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ON A GALLAI-TYPE PROBLEM AND ILLUMINATION OF SPIKY BALLS
AND CAP BODIES

ANDRII ARMAN, ANDRIY BONDARENKO, ANDRIY PRYMAK, AND DANYLO RADCHENKO

ABSTRACT. We show that any finite family of pairwise intersecting balls in E™ can be pierced by
(v/3/2 4 0(1))" points improving the previously known estimate of (2+0(1))". As a corollary,
this implies that any 2-illuminable spiky ball in E® can be illuminated by (1/3/2 + o(1))"
directions. For the illumination number of convex spiky balls, i.e., cap bodies, we show an
upper bound in terms of the sizes of certain related spherical codes and coverings. For large
dimensions, this results in an upper bound of 1.19851™, which can be compared with the
previous (v/2 + 0(1))™ established only for the centrally symmetric cap bodies. We also prove
the lower bounds of (% —o(1))™ for the three problems above.

1. INTRODUCTION AND MAIN RESULTS

Let F be a collection of sets, we say that a set of points P pierces F (or that P is a piercing
set for F) if for any F' € F we have PN F # (). Finding the smallest piercing set for a given
collection F is a hard problem, even when F satisfies some additional intersection properties.
We refer an interested reader to the survey [10] about the so called Hadwiger-Debrunner (p, q)-
type questions, and for most of this paper we concentrate on the case when F is a collection of
pairwise intersecting balls in E".

Gallai raised a question of finding the minimal cardinality of a piercing set for arbitrary finite
family of pairwise intersecting planar discs. This planar problem was solved by Danzer [9], who
showed that for any such collection of discs, there is a piercing set of cardinality at most 4, and
that 4 is the best possible. See also [I1] for some related results in the plane.

More generally, define GG,, as the smallest integer such that for any finite family F of pairwise
intersecting closed balls in E™ there exists a piercing set P of cardinality G,,. The best known
asymptotic upper bound on Gy, is G,, < (2 4 o(1))", see [10, (4.4)]. This bound was obtained
through Danzer’s reduction to the spherical coverings by caps of angular radius 7/6, and
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subsequent use of Rogers’s estimate on the number of such caps needed to cover the entire
sphere.

In this paper we obtain new bounds on G,,. The main idea is to reduce the problem to the
situation when the balls have almost equal radii and subsequently invoke the result of Bourgain
and Lindenstrauss [6] on covering a set by balls of the same diameter. Consequently, we obtain
a much better exponent.

Theorem 1. G, < (1/3/2+ 0o(1))", i.e., any finite family of pairwise intersecting closed balls
in E™ can be pierced by (1/3/2+ o(1))" points.

We now proceed with preliminaries needed to discuss applications of Theorem [I] to certain
illumination problems.

For a compact K in E™ a point 2 on the boundary of K is illuminated by a direction v € S*~!,
where S"7! is the unit sphere in E", if the half line originating at « in the direction of w intersects
the interior of K at points arbitrarily close to x. The illumination number I(K) of K is the
smallest number of directions needed to illuminate all boundary points of K. A convex body in
[E™ is a convex compact set in E™ with non-empty interior. A major open question in discrete
and convex geometry is to determine the largest value of I(K) where K is a convex body in
E™.

It was conjectured by Hadwiger [12] and Boltianski [5] that this value is 2" with equality
attained only for affine copies of the hypercube. An interested reader is referred to the survey [4],

however, several new results have been obtained since then, including the currently best known
—CNn
log® n
Verification of the conjecture, or estimates of the illumination number, for particular classes of

asymptotic upper bound exp( )4™ in [§] and some results in small dimensions [15], [16], [2].
convex bodies or compact sets are also of great interest. Here we will study illumination of cap
bodies and spiky balls continuing research started in a recent work [3] of Bezdek, Ivanov and
Strachan.

Let B™ denote the unit ball in E”, ||- || the Euclidean norm, conv(-) the convex hull, C(z, o) =
{y € S*' : x -y > cosa} the open spherical cap with center x € S"~! of angular radius
a € (0,7), and Clz,a] = {y € S"' : x -y > cosa} be the corresponding closed cap.

For any points z1, ..., z, € E"\ B", we define a spiky ball as

Splx1, ..., xp] = Uconv (B" U{z;}).
i=1
Without loss of generality, we will assume below that each x; is a vertex of the spiky ball, i.e.,
Splzi,.. -, Tm] # SplT1,. ., i1, Tis1,- -, Tm|. Bach “spike” has the base B(z;) := S"' N
Sp [2:] = Clp5, arccos m] We will refer to this cap as the cap associated with z;.
Coverings of the sphere arise naturally in estimates of the illumination numbers of spiky
balls. For 0 < § < Z and A C S*7', the covering number N(A,n,6) is the smallest number of

closed spherical caps of angular radius 6 required to cover A. We set N(n,0) := N(S""1,n,0),
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and it is known (e.g., Rogers [17] or Boroczky-Wintsche [7]) that for a fixed 0, as n — oo we
have

(1.1) N(n,0) = ( :

In general, a spiky ball may have arbitrarily large illumination number. A natural class

of spiky balls was suggested in [3] by Bezdek, Ivanov and Strachan. Namely, a spiky ball is
2-illuminable if any two of its vertices can be illuminated by a single direction. With

I, = max{I(K) : K is 2-illuminable spiky ball in E"},

it was shown in [3] that I, <3+ N(n —1,7/6) for n > 4, which implies I;,, < (2 + o(1))™.
In fact, using a stereographic projection, it was shown in the proof of [3, Th. 2(iii)] that
I, <2+ G,_1, and then Danzer’s bound G,,—1 <14 N(n — 1,7/6) was applied. Combining
the inequality I, < 24 G),—1 with Theorem [[limmediately implies the following improvement.

Corollary 2. [, < (1/3/24 o(1))™.

Let us now discuss lower bounds on I, and G,. Let B,, be the smallest integer such that
any finite point set of diameter 1 in E™ can be covered by B, closed balls of diameter 1. It is
rather immediate to observe that GG;, > B,,, while the inequality I, > 14 B,,_; was established
in the proof of [3, Rem. 5. We have recently showed [I, Th. 2] that B, > (2/v/3 — o(1))".
Therefore, we have the following lower bounds.

Corollary 3. G, > (% — o(1))" and I, > (% —o(1))".

w

Numerically, % ~ 1.1547 while \/g ~ 1.2247. It may be a challenging problem to find the
asymptotic behaviour of both G, and I;,, or even to obtain an exponential improvement of
the presented above lower/upper bounds.

We proceed with illumination of cap bodies. Cap body is a spiky ball which is a convex

body. Similarly to I ,, we introduce
I., - =max{I(K): K is a cap body in E"}, and
1) = max{I(K) : K is a centrally symmetric cap body in E"}.

c,n

Clearly, 1) < I.,,. The estimate 18 <24 N(n —1,7/4), n > 4, implying the asymptotic
18) < (V2 + 0(1))", was obtained in [3].

In order to obtain new upper bounds on I.,, we use a combination of covering and packing
(spherical codes) bounds. For 0 < § < 7, let M(n,#) denote the maximal number of non-
overlapping open spherical caps of S”~! with angular radius /2 (having 6-separated centers).

Theorem 4. For all o € (0,7/2) we have I.,, < M(n,2a) + N(n,7/2 — ).

Using the best known asymptotic upper bound on spherical codes due to Kabatjanskii and
Levenstein [13], as well as the classical Roger’s estimate [I7] on spherical covers, we obtain a
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new upper bound on /.,, and, consequently, an exponential improvement on the upper bound
for 185,

Theorem 5. The estimate
Ien < (o= +o(1)"

Cos &

holds, where o = 0.583808 is the solution of the equation
1+sin 2« 1—sin 2«

(1.2) 1 _ (1—|—sin2a) 2sin2a < 2 sin 2cv ) 2sin2a C0<a< z

CoS & 2sin 2« 1 — sin 2« 4

In particular, 1., < 1.19851", n > ny.

Both I..,, and I%}) grow exponentially in n. Naszédi [14] showed IS5 > (1.116 — o(1))". Using
the construction from [Il Th. 2|, we improve this bound as follows.

Theorem 6. 1) > (Z — o(1))".

As for G,, and I, it is compelling to find the asymptotic behaviour of /., and Ic(iz, or to
get a better exponential bounds and narrow the gap between % ~ 1.1547 and 1.19852.

We prove Theorem [l in Section 2, Theorem [4] and Theorem [B in Section [3, and Theorem
in Section [l

2. UPPER BOUND ON (GALLAI’S NUMBER G,

Throughout this section we assume n > 2.

Lemma 7. IfB" and rB" +x intersect, where r > 2, then (28" 1) N (rB"+x) contains a closed

spherical cap 2Cly, o of angular radius a > arccos 42(::51’).

Proof. If x = 0, then the conclusion trivially holds. Otherwise, we can move the ball rB" + x
away from the origin until it touches B", namely, we replace z with (r+ 1)”:“;—” With this change,
the intersection (2S"7!) N (rB™ + x) only gets smaller. Then we have (25"7!) N (rB" + z) =
QC[ﬁ,a], where «a satisfies (2)2 + (r + 1)2 — 4(r + 1)cosa = r?, leading to the required

bound. O

Lemma 8. If /1 — % < <1, r1,1m2 >0, then any ball of radius vy in E™ can be covered by

2n balls of radius 1.

Proof. Applying the appropriate homothety, we can assume that 7o = 1. Place the centers of
the smaller balls at the 2n points, whose one coordinate is :I:ﬁ and the other coordinates are
zeroes. Let © = (x1,...,x,) € B". By symmetry, we can assume that |z1| = maxeq1,._ny |74
and z1 > 0, which gives
1 1 2 1 1
1 2 2 2
x—(—,0,....0)| = |z|f —201—=+—<||z||* — —||z]| + = <1 — —,
o= (0o O = ol = 2m1—= + < ol = = + 7 <1

implying the required covering property. U
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Proof of Theorem [l Let F be the given family of balls. We can assume that the smallest ball
in F is B". For an interval I C [1,00), let F; denote the sub-collection of F consisting of all
balls with radius in I.

We first pierce all balls from Fj, o). Since arccos 2222 = £ — O(2), by (L), there exists a

4(n+1) 3
cover of the sphere 25"! by a, < (% +0(1))" closed caps of angular radius arccos 42(21‘;’). Let
Cy be centers of these caps. By Lemma [7], any rB" + = with r > n contains a cap of angular

2n+5
4(n+1)°

radius at least arccos and such cap contains at least one point of Cy. So Cj pierces the
set Fin,o0)-

Now, denote \ := (1 — %)_1/2, then A > 1 and let ¢ be the smallest integer with \' > n. For
each k, 1 < k <, consider the set X; of the centers of the balls from Fjys-1 yx). Since any two
balls in Fpys-1 ») intersect, the diameter of Xj, is at most 2\*. By [6], any set of diameter d
in R” can be covered by at most (1/3/2 + o(1))" balls of diameter at most d, so it is possible
to cover X, by at most b, < (1/3/2 + o(1))" balls of radius \*. Now, by Lemma [, every ball
of radius A\* can be covered by 2n balls of radius A\*~*. So X}, can be covered by 2nb, balls of
radius \*~! with centers of these balls forming a set Cj. So every ball in Fiak—1 k) will contain
at least one point of C, so Cy pierces Fiyr-1 zk).

All together, for F = F; o) we constructed a piercing set Cp U Cy U ...C; of cardinality
ay, + 2ntb,, which, by t < (2 + o(1))nlogn, gives the desired bound. O

3. UPPER BOUNDS ON ILLUMINATION OF CAP BODIES

A spiky ball Sp [x1,...,2,] is a cap body if and only if the open caps associated with z;
are mutually disjoint. The following proposition, which we will only use for the cap bodies, is
straightforward and can also be found in [3| Lemma 10 (b)]. Here the positive hull of vectors

{i ?:1 is {Zle Aiyi © A € (0,00)}.

Proposition 9. A spiky ball Sp[x1,...,xw) is illuminated by directions {y;}¥_, < S*™" pro-
vided the positive hull of {y;}s_, is E" and C(— [os g — Arccos m) N{y;}h_y # 0 for each i,
1< <m.

Our approach to illumination of cap bodies is the following. The vertices which are “close”
to the sphere S"~! can be illuminated by a system of directions which are centers of the
corresponding covering system of caps (independent of the vertices). The vertices which are
“far” from the sphere can be illuminated using one direction per each vertex. As the latter

vertices must be separated due to convexity, their number can be estimated using bounds on
M(n,0).

Proof of Theorem[]] Let K = Sp[z1,...,x,] be a cap body. We can assume

1
lzall = fleall = - = law]] =2 —— > Jlzpgall = -+ = [Jeml]
(o)}



6 ANDRII ARMAN, ANDRIY BONDARENKO, ANDRIY PRYMAK, AND DANYLO RADCHENKO

As K is convex, C'(-2:, arccos T ”) 1 < i < k, are mutually disjoint. Hence, any two points

llr [K

from U, := {— I ”}k , are at least 2« apart. Thus, |U;| < M(n,2«a), and U; N C(— I
arccos - ”) #0 for alli € {1,...k}.
Let Uy be a set of N(n, 5 — a) centers of caps of angular radius § — « covering the whole

sphere. Since for all i € {k: +1,...,m} we have C'(—
we also have Uy N C'(—
hull of U, is E™.

By Proposition @, U; U U; illuminates K, so I(K) < M(n,2a) + N(n, 5 — ).

ez — @) S Oy 3

[os 5 — ATCCos - ”) # 0 forie {k+1,...,m}. Moreover, the positive

— arccos ”)

Proof of Theorem[d. The proof is based on Theorem @], we only need to minimize M (n,2«) +
N(n,m/2 — «), where 6 € (0,7/2).

We use an asymptotic upper bound on M(n,#) due to Kabatjanskii and Levenstein [13].
Namely, for fixed 0 < 6 < § and n — oo, with

1+sinf 1+sinf 1—sinf 1 —sinf
0 — 0
2sin 6 &2 2sin 0 2sin 6 &2 2sinf ’

KL(9) =
one has
(3.1) L1og, M(n,0) S KL(6),
n

where for positive f(n), g(n), we write f < g if f(n) < g(n)+ o(1) as n — 0.
With fixed 6 and large n, by (LI,

1
(3.2) - logy N(n,w/2 — 0) < —log, cos 6.

The functions f(z) = KL(2z), z € (0,7/4), and g(z) = —log, cosz, x € (0,7/4), are strictly
decreasing/increasing, respectively, with f(0+) — g(04) = oo and f(r/4—) — g(7/4—) = —3.
Thus f(x) = g(z), and equivalently (I.2)), has a unique solution «. So by Theorem @] (3.1])
and (3.2), we obtain I(K) < (==+0(1))". The numeric approximation for a can be obtained by

use of computer. With z = 0.583808, we computationally have max{ f(z), g(z)} < 1.19851. O

Remark 10. The bound (B)) can be improved for the range 6 < 6* ~ 63° using a connection
between sizes of spherical codes for different angles, see [13, Cor. 1]. Our optimal value of
0 = 2a ~ 66.9° is sufficiently far from this range so that using [13], Cor. 1] instead of ([B.1]) does
not improve the bound in Theorem [l

4. LOWER BOUND ON I
Proof of Theorem[@. For any ¢ € (0,7/6), by [I, Lemma 2| with ¢ = 7/3 + ¢ and ¢ = 7/3,

1+o0(1)
sin(w/34¢)

distance between any two distinct points of X is between 7/3 and 27 /3, and (b) every point

there exists a finite set X C S"! of cardinality > ( ) satisfying: (a) the angular
of S™7! is contained in at most O(nlogn) spherical caps Clz,7/3 + €], z € X.

We now can take Y = X N —X which still satisfies (b), and additionally satisfies (c): the
angular distance between any two distinct points of X is at least 7/3. Now if Y = {z;}7,,



ON A GALLAI-TYPE PROBLEM AND ILLUMINATION OF SPIKY BALLS AND CAP BODIES 7

define K := Sp [%a:l, o %Im] The cap associated with %il is then C[x;,7/6], so by (c)
the spiky ball K is a centrally symmetric cap body. A direction u € S"~! illuminates precisely
those %xl for which —u € C(x;,7/3). Therefore, by (b), each direction illuminates at most

O(nlogn) vertices, and we obtain I(K) > (%) /O(nlogn). Taking € > 0 arbitrarily

small completes the proof. O
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