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Abstract
Accurate prediction for mechanisms’ dynamic responses has always been a challenging task for designers. For
modeling easiness purposes, mechanisms’ synthesis and optimization have been mostly limited to rigid systems,
making consequently the designer unable to vow that the manufactured mechanism satisfies the target responses.
To address this limitation, flexible mechanism synthesis is aimed in this work. Two benchmark mechanisms being
the core of myriad mechanical devices are of scope, mainly, the flexible slider-crank and the four-bar. In addition to
the mechanism dimensions, materials properties have been embedded in the synthesis problem. Two responses
are of interest for the slider-crank mechanism, the slider velocity, and the midpoint axial displacement for the
flexible connecting rod. Whereas five responses have been compiled for the four-bar mechanism synthesis. A com-
parative analysis of seven optimization techniques to solve the synthesis problem for both mechanisms has been
performed. Subsequently, an executable computer-aided design tool for mechanisms synthesis has been developed
under MATLAB R©. Numerical outcomes emphasize the limits of a single-response-based synthesis for a flexible
mechanism. It has been proven that combining different responses alleviates possible error and fulfill high-accuracy
requirement.

1. Introduction
Nowadays, accurate trajectories and dynamic responses of multibody systems play a key role in their
performance. Moreover, mechanical systems are invading a broad range of applications, that is, med-
ical, welding, and manufacturing robots. Thus, they became a crucial part of production systems.
Consequently, ceaseless improvement and development of these systems to deliver more accurate
responses emerge as an emergency. Nevertheless, the development is facing many challenges and lim-
its deterring to meet the level of expectations mainly because of modeling limitations. In order to
satisfy an already defined trajectory, designers proceed with path, motion, or function generation syn-
thesis. Despite that mechanisms are not modeled as flexible in most synthesis approach, realistically
this assumption results in errors between the real and predicted responses. Once a mechanism is manu-
factured, its prescribed trajectory and dynamics responses are different to the predicted ones using the
synthesis approach. Therefore, compliant modeling should be deployed for the mechanism’s synthesis.
Although synthesis analysis is limited to the mechanism end-effector trajectory, other responses should
be considered for flexible mechanisms. Three different paradigms for formulating synthesis problems
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have been presented in the literature, mainly, path generation, motion generation, and function generation
synthesis.

Rigid mechanisms synthesis based on path generation has been the scope of several works. Shaoping
Bai et al. [1] proposed a synthesis approach for a four-bar mechanism based on its coupler path. Sang
Min Han et al. [2] have dealt with a topology optimization based on Fourier descriptors for path genera-
tion synthesis. The proposed approach has been tested through a set of illustrative examples. Yixin Shao
et al. [3] have proposed a robotized gain rehabilitation system optimization, subsuming slider-crank and
seven-bar mechanisms. The synthesis has been subject to dual-objective paths. The genetic algorithm
(GA) has been deployed to optimize the system’s design parameters subject to constraints. A compara-
tive analysis of the GA, the differential evolution (DE), and the imperialist competitive algorithm (ICA)
for a rigid four-bar mechanism synthesis has been investigated in Saeed Ibrahimi et al. [4]. Volkan
Parlaktaş et al. [5] have optimized the design parameters for a geared four-bar mechanism subsuming
collinear input and output shafts. Sahand Hadizadeh Kafash et al. [6] have treated a four-bar mechanism
synthesis based on its generated path. By means of the circular proximity function, the error separating
the obtained and target paths for each of its constitutive points has been evaluated. G. Ganesan et al.
[7] proposed a synthesis approach to overcome the filleted rectangular path generation challenges for an
adjustable four-bar mechanism.

Another possible paradigm of the mechanisms synthesis relies on the motion generation. Jianwei
Sun et al. [8] treated a planar four-bar mechanism synthesis based on the motion generation. Jean-
François Collard et al. [9] have dealt with extensible links mechanisms synthesis. The extensible links
have been modeled by means of springs. Two optimization strategies have been deployed to solve the
synthesis problem. The first minimizes each variable deviation during one cycle of the mechanism
motion. Whereas the parameters have been simultaneously involved in the second strategy. The pro-
posed approach efficiency has been investigated for two benchmark mechanisms synthesis, a four-bar,
and a six-bar with extensible links. A multiphase motion generation synthesis for the four-bar mechanism
has been the focus of Venkatesh Venkataramanujam et al. [10].

In addition to path and motion generation synthesis, mechanisms synthesis can be carried out by
means of function generation. A spatial spherical four-bar mechanism has been the interest of Rasim
Alizade et al. [11]. By means of six independent design variables, the Quaternion algebra has been
deployed with the Chebychev approximation to provide optimal design variables. It has been proven
that the Chebychev approximation error owns the best performance besides interpolation approximation,
least square approximation, and fitting error extremums.

Although the major interest has been devoted to rigid mechanism, some works investigated compli-
ant mechanism synthesis. Zhen Luo et al. [12] have treated a topology optimization for a compliant
micro-inverter. To this end, a finite element approach, avoiding the Courant–Friedrichs–Lewy issues,
has been developed. Three performance criteria have been considered for the topology optimization,
mainly the geometrical advantage (GA), mechanical efficiency (ME), and mechanical advantage (MA).
An enhanced synthesis approach combining both the dimensional and pose errors for a robot arm has
been discussed in ref. [13]. Numerical outcomes confirm the approach robustness to solve the synthesis
problem for several scenarios.

Deepak et al. [14] dealt with a compliant mechanism topology synthesis. A comparative analysis
for a set of compliant mechanisms formulation, that is, inverter and gripper, has been presented. The
mechanism’s efficiency, characteristic stiffness, and artificial spring formulations have been the key
performance indicators for the numerical outcomes. A continuum 16-degree-of-freedom snake robot
has been the interest of Abdelkhalick Mohammad et al. [15]. An online algorithm has been developed
allowing to follow the snake path and adjust it whenever needed. To this end, the coiled and uncoiled
configurations of the robot have been considered. Another application of continuum robot has been
treated in Anzhu work [16]. Different configurations for a contact-aided compliant mechanisms have
been targeted in the numerical simulations. Experimental tests have been carried out to approve the
numerical simulation outcomes. Chikhaoui et al. [17] have focused on a design optimization of contin-
uum robot. Both the design and control aspects of the dual-arm continuum robot have been optimized.
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Soft medical robot for cardiovascular application has been the scope of Liu Wang et al. [18]. The GA has
been deployed to solve the design and optimization problem. Numerical outcomes corroborate well with
the experimental data. The particle swarm optimization (PSO) has been deployed to find out optimal
parameters subject to selected guides. Compliant mechanisms, taking into account their flexibility, have
been treated in Nishiwaki et al. work [19]. Based on the mutual energy concept, the flexible body has
been modeled as linear elastic. Two cost function have been considered for multi-objective optimization
problem. The first cost function has taken into account the kinematic aspect of the problem, whereas the
second modeled the structural aspect. An illustrative example for a compliant gripper has been used to
confirm the proposed approach efficiency.

Thanks to their outstanding performance to solve complex optimization problems, metaheuristics
techniques have been deployed in complex mechanical systems optimization such as two fingers gripper
[20], belt mechanism [21], unmanned vehicle [22], self-reconfigurable robot [23], parallel manipulator
[24], delta parallel robot [25], biped robot [26], chamfered rectangle [27], multi-point haptic device [28],
designing a bracket of a vehicle [29–32], robot gripper optimization [33], design of gear train [29], car
crashworthiness [34–35], clutch diaphragm [36], suspension arm [37–38], and parallelogram synthe-
sis [39]. All the references are compiled and classified based on the synthesis paradigm in Appendix
Table AI.

In this work, the focus is concentrated on flexible mechanism synthesis. For the sake of more com-
pliant modeling, the end-effector dynamic responses have been considered as target responses instead
of its path. Moreover, the axial displacement of the flexible body has been involved in the synthesis
problem to reduce emerging errors from considering such characteristic. Two benchmark flexible mech-
anisms, slider-crank and four-bar have been used for validation. The synthesis involves in first instance
separately the slider velocity, and the axial displacement taking place in the flexible connecting rod.
Subsequently, the previous responses, in addition to the slider acceleration, have been simultaneously
combined into the same cost function. For the four-bar mechanism synthesis, five responses have been
gathered, namely the crank, the flexible coupler, and the flexible follower midpoint paths in addition to
the axial displacements of the flexible coupler and follower. A straightforward tool (Computer-Aided
Design for Multibody systems Synthesis “CADMS”) has been created to perform the synthesis of the
mechanism of interest using one or several optimization techniques among the GA, simulating annealing
(SA), DE, PSO, ICA, Artificial Bee Colony (ABC), and the Ant Colony (AC). The main contributions
of this work are as follows: (1) propose a synthesis approach for mechanisms synthesis considering the
flexible parts, (2) consider both the dimensional and material characteristics as parameters in the synthe-
sis approach, and (3) provide a straightforward executable tool “CADMS” under MATLAB software for
flexible mechanism synthesis offering a wide range of selection among a set of metaheuristic techniques.

The paper is structured as follows: Section 2 deals with the dynamic modeling and the synthesis
problem formulation of the two flexible mechanisms of scope. The different optimization algorithms
used in this paper are discussed in Section 3. Section 4 denotes an insight into the proposed CADMS tool.
Section 5 focuses on the main obtained results. The most important conclusions have been summarized
in Section 6.

2. Mathematical formulation
To accomplish the objective of this work, an approach based on two modules is designed. The first is
responsible on the dynamic modeling of flexible mechanism, whereas the second deals with the opti-
mization process as depicted in Appendix Figure A2. They communicate together to ensure an exchange
of data, that is, dynamic responses or optimal parameters.

2.1. Dynamics of a flexible mechanism
Dynamics modeling of flexible multibody systems has been of interest in tremendous works. Equation
of motion are often a combination of algebraic equations defining the system’s holonomic constraints
and differential equations. They involve the time derivative for the mechanism-independent parameters.
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Figure 1. The general coordinates for a flexible beam.

Figure 2. The flexible connecting rod in both rigid and deformed configurations.

Different approaches for solving differential-algebraic equations of flexible and rigid mechanisms have
been discussed in refs. [40–44]. In this work, the dyad finite elements method has been used [42] for the
dynamic analysis of flexible slider-crank and four-bar mechanisms. It is suitable for flexible mechanism
modeling with affordable computational burden. The flexible bodies of the mechanism are considered
to be homogenous and isotropic. It is noteworthy that this study is limited only to purely linear elastic
modeling of all flexible bodies with small deformation. Hence, all the assumptions of infinitesimal strain
theory are fulfilled. Among the possible existing models in the literature for flexible beams, that is,
Euler, Kirchhoff, and Cosset, the authors used Euler formulation with the dyad finite elements methods
discussed in ref. [42]. The ability to provide accurate results of the chosen method has been approved
through experimental investigation presented in the aforementioned reference.

The synthesis process is governed by an interaction between two parts. This process will be imple-
mented in a graphical user interface tool discussed later in Section 4. While the optimization technique
has been selected by the user (arrow 1), an initial random population is generated. Thereby, as depicted
in Appendix Figure A2, a connection will be established with the dynamic model as pointed out by
arrow number 2. Subsequently, the dynamic model will simulate their responses (arrow 3). In order to
assess the accuracy of the dynamic responses, they are sent back to the optimization module (narrow 5).
If the maximum iteration number is not yet reached, the algorithm will go back to arrow 1. Else, it will
follow arrows 6 and 7 to stop the process. More details will be provided later in Section 4 for the imple-
mentation of this process into a graphical user interface. In what follows, the mathematical modeling
for the Euler beam based on the Dyad finite elements [42] is detailed.

The six general coordinates describing the flexible beam are detailed in Fig. 1. Mainly, two dyads
constitute the flexible beam. Figure 2 depicts the six general coordinates u1, u2, u3, u4, u5, u6, for the
flexible connecting rod. The absolute acceleration for a beam element can be written as shown in
Eq. (1):

üa = ür + ü + an + ac + at (1)

where üa is the absolute acceleration, ür is the rigid element acceleration, ü is the generalized relative
acceleration, an is the normal acceleration, ac is Coriolis, and at is tangential accelerations.
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For this work, due to the small strain formulation assumption, only two components of the Eq. (1) are
considered, the rigid element acceleration and the generalized relative acceleration. The new equation
for the beam element acceleration yields

üa = ür + ü (2)

where üa is the absolute acceleration, ür is the rigid element acceleration, and ü is the generalized relative
acceleration.

Since the connecting rod is considered flexible, an axial displacement should take place along the
x-axis and expressed as follows:

v(x̄, t) = φ1(x̄)u1(t) + φ4(x̄)u4(t) (3)

where u1(t) and u4(t) are the general coordinates detailed in Fig. 1. φ1(x̄) and φ4(x̄) are the shape functions.
The y-axis transversal displacement is written in Eq. (4) as:

w(x̄, t) = φ2(x̄)u2(t) + φ3(x̄)u3(t) + φ5(x̄)u5(t) + φ6(x̄)u6(t) (4)

where u2(t), u3(t), u5(t), and u6(t) are the general coordinates detailed in Fig. 1. φ2(x̄), φ3(x̄), φ5(x̄), and
φ6(x̄) are the shape functions.

Several conditions should be fulfilled by the shape function used to model the flexible bodies of
the mechanism. The shape functions should ensure the continuity within the element as well as in the
boundaries related to other elements. In addition, the shape function should consider the stress and
strain during the link deformation. Moreover, the boundaries compatibility for the displacement must
be satisfied. To meet these requirements, the shape functions have been chosen as:

φ1(x̄) = 1 − x̄
L

; φ4(x̄) = x̄
L

; φ2(x̄) = 3

(
L − x̄

L

)2

− 2

(
L − x̄

L

)3

; φ3(x̄) = x̄

(
L − x̄

L

)2

;

φ5(x̄) = 3

(
x̄

L

)2

− 2

(
x̄

L

)3

; φ6(x̄) = −L(L − x̄)

(
x̄

L

)2

where L is the total length of the flexible beam.
The motion equation, based on the Lagrange principle for a flexible beam, yields

d

dt

(
∂T

∂ u̇i

)
− ∂T

∂ui

+ ∂U

∂ui

= Q̄i (5)

where T , U and Qi are, respectively, the kinetic energy, the deformation energy, and the external forces
applied to the beam element. ui and u̇i are respectively the general coordinate and the velocity of the ith

coordinate.
Consequently, the kinetic energy matrix form can be expressed as:

T = 1

2
u̇Tm̄u̇ (6)

where u̇, u̇T are the first derivative with respect of time for the local coordinates vector and its transpose,
respectively. m̄ is the elementary inertia matrix in the local coordinates of the beam.

The reduced matrix formulation for the deformation energy yields

U = 1

2
uT k̄u (7)

where u and uT are the general coordinates vector and its transpose. k̄ is the elementary stiffness matrix
in the local coordinates of the beam.

Following [42], a single dyad motion equation, in the flexible beam, regarding its local frame is
written as:

m̄üa + k̄u = Q̄ (8)

where Q̄ is the general forces vector expressed in the local frame.
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The local and global coordinates are related by means of the following equation:

u = RU (9)

The rotation matrix is expressed as shown in Eq. 10:

R =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

λ μ 0 0 0 0

−μ λ 0 0 0 0

0 0 1 0 0 0

0 0 0 λ μ 0

0 0 0 −μ λ 0

0 0 0 0 0 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(10)

where λ = cos θ3, μ = sin θ3 and U is the general coordinates vector expressed in the global frame.
The global kinetic energy regarding the global frame is written as shown in Eq. 11:

T = 1

2
U̇TmU̇ (11)

where

m = RTm̄R (12)

m is the mass matrix in the global frame.
In a similar way, the flexible beam deformation energy yields

V = 1

2
UTkU (13)

wherein

k = RTk̄R (14)

k is the stiffness matrix in the global coordinates.
Basically, two dyads constitute the flexible beam instilled in the mechanism. Hereby, both kinetic and

deformation energies for the whole mechanism yield

T = 1

2

{
U̇i

}T M
{
U̇i

}
(15)

where M is the assembling mass matrix.

U = 1

2
{Ui}T K{Ui} (16)

where K is the assembling stiffness matrix.
The global motion equation relative to the flexible mechanism relying on the dyad finite element

method, considering the beam structural damping, yields

MÜ + CU̇ + KU = −MÜr (17)

where Ür is the acceleration vector.
The damping matrix has been defined in ref. [45] as:

Ck = 2ζkωkθtθ
T
k (18)

where θk = Mφk, ζk is the damping coefficient, ωk is the kth eigenfrequency, and φk is the kth eigenmode.
Based on the selected eigenmodes numbers, n, the damping matrix yields

C =
∑n

k=1
Ck (19)

The following Eq. (20) allows to solve the free vibration systems as first step. Consequently, the eigen-
values for the system can be defined. The next step for the resolution will be to solve the motion equation
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Table I. The inputs parameters.

Flexible slider-crank Flexible four-bar
The crank angular velocity (θ 2) 26.18 rad/ s 26.18 rad/ s
The crank length (l2) 50 mm 100 mm
The flexible connecting rod/coupler length (l3) 350 mm 250 mm
The flexible follower length (l4) – 250 mm
The frame length (l1) – 285 mm
The flexible connecting rod density 2660 kg/m3 2660 kg/m3

The flexible connecting rod Young’s modulus 71,000 MPa 71,000 MPa
The flexible connecting rod cross section 0.36 10-4 m2 0.36 10-4 m2

The crank cross section 4.68 10-4 m2 4.68 10-4 m2

The slider mass 0.245 kg –

Figure 3. The flexible mechanisms: (a) slider crank and (b) four-bar.

for the whole system. It should be highlighted that resolution of the motion equation is impossible
without the first step:

Kφn = ω2
nMφk (20)

where φn and ωn are, respectively, the eigenmode and the eigenfrequency.
To be able to decouple Eq. (17), modal coordinates should be used as written in Eq. (21):

U = �η, U̇ = �η̇, Ü = �η̈ (21)

where � and η are, respectively, the modal matrix and amplitude.
Finally, Eq. (17) yields

�TM�η̈ + �TC�η̇ + �TK�η = −�TMÜr (22)

As detailed previously, the target responses to satisfy are defined following the designer convenience
(arrow 6 Appendix Figure A2). Given responses for the two mechanisms of scope, the flexible slider-
crank and four-bar have been considered as a case of study to investigate the proposed synthesis approach
efficiency (Fig. 3).

The characteristic parameters for the target mechanism responses are detailed in Table I.

2.2. The synthesis problem formulation
As pointed out in Section 1, the main novelty of this paper is flexible mechanism synthesis based on a
single or multiple dynamic responses, that is, velocity, acceleration of the end-effector, or axial displace-
ment for a flexible body. The difference between the proposed approach, compared to classic ones, is that
it does not rely on the end-effector path but the dynamic responses instead. Moreover, the flexible body’s
axial displacement is involved in the synthesis analysis. Hereby, the cost function ought to evaluate
different response types with different scales. The synthesis problem is extended from its most com-
monly treated case dealing with dimensions, to involve additional specifications such as material density
and young modulus. Mechanism synthesis has been often formulated as an optimization problem.
Thus, acting on a set of parameters, the error between the target and obtained responses is minimized.
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Figure 4. The error evaluation.

The cost function should fit and accommodate all the responses. To do so, the error in each time incre-
ment is divided by the module of the difference between the extremum obtained in the response curve
as witnessed in Fig. 4. Consequently, the error will be dimensionless and scaled independently from
the response types allowing to compile different responses as linear combination. Based on the same
core cost function, the synthesis problem has been formulated for the two mechanisms of interest in this
work.

2.2.1 The mathematical formulation of the flexible slider-crank mechanism synthesis
Six design variables have been selected for the mechanism synthesis combining both dimensional and
characteristic parameters. The idea behind picking similar parameters is to optimize and control flexible
bodies stiffness in order to satisfy a desired axial displacement threshold. The design variables are l2 for
the crank length and l3, ρ, E, h, a, respectively, the flexible connecting rod length’s, material density’s,
Young modulus’s, high’s as well as width’s.

The core objective function (Eq. 23) is formulated to be generic and could apply to any response
type, whether velocity, acceleration, or axial displacement. It provides normalized and dimensionless
values. Thereby, combining different response types as linear combination into the same cost function
could be henceforth, possible:

fitness = Minimize(f (R(X))) = Minimize (f (R(l2, l3, ρ, E, h, a))) (23)

where

f (R(l2, l3, ρ, E, h, a)) =
√

1

N

∑N

i=1

[
Ri (l2, l3, ρ, E, h, a) − R∗

i (l∗2, l∗3, ρ∗, E∗, h∗, a∗)

Max(Ri(l2, l3, ρ, E, h, a)) − Min(Ri(l2, l3, ρ, E, h, a))

]2

(24)

Subject to :

l2 cos θ2 + l3 cos θ3 − x3 = 0

l2 sin θ2 + l3 sin θ3 = 0

Lb2 ≤ l2 ≤ Ub2

Lb3 ≤ l3 ≤ Ub3

l2 < l3

Lb4 ≤ ρ ≤ Ub4

Lb5 ≤ E ≤ Ub5

Lb6 ≤ a ≤ Ub6

Lb7 ≤ h ≤ Ub7 (25)
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where R is the considered response and X = (l2, l3, ρ, E, h, a) representing the design variables. The
parameter Ri(l2, l3, ρ, E, h, a) represents the mechanism given response using the design variable vector
X, whereas R∗

i (l∗2, l∗3, ρ∗, E∗, h∗, a∗) represents the target response defined by the user. The subscript i for
both the generated and target responses is related to the number of prescribed points (N) equal to 121
for an average of one acquisition point each 0.004 s along 0.48 s. The simulation time is chosen to cover
two crank’s revolution.

Substituting the letter R in the core function (Eq. 24) yields to equations Eq. (26), (27), and (28)
dealing respectively with the acceleration error f(A(l2, l3, ρ, E, h, a)), velocity error f(V(l2, l3, ρ, E, h, a)),
and axial displacement error f(D(l2, l3, ρ, E, h, a)). The slider velocity, acceleration, as well as the con-
necting rod midpoint axial displacement are strongly dependent on the set of following parameters
(l2, l3, ρ, E, h, a):

f (A(l2, l3, ρ, E, h, a)) =
√

1

N

∑N

i=1

[
Ai(l2, l3, ρ, E, h, a) − A∗

i (l∗2, l∗3, ρ∗, E∗, h∗, a∗)

Max(Ai(l2, l3, ρ, E, h, a)) − Min(Ai(l2, l3, ρ, E, h, a))

]2

(26)

f (V(l2, l3, ρ, E, h, a)) =
√

1

N

∑N

i=1

[
Vi(l2, l3, ρ, E, h, a) − V∗

i (l∗2, l∗3, ρ∗, E∗, h∗, a∗)

Max(Vi(l2, l3, ρ, E, h, a) − Min(Vi(l2, l3, ρ, E, h, a)

]2

(27)

f (D(l2, l3, ρ, E, h, a)) =
√

1

N

∑N

i=1

[
Di(l2, l3, ρ, E, h, a) − D∗

i (l∗2, l∗3, ρ∗, E∗, h∗, a∗)

Max(Di(l2, l3, ρ, E, h, a) − Min(Di(l2, l3, ρ, E, h, a)

]2

(28)

The velocity (Eq. 27)) and acceleration (Eq. (26)) considered in this work are relative to the end-
effector component. However, in Eq. (28), the considered axial displacement Di is taking place at the
connecting rod midpoint. The combined optimization compiles the three mechanism responses into the
same cost function. A weight coefficient has been allocated to each response as recommended in ref.
[46]. The combined error is governed by Eq. (29) as follows:

f (D, V , A) = αf (D(l2, l3, ρ, E, h, a)) + βf (V(l2, l3, ρ, E, h, a)) + γ f (A(l2, l3, ρ, E, h, a))

= α

√√√√ 1

N

N∑
i=1

[
Di(l2, l3, ρ, E, h, a) − D∗

i (l∗2, l∗3, ρ∗, E∗, h∗, a∗)

Max(D(l2, l3, ρ, E, h, a)) − Min(D(l2, l3, ρ, E, h, a))

]2

+ β

√√√√ 1

N

N∑
i=1

[
Vi(l2, l3, ρ, E, h, a) − V∗

i (l∗2, l∗3, ρ∗, E∗, h∗, a∗)

Max(V(l2, l3, ρ, E, h, a)) − Min(V(l2, l3, ρ, E, h, a))

]2

+ γ

√√√√ 1

N

N∑
i=1

[
Ai(l2, l3, ρ, E, h, a) − A∗

i (l∗2, l∗3, ρ∗, E∗, h∗, a∗)

Max(A(l2, l3, ρ, E, h, a)) − Min(A(l2, l3, ρ, E, h, a))

]2

(29)

where α = 0.4, β = γ = 0.3 based on the parametric study carried out in ref. [46].

2.2.2 The mathematical formulation for the flexible four-bar mechanism synthesis
Since the four-bar mechanism subsumes two flexible links, its synthesis should be treated differently.
Usually, for rigid four-bar mechanisms, the focus is devoted to the coupler path. However, when flexible
parts are considered, this approach could not be accurate. Consequently, the crank, flexible coupler,
as well as the flexible follower midpoint drawn paths, are considered. In addition, to keep the axial
displacement during the synthesis process in acceptable thresholds, both axial displacements of the
coupler and follower have been considered toward the mechanism synthesis. By means of the proposed
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core cost function in Eq. (24), combining all the five responses is possible providing a scalable and
dimensionless error:

f (l1, l2, l3, l4) =√√√√√ 1

N

∑N

i=1

⎡
⎣( xcri (l1, l2, l3, l4) − xcr

∗
i

(
l∗1, l∗2, l∗3, l∗4

)
Max(xcri (l1, l2, l3, l4)) − Min(xcri (l1, l2, l3, l4))

)2

+
(

ycri (l1, l2, l3, l4) − ycr
∗
i

(
l∗1, l∗2, l∗3, l∗4

)
Max

(
ycri (l1, l2, l3, l4)

)− Min
(
ycri (l1, l2, l3, l4)

)
)2
⎤
⎦

+
√√√√ 1

N

∑N

i=1

[(
xcoi(l1, l2, l3, l4) − xco

∗
i (l∗1, l∗2, l∗3, l∗4)

Max(xcoi(l1, l2, l3, l4)) − Min(xcoi(l1, l2, l3, l4))

)2

+
(

ycoi(l1, l2, l3, l4) − yco
∗
i (l∗1, l∗2, l∗3, l∗4)

Max(ycoi(l1, l2, l3, l4)) − Min(ycoi(l1, l2, l3, l4))

)2
]

+
√√√√ 1

N

∑N

i=1

[(
xfoi(l1, l2, l3, l4) − xfo

∗
i (l∗1, l∗2, l∗3, l∗4)

Max(xfoi(l1, l2, l3, l4)) − Min(xfoi(l1, l2, l3, l4))

)2

+
(

yfoi(l1, l2, l3, l4) − yfo
∗
i (l∗1, l∗2, l∗3, l∗4)

Max(yfoi(l1, l2, l3, l4)) − Min(yfoi(l1, l2, l3, l4))

)2
]

+
√

1

N

∑N

i=1

[
Dcoxi(l1, l2, l3, l4) − D∗

coxi(l
∗
1, l∗2, l∗3, l∗4)

Max(Dcoxi(l1, l2, l3, l4)) − Min(Dcoxi(l1, l2, l3, l4))

]2

+
√√√√ 1

N

∑N

i=1

[
Dfoxi(l1, l2, l3, l4) − D∗

foxi(l
∗
1, l∗2, l∗3, l∗4)

Max(Dfoxi(l1, l2, l3, l4)) − Min(Dfoxi(l1, l2, l3, l4))

]2

(30)

Subject to :

l2 + l4 < l1 + l3

l2 + l3 < l1 + l4

l1 + l2 < l3 + l4

Lb1 ≤ l1 ≤ Ub1

Lb2 ≤ l2 ≤ Ub2

Lb3 ≤ l3 ≤ Ub3

Lb4 ≤ l4 ≤ Ub4 (31)

Errors following the X and Y axis for the prescribed paths of the crank, coupler, and follower
beside the target ones as well as axial displacements for the coupler and follower have been assessed.
Errors have been measured among 121 points of the drawn responses. The cost function is formulated
Eq. (30), where l1, l2, l3, l4 and l∗1, l∗2, l∗3, l∗4 are respectively the generated and the reference design vari-
ables, where l1 is the frame length, l2 is the crank length, l3 is the flexible coupler length, and l4 is the
flexible follower length. The parameters xfoiyfoixcoiycoixcriycri represent the coordinates along x and y axis
for the follower, coupler, and crank midpoints, respectively. All variables labeled with the subscript (∗)
such as x∗

foi,y∗
foi

,xcoi
∗,ycoi

∗,x∗
cri, and y∗

cri characterize the target response coordinates, respectively, for the
follower, coupler, and crank. Dcox and Dfox are respectively the coupler and follower axial displacements;
meanwhile, D∗

cox and D∗
fox are the ones relative to the target response. Lb and Ub represent the lower and

upper bounds for the search intervals of the design variables, respectively.

3. Resolution algorithms
Metaheuristics optimization techniques seem the most prominent to solve similar synthesis problems
owing to their complexity. Therefore, several optimization techniques have been deployed in this work,
that is, the GA [47], SA [48], DE [49], PSO [50], Imperialist Colony Algorithm [51], Artificial Bee
Colony [52], and the Ant Colony [53]. The different algorithms pseudo-codes and how they have been
adopted to the actual synthesis problem have been discussed detailed in ref. [54]. Search intervals for the
different parameters of the flexible slider-crank mechanism, namely, the crank length (l1), the flexible
connecting rod length (l2), material density (ρ), Young Modulus (E) as well as the connecting rod high
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Table II. The different parameter search intervals for the slider-crank mechanism.

l2 (mm) l3 (mm) E (kPa) ρ (kg/m3) h(mm) a (mm)
Search interval [Lb, Ub] [20;80] [200;500] [6.5 1010;7.5 1010] [2000;3000] [1;2] [20;30]

Table III. The different parameter search intervals for the four-bar mechanism.

l1 (mm) l2 (mm) l3 (mm) l4 (mm)
Search interval [Lb, Ub] [100;300] [70;200] [200;300] [200;300]

Figure 5. The Computer-Aided Design for Multibody Synthesis (CADMS) graphical interface.

(h) and width (a), are summarized in Table II. Lb, Ub represent the lower and upper bounds for the search
intervals of the design variables, respectively.

Four parameters have been of scope for the flexible four-bar mechanism, namely the frame length
(l1), the crank length (l2), the coupler length (l3), and the follower length (l4). The different parameters
search intervals have been summarized in Table III.

4. Computer-Aided Design for Multibody systems Synthesis
The graphical interface is created to provide the user with a straightforward tool subsuming all necessary
commands. The welcoming window gives the user the possibility to select the mechanism of interest
as illustrated in Figure 5. The second window contains the run button, in addition to four main sections
as shown in Figure 6 (response type synthesis, design variables, optimization techniques, and target
responses). The slider acceleration or velocity, the connecting rod axial displacement, and the combined
synthesis constitute the cornerstone of the slider-crank mechanism menu. On the other hand, the crank,
the flexible follower, and the flexible coupler paths or a combination of all of them constitute the synthesis
menu for the flexible four-bar mechanism.

Six design variables are of scope for the flexible slider-crank mechanism, mainly the crank (l2), the
flexible connecting rod (l3) lengths, flexible connecting rod material density (ρ), and Young Modulus
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Figure 6. The flexible slider-crank mechanism synthesis menu.

(E) as well as the connecting rod height (h) and width (a) as exhibited in Fig. 5. However, regarding the
four-bar, the frame (l1), crank (l2), flexible coupler (l3), and flexible follower (l4) lengths are optimized
(Fig. 7).

Possible search intervals avoiding any constraint violation are the constituents of the design variables
menu. The tool can automatically evaluate any possible incoherence of the selected search intervals. If
so, an error message will be displayed to help the user adjusting them. The choice of the optimization
technique is possible through the third part of this tool titled optimization techniques. The last step
before running the simulation is to introduce the target responses. Depending on the selected or available
response data, the auspicious fitness function, expressed in Eqs. (26), (27), (28), (29), and (30), will be
selected.

Finally, thanks to the run button the user can start the synthesis process. Subsequently, a post pro-
cessing window pops up allowing to pick the desired response to plot as shown in Fig. 8. The illustrated
case in Fig. 8, is for a combined synthesis selecting all the optimization techniques.

The next section compiles numerical outcomes for the proposed synthesis approach implemented in
the Computer-Aided Design for Multibody systems Synthesis (CADMS) tool.

5. Results and discussions
Towards this section, the proposed approach for flexible mechanisms synthesis based on dynamic
responses or axial displacement of a flexible part is investigated. Two responses, mainly the slider
velocity and flexible connecting rod midpoint axial displacement, have been involved separately for
the flexible slider-crank mechanism synthesis (Eqs. (27), (28)). Subsequently, the previous responses, in
addition to the slider acceleration (Eq. (26)), have been involved in a combined synthesis (Eq. (29)). Five
responses are of interest for the flexible four-bar mechanism, namely the crank, the coupler, and the fol-
lower midpoint paths’ as well as the coupler and follower axial displacements. The difference between
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Figure 7. The four-bar mechanism synthesis menu.

Figure 8. The postprocessing window for the flexible slider-crank mechanism.
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Figure 9. The slider velocity based on the slider velocity synthesis.

the chosen responses for both mechanisms is strictly due to their industrial applications. Usually, for
the slider-crank mechanism, the designer is interested in the end-effector dynamic responses. However,
four-bar mechanisms are commonly used in complicated devices to satisfy a given path. It is notewor-
thy that considering the different component flexibility in the four-bar mechanism, the resulting path
is pulled away from the target one. The obtained optimal solutions have been chosen based on statisti-
cal analysis for the obtained results over 100 runs of all the optimization techniques. A fitting for the
outcome histograms has been made to approximate the distribution law and the key statistical metrics
governing these results. The numerical simulations have been performed using an Intel I7 9th generation
CPU computer.

5.1. Flexible slider-crank mechanism synthesis
5.1.1 Synthesis based on the slider velocity
As a first investigation for the proposed synthesis approach, the slider velocity has been chosen as a
target response among the synthesis process. Statistical metrics confirm that the synthesis results cor-
roborate well with a normal law distribution, wherein the mean μ and the standard deviation σ are
detailed in Appendix Table AII. The authors opted for the solution having the highest probability and
the same or nearest mean μ of the normal law distribution fitting as depicted in Appendix Figure A1.
The deployed optimization techniques’ performances are compared according to this selection stan-
dard. It could be inferred that the Ant Colony (AC) technique outperforms the other ones proposing a
set of design variables settling at a nil error. The DE method is less accurate with an error estimated of
1.8503 10-17. Accordingly, this is reflected in results of Figs. 9 and 10, respectively, for the slider velocity
and acceleration through an overlapping for target and optimal responses. Nevertheless, a proportional
discrepancy to the errors in Appendix Table AII is witnessed for the other optimization techniques.
Although its low accuracy, the GA presents an interesting CPU time to conclude the required number of
iterations. The results in Fig. 11 reveal difficulty to satisfy the axial displacement threshold based on the
velocity synthesis. In perfect agreement with Kim’s work [55] for the first- and second-order derivative
curves for mechanisms synthesis, satisfying the mechanism velocity results consequently in satisfying
its acceleration.

It can be witnessed in Fig. 12 that the error evolution as function of iteration number contains some flat
area. Within these areas, the error remains constant. Optimization algorithms have a set of steps allowing
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Figure 10. The slider acceleration based on the slider velocity synthesis.

Figure 11. The axial displacement based on the slider velocity synthesis.

Figure 12. The error evolution based on the slider velocity synthesis.
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Figure 13. Graphical summary for the performance of the optimization techniques based on the slider
velocity, (a) for the slider velocity, (b) for the slider acceleration, and (c) for the axial displacement.

them to test different random combination of parameters from the search interval. If the algorithm could
not manage to retrieve a better solution, it will keep the one from the previous iteration. Hence, this
justifies the constant error for some iterations.

To emphasize the gap between the target and optimal responses retrieved by the optimization algo-
rithms, a zoom focusing on specific area has been made as per Figs. 9 and 10. The responses of scope in
this work are obtained by means of numerical integration of the motion equations. The minimum time
step chosen in this work is 0.004 s. Consequently, any two successive points, separated by the time step,
are linked with a straight line. For clarity purposes, it is useful to zoom beyond the time step interval.
Therefore, linear areas can be visible in the zoom area.

It can be witnessed in Fig. 12 that the error evolution as function of the iteration number differs from
one technique to another. As each of the used techniques is based on different algorithm, it should be
expected that their performances will be different. This is in perfect agreement with previous works
where different techniques have been used in optimization problems [4, 56–60]. The GA common pro-
cess consists of randomly generating initial population from the search intervals, selection, crossover,
and mutation. This same process is governing the DE where the mutation is taking place before the
crossover. For the SA technique, the process starts with generating the initial population to create sub-
sequently new solution based on the mutation and evaluation steps. The mutation process in this case
helps the algorithm to assess each solution with its neighbourhood in order to retrieve the best one. This
will result consequently in building new population and updating the ever-best solution. The ant colony,
particle swarm, and artificial bee colony are swarm-based algorithms. They are based on the swarm
collaboration in their search for food. By analogy, the best food site is considered as optimal solution for
the optimization problem. The search is based on the swarm communication and collaboration to find
the best food site. Therefore, the algorithms manage to find the optimal solution. As the communication
differs from birds to bees or ants, the optimal solution differs from one technique to another explaining
the different levels of error in Fig. 12.

Fig. 13 depicts the performance of the optimization techniques. Ideally, the heptagon should be tan-
gent to the green circle where the performance of the optimization technique is considered excellent.
However as in Table IV, some of the techniques performances are limited or moderated, and the hep-
tagon is tangent to either the red or amber circles for some techniques. Fig. 13 is a visual illustration of
Table IV. An in-depth analysis for the results obtained in Appendix Table AII reveals that some of tech-
niques can be more advantageous compared to others for the mechanism synthesis based on the slider
velocity. Two main criteria are considered to assess the advantages and downsides of these techniques,
mainly the calculation time to achieve the required number of iterations and the accuracy. The AC settle
at a zero error for a CPU time of 3248 s. The DE manages to provide accurate results as well. However,
the CPU time required is around 97% higher than the AC. It is worth considering the results of the GA
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Table IV. Summary of the synthesis results based on the velocity synthesis.

Performance based on the slider velocity synthesis

Slider Slider Axial
Optimization techniques velocity acceleration displacement
Genetic algorithm (GA) Limited Limited Excellent
Simulating annealing (SA) Moderated Moderated Limited
Differential evolution (DE) Excellent Excellent Limited
Imperialist competitive algorithm (ICA) Moderated Moderated Limited
Artificial bee colony (ABC) Moderated Moderated Limited
Ant colony (AC) Excellent Excellent Moderated
Particle warm optimization (PSO) Excellent Excellent Moderated

Figure 14. The error evolution based on the flexible connecting rod midpoint axial displacement.

as it requires as little as 30% of the CPU time for the AC. The low CPU time is the major advantage of
the GA, making it very prominent for preliminary design stage synthesis.

To make the results more understandable and readable, the performance of each optimization tech-
nique, based on the responses involved in the synthesis process, is summarized in Table IV. The
performance of the optimization techniques has been assessed with, limited, moderated, or excellent
based on how accurate the responses of the mechanism. In the next section, the mechanism synthesis is
performed based on the axial displacement taking place in the connecting rod midpoint.

5.1.2 The axial displacement synthesis
This section is devoted to the synthesis results based on axial displacement threshold for the flexible
connecting rod midpoint. It can be witnessed in Fig. 14 that this synthesis-based response is a burden-
some task to accomplish. The errors evolution plotted in Fig. 14 have the mean μ parameter value of
the normal distribution shown in Appendix Figure A3 and Appendix Table AIII. Figure 15 for the slider
velocity depicts a considerable discrepancy beside the one taking place for the slider velocity synthesis.
As witnessed in Fig. 16, the AC solution responses almost overlap the target ones. It is interesting to
highlight that the ABC technique exhibits a good performance, as illustrated in Fig. 17, wherein error
worth 1.25 103 despite a CPU time of 12,723 s.

The proposed design variables fulfil only the axial displacement illustrated in Fig. 17. These results
corroborate well with the slider velocity synthesis results discussed in Section 5.1.1 proving that except
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Figure 15. The slider velocity based on the axial displacement synthesis.

Figure 16. The slider acceleration based on the axial displacement synthesis.

Figure 17. The axial displacement based on the axial displacement synthesis.
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Table V. Summary of the synthesis results based on the axial displacement synthesis.

Performance based on the axial displacement
synthesis

Slider Slider Axial
Optimization techniques velocity acceleration displacement
Genetic algorithm (GA) Limited Limited Limited
Simulating annealing (SA) Moderated Moderated Moderated
Differential evolution (DE) Moderated Moderated Moderated
Imperialist competitive algorithm (ICA) Moderated Moderated Moderated
Artificial bee colony (ABC) Moderated Moderated Moderated
Ant colony (AC) Limited Limited Moderated
Particle swarm optimization (PSO) Limited Limited Moderated

Figure 18. Graphical summary for the performance of the optimization techniques based on the axial
displacement, (a) for the slider velocity, (b) for the slider acceleration, and (c) for the axial displacement.

for the involved response the other ones are dismissed. The performance of the different optimization
techniques based on the axial displacement synthesis is assessed in Table V. Fig. 18 summarizes the
results presented in Table V. The comparison of the different optimization techniques reveals that four
out of the seven implemented techniques in this work have moderated performance. This is clearly seen
through tangency of the heptagon to the amber circle for both the slider’s velocity and acceleration. The
three other techniques have limited performances for the slider’s velocity and acceleration. For the axial
displacement, the figure depicts almost a perfect heptagon included inside the moderated performance
circle except from the GA edge where it is tangent to the red circle indicating a limited performance.

5.1.3 The combined error synthesis
Based on the outcomes of Sections 5.1.1 and 5.1.2, the designer is subject to several constraints. Whether
to satisfy the target dynamic responses namely the slider velocity and acceleration or to perfectly fit
the defined threshold for the midpoint axial displacement of the flexible connecting rod. In order to
simultaneously satisfy the three responses of interest, they have been involved in a combined synthesis.
A weight coefficient is allocated to each response error, α = 0.4, β = 0.3, and γ = 0.3, respectively, for
midpoint axial displacement, the slider velocity, and slider acceleration errors, respectively.

Numerical outcomes rely on statistical analysis. To this end, histograms, for 100 runs of the differ-
ent optimization techniques, have been plotted. As it can be seen in Appendix Figure A4, histograms
dispersion could be appropriately modeled as a normal law distribution. Consequently, all the approved
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Figure 19. The error evolution based on the combined synthesis.

Figure 20. The slider velocity responses based on the combined synthesis.

solutions for the set of optimization techniques of interest represent the mean values of the normal
distribution as shown in Appendix Table AIV. The error evolution plot for the set of implemented opti-
mization techniques is depicted in Fig. 19. It could be inferred that in sharp contrast with the single
response synthesis, the PSO wrests the lead from the AC. The relative error evolution curve for the PSO
technique converges in about 240 iterations for a combined error worth 7.9712 10−5.

As witnessed in Fig. 20 for the slider velocity responses, the discrepancy is considerably reduced
compared to the midpoint axial displacement synthesis. Moreover, all the optimization techniques’
responses seem almost overlapping the target ones for the slider acceleration as per Fig. 21. Figure 22
proves acceptable given responses’ accuracy beside the target ones. The combined synthesis provides
design variable parameters’ dealing simultaneously with the three responses of scope concluding a per-
fect trade-off for them. Although their different levels of accuracy as shown in Table VI, the overall
performance for the optimization techniques is acceptable.

The different optimization techniques compared in this work are based on different algorithms.
Therefore, they perform with slightly different levels of accuracy. The two main criteria considered
to assess the advantages and downsides of these techniques are the calculation time required and the
accuracy. This will help the designer to select the most auspicious technique that could be used based
on the design stage, that is, preliminary or final design stage, high or low accuracy application, etc. The
analysis of results confirms that the DE, ICA, Ant Colony, and PSO have the advantage of providing
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Table VI. Summary of the synthesis results based on the combined synthesis.

Performance based on the combined synthesis

Slider Slider Axial
Optimization techniques velocity acceleration displacement
Genetic algorithm (GA) Limited Limited Limited
Simulating annealing (SA) Moderated Moderated Moderated
Differential volution (DE) Excellent Excellent Excellent
Imperialist ompetitive algorithm (ICA) Excellent Excellent Excellent
Artificial bee olony (ABC) Moderated Moderated Moderated
Ant colony (AC) Excellent Excellent Excellent
Particle swarm optimization (PSO) Excellent Excellent Excellent

Figure 21. The slider acceleration responses based on the combined synthesis.

Figure 22. The axial displacement responses based on the combined synthesis.
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Figure 23. Graphical summary for the performance of the optimization techniques based on the
combined synthesis, (a) for the slider velocity, (b) for the slider acceleration, and (c) for the axial
displacement.

outstandingly accurate results. The PSO is taking the lead being the most advantageous methods for
the accuracy. However, its main downside is the calculation time needed to conclude the 250 iterations.
Among the four aforementioned techniques, the ant colony perfectly compromise the accuracy and the
calculation time.

The ABC and SA could be classified as second rank techniques for the combined synthesis. These two
methods are incurring the drawback of a substantial calculation time. Despite its large error compared to
other techniques, the GA manages to run the 250 iterations in shorter time. Thus, it could be interesting
to perform preliminary design calculation using the GA to have an idea about the overall parameters of
the mechanism. However, for applications requiring high accuracy, the authors would recommend the
use of the PSO or the Aunt Colony. Fig. 23 is a graphical summary for the results discussed in Table VI.

5.2. Four-bar mechanism synthesis
The responses involved in the flexible four-bar mechanism synthesis are slightly different to the flexible
slider-crank mechanism. Three paths are considered for the crank, the flexible coupler, and the flexible
follower midpoints. In addition, the axial displacements of the flexible coupler and follower have been
made part of the mechanism synthesis. It is important to incorporate the midpoint displacement of
a flexible parts to overcome the classic synthesis approaches limits. Commonly, the synthesis is only
limited to midpoints’ paths. Using the approach proposed in this paper, the synthesis remains possible
based on a single response. However, based on the results of Section 5.1.3, only the combined synthesis
is of scope to satisfy all the target responses simultaneously.

As exhibited in Appendix Figure A5, the chosen solutions in Appendix Table AV perfectly fit with
the normal distribution law mean μ obtained over 100 runs. Even though the obtained errors are spread
over several solutions, it still in a very tiny interval as confirmed by the standard deviation σ for all the
optimization techniques. The simulation is set for two revolutions of the crank. Therefore, 121 acqui-
sition points have been considered over a period of time equal to 0.48 s. Thus, the time step is 0.004 s.
The analysis of Fig. 24 for the error evolution confirms that some of the deployed techniques are more
burdened than others to converge. The DE proposed design variables responses for the crank midpoint
paths are nearly overlapping the target response (Fig. 25). A more in-depth analysis of Fig. 26 reveals that
the AC, SA, and DE proposed design variables gap to the target response is narrow. The DE proposed
design variables’ responses almost overlap the flexible coupler midpoint target path. The coupler repre-
sents an important component of the four-bar mechanism. Satisfying as maximum as possible the target
response will have a considerable impact to reduce any eventual gap in case the coupler is connected to
another mechanism.
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Figure 24. The error evolution.

Figure 25. The crank midpoint path.

Figure 26. The flexible coupler midpoint path.

The third response involved in the synthesis process is the generated path of the flexible follower
midpoint. The analysis of Fig. 27 confirms that the generated path of the follower midpoint is the most
affected response beside the crank and the coupler midpoint prescribed trajectories. This is mainly due
to the previous gaps for the crank and coupler responses resulting to enlarge the gap between the target
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Figure 27. The flexible follower midpoint path.

Figure 28. The flexible coupler midpoint axial displacement.

and obtained responses for the follower. Thereby, the witnessed discrepancy for the follower response is
substantially larger. However, the SA technique exhibits a far response from the target one.

In addition to the three aforementioned responses, the mechanism is subject to given axial displace-
ment responses. Furthermore, controlling the axial displacement contributes to alleviate the flexible
bodies’ impact on the mechanism response. Contrary to solid multibody systems, flexible bodies deviate
the mechanism from its target response. Figures 28 and 29 represent the obtained results for the set of
optimization techniques tested in this work. It can be observed that, apart from the ABC and GA, perfor-
mances of other techniques remain acceptable. For the DE and AC techniques, the axial displacement
responses almost overlap the target ones. Hence, the designer can consider the possibility of making
the coupler or the follower midpoints’ part of another mechanism to build more complicated mechani-
cal devices. The performance of each optimization technique based on the different responses has been
assessed in Table VII and graphically summarized in Fig. 30.

Comparing the different optimization techniques for the four-bar mechanism synthesis reveals that
some techniques could be appealing. It is worth mentioning that being more advantageous depends
imperatively on the application type and design stage. For applications wherein the accuracy is a major
concern, the trio SA, DE, and Ant Colony optimization are taking the lead. Despite being the technique
managing to deplete the error to the lowest values, the SA requires more resources for the calculation
time. The Ant Colony requires only 15% of the CPU time, whereas the DE requires 47% of the CPU
time required by the SA. The increase of accuracy for the SA is 6% compared to the AC and 3% to the
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Figure 29. The flexible follower midpoint axial displacement.

Figure 30. Graphical summary for the performance of the optimization techniques based on the com-
bined synthesis, (a) for the crank midpoint path, (b) for the flexible coupler midpoint path, (c) for the
flexible follower midpoint path, (d) for the flexible coupler midpoint axial displacement, and (e) for the
flexible follower midpoint axial displacement.

DE. The PSO, ICA, and ABC performances’ are relatively similar. Among the three aforementioned
techniques, the ICA seems to be the most convenient as it offers the highest accuracy with the minimum
CPU time. Even though the ABC technique has the advantage of providing design parameters with
decent accuracy, its abundantly high CPU time is a major downside.
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Table VII. Summary of the synthesis results for the four-bar mechanism.

Performance for the four-bar mechanism synthesis

The flexible The flexible
The flexible The flexible coupler follower

The crank coupler follower midpoint midpoint
Optimization midpoint midpoint midpoint axial axial
techniques path path path displacement displacement
Genetic algorithm

(GA)
Excellent Limited Limited Limited Limited

Simulating annealing
(SA)

Limited Excellent Excellent Excellent Excellent

Differential evolution
(DE)

Excellent Excellent Excellent Excellent Excellent

Imperialist
competitive
algorithm (ICA)

Moderated Excellent Excellent Excellent Excellent

Artificial bee colony
(ABC)

Limited Limited Limited Moderated Moderated

Ant colony (AC) Moderated Excellent Excellent Excellent Excellent
Particle swarm

optimization (PSO)
Moderated Moderated Excellent Moderated Moderated

It can be confirmed from Appendix Table AV that the error values are within the same range of values
as in refs. [4, 58, 60, 61]. This confirms the suitability of the proposed cost function by the authors to
provide significant and meaningful results for the mechanism synthesis based on dynamic responses.

6. Conclusion
This work denotes an insight into flexible mechanisms synthesis. A flexible slider-crank and four-bar
mechanisms have been used as illustrative examples. Six design variables have been of scope for the
flexible slider-crank mechanism encompassing dimensional and material characteristics parameters.
Whereas four dimensional parameters have been of interest for the flexible four-bar mechanism. Seven
optimization techniques have been used for the mechanism synthesis based on either a dynamic response
or axial displacement for flexible parts. Some important conclusions about the performance of the
optimization techniques can be drawn. The ant colony and the DE techniques outstandingly perform
compared to the other techniques for a single synthesis-based response. It should be highlighted that
for flexible mechanisms, a single synthesis-based response satisfies only the response involved in the
synthesis process. For the combined synthesis, all the responses involved are satisfied simultaneously
concluding a perfect trade-off between them. The proposed approach offers to the designer a set of pos-
sible solutions for the synthesis problem based on noncommon responses, namely dynamic responses
or a flexible link axial displacement. Moreover, the material characteristics such as Young modulus
and material density are parts of the parameters to optimize. It is interesting to extend this work to
other mechanisms such as robot arms and exoskeleton. Including clearance into the mechanical joints
alongside flexible bodies is also of scope in future works.
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Appendix A

Figure A1. Histograms of the objective function computed in 100 runs of the slider velocity synthesis.
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Table AI. Classification of the bibliographic references.

Flexible or
Synthesis-based rigid multibody

Reference Mechanism response systems Synthesis technique
Shaoping Bai et al., [1] Four-bar mechanism Path generation Rigid Algebraic formulation
Sang Min Han et al., [2] Four-bar mechanism Non-prescribed time

for the generated
path

Rigid Fourier descriptors

Yixin Shao et al., [3] Slider-crank mechanism
and a seven-bar
mechanism

Path generation Rigid The genetic algorithm

Saeed Ibrahimi et al., [4] Four-bar mechanism Path generation Rigid Genetic algorithm,
differential evolution, and
imperialist Competitive
algorithm

Volkan Parlaktaş et al., [5] Geared four-bar
mechanism

Path generation Rigid Derived transmission angle

Sahand Hadizadeh Kafash
et al., [6]

Four-bar mechanism Path generation Rigid Differential Evolution (DE)

G. Ganesan et al., [7] Adjustable four-bar
mechanism

Path generation Rigid Genetic Algorithm and
Pattern Search

Jianwei Sun et al., [8] Planar four-bar mechanism Motion generation Rigid Haar wavelet series theory
Jean-François Collard

et al., [9]
Four-bar and a six-bar

mechanism with
extensible

Motion generation Rigid The nucleation method
Genetic algorithm

Venkatar amanujam
et al., [10].

Four-bar mechanism Motion generation Rigid Algebraic method

Rasim Alizade et al., [11] Spatial spherical four bar
mechanism

Function generation Rigid Quaternion algebra and
Chebychev approximation
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Table AI. Continued.

Flexible or
Synthesis-based rigid multibody

Reference Mechanism response systems Synthesis technique
Gholaminezhad et al., [20] Two fingers gripper Griping forces and

acting transmission
forces.

Rigid DE

Lin et al., [21] Belt mechanism Target path Rigid Transformation of pole maps
Yuanchang Liu et al., [22] Unmanned vehicle Path planning Rigid PSO/ GA
Tan Zhang [23] Self-reconfigurable robot Motion planning Rigid Genetic algorithm
Salvador Botello-Aceves

et al., [24]
Parallel manipulator End-effector position

and orientation
Rigid Evolutionary algorithms and

quasi-Newton method
J. Brinker et al., [25]. Delta parallel robot Motion transmission

indices
Rigid Nondominated Sorting

Genetic Algorithm II
Gaurav Gupta et al., [26] biped robot Trajectory generation Rigid The genetic algorithm

coupled to the artificial
neural network

Yaldiz et al., [29], [30], [31],
[32] Panagant et al., [32]

Vehicle’s seat bracket Stress and mass Rigid New hybrid Taguchi salp
swarm algorithm (HTSSA)
Ecogeography-based
algorithm Equilibrium
algorithm Marine predators
algorithm Slime mold
algorithm

Yaldiz et al., [33] Robot gripper Grip force Rigid HGOANM
Yaldiz et al., [56] Design of gear train Design parameters Rigid Chaotic Lévy flight

distribution (CLFD)
algorithm

Bureerat et al., [34] Yaldiz [35] Crashworthiness of a car Topology
optimization

Rigid Multi-surrogate-assisted
optimization
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Table AI. Continued.

Flexible or
Synthesis-based rigid multibody

Reference Mechanism response systems Synthesis technique
Zhen Luo et al., [12] Compliant micro-inverter The geometrical advantage

(GA), mechanical
efficiency (ME), and
mechanical advantage
(MA)

Flexible Topology optimization

Matteo Russo et al.,
[13]

Six degrees of freedom
Robot arm

The dimensional and pose
error

Flexible MATLAB optimization
toolbox fmincont

Sangamesh R. Deepak
et al., [14]

Compliant inverter,
gripper, and crimper.

Mechanism advantage,
efficiency, characteristic
stiffness, and artificial
spring formulations

Flexible MATLAB optimization
toolbox

Abdelkhalick
Mohammad et al.,
[15]

A 16-degree-of-freedom
snake robots

Path optimization Flexible Online optimization
algorithm

Anzhu Gao et al., [16] Continuum robot Path optimization Flexible fmincon function in
MATLAB

Shinjishinjishinji
Nishiwaki et al., [19]

Compliant gripper and
clamp

Kinematic and structural
aspects

Flexible DSPLP from the SLATEC
library of simplex method

Mohamed Taha
Chikhaoui et al., [17]

Continuum robot End-effector distance
control and trajectory
tracking

Flexible Particle swarm optimization
(PSO) algorithm

Liu Wang et al., [18]. Soft medical robot Path optimization Flexible The genetic algorithm
This work Slider-crank

Four-bar
- Motion generation
- Path generation
- Axial deformation of the

flexible body

Flexible GA, PSO, SA, DE, AC, ABC,
and ICA
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Figure A2. The automatic interaction between optimization module and dynamic analysis module for
the Computer-Aided Design for Multibody Systems.
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Table AII. The obtained mechanism design variables based on the slider velocity synthesis.

l2 (mm) l3 (mm) ρ (kg/m3) E (kPa) h (mm) a (mm) Error CPU time (sec) μ σ

GA 50.44 363.41 2980.9 7.491 1010 1.6945 27.931 3.0858 10−3 1061.1 3.0938 10−3 7.55559 10−5

SA 50.0001 350.0000 2.1493 103 6.7575 1010 1 28.3475 7.2296 10−7 26009.2 7.21652 10−7 1.80909 10−8

DE 50.0000 350.0000 2.5909 103 6.5000 1010 1.2273 25.6861 1.8503 10−17 9050.9 2.26308 10−17 5.2379 10−17

PSO 50.0000 349.9999 2.468 103 6.5844 1010 2 30 1.0156 10−9 6390.9 9.95411 10−10 4.95851 10−10

ICA 50.0000 350.0001 3.000 103 7.5 1010 1 30 1.2491 10−8 9325.2 2.64607 10−8 8.00423 10−8

ABC 50.0006 349.9535 2.3041 103 7.0635 1010 1.1502 29.3891 6.3428 10−6 12567.9 6.51672 10−6 5.29079 10−7

AC 50.0000 350.0000 2.6282 103 7.1090 1010 1.5753 29.4323 0 3248.6 4.10942 10−19 3.8388 10−17
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Figure A3. Histograms of the objective function computed in 100 runs of the axial displacement
synthesis.
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Table AIII. The obtained mechanism design variables based on the flexible connecting rod midpoint axial displacement.

Young’s
l1(mm) l2(mm) Rho(kg/m3) modulus E (kPa) h (mm) a (mm) Error CPU time (sec) μ σ

GA 39.3 396.1 2.2711 103 7.262 1010 1.3835 20.052 2.6953 10−2 1060.3 2.6953 10−2 3.85768 10−10

SA 61.4654 388.3530 2.8002 103 6.6418 1010 1.9983 27.3342 2.3108 10−3 24428.294 2.3108 10−3 2.97019 10−10

DE 56.0655 369.4410 2.2691 103 7.3051 1010 1.5556 30 1.7181 10−3 6108.869 1.7181 10−3 7.74508 10−10

PSO 70 414.3858 2.3525 103 6.9302 1010 2 30 3.8959 10−3 6327 3.8959 10−3 4.0529 10−10

ICA 59.4769 381.9328 2.7804 103 7.5 1010 1.7761 30.0000 1.9122 10−3 8037.070s 1.9122 10−3 5.55546 10−10

ABC 55.9045 370.0060 2.5070 103 6.9703 1010 1.6420 29.4908 1.2559 10−3 12723.194 1.2559 10−3 1.04487 10−9

AC 52.0020 357.4133 2.6238103 6.87361010 1.6086 22.0406 7.2535 10−4 2206.752 7.2535 10−4 6.72066 10−10
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Figure A4. Histograms of the objective function computed in 100 runs of the combined synthesis.
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Table AIV. The obtained mechanism design variables based on the combined synthesis.

Young’s
l1(mm) l2(mm) ρ (kg/m3) modulus (kPa) h (mm) a (mm) Error CPU time (sec) μ σ

GA 52.074 369.06 2.6627 103 7.167 1010 1.6448 20.535 1.5546 10−2 1999.1 1.5546 10−2 5.89379 10−10

SA 49.9977 349.1044 2.3516 103 7.3308 1010 1.4114 21.1616 4.0028 10−4 26364.162 4.0028 10−4 3.7539 10−10

DE 50.0028 350.3338 2.000 103 6.5663 1010 1.3812 22.8525 1.9583 10−4 6405.587 1.9583 10−4 5.42008 10−10

PSO 49.9865 349.9833 2.7070 103 7.3394 1010 1.4881 30 7.9712 10−5 4208.386 7.971210−5 6.3814 10−10

ICA 49.9955 349.5904 2.4743 103 6.5 1010 1.5093 30 2.4199 10−4 7820.585 s 2.4199 10−4 2.74033 10−10

ABC 50.3554 350.5856 2.5092 103 7.2491 1010 1.4500 25.8143 2.1640 10−3 13009.927 2.164 10−3 2.74033 10−10

AC 49.9993 350.3910 2.4902 103 6.7035 1010 1.5263 29.4434 1.6045 10−4 3359.949 1.6045 10−4 1.5847 10−10
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Table AV. The obtained results for the flexible four-bar mechanism based on the combined synthesis.

l1(mm) l2(mm) l3(mm) l4(mm) Error μ σ

GA 274.7782 100.1322 248.2180 248.1663 2.30 10−1 2.3 10−1 4.18861 10−8

SA 289.4258 100.2761 253.2160 253.2160 8.09 10−2 8.09 10−2 4.88032 10−9

DE 287.7952 100.2856 252.1081 252.1011 8.31 10−2 8.31 10−2 7.52815 10−9

PSO 280.3504 100.3652 251.1854 251.1537 1.35 10−1 1.35 10−1 3.55105 10−9

ICA 284.7969 100.2849 251.3476 251.3331 1.0563 10−1 1.0563 10−1 4.90483 10−9

ABC 285.0343 100.0724 249.5127 249.4702 1.2795 10−1 1.2795 10−1 1.76551 10−9

AC 287.4285 100.4849 252.1730 252.1738 8.55424 10−2 8.55424 10−2 6.34207 10−9

Figure A5. Histograms of the objective function computed in 100 runs for the flexible four-bar
mechanism based on the combined synthesis.
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Appendix B. Glossary.

Variable Designation
u1, u2, u3, u4, u5, u6 The general coordinates of the flexible beam
üa The beam’s absolute acceleration
ür The rigid element acceleration,
ü The generalized relative acceleration,
an Normal acceleration
ac Coriolis acceleration
at Tangential accelerations
v(x̄, t) The axial displacement taking place along the x-axis
x̄ The x-axis
t Time
w(x̄, t) The axial displacement taking place along the y-axis
φ1(x̄), φ2(x̄), φ3(x̄), φ4(x̄), φ5(x̄), φ6(x̄) The shape functions
T The kinetic energy
U The deformation energy
Q̄i The external forces applied to the beam element
u̇, u̇T The first derivative with respect of time for the local

coordinates and its transpose
m̄ The elementary inertia matrix in the local coordinates of the

beam
k̄ The elementary stiffness matrix in the local coordinates of

the beam
U The global coordinates
U̇ The first derivative with respect to time for the global

coordinates
m The global mass matrix
k The global stiffness matrix
R The rotation matrix
M The assembling mass matrix for two elements
K The assembling stiffness matrix for two elements
C The assembling damping matrix for two elements

Appendix C. List of abbreviations

Acronym Significance
PSO Particle swarm optimization
GA Genetic algorithm
ICA Imperialist competitive algorithm
ABC Artificial bee colony
DE Differential evolution
SA Simulating annealing
AC Ant colony
CPU Computational processing unit
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