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THE HAAR MEASURE IN SOLID MECHANICS

C. ECKER AND B. KOLEV

Abstract. This article addresses the overlooked but crucial role of the Haar measure in solid
mechanics, a concept well-established in mathematical literature but frequently misunderstood
by mechanicians. The aim is to provide practical insights and methodologies for the application
of the Haar measure in various mechanical scenarios. The article begins with an introduction to
the Haar measure, underlying its significance and a theoretical foundation for its definition and
formulas. Moving beyond mathematical abstraction, the core of the article relies on practical
applications, including the computation of the Haar measure for the orthogonal transformations
of the 2D and 3D space under several commonly used parametrisations, an application about
invariant theory in mechanics and sampling on a group orbit. These applications are presented
with practical examples, enabling mechanicians to integrate the Haar measure into their research
seamlessly. The article caters to a broad audience, with sections designed for both introductory
comprehension and in-depth exploration. Our goal is to equip mechanicians with a valuable
tool, bridging the gap between mathematical theory and practical applications in the field of
mechanics.
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1. Introduction

The Haar measure, a standard notion in mathematics [8, 9, 11, 23], is less familiar among
mechanicians [7], despite its critical role in problems involving rotation groups or orthogonal
transformations in 2D and 3D spaces. The mechanical community have not extensively ac-
knowledged this concept, as it is confirmed by its absence in several influential works [3,6,17,28].
One key challenge mechanicians face is the lack of accessible, practical methodologies for com-
puting the Haar measure for specific groups and parametrisations. A challenge compounded
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by mathematical literature that often omits explicit examples [8, 11, 23] or do not always of-
fer a straightforward path for non-experts [9, 22]. Consequently, some mechanical texts about
homogenisation in random media [17] or for the sampling of random rotations [3] fail to even
mention the Haar measure, despite being a prior knowledge in the referenced mathematical lit-
erature [20]. Besides, other fields like theoretical and quantum physicists are more familiar with
this concept, where its use is well documented in introductory and advanced texts [15,19].

The Haar measure is the “right” integration measure on a Lie group, meaning it is invariant
under the group’s operations, making it essential for integrating functions over the group. When
working with groups of orthogonal transformations, such as rotations in 3D, the Haar measure
becomes indispensable, particularly in fields like homogenisation and rotation sampling [19,22].
Even if the Haar measure is essentially unique, the real difficulty lies in obtaining a computable
formula for the measure using local coordinate systems (or parametrisation) on the group, such
as the Euler angles for 3D rotations.

Although critical in fields like invariant theory [5, 8, 9, 16, 23, 24], where generating invariants
under group actions requires a solid grasp of this concept, its use in the rest of the mechan-
ical community has been limited. Yet, the Haar measure is crucial in constructing invariant
quantities in mechanics, with applications ranging from random fields and rotations to quantum
mechanics, chemistry, and electromagnetism [9,15,24].

The purpose of this article is to address this gap in the mechanical literature by providing a
systematic, practical guide to computing and applying the Haar measure. In particular, we will
focus on deriving explicit formulas for the measure under commonly used parametrisations, such
as the polar chart, Euler angles, and quaternions for the group of orthogonal transformations in
3D.

Outline. This article is organised as follows. In section 2, we introduce the theoretical back-
ground on the Haar measure and present the necessary formulas. We provide the main formula in
Theorem 2.1 which will be used as a systematic method for computing the Haar measure under
a given parametrisation of a given group. In section 3 and section 4, we apply this methodology
to the group of orthogonal transformations in 2D and 3D under the usual parametrisations:
Euler angles, Polar angles and Quaternions. We will also link each formula to examples from
mechanical applications. Finally, in section 5, we illustrate the utility of the Haar measure in
invariant theory, including its use in computing the dimensions of isotropic and hemitropic ten-
sors of any order in 3D (see Table 1), and in the study of a random variable over an orbit of a
group action.

Notations. The orthogonal group O(𝐷) is the subset of matrices 𝑄 in M𝐷(R) such that 𝑄𝑄⊤ =
𝑄⊤𝑄 = 𝐼 (matrix identity). The special orthogonal group SO(𝐷) is the subgroup of O(𝐷) of
matrices 𝑄 with det𝑄 = 1. Both of these groups are closed subgroups of the general linear
group GL(𝐷) and are thus Lie groups. Their Lie algebras are

o(𝐷) = so(𝐷) =
¶
𝐴 ∈ M𝐷(R); 𝐴⊤ = −𝐴

©
.

In 3D, there exists an accidental isomorphism 𝑗 between R3 and so(3) given by

(1.1) 𝑗 :

Ñ
𝑥1
𝑥2
𝑥3

é
∈ R3 →

Ñ
0 𝑥3 −𝑥2

−𝑥3 0 𝑥1
𝑥2 −𝑥1 0

é
∈ so(3),

and such that1

[𝑗(x1), 𝑗(x2)] = 𝑗(x1 × x2), x1,x2 ∈ R3.

A natural basis for so(3) is thus given by (𝜉𝑖 := 𝑗(𝑒𝑖))
3
𝑖=1, where 𝑒𝑖 is the canonical basis of R3.

We will use the following notations.

1× is the usual cross product between vectors of R3.
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(1) The rotation by angle 𝛼 ∈ R around the axis generated by the unit vector 𝑛 is given,
using the Olinde–Rodrigues formula

(1.2) 𝑅(𝑛, 𝛼) := exp(𝛼𝑗(𝑛)) = 𝐼 + (sin𝛼)𝑗(𝑛) + (1− cos𝛼)𝑗(𝑛)2.

(2) The reflection through the plane normal to the unit vector 𝑛 is given by

𝜋(𝑛)x := x− 2⟨x,𝑛⟩𝑛.

2. Haar measure on compact Lie groups

Let us start with a finite group 𝐺 endowed with a probability measure 𝜇. Then, the expected
value 𝐸[𝑓 ] of a random variable 𝑓 : 𝐺→ R is written as

𝐸[𝑓 ] =
∑︁
𝑔∈𝐺

𝑓(𝑔)𝜇(𝑔), where
∑︁
𝑔∈𝐺

𝜇(𝑔) = 1.

The measure 𝜇 is left-invariant if 𝜇(ℎ𝑔) = 𝜇(𝑔) for all ℎ, 𝑔 ∈ 𝐺, it is right-invariant if 𝜇(𝑔ℎ) =
𝜇(𝑔) for all ℎ, 𝑔 ∈ 𝐺. It is straightforward to show that 𝜇 is left-invariant (or right-invariant) if
and only if

𝜇(𝑔) =
1

|𝐺|
,

where |𝐺| is the cardinal of the finite group 𝐺. Such a probability measure, uniquely defined, is
moreover bi-invariant, meaning that it is both left and right invariant.

However, extending this concept to a non-finite group is less straightforward. In its more
general form, a Haar measure is defined for a locally compact topological group 𝐺 as a left (or
right) invariant measure on the Borel algebra of 𝐺, and it is known to be uniquely defined up to
a scaling factor [4,26]. The simplest example of a Haar measure is the Lebesgue measure on the
(non compact) Abelian group (R𝐷,+). The Lebesgue measure is obviously bi-invariant, because
(R𝐷,+) is a commutative group. This might not be the case in general for a non commutative
locally compact group 𝐺. However, on a compact group 𝐺, a Haar measure can be shown to
be bi-invariant and finite [4, 11, 26]. Hence normalising it by fixing its total mass to one, we
conclude that there is a uniquely defined left (or right) probability measure 𝜇𝐺 on 𝐺 and that
𝜇𝐺 is bi-invariant.

For a compact Lie group 𝐺 of dimension 𝑑 ∈ N, the construction of the Haar measure 𝜇𝐺
can be made moreover explicit using the concept of volume-form, that is a nowhere vanishing
𝑑-form (a 𝑑-alternate covariant tensor field on 𝐺). A volume form can be integrated over open
subsets and defines a Borel measure on 𝐺 [14]. The construction of a Haar measure is then
simple: choose a non zero alternate 𝑑-form on g = 𝑇𝑒𝐺, the Lie algebra of 𝐺, and translate it
to each tangent space 𝑇𝑔𝐺, using either the left translation 𝐿𝑔 : ℎ ↦→ 𝑔ℎ or the right translation
𝑅𝑔 : ℎ ↦→ ℎ𝑔. This way, one obtains a bi-invariant volume form on 𝐺 and normalising it by
fixing its total mass to one, one gets the Haar measure on 𝐺. The construction of the Haar
probability measure on a compact Lie group 𝐺 reduces therefore to find a volume form 𝜇𝐺 on
𝐺 which satisfies

(2.1) 𝐿*
𝑔 𝜇𝐺 = 𝜇𝐺, (∀𝑔 ∈ 𝐺) and

ˆ
𝐺
𝜇𝐺 = 1.

The solution of this problem is theoretically easy. Indeed, let us introduce the (left) Maurer-
Cartan form on 𝐺, which is a left-invariant differential one-form on 𝐺, with values in the Lie
algebra g of 𝐺 and defined by [4]

𝜃(𝑋𝑔) := 𝑇𝑔𝐿𝑔−1 .𝑋𝑔, 𝑋𝑔 ∈ 𝑇𝑔𝐺

Then, choosing a basis (𝜉𝑖) of g and denoting by 𝜃𝑖 (scalar one-forms), the components of 𝜃 in
this basis, the solution of the problem is given by

𝜇𝐺 := 𝐶−1 𝜃1 ∧ 𝜃2 ∧ · · · ∧ 𝜃𝑑, where 𝐶 :=

ˆ
𝐺
𝜃1 ∧ 𝜃2 ∧ · · · ∧ 𝜃𝑑,

and ∧ is the exterior product (or wedge product) on differential forms [14].
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The real difficulty is to obtain a computable formula, using a local coordinate system or some
parametrisation of the group 𝐺. In the sequel, we will restrict to the case where 𝐺 is a matrix
group, which will be the case in the majority of the applications. This means that 𝐺 is a compact
subgroup of GL𝐷(R), the group of 𝐷 ×𝐷 invertible matrices. In that case, the Maurer-Cartan
form is simply written as 𝜃(𝑋𝑔) := 𝑔−1𝑋𝑔.

Given a local coordinate system (𝑢𝑖) on 𝐺, we denote by (𝜕𝑢𝑖), the corresponding basis
of the tangent space 𝑇𝑔𝐺, and by (d𝑢𝑖) its dual basis. This local chart (𝑢𝑖) defines a local
parametrisation of 𝐺 (which, in practice, covers usually a dense open set in 𝐺)

𝑝 : 𝑈 ⊂ R𝑑 → 𝐺 ⊂ GL𝐷(R) ⊂ M𝐷(R),
where M𝐷(R) is the vector space of square matrices of size 𝐷. Then, the local expression of the
Haar measure 𝜇𝐺 is given by

(𝑝*𝜇𝐺)𝑢 = 𝑘(𝑢) d𝑢1 ∧ · · · ∧ d𝑢𝑑,

where

𝑘(𝑢) = (𝑝*𝜇𝐺)𝑢(𝜕𝑢
1, . . . , 𝜕𝑢𝑑)

= (𝜇𝐺)𝑝(𝑢)(𝑇𝑢𝑝 · 𝜕𝑢1, . . . , 𝑇𝑢𝑝 · 𝜕𝑢𝑑)

= (𝜇𝐺)𝑝(𝑢)

Å
𝜕𝑝

𝜕𝑢1
, . . . ,

𝜕𝑝

𝜕𝑢𝑑

ã
= 𝐶−1 (𝜃𝑖 ∧ · · · ∧ 𝜃𝑑)𝑝(𝑢)

Å
𝜕𝑝

𝜕𝑢1
, . . . ,

𝜕𝑝

𝜕𝑢𝑑

ã
= 𝐶−1 det

Å
𝜃𝑖𝑝(𝑢)

Å
𝜕𝑝

𝜕𝑢𝑗

ãã
.

We will summarise this result in the following theorem.

Theorem 2.1. Let 𝑝 : 𝑈 → 𝐺 be a local coordinates system on 𝐺, (𝜉𝑖), be a basis of the Lie
algebra g of 𝐺, and (𝜃𝑖) be the components of the left-invariant Maurer-Cartan form on 𝐺. Then
the local expression of the Haar measure 𝜇𝐺 on 𝐺 is given by

(𝑝*𝜇𝐺)𝑢 = 𝑘(𝑢) d𝑢1 ∧ · · · ∧ d𝑢𝑑, with 𝑘(𝑢) = 𝐶−1 det

Å
𝜃𝑖𝑝(𝑢)

Å
𝜕𝑝

𝜕𝑢𝑗

ãã
,

where 𝐶 is a constant to be determined such that 𝜇𝐺 is a probability measure on 𝐺.

Remark 2.2. Introducing the Frobenius scalar product on M𝐷(R)

⟨𝐴,𝐵⟩ = 1

2
Tr(𝐴𝐵𝑇 ) =

1

2
(𝐴 : 𝐵),

and assuming that the basis (𝜉𝑖) is orthonormal, the expression of 𝑘 in Theorem 2.1 reduces to,

(2.2) 𝑘(𝑢) = 𝐶−1 det

≠
𝑝(𝑢)−1 𝜕𝑝

𝜕𝑢𝑗
, 𝜉𝑖

∑
.

Remark 2.3. Given two different parametrisations of 𝐺,

𝑝1 : 𝑈 ⊂ R𝑑 → 𝐺, with (𝑝1
*𝜇𝐺)𝑢 = 𝑘1(𝑢) d𝑢

1 ∧ · · · ∧ d𝑢𝑑,

and
𝑝2 : 𝑊 ⊂ R𝑑 → 𝐺, with (𝑝2

*𝜇𝐺)𝑤 = 𝑘2(𝑤) d𝑤
1 ∧ · · · ∧ d𝑤𝑑,

we introduce the change of charts 𝜙 := 𝑝2
−1 ∘ 𝑝1
𝑈

𝜙

��

𝑝1

��
𝐺

𝑊
𝑝2

FF

and we have then
𝑘1(𝑢) = 𝐽𝜙(𝑢)𝑘2(𝜙(𝑢)),
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where 𝐽𝜙(𝑢) is the determinant of the Jacobian of 𝜙 at 𝑢.

3. Haar measure for SO(2) and O(2)

A first application, will be to apply this result to the rotation group of the plane SO(2) ⊂
M2(R). This group can be parametrised by the angle of the rotation 𝛼 ∈ [0; 2𝜋[, leading to the
chart

𝑝 : [0; 2𝜋[→ SO(2), 𝛼 ↦→
Å
cos𝛼 − sin𝛼
sin𝛼 cos𝛼

ã
Its Lie algebra, so(2), is the vector space of skew symmetric 2 × 2 matrices and is spanned by
the unit vector

𝜉1 =

Å
0 −1
1 0

ã
.

Therefore, Equation 2.2 becomes,

𝑘(𝛼) = −𝐶
−1

2
Tr

Å
𝑝(−𝛼) 𝜕𝑝

𝜕𝛼
𝜉1

ã
= −𝐶

−1

2
Tr

ÅÅ
cos𝛼 sin𝛼
− sin𝛼 cos𝛼

ãÅ
− sin𝛼 − cos𝛼
cos𝛼 − sin𝛼

ãÅ
0 −1
1 0

ãã
= 𝐶−1,

where 𝐶 is determined by the condition

ˆ 2𝜋

0
𝑘(𝛼)d𝛼 =

ˆ 2𝜋

0
𝐶−1d𝛼 = 1.

Therefore, we obtain the usual formula for the Haar measure of SO(2) (for the map 𝑝 : 𝛼 ∈
[0; 2𝜋[→ 𝑝(𝛼) ∈ SO(2)) as

(𝑝*𝜇SO(2))𝛼 =
d𝛼

2𝜋
.

To illustrates Remark 2.3, let us consider a second parametrisation of SO(2) given by

𝑝 : [−𝜋;𝜋[→ SO(2), 𝛽 ↦→
Å
cos𝛽 − sin𝛽
sin𝛽 cos𝛽

ã
.

the change of chart is then just

𝜙 : [0; 2𝜋[→ [−𝜋;𝜋[, 𝛼 ↦→ 𝛽 = 𝛼− 𝜋,

and we have

(𝑝*𝜇SO(2))𝛽 = 𝑘(𝛽)d𝛽 = 𝐽𝜙−1(𝛽)𝑘(𝜙−1(𝛽))d𝛽 = 1𝑘(𝛽 + 𝜋)d𝛽 =
d𝛽

2𝜋
.

The full orthogonal group of the plane O(2) is composed by the rotations and the axial
reflections. It can be written as

O(2) = SO(2) ⊔ 𝜎SO(2), where 𝜎 :=

Å
−1 0
0 1

ã
.

Therefore, integrating a dummy function 𝑓 : O(2) → R on O(2) can be expressed as,

(3.1)

ˆ
O(2)

𝑓(ℎ)𝜇O(2) =
1

2

ñˆ
SO(2)

𝑓(𝑔)𝜇SO(2) +

ˆ
SO(2)

𝑓(𝜎𝑔)𝜇SO(2)

ô
.
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4. Haar measure for SO(3) and O(3)

As if it has not already been underlined enough, the Haar measure for a group 𝐺 is a unique
object but can only be described, for computation purposes, through a chart 𝑝 : 𝑈 → 𝐺 of
the group. This chart is not unique and the expression of the measure 𝑝*𝜇𝐺 in this chart is of
course depending on it. In solid mechanics, several parametrisation of the rotations group are
commonly used and it can be difficult to find the proper Haar measure for each parametrisation
especially if the parametrisation is not fully explicit [3,12]. The goal in this section is to provide
a method of computation and formulas for the Haar measure corresponding to three commonly
used charts: the polar chart, the Euler (or Cardan) angles and the quaternions.

4.1. The polar chart. Let us choose first a common chart [3,9] in which a rotation 𝑅(𝑛, 𝛼) is
parametrised through the choice of an angle 𝛼 ∈ [0, 𝜋[ and a unit vector 𝑛 in the sphere 𝑆2 and
using a spherical coordinate system (see Figure 1),

(𝜑, 𝜓) ∈ [0, 2𝜋[×
[︁−𝜋

2
,
𝜋

2

]︁
↦→ 𝑛 =

Ñ
cos𝜓 cos𝜑
cos𝜓 sin𝜑

sin𝜓

é
and where

𝑝 : (𝜑, 𝜓, 𝛼) ∈ 𝑈 = [0, 2𝜋[×
[︁−𝜋

2
,
𝜋

2

]︁
× [0, 𝜋] ↦→ 𝑅(𝑛(𝜑, 𝜓), 𝛼) = 𝑅(𝑛, 𝛼) ∈ M3(R),

in which 𝑅(𝑛, 𝛼) is the matrix expression deduced by the Olinde-Rodrigues formula (see Equa-
tion 1.2),

𝑅(𝑛, 𝛼) := exp(𝛼𝑗(𝑛)) = 𝐼 + (sin𝛼)𝑗(𝑛) + (1− cos𝛼)𝑗(𝑛)2,

with 𝑗, the isomorphism defined in Equation 1.1. The Haar measure 𝑝*𝜇SO(3) of SO(3) in this
parametrisation is given by

𝑢 = (𝜑, 𝜓, 𝛼), (𝑝*𝜇SO(3))𝑢 = 𝑘(𝜑, 𝜓, 𝛼) d𝜑 d𝜓 d𝛼.

We use Equation 2.2 (derived from Theorem 2.1) with 𝜉𝑖 = 𝑗(𝑒𝑖), and we get

𝑘(𝜑, 𝜓, 𝛼) = det ⟨𝜏𝑖(𝜑, 𝜓, 𝛼), 𝑗(𝑒𝑗)⟩ , with 𝜏𝑖 = 𝑅(𝑛(𝜑, 𝜓),−𝛼) 𝜕

𝜕𝑢𝑖
(𝑅(𝑛(𝜑, 𝜓), 𝛼)) ∈ so(3).

Let 𝑇 be the components’ matrix of the vectors 𝑗−1(𝜏𝑖) ∈ R3 in the canonical basis of R3, we
have thus

𝑘(𝜑, 𝜓, 𝛼) = det𝑇.

Remark 4.1. Computing the matrix 𝑇 and taking its determinant is a tedious computation
by hand but straightforward using a symbolic computation software. However, for a careful
reader one can notice that 𝜏3 = 𝑅(𝑛(𝜑, 𝜓),−𝛼) 𝜕𝜕𝛼 (𝑅(𝑛(𝜑, 𝜓), 𝛼)) = 𝑗(𝑛(𝜑, 𝜓)) and 𝜕𝑛

𝜕𝜓 · 𝑛 = 0.

Therefore one can try to compute the matrix 𝑇 in the orthonormal basis (𝑛, 𝜕𝑛𝜕𝜓 , 𝑛 ∧ 𝜕𝑛
𝜕𝜓 ) which

is doable by hand.

We conclude that,

(4.1) 𝑢 = (𝜑, 𝜓, 𝛼) ∈ 𝑈, (𝑝*𝜇SO(3))𝑢 =
1

2𝜋2
cos𝜓 cos2

(︁𝛼
2

)︁
d𝜑 d𝜓 d𝛼.

Remark 4.2. As it is custody when working with rotation parametrisations it can be difficult to
identify in the literature which parametrisation has been used. For example in [9], they are using
a similar parametrisation but without detailing the construction of the vector 𝑛 from spherical
coordinates neither specifying the ranges of the three angles. However, from Equation 4.1 it is
possible to identify the ranges of angles by applying simple translations (using Remark 2.3) to
the angles.
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Figure 1. Spherical coordinates to represent a unit vector.

4.2. Euler angles. Another famous parametrisation of SO(3) uses the Euler angles [3, 7, 12].
Given an initial orthonormal basis {𝑒𝑋 , 𝑒𝑌 , 𝑒𝑍} on which we apply (see Figure 2):

(1) a first rotation of angle 𝛼 ∈ [−𝜋;𝜋] around the 𝑒𝑍 axis leading to a new basis {𝑒𝑥, 𝑒𝑦,
𝑒𝑧 = 𝑒𝑍};

(2) a second rotation of angle 𝛽 ∈ [0;𝜋] around the 𝑒𝑥 axis leading to a new basis {𝑒𝑥′ = 𝑒𝑥,
𝑒𝑦′ , 𝑒𝑧′};

(3) a third rotation of angle 𝛾 ∈ [−𝜋;𝜋] around the 𝑒𝑧′ axis leading to a new basis {𝑒𝑥′′ , 𝑒𝑦′′ ,
𝑒𝑧′′ = 𝑒𝑧′}.

This corresponds to the following chart

𝑝 : 𝑢 = (𝛼, 𝛽, 𝛾) ∈ 𝑈 = [−𝜋;𝜋]× [0;𝜋]× [−𝜋;𝜋] → 𝑅(𝑢),

𝑅(𝑢) =

Ñ
cos𝛼 cos 𝛾 − cos𝛽 sin𝛼 sin 𝛾 − cos𝛼 sin 𝛾 − cos𝛽 cos 𝛾 sin𝛼 sin𝛼 sin𝛽
cos 𝛾 sin𝛼+ cos𝛼 cos𝛽 sin 𝛾 cos𝛼 cos𝛽 cos 𝛾 − sin𝛼 sin 𝛾 − cos𝛼 sin𝛽

sin𝛽 sin 𝛾 cos 𝛾 sin𝛽 cos𝛽

é
.

Figure 2. Representation of a rotation using Euler angles.

The exact same methodology can be applied in order to compute the Haar measure 𝑝*𝜇SO(3)

(using Equation 2.2) in this chart,

𝑢 = (𝛼, 𝛽, 𝛾), (𝑝*𝜇SO(3))𝑢 = 𝑘(𝛼, 𝛽, 𝛾)d𝛼d𝛽d𝛾.

We express Equation 2.2 (derived from Theorem 2.1) in the case where 𝜉𝑖 = 𝑗(𝑒𝑖). However,
this time we do not have an easy way to compute 𝑅(𝑢)−1 (unlike with the polar coordinates
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where 𝑅(𝑛(𝜑, 𝜓), 𝛼)−1 = 𝑅(𝑛(𝜑, 𝜓),−𝛼)), and to build the components’ matrix 𝑇 of the three
vectors 𝑗−1(𝜏𝑖) ∈ R3. We have anyway

𝑘(𝛼, 𝛽, 𝛾) = det𝑇, where 𝜏𝑖 = 𝑅(𝛼, 𝛽, 𝛾)−1 𝜕𝑅

𝜕𝑢𝑖
(𝛼, 𝛽, 𝛾) ∈ so(3).

Using a symbolic computation software, we obtain the Haar measure in this chart

(4.2) 𝑢 = (𝛼, 𝛽, 𝛾) ∈ [−𝜋;𝜋]× [0;𝜋]× [−𝜋;𝜋], (𝑝*𝜇SO(3))𝑢 =
1

8𝜋2
sin𝛽 d𝛼 d𝛽 d𝛾.

Remark 4.3. As it is emphasised in the literature [3,12], there are often ambiguities when using
Euler angles. Indeed, there exist several conventions for the range of angles 𝛼, 𝛽, 𝛾, as well as
for the axis of the rotations and it is not always clearly stated which convention is used. For
example, the Cardan angles correspond to another choice of ranges and rotations combinations
(see [12] for an extensive discussion on that topic). For instance, in [7], the convention used
is not explicitly mentioned but like in Remark 4.2, it is possible by translating our angles, to
recover their formula for the Haar measure.

Remark 4.4. It can be noticed that we could have used Remark 2.3 and the previous formula
for the Haar measure in polar coordinates in order to obtain this expression. However, it is
usually easier (in some sense) to stick to the general Theorem 2.1 because finding the change of
coordinates for rotations often involves the definition of generalised (covering the whole domain)
inverse of trigonometric functions that can be difficult to handle especially when differentiating
(see [7]). It is why Remark 2.3 is often more useful to recover “relatively simple” changes of
variables like a change of range in the parameter rather than a completely different parametri-
sation.

4.3. Quaternions. Another common practice when dealing with rotations is to use quater-
nions [3,12,22] to parameterize the rotation group SO(3). This parametrerization uses the group
of unitary quaternion (quaternions of norm 1). A unitary quaternion 𝑞 = 𝑤 + 𝑥𝑖+ 𝑦𝑗 + 𝑧𝑘 ∈ 𝑄
can be identified to a rotation 𝑅(𝑛, 𝛼) through the following process:

(1) The rotation axis 𝑛 is given by 𝑛 = (𝑥, 𝑦, 𝑧);

(2) The angle of rotation 𝛼 is given by 𝛼 = 2arccos𝑤 = 2arcsin
√︀
𝑥2 + 𝑦2 + 𝑧2;

(3) The rotated vector 𝑣𝑅 of a vector 𝑣 ∈ R3 is given by the quaternion multiplications 𝑞𝑣𝑞,
in which :
(a) A vector 𝑣 ∈ R3 is associated to a pure imaginary quaternion 𝑣𝑥𝑖+ 𝑣𝑦𝑗 + 𝑣𝑧𝑘;
(b) 𝑞 is the conjugate of 𝑞 given by 𝑞 = 𝑤 − 𝑥𝑖− 𝑦𝑗 − 𝑧𝑘.

Writing a quaternion of norm 1 in terms of 𝑤, 𝑥, 𝑦, 𝑧 identifies the group of unitary quaternions
with the 3-sphere 𝑆3 in R4 ≃ C2 and consequently the 3-sphere can be mapped to the group of
rotations. However, this transformation is not injective, only surjective, in a sense that if 𝑞 ∈ 𝑄
identifies to 𝑅(𝑛, 𝛼) then −𝑞 ∈ 𝑄 identifies to 𝑅(−𝑛,−𝛼) = 𝑅(𝑛, 𝛼).

Remark 4.5. In more rigorous terms, the three sphere 𝑆3 ⊂ 𝑄 has the structure of a Lie group
noted SU(2) and the above construction must be analysed using the adjoint action of SU(2) on
its Lie algebra su(2), but it is outside the scope of this article.

Identifying a unit quaternion as a point in a 3-sphere already implies, if some computations
wants to be performed, that a suitable parametrisation (and Haar measure) has already been
chosen to map the 3-sphere.

The most common way to do it is to use the hyperpolar parametrisation given by,

𝑝 : (𝜃, 𝜓, 𝜑) ∈ 𝑈 → 𝑞 = 𝑤 + 𝑥𝑖+ 𝑦𝑗 + 𝑧𝑘 ∈ 𝑄 ⊂ 𝑆3 ⊂ H,
with

(𝜃, 𝜓, 𝜑) ∈ 𝑈 = [0;𝜋]× [0;𝜋]× [0; 2𝜋],

⎧⎪⎪⎨⎪⎪⎩
𝑤 = cos 𝜃
𝑥 = sin 𝜃 cos𝜓
𝑦 = sin 𝜃 sin𝜓 cos𝜑
𝑧 = sin 𝜃 sin𝜓 sin𝜑
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Since SU(2) (the set of unitary quaternions) is a Lie group and its Lie algebra su(2) is the
space of pure imaginary quaternions, we can take the basis (𝜉1, 𝜉2, 𝜉3) = (𝑖, 𝑗, 𝑘). Similarly to
subsection 4.1 and subsection 4.2, we directly apply Theorem 2.1 (Equation 2.2 also applies in
that case) but the computations can be mainly performed by hand. The derivatives of the map
𝑝 are straightforward,⎧⎪⎨⎪⎩

𝜕𝑝
𝜕𝜃 = − sin 𝜃 + 𝑖 cos 𝜃 cos𝜓 + 𝑗 cos 𝜃 sin𝜓 cos𝜑+ 𝑘 cos 𝜃 sin𝜓 sin𝜑
𝜕𝑝
𝜕𝜓 = −𝑖 sin 𝜃 sin𝜓 + 𝑗 sin 𝜃 cos𝜓 cos𝜑+ 𝑘 sin 𝜃 cos𝜓 sin𝜑
𝜕𝑝
𝜕𝜑 = −𝑗 sin 𝜃 sin𝜓 sin𝜑+ 𝑘 sin 𝜃 sin𝜓 cos𝜑.

The elements 𝜏𝑖 := 𝑝(𝜃, 𝜓, 𝜑)−1 𝜕𝑝
𝜕𝑢𝑖

of q are computed using the quaternion multiplication and

inverse (for a unitary quaternion 𝑞 ∈ 𝑄, 𝑞−1 = 𝑞)⎧⎨⎩ 𝜏𝜃 = 𝑖 cos𝜓 + 𝑗 sin𝜓 cos𝜑+ 𝑘 sin𝜓 sin𝜑
𝜏𝜓 = sin 𝜃

(︀
−𝑖 cos 𝜃 sin𝜓 + 𝑗(cos 𝜃 cos𝜓 cos𝜑+ sin 𝜃 sin𝜑) + 𝑘(cos 𝜃 cos𝜓 sin𝜑− sin 𝜃 cos𝜑)

)︀
𝜏𝜑 = sin 𝜃 sin𝜓

(︀
−𝑖 sin 𝜃 sin𝜓 + 𝑗(sin 𝜃 cos𝜓 cos𝜑− cos 𝜃 sin𝜑) + 𝑘(cos 𝜃 cos𝜑+ sin 𝜃 cos𝜓 sin𝜑)

)︀
In the basis (𝑖, 𝑗, 𝑘) of su(2) the matrix 𝑇 expresses as

𝑇 =

Ñ
cos𝜓 sin𝜓 cos𝜑 sin𝜓 sin𝜑

− cos 𝜃 sin 𝜃 sin𝜓 sin 𝜃(cos 𝜃 cos𝜓 cos𝜑+ sin 𝜃 sin𝜑) sin 𝜃(cos 𝜃 cos𝜓 sin𝜑− sin 𝜃 cos𝜑)
− sin2 𝜃 sin2 𝜓 sin 𝜃 sin𝜓(sin 𝜃 cos𝜓 cos𝜑− cos 𝜃 sin𝜑) sin 𝜃 sin𝜓(cos 𝜃 cos𝜑+ sin 𝜃 cos𝜓 sin𝜑)

é
Finally, using a symbolic computation software to evaluate the determinant of 𝑇 (and finding
the normalisation factor 𝐶), the expression of the Haar measure in this coordinate system is,

(4.3) 𝑢 = (𝜃, 𝜓, 𝜑) ∈ 𝑈 = [0;𝜋]× [0;𝜋]× [0; 2𝜋], (𝑝*𝜇SO(3))𝑢 =
1

2𝜋2
sin2 𝜃 sin𝜓d𝜃d𝜓d𝜑.

Remark 4.6. This expression is the same as the one which can be found in [22].

4.4. Haar measure for O(3). Extending the Haar measure to the full orthogonal group O(3)
is straightforward since the reasoning is exactly the same as in Equation 3.1 for O(2),

O(3) = SO(3) ⊔ (−𝐼)SO(3).

Therefore, integrating a dummy function 𝑓 : O(3) → R on O(3) can be expressed as,

(4.4)

ˆ
O(3)

𝑓(ℎ)𝜇O(3) =
1

2

ñˆ
SO(3)

𝑓(𝑔)𝜇SO(3) +

ˆ
SO(3)

𝑓(−𝑔)𝜇SO(3)

ô
,

and this formula can also be found in [9].

Uses in solid mechanics. Euler angles remain the most commonly used parametrisation when
dealing with theoretical or analytical results. For instance, in [28], an article on the homogeni-
sation of porous metals (Gurson model) with randomly oriented spherical voids, and in [13], an
article about the homogenisation of concrete, both utilize the formula provided in Equation 4.2.
However, both articles cite [1], an article about molecular dynamics, without referencing or
demonstrating the formula itself. A similar issue arises in [21], where the formula is applied
to the homogenisation of wave properties in random solid media but is not cited or discussed
in depth. An exception can be found in [10], where the polar parametrisation, described in
Equation 4.1, is used and justified. For numerical simulations, quaternions are more frequently
employed [3, 20].

5. Invariant theory: the Reynolds projector

After expressing the Haar measure for different groups and different parametrisations and in
order to emphasis its usability, we will illustrates its use in different scenarios.

Let 𝑇 be a tensor of interest describing a material property of order 𝑛 over R𝐷, therefore2
𝑔 ⋆ 𝑇 represents its expression in a rotated basis and we say that 𝐺 acts on 𝑇 . Now, 𝑔 ⋆ 𝑇 = 𝑇

2For 𝑇𝑖1...𝑖𝑛 a tensor of order 𝑛 and 𝑔𝑖𝑗 a change of frame, we have, (𝑔 ⋆ 𝑇 )𝑖1...𝑖𝑛 = 𝑔𝑖1𝑗1 . . . 𝑔𝑖𝑛𝑗𝑛𝑇𝑗1...𝑗𝑛 .
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means that the tensor 𝑇 is invariant regarding the action of 𝑔 and that 𝑔 is a material symmetry
of 𝑇 (the symmetry group 𝐺 of 𝑇 contains all the material symmetries) [29]. In a context
of homogenisation, one could be more interested in describing the (uniform or equiprobable)

combination of those orientations leading to an equivalent tensor 𝑇 ,

(5.1) 𝑇 =
∑︁
𝑔∈𝐺

𝜇𝐺(𝑔) 𝑔 ⋆ 𝑇,

in which 𝜇𝐺(𝑔) is the weight given to the rotation 𝑔. In this situation it is obvious that 𝜇𝐺(𝑔) =
1/|𝐺| in order to have an averaged tensor and more generally, it is natural to use the Haar
measure associated to the group since we want to attribute a uniform weight to all the elements
of 𝐺. Consequently, the expression of Equation 5.1 can be easily generalised to any compact
group 𝐺 by,

(5.2) 𝑇 =

ˆ
𝐺
𝑔 ⋆ 𝑇 𝜇𝐺, with 𝜇𝐺 the Haar measure on the group 𝐺.

Since this expression can be adapted to any tensor and more generally to any (finite dimen-
sional) vector space 𝑉 on which 𝐺 acts linearly, it is common to define an application, the
Reynolds projector [8, 23, 24] to represent this averaging process. This application noted 𝑅𝑉𝐺 is
built using the Haar measure 𝜇𝐺 on 𝐺 and a given linear representation 𝜌𝑉 : 𝐺→ GL(𝑉 ) of 𝐺
on 𝑉 . The Reynolds projector is then the linear operator defined on 𝑉 by

(5.3) R𝑉𝐺(𝑣) =

ˆ
𝐺
𝜌𝑉 (𝑔)𝑣 𝜇𝐺.

This linear operator is indeed a linear projector, meaning that (R𝑉𝐺)
2 = R𝑉𝐺.

The intuition initially developed in the introductory problem can be enlarged to a very broad
concern in mechanics. Given a quantity of interest, commonly tensorial [25], and a group of
transformations, commonly orthogonal, what can we tell about the invariance, or covariance, of
those quantities under those transformations ? A vast and old literature [18,27] exists on those
topics and makes a proficient use of mathematical theories developed in the 19th century. The
humble objective of this section is to introduce the reader to a common tool which is defined
using the Haar measure making it a direct application of the previous section. Getting back to
our Reynolds projector of Equation 5.3, it becomes a useful tool to study the set 𝑉 𝐺 of invariant
elements of 𝑉 under the action of 𝐺,

(5.4) 𝑉 𝐺 := {𝑣 ∈ 𝑉 ; 𝜌𝑉 (𝑔)𝑣 = 𝑣, ∀𝑔 ∈ 𝐺} .

Indeed, it is easy to verify that the Reynolds projector is invariant under the action of 𝐺
(𝜌𝑉 (𝑔)R

𝑉
𝐺(𝑣) = 𝑅𝑉𝐺(𝑣)) leading that the image of the Reynolds projector is exactly the set

𝑉 𝐺 of invariant elements of 𝑉 [8], confirming the interest of studying the application. In our
illustration we will focus on determining the dimension of 𝑉 𝐺 which is of great interest for
mechanicians since it corresponds to the number of coefficients necessary to describe a tensor
of interest when 𝐺 is the group of material symmetries [7,16,24]. For that, we will use the fact
that R𝑉𝐺 is a projector and use the trace formula

(5.5) dim𝑉 𝐺 = dim Im(R𝑉𝐺) =

ˆ
𝐺
Tr(𝜌𝑉 (𝑔))𝜇𝐺.

Usually, in mechanics, 𝑉 is a subspace of the tensor space ⊗𝑛R𝐷, defined by certain index
symmetries [16] (the strain tensor or the elasticity tensor, for instance) and 𝐺 is a subgroup of
GL𝐷(R). In that case 𝜌𝑉 can be taken as the restriction to 𝑉 of the tensorial representation
𝜌𝑛 := ⊗𝑛𝜌 (denoted as 𝜌𝑉 = 𝜌𝑛|𝑉 ), where 𝜌 is the natural representation of 𝐺 on R𝐷. If no

index symmetries are considered and 𝑉 = ⊗𝑛R𝐷, we have Tr(𝜌𝑉 (𝑔)) = Tr(𝜌(𝑔))𝑛 and we get

(5.6) dim(𝑉 𝐺) =

ˆ
𝐺
Tr(𝜌(𝑔))𝑛 𝜇𝐺.
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Remark 5.1. One should however be careful when 𝑉 is a proper subspace of ⊗𝑛R𝐷, defined by
some index symmetries and which is obviously stable by 𝜌𝑛, meaning that

𝜌𝑛(𝑔)𝑤 ∈𝑊, ∀𝑔 ∈ 𝐺, ∀𝑤 ∈𝑊.

For example, if 𝐺 = O(𝐷), and 𝑉 = S2(R𝐷), the space of symmetric second order tensors,
which is stable by 𝜌2 (where 𝜌2(𝑔)𝑣 := 𝑔−1𝑣𝑔) since (𝑔−1𝑣𝑔)𝑇 = 𝑔−1𝑣𝑔. In that case, we have
Tr 𝜌2|S2(R𝐷) ̸= Tr(𝜌)2 which can be verified by analysing the dimensions of the operators.

5.1. First application: Isotropic and hemitropic tensors. In solid mechanics, tensors are
often invariant under the action of a group and the group of (special) orthogonal transformations
are of particular interest. There is a debate for the definition of an isotropic tensor in 3D, if they
are the tensors invariant under SO(3) or O(3). We adopt the definition of [29] and hemitropic
tensors are the ones invariant under SO(3) and isotropic ones are invariant under O(3) (for
example [2] calls the tensors invariant under SO(3) isotropic).

Let 𝐺 = SO(3) and 𝑉 = ⊗𝑛R3. To perform the calculations, we will use the polar chart 𝑝
introduced in subsection 4.1 and the matrix notation on GL3(R). In this situation Equation 5.6
will give the dimension of hemitropic (isotropic if 𝐺 = O(3)) tensors of order 𝑛. With this chart,
the matrix representation of a rotation 𝑅(𝑛, 𝛼) is simple in the basis B := (𝑛,𝑛⊥,𝑛 ∧ 𝑛⊥) in
which 𝑛⊥ is a unitary vector normal to 𝑛. We get

[𝑅(𝑛, 𝛼)]B =

Ñ
1 0 0
0 cos𝛼 − sin𝛼
0 sin𝛼 cos𝛼

é
leading to

Tr(𝑅(𝑛, 𝛼)) = 1 + 2 cos𝛼.

Therefore, a direct application of Equation 5.6 using the expression of the Haar measure given
by Equation 4.1, leads to

𝐷𝑛 := dim((⊗𝑛R3)SO(3)) =
1

2𝜋2

ˆ
𝑈
(1 + 2 cos𝛼)𝑛 cos𝜓 sin2

(︁𝛼
2

)︁
d𝜑 d𝜓 d𝛼.

To compute this integral, we need to distinguish according to the parity of 𝑛, and we get

𝐷2𝑚 =
𝑚∑︁
𝑘=0

Ç
2𝑘

𝑘

åñ
3

2

Ç
2𝑚

2𝑘

å
− 1

2

Ç
2𝑚+ 1

2𝑘

åô
,

𝐷2𝑚+1 =
𝑚∑︁
𝑘=0

Ç
2𝑘

𝑘

åñ
3

2

Ç
2𝑚+ 1

2𝑘

å
− 1

2

Ç
2𝑚+ 2

2𝑘

åô
− 1

2

Ç
2𝑚+ 2

𝑚+ 1

å
.

A very similar computation can be done for 𝐺 = O(3) by applying the integration over this
group given by Equation 4.4. Using the fact that Tr((−𝐼)𝑔) = −Tr(𝑔), we get

dim((⊗𝑛R3)O(3)) =
1

4𝜋2

ˆ
𝑢∈𝑈

(1 + (−1)𝑛)(1 + 2 cos𝛼)𝑛 cos𝜓 sin2
(︁𝛼
2

)︁
d𝜑d𝜓d𝛼

=

ß
𝐷2𝑚 if 𝑛 = 2𝑚,
0 if 𝑛 = 2𝑚+ 1.

𝑛 0 1 2 3 4 5 6 8 15 16 20

dim(⊗𝑛R3)SO(3) 1 0 1 1 3 6 15 91 83097 227 475 13 393 689

dim(⊗𝑛R3)O(3) 1 0 1 0 3 0 15 91 0 227 475 13 393 689

Table 1. Dimensions of hemitropic and isotropic tensors.
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Remark 5.2. A similar problem arises in material constitutive modelling : given several tensors of
interest, is it possible to build a function, typically polynomial, depending on these tensors, which
will be invariant under the group action ? For example in classical continuum mechanics, the
point-wise energy of a system depends on several tensorial quantities (strains, electromagnetic
field, temperature, etc) and one tries to find an energy function depending on those quantities
that will be invariant under any frame changes. It is often not very difficult to build such a
function however it is much more difficult to find a family of functions, preferably parameterised
by a finite set of coefficients, such as any invariant function (of a certain type) can be written
in that form. It exists a tool in invariant theory, the Hilbert series of a graded commutative
algebra, that allows to determine the number of independent coefficients necessary to describe
such a family of functions. Indeed, the set of invariant polynomials under the action of a group
forms an algebra and this series counts the dimension (the number of independent coefficients)
of invariant polynomials of each degree. In the case of a Lie group the Hilbert series can be
computed a priori using the Molien-Weyl formula [23, Sect 2.2] which makes use of the Reynolds
projector but this topic is outside of the scope of the article.

Uses in solid mechanics. The dimension of hemitropic tensors of order 𝑛 (Table 1), is also
found in [2], which uses the same method but without detailed explanations, relying on the Euler
angles parametrisation. Techniques based on the Molien-Weyl formula have been particularly
useful in [24] for generating energy densities in the study of magnetostriction.

5.2. Second application: Uniform sampling of an orbit. Since the Haar measure is a
uniform measure on a compact group 𝐺, it can be interested to build probability measures on
orbits of a linear representation 𝜌𝑉 : 𝐺 ↦→ GL(𝑉 ) of 𝐺 on a vector space 𝑉 . Let 𝑣 ∈ 𝑉 and let
us consider

𝑋 : 𝑔 ∈ 𝐺→ 𝜌𝑉 (𝑔)𝑣 ∈ 𝑉,

as a (vector valued) random variable on 𝐺.
A natural question arises in this situation : if we sample 𝐺 uniformly (following the Haar

measure), what is the probability distribution of 𝑋 ? Let us study the 𝑟-moments 𝑚𝑟(𝑋) of 𝑋
that can be seen as a random vector on the probability space (𝐺, 𝜎(𝐺), 𝜇𝐺),

𝑚𝑟(𝑋) = 𝐸[𝑋 ⊗ · · · ⊗𝑋⏟  ⏞  
𝑟 times

] =

ˆ
𝐺

(︁
⊗𝑟(𝜌𝑉 (𝑔)𝑣)

)︁
𝜇𝐺

=

ˆ
𝐺

(︁
⊗𝑟𝜌𝑉 (𝑔)

)︁
(⊗𝑟𝑣) 𝜇𝐺

= R⊗𝑟𝑉
𝐺 (⊗𝑟𝑣),

in which 𝜎(𝐺) is the Borel algebra of 𝐺 and R⊗𝑟𝑉
𝐺 is the Reynolds projector of 𝐺 on ⊗𝑟𝑉

(see Equation 5.3 for the definition of the Reynolds projector). Noticeably, the appearance
of the Reynolds projector is not accidental and illustrates that sampling the group according
to the Haar measure (uniformly) creates a probability distribution of 𝑋 which only depends
on invariant quantities (regarding the action of 𝐺 on ⊗𝑟𝑉 ). Therefore, the two first useful
quantities, the expectation and the covariance matrix are given by

𝐸[𝑋] = 𝑚1(𝑋) = R𝑉𝐺(𝑣),

Cov(𝑋) = 𝑚1(𝑋)⊗𝑚1(𝑋)−𝑚2(𝑋) = R𝑉𝐺(𝑣)⊗ R𝑉𝐺(𝑣)− R𝑉⊗𝑉
𝐺 (𝑣 ⊗ 𝑣).

Example 5.3. In the case were 𝐺 = SO(3) and 𝑉 = S2(R3) the space of symmetric 3 × 3
matrices, we have for 𝑣0 ∈ 𝑉 a diagonal matrix,

𝑣0 =

Ñ
𝜆1 0 0
0 𝜆2 0
0 0 𝜆3

é
, 𝐸[𝑋] = 𝑚1(𝑋) =

Tr(𝑣0)

3
𝐼 =

𝜆1 + 𝜆2 + 𝜆3
3

𝐼,
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because the dimension of isotropic matrices is one (see Table 1) and the trace operation is
invariant regarding the application of the group. For the covariance we use a similar strategy,
it is easy to show that3

(J1, J2 = 𝐼 ⊗ 𝐼) = (𝛿𝑖𝑗𝑘𝑙, 𝛿𝑖𝑗𝛿𝑘𝑙)

is a generating set of (S2(R3)⊗S2(R3))SO(3) and since the scalar product for fourth order tensors
is invariant under the action of SO(3), we can express 𝑚2(𝑋) as,

𝑚2(𝑋) =
3Tr(𝑣20)− Tr(𝑣0)

2

6
J1 +

Tr(𝑣0)
2 − Tr(𝑣20)

6
J2,

thus,

Cov(𝑋) =
3Tr(𝑣20)− Tr(𝑣0)

2

6

Å
J2
3

− J1
ã
=
𝜆21 + 𝜆22 + 𝜆23 − 𝜆1𝜆2 − 𝜆1𝜆3 − 𝜆2𝜆3

3

Å
J2
3

− J1
ã
.
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