N1 p−2

NN

∣∣∣∣∣∣∣∣∣ , (90)
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provided that all 3 × 3 minors of P vanish (P has rank at most 2). A sufficient condition

for this property is that the elements pij satisfy Plücker conditions

pijpkl − pikpjl + pilpjk = 0. (91)

These types of conditions arise naturally when embedding a small vector space into a larger

one. Different applications have been identified previously in quantum chemistry.97,98 For

any complex numbers {z}, the choices

pij = zi − zj (92)

pij = exp(zi − zj) − exp(−(zi − zj)) (93)

are solutions of (91). The first choice leads to geminal coefficients that are rational functions,

(90) is Borchardt’s theorem,87 and the geminal products have the structure of RG states.

The second choice leads to geminal coefficients that are trigonometric or hyperbolic functions

and the geminal products have the structure of anisotropic RG states. At present there are

no known mixed discriminants that simplify in such a manner. It is possible to construct

RG states for sp(N), though at present it is not known how to reduced them to feasible

expressions. There is exploration to be done.

Finally, sp(N) geminals should be obtainable as particular cases of known diagrammatic99,100

and algebraic81 results for general geminal products. In particular, it is equivalent to GSCF

presented in refs. 79 and 80, though GSCF is solved iteratively in quite a different manner.

Thus, in general sp(N) geminals are unfeasible though there are options to consider. To

demonstrate that it is worth pursuing this approach, we will now look at small strongly

correlated systems numerically.

IV. NUMERICAL EXAMPLES

Variational calculations were performed for a set of 4-electron systems to demonstrate

the benefit of adding open-shell singlets to the geminal structure. A 2-pair wavefunction
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built from sp(4)

|sp(4), 2⟩ =

(∑
ij

gij1 A
+
ij

)(∑
kl

gkl2 A
+
kl

)
|θ⟩ (94)

=
∑
i<j

CiijjS
+
i S

+
j |θ⟩ +

∑
i

∑
j<k( ̸=i)

CiijkS
+
i A

+
jk |θ⟩

+
∑
i<j

∑
k<l(̸=i,j)

CijklA
+
ijA

+
kl |θ⟩ (95)

is defined in terms of the expansion coefficients

Ciijj = gii1 g
jj
2 + gjj1 gii2 − 2gij1 g

ij
2 (96)

Ciijk = 2
(
gii1 g

jk
2 + gjk1 gii2 − gij1 g

ik
2 − gik1 g

ij
2

)
(97)

Cijkl = 4
(
gij1 g

kl
2 + gkl1 g

ij
2

)
. (98)

With the implied symmetries Ciijj = Cjjii, along with

Ciijk = Ciikj = Cjkii = Ckjii (99)

Cijkl = Cijlk = Cjikl = Cjilk = Cklij = Clkij = Cklji = Clkji (100)

the expression for the norm is

⟨sp(4), 2|sp(4), 2⟩ =
∑
i<j

CiijjCiijj +
1

2

∑
i

∑
j<k( ̸=i)

CiijkCiijk

+
1

8

∑
i<j

∑
k<l(̸=i,j)

Cijkl

(
Cijkl −

1

2
Cikjl −

1

2
Ciljk

)
. (101)

This last bracketed term arises from the non-orthogonality of the CSF basis, a direct result

of the braiding (38). The energy expression to be minimized is a function of the geminal

coefficients {g}

E[{g}] =
⟨sp(4), 2|Ĥ|sp(4), 2⟩
⟨sp(4), 2|sp(4), 2⟩

(102)

=
∑
ij

hijdij +
1

2

∑
ijkl

Vijkldijkl + VNN (103)

in terms of the 1- and 2-body reduced density matrix elements

dij = −2 ⟨sp(4), 2|A0
ij|sp(4), 2⟩ (104)

dpqrs = ⟨sp(4), 2|4A0
ijA

0
kl + 2δjkA

0
il|sp(4), 2⟩ . (105)
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FIG. 1: Variational treatment of equidistant H4 chain in the STO-6G basis: (a) RHF,

APIG, sp(4), and FCI energies. (b) Error of sp(4) and APIG with respect to FCI. APIG

results are computed in the basis of OO-DOCI orbitals.42

Explicit expressions for unnormalized dij and dijkl are included in appendix A. They are

straightforward to compute. As these computations are brute-force there is no reason to

be clever: the objective function (102) was minimized with a combination of the covari-

ance matrix adaptation evolution strategy (CMA-ES)101 and the Nelder-Mead102 simplex

algorithm.

The first strongly correlated system of electrons we consider is linear equidistant H4 in a

minimal STO-6G basis. Variational sp(4) curves are shown in figure 1, along with restricted

Hartree-Fock (RHF), APIG, and full configuration interaction (FCI). RHF results were

computed with Gaussian 16,103 and FCI results were computed with psi4,104,105 both for ref.

42. APIG results were computed from brute-force expressions presented in ref. 10. APIG

is not invariant to orbital rotation, thus APIG was computed in the orbital-optimized (OO-

)DOCI orbitals which were computed with GAMESS (US),106 also for ref. 42. OO-DOCI

is the best possible result one could achieve with closed-shell singlet geminals. Strictly

speaking, APIG is a variational approximation to OO-DOCI, though for all systems studied

they are virtually identical. The APIG and sp(4) curves are visually discernible in figure 1 (a)

indicating a clear imporovement over APIG using sp(4). However, from figure 1 (b) it is clear

that sp(4) still misses 5mEh near a separation of r = 3a0. The OO-DOCI orbitals for linear

hydrogen chains are simple: they form bonding/antibonding pairs on adjacent hydrogens.107

There is one pair of bonding/antibonding orbitals on hydrogens 1 and 2, and one pair of
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FIG. 2: Variational treatment of Paldus S4 (equidistant square H4) in the STO-6G basis:

(a) sp(4), APIG, and FCI energies. (b) Error of sp(4) and APIG with respect to FCI.

APIG results are computed in the basis of OO-DOCI orbitals.48

bonding/antibonding orbitals on hydrogens 3 and 4. We will call such an arrangement of

bonding/antibonding orbitals a pairing scheme. APIG is a very good first approximation,

missing only effects of weak correlation from open-shell excitations which sp(4) can include.

The RHF curve is included mainly to show how poor it is. In the other studied systems it

will be as bad or worse, and as such will be omitted.

The other systems are those considered by Paldus and coworkers,108 which are colloquially

known as the Paldus isomers of H4. These systems have also recently been studied in a

related context.109 FCI results for these systems were computed using psi4110 in ref. 48.

OO-DOCI results were also computed in ref. 48 and the orbitals are used to compute APIG.

The first system, called S4 in ref. 108, is a square of 4 H atoms with a constant side length

α. FCI along with variational APIG and sp(4) curves are shown in figure 2. One can see

immediately that APIG is much worse than for linear H4. Here, there are two degenerate

pairing schemes: bonding/antibonding pairs can form in two ways. The correct answer

includes a contribution from both, but APIG only accounts for one. In addition, there is

weak correlation from open-shell excitations from both pairing schemes which APIG neglects

entirely. Variational sp(4) is better than APIG but is still quite far from FCI. The sp(4)

geminal can account for the degenerate pairing schemes, but still misses effects of weak

correlation. The shapes of the errors, in figure 2 (b) are similar to those for linear H4.

The next system, H4 in ref. 108, is a ring-opening of square H4 to linear H4. The H–H
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FIG. 3: Variational treatment of Paldus H4 (ring-opening of square to linear H4) for

a = 2.0a0 in the STO-6G basis: (a) sp(4), APIG, and FCI energies. (b) Error of sp(4) and

APIG with respect to FCI. APIG results are computed in the basis of OO-DOCI orbitals.48

distances are fixed throughout the process, and 3 different lengths are considered: a = 1.2a0,

a = 1.6a0, and a = 2.0a0. The length a = 1.6a0 is close to the equilibrium value, while

a = 1.2a0 is compressed and a = 2.0a0 is lengthened. Effects of strong correlation increase

as a is increased: the bond weakens and the orbitals are closer to degenerate. In terms of the

variable α, the interior angle increases from π
(
α + 1

2

)
= π

2
to π

(
α + 1

2

)
= π describing the

transition from square (α = 0) to linear (α = 1
2
). FCI, APIG, and sp(4) curves are shown

for a = 2.0 in figure 3. Both APIG and sp(4) perform poorly at the square geometry (α = 0)

due to the two degenerate pairing schemes. However, once the ring is opened the degeneracy

is broken so that both APIG and sp(4) are essentially parallel to FCI, with APIG being one

order of magnitude worse than sp(4). Similar results for a = 1.2a0 and a = 1.6a0 are shown

in figures 6 and 7 in appendix B. The error for APIG is more or less the same for all three

distances a whereas sp(4) improves as a is decreased.

D4 is a linear system with a fixed length a between the first and second H atoms, and

the third and fourth H atoms. The distance α between the second and third H atoms is

varied. The same three values for a are again studied. One can see from the sp(4) results

for a = 2.0a0 in figure 4 that there is difficulty when α < a. In this region, the second and

third H atoms are closer to one another than the terminal H atoms, meaning that it is better

described as H–(H2)–H than (H2)–(H2). The APIG results are again worse than sp(4), and

the shapes of the errors are again similar. Here APIG is an entire order of magnitude worse
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FIG. 4: Variational treatment of Paldus D4 for a = 2.0a0 in the STO-6G basis: (a) sp(4),

APIG, and FCI energies. (b) Error of sp(4) and APIG with respect to FCI. APIG results

are computed in the basis of OO-DOCI orbitals.48
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FIG. 5: Variational treatment of Paldus P4 for a = 2.0a0 in the STO-6G basis: (a) sp(4),

APIG, and FCI energies. (b) Error of sp(4) and APIG with respect to FCI. APIG results

are computed in the basis of OO-DOCI orbitals.48

than sp(4). Results for a = 1.2a0 and a = 1.6a0 are shown in figures 8 and 9 in appendix B,

where APIG is much worse than sp(4).

Finally, P4 is a rectangular arrangement with a fixed side-length a and a variable length

α. The same three particular choices of a are considered. FCI, APIG, and sp(4) curves are

shown for a = 2.0a0 in figure 5. There are two possible pairing schemes, one centred on the

fixed length a and the other on the variable length α, with the more stable choice being the

one centred on the shorter length. Again, at the square geometry a = α the schemes are
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degenerate. As a result APIG has a curve crossing at a = α whereas sp(4) and FCI have

avoided crossings. The APIG error is again one order of magnitude worse than the sp(4)

error. Similar results for a = 1.2a0 and a = 1.6a0 are shown in figures 10 and 11 in appendix

B.

For all of these systems, variational sp(4) is a large improvement over APIG and a good

approximation to FCI in a minimal basis. Thus, a pSE approach should be expected to

perform well and approximations could be developed to make such an approach feasible.

However, even in these small systems, sp(4) is missing effects of weak correlation which

will get worse in larger systems. It will be very difficult to account for these effects. The

usual treatment of the Random Phase Approximation has been shown to not give great

results starting from closed-shell singlet wavefunctions,111 and it is difficult to converge.

Likewise, perturbation theories are difficult to define without the low-lying excitations of

the reference state, here sp(4). We should thus consider a model Hamiltonian, like the

reduced BCS Hamiltonian, whose eigenvectors are sp(N) geminals. This is a possible way

forward.112

V. CONCLUSION

Geminal wavefunctions for singlets have been constructed from the Lie algebra sp(N),

yielding the ingredients required for a projected Schrödinger equation: Hamiltonian action

on basis vectors, expansion coefficients, and basis vector overlaps. The formulae are in

general intractable so approximations will be required. Numerical results were obtained

variationally for a collection of strongly correlated four electron systems. In each case,

substantial improvement was found over closed-shell singlet pairs. The remaining effects of

weak correlation will need to be included.
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Appendix A: Reduced Density Matrix Elements for 4-site 2-pair singlets

The 1-body reduced density matrix has diagonal

daa = 2
∑
i(̸=a)

CaaiiCaaii +
∑

i<j( ̸=a)

(
CaaijCaaij +

1

2
CiiajCiiaj +

1

2
CjjaiCjjai

)
+

1

4

∑
i<j<k(̸=a)

(CaijkCaijk + CajikCajik + CakijCakij)

− 1

4

∑
i<j<k( ̸=a)

(CaijkCajik + CaijkCakij + CajikCakij) (A1)

and off-diagonal elements.

dab = dba (A2)

=
∑

i(̸=a,b)

(
Ciiab (Caaii + Cbbii) −

1

2
CaabiCbbai

)

+
1

2

∑
i<j( ̸=a,b)

(
CiiajCiibj + CjjaiCjjbi + (Caaij + Cbbij)

(
Cabij −

1

2
(Caaij + Cbbij)

))
(A3)

The 2-body reduced density matrix has many different types of element.

daaaa = 2
∑
i(̸=a)

CaaiiCaaii +
∑

i<j(̸=a)

CaaijCaaij (A4)

daaab = daaba = dabaa = dbaaa (A5)

=
∑

i(̸=a,b)

(
CaaiiCiiab −

1

2
CaabiCbbai

)
+

1

2

∑
i<j( ̸=a,b)

Caaij

(
Cabij −

1

2
(Caibj + Cajbi)

)
(A6)

daabb = dbbaa (A7)

= 4CaabbCaabb +
∑

i( ̸=a,b)

(
CaabiCaabi + CbbaiCbbai +

1

2
CiiabCiiab

)
+

1

4

∑
i<j( ̸=a,b)

(CabijCabij + CaibjCaibj + CajbiCajbi)

− 1

4

∑
i<j(̸=a,b)

(CabijCaibj + CabijCajbi + CaibjCajbi) (A8)
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dabba = dbaab (A9)

= −2CaabbCaabb −
1

2

∑
i(̸=a,b)

(CaabiCaabi + CbbaiCbbai − CiiabCiiab)

+
1

4

∑
i<j(̸=a,b)

(
Cabij (Cabij − Caibj − Cajbi) −

1

2
CaibjCaibj −

1

2
CajbiCajbi + 2CaibjCajbi

)
(A10)

dabab = dbaba (A11)

= 2
∑

i(̸=a,b)

CaaiiCbbii +
∑

i<j(̸=a,b)

CaaijCbbij (A12)

daabc = daacb = dbcaa = dcbaa (A13)

= 2Caabc (Caabb + Caacc) −
1

2
CbbacCccab +

∑
i( ̸=a,b,c)

(
CaabiCaaci +

1

2
CiiabCiiac

)

+
1

2

∑
i( ̸=a,b,c)

(Cbbai + Cccai)

(
Caibc −

1

2
Cacbi −

1

2
Cabci

)
(A14)

dabca = dbaac = dcaab = dacba (A15)

= −Caabc (Caabb + Caacc) + CbbacCccab +
1

2

∑
i(̸=a,b,c)

(CiiabCiiac − CaabiCaaci)

+
1

2

∑
i(̸=a,b,c)

(
Cbbai

(
Cabci −

1

2
Cacbi −

1

2
Caibc

)
+ Cccai

(
Cacbi −

1

2
Cabci −

1

2
Caibc

))
(A16)

dabac = dbaca = dacab = dcaba (A17)

= −CaabcCbbcc +
∑

i(̸=a,b,c)

(
CaaiiCiibc −

1

2
CbbciCaabi −

1

2
CccbiCaaci

)
(A18)

dabcd = dcdab = ddcba = dbacd (A19)

= CbbcdCccab + CaacdCddbc −
1

2
CbbadCaabc −

1

2
CccadCddbc

+ (Caacc + Cbbdd)

(
Cabcd −

1

2
Cacbd −

1

2
Cadbc

)
(A20)
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FIG. 6: Variational treatment of Paldus H4 (ring-opening of square to linear H4) for

a = 1.2a0 in the STO-6G basis: (a) sp(4), APIG, and FCI energies. (b) Error of sp(4) and

APIG with respect to FCI. APIG results are computed in the basis of OO-DOCI orbitals.48
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a = 1.6a0 in the STO-6G basis: (a) sp(4), APIG, and FCI energies. (b) Error of sp(4) and

APIG with respect to FCI. APIG results are computed in the basis of OO-DOCI orbitals.48

Appendix B: Paldus isomers for a = 1.2a0 and a = 1.6a0
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98P. Cassam-Chenäı. Journal of Mathematical Chemistry, 15:303–321, 1994.

99J. Paldus. The Journal of Chemical Physics, 57:638–651, 1972.
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