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Abstract
This paper shows a simple performance evaluation of rectangular cross section air core solenoids based
on analytical approach validated on prototypes. The asymptotic behaviors of the quality factor as a
function of geometrical parameters show the theoretical range of inductance and resistance of solenoids
made out of planar substrate like Printed Circuit Board.

1 Introduction
The renewed interest in VHF converters [1] comes
in part from the need to miniaturized the low power
switch-mode power supply without sacrificing the
efficiency [2], [3], and to improve wireless power
transfer [4], [5]. The goal of this paper is to present
a way to increase the mass power density of very
high frequency (VHF) converters thanks to air core
inductors without sacrificing the efficiency. In the
literature one of the most used technology is the in-
ductor integrated in the Printed Circuit Board (PCB)
[6]–[10]. Numerical optimization is used to find the
inductor with the best Q factor in [6], [7], [10], some-
times in conjunction with Finite Element software
for solenoids [6], [8] and for ring cores [9]. None of
the papers cited before has quantify the theoretical
limit of Q factor one can achieve with PCB inductor
technology. This paper addresses the theoretical
limits of the Q factor of a rectangular cross-section
solenoid for a given substrate thickness and area,
which is very important to assess the potential of
the air core technology for VHF power conversion
with functionalised PCB [6], [7], [9], [10]. First the
model of the Q factor of air core solenoids with a
rectangular cross section is derived. Second, this
model is used to study the theoretical limit of the Q
factor and experiments are performed to validate
the results. Third, experimental results of air core
solenoids inside a VHF converter are presented.

Finally, some conclusions and perspectives are pre-
sented.

2 Modelling of the Solenoid
2.1 Geometrical Description
A solenoid with a rectangular cross-section and
made with copper tape is considered hereafter and
drawn in the Figure 1, with t the thickness of the
substrate, wt the width of the trace, wti the width of
the trace at the edge, st the interturn space, θ the
angle between the traces and the cross-section, w
the width of the solenoid, l its length, Stop = l · w
its footprint area, k = l/w its form factor and N the
number of turns. Some of the preceding variables

Fig. 1: Drawing of the rectangular cross-section
solenoid with exaggerated inter-turns space st.

are linked by the following equations:

wti =
wt

cos (θ)
, (1)
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l = N · (wti + st) + wti, (2)

wti + st = 2 · (h+ w) · tan (θ) . (3)

It is possible to express θ as a function of input
parameters N, l, st such that

θ = arctan

(
l−st
N+1 + st

2πr

)
. (4)

2.2 Inductance, Resistance and Q Factor
The parasitic capacitance of the solenoid is ne-
glected. Its inductance is defined by

L = µ0N
2 tw

l
= µ0N

2 t

k
, (5)

with µ0 the permeability of the vacuum. The direct
current (DC) resistance of the component is

RDC = ρ · 2 ·N · (t+ w)

tCu · wt · cos (θ)
, (6)

with ρ the copper resistivity and tCu its thickness.
The alternating current (AC) resistance is approxi-
mated as the resistance of the skin depth δ(f) along
the conductor (if the thickness of the conductor is
greater than the skin depth at the considered fre-
quency, proximity effects are neglected) and de-
fined by

RAC =
tCu

δ(f)
RDC . (7)

The Q factor is defined as

Q =
2πfL

RAC
. (8)

3 Performance Evaluation
The evaluation of performance consists of studying
the variation of the Q factor as a function of the
geometrical parameters of the solenoids to assess
the potential of the technology. The Q factor is fre-
quency dependent. Since the ultimate goal of the
paper is to design an inductance for a VHF con-
verter, all computations and results are presented
at the frequency 27.12 MHz of the second harmonic
of the converter which is filtered by a parallel LC
branch.

3.1 Asymptotic Behaviors
Assuming θ is small leads to wt ≈ wti and cos(θ) ≈
1 and substituting wti thanks to Equation (2) leads
to the approximation Q ≈ Qa with

Qa =
πfµ0 · δ(f)

ρ
· N

N + 1
· tw

t+ w
· l −N · st

l
. (9)

It is also possible to rewrite the previous equation
with k and Stop such that

Qa =
πfµ0δ(f)

ρ
· N

N + 1
· t

t ·
√

k
Stop

+ 1

·

(
1− N · st√

k · Stop

) (10)

The theoretical maximum Q factor for a given PCB
thickness Qmax is defined thanks to the following
assumptions: the number of turns is large enough
such that

N

N + 1
∼

N≫1
1, (11)

the width w is greater than the substrate thickness
t such that

β =
tw

t+ w
∼

w≫t
t, (12)

the inter-tuns space st is small enough in compari-
son to l such that

l −N · st
l

∼
N ·st≪l

1, (13)

and the skin depth is

δ(f) =

√
ρ

πfµ0
. (14)

These asymptotic behaviors ( N ≫ 1, w ≫ t,
N · st ≪ l ) lead to

Qa ∼ Qmax =
t

δ(f)
=

√
πfµ0

ρ
· t, (15)

meaning that the thickness of the PCB t is the
main parameter to increase the Q factor. This is
experimentally verified in the Figure 2 where two
solenoids of same parameters apart thickness have
been characterized. The solenoids are depicted in
the Figure 3 and the details about their dimensions
and electrical performances are given in the Table 1.
An impedance analyzer E4990A equipped with the
adapter 42942A and the socket 16092A has been
used for Q measurement. The adapter has been
calibrated with open, short, load and low loss stan-
dards and the socket has been compensated for
open and short parasitic impedances to ensure the
accuracy of the measurement of Q factor.



Tab. 1: Dimensions and electrical characteristics of the tested solenoids at f = 27.12MHz.

Id. t (mm) w (mm) l (mm) N L (nH) R (mΩ) Q

A1 2 17 17 6 104 187 95
A2 2 21 21 6 113 214 89
A3 2 24 24 6 109 173 107

B1 2 24 22 4 58 93 107
B2 2 24 24 9 231 428 92

T5 5 24 24 6 222 224 168

2 mm 4 mm 6 mm

Substrate thickness t

200

400

Q

Mod.

Meas.

Fig. 2: Evolution of Q for two different substrate thick-
ness t at f = 27.12MHz.

Fig. 3: Photograph of the solenoids characterised in the
Figure 2, with (l = w = 2.4mm, st = 0.5mm,
N = 6).

3.2 Evolution of Q as a Function of Foot-
print Area Stop

According to Equation (5) the inductance is only a
function of the number of turns, the thickness and
the form factor. Since L is independent of Stop, it is
possible to study the evolution of Q as a function
of Stop for a given inductance L. The Equation (10)
shows that Qa is increasing monotonically for an
increasing footprint surface Stop. The theoretical
evolution is plotted in the Figure 4 alongside three
measurement points (A1, A2, and A3). The pho-
tographs of the characterized solenoids A1, A2, and
A3 are presented in the Figure 5. The Figure 4
shows the asymptotic behavior of Q which reaches

N

N + 1
·Qmax, (16)
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Fig. 4: Evolution of Q as a function of Stop for given
frequency f , st, L and t.

Fig. 5: Photograph of the solenoids A1, A2 and A3 char-
acterized in Figure 4.

as Stop tends to +∞. The Q factor tends to a
limit as Stop increases. This asymptotic beha-
vior shows that increasing Q factor once the
thickness has been fixed is possible but at the
expense of a large footprint area.

3.3 Evolution of Q as a Function of the
Number of Turns N

Once the thickness is fixed, the maximum Q factor
that one can achieve on a given footprint area Stop

and form factor k is defined by the optimal number
of turns Nopt. The optimal value is defined when



the derivative

dQa

dN
=

β

δ
·
−st ·N2 − 2 · st ·N +

√
k · Stop√

k · Stop · (N + 1)2
, (17)

cancels. This is the case for

Nopt =

√√
k · Stop + st

st
− 1. (18)

the evolution of Q as a function of the number of
turn for given Stop, t, k is shown in the Figure 6.
Three solenoids (B1, A3, B2) have been realized
and characterized to validate experimentally the
optimal number of turns. They are depicted in the
Figure 7.
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Fig. 6: Evolution of Q as a function of N for fixed thick-
ness t = 2mm, surface Stop = 5.76 cm2, form
factor k = 1 and frequency f = 27.12MHz.

Fig. 7: Photograph of the solenoids B1, A3 and B2
characterized in Figure 6, with l = 2.4 cm, w =
2.4 cm,
t = 2mm, st = 0.5mm.

For this specific case the optimal number of turns
is 6. Around this value the evolution of Q is flat
which can explain why the measurements do not
show clearly the optimal number of turns. The
discrepancy between point B2 and model value
(roughly 20 %) might be due to the irregularities on
the width wt of the copper tape cut by hand. Indeed,
in this case, a 20 % error on the width of the tape
(2 mm) is equal to 400 µm.

3.4 Optimal Q on a Given Footprint Area
Stop and Thickness t

According to the previous results there is an optimal
Q for given surface and thickness. This optimal Q is
approximated by injecting Eq. (18) in Eq. (10) such
that

Qa,opt =
β

δ
· 1√

k · Stop

·
(√

k · Stop + 2 · st

− 2 ·
√

st ·
(√

k · Stop + st

))
.

(19)
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Fig. 8: Evolution of Qa,opt as a function of the thickness
t and the footprint area Stop.
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Fig. 9: Evolution of the inductance at Nopt as a function
of the thickness t and the top surface Stop.

The evolution of Qa,opt as a function of the thickness
t and the top surface Stop is plotted in Figure 8.
According to Equation (10), under the assumption



that st is small in comparison to l =
√
k · Stop, the

Q factor is greater for greater Stop and reaches
Qmax when Stop → ∞ as presented in the Figure 8.
Then the corresponding inductance is computed
and plotted in the Figure 9. These two figures
show that the Q factor of planar solenoids reaches
limit (Q ≈ 200) for a size compatible with Printed
Circuit Board (PCB) process. It shows also that the
achievable range of inductance with good quality
factor is quite short, roughly 10 nH to 2 µH.

4 Solenoids Tested Inside a VHF
Converter

The converter under test is a ΦE2 previously de-
signed in [11]. The circuit diagram of the converter
is presented in the Figure 10. The converter is
made out of an inverter and a rectifier linked by a
resonant series tank Ls−Cs. The inverter achieves
naturally Zero Voltage Switching (ZVS) when sized
properly [12]. The low voltage stress on the tran-
sistor is ensured thanks to the LMR − CMR branch
which resonates at two times the fundamental fre-
quency of the converter. This filtering of the second
harmonic ensures a maximum voltage of 2 · VIN

on the transistor. The converter has been initially

Fig. 10: Circuit diagram of the VHF converter.

designed with inductors made out of magnetic ma-
terial (iron powder Micrometal Mix-2) as presented
in Figure 11 a. Two inductors (LMR and Ls) have
been replaced by air core solenoids to show the
performance and the limits of the air core techno-
logy. The air core solenoids have been designed
with the following parameters and constraints: the
thickness is fixed at t = 5mm, the length l is fixed
by the available space on the existing layout. Then
the width w and the number of turns N are chosen
to obtain the desired inductance value with Eq. (5)
while keeping a reasonable volume and a small
RAC . The designed solenoids are sub-optimized
because of the existing constraint on the length.
The measured inductance and Q values are shown
in the Table 2. The LMR inductance has been
measured at 27.12 MHz because the MR branch
resonates at the second harmonic. This air core

Tab. 2: Measured inductance L and Q factor of the in-
ductors LMR and Ls.

L (nH) Q factor

Inductor f (MHz) core air core air

LMR 27.12 217 206 167 122
Ls 13.56 420 325 265 122

inductor shows similar performances to the core
one with a relative difference on the inductance
value of −5 % and relative difference on Q value of
−27 %. The Ls inductor on the other hand works at
the fundamental frequency 13.56 MHz and shows a
relative difference on the inductance value of −22 %
and relative difference of Q value of −54 %. The Ls

case shows that it is harder to get a high Q with a
lower frequency as expected by looking at Eq. (15).
And at the same time the model for the inductance
value is not accurate for solenoids with a greater
width than length. This might be due to non unifor-
mity of the magnetic field as already studied and
well known on circular cross-section tape solenoids
[13]–[15]. The adaptation of the formula to rectan-
gular cross-section solenoids will be addressed in
future work.
This drop of Q factor is mirrored on the global ef-
ficiency of the converter as shown in the table 3.
The drop is due partly to a higher resistance value
of the air core solenoid in comparison to the ring
core with magnetic material and partly to the lower
value of the inductance which causes the loss of the
ZVS as depicted in the Figure 12 (higher magnitude
oscillation around 0 in the case air).

Tab. 3: Measured efficiency of the converter with stan-
dard powder core components and air core
solenoids.

Case Pin (W) Pout (W) η (%)

core 6.53 4.99 76.4
air 7.9 5.02 63.5

While the electrical performance is smaller with air
core solenoids the mass power density is better
as described in the Table 4. The LMR component
is 3 times lighter than the powder core one. At
the same time the overall volume is 1.72 smaller
when considering the powder core without the wind-
ing (3.77 cm3) and 2.37 smaller when consider-
ing the overall volume (powder core and winding,
≈ 5.22 cm3). The discrepancy of volume is due to



a. b.

Fig. 11: Photographs of the converter with a. the ring core inductors and b. two air core solenoids.
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Fig. 12: Waveform of VDS as a function of time.

the thickness and stiffness of the copper tape used
for the powder core.

Tab. 4: Measured mass and volume of the inductance
LMR.

Case Mass (g) Core Volume (cm3)

core 5.05 3.77
air 1.68 2.19

This comparison should be treated with caution,
because the two types of components (the air core
solenoids and the powder cores ones) have not
been sized with exactly the same objectives and
constraints due to the use of a pre-existing con-
verter for the study case of one air core solenoids
application. A more rigorous comparison will be
applied in future study.

5 Conclusion
A simple analytical model has been checked
against experiments and used to size two air core
components for the replacement of standard pow-
der core components. The design method is simple

and fast, and the characteristics of the components
obtained correspond to those expected from the
modeling for cases with small thickness and width
in comparison to the length of the solenoid. Thanks
to this model, it has been shown that the Q factor
of air core solenoids made out of planar substrate
is mainly constrained by the substrate thickness.
In addition the asymptotic behavior of the Q factor
with the footprint area tends to limit the achievable
increase in performance within a reasonable area
range.
In comparison to standard powder core component,
the air core solenoids use less raw material (in term
of mass) and have a larger volume.
This work shows the difficulty to exploit the advan-
tages of air core technology (less material use) for
VHF converter while keeping the electrical perfor-
mances the same. One way to take advantage of
the air core technology for VHF converters is to
increase the resonant frequency to decrease the
requirement in inductance and to improve at the
same time the Q factor.
In the future, the model will be refined to take into
account the drop of inductance for solenoids with
a width greater than the length. The performance
of the solenoid will be compared to other shapes
like ring cores in terms of quality factor, radiated
magnetic field and thermal performances.
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