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Minimality of vortex solutions to Ginzburg—Landau
type systems for gradient fields in the unit ball in
dimension N > 4

Radu Ignat*, Mickael Nahon' and Luc Nguyen®

Abstract

We prove that the degree-one vortex solution is the unique minimizer for the
Ginzburg-Landau functional for gradient fields (that is, the Aviles—Giga model)
in the unit ball BY in dimension N > 4 and with respect to its boundary value.
A similar result is also proved in a model for SV-valued maps arising in the theory
of micromagnetics. Two methods are presented. The first method is an extension
of the analogous technique previously used to treat the unconstrained Ginzburg-
Landau functional in dimension N > 7. The second method uses a symmetrization
procedure for gradient fields such that the L?-norm is invariant while the LP-norm,
2 < p < 00, and the H'-norm are lowered.

Keywords: Minimality, vortex solutions, gradient fields, Ginzburg—Landau, Aviles—
Giga, Hardy’s inequality, symmetrization.
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1 Introduction

Let BY be the unit ball in RY. Consider the Ginzburg-Landau (GL) functional
M) = [ [SIVUP + g W= 1UP)] o
gy L2 2¢?
where € > 0, W(t) = % and U belongs to the set
AL = (U e HY(BY,RY) : U(x) = 2 on BN},
The functional ESL has a unique radially symmetric critical point in AL of the form
U.(z) = f€<r)§ € AL, =, (1.1)

where the profile f. is the unique solution to the ODE (see e.g. [31], [36])

£(0)=0, f(1)=1. (1.2)

Moreover f, > 0 and f/ > 0 in (0,1).

The map U, in (1.1)), called the (R™-valued) Ginzburg-Landau vortex solution of
topological degree one, can be considered as a regularization of the singular harmonic
map n : BY — SV~ given by n(z) = \%I for every x € BY, which is the unique

{—fé’(?") — ML)+ N (r) = L £(r) W (L — fu(r)?),

minimizing S¥~!-valued harmonic map for N > 3 with respect to the boundary condition
n(x) = x on OBY (see Brezis, Coron and Lieb [I1] and Lin [48]). The question about
the minimality of U, for any € > 0 was raised in dimension N = 2 in Bethuel, Brezis and
Hélein [8, Problem 10, page 139], and in higher dimensions in Brezis [10, Section 2]. It is
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not hard to see that, when ¢ is sufficiently large, ESL is strictly convex and so U, is the
unique bounded critical point of ES in AL for every N > 2 (see e.g. [§] or [40, Remark
3.3]). In dimension N = 2, Pacard and Riviere showed in [57] that, for small € > 0, U,
is the unique critical point of ESL in A9F; however, whether u, is the unique minimizer
of ESL for all € > 0 remains an open question. In dimensions N > 7, this question was
answered positively in recent works of Ignat, Nguyen, Slastikov and Zarnescu [39] 40]:
U, is the unique minimizer of ES* in A%L for every e > 0. It is not known whether U,
minimizes ES* in A% in dimensions 3 < N < 6 when ¢ is small. However, it is known
that for every € > 0, U, is a local minimizer of ESL in AL — for dimension N = 2, see
Mironescu [52] and also Lieb and Loss [47]; for dimension 3 < N < 6, see Ignat and
Nguyen [34].

Minimizers of the Ginzburg-Landau energy E“F are sometimes referred to as ap-
proximate S™~!l-valued harmonic maps (e.g. [I3]) in the sense that they are smooth
and approximate a minimizing harmonic map with or without singularity. In this con-
text, the uniqueness of the vortex solution is of special relevance in dimension N = 3, 4.
Indeed, in these dimensions, by [6I, Theorem 2.7], a minimizing harmonic map from
BN — SN~ is regular away from a set of isolated points, and by [IT, Theorem 1.2] in
dimension N = 3 and [54], Theorems 1.2 and 2.1 in dimension N = 4, near each such
singular point, the harmonic map has degree +1 and its tangent map is the vortex map
ﬁ up to a rigid rotation. The uniqueness of the vortex solution, if it is true, would
suggest that each approximate harmonic map would look like the vortex solution near
each singular point of the true harmonic map.

Strong evidence to support the uniqueness of the vortex solution in any dimension
N > 2 is available in the blown-up limit: When the domain is the whole space RY, the
minimality (in the sense of De Giorgi) of the vortex solution was proved in dimension
N = 2 by Mironescu [53], dimension N = 3 by Millot and Pisante [5I] and dimension
N > 4 by Pisante [58]. See also [106, 28] 29] 56] for studies on stability issues.

The main aim of this paper is to show that in dimensions 4 < N < 6 and for
every € > 0, U, is the unique minimizer of ES* relative to the set of gradient field
configurations in A%" (this is often referred to as the Aviles-Giga model).

1.1 The Aviles—Giga model

Consider a general non-negative convex C? potential W : (—oo,1] — [0,00) such that
W(0) = 0 and for every ¢ > 0, the Ginzburg-Landau energy ESL(U) restricted to
gradient fields

U=Vuec H(BY,RY) suchthat Ulyp~y = Id.

Within a suitable rescaling (i.e., eESL(Vu)), this is the so-called Aviles-Giga model
(introduced with the standard potential W (t) = t2/2).

3



This was introduced by Aviles and Giga in [3] to account for codimension 1 and 2
defects in 3D Smectic-A liquid crystals. In dimension N = 2 (with W (t) = ¢?) it is con-
jectured that, on the set of gradient fields, e ESL T-converges to an energy that penalizes
line defects, and furthermore, when restricted to limit stream functions u € Wh! such
that |[Vu| = 1, Vu € BV, the limit energy is given by Eo(Vu) = + fJ [[Vu]|? dH?,
where [Vu] is the jump of Vu across the jump set Jy,. Many rebultb pomt to this
conjecture being true in dimension N = 2 (see for instance [Il 14, I8, 19, 43, BI]).
In particular, every optimal transition layer across a line-defect is one-dimensional (so,
no microstructure exists) and gives the cubic cost |[Vu][® in Ey, see [33]. However,
in dimension N > 3, the situation is very different as was pointed out in [I7]: one-
dimensional transition layers across a one-codimensional defect are no longer optimal as
microstructures with strictly lower energy exist. One of the motivation for studying the
Aviles—Giga model in our setting (in the ball with the boundary condition Vu(x) = z)
is to understand in the easiest case of a point defect if there exists symmetry-breaking
counterexample to the natural vortex solution.

Note that the (R¥-valued) Ginzburg-Landau vortex solution U, introduced in
is a gradient field U, = Vu, for some radial function u. = u.(r) determined (up to a
constant) by u. = f. in (0,1) where f. is the unique solution in ({1.2]).

We prove the following result:

Theorem 1. Assume that 4 < N <6 and W : (—oo, 1] — [0,00) is a C? non-negative
convez function such that W(0) = 0. For every € > 0, the radially symmetric vortex
solution U, in is the unique minimizer of EST over the set of gradient fields {U =
Vu e AL}

Note that the above result holds in dimension N > 7 as a consequence of [39, 40]. We
expect the result holds also in dimension N € {2, 3} and more generally for non-gradient
fields as pointed out previously, but our methods do not prove it; see the discussion in
Subsection [L.4 We mention here the work Lorent [49, 50] and Lamy and Marconi [44]
on stability of the vortex solution in dimension N = 2 and in the limit € — 0 (for the
Aviles—Giga model as well as other micromagnetic models).

1.2 The SV-valued Ginzburg-Landau model

We consider the following model:

By = |

BN

1
SIVME 4 oW O )| do



where n > 0 and M = (Vm, My,1) is a unit-length vector field that is a gradient field
in the first N components belonging to

AMM — LN = (Vm, Myy,) € HY(BY,SY) : M(z) = (x,0) on 0BV},

The non-negative potential W : [0,00) — [0,00) is a C? convex function such that
W(0) = 0.

This model comes from micromagnetics where the order parameter M stands for the
magnetization in ferromagnetic materials (see [27])T} and also the Oseen-Frank theory

for nematic liquid crystals (see [2]). Considering radially symmetric critical points of
E%M in AMM one is led to

() = ()=, 9a(r)) € AV (1.3)
where the radial profiles fn and g, satisfy
fAfrgi=1 in (0,1), (1.4)
and the system of ODEs:
s N—-1. N-1

—fr— . i+ 3 fo=Xr)f, in (0,1), (1.5)
N — 3
= Sy =~ W, A, i 0.1, (1)
fn(l) =1 and g,(1) =0, (1.7)
where N1 .
Ar) = () + =5 f + (9" + EW’(gi)gfy (1.8)

is the Lagrange multiplier due to the unit length constraint in AMM. Note that indeed
the vortex solution M, in (L.3) is of the form M, = (Vm,, M, n+1) € AMM for some

radial function m,, = m,(r) determined (up to a constant) by m; = £, in (0,1).
As proved in [34], the solutions to (L.3)—(L.7) satisfy the dichotomy: either fn(O) =0
or f,(0) = 1. Furthermore, in the latter case, it holds that N > 3 and (f, = 1,9, = 0)

in (0,1), which corresponds to the equator map

M(z) = (;,O).

n dimension N = 2, Efyf M is the reduced energy functional in a certain thin-film ferromagnetic
regime (see e.g. [20, Section 4.5] or [32] Section 7]) where, after a rotation by 7 in the first two

components of M, the condition V x (M;, M) = 0 is imposed in the space of admissible configurations
in AMM,



In dimension N > 7, M is the unique minimizing harmonic map from BY into SV in
H'(BY,S") with with boundary condition (Id,0) on dBY (Jager and Kaul [42]; see also
Sandier and Shafrir [60] and [40, Example 1.6]); so M is the unique minimizer of EMM
in AMM for every n > 0. Therefore, in the following, we focus on dimensions 2 < N < 6
and on escaping SV-valued radially symmetric vortex solutions

Mf(x):(fn(m%,ign(r)) with g, > 0 in (0, 1).

It was proved in Hang and Lin [30] in dimension N = 2 and [34] in dimension 3 < N < 6

that, for any 7 > 0, (1.3)-(1.7) has a unique escaping solution ( fn, gy) With g, > 0 and
M are locally minimizers for E)/*. Moreover, f,(0) =0, f, >0, f; > 0 and g, <0

in (0,1). (See also [46] for a related work in the context of micromagnetic skyrmions in
R2.)
We prove the following result:

Theorem 2. Assume 4 < N < 6 and W . [0,00) — [0,00) is a C* non-negative
convez function such that W(0) = 0. For everyn > 0, EéVIM has ezxactly two minimizers
over the set {(Vm, Myy1) € AMM} and they are given by the escaping vortex solutions
My (x) = (fy(r)%, g,(r)) with g, > 0 4n (0,1). In particular, minimizers of E)'™ in
AMM qre radially symmetric for every n > 0.

As in the case of the Aviles—Giga model, we expect the above result holds also in
dimension N € {2, 3}.

1.3 The extended model

More generally, we consider a family of extended energy functionals E, depending on
two positive parameters €,7 of which EC* and E})™ are limiting cases when 7 — 0 and
e — 0, respectively:

1, 1 S B
ElU)= [ [3IVUF +55W0 - U)+ 5o W (U] e, en>0. (1)
where U = (Vu,Uyny1) : BY — RNt is a gradient field in the first N components and
belongs to
A={U = (Vu,Uyn;1) € HY(BY, R : U(z) = (,0) on 0BV},

Here, W : (—00,1] — [0,00) and W : [0,00) — [0,00) are non-negative C? convex
potentials such that W (0) = W (0) = 0. We point out that these imply that W’(0) = 0,
tW'(t) > 0 in (—o0, 1]\ {0}, and W'(t) > 0 in [0, 00). However, we allow the possibility
that W or W can be zero in a neighborhood of the origin.
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Radially symmetric critical points of E., in A take the form

Uen = (fen(r) 7 gen(1)) € A, (1.10)

where (fen, gen) satisfies the system of ODEs

N-1, N-1 1

- eljn - r fe,n + r2 féﬂ? 2 W (1 - — 9. n)fe,m (111>
N-1 1 1 ~

- gg,n - Tgé,n €2 W (1 - — g n)gen ?W,(gin)ggm (112)

fem(l) =1 and gem(l) =0. (1.13)

Note that the above implies f,(0) = 0 and g., (0) = 0 (see [34, Lemma A.5]). Also, note
that the first N components of U, ,(r) is a gradient field V., for some radial function
Yen(r) determined (up to a constant) by ¢, = fe, in (0,1).

In dimensions N > 7, it follows from [39, [40] that the non-escaping vortex solution

Udx) = (£().0)

is the unique global minimizer of E,, in A for every ¢ > 0 and n > 0. Therefore, in
the following, we focus on dimensions 2 < N < 6; we will analyse escaping radially
symmetric vortex solutions

x .
U:n = (fﬁﬂl(r);? :l:géﬂl(r))? Gen > ( in (0, 1)

It is shown by [34] that such an escaping radially symmetric critical point U, with
Geny > 0 exists if and only if 2 < N < 6, W/(1) > 0, 0 < € < ¢ and 1 > ny(e) for
some €y € (0,00) and a continuous non-decreasing function 7y : [0,¢y) — [0, 00) with
m0(0) = 0. In this case, it is the unique escaping solution of (1.10)—(1.13) with g, > 0
in (0,1); moreover, we have f.,(0) =0, f2, +g¢2, <1, fen >0, fl, >0,g., <0in
(0,1). See Section and Figure [1] for more mformatlon

We prove the following theorem:

Theorem 3. Suppose 4 < N <6 and W : (—00,1] — [0,00) and W : [0,00) — [0, 00)
are C? non-negative convex functions satisfying W(O) = W(()) =0. For everye > 0,n >
0, we have the following dichotomy:

o Fither the escaping radially symmetric vortex solutions Uej,[n exist and they are the
only two minimizers of E., in A,



o Or the escaping radially symmetric vortex solutions Uej,tn do not exist and the non-
escaping vortex solution U, is the unique minimizer of E., in A.

In particular, minimizers of E, in A are always radially symmetric for every e,n > 0.

To complete the picture, we recall facts from [34] on the escaping vs. non-escaping
phenomena. The escaping phenomenon is related to the loss of stability of the non-

escaping vortex solution U,. More precisely, consider the stability operator g;f“” at U,
N+1
along the N + 1 direction:

_ 1
T€777 =-A - 2W/(]_ _f2

: €

1 X7/
)+?W(0).

The first eigenvalue of 7., on H}(BY,R) takes the form £(e) + 77%VT/’(O) where ((¢) is
the first eigenvalue of

1
@:—A—gwm—ﬁ) (1.14)
Then the

1 .
escaping vortex solutions UZ, with g, > 0 exists if and only if /(e) + ?W'(O) < 0.

When N > 7or W/(1) = 0, it holds always that ¢(¢) > 0, hence escaping vortex solutions
do not exist. When 2 < N <6 and W’(1) > 0,

there exists ¢y > 0 such that £(e) > 0 for € > ¢, and ¢(¢) < 0 for 0 < € < €.

Thus, in this case, the function 7y(€) mentioned above (so that escaping vortex solutions
exist if and only if 0 < € < ¢y and 7 > ng(€)) is given by

no(€) = for 0 < € < €.

In Figure [I} we describe the dichotomy of escaping and non-escaping phenomena for
minimizersE| of E, in radial symmetry in dimension 2 < N < 6. Theorem [3| asserts
that, in dimension 4 < N < 6, this picture remains valid in the larger set A of gradient
field configurations in the first N components.

For the case n = oo (that is the R¥*!valued Ginzburg-Landau model), we refer
the reader to the recent article Ignat and Rus [41]. For a similar bifurcation from non-
escaping to escaping phenomenon, see Bethuel, Brezis, Coleman and Hélein [7].

ZRecall from [34] that solutions of (L.11))-(L.13) satisfying g., > 0, when they exist, are minimizing
for E. , relatively to the set of radially symmetric configurations.
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Figure 1: Escaping vs. Non-escaping phenomenon in dimension 2 < N < 6.

U 7

always
non-escaping

I non-escaping

1.4 Ideas of the proofs

Theorems [I] and [2] will be obtained from Theorem [3] by taking the limits n — 0 or
e — 0, respectively. For simplicity, instead of describing the proof of Theorem [3| (which
is the main result), we explain instead the strategy of the proof in the case n = 0, i.e.
Theorem [1] for the Aviles—Giga model. We will present two methods of proof. Roughly
speaking, the first method follows the strategy in [39, 40] adapted to the situation of
gradient field configurations, and the second method uses a symmetrization procedure.

Method 1
It was observed in [39, 40] that the convexity of the potential W implies the inequality

1 1
ECMU. + V] - ESF U] > 2/ LV -Vdr =: §R[V] for Ve Hy(BY,RY), (1.15)
BN

where L. is the operator defined in (1.14]). Recall that in dimension N > 7, the first
eigenvalue /() of L. is positive, F,[V] > 0 for V € H}(BY,RY)\ {0}, and hence, U, is
the unique minimizer of EYF in AL, In dimension 2 < N < 6, one has £(¢) < 0 for
€ < €, and so it is not clear from the above argument if U, is a minimizer of ESL in
AYL. However, in the current case of gradient field configurations (i.e. V = Vv), we are
able to conclude in dimension N > 4.

To appreciate the idea, consider the limit ¢ — 0 where L. — —A — ]\; - = L,
as bounded linear operators from Hj(BY,R") into H~*(BY,R"). Although L, is not
positive definite when N < 6, we have the following inequalityﬂ for gradient fields in

3Here HZ(BY,R) is the closure of C>*(BY,R) in H%(BY R). In particular, if v € H3(B",R), then
v and Vv have zero trace on the boundary.



dimension N > 4:

/ L.(Vv) - (Vv)dr = / <(Av)2 _N — ! |W]2) dx > 0 for v € H}(BY,R),
BN BN r

i.e. L, is positive definite on the subspace of gradient fields in H}(B™ RY). This is a
consequence of the sharp Hardy inequality for gradient fields (see e.g. |4 12], 26] 63]):

NN >5
1 =
2 if N =4
/ (Av)? dx > CN/ |VZ| dx, for v € HZ(BY,R) where cy := ?;5 1
RN RN r % lf N — 3,
0 it N =2.
(1.16)

For the general case € > 0, we combine the above idea with the machineries in [39, 40]
and [34], based on the Hardy decomposition method.

Unfortunately, the above strategy does not work in dimension N = {2,3} (for the
proof, see Appendix [Al):

Proposition 4. In dimension N € {2,3}, there exists a function v € C*(BN \ {0}) C
HZ(BY) such that F.(Vv) < 0 when € is sufficiently small.

Method 2

As mentioned above, the second method of proof uses a symmetrization procedure. For
that, we use the spherical coordinates: for every z € BY, we write x = rf with r = |z|
and 0 € S¥1. For v € HY(BY,R), we associate the radial function ¥ = 9¥(r) given by
the formula

6&):—1[1(i;1|Vv@@ﬁddﬂ»Lmds§0, r e (0,1). (1.17)

One can think of this as a kind of rearrangement in the spherical harmonic decomposition
of v (see Section (3.2 for more detailed discussion).
We prove the following.

Theorem 5. Let N > 2, v € HY(BY,R) and ¥ be associated to v by (1.17). The
following conclusions hold.

(i) The map v — ¥ is a Lipschitz continuous map from H'(BY R) into H}(B™,R).

Moreover,

LéNA\Vbhﬂﬂ2dJW):i/‘ Vo(rd)2do(6) for ace. € (0,1).  (L18)

§N-1
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(ii) Let G : [0,00) x [0,00) — [0,00) be continuous. If G is convex in the second
variable, then

G(r, |V[2) dz < / G(r, |Vo]?) dz. (1.19)
BN BN
In particular, for any 2 < p < oo,
/ |VoPde < / |VoulP dx. (1.20)
BN BN

(iii) If v e HY(BY), i.e. ifv=0 on OBY and 1 <p <2, then

/SNl |0(r0) P do(6) > / lv(r@)|P do(8) for a.e. € (0,1). (1.21)

SN-1

(iv) Assume in addition that v € H*(BYN R) with the boundary condition Vv(z) = cx
on OBYN (in the H'?(0B) sense) for some constant ¢ € R. Then v € H*(BY,R)
and Vo(x) = |clx on OBN. If N > 5, then

/BN(M)de g/ (Av)* da. (1.22)

BN

If N € {2,3,4}, (1.22)) continues to hold provided that [o_, v(r6)0do(0) = 0 for
a.e. v € (0,1). In either case, equality is attained if and only if v is radially
symmetric and |[v'| = 0" in (0,1).

To apply Theorem [5| to prove Theorem [l we only need to note that for Vu € AL,
by integrating by parts using Vu(x) = x on 0BY,

N
/BV |V2u|? do = /BV(AU)Q dx — /sf\'l > 0:0;u(0)(0;; — 6:0,) do(8)

ij=1

V2u:(In—0R0)

. / (Au)? dx — / (N = 1)0,u(0) + Agvru(0)] dor(0)
BN SN-1
= / (Au)?dz — (N —1)|SN . (1.23)
BN
(Here we have used the fact that Iy —0®4 is the projection onto the tangent hyperplane
T,SN~1.) Therefore, in dimension N > 5, Theorem [5|immediately implies that minimiz-

ers of ESL in {U = Vu € A®L} are radially symmetric. Thanks to the characterization
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of radially symmetric critical points in [34], Theorem [1] follows. Theorem [2 also follows
in a similar manner. For Theorem EL we need an extra symmetrization for the Uy,
component; see Section [3.1]

In Theorem (iv), the requirement [._, v(r6)f do () = 0 in dimension N € {2, 3,4}
cannot simply be dropped due to existence of counter-examples. (For examples of sym-
metry breaking phenomena in the context of Hardy’s inequality for gradient fields in
dimension N € {3,4}, see e.g. [12].)

Our rearrangement is related to a vectorial rearrangement in Lieb and Loss [47]. For
V € HY(BY,RY), one associates the radially symmetric vector field V defined by

1

V(z) = (ﬁN ]V(r9)|2da(6’)> T (1.24)

r

It was shown in [47] that, provided V() = 2 on dBY and [,y_, V(r0)do(0) = 0 for a.e.

r e (0,1),
/ IVV|? da g/ IVV|?d.
BN BN

It is readily seen that if V' = Vv, then V = Vo. Thus, when N € {2, 3,4}, the conclusion
in Theorem [5{ can be deduced from the above result in [47].

Fewer rearrangement methods are known to prove symmetry of solutions of higher
order elliptic equations than for second order ones. This can be partly explained by the
absence of a maximum principle for higher order elliptic equations or systems, which
makes Schwarz symmetrization methods inapplicable in general. There are some ex-

ceptions, see for instance the two papers of Nadirashvili [55] and Talenti [62] where
g 1020 fip (o

T are radially
R2 %

it is shown by rearrangement arguments that minimizers o

symmetric]

More recently, a rearrangement principle developed in Lenzmann and Sok [45] deals
with the radial symmetry of optimizers of Gagliardo—Nirenberg type inequalities of ar-
bitrarily high orders, as well as ground states of higher order non-linear Schrodinger
equations of the form

Lv +wv =vlpP~? in RY

where L is a certain pseudodifferential operator, w > 0 and p € (2, p*) for some critical
exponent p* > 2 depending only on the dimension N and the operator L. The rear-
rangement principle here is based on Schwarz rearrangement of the Fourier transform:
any function v : RV — C is symmetrized as v* = F1[|F[v]|*], where F is the Fourier
transform and w* designates the radially decreasing Schwarz rearrangement of w.

4For other results on symmetry of solutions of higher order elliptic equations or systems which do
not use rearrangement inequalities, see e.g. [B] [15] 22] 25] and the references therein.
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We make a comparison between the rearrangement v in Theorem |5 and the rear-
rangement v* of [45] in the following table.

v on BN v* on RY
L*-norm [0]]z2 = |[o]] . [v¥][z2 = [[v]] 2
LP-norm, 1 <p <2 |10lle > ||v|| e ?
LP-norm, even integer p > 2 ? 0¥ |le > [Jv]lze
H'-norm [VO[z2 = [[Vollz2 | [[VVFllL2 < [[V]]2
WlP-norm, p > 2 [VO][2r < [[VV]|10 ?
H2-norm 1AD]Iz2 < [Av]re | [[AVH]z2 < [[Av]]z2
H*-norm, s > 0 ? 0¥ 7o < [J0]] s

As an application Theorem 5] we consider the radial symmetry of ‘ground state’
solutions to the nonlinear eigenvalue problem

(1.25)

A?v = \v + |[v[P720 on BY,
v=20,w=0ondB",

where 1 < p < 2. See Section [3.4]
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Bonn, funded by the Deutsche Forschungsgemeinschaft (DFG, German Research Foun-
dation) under Germany’s Excellence Strategy — EXC-2047/1 — 390685813, as part of the
Trimester Program on “Mathematics of Complex Materials”.

2 First proof of main results

2.1 Proof of Theorem [3|

In this section we give the first proof of Theorem [3| based on the strategy in [39, 40] and
exploiting the additional structure of a gradient field for the first N-components of the
current admissible configurations.

Recall that £(e) is the first eigenvalue of the operator L = —A — FW’(1 — f2) and
that the escaping radially symmetric critical points Ujfn with g., > 0 exist if and only
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if W/(1) > 0 and £(¢) + 77%VT/’(O) < 0 (equivalently 0 < € < €y and 7 > 1(€)). For fixed
e>0,n>0, we let

& — {Uefn if W/(1) > 0 and #(¢) + 77%VNV’(O) < 0 (i.e. there is an escaping solution),

U, otherwise (i.e. there is no escaping solution),

and
(f.g) = (fens Gen) i W/(1) > 0 and £(e) + 5W'(0) <0,
9= (fe,0) otherwise,

so that ®(z) = (f(r)%,g(r)).
We consider the differential operators L., and T ,:

1 1 1 .~
Ley=—A— gw’u —fP=9), T.,=-A- gw’u —fA-gH+ ?W’(gZ).

T

Then the criticality condition of ®(z) = (f(r)%, g(r)) in BY with respect to E, is ex-
actly L, f =0, T, ,g = 0.

For any v € H3(BY,R), we let

F. ,[Vv] :/ <(Av)2 — %W’(l -2 - g2)|VU|2> dx :/ L, (Vv): (Vv)dx.
BN € BN
(2.1)
Note that [,y |V*0|*dx = [,x(Av)? dx since v € HF(B"). Note also that, in the non-
escaping case, ¢ = U., Ley=Le, Teyy = Tem and F, = F. introduced in sections
and [L.4
As in [39] 40], the starting point of the proof is the following consequence of the

convexity of W and W:
Lemma 6. For any v € H3(BY,R) and p € H}(B",R),
1 1
Eey|® + (Vo,p)| = Ecy[®] > el Vol + 5 / T..p- pdz.

BN

Proof. We have

1
B[+ (Vo.p)] = Boafo) = 5 [ {290 9(Tu,p) 490 + (97

+ elz[W(l —[® 4+ (Vu,p)]?) =W (1 — |®*)]
+ 0V (g + )~ W(e*) | do. (2.2



By the convexity of W and W, we have
W(L =@+ (Vo,p)’) = W(1L—|2P) = W1 —[2P) (|9 - @ + (Vo,p)P)
= —W'(1 = |P) (22 - (Vo,p) + Vo[ +p°)
W((g+p)?) = W) =W ((g+p)° - o)
= W'(g%) (29 + 1)

Since ® is a critical point of F.,, we also have

1 1 -
| {70 V(T = SW 08I (Vo) + (e )gp} dn o
BN
Inserting the last two estimates into (2.2)) we arrive at

By [0+ (Vu.p)] - B, [0
1 2 12 2 1 ! 2 2 2 2 1 7 2\ 2
> 5 [ (I 90 = S = 2 ) (90 447) 4 )7

which is precisely the conclusion. O
We will frequently make use of the following Hardy decomposition:

Lemma 7 ([37, Lemma A.1]). Let A: BY — R"*Y be a C' non-negative semi-definite
symmetric form, i.e. A(z)€-€ >0 for every x € BY and £ € RY. We define the operator

L:=-V-(AV)

and consider a smooth positive function 1 : BN — R. Then for every u € C°(B™,R),
we have the following Hardy decomposition:

u u

/BN Lu-udr = /BN¢2A(x)V(¢).V(¢)d$+

U2
By Y7

Before moving on with the proof, let us make a simple observation on the non-
negativity of Tt ,,.

L - da.

Lemma 8. The first eigenvalue of T., on H}(BY,R) is (ﬁ(e) + 7]%VT/"(O))Jr and the
corresponding first eigenspace of T,

« coincides with the first eigenspace of L. when 6(6)+W%W’(O) >0 (i.e. when g=0),
and
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e is generated by g when {(€) + H%W’(O) <0 (i.e. when g>0).

In particular T,,, is non-negative semi-definite on Hy(BY ,R) and

/ Tgmp-pda:Z/ [hQ
BN BN

where h is any first eigenfunction of T, .

v

3 dx >0,

+ <£(e) + ;W’(0)> ) e

Proof. Recall that, by [34, Theorem 2.4] on escaping and non-escaping critical points of
E. ., when g = 0, we have {(¢) + 77%VT/’(O) > 0, while, when g > 0, £(¢) + n%VNV’(O) < 0.
The first bullet point is then clear as 7., = L. + W%W’ (0) and the first eigenvalue of
L. is £(e). Next, note that since ®(z) = (f(r)%,g(r)) is a critical point of E,, we
have T, ,,g = 0. Thus, when g > 0, g must be a first eigenfunction of 7., and the first
eigenvalue of T¢, must be zero. The second bullet point follows. The last assertion
follows from the Hardy decomposition Lemma [7| with the decomposition p = h%. O

The last ingredient for the proof of Theorem [3] is:

Proposition 9. Suppose N > 4. For any v € H3(BY,R) we have

—_ 9)2 2 2 2 _ 2
F. (V] > v —2) / O0)” 1 4 <J\; - 2N> / Vol = @) 0 5 o)
BN BN

4 72 72 -

Remark 10. Note that for general V € HE(BY,RN) which is not necessarily a gradient
field, it was shown in [39, [40] in dimension N > 7 that F,,[V]= F.[V] > 0.

Before giving the proof of the above proposition, let us prove Theorem [3]

First proof of Theorem[3 Indeed, as N > 4, we have by Proposition@that F.,[Vv] >0
for every v € HZ(BY,R) with equality if and only if d,v = 0 a.e., which implies v = 0.
Therefore, by Lemmas@and 8, @ is a minimizer of our problem. If ® is another minimizer
of E,, then E.,[®] = E.,[®]. By Lemmas @ and Proposition @ this is possible only
if & — ® = (0, h) for some radially symmetric / in the first eigenspace of T, (because
T, is rotationally invariant). We thus have that ® is a radially symmetric minimizer of

E. .. [34, Therorem 2.4] then gives the desired uniqueness for minimizer(s). O

Proof of Proposition[9. It is enough to prove the estimate for v € C*(BY \ {0}, R).
The general case follows from Fatou’s lemma and the density of C°(BY \ {0},R) in
HZ(BY,R) (note N > 4).
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We denote by (¢)reny an orthonormal basis of L2(SV~!) given by eigenfunctions of
the Laplace-Beltrami operator on the unit sphere, meaning that for any k£ € N we have

—Agn-105 = \pPx,

where 0 = g < N—-1=X =... =AMy <2N = Ay < -+ —> +00. In particular we
have

gbkqbl dO’(@) = 5kl and / VSNfl ¢k : VSNfngSl da(@) = >\k5kzl- (23)
SN-1

gN-1

Consider the decomposition of v in spherical harmonics: we write

=Y v(r)¢x(0) for r € (0,1),6 € SN

k>0

where v, € C2°((0,1),R). We have
N -1 Ak
" o _ R
(vk + ; (s 2 vk> Q-
Using the orthogonality relations (2.3) and the identities

! N-2 [!
N—=2_1_1 _ N—-3/,/\2
/ oy dr = —/ 70 (vy,)” dry
0 0

,,x 1
Vv = Z <Uk¢k7' + TUkVSN1¢k> s Av = Z

k>0 k>0

2
1 N —4
/ - 41};;%617":—/ N=5y2dr for k> 1,
0 2 0
1 1 N —=3)(N -4
/ NS dr_/ {_TN—3(U,;)2+( 3)2( )N52drfork;>1
0 0
we get
N -1 ’
/ (Av)2de =Y (v;’ R W ) Grdx
BN k>0 " re
_ Z ( )2+(N_1+2)\k)T‘N_3(U;€)2+)\k(/\k+2N_8)) N 13) dT‘
k>0
(2.4)
and
1
W= = I TePde = 3 [ W= 2= ) (70 AR di
BN k>0+0
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Inserting these into (2.1), we split F,, into three terms as follows:

Falve) = { [ 7 (0 Swia - 2 - yt)

k>0

Ix
! 1
+/ AerV 1 (T_Q(Ul;)Q —SW Q- =g 27}2) dr
0 €
i

+ 1 (N =1+ X)) + Me(Ae + 2N — 8)rV =507 dr
A i)}

11,
For terms I and II; we will apply the Hardy decomposition Lemma [7| using

N —
enf_ _71]0

r2

More precisely, for any function w € C*(BY,R) we have the identity
[ Lattw) (fwyde = [ (PIV0f + 0Lyt - f) do
BN BN

:/ f? <|Vw|2 — N;lw2> dr.
BN T

o Estimate of I;: For the first term we use the decomposition v, = f UT’“, ie

w =3 €Cx(BY\{0},R) in [2.5):

1 1
I, = / N (V) - (v )dr = / [rN_lfQ
0 0

N-2

2

(5)

(2.5)

— (N — 1)7’N_3(U;€)2:| dr.

We let ((r) = 7772 so that, when seen as a radial function in R \ {0}, ¢ verifies

— 2 - 2
V- (1v0 = —pac-2rre = S peappe > B2

e

since (' <0 and f, f/ > 0in (0,1). By the Hardy decomposmon Lemma [7] for the

operator V - (f?V) and the decomp081t10n = (& 75, we thus have

I, > /01 <f2§2 <f€>/ 2 - (W — (N — 1)) rN3(v;)2) dr.

18
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o Estimate of II;: First notice the elementary identity

[ st = [ (o (2 ) 2 =0t
= L)) - v

1
1, = )\k/ <7~N—1Le,n(i’f) (k) (N = gy 2) dr.
0

r

SO

This time we use the decomposition & = f2% (i.e. w = % in (2.5)) to obtain

rf
s (el
0 T

By the Hardy decomposition Lemma 7] I for the operator V - (f?V) and the decom-
position 2 = fC as above we get the estimate

sz/\k/ol(Nl <f€>,2+<(N4_2)2—2(N—2)> N52)dr (2.7)

o Estimate of III;: For the last term we simply apply the Hardy inequality once:
for any v € C2°((0,1), fo N=3(y/) 2y > W47 4 f rN=5v2dr. This gives

2

—2(N —2)rN 5 2) dr.

HIkz/Ol <(N—1)rN 3(v)? +)\k<)\k+2N—8+W>rN > 2>dr (2.8)

Summing the estimates (2.6)), (2.7)), (2.8) we get

N2
F. ,[V] >Z N3( AR <2—3N+1+/\k>rN5z>dr

k>0

N2
5y )+/\k<—2N> Nﬁg)dr
k>0 2

2 2 2 2
_ 2) / (‘9 O g 4 (N 2N> / Vol = (O0) 4.
4: BN 7" 2 BN 7«2

where the second inequality follows from A? > (N — 1)\;. The result is proved. O]
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2.2 Proof of Theorems [ and 2|

Theorem [I] for the Aviles-Giga model is a simple consequence of Theorem [3] for the
extended model.

Proof of Theorem[] Fix € > 0. Pick any convex C? function W :[0,00) — [0, 00) with
W(0) = 0 and W'(0) > 0, e.g. W(t) =t. By [34, Theorem 2.4], there exists a small
n > 0 such that E., has no escaping radially symmetric critical points. By Theorem B,
U. = (U, 0) is the unique minimizer of E, in A. It follows that

ESL V] = E.,)[(Vu,0)] > E.,[U] = E[U] for all Vu € A%

This means that U, is a minimizer of E“L in {Vu € A%F}. Conversely, if Vi is a
minimizer of ESL in {Vu € A“L}, then

E.y[(Va,0)] = EF*[Va] = EFHU] = Eey|Ul],
i.e. (Va,0) is also a minimizer of E, in A. By Theorem [3| Vi = U, as desired. O
We next prove Theorem [2| for the SV-valued Ginzburg-Landau model.

Proof of Theorem[3 Set W (t) = t* and fix some n > 0. As 4 < N < 6 and W'(1) > 0,
we know by [34] Theorem 2.4] that for € > 0 small enough, there exists a unique escaping
radially symmetric critical point of the form

x .
Uy = (fe,n(r);,ge,n(r)) €A, g, >0in(0,1)

of the energy F.,. Pick an arbitrary M = (Vm, My41) € AMM (in particular, [M| = 1)
and set

(Ve Pey) =M — Uey.
Then by Section [2, we know that

EyM[M] = By [Uevn + (vvem»pem)]

1 1
> EeylUen] + 5 Fen[Vve,] + / Tt nPesn * Peydz
2 2 Jon

with
N —2)° are 2 N? —1Ue 2
Fen[Vven]Z( )/ (0rve,) dov + [ —=— — 2N / Md%
7 ’ 4 BN T2 2 BN 7’4
Pen\ |
T€ en " Ve dz > 2 \V4 ul dx.
[ e o
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By [34, Remark 2.17], for a subsequence ¢ — 0, we have that U, — M, in H'(B")
(in particular, VU, — VM, and U, — M, a.e. in BY) and E.,(Uc,) — E}M[MF]
where M, = ( f,,%, gn) is the unique escaping radially symmetric critical point of £}
with g, > 0 in (0, 1). Therefore,

(Ve Pey) = M — M;r =: (Vo,,py,)

in HY(BY) and a.e. in BY as well as V(Vve,,pe,y) = V(V0,,b,) ae in BY for a
subsequence ¢ — 0. Putting the above inequalities together and using Fatou’s lemma,
it follows for a subsequence € — 0:

Ey"™MM] = E;M MY + (Vy, b))

1 p
MM 2
> E! [M;]+2/BN gnV(g:)

+(N-2)2/ @) 1N / Ven-15,
8 BN T2 2 2 BN T4 '

We conclude to the minimality of M,f . If M is another minimizer, within the above
notations, then E}MY[M] = E)M[M}] and so 0,0, = 0 in BN yielding o, = 0 (as o, = 0
on OBY); also, p, = ag, for some constant o € R. Since |M| =1 and M = (0,5,) + M,,
we deduce that (p, + g,)* = g7 yielding o = 0 or —2, i.e. M = M;F or M = M, . O

2
dx

3 Symmetrization and second proof of main results
in dimension N > 5

3.1 A symmetrization of scalar functions

In this section, we consider a spherical average rearrangement which is probably known
to the experts. See e.g. [64, Chapter 1, Section 9] for a similar rearrangement in the
context of the Laplace operator. Let 1 < g < oo. For a function g € LY(BY,R), define
a radial symmetrization ¢* of ¢ by

P = {]ZS |g<7.9)q(ga(9)}1/" >0, re(01). (3.1)

This symmetrization depends on the parameter ¢. When ¢ = 2, we can also think of this
as a rearrangement in the spherical harmonic decomposition of g.

Theorem 11. Let N > 2,1 < g < 00, g € LY(BY,R) and ¢’ be associated to g by (3.1]).
We have the following conclusions.
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(i) The map g+ ¢° is a 1-Lipschitz continuous map from LI(BN R) into itself:
Hgb - hb”Lq(BN,R) < |lg = hllLssy gy
Moreover, [ 1 |g°(r0)|7do(0) = [on_1 |g(r0)|?do(6) for a.e. r € (0,1).

(i) Let G : [0,00) x [0,00) — [0,00) be continuous. If G is convezr in the second
variable, then

| Gelr@mnd< [ cls@md.

In particular, for any g < p < 0o,

/ P de < / gl? da.
BN BN

(iii) Assume in addition that g € W4(BN R). Then ¢* € WY4(BN R) and
/ Vg’ |7 da S/ |Vg|?dz. (3.2)
BN BN
Equality is attained if and only if g is radially symmetric and |g| = ¢° in (0,1).
Proof. Proof of (i): From the definition of the radial function ¢’(z) = ¢°(r) we have
/ ()] do(0) / 19(r0)[7do (6) for ae. € (0,1),
gN-1 §N-1

which implies ¢° € L1(BY). Also, by the reverse triangle inequality, we have for g, h €
L4(BY) that

15~ Py = 81 [ 1) = R0

q N_
rN =t dr

— / \ng(r-)um(w T T

< [0t = B = g = Pl

Therefore g — ¢’ is a 1-Lipschitz continuous map on L(BY).
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Proof of (ii): By Jensen inequality,

Clr, |9 (r0)]) do(8) = G (f o) do<0>)

§N-1 N-1

—6(nf, 00 ao®) < £ Glnlatron o)

Integrating in r gives the desired inequality. In particular, with G(r,s) = s?/? with
p > g, we see that the LP-norm of ¢* is no more than that of g.

Proof of (iii): Consider first the case g belongs to C>°(B"Y), which is a dense subset of
Wh4(BYN). For technical reasons, we introduce, for p > 0,

G0 = { 0607+ was) 2 re o),

Note that g;, — ¢’ in LI(BN) as  — 0. We have, by Holder’s inequality,

ARG ARG ][ (9(r0)? + 1)\ ""V"2|0,g(r0)| do(0)

<o { £ oseordse)

As gZ > 1M/? > 0, this implies

]ém |VgZ(r9)|ng(9) — I(gZ)’(r)|q S][

SN

|0rg(r0)|* do(0).
-1
Integrating over r € (0, 1) gives

/ |Vg;|qd:1;§/ |0rqur1;§/ |Vg|ldzx.
BN BN BN

This implies g/, is bounded in W4(B") and hence converges weakly to ¢ in W¢(B")
as i — 0. Hence

/ |Vg’|qdr1;§/ |0,,g|qd:17§/ Vg|7da, (3.3)
BN BN BN

which proves (3.2)) for g € C>(BY). )
Suppose now g € WH4(BY). Pick {g(;} C C>(B") such that g(;y — g in W4(B").
By (i), g(;y — ¢’ in LY(BY). Also, by (3.3),

[ Waplin< [ s < [ g (3.4)
BN BN BN
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This implies that g(; is bounded in W"4(BY) and hence converges weakly in W"9(B")

to ¢’. Sending j — oo we see that (3.3) remains valid for g € W4(BY), which proves
(3.2). Moreover, equality holds in (3.2)) if and only if |Vg| = |0,g| a.e., i.e. g is radially
symmetric. O

3.2 A symmetrization of gradient fields and proof of Theorem

Recall the symmetrization  for a function v € H*(BYR) is given by the formula (1.17):

B(r) = — /7«1 { ]éN_l |VU(S€)|2dJ(9)}1/2 ds <0, re(0,1).

We will use the following density result.

Lemma 12. For N > 2, the set S of functions in C®(BYN) which are constant in
a neighborhood of the origin is dense in H*(BN). Moreover, if v € H?(BY) verifies
Jon—1 v(r0)0do(0) = 0 for almost every r € (0,1), then its approzimation sequence in S
may be chosen with the same property.

Proof. Tt is well known that C>(BY) is dense in H2(B"). Thus, to show that S is dense
in H%(BY), we only need to show that a given v € C*°(B") can be approximated by a
sequence of functions in S. In the proof, C' denotes a constant that can change between
lines but depends only on the dimension N. Pick a cut-off function ¢ € C*(R) with
p=11in (—00,1/2], p =0in [1,00). For j > 10 and x € B", let

@ {s@(ﬂﬂ) it N >3,
PH\L) = Inln 7
- p(opmy) HN=2

Note that ¢ (x) = 0 for |z| > % and ¢(;)(z) = 1 when |z| is small enough. Define

vy = v(0)pg) +v(l —¢y) =v—(v—vo)py €S, j=1
We estimate

[v(z) —v(0)] < [[Vol|pezvylzl,
ool 2y < C5~ N2,
Cj~WN=2/2 if N > 3,

¢
(Injlnlny)1/2
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We thus have

(v = v(0) el 2ary < C 2|0l oo (8,
V(v — U(O))SO(j)]HLQ(BN) < CfN/QHVUHLoo(BN) + CWN(j)HUHLOO(BN)>
IV2[(v — v(0))ei)ll2eryy < CfN/QHV%HLoo(BN) + Cwy ()] Vvl Lo (Byy.-

Clearly, these estimates imply that v(;, — v in H*(B"). We have proved that S is dense
in H?(BY)

Now suppose v € H?*(BY) and [;v_, v(rf)0do(f) = 0. Let vy € S be such that
vy — v in H*(BY). Define ;) (r) = vy)(rf) — Spe; vy x(r)ow(f) where vy i(r) =
Jon—1 vy (r0)dr(0)do (0). 1t is clear that [y, 0;)(rf)0do(f) = 0. Since v(;) is constant
near 0, v(;), is supported away from 0, and so ?9(;y € S. Finally, since the map w €
H?*(BY) = (rf — wi(r)¢x(0)) is continuous in H2(BY) and v, =0 for k=1,..., N we
have

N
Jim, 19G) — vllg2yy < Jim vy = vl a2y + lim ;U(a’m(?“)cﬁk(@)' ) 0.
The proof is complete. O

Proof of Theorem[3. Proof of (i): By Cauchy-Schwarz’ inequality,

o0y = { / 1 | ]éNl V() Pdo(0)] v ds}2
< { / 1 sl-Nds}{ / L ]ém Vo (s)[2do (6) ds}.

Hence o(r) is well-defined and finite in (0, 1); in fact, |0(r)] < CNT_¥HVU”L2(BN) for

N >3 (resp. |0(r)] < C\/log(1/r)||Vv| 12(2) when N = 2). In particular, v € L*(BY).
Moreover, by the definition of © we have [y_, [VO(r,0)|*do(0) = [gn-. [Vv(r0)[*do(6)
for a.e. 7 € (0,1). As ¥(1) = 0, these imply that v € H}(BY).

As in the proof of (i) in Theorem , the map Vv +— V7 is a 1-Lipschitz continuous
map from L*(BY RY) into itself. By Poincaré’s inequality, the map v +— ¥ is a Lipschitz
continuous map from H'(B") into H}(BY).

Proof of (ii): This is similar to that in the proof of Theorem [11| and is omitted.

Proof of (iii): By density and (i), it suffices to consider v € C>(B™Y).
Let A(r) = fov-1 [v(r0)[? do(6). We have, by Hélder’s inequality

1/2

<o f P oatoldo <p{ £ oo a0

<pAm)T V(r),

N-1
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where we have used 2(p — 1) < p when 1 < p < 2.
Fix some z > 0. Then | (u+ A(r))"/?| < @'(r). This together with A(1) = 0 (since
v =0 on OBY) implies

1
(i + AGY < 2+ [0 dr = = () = g 41300

Sending pu — 0, we get the conclusion.

Proof of (iv): Note that on BY, Vu(z) = cx is normal to 9B" and so the tangent
derivatives of v along OBY are zero. Hence v is constant on dBY. Without loss of
generality, we can assume that v = 0 on 9BY. Let (¢x);2, be an orthonormal basis of
L2(SN=1) conmsisting of eigenfunctions of the Laplace-Beltrami operator on SV~ corre-
sponding to eigenvalues 0 = \g < N —1 =X\ =... = Ay < 2N = Ay < ... — .
We decompose

— i_o: vp (1) (0) where vy (r) = /SNl v(r0)pr(0) do(0).

Note that v, € H2.(0,1), ¥ = Vy¢p and

. . Ak
(@) = Y |0 + Shef] (35)
k=0
> [ N—-1, X \?
/BN(AU)2 de =Y TN—1<vg + TU; - T;Ci)k) dr. (3.6)
k=00
Note also that our hypotheses give in the case N € {3,4} that v; = ... =vy = 0.

We first prove inequality ((1.22)) when v belongs to the set S defined in Lemma .
Then vy € C*([0,1]), vg is constant near 0, v, € C°((0, 1]) for £ > 1,

vo(1) = 0,v4(1) = ¢C0 and v (1) = v (1) =0 for k& > 1.

This implies Vi(z) = |c|x on OBY (recall that, by definition, ¢’ > 0 in (0,1)). Also,

2

! N—2/1 552 k=0
N—2_ 1 1 _ N-3 2¢ ’

rt Tt dr = ———— [ dr + { =%
/0 o y Jy, 0 ifk>1,

1
N -4
/TN 4v,’§vkd7":—2/ rNou2dr for k> 1,
0 0

1 1 B B
/ N=3uiuy, dr—/ |:—T‘N_3(U;€)2+ (v 3)2(N 4) V7502 dr for k> 1.
0 0
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Inserting the above identities in (3.6)), we obtain

[ oo = i G s [ e T g B EE )
BN

72 rd

(3.7)
Next, note that, when v € S, the right hand side of (3.5) is a smooth non-negative
function and so ¢’ is Lipschitz continuous. Applying (3.7) to 0, we get

| a0rde= v - 1)22 - B [T RT3 P e

To continue, we need to estimate ). For technical reasons, we consider for small @ > 0
a regularized version of vy:

o . I A
k=0

Clearly ¥;, is smooth and v, — ¥, pointwise in (0,1) as  — 0. Now, for some #; € R to
be chosen later, we have by . that

| AT - 1o ﬁ / Ak 2
0, |[0] = > vk + 2 VkVk = 3k
k=0

< Jvollvg] +

s tr 1 >\k — 1t )\k
> {v;(vk + TQUk) + ;vk( . vy, — Tzvk)”

k=1
>\k 1/2 th 1 A\ —t A 1/2
/ 2 " 2 ! 2
< P + 3 [ vk} 0+ o) + (el - T2
1 A — 1t Ak 1/2
~/ 2 2 / 2
T e - i)
Since ¥, > p'/? > 0, this implies
1 /\k_tk >\k 1/2
v// 72 2 ! 2
1< ol 3 [+ S+ 5Pl - S}

This implies that {27} is bounded in W">*((0, 1)) and converges weakly* in W">((0,1))
to ¥y as 1 — 0 (since ¥, — ¥ pointwise), and

L A\ —t A 1/2
|v// { //2+Z{ *Uk 2+/\ ( k kv; T;:Uk)Q]} '
k

r

27

dr.



Returning to (3.8)), we get

2

' N -1
/BN(M)de SN =15 +/0 P (W) + S (] ar

1 A —t A N -1 N —1)\
—i—z {vk—i- o)? + — (2~ ZE)? 4 '2—1—7( 4)kv,§ dr

)\k( r Uk 72

2

c L N —1
:(N—l)q%%—/ rv 1{(1}6’)2%— = (06)2] dr
Nt —t)? =2t + N — 1
+Z { + k( k)TQ k (U;)Q
2A N —2)+ 12 +t,(N — 4)?
+ k( )+Tf+ k( >U2:| dr

Recalling (3.7)), we get
9] 1 N S Y 4t
/BN(AU)Q dx — /BN(AT))2 de >y [ V! [)\k A ti E(u))?

k=140 r?
N A2 — A4\, — 12 — tp(N — 4)? 2} ir

= (3.9)

Case 1: If N > 5, we choose t;, = 0, and using the sharp Hardy inequality fol rN=3 (v )2 dr >
% 01 rN=5y2 dr to obtain from (3.9)) the inequality

oo 1
/ (Av)*dx > / (AD) dr + ) /\ksk/ rN =52 dr, (3.10)
BN BN k=1 0
where, for £ > 1,
N — 4)?
:)\k+<4>—4>0 (since Ay > N —12>4).

Inequality (1.22)) thus follows.
Case 2: If N € {2,3,4}, recall that our hypotheses give v; = ... = vy = 0. We
choose t,, = (2 — v/5)\; in (3.9) so that the term involving v}, vanishes, and arrive again

at (3.10) but with

0 if 1 <k<N,
S e
"TIWVE—2) @+ (N —4)2) =4 if k> N+1.

As A\, > 2N for k> N + 1, we have

sp> (V5 —2)(N? +16) —4 > 20V5 —44 > 0 for N € {2,3,4},k > N + 1.
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Inequality (1.22)) thus follows from (3.10)).
Consider now the general case v € H*(B"). By Lemma [12{ we can select {v;} C S

such that v(;) — v in H*(B"Y) as j — oo. Moreover, in case N € {2,3,4}, it holds also
that fstl v(;)(r8)0 do(f) = 0. By Fubini’s theorem, after passing to a subsequence, we
have (v(j))r — vy a.e. in (0,1) for the spherical harmonic coefficients of v(;) and v. Also,

by (i), Vo) — Vo in L*(BY,RY). Since v(j) € S, we have by (3.10))

o 1
/ (Avg))? do > / (Ad))Pde+ )\ksk/ N5 (vgy)idr (3.11)
BN BN k=1 0

This implies that {(;} is bounded in H*(BY). As Vi) — Vo in L*(BY,RY), this
implies Ad;) converges weakly in L?(B") to A¥; in particular, v € H*(BY). Sending
j — oo in (3.11)), using the convergence of v(;, to v in H?(BY) on the left hand side,
the weak convergence of Ad; to Av in L*(BY) and Fatou’s lemma for the infinite sum
on the right hand side, we see that remains valid for v € H?(BY). This proves
for v € H?(BY). Also, equality occurs in if and only if v, = 0 for all £ > 1,
meaning v is radially symmetric and [v'| = ¢ in (0, 1). O

3.3 Second proof of Theorems [1], 2] and [3] in dimension N >5

Second proof of Theorem[1] in dimension N > 5. As s +— W (1 —s) is convex, we deduce

from Theorem |5 and ([1.23]) that
ESL[Vu] > ECF[Va] for all Vu € A%F,

where equality holds if and only if u is radially symmetric. In particular, if Vu € A"
is a minimizer of EF among gradient field configurations in A%L then so is Vi with
ESL[Vu] = ESF[Va] and hence u is radially symmetric. The conclusion then follows
from [34, Theorem 2.1] on the uniqueness of radially symmetric critical point of ES% in
AGL. [

Second proof of Theorem [ in dimension N > 5. Observe that if (Vm, My,,) € AMM
and if mh denotes the symmetrization of m by (L.17) and M}, denotes the symmetriza-
tion of My 1 by (B-1) with the parameter ¢ = 2, then (Vr, M}, ,) € AMM because

Vi) + OBy (0 = £ (IVmP(6) + M3, 9)) do(6) = 1.

gN-1

Thus, by Theorems |5[ and (11| as well as , if (Vm, My,1) € AMM is a minimizer of
EYM in AMM “then (Vrn, M}, ,) is also a minimizer of EMM in AMM and (Vim, My )
is radially symmetric. The conclusion then follows from [34, Theorem 2.6] on the clas-
sification of radially symmetric minimizers of £}/ O
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Second proof of Theorem[3 in dimension N > 5. Let U = (Vv,g) € A be a minimizer
of B, in A. Define the symmetrization v and ¢* of v and g as in the previous two
sections with ¢ = 2, and let U = (V%, ¢°). By Theorems [5| and , we have

/ IVo(rf)|* do(6) = / IVu(rd)|* do(0) for a.e. r € (0,1), by
gN-1 gN-1

/SN_I g (r0)* do(h) = /SN_1 g(r0)*do(8) for a.e. r € (0,1),

W((g")?) dx < W(g?) dx,

BN SN-1
/ (Ad)? dz < / (Av)? dz, by ([22).
BN BN

The first two identities and the convexity of W give

]éNl W (1 — |0]2)(r0) do(6) = W<]£N1(1 —|T1?)(r0) da(e))
_ W(]imu _|UP)(r0) da(@)) <4 W= |UP)r6) do6).

gN-1

These estimates together with imply that E.,[U] < E.,[U] and so U is also
a minimizer of E., in A with E.,[U] = E.,[U]. Returning to the equality cases in
Theorems [5] and [T, we have that v and g are radially symmetric, i.e. U is a radially
symmetric minimizer of E,. The conclusion follows from [34, Theorem 2.4] on the
classification of radially symmetric minimizer of F.,,. O]

3.4 Symmetry for solutions to a nonlinear eigenvalue problem
Ford > 0,1 <p < 2and X € R, consider the energy functional

1 A
Jv] = *HAUH%%BN) - *H’UH%%BN)
2 2

on the set
Spa = {v € HABY) : vl omn, = d}.

Let A1 (A?) denote the first eigenvalue of the bi-Laplacian in HZ(B”Y). When A < A\;(A?),
after adjusting by a scaling factor to remove the Lagrange multiplier, minimizers of J
on S, 4 correspond to solutions of the elliptic problem (|1.25):

A?v = M+ |[v[P"%v on BY,
v=0w=0onoB".
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(For A > X\ (A?), the partial differential equation is different due to the different sign of
the Lagrange multiplier, namely

AQ )\1(A2)’U if A= )\1(A2),
v =
v — [v]P720 i A > A\ (A?),

we do not consider these cases here for simplicity.)

Problem has been studied by many authors and a summary of known results
would go beyond the scope of the present paper. We refer the reader to e.g. [0, 9] 2T,
23, 241, [45] and the references therein.

We prove:

Corollary 13. Let N > 5 and 1 < p < 2. For A < M\ (A?), minimizers of J over
Sp.a are radially symmetric, do not change sign and are either radially non-decreasing
or radially non-increasing.

Proof. Note that as A < A\;(A?), J is coercive on HZ(B"). By the compactness embed-
ding theorem, J has a minimizer over S, 4.
Let v be a minimizer of J over S, 4; in particular, J[v] > 0. By Theorem [5, we have

||A{”|L2(BN) < ”AUHLQ(BN)a
10l o sy = |[vllLey) = d, (3.12)
190l 2y > [Vl 22y

Let
B12)

v = pv where p = d||6||;;(BN) <1
so that v € S, 4. We compute, keeping in mind that p <1,

Tt = g[8 5 2] < I,

where for the last inequality we use the fact that J[v] > 0. It follows that v is also a
minimizer of J over S, 4, which in turn implies J[0] = J[v] and all inequalities in ([3.12)
are saturated. Appealing to the equality case in Theorem (iv), we see that v is radially
symmetric and v = |v/].

It remains to prove that v and 0,v do not change sign. Indeed, we have

< /Tl v/(s)] ds = /T1 ¥(s) ds = [5(r).

As ||9]|r2(p~y = [Jv]|r2(sy)y, it follows that equality is attained in the above inequality,
i.e. v' does not change sign. As v(1) = 0, it follows also that v does not change sign. [

) = o) o)) = | )
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A The negativity of F. in dimension N € {2,3}
We now give the proof of Proposition |4 on the negativity of F, in dimension N € {2, 3}.

Proof of Proposition[j, We follow ideas from e.g. the proof of [34, Lemma 2.3], [35]
Proposition 4.1], [38, Theorem 1.7]. The main task is to show that there exists v €
C2(BN \ {0}) such thatf]

F.[Vv] = /BN {(AU)Q N 1|V"U|2 dr < 0. (A1)

72

Supposing for the moment that such a v has been found, we proceed to show that
F.[Vv] < 0 for this particular v and for sufficiently small ¢ > 0. Indeed, using the
Hardy decomposition Lemma (7| with the decomposition Vv = fe%, noting that Af, =

Matfe— W' (1= f2)fe, we find
Voy|2 N —1|Vol?
U) — Vel }da:.

rwi= [ 2v(; ER

Since f. — 11in CL.(B™ \ {0}) and v € C?(B"™ \ {0}, we deduce that

lim F,[V] = /

BN

v

N -1
V2 — |Vv|2} dr = F.[Vo] <0,

r2

which gives the conclusion.
It remains to find v € C2(BY\ {0}) satisfying (A.1)). The proof of Theorem [5|suggests
the ansatz -
v(@) = a(r)=—,
r
so that the restriction of v to each sphere centered at the origin is a first eigenfunction
of the Laplace-Beltrami operator on the sphere. Using (3.7) with \; = N — 1, we are

thus led to searching for a € C2((0,1)) such that

[ (R SR LSS TGN P

®Note that CZ(BY \ {0}) is not a dense subspace of HZ(B") in dimension N € {2,3}, hence the
existence of such v does not follow immediately from the sharpness of the Hardy inequality (1.16)).
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We decompose a(r) = r~"z b(r) and compute

1 1 - _ _ 2
/ PN (a2 dr = / r3<b”—N 4y W= 4)1)) dr
0 0

r 42

/0 <r3(b//)2+ <N_2)2(N_4)T‘(b/)2+ (N_2)16(7{V_4) b2> d’l“,

1 1 N—4?
/ N3 () dr = / r(b' — b) dr
0 0 2r
1 2
o "2 (N — 4) 2)
= /0 (r(b) A b= ) dr
We thus need to find b € C>((0,1)) such that

L, N%2 —2N +4 N —4)(N3+ 12N — 1
/0 <T5(b")2 + — + r(b)? + ( I 1;: 6) 62> dr < 0. (A.2)

To this end, we fix a cut-off function ¢ € C*([0,00)) with ¢ = 1 in [0,1/4], ¢ = 0 in
[1/2,00). For j > 20 large to be fixed, we let

B o(r) it r >1/8,
b(r)_{gp(“““i) if0<r<1/8.

4Inlnyj

Then, for some constant C' independent of j, we have

/ 1b2dr2/ i
o T i T 4
1
/ <r3(b”)2 + r(b')2> dr < C.
0
Therefore, as (N — 4)(N3 + 12N — 16) < 0 for N € {2,3}, we can select a sufficiently
large j so that (A.2)) is satisfied. O

References

[1] AMmBRoOSIO, L, DE LELLIS, C., MANTEGAZZA, C. Line energies for gradient vector

fields in the plane. Calculus of Variations and Partial Differential Fquations, 9.4
(1999): 327-355.

[2] ANDRE, N., AND SHAFRIR, I. On nematics stabilized by a large external field.
Rev. Math. Phys. 11, 6 (1999), 653-710.

33



3]

[10]

[11]

[12]

[13]

AVILES, P., GIGA, Y. A mathematical problem related to the physical theory of
liquid crystal configurations. Miniconference on geometry/partial differential equa-
tions, 2 (Vol. 12, pp. 1-17). Australian National University, Mathematical Sciences
Institute.

BECKNER, W. Weighted inequalities and Stein-Weiss potentials. Forum Math. 20,
4 (2008), 587-606.

BErcHIO, E., GazzorLA, F., AND WETH, T. Radial symmetry of positive so-

lutions to nonlinear polyharmonic Dirichlet problems. J. Reine Angew. Math. 620
(2008), 165-183.

BERNIS, F., GARCiA AZORERO, J., AND PERAL, I. Existence and multiplicity of

nontrivial solutions in semilinear critical problems of fourth order. Adv. Differential
FEquations 1, 2 (1996), 219-240.

BETHUEL, F., BrEzis, H., COLEMAN, B. D., AND HELEIN, F. Bifurcation

analysis of minimizing harmonic maps describing the equilibrium of nematic phases
between cylinders. Arch. Rational Mech. Anal. 118, 2 (1992), 149-168.

BETHUEL, F., BrREzIS, H., AND HELEIN, F. Ginzburg-Landau vortices. Progress

in Nonlinear Differential Equations and their Applications, 13. Birkhduser Boston
Inc., Boston, MA, 1994.

BONHEURE, D., CAsTERAS, J.-B., Gou, T., AND JEANJEAN, L. Normalized
solutions to the mixed dispersion nonlinear Schrédinger equation in the mass critical
and supercritical regime. Trans. Amer. Math. Soc. 372, 3 (2019), 2167-2212.

Brezis, H. Symmetry in nonlinear PDE’s. In Differential equations: La Pietra
1996 (Florence), vol. 65 of Proc. Sympos. Pure Math. Amer. Math. Soc., Providence,
RI, 1999, pp. 1-12.

Brezis, H., CoronN, J.-M., AnD LieB, E. H. Harmonic maps with defects.
Comm. Math. Phys. 107, 4 (1986), 649-705.

Cazacu, C. A new proof of the Hardy-Rellich inequality in any dimension. Proc.
Roy. Soc. Edinburgh Sect. A 150, 6 (2020), 2894-2904.

LiN, F.-H. AND CHEN, Y. Remarks on approximate harmonic maps. Commentarii
mathematici Helvetici 70 (1995), 161-170.

ConTI, S. AND DE LELLIS, C. Sharp upper bounds for a variational problem with
singular perturbation. Mathematische Annalen 338, 1 (2007) , 119-146.

34



[15]

[16]

[20]

[21]

[22]

[26]

DE FIGUEIREDO, D. G., AND SIRAKOV, B. Liouville type theorems, monotonicity
results and a priori bounds for positive solutions of elliptic systems. Math. Ann.
333, 2 (2005), 231-260.

DEL PiNo, M., FELMER, P., AND KOWALCZYK, M. Minimality and nondegener-
acy of degree-one Ginzburg-Landau vortex as a Hardy’s type inequality. Int. Math.
Res. Not., 30 (2004), 1511-1527.

DE LeLLIS, C. An example in the gradient theory of phase transitions. ESAIM:
Control, Optimisation and Calculus of Variations, 2002, vol. 7, p. 285-289.

DE LerLis, C., AND OTTO, F. Structure of entropy solutions to the eikonal
equation. J. Eur. Math. Soc. (JEMS) 5, (2003), 107-145.

DESIMONE, A., MULLER, S., Koun, R. V., OrTO, F. A compactness result
in the gradient theory of phase transitions. Proceedings of the Royal Society of
Edinburgh Section A Mathematics, 2001, vol. 131, no 4, p. 833-84411 (2002), 1408—
1460.

DESIMONE, A., KouN, R. V., MULLER, S., AND OTTO, F. A reduced theory
for thin-film micromagnetics. Comm. Pure Appl. Math. 55, 11 (2002), 1408-1460.

Ebpmunps, D. E., FORTUNATO, D., AND JANNELLI, E. Critical exponents, crit-

ical dimensions and the biharmonic operator. Arch. Rational Mech. Anal. 112, 3
(1990), 269-2809.

FERRERO, A., GAZZOLA, F., AND WETH, T. Positivity, symmetry and unique-

ness for minimizers of second-order Sobolev inequalities. Ann. Mat. Pura Appl. (4)
186, 4 (2007), 565-578.

FrANK, R. L., LENZMANN, E.; AND SILVESTRE, L. Uniqueness of radial solutions
for the fractional Laplacian. Comm. Pure Appl. Math. 69, 9 (2016), 1671-1726.

GazzoLA, F., GRUNAU, H.-C., AND SQUASSINA, M. Existence and nonexis-

tence results for critical growth biharmonic elliptic equations. Calc. Var. Partial
Differential Equations 18, 2 (2003), 117-143.

GAzzoLA, F., GRuNAU, H.-C., AND SWEERS, G. Polyharmonic boundary value
problems, vol. 1991 of Lecture Notes in Mathematics. Springer-Verlag, Berlin, 2010.
Positivity preserving and nonlinear higher order elliptic equations in bounded do-
mains.

GHOUSSOUB, N., AND MORADIFAM, A. Bessel pairs and optimal Hardy and
Hardy-Rellich inequalities. Math. Ann. 349, 1 (2011), 1-57.

35



[27]

28]

[29]

[30]

[31]

Gro1a, G., AND JAMES, R. D. Micromagnetics of very thin films. Proc. Roy. Soc.
London A 453 (1997), 213-223.

GRAVEJAT, P., PACHERIE, E., AND SMETS, D. On the stability of the Ginzburg-
Landau vortex. Proc. Lond. Math. Soc. (3) 125, 5 (2022), 1015-1065.

GUSTAFSON, S. Symmetric solutions of the Ginzburg-Landau equation in all di-
mensions. Internat. Math. Res. Notices, 16 (1997), 807-816.

HaNg, F. B., AND LiN, F. H. Static theory for planar ferromagnets and antifer-
romagnets. Acta Math. Sin. (Engl. Ser.) 17, 4 (2001), 541-580.

HERVE, R.-M., aAND HERVE, M. Etude qualitative des solutions réelles d’une
équation différentielle liée a I’équation de Ginzburg-Landau. Ann. Inst. H. Poincaré
Anal. Non Linéaire 11, 4 (1994), 427-440.

IaNAaT, R. A survey of some new results in ferromagnetic thin films. In Séminaire:
FEquations aux Dérivées Partielles. 2007-2008, Sémin. Equ. Dériv. Partielles. Ecole
Polytech., Palaiseau, 2009, pp. Exp. No. VI, 21.

IgNAT, R. AND MONTEIL, A. A De Giorgi type conjecture for minimal solutions
to a nonlinear Stokes equation. Comm. Pure Appl. Math. 73 (2020), 771-854.

IeNaT, R., AND NGUYEN, L. Local minimality of R"-valued and S"-valued
Ginzburg-Landau vortex solutions in the unit ball BY. Ann. Inst. H. Poincaré
Anal. Non Linéaire 41, 1 (2024), 663-724.

IeNAT, R., NGUYEN, L., SLASTIKOV, V., AND ZARNESCU, A. Stability of the
vortex defect in the Landau-de Gennes theory for nematic liquid crystals. C. R.

Math. Acad. Sci. Paris 351, 13-14 (2013), 533-537.

IeNAT, R., NGUYEN, L., SLASTIKOV, V., AND ZARNESCU, A. Uniqueness results
for an ODE related to a generalized Ginzburg-Landau model for liquid crystals.

STIAM J. Math. Anal. 46,5 (2014), 3390-3425.

IenaT, R., NGUYEN, L., SLASTIKOV, V., AND ZARNESCU, A. Stability of the
melting hedgehog in the Landau-de Gennes theory of nematic liquid crystals. Arch.
Ration. Mech. Anal. 215, 2 (2015), 633-673.

IeNAT, R., NGUYEN, L., SLASTIKOV, V., AND ZARNESCU, A. Instability of point

defects in a two-dimensional nematic liquid crystal model. Ann. Inst. H. Poincaré
Anal. Non Linéaire 33, 4 (2016), 1131-1152.

36



[39]

[40]

IeNnAT, R., NGUYEN, L., SLASTIKOV, V., AND ZARNESCU, A. Uniqueness of

degree-one Ginzburg-Landau vortex in the unit ball in dimensions N > 7. C. R.
Math. Acad. Sci. Paris 356, 9 (2018), 922-926.

IeNAT, R., NGUYEN, L., SLASTIKOV, V., AND ZARNESCU, A. On the uniqueness
of minimisers of Ginzburg-Landau functionals. Ann. Sci. Ec. Norm. Supér. (4) 53,

3 (2020), 589-613.

IaNnaT, R., AND Rus, M. Vortex sheet solutions for the Ginzburg—Landau sys-
tem in cylinders: symmetry and global minimality. Calc. Var. Partial Differential
FEquations. 63, 1 (2024), 22pp.

JAGER, W., AND KAUL, H. Rotationally symmetric harmonic maps from a ball
into a sphere and the regularity problem for weak solutions of elliptic systems. J.
Reine Angew. Math. 343 (1983), 146-161.

JIN, W., KOHN, R. Singular perturbation and the energy of folds. Journal of
Nonlinear Science, 2000, vol. 10, p. 355-390.

Lamy, X., AND MARCONI, E. Stability of the vortex in micromagnet-

ics and related models.  Ann. Sc. Norm. Super. Pisa Cl. Sci. in press,
https://doi.org/10.2422/2036-2145.202209 012 (2023).

LENZMANN, E.; AND SOK, J. A sharp rearrangement principle in Fourier space
and symmetry results for PDEs with arbitrary order. Int. Math. Res. Not. IMRN,
19 (2021), 15040-15081.

L1, X., AND MELCHER, C. Stability of axisymmetric chiral skyrmions. J. Funct.
Anal. 275, 10 (2018), 2817-2844.

LieB, E. H., AND Lo0ss, M. Symmetry of the Ginzburg-Landau minimizer in a
disc. In Journées “Equations aux Dérivées Partielles” (Saint-Jean-de-Monts, 1995).
Ecole Polytech., Palaiseau, 1995, pp. Exp. No. XVIII, 12.

LiN, F.-H. A remark on the map z/|z|. C. R. Acad. Sci. Paris Sér. I Math. 305,
12 (1987), 529-531.

LORENT, A. A simple proof of the characterization of functions of low Aviles Giga
energy on a ball via regularity. ESAIM Control Optim. Calc. Var. 18, 2 (2012),
383-400.

LORENT, A. A quantitative characterisation of functions with low Aviles Giga
energy on convex domains. Ann. Sc. Norm. Super. Pisa Cl. Sci. (5) 13, 1 (2014),
1-66.

37



[51]

[52]

[53]

[54]

MiLror, V., AND PISANTE, A. Symmetry of local minimizers for the three-
dimensional Ginzburg-Landau functional. J. Eur. Math. Soc. (JEMS) 12, 5 (2010),
1069-1096.

MIrRONESCU, P. On the stability of radial solutions of the Ginzburg-Landau equa-
tion. J. Funct. Anal. 150, 2 (1995), 334-344.

MIRONESCU, P. Les minimiseurs locaux pour I’équation de Ginzburg-Landau sont
a symétrie radiale. C. R. Acad. Sci. Paris Sér. I Math. 323, 6 (1996), 593-598.

Nakajmma, T. Singular points of harmonic maps from 4-dimensional domains into
3-spheres. Duke Math. J. 151 (1) (2006), 531-543.

NaADIRASHVILI, N. S. Rayleigh’s conjecture on the principal frequency of the
clamped plate. Archive for rational mechanics and analysis 129, 1 (1995), 1-10.

OvCcHINNIKOV, Y. N., AND SicAL, I. M. Ginzburg-Landau equation. 1. Static
vortices. In Partial differential equations and their applications (Toronto, ON,
1995), vol. 12 of CRM Proc. Lecture Notes. Amer. Math. Soc., Providence, RI,
1997, pp. 199-220.

PACARD, F., AND RIVIERE, T. Linear and nonlinear aspects of vortices, vol. 39

of Progress in Nonlinear Differential Equations and their Applications. Birkhéuser
Boston, Inc., Boston, MA, 2000. The Ginzburg-Landau model.

P1saANTE, A. Two results on the equivariant Ginzburg-Landau vortex in arbitrary
dimension. J. Funct. Anal. 260, 3 (2011), 892-905.

Poriakovsky, A. Upper bounds for singular perturbation problems involving
gradient fields. J. Eur. Math. Soc. (JEMS) 9 (2007), 1-43.

SANDIER, E., AND SHAFRIR, I. On the uniqueness of minimizing harmonic maps to
a closed hemisphere. Calc. Var. Partial Differential Equations 2,1 (1994), 113-122.

ScHOEN, R., UHLENBECK, K. Regularity of minimizing harmonic maps into the
sphere. Inventiones mathematicae 78 (1984), 89-100.

TALENTI, G. On the first eigenvalue of the clamped plate. Annali di Matematica
Pura ed Applicata 129 (1981), 265-280.

TERTIKAS, A., AND ZOGRAPHOPOULOS, N. B. Best constants in the Hardy-
Rellich inequalities and related improvements. Adv. Math. 209, 2 (2007), 407-459.

38



[64] TREVES, F. Basic linear partial differential equations. Pure and Applied Math-
ematics, Vol. 62. Academic Press [Harcourt Brace Jovanovich, Publishers|, New
York-London, 1975.

39



	Introduction
	The Aviles–Giga model
	The SN-valued Ginzburg–Landau model
	The extended model
	Ideas of the proofs

	First proof of main results
	Proof of Theorem 3
	Proof of Theorems 1 and 2

	Symmetrization and second proof of main results in dimension N 5
	A symmetrization of scalar functions
	A symmetrization of gradient fields and proof of Theorem 5
	Second proof of Theorems 1, 2 and 3 in dimension N5
	Symmetry for solutions to a nonlinear eigenvalue problem

	The negativity of F in dimension N {2,3}

