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Abstract

We study adversarial online nonparametric regression with general convex losses and propose a
parameter-free learning algorithm that achieves minimax optimal rates. Our approach leverages
chaining trees to compete against Holder functions and establishes optimal regret bounds. While
competing with nonparametric function classes can be challenging, they often exhibit local patterns
- such as local Holder continuity - that online algorithms can exploit. Without prior knowledge, our
method dynamically tracks and adapts to different Holder profiles by pruning a core chaining tree
structure, aligning itself with local smoothness variations. This leads to the first computationally
efficient algorithm with locally adaptive optimal rates for online regression in an adversarial set-
ting. Finally, we discuss how these notions could be extended to a boosting framework, offering
promising directions for future research.

Keywords: Online Learning, Local Adaptivity, Nonparametric Regression

1. Introduction

Observing a stream of data x1, x2, . . ., an online regression algorithm sequentially predicts a func-
tion ft € RY at each time step ¢ > 1 based on the current input z; € X C RY, where d > 1. The
accuracy of these predictions is measured using a sequence of convex loss functions (¢;);>1. Exam-
ples include the absolute loss £;() = |7 — ;| and the squared loss (¢ — 1;)?, for some observation
Yyt € R. The performance of an online regression algorithm is evaluated through its regret relative
to a competitive class of functions F C R¥, defined over a time horizon 7' > 1 as

T T
Regr(f) = 4(filw) =D bu(f(x)),  VfeF. (1)
t=1 t=1

The function class F is typically chosen to capture smooth or structured relationships in the data,
such as Lipschitz functions, which are commonly used to model nonparametric regression problems.
Unlike traditional batch regression methods, which train models on the full dataset {(zs,¢s)}7_;,
online regression algorithms - see Cesa-Bianchi and Lugosi (2006) for a reference textbook - make
predictions sequentially, updating ft at each step using only past observations {(zs, ¢s) 2;11 This
sequential and adaptive learning paradigm allows algorithms to capture complex and evolving pat-
terns in the data without requiring strong assumptions, such as i.i.d. observations.

© 2025 P. Liautaud, P. Gaillard & O. Wintenberger.
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A fundamental goal in online regression is to design algorithms that are minimax-optimal in an adver-
sarial setting, meaning they achieve the best possible regret guarantees over the worst-case data se-
quence - see Rakhlin and Sridharan (2014, 2015). Existing methods, such as those of Gaillard and Gerchinovitz
(2015); Cesa-Bianchi et al. (2017), can attain minimax rates when the regularity of the functions
in the competitive class is known beforehand, but they do not extend to cases where the func-
tion’s smoothness varies across the domain, requiring a more flexible and adaptive strategy. Later,
Kuzborskij and Cesa-Bianchi (2020) developed a locally adaptive algorithm, but it achieves a sub-
optimal regret rate. Thus, designing algorithms that adapt locally to unknown regularities and vari-
ations while maintaining optimal regret guarantees remains a key open challenge.

In this work, we propose a computationally efficient online learning algorithm that achieves locally
adaptive minimax regret without requiring prior knowledge of the competitor’s regularity. Our
method builds on chaining trees and leverages an adaptive pruning mechanism that dynamically
adjusts to local smoothness variations in the competitor function. Inspired by prior work on tree-
based online learning (Kuzborskij and Cesa-Bianchi, 2020), we introduce a core tree structure that
selects prunings in an optimal way, ensuring adaptivity to different Holder profiles. This leads to
the first online regression algorithm that is both minimax-optimal and locally adaptive, bridging
the gap between computational efficiency, minimax rates, and local adaptivity. Additionally, our
algorithm is general and applies to both convex and exp-concave loss functions, achieving optimal
regret guarantees under mild assumptions. Finally, we validate our theoretical results with numerical
experiments' demonstrating the practical benefits of our approach.

As a conclusion and perspective, we highlight how our approach shares similarities with boosting’s
iterative refinement process and discuss how this connection could inspire future work in online
regression.

1.1. Related work
1.1.1. ONLINE NONPARAMETRIC REGRESSION

Vovk (2006) introduced online nonparametric regression with general function classes. Cesa-Bianchi and Lugosi
(2006) developed an algorithm that exploits loss functions with good curvature properties, such as
exp-concavity, to achieve fast regret rates in adversarial settings. Rakhlin and Sridharan (2014) fur-
ther advanced the minimax theory, providing a non-polynomial algorithm that is optimal for regret
in cumulative squared errors of prediction. This theory was later extended to general convex losses
in Rakhlin and Sridharan (2015). A significant step toward computational efficiency was made by
Gaillard and Gerchinovitz (2015); Cesa-Bianchi et al. (2017) designed a polynomial-time chaining
algorithm that achieves minimax regret when the regularity of the competitor is known. They also
observed that the same algorithm, with a different tuning, remains minimax-optimal for general
convex losses.

In the batch statistical setting with i.i.d. data, the convergence rates of tree-based aggregation meth-
ods have been primarily studied in the context of random forests; see Biau and Scornet (2016) for
a survey. Avoiding early stopping and overfitting, the purely random forests of Arlot and Genuer
(2014) achieve minimax rates for i.i.d. nonparametric regression. Closer to our setting, Mourtada et al.
(2017) studied the aggregation of Mondrian trees trained sequentially but in a batch (i.i.d.) statisti-
cal framework. While their method adapts to the regularity of the unknown regression function in
well-specified settings, it does not extend to adversarial environments.

1. The code to reproduce all numerical experiments can be found here.
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MINIMAX-OPTIMAL AND LOCALLY-ADAPTIVE ONLINE NONPARAMETRIC REGRESSION
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Table 1: Comparison of regret guarantees for recent algorithms in online nonparametric regression
with dimension d = 1 and smoothness rate o = 1.

1.1.2. REGRET AGAINST a-HOLDER COMPETITORS AND LOCAL ADAPTIVITY

Considering F as the set of Lipschitz functions (¢ = 1 in Equation (5)) for any constant L > 0,
Hazan and Megiddo (2007) introduced the corresponding minimax regret. They proved that for
d = 1, the minimax rate is O(v/LT) for any convex loss, motivating the design of an algorithm that
localizes at an optimal rate depending on L. The knowledge of L is crucial for their procedures to
prevent regret from growing linearly with L. Going one step further, Kuzborskij and Cesa-Bianchi
(2020) demonstrated the adaptability of tree-based online algorithms by introducing an oracle prun-
ing procedure in the regret analysis, given a core tree. Tracking the best pruning goes back to
Helmbold and Schapire (1995) and Margineantu and Dietterich (1997). Kpotufe and Orabona (2013)
also designed adaptive pruning algorithms based on trees to partition the instance space X optimally
and sequentially. Competing with an oracle pruning in nonparametric regression enables adaptation
to the local regularities (L, ) of a-Holder continuous functions - see (5). Indeed, the implicit multi-
resolution nature of pruning allows the depth of the leaves to align with local Holder constants: the
larger the constant, the deeper the pruning, as finer partitions are needed to capture variations in the
function.

However, existing methods either require prior knowledge of local Holder constants in and the expo-
nent rate o, or they fail to attain minimax regret rates in polynomial time. The problem of designing
a computationally efficient, minimax-optimal algorithm that adapts to local regularities remained
open. One solution to this problem relies on an adaptive pruning approach on chaining trees, dy-
namically tracking and aligning with different Holder profiles to adjust the depth of partitioning in
an online manner. We propose an algorithm that efficiently adapts to local smoothness variations
(both in L and «) without requiring prior knowledge of the underlying function regularities. Table 1
presents an overview of our main result alongside previous advancements in the field of online (and
local) nonparametric regression.

1.2. Contributions and outline of the paper

We first present, in Section 2, a parameter-free online learning method that leverages a chaining tree
structure and achieves minimax regret over a-Holder continuous functions with global exponent
rate o < 1. Next, in Section 3, we introduce a core tree adaptive algorithm that dynamically tracks
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and adjusts to local smoothness variations through an adaptive pruning mechanism, enabling it to
efficiently compete against functions with different local regularities. We prove that our approach
achieves an optimal locally adaptive regret bound in an adversarial setting. In particular, we show
that our algorithm adapts to the curvature of the loss functions and remains optimal for both general
convex and exp-concave losses.

Finally, we include numerical experiments in the supplementary materials (Appendix F) to illustrate
our results on a synthetic dataset. As interesting perspectives, we also draw connections between
our approach and boosting techniques, suggesting a potential foundation for a boosting theory in
adversarial online regression.

2. Minimax regret with chaining trees: a parameter-free online approach

Setting and notations. We consider that data 1, x, - - - € X arrive in a stream. At each time step
t > 1, the algorithm updates ft, receives x; € X and predicts ft(mt) € R. Then, a loss function
¢; : R — Ris disclosed. The learner incurs loss #;( ft(act)) and considers gradients to update
strategies for time ¢ + 1. We assume that (¢;) are convex, G-Lipschitz and attain one minimum
within [~ B, B, for some B > 0. The input space X’ is a bounded subspace of RY, d > 1. We write
|X'| = sup, yreqr £ — 2'[|oo < 00 forany &' C X and [N] = {1,..., N} for N > 1.

In this section, we present our first contribution: an online learning algorithm (Algorithm 1) that
leverages a specialized decision tree structure, referred to as chaining trees, which we introduce
in the next section. Specifically, we establish in Theorem 1 that our procedure achieves minimax-
optimal regret in nonparametric regression over the class of Holder-continuous functions.

2.1. Chaining tree

Tree-based methods are conceptually simple yet powerful - see Breiman et al. (2017). They consist
in partitioning the feature space into small regions and then fitting a simple model in each one.
Given X C R, a regular decision tree (T, X,WV) is composed of the following components:

* a finite rooted ordered regular tree 7 of degree deg(7), with T g
nodes N (7) and leaves or terminal nodes £(7) C N(T). v
The root and depth of 7 are respectively denoted by root(7) —6—|(7,_J
and d(7). Each interior node n € N (T)\L(T) has deg(T) '
children. The parent of a node n is referred to as p(n) and its 05 g,
depth as d(n);
« a family of sub-regions X = {X,,, n € N(T)} consisting of
subsets of X such that for any interior node n, {X,, : p(m) =
n} forms a partition of A,;
» a family of prediction functions W = {h,, : X — R,n € Figure 1: Example of a CT
N (T)} associated to each node such that h,,(x) = 0 for all over X C R.
x & X,.
The standard method of Breiman et al. (2017) for predicting with a decision tree is to use the parti-
tion induced by the leaves ) £(T) hn(x), z € X. On the contrary, the chaining tree that we define
below, preforms multi-scale predictions by combining the predictions from all nodes.

pathy(z) = {1,2,5}
fx) =01+ 02+ 05
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Definition 1 (Chaining-Tree) A Chaining-Tree (CT) prediction function f is defined as

flz) = Z hn(x), reX CR?,
neN(T)

where the regular prediction tree (T, X, W) satisfies:
* the prediction functions hy, are constant h,(x) = 0,1,cx,, 0, € R. We denote them by 0,
by abuse of notation;
s the degree deg(T) = 2% and for any interior node n, {X,, : p(m) = n} forms a regular
partition of X, in infinite norm. In particular, this implies |X,,| = | Xy |/2.

We provide a schematic illustration in Figure 1. Chaining trees are closely related to the chaining
technique introduced by Dudley (1967), which is at the core of algorithms addressing function ap-
proximation tasks. This method involves a sequential refinement process, that is - roughly speaking
- growing a sequence of refining approximations over a function space. It was first introduced to
design concrete online learning algorithm with optimal rates by Gaillard and Gerchinovitz (2015).

2.2. First algorithm: the online training of a chaining-tree

We introduce in this section an explicit Algorithm 1 to sequentially train our CT 7 over time.
Algorithm 1: Training CT 7 at time ¢ > 1

Input :(0,1)nen () (node predictors of T), (gn,¢)nenr(7) (gradients - later specified).

for n € N(T) do

Predict ft(ajt) = ZnEN(T) Ontlacx,;
Find 0,, ;41 € R to approximately minimize

O — ft(f—n,t(lﬂt) +0,1,,ex,) with f—n,t(ﬂft) = ft(lﬂt) — Opilyex, ()

. . Oty (f:n,t(mt)‘i‘ennwtexn)
using gradient g, ; = 50,

enZGn,t
end

Output : (0, 111)nen (1)

To keep things concise, the gradient minimization step in (2) is expressed as:

Ont+1 < grad-step(bnt, gnt) - 3)

where the function grad-step(#, g) stands for any rule that updates § € R from time ¢ to ¢ + 1
using some gradient g € R.

Computation of the gradients. At each time ¢ > 1 and for each node n € N (T), the subgradient
Gn,t of the last loss ¢;( f;(x;)) with respect to 6,, ; can be computed explicitly using the chain rule:

B (%t(f_n,t(xt) +01z.cx,)

Gnt = 5 =0 (fi(x))lyex,, neNT), @

ezen,t

which simplifies the computation of subgradients, as the dependence on n only involves the indicator
function. More precisely, the subroutine grad-step, detailed below, does not perform any update
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(i.e., Opty1 = On) When the gradient is zero (i.e., z; ¢ A,). All nonzero updates use the same
subgradient g; = ¢} ( ft(:nt)), which is based on the derivative of the loss of the strong learner’s
prediction.

Online gradient optimization subroutine. We now detail the subroutine grad—step, which, in
our analysis, can be any online optimization algorithm satisfying the following regret upper-bound.

Assumption 1 Let gy 1,...,9n7 € [-G,GlforT > 1, G > 0, and n € N(T). We assume that
the parameters 0, ; starting at 0,, 1 € R and following the update (3) satisfy the linear regret bound:

T
> i O = 0) < 100 = 0 (Cr/ Ly lgnal2 + C:G)
t=1

for some C1,Cy > 0 and every 0,, € R.

Such an assumption is satisfied by so-called parameter-free online convex optimization algorithms,

such as those described in Cutkosky and Orabona (2018); Mhammedi and Koolen (2020); Orabona and P4l
(2016). Specifically, by considering only the time steps where the gradients are nonzero, T,, = {1 <

t < T : gnt # 0}, their procedure entails O(G|6,|+/|T5|). Note that the constants C, Cs often

hide logarithmic factors in 7, G or |0,|. These algorithms require no parameter tuning (though

some need prior knowledge of () and provide a regret upper bound that automatically scales with

the parameter norm |6, |. This property is crucial in analyzing our CT, where each node is tasked

with correcting the errors of its ancestors in a more refined subregion of the input space. This multi-
resolution aspect of the predictions leads us to consider 6,, that approach zero as d(n) increases.

First result. In the theorem below, we show that when resorting to such a subroutine into Algo-
rithm 1, our results are minimax-optimal with respect to *(X’, L) the class of a-Holder continuous
functions over X defined with L > 0 and o € (0, 1] by

€*(L,X) = {f X > R |f(z)—f(@)] < Lz —2'||%, z,2" € X and sup,cy |f(z)| < B},

6))
with B > 0 such that ¢; has minimum lying in [—B, B]. We will refer to L as the Hélder constant
and « to as the smoothness rate or exponent.

Theorem 1 Let T > 1,(T, X, W) be a CT with X,oot(7) = X, On1 = 0 for alln € N(T) and

7)) = élogQ T. Then, Algorithm 1 applied with a grad—step procedure satisfying Assump-

tion I achieves the regret upper bound

(®(¢ — )0y +4C2 + )VT  ifd < 20,
sup  Regy(f) < GB(C1VT+Co)+GLIX|* { (S logy T + 405 + 1)VT ifd =2,
Jeenn) (®(4 — )0y +4C + )T ifd > 2a,

forany L > 0 and o € (0, 1], where ®(u) = 2% — 1|71,

The proof of Theorem 1 is postponed to Appendix A.
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Minimax optimality and adaptivity to L and . Note that the above rates are minimax optimal

for online nonparametric regression with convex losses over (X, L), as shown by Rakhlin and Sridharan
(2015) that provides a non-constructive minimax analysis for this problem (see also Rakhlin and Sridharan
(2014)). For the case of low-dimensional settings, where d < 2a, our bound is in O((B + L)vV/T).
However, it has been demonstrated in Rakhlin and Sridharan (2015) that faster rates O(T%) can be
attained when dealing with exp-concave losses. In the next section, we will address this by making

our algorithm adaptive to the curvature of the loss functions. A similar chaining technique was ap-
plied by Gaillard and Gerchinovitz (2015) to design an algorithm with minimax rates for the square

loss or Cesa-Bianchi et al. (2017) in the partial information setting. However, unlike these works,

our Algorithm 1 does not require prior knowledge of neither L nor o and automatically adapts to
them. This is achieved through the use of parameter-free subroutines that satisfy Assumption 1 and
automatically adapt to the norm of 6,,.

Comparison to standard adaptive OCO methods in RVMI, A key point of Algorithm 1 is
its node-specific descent, which differs from standard adaptive OCO optimizing a global parameter.
For each node n € N/(T) we obtain a regret upper-bound of O(|6,,|\/>_; |gn.+|?) yielding an overall
regret in O(>", |0n]\/D_; |gn.¢|?). with g,, ; defined as in (4). Notably, thanks to the structure of the
chaining-tree, g, = 0 when the data z; does not fall in the corresponding sub-region of node n
and this leads to an overall regret scaling as O(G Y, |6,]1/|T|) where T}, is the set of time steps
for which g, ; # 0.

One may wonder whether Algorithm 1 could be reduced to an adaptive Online Mirror Descent
(OMD) on a global parameter 8 = (0,)nepnr(7) € RW(TI. This would result in an estimation
regret bound, for any p, ¢ > 1 such that % + % =1,

0101/ 11 llgell2)  where g = Volu( Xenr Oniluex,) = (Gnidnenir)

with gy, ; as in (4). Moreover, we have for ¢ > 2

1
a\ - . .
Yo lOnl /D4 lgnel? < H0||p<zn (Zt |gn,t|2) 2) / < by Holder’s inequality

N
< HOHP(Zt (> 19n.e19) 5) *  + by Minkowski’s inequality with g >1

= 1101lp1 /2 llgellf - ()

Remarkably, (6) shows that our Algorithm 1 consistently achieves a lower regret compared to any
global adaptive OMD subroutine for ¢ > 2 - including adaptive version of OGD (p = ¢ = 2) and
of EG(p =1,q = 00).

Finally, in our analysis in Appendix A, Proof of Theorem 1, such an adaptive OCO method would
result in an overall estimation regret of O(vVT' 3", |,]). By grouping by the level of the CT T (see
Equation (21)), with |6,,| o 279 m € [d(T)], we get a regret of O(27°™|{n : d(n) = m}|V/T)
for each level instead of O(27*™/|{n : d(n) = m}|T), which is insufficient to recover the same
minimax rates.

Complexity. Although the formal definition of our algorithm requires constructing a decision tree
with [NV (T)| = 2474 = T nodes, it remains tractable, similar to the approach in Gaillard and Gerchinovitz
(2015). At each round, the input x; falls into one node per level of the tree constituting pathy(z;) =
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{ne N(T): z, € X,}, since {X,,,d(n) = m} forms a partition of X for any depth 1 < m < d(7)
- see Figure 1 for schematic comprehension. Consequently, most subgradients in (4) are zero, and
grad-step only needs to be called d(7) = élong times per round, each using the same
gradient g;. Thus, the loop in Algorithm 1 can be rewritten to explore only the nodes along
pathy(z;), significantly reducing computational complexity. The overall space complexity is at
most O(JNV(T)|) = O(T). It can be improved noticing that nodes in the tree do not need to be
created until at least one input falls into that node.

Unknown input space. In practice our procedure can be easily extended to the case where X’
is unknown beforehand and is sequentially revealed through new inputs z; € R? (similarly to
Kuzborskij and Cesa-Bianchi (2020)). This can be done either through a doubling trick (starting
with X = [—1,1]¢ and restarting the algorithm with an increased diameter by at least a factor of 2
each time an input falls outside of the current tree) or by creating a new CT around z; that runs in
parallel, whenever a new point z; falls outside the existing trees.

3. Optimal and locally adaptive regret in online nonparametric regression

In the previous section, we demonstrated that our Algorithm 1 achieves minimax regret O(LT(d_O‘)/ )

compared to Holder functions € (X, L). This bound scales linearly with the constant L and raises
the question of whether our approximation method could be adapted to fit subregions with lower
variation. Our second contribution is an algorithm that adapts on the local Holder profile of the
competitor. For any f € €*(X, L), a € (0,1], L > 0, and some subset X, C X, the local Holder
constant L, (f) satisfies

Ln(f) <L and |f(z) = f(2')] < La(f)llz = 2"l|5, , )

for every z, 2’ € X,,. Recall that we assume that for any f € €%(X, L),sup,cx |f(z)| < B. We
define [|p := min(B, max(—B, -)) the clipping operator in [— B, B] and a uniform discretization
grid I" with precision € = T2 as the set of K = [2B/c] constants

I''={w=—-B+(k—-1)e,k=1,...,K} C [-B,B].

Locally adaptive algorithm. We base our predictions on a combination of several regular deci-
sion tree predictions (see Section 2.1). The latter are sitting in nodes of a core tree (7, X, W) with
W = {(fur)E,, n € N(T5)}. In our main Algorithm 2, referred to as Locally Adaptive Online
Regression, the core tree Ty provides an average prediction at each time step ¢ > 1 as follows:

Fol@e) = X nenrs) Zhot Wnktfogt (T0)

where, for each pair (n, k) € N (7o) x [K]
. fn k- 1s a clipped predictor associated with a CT 7, j, (see Definition 1), rooted at Xroot(Tr ) =
X, € X and starting at 6,00¢(7,, )1 = Yk € T, 01 = 0 forn’ € N(Ty, 1) \ {root(Tok)};
* the weight w,, ;. ; adjust the contribution of the predictor fn k,t such that the sum of all weights
over the tree satisfies Zne/\f(%) Zke[K] Wy k¢ = 1 atany time ¢ > 1.
First, Algorithm 2 sequentially trains the weights (wn,k)(m k)EN (To) x K] Using two key subroutines:
weight and sleeping, both inspired by classical expert aggregation methods. Specifically, the
weight(Ww, g) subroutine refers to any general algorithm updating weights w with a given gradient
g and satisfies the following Assumption 2.



MINIMAX-OPTIMAL AND LOCALLY-ADAPTIVE ONLINE NONPARAMETRIC REGRESSION

Assumption 2 Let g,,...,8r € [—G,GI**WI for T > 1 and G > 0. We assume that the
weight vectors wy, initialized with a uniform distribution w1 and updated via we i ght in Algorithm
2, satisfy the following linear regret bound:

SL 8T~ Guee < O log(KIN(T0)) Sy (& Wt — )’ + CaG
for some constants Cs3,Cy > 0 and for every n € N (Ty), k € [K].

Well-established aggregation algorithms, such as those from Gaillard et al. (2014), Koolen and Van Erven
(2015), and Wintenberger (2017), exhibit such second-order linear regret bounds.

Algorithm 2: Locally Adaptive Online Regression

Input :A core regular tree (79, X', W) with root X, bounds G, B > 0.
Initial prediction functions fmk,l = fmk,l = Oroot(T, o)1 1lzex, associated to CT
Tk € [K],m € N(To).
Initial uniform weights W1 = (Wn, k,1)nen (7o) ke[K]-
fort =1to 7T do
Receive xy;
N < pathy (@)
w; < sleeping(wy, Ny ;
Predict ft(xt) =D neN; Zszl wn,k,tfn,k,t(xt) ;
# Update weights of 7o
Reveal gradient g; = vatgt(ZneNt Z{f:l wn,mfn,k’t(wt) + anzj\/t 21{3{:1 wn,mft(wt)) ;
Udpate Wy 1 < weight(Wy, ) ;
for n € N,k € [K] do
# Update CT Thk
Reveal gradient gy 1. = 04 (fops(2)) ;
Update fn,k,t associated to CT 7,, ;, using Algorithm 1 with g,, 1. ¢ ;
Clip local predictor as fn7k’t+1 = [fn,k7t+1]B ;
end

end
Output: fri1 =3, Wn k141 k141

Since 7 partitions the input space X, only a subset A; of the nodes in A/ (7) contributes to pre-
dictions at each round ¢ > 1. The set of active nodes is determined by N; < pathy; (x;), which
maps the data point z; to the active nodes {n € N (Ty) : z; € X, }. This structure mirrors the
sleeping experts framework introduced by Freund et al. (1997); Gaillard et al. (2014), and we in-
corporate it as a sleeping subroutine in Algorithm 2. The weights w; are computed using the
sleeping(wy, N;) subroutine, defined as follows for all k£ € [K] and n € N (7p):

: Wkt .
Wpke =0 ifn¢N, Wn ket = nK — otherwise. (8)
2onreN; 2oki=1 Wnl i t

This ensures that only the active nodes are contributing to the average prediction.
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Second, our Algorithm 2 also employs Algorithm 1 to independently train the CTs
{ﬁl,k ) (n7 k) S N(,]E)) X [K]}

that reside within 7o. For each (n, k) € N(To) x [K], Ty is initialized with 6,04¢(7. ,)1 = Y% and
0,y 1 = O forall n' € N(Ty, )\ {root(7y x)}, and is then updated at each time ¢ > 1 via Algorithm
1 with a given gradient g,, ;. Then, the local predictors associated to (7, ;) are clipped in [—B, B|.

Pruning as local adaptivity. Pruning techniques are frequently employed in traditional statistical
learning involving subtrees to reduce overfitting or simplify models. In this context, each pruned
tree represents a localized profile corresponding to a partition of X'. Our Algorithm 2 strives to learn
the oracle pruning strategy to compete effectively against any a-Holder continuous function.

Definition 2 (Pruning) Let (7o, X', W) be some regular tree with W = {(fn,k)ke[K], neN(Tp)}
A pruning or pruned regular decision tree (7, X, W) consists in a subtree, i.e. N(T) C N(Tp),

with 100t Xyoo(T) = Xroot(75) and prediction functions W = {fnkn, n e N(T), k, € [K]} C W.
It predicts, at each time t > 1,

Fre(@) = YXerer fakaa(@), z€X.
We denote P(Ty) the set of all prunings of To.

Note that a pruning is a decision tree whose predictions are induced by its leaves, contrary to the
core tree Tg. In particular, a prediction made by a leaf of a pruning is inherited from the associated
node in 7y before pruning. We provide some illustration in Figure 2.

{fl,k}le

TN

{fo i, {fa i,

/NN

{f4,k}§:1 {fs,k}§:1 {f6,k}§:1 {f7,k}§:1

X X fG,kG f7,k7

X X

(a) Core tree To (b) T € P(To), fr € €*(X, L) (c) Tz € P(To), f2 € €°(X, L)

Figure 2: Example of a core tree Ty with depth d(7p) = 3, d = 1, in Fig. 2(a). We give 2 pruned
tree instances 77 for a given Lipschitz function f; in Fig. 2(b) and 75 for a second profile
f2 in Fig. 2(c¢). In Fig. 2(a) all nodes N (7) are awaken and predictive while 77 in Fig.
2(b) (resp. T in Fig. 2(c)) predicts with f27k2, fg’kg sitting in its leaves £(77) (resp. with
f 2,kas f 6,kg f 7.k, sitting in its leaves £(72)). X represents a pruned node.

Complexity. Similar to before, even though our core tree g involves at most O(|N(7p)|) =

O(VT24(T0)d) = O(T%) predictors after 7" iterations, our algorithm remains computationally fea-
sible, since at a time ¢, only a subset of d(7p) nodes are active and updated with the weight
subroutine. The resulting overall complexity is of order d%\/T log, (T')? per step.

10



MINIMAX-OPTIMAL AND LOCALLY-ADAPTIVE ONLINE NONPARAMETRIC REGRESSION

Second result. In our main result (Theorem 2), we prove that Algorithm 2 achieves a locally adap-
tive regret with respect to any a-Holder function. Indeed, we show an upper-bound regret that scales
with the local regularities of the competitor. Meanwhile, we show that Algorithm 2 also adapts to the
curvature of the losses: its regret performances improve when facing exp-concave losses (i.e., when
y — e~ are concave for some 17 > 0), as shown in the second part of Theorem 2. Exp-concave
losses include the squared, logistic or logarithmic losses. Note that for Assumption 2 to hold, the
gradients g; must be bounded by G in the sup-norm. The Holder assumption on f and the bound-
edness condition on X alone are not sufficient. It is also essential that all predictions fmk’t(xt) are
bounded, which is achieved through clipping in Algorithm 2 - see e.g., Gaillard and Gerchinovitz
(2015); Cutkosky and Orabona (2018). To simplify the presentation, we state the theorem here only
for the case d = 1 and o > 1/2.

Theorem 2 Leta € (3,1],d = 1,T > 1and (To, X, W) be a core regular tree with Xyoor(75) = X
and CT{T, . : (n,k) € N(To) x [K]} satisfying the same assumptions as in Theorem 1 and whose
nodes root are initialized as O.o01(7;, )1 = Yk € I', forall (n, k) € N'(To) x [K]. Then, Algorithm 2
with a weight subroutine as in Assumption 2, achieves the regret upper-bound with respect to any
fee“(X,L),L >0,

Regr(f) < infrep(r) {\/ TIT + LT+ X X e e Ly (f)27odm=1) ’Tn’}a

where < is a rough inequality depending on C;,i = 1,...,4,G and L,(f) < L,n € L(T), are the
local Hélder constants () of f, and T,, = {1 <t < T :xy € A}
Moreover, if {1, ..., U1 are exp-concave, one has:

Regr(f) S infrep(rm) {IL(T)] + X% Z e i Ln( )220 T}
where < also depends on the exp-concavity constant.

We state and prove a complete version of Theorem 2 in Appendix B, for all & € (0,1],d > 1. As
a remark, Algorithm 2 is not only adaptive to the local Holderness of f (via L, (f)), but also to the
smoothness rate € (0, 1]. One could extend the previous results in Theorem 2 with some local
smoothness (a,) associated to the regularity of the function over the pruned leaves at the price of
the interpretability of the bound in specific situations as below.

Minimax optimality and adaptivity to the loss curvature. Moreover, Theorem 2 yields the
following corollary, which demonstrates that our algorithm simultaneously achieves optimal rates
for generic convex losses (i.e., similar rates to Theorem 1) and for exp-concave losses, while also
adapting locally to the Holder profile of the competitor - i.e. exhibiting dependencies to constants
L, (f) of the target function f. Importantly, our algorithm does not require prior knowledge of the
curvature of the losses.

Corollary 1 Letd = 1 and o € (%, 1]. Under assumptions of Theorem 2, Algorithm 2 achieves a
regret with respect to any f € €“(X,L), L > 0, and any pruning T G P(To),

Regr(f) < infrep(r) {ZnGE(T)( n(f)] ] ) VT, \}

Moreover, if {1, . .., are exp-concave, one has:
. a _2 1
Regr(f) S infrep(rs) {Znezm (Ln(f)]Xn|*) 250 \TnPaH} .

11
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The proof of Corollary 1 is postponed to Appendix C. In particular, upper-bounding the infimum
over all prunings by the root, our regret becomes O (L% 2+ 11/ (a+1)) and O(L'/(2)\/T) for the
exp-concave and general case respectively. This achieves the same optimal regret to that obtained
in Gaillard and Gerchinovitz (2015), for any sequence of exp-concave losses, without the prior-
knowledge of the scale-parameter v that they require, and adapting to any regularity while they
consider L, « = 1. Our algorithm is also nearly minimax in term of the constants (L, «) as shown
by Tsybakov (2008), Hazan and Megiddo (2007) or Bach (2024). We provide some experimental
illustrations of the results from Corollary 1 in Appendix F.

We note that the fast rate in 7" obtained under exp-concavity is not optimal in L. Thus a compromise
is made by our algorithm which competes with more complex oracle trees when L is large to im-
prove and obtain the rate v/L by decreasing the rate in 7'. Such trade-off is classical in parametric
online learning as bearing resemblances with the comparison between first and second order algo-
rithms, the first ones being optimal in the dimension, the second ones in 7". Remarkably, our unique
algorithm achieves both regret bounds which opens the door to a minimax theory on rates in L and
T and not solely on fast rates in 7.

Adaptivity to local regularities. Theorem 2 improves the optimal regret bound established in
Theorem 1 by making it adaptive to the local regularities of the Holder function f. To illustrate this
better, applying Holder’s inequality entails (see Appendix D for details): for any pruning 7

(|X|O‘E(f))ﬁTﬁ if ¢, are exp-concave ,

(X[ L)% VT, ®

Regr(f) S {

where L(f) = (|X| > onec(r) |l Ln(f £)Y*)* is an average of the local Holder constants L, (f)

weighted by the size of the sets X, over 7. This result is in the same spirit as that of Kuzborskij and Cesa-Bianchi
(2020), that focus on adapting to tree-based local Lipschitz profiles. However, contrary to us, they

need to assume the prior knowledge of bounds (M (k))1<k<d(75) such that M*) > L, (f) for any

n € N(7p),d(n) = k. Doing so, for any pruning 7, when « = 1 and ignoring the dependence on

X, for the squared loss (which is exp-concave), they prove a bound of order

O((M(HT) + L (MPITONY)  where 3 (f) = 30wt a®),

with w(*) the proportion of leaves at depth & in the pruning; and 7'*) the set of rounds in which
x4 belongs to a leaf at level k. By grouping our leaves n by their respective depths and applying
Holder’s inequality, our results recover theirs with two key improvements (see Appendix E for
details): (1) the prior-knowledge of the M (¥) is not required in our case and they are replaced with
the true local Holder constants L, (f) that are smaller; (2) the rate in 7" is improved from /T to
TY/3. Note that, similarly to us, the results of Kuzborskij and Cesa-Bianchi (2020) hold for general
dimensions and convex losses as well.

4. Conclusion and perspectives

In this paper we introduced an online learning approach based on chaining trees and proved that this
method achieves minimax regret for the a-Holder nonparametric regression problem, o € (0, 1].
We designed a general and computationally tractable algorithm that leverages a core structure based
on chaining-trees to perform an optimal local approximation of a-Holder functions, where o < 1.

12
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In addition, we showed that our algorithm adapts to the curvature of the loss functions revealed
by the environment, while remaining optimal in a minimax sense. A limitation of our approach is
that chaining trees are minimax-competitive only against a-Holder continuous functions when the
smoothness parameter o € (0,1]. However, combinations of trees, such as the forests studied in
Arlot and Genuer (2014) and Mourtada et al. (2020), achieve minimax rates for « € (1,2]. Since
their framework is based on batch i.i.d. data, an open question remains as to whether combinations
of chaining trees can also be minimax-optimal in an adversarial setting against functions with higher
regularity.

As future work, our approach could be extended to incorporate alternative structures beyond chain-
ing trees, such as kernels or shallow networks. In particular, employing other function approxima-
tion methods could address a nonparametric regression problem with respect to richer classes of
functions.

Link with boosting in adversarial online regression. Boosting is a well-established strategy in
statistical learning (Friedman, 2001; Zhang and Yu, 2005), where a set of weak learners is itera-
tively combined to construct a strong predictor with improved accuracy. Conceptually, this process
refines predictions at each step by correcting errors from previous iterations. Our approach shares
similarities with boosting-based methods in that it iteratively and adaptively refines function approx-
imations over time. For instance, the structure of chaining trees that we studied can be seen as an
implicit hierarchical refinement process, akin to boosting’s combination of weak learners. While
boosting has been extensively studied in batch settings, recent research (Beygelzimer et al., 2015;
Hazan and Singh, 2021) has encouraged the adaptation and study of boosting procedures in the
context of adversarial nonparametric regression.

A natural question is whether exposing our algorithms at a Prafug ..

meta-state could provide a foundation for analyzing more gen- -
eral weak learners in the context of adversarial online regres-

. . ) ) A Buthn—14 . -t
sion. Specifically, instead of relying on a pre-defined hierar- <y
chical structure such as chaining trees, one could explore dy- Br,th, Br,i41lm,41
namically learning general weak function approximators (e.g., ¢

shallow trees, shallow networks) and adaptively aggregating Bt thngr -
them over time. This perspective is motivated by a more gen-
eral form of our Algorithm 1, which we expose here.

Let W be a set of real-valued functions X — R, and for some
N > 1, define the function space:

spany (W) = { 0, Buhn, by € W, B, R}, (10)

which forms a linear space of functions based on N elements from VV. The goal is to find a sequence
of functions f; € span N(W), for t > 1, such that it minimizes the regret Reg(F) as defined in
(1), with F = spany (V).

To illustrate this general perspective, one could present our Algorithm 1 as an abstract formulation
of a boosting-like procedure for function approximation based on a gradient update. A schematic
diagram is provided in Figure 3. Specifically, at each step ¢ > 1, a meta-version of Algorithm 1
would perform Equation (3) to find a pair (5, ¢+1, int+1) € R x W approximating a minimum of
the following objective function

(Bas b)) = Co(foni(xe) + Buhn(z))  where  fopi(ze) = fi(ze) — Baghni(z) (11

Bnthng -

Figure 3: Boosting at time .

13
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using the gradient [V(gn,hn)ft(f—n,t(éﬁt) —|—5nhn(:nt))}(ﬁ (G
n,Min )=\Pn,t,Mn,t

In Section 2, we analyzed the special case where W is specified as {h,, : © — O,lcx,,0, €
R,n € N(T)}, with fixed 3, = 1 and N = |[N(T)|, using a parameter-free gradient minimization
step. A compelling direction for future research is to analyze whether the meta-algorithm defined
by Equation (11) can achieve minimax rates under assumptions on weak learners belonging to a
general VV. By framing the problem in this way, we believe that it could be analyzed more broadly
within an online and adversarial boosting framework - see, for instance, Beygelzimer et al. (2015).
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APPENDIX

Appendix A. Proof of Theorem 1
Let f* € argmin jeqo(x, 1) Zle 2(f(x¢)). We define the function
> Faa)la,, (12)
neL(T)

where T, = {1 <t < T : x; € X,}, =, the center of hyper region X,, (i.e. for any z €
Xy, ||z — 2 || < 271X, ]). The proof starts with the following regret decomposition

T
Regr(6°(X, L)) = > b fulwr) — b(f* (1)) +Z€t —L(f (z)) . 13
i=1

R1 R2

We will refer to R; as the estimation error, which consists of the error incurred by sequentially
learning the best Chaining-Tree f*. Ro will refer to the approximation error, which involves ap-
proximating Holder functions in (X, L) by piecewise-constant functions with |£(7)| pieces.

Step 1: Upper-bounding the approximation error R>. Note that by definition of the Chaining-
Tree T (see Definition 1), {Xy,,n € L(7)} forms a partition of X = X,0¢(7) and for any leaf
ne L(T)

’Xroot(T)‘ |X|
|Xn| = od(n)—1  ~ 9d(T)-1 (14)
Then,
T ~
Ry =) 4(f* (@) — bl (1))
t=1
T ~
< Z G|f* () — £ (w1)] < {4 is G-Lipschitz
t=1
T
GZ ( Z J (@) lgex, — f*(xt) +— by (12)
t=1 nel(T)
=G Z Z [ (@) — [ (20)] «— {X,,n € L(T)} partitions X
n€L(T) t€Tn
<G Z Z Lljzn — 245 — ff e (X, L)
nel(T) teTn
<G Z L27% X, || Ty < x,, center of &,
neL(T)
< GL2~4N) | e (15)

where the last inequality is by (14) and because the leaves form a partition of X', which implies
Yoneriry I Tnl =T
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Step 2: Upper-bounding the estimation error ;. We now turn to the bound of the estimation
error, that is the regret with respect to best Chaining-Tree f *,

Step 2.1: Parametrization of f * in terms of 0,. Note that the parametrization of f * in terms of 6, is
non-unique. We design below a parametrization such that for any x € X

> Onlaex, (16)
neN(T)

and which will allow us to leverage the chaining structure of our Chaining-Tree. We define,

Hroot(T) = f*(xroot('r)) and 0, = f* (‘Tn) - f* (‘Tp(n))a for n # I‘OOt(T) ’ (17)

where T, = {1 < t < T : 2y € X,} and z,, stands for the center of subregion X,, for any
n e N(T).

Let us show that the above construction (17) indeed satisfies (16). To do so, we fix z € X and
proceed by induction onm = 1,...,d(7), by proving that

> baleerdagmyam = Y, F (@) leex, Lagm=m (Hm)
neN(T) neN(T)

First, note that (H1) is true by definition of 6;,4¢(7). Then, let m > 1, and assume that (H,,) is
satisfied, we have

Z en]leXnﬂd(n)gm—i-l

neN(T)
= Z en]l:ce?(n]ld(n)Sm"'_ Z Hn]l:ce?(n]ld(n):m—l-l
neN(T) neN(T)
= > fe)lerdiamem T Y, Onlecx,Dam—mir by (Hm)
neN(T) neN(T)
= Z f*(xn)]leXn]ld(n):m
neN(T)
+ Y (@) = £ @) Leexn Lagy=ms1 by (17)
neN(T)
= Z f*(xn)]]-xe?(n]ld(n):m—i-la
neN(T)

which concludes the induction. In particular, for m = d(7), (H,) yields

Z Onloex, = Z [ (@) lzex, = f*(x)’

neN (T neL(T)

where the last equality is by definition of f *in (12).

Step 2.2: Upper-bounding |0,|. The key advantage of the parametrization 6,, in (17) is that it
leverages the chaining structure of our tree. Each node aims to correct the error made by its parent,
and as we show below, this error decreases significantly with the depth d(n) of the node n. Let

n € N(T)\ {root(T)},
10n] = [£*(2n) = F*(@pm))| < Lllzn — 2pmllS = L2712, = L|x[*2724M  (18)
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where the last equalities are because X, C A}, and || = |X |2-(d)=1) | from Definition 1.
Furthermore, by definition of (X, L), |f*(x)| < B for any = € X, hence

|9root | - |f ( rOOt(T )| < B.

Step 2.3: Proof of the regret upper bound. We are now ready to upper bound the estimation error
in (13). We have

A~

C(fi(2e)) — et(f*(xt))

Il
B

Ry

~+~
Il

1

Il
E

et( ZHEN(T) 9n7t]lxt6/"(n) - gt ( ZHEN(T) Hn]lxte)(n)

~+~
Il
—

N\
1 MH

Z Gt (Ot — On) (19)

neN(T)

by convexity of /¢, where g, ; is the partial subgradient in 8,, ; as defined in Equation (4). Now, from
Assumption 1 on the grad-step procedure to optimize 60, ; and with 0,, 1 = 0, g+ < Gly,ecx,,
we further have, with T,, = {1 <t < T': g, s # 0},

Ri<G D 6u](Cr/|Tu] + Co)
neN(T)
d(7)
=G D 6ul(C1VIT0l + Co)
m=1n:d(n)=m
d(T)
BG(CIVT + Co) + LGIX[* > Y (C1/|Tul + Co)27°™ <+ by (18)
m=2n:d(n)=m
(20)

Now, because in a d-regular decision tree, the number of nodes with depth m equals [{n : d(n) =
m}| = 2%"=1 (recall that the depth of the root is 1), and because {X,, : d(n) = m} forms a
partition of X', we have ) d(n)=m T,, = T and by Cauchy-Schwarz inequality

Z \/T7n < \/Qd(m—l) Zn:d(n):an = \/Qd(m—l)T

n:d(n)=m

which substituted into the previous upper bound entails

d(T)

R < BG(C&\/T—I— 02) —I—LG|X|a Z <012d(m271)_am\/f+ 022d(m—1)—am)
m=2
d(7) d(7)
= BG(C1VT + Cy) + LG| X | <2 SOWT T om(§-a) 1 9=d(y, > 2m<d—a>> . Q@)
m=2 m=2
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Step 3: Conclusion and optimization of d(7). To conclude the proof, we consider three cases
according to the sign of d — 2«
e Case 1: if d < 2a. Then

d(7) d(7)
d 1 Qa(d(T)H) (2a>1)
E ’ (§-a) ¢« = ~d Z (d— —d s
2” 2z Py and 2~ gm(d—a) <2 E 27”0‘ 50 1 <
me=2 1-2
and (21) yields

Ry < BG(Cl\/T"‘CQ) +LG’X‘O‘<i + Oy 9ad(T)+ > :
1—-22

Therefore, combining with (13) and (15), the regret is upper-bounded as

Cl\/—
2

Regr(4*(X, L)) < BG(CIVT + Cy) + LG!X\Q(l — o+ 02 Tg—ad(T))

The choice d(77) = 2 log, T entails

L+4C2+1)\/T. (22)
1-—22

Regy (€°(X, L)) < BG(CVT + Cy) + LG|X|O‘(

e Case 2: if d = 2a. Then

. d(7) d(7)
-5 Z 2m —a) 7-) and 279 Z 2m(d—a) —9—d Z gmer < 2ad(T)+2
m=2 m=2

and (21) yields
Ry < BG(CLVT + Cs) + LG|X|* (Clx/Td(T) 0204 >+2) :
Therefore, combining with (13) and (15), the regret is upper-bounded as
Regr (€% (X, L)) < BG(CIVT + Cy) + 2°LG|X|* (Cl VTA(T) 4 Cp204(T)+2 1 T2‘ad(T)> .
The choice d(7") = 4 log, T entails
Reg(6€*(X, L)) < BG(CIVT + Co) + 2°LG|X|* (% logy T + 4Co + 1) VT.  (23)

e Case 3: if d > 2a. Then

d(T) )T d(T) d—a
| Z (2 (j )d(T) - Z gm(d—a) % < gld=e)d(T)+2
95-a _q — -

where the last inequality is because (29-* — 1)~ < (2%2 — 1)1 < (V2 —1)"! < 4. And (21)
yields

—)d(T)

~
[IISH NN

2
R1 < BG(CIVT + Cy) + LG|X|* <01\/T

n 022(d—a)d(T)+2> ‘
227% —1

20

9ad(T)+2
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Therefore, combining with (13) and (15), the regret is upper-bounded as

9(4—a)d(T)
Regr (€% (X, L)) < BG(CIVT+Cy)+LG|X | (Clﬁji+022<d—“>d(7>+2+T2—ad<T>> .
257 _ 1

The choice d(7) = 4 log, T entails

c
Regr(€(X, L)) < BG(C1VT + Cy) + LG|X[* (ﬁ

+4Cy + 1> T a . (24)

Conclusion. Combining the three cases (22), (23), and (24) concludes the proof of the regret bound,
which we summarize below

(®(4 —a)Cy +4C, +1)VT  ifd < 2a
Regp(€*(X, L)) < BG(C1VT+C2)+GLIX|* ¢ (S logy T + 4Cy + 1)VT if d = 2a
(P(4—)Cy +4C, + )T "4 ifd > 2a,

where ®(u) = [2% — 1|71
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Appendix B. Proof of Theorem 2
We state here the full version of Theorem 2 that we prove right after.

Theorem 3 Let T, d > 1 and (To, X, W) be a core regular tree with CT {T,, x, (n, k) € N (Tp) x
[K} satisfying the same assumptions as in Theorem 1 and root nodes initialized as Oroot(T;, 1=
v € I, for all (n,k) € N(Ty) x [K]. Then, Algorithm 2 with a weight subroutine as in
Assumption 2, achieves the regret upper-bound with respect to any f € €*(X,L), L > 0,

Regr(f) <_inf {/31 VIILT] + BalL(T)]

+GIX| DT La(£)27O 8 gy log, [T, VIT0] if d = 2a
n€L(T) D |T, |~ ifd > 2a,

(SRVAVEY ifd<2a }

with 31 = 2030\/10g (2BT|N(To)|) and B = G(27'Cy + 271775 + C4), local Lipschitz
constants Ly, (f) < Lasin (7), Y1 = ®(d/2 — «)Cy + 4Cy + 1,909 = C1/d + 4Cy + 1, and
&, C1,Cs as in Theorem 1.

Moreover, if £y, . .., b1 are n-exp-concave with some n > 0, one has:

{ 11Tl ifd < 2a }

R < inf
egp(f) Telg(’ro)

BslL(TH+GIX|™ > Lu(£)27* =0 Sy log, [T\ /TTa]  if d = 20
neLl(T) T;Z)1|Tn|1_% lfd > 20[’

2 (e}
N L (”ZfW M) | 0,6+ 21G(Cy + CoT4) and 0 < 3 < min{1/G.n).

Proof [of Theorem 3] Let L > 0,a € (0,1], f* € €*(X,L) and ¢ > 0 be the precision of the
grid I, K = |2B/e| the number of experts in each node in N'(7j). Let T € P(Ty) be some
pruned tree from (75, X', W) with prediction functions W = {(f, x) ke[k],n € N (7o)} on subsets
X = {X,,n € N(Ty)}. We call f the associated prediction function of pruning 7~ (see Definition
2) such that at any time ¢ > 1,

fri(z) = Z Frbnt (@), e,

neLl(T)

with k, = argmingc () |(=B + (k — 1)) — f*(zn)| the best approximating constant of f*(zy,)
where x,, € X, is the center of the sub-region X,,, i.e. forany x € X,,, ||z — Z1[|0 < 27| X,|. We
have a decomposition of regret as:

T T
Regr(f) = Zet(ft(xt)) - gt(fT,t(wt)) + th(fT,t(wt)) — G(f(2)), (25)

t=1 t=1

=R =:R>

R is the regret related to the estimation error of the core expert tree 7y compared to some pruning
7T from it. On the other hand, R is related to the error of the pruning tree 7 against some function

fr
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Step 1: Upper-bounding R, as local chaining tree regrets. Recall that according to Definition
2, pruning subsets {X,,,n € L(7)} form a partition of X' = X,,0¢(7;)- Hence, for any z; € X,

prediction from pruning 7 at time ¢ is f7;(2¢) = fnp,.¢(¢) withn € £(T) the unique leaf such
that x; € A, at time ¢t. Then, Ry can be written as follows:

Ry

T
Z Z (Et(f’r,t(ﬂft))—ft(f*(lﬂt)))]lxtexn

t=1 nel(T)

= N S blfamil@) — G(f* (@)

neL(T) t€Tn

< DD bl Fukai(@) = b(f*(20), (26)

nEL(T) t€Tn

where weset T, = {1 <t < T :axy € X, },n € L(T) and (26) is because fmkn’t = [fn,kmt]g <
f77/7kn7t and ¢, is convex and has minimum in [— B, B].

The decomposition in (26) represents a sum of local error approximations of the function f* over the
partition {X,,,n € £(T)}, using predictors f,, 1, located at the leaves of the pruned tree 7. Recall
that for every n € N (7o), fnkn is a prediction function associated with a CT 7T, 1., where the root
node starts from 6,047, W)l = —B+ (kn, — 1)e € T on X,. In proof of Theorem 1 (Appendix
A) we study a regret bound (13) decomposed into two terms: estimation and approximation. In
particular, we showed that any CT adapts to any regularity (L,a) € Ry x (0, 1] of f*. Thus, the
approximation error of CT fnkn with respect to f* remains similar to that in (15), but now with
regard to an Holder function with a constant L, (f*) > 0 over &X,,. Specifically, from (26), we get:

d(Tr by )
Ry < Z G Z Z 10 — O 11(C1/| Tt | + C2)
neL(T) m=1 n’:d(n’)=m

estimation error as in (20)

+GLn(f*)|Xn|a|Tn|2_a(d(Tn’k")) , 27)

approximation error (15) over Xy,

with C'y, C'> as in Assumption 1 and where we set in (17),

eroot('ﬁhkn) = f*(xroot(Tn’kn)) and 0, = f* (:En’)_f*($p(n’))7 n' e N(’];L,kn)\{rOOt(,];L,kn)}'

In particular, we have for n’ = root(7,,x,),

len’ - Hn’,l‘ = f*(wroot(Tnykn)) - (_B + (kn - 1))5 < 5, (28)

N ™

by definition of k, and since I' = {—B + (k — 1)e},¢k) is an e-discretization of the y-axis.
Moreover, if n’ € N (T 1, ),d(n") > 2, one has 6,/ 1 = 0 and

16rs — B 1| = (8| < L ()] X |*27 040, (29)

23



LIAUTAUD GAILLARD WINTENBERGER

according to (18) with f* € €*(X,,, Ly,).
Then, following the same optimization steps as for Theorem 1, in each d(7,, %, ),n € L(T) of (27),
we get:

Ry <G Y S(CVITI+Co)

neL(T)

W1+/|Th| if d < 20
+GIX[* Y L(f)27MD L s logy [T, /[Tl if d = 20
n€L(T) 1| T~ @ if d > 2a

with ¢y = ®(d/2 — a)Cy + 4Cy + 1,99 = C1/d 4+ 4C5 + 1, and @ defined in Theorem 1.
Cauchy-Schwarz inequality gives

> (O] + C) < CWIL(TIT + Co|L(T

nel(T)

Finally,

6 (WIETTT + Coe)

l\DIt"f)

1/ T if d < 20
+GIX[* Y La(f)27D Sy log, T/ Ta] - ifd =200 (30)
neL(T) U |Tp| @ if d > 2c

Step 2: Upper-bounding the pruning estimation error 7;. We aim at bounding the estimation
error Ry due to the error incurred by sequentially learning the best pruned tree prediction and the
best root node in I" inside each pruned leaves. Note that at each time ¢, only a subset of nodes of 7
are active and output predictions: for any time ¢ > 1, let us denote N; C N (7p) the set of active
nodes (i.e. making a prediction) at time ¢. Remark that

K
felw) = D > wnpifnnalar) G1)
neN(%)k=1
K
- Z anktfn’ kit (21) Z Z nktft ), (32)
neNy k=1 n@N; k=1

by definition of ft and the so called trick of prediction with sleeping experts, e.g. in Gaillard et al.
(2014). Recall that & = Vgl (D, en: S Wkt S () + D N, S Wi fi(ze) €
RV(T)IXK for all t > 1. Then, for all n. € N'(Tp), k € [K],

~ fft(ft(ﬂft))fnkt(ﬂft) if n € N,
n = A P 33
It {ez/t(ft(xt))ft(xt) ifn & Ny &)
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Forany ¢t > 1,n € £(T) and k € [K], one has:

~T ~ ~ ~
8t Wi — On kit = E E Wy! k' t9n k't — 9nk,t

W N (To) k'=1
G(fr) > an’k’tfn’k’ (@t) —Gn et
n’eNy k'=1

=ft(90t)

K K
= 4(]@(%))( Z Z wn’,k’,tfn’,k’,t(xt) + Z Z @n',k’,tft(ﬂft)) = Gn kit

n'eN; k'=1 n'@N k'=1
)

ft(ﬂft
(ft(ﬂft) ft(ﬂft))ifn &Ny, A A
( n eM k/ 1 Wy k! tfn’ Kt (l’t) + Zn 'gNG 2521 wn’,k’,tft(xt) - fn,k,t(ﬂft)) else,

:gt(

o ifn &Ny,
8 Wi — Gnrs else,
= (& Wt — Gnst)Lurex, , (34)

where the second equality follows from (31), the third from (32), and the fourth from (33). Finally,
we obtain

(et(ft(xt)) - et(fn,k,t(ﬂft)))]lxteé’(n 4(]3 (wt))(ft(xt) - fn,k,t(xt))]lxteé’(n < by convexity of /;
W —

(gT gn k t)]lxteXn
=8/ Wt — Jnkt < by (34),
(35)
and setting T, = {1 <t < T :2y € X, },n € L(T):
T
Z Z e (felzy)) — Et(fn fen () Lpiex, +— {X,,n € L(T)} partition of X
=1 neL(T)
T
< D)0 D @ W= Gnkas) « by (35)
nEﬁ(T ) t=1
T
(Cg \/log (KN (To)|) Z (8 Wi — Gnpnt)? + C’4G> < by Assumption 2
neLl(T) t=1
= C4G|L(T)| + Cg\/log (KN (To)|) Z Z & Wi — Gnknit)? (36)

neL(T) te€Th

where last equality holds because for any n € £(T), g, w; — njent = 0if xp & A,
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e Case 1: ({;)1<t<T convex.
Since ||8t]|co < G, ||[Wt|loo < 1,t € [T] by Assumption 2 and using Cauchy-Schwartz inequality
we get from Equation (36):

Ry < CiGIL(T)| + 205\ /log (KIN(T))G S V/ITo
neL(T)

< CUGIL(T)| + 205G fog(memw(m S |7
neL(T)

= CIGIL(T)| + 205G log (KN (To)) | £(T)IT. (37)

In case of convex losses, we finally have by (25), (30) and (37) :

Regr(f) < 265Gy log (KIN(T))E(TIT + (Ca5 + C1) GIE(T)| + S GO/ IET)IT

V1|1 if d < 20,
+ G| T La(£)270UEOD L gy log, | T ITa] ifd = 20,
nel(T) V| T, if d > 2a,

with 1)1, 1> defined in (30). Taking e = T~2, K = |2BT2 | < 2BT, we get:

Regr(f) < QCgG\/log (2BTIN(To)) VLT + (27°C1 + Co27 T2 + C)GIL(T))]

1/ || if d < 2a,
+GIX YT La(£)27 0T Ly logy [T /[T,] - if d = 20,
n€L(T) Y| Ty~ if d > 2a,

Since this inequality holds for all pruning 7 € P(7j), one can take the infimum over all pruning in
P(To) to get the desired upper-bound:

Regr(f) < inf : {51 VL(T)|T + B2|£(T)|

TeP(To

+GIX Y L ()27 Y Sy logy [T |y/[T] it d = 2a,
neL(T) 1| T~ 7 if d > 2a,

1/ |T] ifd < 2a,}

with 3; = 2C’3G\/Iog (2BT|N(To)|) and B2 = G(271Cy + Co2 1T~ 2 + Cy).
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e Case 2: ({y)1<i1<T Mm-exp-concave.
If the sequence of loss functions (¢;) is n-exp-concave for some 7 > 0, then thanks to a Lemma in
Hazan et al. (2016) we have for any 0 < p < 3 min{,n} and all t > 1,n € L(T), k € [K]:

. . . 7 2
(Ce(fe(xe)) = b (Fupe (@) Larer, < (& Wi — Gns — 5( 8 Wi — Gngt) ) Laex,
- - - 2
= & Wi — Gk — g( Wi — o) by (34).

(38)

Summing (38) over ¢t € [T] and n € L(T), we get:

< DD B Wi Gnke — Z ST (& we— Gune)’

neL(T)te€Tn neN (P)teTn
2
> > (&8 Wi—Gnki)” by (36),
€T,

SCGILMI+Cs > > (& Wi = Gups)?
nel(T) \ teTn neL(T)te

wl"‘;

(39)

where we set C3 = Cj \/ log (K IV (’7'0)]) Young’s inequality gives, for any v > 0, the following
upper-bound:

- _ I v - ~
Z (& Wi — Gnks)? < w3 Z (&8 Wt — Gnis)® (40)
teT, teTh

Finally, plugging (40) with v = p/ Cs > 0in (39), we get

. C ~ ~
Ri < CUGIL(T)|+C5 Y <2—3+% (&8 Wi — Gn.st) ) g Z Z (& Wi — k)
ner(r) \ 3 {eT, EL(T) teT,
C2log (KN (Td
_ ( : Og(z,l (o)) +C4G> 1£(T)). 1)

To conclude, if (¢;) are n-exp-concave, one has via (25), (30) and (41)

1/ |Thl ifd < 2a,
Regr(f) < BsIL(T) +GIX|* Y Lu(f)27*"Y Sy log, [T |/ [T5] it d = 2a,
neL(T) Y| T, | if d > 20,
2 O,
with 33 = Cslog (2§ZW(%)‘) + O4G +271G(Cy + CQT_%), 0<pu< %min{é,n} and 1)1, 19
defined in (30). Again, taking infimum over 7 € P(7p) gives the result.

Worst case regret bound Note that since we assume that | flloo < B, and that all local predictors
frgm € N(To), k € [K] in Algorithm 2 are clipped in [—B, B], we first have for any = € X,

|ft Z ankt|fnkt <B Z ankt

neN(To) k=1 neN (To) k=1
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Thus,
T ~
Regr(f) =Y b(filze)) = b(f* (1))
t;1
< Z Glfi(z) — f*(x2)| < £, is G-Lipschitz

o~
Il

N
@
1~

(|fe(z)l + 1 (@)))

w
I
—_

= 2BGT (42)
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Appendix C. Proof of Corollary 1

We state here a complete version of Corollary 1.

Corollary 2 Let o € (0,1],1 < d < 2c. Under the same assumptions as in Theorem 2, Algo-
rithm 2 achieves a regret with respect to any f € €*(X,L), L > 0:

1

Regr(£) 5 int 3 3 min (14 Lu(HIA I (LalNI6) ) VL

P
TEPTo) | Lz

where < is a rough inequality that depends on C;, i = 1,...,4 but is independent of L, X, T.
Moreover, if () are exp-concave:

TeP(To)

Regr(f) < _inf & 5™ min (Lu(f)] 2] V/ITal, (La(F)| 1) 777 Ty 2557
nel(T

where < also depends on the exp-concavity constant.

Proof [of Corollary 2]
We consider 2 cases:

1. Cased < 2c(ie. d =1,a € (3,1)).

Let f € €“(X,L) and L > 0 and fix any pruning 7 € P(7y). We will apply Theorem 2 to
an extended pruning 7, in which we extend each leaf n € £(7) by a regular tree of depth
h,, € N to be optimized later in the proof. In particular, for each leaf n in the original pruning
T, T' has 2" leaves m at depth d(m) = d(n) + h, > d(n) with L,,,(f) < Ln(f). In
particular, when h,, = 0, the original pruning 7 is recovered.

(a) Case (¢y) convex:
Thanks to Theorem 2 (without applying Inequality (37) in the term depending on Cj),
one has for d = 1 < 2

Regr(f) < 2C5\/log (KIN(To)) Y- V[Tl + CiGIL(TL)]

meL(T")
+G¢1 Z Lm(f)’Xm‘a\/’Tm‘7
meL(T")
<p{C S (VI L )
ne

(43)

where C' > 0 is some constant that depends on C3, Cy, G, X, log(T'), B and 1)1 (defined
in Theorem 2) but independent of other quantities L, (f),7,7T,, that is used to sim-
plify the presentation and may change from a display to another along the proof. Then,
optimizing over h,, so that

\/ 28 Tl = Lo (f)| | 2700y [20 T, |
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we set 1
which yields

1

Regr(7) < 0 3 min {1+ Lu(DIA I, (Ll 1?) ™ | VT

neL(T)

(b) Case (¢;) exp-concave:

Since (¢;) are exp-concave, Theorem 2 (with Inequality (41)) gives, for d < 2a, for any
extension 7y of pruning 7 € P(Tp):

Regr(f) <C LTI+ Y Lun(H)Xnl*VITml | , (44)
meL(T1)
<C Y (2 LoDl |72y 20 T ) (45)
neL(T)

where again C' > 0 is a constant independent of L, L, (f), |T},| and h,, that may change
from a display to another. Optimizing over h,, by equalizing the terms:

2 = Ln(f)|Xn|a2_ahn \/ 2h”|Tn|

2
=m0, 2o, (L (I IT) |

which yields and concludes the proof:

Regr(f) < C Z min{L )& |/ | Tl ( £)| X )zazﬂlTn’galﬁ}

neL(T)

leads to

2. Case d = 2av.

The proof is the same as for the case d < 2« but with C' now depending on 5 (also defined
in Theorem 1) rather than ;. We get the same result.
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Appendix D. Proof of Equation (9)
One has, for any pruning 7 € P(7p) and some f € €*(X, L):

Regr(f) S 3 (Lnlf)I|") [Ty = > Ln(f)* %)) 551 [Ty 5250

neL(T) neLl(T
(T ntin)®| £ n
neL(T) neL(T)
(X i) T
neL(T)

where inequality is obtained with Holder’s inequality with p = (2« + 1)/2a and ¢ = 2a + 1.
One could also write:

2a
20 2a+1

> L) = (10 Y L) = (e 1) T

neLl(T) neL(T)

where f = || fl (7, 1 is some L _norm (or expectation) of f over leaves n € £(7") with probability
| X, |/1X] = 2790 e £(T).
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Appendix E. Comparison with Kuzborskij and Cesa-Bianchi (2020)

Let f € €“(X, L), (M(k))lgkgd(%) such that M*) > L, (f) for any n € N (Tp),d(n ) = k and

TW = {1 <t <T:x € X,,d(n) = k}. Let T be any pruning and let o = 1,d = 1. We have
for the squared (exp-concave) loss, according to Corollary 1:

X, 5 1 X, 2 1
Regr(f) S Y mn{( D) s, (2t ) w}
nGE(T

a(7) _ EA EAN
= Z Z min <Ln(f)m> T3, <Ln(f) ] > T, |2
k=1 nel(T):d(n)=k
2 1
d(7) 3 1
_ 1 B B
<Y ommt | 3 L) O L2 o
k=1 neL(T):d(n)=k neL(T)d(n)=k
(46)
d(7) , )
< ) min { (M(k Uﬂ) RVACIEN (M(k)w(k)> 2 |T(k)|§}
k=1
v 2 1, - 1
<min { (())* T, (M(/)T)* } 47

where M (f) = 22(71 w® M*) with w®) = D o neL(T):d(n)=k % =27%{n e L(T) :d(n) =
k}| the proportion of leaves in £(7) at level k in N'(7j) and where we applied Holder’s inequality to
get (46) and (47). The last upper-bound recovers and improves the one of Kuzborskij and Cesa-Bianchi
(2020) for dimension d = 1, as described in the main part of the paper. For higher dimension d > 2,
both for exp-concave and convex losses, Theorem 2 gives for any pruning 7 and any function

f € €4(X, L) (ignoring the dependence on X):

d(7T)
_1 da—1
Regr(f) S Y La(NITal'"7 = > Z Lo (f)|Tn|
nGE(T) k=1 neLl(T):d(n)=k
d(T)

ZM [{n : d(n) = k}a|T®| %,

which grows as O( =, M®)|T(k)| d%l) compared to O ( 3, (M *) \ %) \)%) in Kuzborskij and Cesa-Bianchi
(2020). As a consequence if for every level k = 1,...,d(T), M®)|T*) ]d > (M®) \T(k)\)d%l

it turns out that M ®*) > |7(*) |d which leads to an equlvalent bound O(3", |T™¥)|) = O(T) which
corresponds to the worst case regret bound (42). As a conclusion, our bound recovers and improves

their results in particular with a dependence to lower constants L, (f) and lower time rate |Tn|1_%
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Appendix F. Experiments

The following presents experimental results in a synthetic regression setting for both the Chaining
Tree method (Algorithm 1) and the Locally Adaptive Online Regression (Algorithm 2. We consider
the model y; = f(x¢) + &1, where &; ~ N(0,0?) with 0 = 0.5, f(z) = sin(10x) + cos(5z) + 5,
forx € X = [0,1] and sup,, | f'(xz)| < 15 =: L. Furthermore, we assume that x; is independently
drawn from the uniform distribution U/ (X’).

Refer to Theorem 1, Theorem 2 and Corollary 1 in the paper to compare experimental results to
theoretical guarantees. Figures can be reproduced using the code available on GitHub.

Key observations:

* For the squared loss, £;(7) = (§ — y:)?, Algorithm 2 achieves a time rate of O(T %) com-
pared to O(\/T ) for Algorithm 1 - see Figure 4(a). However, the trade-off is an increased
dependence on the smoothness L, shifting from O(L%) to O(L% )

* We observe in Figure 5 that Algorithm 2 reduces regret with respect to L: it achieves O(v/L)
for absolute loss in Fig. 5(b) and O(L%) for square loss in Fig. 5(a);

* In Figure 5(a) and Figure 5(b), we observe that both the experimental and theoretical curves
level off once L increases beyond a certain threshold Ly = BT. Indeed, we demonstrated
that for any f € €“(X, L),

Regy(f) < min {BT, S La(f)| Tl }

See Appendix B and Equation (42) for more details.

——-O(LVT)-Th. 1 T 5 | ——Oo(vT)-Th1 7
10% 4 —— Chaining Tree - Alg. 1 10° 7 Chaining Tree - Alg. 1 =T
**'O(L%T%)-Conl Pt **'O(\/ﬁ)—COLl
4 —— Locally Adaptive Online Reg. - Alg. 2 10* - Locally Adaptive Online Reg. - Alg. 2
— 10 7 - — — - -
e - No I
5 5 10° 1
[} Q
~ ~
102
10! 1
T T T T T T T T
10° 10! 10? 103 10° 10! 10? 10°
Horizon T' Horizon T'
(a) Regret with £4(9) = (§ — y:)? (b) Regret with £;(3)) = |9 — v/

Figure 4: Comparison of regret as a function of 7" for square and absolute loss functions. The dotted
lines represent the theoretical results (where O hides terms in log T"), while the solid lines
show the actual performance of our algorithms (mean =+ std over 5 runs).
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Figure 5: Regret (mean = std over 5 runs) as a function of L for square and absolute loss functions,
with a fixed horizon of 7' = 2000. The analysis uses 20 equally spaced constants | €
[276,2%], which define the different Lipschitz functions where we apply our algorithms,

given by fi(x) = f(lz) such that sup,cy | f/(z)| < 151 =: L.
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Figure 6: Predictions for Chaining Tree (Alg. 1) and Locally Adaptive Online Regression (Alg. 2)
after 7' = 1000 data. For illustration purposes, we set the depth of the Chaining Trees to
5 and that of the Core Tree to 3.
Note: A minor adjustment has been made to the implementation of the Locally Adaptive Online
Regression algorithm (Alg. 2). Rather than performing a grid search to determine the root nodes
of the CT in Core Tree 7y, we employ a Follow the Leader (or best expert) strategy. For squared
losses, this method offers a similar benefit, that is reducing the regret for learning the root nodes
from O(BVT) to O(Blog(T)) - see Cesa-Bianchi and Lugosi (2006, Chap 3.2). Consequently,
the overall performance bound is improved, especially in low-dimensional cases (see Corollary 1,

€Xp-concave case).
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