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(Dated: 27.09.2024)

Tensors are quite general mathematical objects, used in almost all areas of physics, from continuum
mechanics to general relativity and quantum physics. Beginning with a reminder of some useful
concepts of linear algebra, this seminar introduces the notion of tensor, discusses its relation with
metrics, covariance and contravariance in Euclidean and Minkowski spaces, and eventually presents
tensor products in the context of quantum mechanics.

I. BASICS OF LINEAR ALGEBRA

A. Vector spaces

A scalar is an element of a given field, typically R or C. A vector space is then a set E endowed with two
operations: an internal addition (if x, y ∈ E, then x + y exists and belongs to E) and a product by a scalar (if
λ is a scalar and x ∈ E, then λx exists and belongs to E). These operations satisfy a number of simple axioms
(distributivity, commutativity...) which can be found in any introductory textbook. The elements of E are called
vectors.

A (finite) basis of E is a family of n vectors (e1, e2, . . . , en) such that each vector x ∈ E can be decomposed as a
linear combination of basis vectors, i.e. there exists a family of scalars λ1, λ2, . . . , λn such that:

x = λ1e1 + λ2e2 + · · ·+ λnen (1)

When they exist, all bases of a given vector space E contain the same number n of vectors. We say the dimension
of E is n. If there exists no finite basis, we say E is infinite-dimensional.

Let λ, µ be scalars, let x, y be vectors. A linear map is a function φ defined on E such that φ(λx + µy) =
λφ(x)+µφ(y). Each linear map is completely characterized by its action on a basis. Indeed, to compute φ(x), we can
decompose x according to Eq. (1) and reduce by linearity to the computation of φ(e1), . . . , φ(en). An endomorphism
is a linear map from E to itself. A linear form is a linear map that returns a scalar. The dual space of E, denoted
E∗, is the set of all linear forms on E.

B. Euclidean spaces

A Euclidean inner product ⟨·, ·⟩ on a real vector space E is a symmetric, positive definite, bilinear form on E. The
inner product allows us to define useful concepts such as orthogonality (two vectors x, y are orthogonal if ⟨x, y⟩ = 0),

the norm ∥x∥ =
√
⟨x, x⟩, and the distance d(x, y) = ∥x− y∥. Introducing an inner product thus enables us to measure

distances within the vector space.
To every vector u ∈ E, we can associate a linear form x 7→ ⟨u, x⟩. Conversely, every linear form can be written

as an inner product with a given vector. Thus, there exists a one-to-one correspondence (a bijection, and even an
isomorphism) between E and its dual space [1], and for this reason, linear forms are also called covectors.

C. Matrix representations

Once we have a basis e = (e1, e2, . . . , en), we also have a matrix representation of the objects we have introduced.
Consider for example the vector x which admits the decomposition of Eq. (1). The scalar coefficients λ1, λ2, . . . , λn
are called the coordinates of x in the basis e, and x can be represented as a column matrix [x]e:

[x]e =


λ1
λ2
...
λn

 (2)
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A linear map φ is represented by a matrix [φ]ef whose columns are the representations of φ(e1), . . . , φ(en) in a
basis f of the target space:

[φ(x)]f = [φ]ef [x]e (3)

Thus linear forms (covectors) are written as line vectors.
The inner product also admits a matrix representation, which will simply be the identity matrix for the usual inner

product in an orthonormal basis. Indeed, if we want to calculate the inner product of

(
x1
y1

)
and

(
x2
y2

)
, we have:

(
x1 y1

)(1 0
0 1

)(
x2
y2

)
= x1x2 + y1y2 (4)

Matrices have another use: they allow for basis changes. Let us consider e and f two bases of the same space E.
There must be a linear map sending, for each i, the vector ei onto the vector fi, and this linear map is represented
in the e basis by:

P =
(
[f1]e [f2]e · · · [fn]e

)
(5)

We then have, for all i, [fi]e = P [ei]e. P is called the basis change matrix from basis e to basis f . It is invertible
by construction because the vectors [f1]e, [f2]e, . . . , [fn]e are linearly independent, hence detP ̸= 0. Consequently:
[ei]f = P−1[fi]f .
Consider a vector x admitting the decomposition of Eq. (1) and project it onto the basis f :

[x]f = P−1
n∑

i=1

λi[fi]f = P−1

λ1...
λn

 = P−1[x]e (6)

Endomorphisms also admit basis changes. Consider an endomorphism φ, which maps x to y:

[φ]f [x]f︸︷︷︸
=P−1[x]e

= [y]f = P−1[y]e (7)

[φ]fP
−1[x]e = P−1[φ]e[x]e vrai quel que soit x ∈ E donc : (8)

[φ]fP
−1 = P−1[φ]e d’où : (9)

[φ]f = P−1[φ]eP (10)

II. TENSORS AND METRICS

Throughout this section, we work in a n-dimensional vector space E.

A. Notion and operations

The term tensor is a generic term encompassing:

• scalars;

• vectors;

• covectors;

• objects formed by tensor products of vectors and covectors, and by linear combinations of these tensor products.
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It seems only natural to classify tensors by their rank (ordre in French), which characterizes, in a way, their “size”.
Scalars are thus tensors of rank 0, vectors and covectors (represented by row and column vectors) are tensors of rank
1, endomorphisms (represented by square matrices) are tensors of rank 2. By extension, a tensor of rank 3 is an object
that can be represented by a “cubic matrix” in 3D, and so on. The notion of rank is more rigorously defined through
the tensor product. We denote a tensor of rank p using p superscript bars.
Let ā and b̄ be two vectors. Their tensor product ā⊗ b̄ is an endomorphism defined by its action on a vector x̄:

(ā⊗ b̄)x̄
def
= ⟨b̄, x̄⟩ā (11)

Let us compute the matrix elements of the endomorphism C = ā⊗ b̄ in the e basis:

Cij = ⟨ēi, Cēj⟩ = ⟨ēi, (ā⊗ b̄)ēj⟩ = ⟨ēi, ā⟩⟨b̄, ēj⟩ = aibj (12)

In other words, the tensor product of two vectors is the the matrix product:

[ā⊗ b̄]e = [ā]e[b̄]
⊤
e (13)

Not all endomorphisms are tensor products of vectors. However, by taking all tensor products of the basis vectors,
we obtain a basis for the space of endomorphisms. Consequently, all endomorphisms are linear combinations of tensor
products of vectors.

Similarly, we can define tensor products between p vectors, which allows us to obtain tensors of rank p. The rules
of calculation and the interpretation of such objects will be specified in Section IID, after the introduction of Ricci
calculus. More generally, the tensor product of a tensor of rank p and a tensor of rank q is a tensor of rank p+ q.

Conversely, it is possible to contract two tensors. The scalar product of two vectors, as well as the application of
an endomorphism to a vector, are actually special cases of contraction. In these examples, the contraction of a tensor
of rank p and a tensor of rank q is a tensor of rank |p− q|, but this is not true for all contractions. No contraction
increases the rank. This will also be detailed in Section IID.

B. Basis change in a Euclidean space
Covariance and contravariance

In this section, we explain how basis change is performed on tensors. Let us begin with the inner product matrix.
Since we are dealing with a matrix, it is tempting to apply Eq. (10) starting from the identity matrix. It then
appears that the matrix of the inner product should be the identity in all bases, but this is absurd: if we consider a
non-orthonormal basis e = (ē1, ē2) and compute the inner product ⟨ē1, ē2⟩ in this basis, we would conclude that ē1
and ē2 are orthogonal because

(
1 0

)(1 0
0 1

)(
0
1

)
= 0 (14)

Let [ḡ]e be the matrix of an arbitrary inner product in the basis e. The invariance of the inner product under a
change of basis yields:

[x̄]⊤f [g]f [ȳ]f = [x̄]⊤e [g]e[ȳ]e (15)

[x̄]⊤f [g]f [ȳ]f = [x̄]⊤f P
⊤[g]eP [ȳ]f true for any x, y ∈ E so : (16)

[g]f = P⊤[g]eP (17)

Note that if we only consider orthonormal bases in a Euclidean space, then the basis change matrices are rotation
matrices (P⊤ = P−1) and there is no difference between inner products and endomorphisms.
Similarly, for a covector ā (represented by a row matrix):

[ā]f = [ā]eP (18)
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Thus, some objects transform with the direct basis change matrix (or its transpose, it doesn’t matter, it is the same
coefficients in a different order) while others transform with the inverse basis change matrix (or its transpose).

An object that transforms with the direct basis change matrix is called covariant. An object that transforms with
the inverse matrix is called contravariant. The number of basis change matrices to be used to transform a tensor
increases with the rank of the tensor: a vector is multiplied by one matrix (cf. Eq. (6)), an endomorphism is multiplied
by two matrices (cf. Eq. (10))... More generally, a tensor of rank m must be multiplied by m matrices in total during
a change of basis. Among these m matrices, if there are p inverse change of basis matrices and q = m − p direct
matrices, the tensor is said to be p times contravariant and q times covariant. It is also said to be a (p, q)-tensor, or
a tensor of type (p, q).
Thus:

• scalars are (0,0)-tensors;

• vectors are (1,0)-tensors;

• covectors are (0,1)-tensors;

• endomorphisms are (1,1)-tensors;

• inner products are (0,2)-tensors.

From now on, we abandon the classical notation with superscript bars, which does not distinguish between covariant
and contravariant components. This notation is used in classical mechanics, where the distinction is unnecessary since
one works in a Euclidean space with orthonormal bases.

C. Metric tensor and pseudo-Euclidean spaces

It appears that a simple way to define the notion of distance is to introduce a symmetric, positive definite (0,2)-
tensor. This tensor, when applied to two vectors, returns their inner product.

However, it is sometimes useful to have spaces where the notion of distance is non intuitive, spaces in which the
distance between two different vectors can be zero. For this purpose, we can introduce an operation similar to the
inner product (a symmetric bilinear form) but which is not positive definite: we call this operation a pseudo-inner
product. We then no longer work in a Euclidean space but in a pseudo-Euclidean space.

One possibility for defining this pseudo-inner product is to introduce a symmetric (0,2)-tensor that is not positive
definite, for example:

[η]
def
=

(
1 0
0 −1

)
(19)

This tensor is called the metric of the space. In a space equipped with this metric [2], the (pseudo-)inner product
between two vectors becomes:

(
x1 y1

)
[η]

(
x2
y2

)
= x1x2 − y1y2 (20)

It is then easy to verify, for example, that the vector

(
1
1

)
has “norm” zero.

D. Ricci calculus

All operations on tensors (sums, tensor products, contractions, etc.) can be written in terms of coordinates. For
example, as shown in Eq. (12), the tensor product c of two vectors a and b can be written as:

cij = aibj (21)

(where a1, . . . , an are the components of a in the chosen basis, and similarly for b and c). The matrix product c of
two endomorphisms a and b represented by square matrices is:
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cik =

n∑
j=1

aijbjk (22)

The inner product (with metric g) between two vectors x and y is:

n∑
i=1

n∑
j=1

xigijyj (23)

We observe that whenever there is a summation, it occurs over an index that is repeated twice. Moreover, one of
the two indices refers to a contravariant component, while the other refers to a covariant component.

Ricci’s notation takes into account these very general observations to simplify the writing of tensors while making
their type evident.

Tensors are represented by their components in a given basis. Thus, xµ is the notation of a vector, where µ is
an index that takes all values between 1 and n. Upper indices represent contravariant components, while lower
indices represent covariant components. Therefore, xµ is a vector, but yµ is a covector. Endomorphisms, which are
(1,1)-tensors, are denoted as φµ

ν .
The indices repeated within the same term are summation indices (dummy indices), according to Einstein’s con-

vention. Consequently, xµyµ actually denotes the sum
∑n

µ=1 x
µyµ. On the other hand, xµ + yµ is not an implicit

summation, because the index µ is repeated in two different terms (it is simply the sum of two vectors). When an
index µ is not repeated, it simply denotes the µ-th component of the tensor (it is a free index). In xµ+yµ, µ is always
a free index, which can take any value between 1 and n.

The number of free indices associated with a tensor gives its rank. The number of upper and lower indices gives its
type. This notation clearly shows the nature of the objects and which operations are possible or forbidden, without
introducing special symbols for the operations! Thus, the expression xµ + yµ makes no sense because the same index
is in two different positions in two different terms (we are trying to add two objects of different nature). Similarly, the
expression λµ + xµyµ is forbidden because the first term is a covector while the second is a scalar (we are summing
over the dummy index µ, so the object xµyµ is a tensor of rank 0). Finally, the formula xµyµ makes no sense either
because the index µ is twice in the upper position.
φµ

ν denotes an endomorphism. φµ
µ is a scalar since there are no free indices (it is the trace of φ, in this case).

The tensor product between two arbitrary tensors is a simple component-wise product. We can write e.g. Tµν
σρ =

xµAν
σρ for the tensor product between a vector x and a (2,1)-tensor A.

Contractions are implicit summations. Thus, applying the endomorphism φ to the vector x to obtain a vector y is
written as yµ = φµ

νx
ν . µ is a free index and ν is a dummy index.

The composition c of two endomorphisms a and b appears to be a one-index contraction: cµν = aµκb
κ
ν .

Finally, the metric is written gµν because it is a (0,2)-tensor. The two lower indices show that it takes two vectors
as arguments to return a scalar xµgµνy

ν . However, Ricci’s notation highlights another interpretation of the metric: it

is a map taking a vector as an argument and returning a covector: gµνx
ν def
= xµ. Thus, the metric is also the function

that realizes the correspondence between a vector and its associated covector.
For this reason, the coordinates xµ of the associated linear form are sometimes called the covariant coordinates of

the vector x. This is an alternative way to locate a point in space, as Fig. 1 illustrates.

x

e1

e2

x1

x2

e2

x1

x2

e1

FIG. 1. Contravariant coordinates (parallel projections) et covariant coordinates (orthogonal projections) of a vector x.
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III. TENSORS IN QUANTUM MECHANICS

A. Tensor product of vector spaces

Here, we introduce a more rigorous definition of the tensor product. Let E and F be two vector spaces. The tensor
product of E and F , denoted E ⊗ F , is defined as a vector space generated by pairs of elements from E and F : if
x ∈ E and y ∈ F , then x⊗ y is, by definition, an element of E ⊗ F .

The difference with the Cartesian product, denoted E × F , lies in the definition of the vector space operations
(internal addition and scalar multiplication). Let x1, x2 be two vectors in E and y1, y2 be two vectors in F . The
pairs (x1, y1) and (x2, y2) are then elements of the Cartesian product E × F . Their sum is defined component-
wise: (x1, y1) + (x2, y2) = (x1 + x2, y1 + y2), and scalar multiplication distributes over the components: λ(x1, y1) =
(λx1, λy1). In contrast, the tensor product is distributive over addition: x1 ⊗ y1 + x1 ⊗ y2 = x1 ⊗ (y1 + y2), but
x1 ⊗ y1 + x2 ⊗ y2 cannot be simplified in general. As for scalar multiplication, it applies to either of the factors:
λ(x1 ⊗ y1) = (λx1)⊗ y1 = x1 ⊗ (λy1).
In a Cartesian product, the dimensions add up, thus R2 = R × R is of dimension 2. In a tensor product, the

dimensions multiply, thus the space E ⊗ E∗ of endomorphisms on a vector space E is of dimension n2 if E is n-
dimensional (think of square matrices!).

The tensor product space consists of all tensor products between vectors of E and F , and all linear combinations
of such products. All the tensors considered in the previous section are elements of a tensor product space of E by
itself and by its dual. More precisely, a tensor that is p times contravariant and q times covariant is, by definition, an
element of the space:

E ⊗ · · · ⊗ E︸ ︷︷ ︸
p times

⊗E∗ ⊗ · · · ⊗ E∗︸ ︷︷ ︸
q times

(24)

up to the order of the tensor products.
In quantum mechanics, the state space is constructed through successive tensor products. For example, a three-

dimensional quantum system admits a state space E = Ex ⊗ Ey ⊗ Ez, where each of the spaces Ex, Ey, Ez contains
the states of a one-dimensional quantum system.

B. Dirac notation

Dirac notation is also a practical notation for immediately visualizing the nature of different tensors and performing
operations without having to introduce special symbols.

The space we base ourselves on is the state space. Its elements, the state vectors (or kets), are denoted by |·⟩.
The covectors (or bras) are denoted by ⟨·|. The direction of the bracket in Dirac notation plays the role of the
index position in Ricci calculus: distinguishing between covariant and contravariant objects. This time, the need to
distinguish does not come from the choice of non-orthonormal bases as in Euclidean spaces, nor from the pseudo-
inner product as in Minkowski space. It comes from the fact that the state space is a complex vector space. Consider
indeed an orthonormal basis {|α⟩}. To the ket |ψ⟩, we associate the bra ⟨ψ|, whose coordinates ⟨ψ|α⟩ are the complex
conjugates of the coordinates ⟨α|ψ⟩ of the ket, due to the sesquilinearity of the Hermitian inner product.

Tensor products are obtained by juxtaposing kets (or bras) belonging to different spaces: thus, |ψ1⟩ |ψ2⟩ is a tensor
of type (2,0). |ψ1⟩⟨ψ2| is an endomorphism. Juxtaposing two tensors on the vertical side of a ket or a bra defines
a contraction: ⟨ψ1|ψ2⟩ is an inner product, for example. Applying the endomorphism |ψ1⟩⟨ψ2| to the vector |ψ3⟩ is
written |ψ1⟩ ⟨ψ2|ψ3⟩ (compare with the definition of the tensor product in Eq. (11)).

Thus, if {|x⟩} is a basis of Ex, {|y⟩} a basis of Ey, and {|z⟩} a basis of Ez, then {|x⟩ |y⟩ |z⟩} is a basis of E.

C. Action of an operator on a separable ket

Let E and F be two vector spaces. We can construct their tensor product E⊗F . A separable ket in E⊗F is a ket
that can be written as a tensor product of a ket in E and a ket in F . Recall that a ket of the form |α1⟩ |α2⟩+ |α3⟩ |α4⟩
is not a priori separable. The operators on E ⊗ F are the linear combinations of tensor products of operators on E
and F , just as the vectors in E ⊗ F are the linear combinations of tensor products of vectors in E and F . If Â is an
operator on E and B̂ is an operator on F , then Â⊗ B̂ is an operator on E⊗F , defined by its action on the separable
kets of E ⊗ F :
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(Â⊗ B̂)(|x⟩ ⊗ |y⟩) = Â |x⟩ B̂ |y⟩ (25)

By convention, if an operator Â acts on E, we extend it to E ⊗F by identifying it with Â⊗ Î, where Î denotes the
identity operator on F . Thus:

Â(|x⟩ |y⟩) def
= (Â⊗ Î)(|x⟩ ⊗ |y⟩) = (Â |x⟩) |y⟩ (26)

Similarly, if B̂ acts on F :

B̂(|x⟩ |y⟩) = (Î⊗ B̂)(|x⟩ ⊗ |y⟩) = |x⟩ (B̂ |y⟩) (27)

TABLE I. Comparative table of the various tensor notations.

Classical notation Ricci notation Dirac notation

Vectors x̄ xµ |ψ⟩

Covectors x̄ xµ ⟨ψ|

Endomorphisms A Aµ
ν Â

Inner product of vectors ā · b̄ aµbµ ⟨a|b⟩

Tensor product of vectors ā⊗ b̄ aµbν |a⟩⟨b|

Endomorphism composition AB Aµ
κB

κ
ν ÂB̂a

a If Â is separable into |ψ1⟩⟨ψ2|, and B̂ into |ψ3⟩⟨ψ4|, then ÂB̂ = |ψ1⟩ ⟨ψ2|ψ3⟩ ⟨ψ4|.
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