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DARK SUBSPACES AND INVARIANT MEASURES
OF QUANTUM TRAJECTORIES

T. BENOIST, C. PELLEGRINI, AND A. SZCZEPANEK

ABSTRACT. Quantum trajectories are Markov processes describing the evolution of a quantum
system subject to indirect measurements. They can be viewed as place dependent iterated function
systems or the result of products of dependent and non identically distributed random matrices. In
this article, we establish a complete classification of their invariant measures.

The classification is done in two steps. First, we prove a Markov process on some linear subspaces
called dark subspaces, defined in (Maassen, Kiimmerer 2006), admits a unique invariant measure.
Second, we study the process inside the dark subspaces. Using a notion of minimal family of
isometries from a reference space to dark subspaces, we prove a set of measures indexed by orbits
of a unitary group is the set of ergodic measures of quantum trajectories.
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1. INTRODUCTION

1.1. Model. Consider the canonical complex d-dimensional space C?% and its projective space P((Cd)
equipped with its Borel o-algebra. For a non-zero vector « € C¢,  stands for the equivalence class
of z in P(C%). For & € P(C%), by # € C? we denote an arbitrary unit norm representative of &,
and by m; the orthogonal projector onto Cz. By My we denote the set of linear maps on C?, and
for a linear map v € My, v - Z is the element of the projective space represented by vz whenever
vax # 0. We equip My with its Borel o-algebra and consider a measure p on M, such that v — ||v]]

is square integrable, i.e.,
P dunto) < o,
My

and the following stochasticity condition holds:
/ v*vdu(v) = Idga.
Mgy
A quantum trajectory is a Markov chain on P(C%) with transition kernel
@.5) = [ st @)ool du(w)
Mgy

where Z € P(C?%) and S is a Borel subset of P(C%). A realization of this Markov chain (&), can be
described by

Ty~ i'n—i-l = Vn+1 ' i'na

where V11 is a matrix-valued random variable with law |[vaz,||? du(v). Every &, can be written

using a random product of matrices as
in :anl '7207

where (V},),, is distributed along the density ||vy, - - - v120]|? du®™(v1, . . . , vn).

In the context of quantum physics, a realization of the process (2, )y, is called a quantum trajectory.
Its definition originates in quantum optics — see [Car93]. A prominent example of an experimental
realization of a quantum trajectory is the Nobel prize-winning experiment of Serge Haroche’s group
[Gue+07]. For a mathematical exposition of the theory of quantum measurements, we direct the
interested reader to the books [Hol01; Bus+16] and the foundational article [DL70].

Since I, can be defined as the result of the action of some random product of matrices on the
initial element of the projective space Iy, the study of quantum trajectories shares some similarity
with that of products of independent and identically distributed (i.i.d.) random matrices — see e.g.
[BL85b] for an introduction. For example, as stated in [Ben-+19], uniqueness of the IT-invariant mea-
sure is a consequence of [GLP16, Theorem 2.6] applied to the case where their parameter s is equal
to 2, albeit for invertible matrices and under a strong irreducibility assumption. Uniqueness of the
[T-invariant measure was proved in [Ben+ 19| for possibly non-invertible matrices and under the stan-
dard irreducibility assumption. This extension relied on the fact that ||V}, - - - Vizg|| # 0 almost surely
by definition. Leveraging this property, an alternative proof of the fact that (V,, -+ V1 /||Vi -+ Vi||)n
concentrates almost surely on a set of rank-one matrices with common pre-image could be found.
Recently, a generalization of this new proof lead to the extension of the results from [GLP16] to

irreducible non-invertible matrices for any s > 0 — see [Hau24]|.
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Alas, both [GLP16] and [Ben+19] rely on an assumption of contractivity (called purification
in [Ben+19] following the terminology of [MKO06]). It ensures that, almost surely, any accumula-
tion point of (V,,---Vi/||[Vs -+ Vi||)n is of rank one. In the present article we propose to lift the
assumption of purification.

As shown with an example in [Ben+19, Appendix C|, without purification, uniqueness of the
II-invariant measure may or may not be true. Our main result is thus a complete classification of
the set of Il-invariant measures, assuming only that p is irreducible.

Note that quantum trajectories can also be viewed as place-dependent iterated function systems
(IFS). However, the standard assumptions on IFS are not satisfied by quantum trajectories — see
[BFP23, Proposition 8.3]. Similarly, the usual approach of Markov chain using the notion of ¢-
irreducibility fails — see [BFP23, Proposition 8.1|. Note also that after the publication of [Ben-+19],
the authors of this reference found that some elements of their proofs already appeared with a

different formulation in [Kus89] albeit for invertible matrices.

1.2. Irreducibility. Our only assumption throughout the article is an irreducibility one for the
measure . We say a subspace E of C¢ is p-invariant if vE C E for p-almost all v. We say p
is irreducible if there does not exist a non-trivial p-invariant subspace. From now on we always
assume p is irreducible without necessarily mentioning it.

This assumption is the standard irreducibility assumption for families of matrices. In the theory
or random products of matrices a strong irreducibility assumption is often made. It states that there
does not exist a finite set of non trivial subspaces { E; }; such that for py-almost all v, vU; E; C U; E;.
Strong irreducibility implies the standard one. From now on, when we evoke the irreducibility
assumption, we mean the standard irreducibility.

The definition of irreducibility we require looks stronger than the (¢-Erg) assumption used in
[Ben+19]. Indeed, under (¢-Erg), {0} and C? are not necessarily the unique p-invariant subspaces.
Actually, as discussed at the end of Section 2.1, this apparent restriction is an illusion.

1.3. Random walk on Dark subspaces. As mentioned above, compared to [Ben+19]|, we forgo
assuming purification. In [MKO6], the authors show purification is equivalent to the absence of
so-called dark subspaces of dimension greater than or equal to two. Dark subspaces are thus
instrumental objects in our proofs. We especially study a Markov process on maximal dark subspaces
introduced in [MKO06, Section 5|. Denoting SU(d) the group of d x d special unitary matrices, the

definition of dark subspaces goes as follows.

Definition. A non-zero linear subspace D C C% is called a dark subspace if for all n € N* and
p&m-almost all (vy,...,v,) € MJ™ there exists X € C and u € SU(d) such that

vn---vl‘D:)\ub.

Note that any one-dimensional subspace satisfies the definition. Since on dark subspaces any
product of matrices v € supp u is equivalent to a mapping proportional to a unitary matrix, the
evolution induced by the product of matrices on the dark subspace can be reverted almost surely
according to the postulates of quantum mechanics. That makes dark subspaces of high dimension
potential candidates for quantum error correcting codes — see [MMZlO; BK+08; KLV00].

A first step towards the classification of II-invariant measures and a first relevant result on its own

is the proof that a Markov process on maximal dark subspaces admits a unique invariant measure.
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Let D,, be the set of dark subspaces of maximal dimension. We call them the maximal dark
subspaces. Let r,, be their dimension.
Let (Dy)n be the Markov chain on D,, defined by

D, ~ Dn+1 = Vn—l—an

with V41 distributed along tr (v 7:,[7’: v*)du(v), where 7p,, is the orthogonal projector onto D,,. This

is the Markov chain on dark subspaces introduced in [MKO06, Section 5].
We denote K the associated Markov kernel. It is given by

K(D,B) = /M 1p(vD)tr (U:—gv*) du(v)

for any D € D,, and B a Borel subset of D,,. Interpreting K as an operator on the Banach space
of continuous functions of D,,,, we recall that for any Borel probability measure y, xK is the Borel
probability measure defined by xK(B) = fDm K (D, B)dx (D).

Our first relevant result is that, assuming p is irreducible, there exists a unique K-invariant
probability measure and the convergence towards it is exponential in Wasserstein metric.

Theorem 1. There exists a unique K-invariant Borel probability measure on Dy, .
Moreover, denoting this unique K-invariant Borel probability measure Xiny, there exist an integer
m and two positive constants C' and A < 1 such that for any Borel probability measure x on Dy,

1 m—1

Wl <_ Z XKmTH—Ty Xinv> < c\"

m
r=0

for every n € N*, where W1 denotes the 1-Wasserstein metric.

The proof of this theorem is provided in Section 3. On top of it, in Theorem 4.1 we show that
the process (2, ), converges exponentially fast to Upep,,P(D).

We will rely on Theorem 1 to construct the whole set of II-invariant measure. In that endeavor we
need to track the evolution inside the dark subspaces induced by the matrices in supp . Schemati-
cally, the matrices have two actions, they map a maximal dark subspace to another one and, thanks
to the definition of dark subspaces, they induce a unitary transformation inside the maximal dark
subspaces. To separate these two evolutions, we introduce a notion of minimal family of isometries.

1.4. Minimal families of isometries. We split C¢ into D,,, x C™, where C" plays the part of a
reference space where the evolution inside the dark subspaces is recorded. For that, we establish a
correspondence between each D € D,, and C™ by fixing a family of maps J = {Jp}pep,,, where
each Jp: C" — D is a linear isometry. This allows us to turn partial isometries on C¢ into special
unitary matrices on the common reference space C™. Then we define a group G 7 as the smallest
closed subgroup of SU(ry,) containing the set

S = {uy,p € SU(rym) |v € supp p, D € Supp Xiny, tr(vrpv™) > 0}.

where u, p o Jv_DleD with the phase adjusted so that detw, p = 1, provided tr(vmpv*) > 0. That
is, uy p is a special unitary matrix acting on C"™ when v acts on the dark subspace D. Recall that
Xinv 18 the unique K-invariant Borel probability measure.

The choice of J is far from unique. Amongst all the possible choices we singularize some minimal

ones.
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Definition. We say that J = {Jp : C"™ — D}pep,, is a minimal family if the group G 7 is (up to
a unitary equivalence) minimal as a subgroup of the special unitary group, i.e., for any other family
J ={Jp :C"™ — D}pep,, there exists Q € U(ry,) such that G C QGjQ_l.

Based on this definition we build the set of II-invariant Borel probability measures.

1.5. Classification of invariant measures. Let P(C"™) be the projective space of C"™. We use
the same notational conventions as for P(C?). Let J be a family of isometries as defined in the
previous subsection. Fix & € P(C™). Let m; s be the uniform measure on the G s-orbit of ,
i.e., the image of the Gy-Haar measure by G7 > u — u - & € P(C™). Let the map back from
D,,, x P(C™) to P(C?) be

Us: Dy x P(C™) 3 (D, 2) — Jp -2 € P(CY),

We define v; 7 as the image measure of xiny ® mz 7 by ¥ 7.

Direct computation shows that v; 7 is Il-invariant for any & € P(C"™). We denote the set of all
such measures by

Y7 ={vss7:2€P(C™)}.
Importantly, all minimal families lead to the same set of measures. Indeed, if J; and J> are both
minimal families of isometries, then by definition, G 7, and G, are unitary conjugate. Hence, as
proved in Theorem 5.17,
Ty =Txm.

Our main result is that, when J is minimal, these measures are exactly the Il-ergodic measures.
The following theorem is a direct consequence of Theorem 6.10 and Corollary 6.11.

Theorem 2. If J is minimal, then Y 7 is the set of I1-ergodic measures. In other words, a probability
measure v is IlI-ergodic if and only if v = v 5 for some & € P(C™™).

As a consequence, we have a complete description of Il-invariant measures: a probability measure
v on P(C?) is H-invariant if and only if

V= (\IIJ)* (Xinv ®/ mgz 7 d)\(i)) = / Vi 7 dA(2)
P((Cf'm) P((Crm)

for some probability measure X on P(C™™).

Moreover, we provide a necessary and sufficient condition under which there exists a unique
II-invariant Borel probability measure. Let vynis be the Borel probability measure defined by,

Vunif = / Ve g dUHlf(ﬂE‘),
P(Crm)

where Unif is the uniform measure over P(C"™), i.e., the image measure of the SU(r,, )-Haar measure
by the map u +— u-g for some § € P(C™). Theorem 2 implies it is always II-invariant. The necessary
and sufficient condition for its uniqueness reads as follows.

Theorem 3. There exists a unique Il-invariant Borel probability measure on P(C?) if and only if
the group Gumin = Gz induced by a minimal family of isometries J acts transitively on P(C™™).
Namely, if and only if,

o Guin = SU(rp,) if rm is odd,
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o Guin = SU(rp,) or Gin is unitarily equivalent to Sp(ry,/2) if T, is even. Here Sp(ry,/2)
denotes the subgroup of SU(ry,) called the compact symplectic group (or the hyperunitary
group ).

If there is a unique Il-invariant Borel probability measure, it is equal to Vypis.

This theorem is a consequence of Corollary 6.12.

1.6. Outline of the proof of Theorem 2. Theorem 1 is the first step of the proof. It is proved
in Section 3. The proof is similar to the one of [Ben+19] with non-trivial adaptations to take into
account the possibility that r,, > 1. It not only shows there exists a unique K-invariant Borel
probability measure, but its proof also allows us to show the process (&), in P(C%) concentrates
exponentially fast on Upep,, P(D). This is the content of Theorem 4.1. Hence, we can restrict our
search of II-invariant measures to measures supported on this union of projective spaces.

It remains to show the measures v; s are ergodic and are the only II-ergodic Borel probability
measures. For that we define and study the minimal families of isomorphisms in Section 5. In
particular, Theorem 5.16 provides an equivalence between minimal families and so-called smart
families, which are families of isometries constructed from a reference maximal dark subspace and
products of matrices from supp p.

Then, in Theorem 6.5, using the smartness property, we prove that any closed minimal II-invariant
set is of the form suppv; 7 with & € P(C™) and J an arbitrary fixed minimal family of isometries.
These last two intermediary results are completely new to our knowledge and can be seen as the
main technical difficulties of the proof.

For equicontinuous Markov kernels (i.e., Markov kernels 7" such that for any continuous function f,
(T™f),, is equicontinuous) there is a one-to-one correspondence between minimal sets and ergodic
measures — see [Rau92, Proposition 3.2] and [BQ14, Proposition 2.9]. In Theorem 6.9 we show
II is equicontinuous. Then, leveraging the identification of II-minimal sets, we conclude on the
classification of Il-ergodic measures.

The structure of the proof is summarized Figure 1.1.

dynamics ‘between’ dark spaces

Random walk (D,,),, on Dy,

Existence of a unique
Kernel K K-invariant prob. measure

on Dp,

(Zp)n valued in

{vs,7taepcrm)

Equicontinuity of IT
. , ) Identification of are all II-ergodic
inner’ dynamics II-minimal subsets prob. measures

dark subspaces

Kernel IT on P(C%)

Family of Gz C SU(ry,) minimal
isometries
J=(Jp)peDm
Jp:C™ = D

Construction of vz 7

Equivalence of minimal
and smart families

FiGURE 1.1. Structure of the proof of Theorem 2
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1.7. Structure of the paper. In Section 2, we give a precise definition of quantum trajectories
and, in particular, the probability space on which we work. The notion of dark subspaces is then
described as well as that of maximal dark subspaces. In Section 3, we introduce the Markov chain
on dark subspaces and show that it admits a unique invariant measure. Furthermore, we show that
the convergence towards this measure is exponentially fast. This section concerns Theorem 1. Next,
in Section 4 we show that quantum trajectories converge exponentially fast towards maximal dark
subspaces. Section 5 discusses the isometries between the maximal dark subspaces and C™ and
introduces the notion of minimal families of isometries. Then Section 6 provides the classification
of invariant measures for quantum trajectories, i.e., Theorem 2 and Theorem 3 after proving the
equicontinuity of II and the characterization of II-minimal closed subsets. In the final Section 7 we
discuss some enlightening examples that provide an illustration of the notions we use and various
subtleties that can arise. Note that all these results concern the invariant measures for quantum
trajectories on P(C?%). In Appendix A, we provide the classification of all invariant measures of

quantum trajectories on density matrices.

2. QUANTUM TRAJECTORIES, DARK SUBSPACES

We begin this section by presenting the general mathematical model of quantum trajectories and
the Markov chain on dark subspaces. Then, we introduce a process which has been one of the
key tools in [Ben+19] and which turns out to be intricately linked to maximal dark subspaces. In
particular, we use it in Section 4 to show that quantum trajectories converge exponentially fast

towards maximal dark subspaces.

2.1. Framework and main assumption. Let us first introduce some notation. For a fixed di-
mension d > 2 we consider the complex vector space C% as a Hilbert space equipped with the usual
Hermitian inner product anti-linear in the first coordinate. We put My for the set of linear maps
on C? equipped with the operator norm, U(d) for the group of d x d unitary matrices, SU(d) for
the associated special unitary group, and M}f’ for the set of density matrices (also called states),

i.e.,
MET={peMy|p>0,tr(p) =1}.

The extreme points of Mcll’+ are the rank-one orthogonal projectors on C?. They constitute the set
of pure states, which is isomorphic to the complex projective space P(C?), i.e., the space of rays in
C?. Throughout the paper we use the following identifications. For a non-zero vector z € C% we
denote by m; the orthogonal projection on Cx, and by # the equivalence class of x in P(C%). In
particular, if v € My, then v - & stands for the equivalence class of vx, provided that vx # 0; i.e.,
v-% = vx. For & € P(C%) we denote by z an arbitrary normalized representative of & in C¢. Also,
we put N* for the set of positive integers and N = N* U {0}.

Now we introduce more precisely the model of quantum trajectories. Let p be a Borel measure on
M, that has a finite second moment, [ M, |lv||? dp(v) < oo, and satisfies the stochasticity condition

(1) /M v*udp(v) = Id.
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Such a measure u defines a quantum trajectory. It is a Markov chain that takes values in ./\/lcll’Jr
and has the following transition kernel

vpv*

2) M(p, B) = /Md 15 (s ) trop) du(o),

where p € Mcll’+ and B is a Borel subset of M;’Jr. In terms of stochastic processes, one can define
the Markov chain (p,)nen valued in ./\/lcll’Jr by

Vn—l—lan;J,_l
tr(vn+1pnvyzk+1) ’

where V,, 41 is a matrix-valued random variable whose law is tr(vp,v*) du(v). Note that if pg = 7z,

(3) Pn > Pnt1 =

for some unit vector zy € C?%, we have
VT3, 0"
pep——
tr(vmz,v*)
for every v € ./\/lcll’Jr such that vxg # 0. That is, if the initial state is a rank-one projector, the
quantum trajectory remains valued in rank-one projectors. Using the identification between rank-
one projectors and equivalence classes of vectors in P(C?), we recover the description of (pure)

quantum trajectories provided in the Introduction. Recall that the transition kernel then reads
(W . 5) = [ 150 8) el dufo).
d

where & € P(C?) and B is a Borel subset of P(C?), and the Markov chain (&, )nen on P(C?) is given
by

Ty — i‘n+1 = Vn+1 : i‘n,
where V;,11 has law ||vz,||?> diu(v). Our main goal is to classify the invariant measures of (&, )nen-
Analogous results for general quantum trajectories, which for the most part follow via a straight-
forward adaptation of the methods and results derived for pure trajectories, are relegated to Ap-
pendix A.

For a topological space T, we denote C(7) the set of continuous functions 7 — C. Then, on
C(./\/l}i"i_) and C(P(C%)), the kernel TT acts as

f(p) = /Md / (t(p—p)) tr(upv®) dpu(v)
and

I/ (#) = /M £ 2) o] dp(w),

respectively. Also, by duality, the kernel acts on measures as

VII(B) = / II(p,B)dv(p) or vII(B)= / II(z, B) dv(z),
Myt P(Cd)
where v is a Borel measure on ./\/lcll’Jr or P(C%), and B is a Borel subset of the respective set. An
invariant probability measure for II is a probability measure v that satisfies vII = v. The set of
invariant probability measures is convex and its extreme points are called ergodic measures.

Since the kernel II is Feller (see [BFP23, Prop 2.2|) and M;’*’ is compact, quantum trajectories
always admit an invariant measure. An important question is the uniqueness of this measure and
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convergence towards it. A key notion in this context is that of a dark subspace, which was introduced
by Kiimmerer and Maassen in [MKO6]. Let us recall its definition.

Definition 2.1. A non-zero linear subspace D C C% is called a dark subspace when for all n € N*
and p®"-almost all (v1,...,v,) € MJ" there exists X > 0 and U € U(d) such that

(5) Up vz = A0z Ve eD
Equivalently, D C C¢ is dark if and only if

(6) TPV} UpUp -+ - V1T X TD

for alln € N* and p®"-almost all (vy,...,vy,), where Tp stands for the orthogonal projection on D.
The orthogonal projection on a dark subspace is called a dark projection.

Maximal dark subspaces are those with highest dimension. We denote this dimension by ., and
the set of maximal dark subspaces by Dy, .

Note that every one-dimensional subspace satisfies Equation (5) trivially, so ry, is well defined.
In the case r,, = 1 we say that purification occurs. This condition is equivalent to contractivity in
the theory of product of random matrices — see [Ben+19, Proposition A.1].

Remark 2.2. According to the original definition in [MKO06/, dark subspaces are required to have
dimension of at least two; in particular, dark subspaces may not exist for a given p. However, for
the sake of consistency, in the present paper we consider rays in C% as (trivial) dark subspaces and
rank-one projections as (trivial) dark projections.

The following straightforward proposition gathers basic properties of dark subspaces. In par-
ticular, it states explicitly that the probability of the system undergoing a given update depends
only on the dark subspace which the system occupies, i.e., it is constant for all states supported
on this dark subspace. This means in particular that if two dark subspaces intersect non-trivially,
they share all transition probabilities. We do not provide a proof since it follows directly from the
definition — see also [MKO06, Sec. 5].

Proposition 2.3. Let D be a dark subspace.

(i) Let v € suppp. If A >0 and U € U(d) are such that v|p = NU|p, which is equivalent to
mpv*vrp = N2mp, then for every unit vector x € D,

|oz||* = X2 = tr (Utr?fD)v*).

Furthermore, if A > 0, then vD is a dark subspace and dimvD = dim D.

" can be approrimated by a sequence of points from

(i) Since every point (vy,...,v,) € supp u®
supp pu®" that satisfy Equation (6), the continuity of matriz multiplication implies that Equa-

tion (6) holds for every (vi,...,v,) € supp u®".

One of the main results of [MKO6] is that the asymptotic behaviour of quantum trajectories is
to perform a random walk between dark subspaces. More precisely, the transition rule

Dy +— Dy =vD,



10 T. BENOIST, C. PELLEGRINI, AND A. SZCZEPANEK

with probability tr(v tr?f[’; )v*) dp(v) defines a Markov chain (D), )nen in D,,. This Markov chain

is well defined by Proposition 2.3(1). The corresponding kernel is
K(D,B) = / 15(vD)tr (vERv*) du(v),
My "
where D € D,,, and B is a Borel subset of D,,,. Let us point out that in terms of normalized dark

projectors this transition reads

TD, Uﬂ'DnU* T Dpt1
tr(ﬂ-Dn) . tr(vﬂDnU*) tr (7TDn+1) 7

and so it coincides with the Markov chain defined by II on density matrices.

Pn

As already mentioned in Introduction, our only assumption all along the paper is that u satisfies
the following irreducibility assumption.

Irreducibility. There does not exist a non-trivial subspace E C C? (i.e. E ¢ {C%, {0}}) such that
p-almost surely we have vE C E.

In [Ben+19] assumption (¢-Erg) corresponded to the existence of a unique minimal non-zero p-
invariant subspace E. Here the irreducibility assumption moreover enforces F = C¢. Both as-
sumptions are related to the uniqueness of the fixed point of some map on M;’Jr called a quantum
channel.

Let

¢ X vXv* du(v).
Mgy
This map is positive and Equation (1) implies ./\/lcll’Jr is invariant for ¢. Then, following Perron—
Frobenius theorem for positive maps on matrix algebras — see [EHK78] — the irreducibility assump-
tion is equivalent to ¢ having a unique fixed point ps in ./\/lcll’Jr and this matrix is full rank. Following
[CP16, Proposition 5.7|, assumption (¢-Erg) in [Ben+19] is equivalent to ¢ having a unique fixed
point po in Mcll’Jr; however, this matrix can be rank deficient.

When one is only concerned with invariant measures, the apparently stronger condition of ir-
reducibility is actually not a restriction. Indeed, assume (¢-Erg) from [Ben+19] holds and let
E = supp(ps). Then, following [BPT17, Theorem 1.3|, quantum trajectories (p,), are almost
surely asymptotically supported on E and the convergence to it is exponentially fast. Hence, all
invariant measures only charge states with support in £. Now, since ¢ restricted to states that have
support in E has a unique fixed point in /\/lcll’Jr which is full rank on F, ¢|g is irreducible. Hence,
assuming irreducibility is not restrictive and our result can be extended assuming only (¢-Erg)
from [Ben-+19].

2.2. Probability space. We work with a specific probability space on which we define a process
that has the same law as the quantum trajectory defined in Equation (2). It is essentially the
one used in [Ben+19]. Let Q be the set of infinite sequences of maps M}Y. For any w € Q, let
w = (v1,v,...), and let m,: Q@ — M;" be the canonical projection on the first n components, i.e.
Tn(w) = (v1,...,v,). The usual cylinder o-algebra on € is denoted O. That is, denoting by 9t
the Borel o-algebra on My, for n € N* we define the o-algebra O, as m, '(IME"), i.e., O, is the
smallest o-algebra on € such that all n-cylinder sets {(vy,...,vp,...) € Q:v; € A;, 1 =1,...,n},
where A1,..., A, € M, are measurable. Then O is the smallest o-algebra such that O, C O for
any n € N*,
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Throughout the paper we use a series of identifications which improve the readability even if
they constitute small abuses of notation. Namely, a cylinder set O,, € O,, is identified with its base
7(Op), a function f on M™ with fom, on 2, and a measure u®" on (M", M) with u®" o,
on (2,0,,). Note that we cannot extend p to the whole  as it is not assumed to be finite.

To any p € ./\/l(:;’Jr we define a law PP for the sequences in ). It is defined as

P(O,) = / 60t - v1p0] - 0) A (v, ., ),

where O,, € O,,, n € N*. The stochasticity condition, see Equation (1), guarantees this sequence of
measures is a consistent family of probability measures, so via Kolmogorov’s extension theorem it
defines a unique probability measure P? on 2. In quantum mechanics, this law is the one of some
repeated quantum measurements modeled by p.

For the maximally mixed (chaotic) state I/d we put P®® = P1/4 We often use P®" as a reference
measure. Importantly, since p — P? is positive and extends to a linear map from M, to finite
complex measures, for every p € ,/\/l(li’+,

PP < P
Indeed, for any p € ./\/ltli’Jr, p < |lplll. Hence, P? < d||p||P.

Let B be the Borel g-algebra on M}f’ and v a Borel probability measure on M(li’+. We define
the probability measure P, on (./\/lcll’Jr x 1, B® O) by

(7) P,(B x 0) = / P#(0) dv(p)

B

for B € B and O € O. Note that the restriction of P, to B® {0, Q} is, by construction, equal to v.

Let E, denote the expectation with respect to P,. Then, convexity of ./\/lcll’Jr implies p, = E,(p)
is an element of ./\/ltli’Jr. Moreover, since p — P? is affine by definition, the marginal of P, on O is
PPv ie.

P, (ML x 0) = PP(0)

for any O € O.

We identify the sub-o-algebra {0, Mcll’+} ® O with O and an O-measurable function f on € with
the B ® O-measurable function f on M;’Jr x  defined as f(p,w) = f(w) for all (p,w) € M;’Jr x €.
This construction verifies E, (f) = E?(f) for any f O-measurable.

We now construct on (./\/ltli’Jr x Q,P,) a process whose law is the one of the Markov chain defined
by II and initial law v. Let V;: © — My, i € N* be the i*® coordinate random variable

Vi(vl,z@, ey Ugy e ) = Uy,
and let (W),), be the (O,),-adapted sequence of products of them:
W,=V,---W

for n € N*. For the sake of consistency we set Wy = Id. Next, we define the (B ® O,,),-adapted
sequence of random states (py, ), on (./\/lcll’Jr xQ, B0, P,) as py(p,w) = p for every p € ,/\/lcll’Jr and
w € Q, and
_ WapoWy
(W, p0W;)
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for n € N*. Note that P, (tr(W,

n

poW) = 0) =0 for every n € N, so (pn)r is Py-almost surely well
defined. Moreover, (py,), has the same distribution as the Markov chain with the initial distribution
v and transition kernel II.

3. INVARIANT MEASURE ON DARK SUBSPACES, PROOF OF THEOREM 1

In this section we prove Theorem 1, i.e., the exponential convergence towards the unique invariant
measure on maximal dark subspaces. The proof has the same structure as the one in [Ben-+19].
After defining some topological structure on the set of Dark subspaces D,, and defining an explicit
realization of the Markov chain, we prove two geometric convergences. First, that there exists an
O-measurable estimator E\n of D,, with their relative distance decreasing exponentially fast. Second,
that for any O-measurable random variable, some shift of P? converges exponentially fast in total
variation to P?. We conclude by piecing together these two convergences.

3.1. The structure of D,,. Dark subspaces are linear subspaces of C%, hence elements of a Grass-
mannian. We denote G, 4(C) the set of k-dimensional subspaces of C? and equip it with the
Grassmann topology, which is the final topology induced by the function mapping a complex matrix
of size d x k with linearly independent columns to the linear span of these columns.

With respect to this topology, Gi 4(C) is a compact space — see [FGP94, I-1-7]. Moreover, the
gap metric defined by

dG(Qb QQ) = H7TQ1 - 7TQ2||7
for @Q1,Q2 € Gy q4(C), metrizes this topology — see [FGP94, 1-2-6]. Later on, we shall exploit the
fact that the gap metric can be expressed as

(8) dG(Qla QQ) = max {Squ€Q1,||:B||:1 A($7 Q2)7 SUPzeQy,||lz)=1 A($7 Ql)} ’

where A(z,Q) = ||z — mgz|| is the distance between the vector z € C? and the subspace Q C CY
— see |GLR06, Theorem 13.1.1]. In fact, the two suprema in Equation (8) coincide — see [Morl0,
Lemma 3.2] — so

9) da(Q1, Q2) = SuPyeq, [|o|=1 A(@; Q2) = SUP4ey |2 =1 A(T, Q1).

The last structural result we need is the compactness of D,,.
Proposition 3.1. The set D,, is compact.

Proof. Since G,,, 4(C) is compact and Dy, C G, 4(C), it suffices to prove that D,, is closed. To this
end, consider a sequence of maximal dark projectors (7, )nen that converges to some projector 7.
We will show that 7 is a dark projector of rank r,,. It is clear that 7 is an orthogonal projector,
because the set of orthogonal projectors is closed. As for the rank of 7w, we just have to check that
tr(m) = ry,, which is straightforward since tr(m,) = rp, for all n the trace is continuous.

It remains to show that 7 satisfies Equation (6). Fix k& € N*. Since every m, is dark, for
p®k-almost all (v1,...,v;),

U+ -+ VU] * + + VT — % tr(mpuy - vjvg - V)T, = 0.
As a function of 7,, the left hand side is continuous. Therefore, for p®*-almost all (vy,...,v;),
TV -+ VUL - - UpT = %w

and the proposition is proved. O
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Remark 3.2. This proposition implies D,, is Borel measurable as a closed set.

3.2. Probability space. As in the case of quantum trajectory, we define a probability space on
which the Markov chain is explicitly realized.
Recall that the transition kernel for the Markov chain on maximal dark subspaces reads

(10) K(D,B) = / 1p(vD)tr (v%v*) dp(v),
Mgy
where D € D,, and B is a Borel subset of D,,.
We put Q for the Borel o-algebra on D,,, and consider a Borel probability measure y on D,,. We
define the probability measure P, on (D,, x 2, Q ® O) analogously to how we defined P, from a
measure v on the set of states Mcll’Jr, i.e., for B € Q and O € O we put

P\ (B x O,) = / P/ (0) dx (D).
B

We write E,, for the expectation with respect to P, and denote py := E,(7p/rm) € Mif—i—' Recall
that PPx < PM. Also, as before, an O-measurable map f on € is identified with the Q ® O-
measurable map f on D,, x Q satisfying f(D,w) = f(w) for all D € D,, and w € Q. Then
Ey(f) = B ().

Now, on (D, xQ, Q® 0O, P, ) we define a (Q® O,,),-adapted process (Dy,), by setting Do(D,w) =
D for every (D,w) € Dy, x Q and D,, = W,, Dy for n > 1. This process has the same distribution as
the Markov chain on D,,, with the initial distribution x and transition kernel K, see Equation (10).
In terms of dark projectors, we have

™,  Wamp, Wy
Tm tr(Wymp W)

Observe that P, (W, Dy € Dy,) = Py (tr(W,,mp,W,;) > 0) = 1, so the process under consideration is
P\ -almost surely well defined.

3.3. Some useful process in Mcll’Jr. In [Ben+19], a key object in the proofs was the (O,,),-adapted
sequence of random variables (M,,),, taking values in ./\/lL:li’Jr and defined by

_ Waw,
o a(WEW,)

Note that M, is IPy-almost surely well defined since it is O-measurable, P*x < Pt and P" (tr (W W,,)
0) = 0. The following key proposition was proved in [Ben-+19]:

Proposition 3.3 ([Ben+19], Proposition 2.2). There exists an O-measurable M;’+—valued random
variable My, such that

lim M, = M,

n—oo

where the limit holds Py -almost surely and in Ll(]P’X)-norm for any Borel probability measure x over
D
Moreover, for any p € M;A_,
dPp?
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Proof. Proposition 2.2 in [Ben-+19| was expressed with respect to P, with v a probability measures
over P(C?) instead of P,. However, the proof of convergence is done with respect to Pt which
implies it holds with respect to IP” for any p € ./\/lcll’Jr since PP < d P". Hence, the limit claims hold
with respect to P, by definition of this measure.

The Radon-Nikodym derivative expression is proved in [Ben+19, Proposition 2.2]. O

From the polar decomposition of W,, follows the existence of a unitary-valued random variable

U,: Q — U(d) satisfying
W, =UpyWEW,,
where n € N. We can choose (Uy), so that it is (O)n-adapted. Note that by definition of
M, P-almost surely, W,, o< U,\/M,. Since U,(w) € U(d) and U(d) is compact, the sequence
(Up(w))n almost surely has an accumulation point. Let us point out that, when w is fixed, both the
accumulation points and the extraction subsequence leading to one depend on w.
The following two propositions, essential in the sequel, will lead to the concentration of quantum

trajectories on maximal dark subspaces.

Proposition 3.4. For any w € Q, let Uyee(w) be the set of accumulation points of (Up(w))n. Then,
for any p € Mil’+, PP-almost surely, for any Us, € Uacc, the range of Usoe MU, is a dark subspace.

Proof. This proof mirrors the second part of [Ben+19, Proposition 2.2| proof. For the reader’s
convenience, we repeat the key steps. Remark that since P? < P it is sufficient to prove the
result PP-almost surely.

Let p € N*. As proved in [Ben+19, Proposition 2.2|, (M, )nen is a martingale with respect to
Ph. Since it is bounded, it converges P®-almost surely and in L2(P"). Then, a lengthy direct

computation leads to
lim B ((Mpqp — My)? | O,) = 0.

n—oo

(For the intermediate steps leading to this result, see [Ben+19, Eq. (17)]). Hence, using Jensen
inequality,
(1) Jimn B (Mot = Mall | On) =0.

For any n € N*, using the polar decomposition of W,,, M,,, becomes

1 1
MEURVE o Vi Vi - Vi1 Up M2
(V.. Vi

o Votp - VU ML UY)

Mn+p -

and so

ECh(HMn—I—p - Mn” | On) =

(12) /HMé Upvi - vyup -+ lenMn% —Mntr(vf S URUp lenMnU;)Hd,u@p(vl, CelyUp).
M
Now fix a realization w and let (Up, (w))i be a subsequence of (U, (w)), that is convergent to some
unitary operator Uy (w) as k tends to infinity. Dropping the notation w, taking the limit of the
right hand side of Equation (12) along (ny)x and using Equation (11), we have
/H]WO%QU(’;OU’Ik S vpUp 'UonoMo%o —Mootr (v - - - vy - - 01U Mo UZ | dp®P (01, ..., 1p) =0

Xp
M
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for any Uy, € Uaee. Since the expression under the integral is non-negative,
1 1
Uso MUY -+ vpvp -+ 11U MU, o Use Mo U,

for p®P-almost all (v1,...,vp). Thus, denoting by 7o the orthogonal projection on the range of
Uso Mo U2, (which depends on w),

WOOUT .. ‘U*

pUp * " V1Too X oo

for p®P-almost all (v1,...,vp). This implies 7 is a dark projection, as claimed. O

The following result implies that the dark subspaces of the form range(Us MsUZ) considered
in the previous proposition are (almost surely) maximal. This proposition is that same as [Kus89,
Theorem 2.8|, however our proof is different and we do not assume the matrices are invertible.
Recall that r;, is the dimension of maximal dark subspaces.

Proposition 3.5. For all p € M(li’Jr, the rank of My, is PP-almost surely equal to r,,.

Proof. Again, using P? < P" we only need to prove the result P®*-almost surely. Let U, be an
accumulation point of (Uy,),. Since rank My, = rank Us, M UZ,, Proposition 3.4 implies

rank M, < r,.

For the inverse inequality, let m be the orthogonal projector on some D € D,,. For every n € N*
and for u®"-almost every (v1,...,v,) there exists A > 0 such that

TU] - UpUp -+ - UIT = AT,
so taking the trace on both sides of this equality yields

A= Ltr(mol - vkv,vp).

Tm
In what follows we adopt the usual convention that v, --- vy for n =0 is Id. For all n,p € N
vy - v, Wy Wy - o = % tr oy - vy Wy Wyop, -+ - v1)
from which, dividing both sides by tr(Wgk Wp) leads to
Ty -y Mpvy, - = %tr(m)f - g Mpvy, -+ - 1)
PeP_almost surely. Consequently, taking the limit p goes to infinity, for every n € N we obtain
(13) Y 0 MUy -+ -1 = %tr(m)’f s 0 MUy -+ - 01) T

Ph_almost surely and, if n > 0, for p®"-almost all (v1,...,v,). In fact, by continuity (see Propo-
sition 2.3(2)), Equation (13) holds for every (vy,...,v,) € supp u®". Assume for a moment that
for PM-almost all My, there exists (vy,...,v,) € supp =" such that tr(7v} - - - vi Maovy, - v1) # 0.
Then, Equation (13) and the rank of product inequality yield

rank M., > rankm = r,,

and the proposition is proved.
It remains to prove that for P®-almost all M., there exists (v1,...,v,) € supp u®" such that
tr(mof - vl Mooy, -+ - v1) # 0. Let

E = linspan{v, - --vi7x : & € C¢ (vy,...,v,) € supp u®, n € N}.
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Then for p-almost every v, vE C E. Hence, E = C? as it is non-zero by definition. Assume
tr(moy - - vk Mogvy, -+ -vy) = 0 for any (vy,...,v,) € supp p®" with n € N arbitrary. Then Equa-
tion (13) implies all the elements of the generating family of E are in ker M,. Hence, E C ker M.
Since E = C¢, that implies Mo = 0. This contradicts M, € M;’Jr and the proposition is

proved. O
Remark 3.6. For any quantum trajectory (pn)n, pn = Unim VnA)/‘[”U; Then all the accumulation
PoiInts poo of (pn)n can be written as po = Uwim LOA)J(’OUSO with Usy € Uuee. Hence, Proposi-

tions 3.4 and 3.5 imply that any accumulation point pey of (pn)n is supported in a mazimal dark
subspace. Hence, asymptotically in n, p, is almost surely supported in a mazximal dark subspace.
We will come back to this property with more details in Section /.

3.4. Markov chain O-measurable estimator. Let n € N* and consider the following max-
likelihood estimator

—~

E, = argmaxpeg, ) tt(WamgWy).

Remark that by definition E\n is an r,,-dimensional subspace spanned by eigenvectors of WW,, of

respective eigenvalues a2(W,),...,a2 (W,) with A + a;(A) the map giving the singular values of

7 Tm
A in decreasing order with multiplicity so that aj(A) > -+ > a4(A). The choice of such subspace
can be made in a (Oy,),-adapted way.

Then define
D, = W,E,.

We consider this (O,,),-adapted process as an estimator of D,, according to the sampling W,,, given
the max-likelihood estimation En of the initial space Dy. Note however that ﬁn is not necessarily
a dark subspace. However, by definition of r,, Bn is an element of G, 4(C). Indeed, by definition
of /E\n, dim 5n < 7y would imply rank W, < rp,, which contradicts the definition of r,,.

We now upper bound the expectation of dg (D, /E\n) This estimation relies on the expression of
A using the exterior algebra of C.

Let p € N*, we denote by x1 A --- A x,, the exterior product of vectors zy,...,z, in C%, and by
AP C¢ the vector space generated by the p-wedge products 21 A---A xp. More precisely, 1 A--- Az
stands for the alternating multilinear form

(CHP > (y1,...,yp) det((zi,y;))} =1
Then, {z1 A -+ A xp: x1,...,2, € C} is a generating family for the space AP C? of alternating
multilinear forms on C¢. We define a hermitian inner product on A? C? as

p

(g A - ANZp, Y1 A -+ Ayp) = det (<$i,yj>),-7j:17

and denote the associated norm by ||z A --- A z,||. By linearity and from the properties of deter-
minants, if {z1,...,2,} is a linearly dependent family of vectors, 1 A --- Az, = 0. That implies
the following standard proposition. For the reader’s convenience, we provide a short proof.

Proposition 3.7. For any linearly independent family of vectors {yi,...,yp} and any x € ce,

[z Ayr A Aypll
A(z,span{yi,...,yp}) = .
’ o lys A== Al
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Proof. Let F' = span{y1,...,y,} and © = mpz + x' with 7p the orthogonal projector onto F.
Then, ||z Ayi A Aypll = lat Ayr A--- Ayl and A(z, F) = ||zt Since x+ is orthogonal
to I, setting yo = =~ /||zt ||,

j = 0 except for i = j = 0 where it is equal to 1. Therefore, by the properties of determinants,

the first row and column of (<yiayj>)€,j:0 are 0 for any ¢ = 0 or

lyo Ayr A== Aypll = llys A=+ Aypll. Hence,
[z Ayr A= Ayl = Al F)llys A== Ayl
and the proposition follows. O

The last notion we need is the action of a linear map on exterior products: for A € £(C?%) we
write /AP A for the operator acting on the basis elements of AP C? as

NPA(zy Ao Aap) = Axy A+ N Ay
and then extended linearly to the whole space. Since AP(AB) = APA A’B,
(14) IAP(AB)| < [IAPAIIIAPBY-
Moreover, for any p < d,
(15) IAPA[l = ai(A) -+ - ap(A).
See e.g. [BL85a, Lemma II1.5.3].

That set, we introduce a sequence (s(n)), that play the part of (f(n))y in [Ben+19]. For r,, =1
they are equal as expected. For any n € N*, let

s(n) = /M(j"

First we show this sequence decreases exponentially fast to 0.

_2
/\Tm-‘er rm+1 dﬂ®n
n .

Lemma 3.8. There exist positive constants C' and A < 1 such that for every n € N
s(n) < CA™.

Proof. First, by definition of P, for any n € N*,

2

s(n) _ dECh H/\T"m‘f‘anH rm+1
- rm+1
(Wi w,) "

Then, Equation (15) implies

IA™ Wl ' /\rm+1( Wi )H = [[im+ ai(Un/DIy).
tr(WrW,) ™2 VirWiw,) =
Then, since | M,| <1, a;(U,v/M,) <1 for any i € {1,...,d} and

rm—+1

=1

From Proposition 3.5, lim,,_, HZ;”{H a;(Up/M,,) = 0. Hence, Lebesgue’s dominated convergence
theorem implies lim,, o s(n) = 0.

Second, Equation (14) implies (s(n))y is submultiplicative. Thus, there exists ng € N* such that
s(ng) < 1and s(n) < s(1)sl"/m0l(ng) with I € {0,...,n9—1} the remainder of the Euclidean division
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of n by ng. Then fixing 1 > A > S%(no) non-null and C' = maxe(q,... no—1} s(DA™T yields the
lemma. O

We now show \/W upper bounds the expectation of dg (D, ﬁn)
Lemma 3.9. For any Borel probability measure x over Dy,
Ey(d(Dy, Dy)) < \/5(n).
Proof. Let (y1,...,yn) be an orthonormal basis of En such that Wyy; = a;(W,)U,y; for each
i€{1,...,7m}. Then, for any 2 € C%, from Proposition 3.7

rm—+1
—~ m W e Ay A Ay —~
AWz, D,) = WA A Yol < o0 WA B,
i=1 ai(Wn)

Then, for any D € D, such that |W,7pl|| # 0, using |W,z||* = i tr(W,mpWy) for any = € D of
norm 1 and A(az,E\n) <1,

2 rm—+1 %
(WD, D) < rmtt W) N Wal o
o tt(WompWe) = == tr(Wymp W)

Taking the expectation with respect to x, Jensen’s inequality applied to ¢ — t? implies

rm+1 —2_
—~ —~ m ‘/1/ ||7‘m+1
E.(dg(Dy, Dy))? < Ey(d4(Dy, D)) <E IA - =
X( G( )) = X( G( )) = X <T}n tr(Wnﬂ-DoW;’;) S(TL)

and the lemma is proved. O
In what follows, 6 stands for the left-shift operator on , i.e., 8(vy,va,...) = (v2,vs,...).

Proposition 3.10. There exist positive constants C' and X < 1 such that for every Borel probability
measure x over Dy, and every n,l € N

E,(dc(Dps1, Dy 06')) < CX
Proof. Markov property implies that for any n,l € N,
E\ (d6(Dut1; Dy ©0) = E, yei(da(Dn, Di))-
Then, Lemma 3.9 implies
Ey(dc (D1, Dy 0 6')) < 1/s(n).
Hence, Lemma 3.8 yields the proposition. O
3.5. Convergence for O-measurable functions. The integer m appearing in Theorem 1 is the

period of the channel ¢, see [Ben+19, Definition 3.1]. For the reader’s convenience, we recall its
definition adapted to the current context, i.e., with ¢ assumed to be irreducible.

Definition 3.11. Let (Ey, ..., E}) be an orthogonal partition of C%, i.e., the subspaces Ey, ..., Ej
are non zero and mutually orthogonal and Ey @ ... ® Ej, = C. We say that (E1, ..., E}) is a k-
cycle of ¢ if vE; C Ej4q1 for p-almost all v € My and for every j € {1,...,k}, with the convention
Eyy11 = Ey1. The period m of ¢ is the largest k € N* such that there exists a k-cycle of ¢.
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The full space C¢ is a 1-cycle for ¢ and m < d since dim C? = d. Hence, m € {1,...,d}. From
Perron-Frobenius theorem for Schwartz positive! maps — [EHK78, Theorem 4.4] — there exists two
positive constants C' and A < 1 such that for every p € ./\/lcll’Jr and every n € N,

1 m—1

3 ()

m
r=0

<O\

This bound was used in [Ben+19| to show that P? converges in total variation under the shift 0
towards PP~ and that the rate of this convergence is exponential.

Proposition 3.12 (|Ben+19|, Proposition 3.4). There exist positive constants C and A < 1 such
that for any O-measurable essentially bounded function f, any p € ./\/llli’—i_, and any n € N

m—1
B/ (% > fo 9’”"”) ~E=(f)
r=0

where || f|loo is the essential supnorm of f and ps is the unique fixed point of ¢ : Mcll’+ — M;’ﬁ

< O fllocA™

3.6. Uniqueness of the invariant measure on Dark subspaces. We are now ready to prove
the convergence towards a unique K-invariant measure xiny on D,,. Recall that the Wasserstein
distance of order 1 between two Borel probability measures p, v on D,, can be expressed using
Kantorovich—Rubinstein duality as

Wl(:uv V) = Sup {E,u(f) - Eu(f) | f € Lipl(Dm)}a

where Lip; (D,,) denotes the set of all Lipschitz functions on D,,, with Lipschitz constant equal to 1.
The following theorem directly implies uniqueness of the K-invariant measure and the rest of
Theorem 1.

Theorem 3.13. There exist positive constants C and A < 1 such that for any Borel probability
measure x over Dy,, any K-invariant Borel probability measure Xiny over Dy, and n € N*

m—1
1
mn—+r inv < )\n
Wi <— § XK : X ) <C

r=0

Proof. We follow the strategy of proof of [Ben+19, Theorem 1.1]. We need to show that

m—1
sup {E (% > f<Dmn+r>> —E v (f(D0) | f € Liplwm)}
r=0

is exponentially decreasing as n is growing. The expression being maximized is invariant under
adding an arbitrary constant to f. Hence we can restrict the supremum to functions f € Lip,(D,,)
such that f(D*) = 0 for an arbitrary D* € D,,. Then, since supp piep,, da(D,D’) < 1, any
f € Lip;(Dy,) such that f(D*) = 0 has its range contained in [—1,1]. Hence, for the remainder of
the proof we can restrict our attention to functions f € Lip;(Dy,) such that ||f|lec < 1.

Let n € N* and denote p = [n/2|, ¢ = [n/2] such that p+ ¢ = n. From the K-invariance of Xiny,

(16) Ey,..(f(Do)) = Ey,.. (f (Dmn+r)) for every r € {0,...,m —1}.

1A completely positive map T : Mg — My preserving the identity is necessarily Schwartz in the sense that for

any A € Mg, T(A*A) > T(A)*T(A). That follows from the positivity of T'® Id s, applied to (AAA I? )
cd
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Using this invariance and triangular inequality,

m—1 m— 1
B 2.7 (Dnsr)) s (S ‘ == D (Ex(J(Dmnse)) = Bxin ( (Druns)) '
1 -
= m s (f (Drm(psg)4r)) = Ex(f(Dimp 0 0977)))]
(17) =
%zgmxmxf(ﬁm 0 0™7)) — By, (F(Dmiprgy )
m—1
+ % 2 (Ex(f (Dinp 0 0™947)) = By, (f (D 0 0™947)) ) ‘

We first bound the first two terms of the sum on the right hand side. Since f is 1-Lipschitz, for
every r € {0,...,m — 1},

‘f(Dm(p+q)+r) - f(Dmp 0 9mq+r)’ < dG(Dm(p+q)+T ) Dmp o 9mq+r)7
so Proposition 3.10 implies there exist C' > 0 and A € [0,1) independent of x and xiny such that
’Ex(f(Dm(p+q)+r)) —E\(f(Dmp © qu+r))‘ <CON
and

IE oo, (F(Dimprq)r) = Exiuy (f (Dimp © 0™977))| < CAP.

The third term in the sum on the right-hand side of Equation (17) is bounded using Proposition 3.12.
Since D,y 0 ™47 is O-measurable,

Ex(f(Dynp 0 6™97)) = EP(f(Dynp 0 6™97))

Then, Proposition 3.12 and ||f||cc < 1 imply there exists C' > 0 and A € [0,1) independent on x
and Yinv such that

,_.

m—

LN (Bl (Donp 0 87%7)) —~ B~ (f(Dy))
r=0

< O\

Following the same argument, the same bound holds with y replaced by xiny. Hence, triangular
inequality leads to

m—1
1 —~
— HmItT)) — E,, D,y 0 0T
m & ( p © ) Xin (f (D © )))

<20\

Combining the bounds on the three terms in the sum on the right hand side of Equation (17),
there exist C' > 0 and A € [0,1) independent of x and xiny such that

=

and the theorem is proved. O

m—

Z Dinr) ) ~Ey,. (f(D0)]| < A"

SIH
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4. EXPONENTIAL CONVERGENCE TOWARDS DARK SUBSPACES

In this section we show that quantum trajectories converge exponentially fast towards dark sub-
spaces. Note that for p € ./\/l(:;’Jr and D € D,,, we have tr(pmp) = 1 if and only if supp p C D. Then,
the exponential convergence towards dark subspaces is expressed in next theorem.

Theorem 4.1. There exist two positive constants C' and A < 1 such that for any Borel probability
measure Vv over ,/\/l(li’+,

E,( inf (1 —tr(mppn))) < CA™.

DEDm,
Before proving this result we shall need a few lemmas. First, Proposition 3.10 implies D can be

replaced by (Bn)n

Lemma 4.2. There ezists two positive constants C' and A < 1 such that for any Borel probability
measure V over ./\/lL:li’Jr and any n € N,

. oy < 77/'
EV(Dleanm da(D,D,)) < CX

Proof. Since infpep,, da(D, Bn) is O-measurable,
. = — p’/ . -
EV(Dlengm dG(DyDn)) E (Dleanm dG(DaDn))’

Let xiny be the unique K-invariant Borel probability measure over D,, from Theorem 1. Then
Prine = Evine (Mo /Tm) = Eyino (D1 /Tm) = 0(pysne ). Hence py,. . = poo With ps the unique fixed
point of ¢ : ./\/lcll’Jr — ./\/ltli’Jr. Since we assume p is irreducible, p is positive definite and there exist
¢ > 0 such that for any p € Mcll’Jr, p < ¢poo. The linear extension of the map p — E” to My is
positive, thus
EP(inf da(D, D,)) < P (,inf da(D, D,))
with ¢ independent of v. Then, choosing D = D,,, we obtain
E,( inf da(D,Dy)) < cBy,,, (dc(Dn, Dy))
DeDy,
and Proposition 3.10 yields the lemma. O

One can remark that infpep,, dg(D,ﬁn) corresponds to the usual distance to D,,, the set of
maximal dark subspaces that is dg(Dy,, Dy). Second, p, concentrates exponentially fast on D,,.

Lemma 4.3. There exist two positive constants C and A < 1 such that for any Borel probability
measure V over M;’Jr and any n € N,

E,,<1 — tr(ﬂﬁnpn» < O\

Proof. Let n € N*. Since /E\n is the span of eigenvectors of W,;W,, with non-zero corresponding
eigenvalues, and D,, = W, E,, D, = U,E, with U, the unitary in the polar decomposition of W,.
Using trace cyclicity, it follows that

(75 pn ) tr(W,, oWy

(75 WapoW;;)
e (Unt, UUnn/ W W por/ Wi W, U )
tr(mp, /W W00/ T, ).
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Then, since 7z WiW,, = WyWyms |

(1 - tr(ﬂﬁnpn)) tr(W,, poW,;) = tr ((Idga — Wgn)W;WnPO)-

Since Idca — 5, is the orthogonal projector on a subspace spanned by eigenvectors of W;W,

corresponding to eigenvalues a? _(Wy),...,a3(Why), ||(Idca — T WaW, | = a? . 1(Wy) and

(1= tr(mp,on) ) Ex(WopWW32) < a2, 14 (Wa).

Hence, using the ordering of singular values and Equation (15),

(1 - tr(ﬂﬁnpn)) tr(W,, poW;) < H/\T’”HWN e
Then, by definition of s(n) and P,
E,,<1 — tr(ﬂﬁnpn» < s(n)
and Lemma 3.8 yields the lemma. O

We can finally prove the theorem.
Proof of Theorem 4.1. For any D € D,,,

tr(mppn) = tr(ﬂﬁn,on) + tr((wD — 7T/D\n),0n).
Hence, matrix Holder’s inequality in the form |tr(A*B)| < || Al || B|| for A, B € M, implies

Dieanm(l —tr(mppn)) <1-— tr(ﬂ'ﬁnpn) + Dien’Dfm da(D, Dy,).

Then, Lemmas 4.2 and 4.3 yield the theorem. O

5. ISOMETRIES BETWEEN DARK SUBSPACES AND C™™

In this section we focus on isometries between the maximal dark subspaces and the reference
space C™™. They are key to classifying the invariant measures for quantum trajectories, i.e., the II-
invariant measures on P(C?). To motivate their introduction, let us first consider a straightforward
II-invariant measure vynr coming from the K-invariant measure Yiny on D,,. Namely, vynir is
constructed as the combination of uniform measures on the (projective) dark subspaces with weights

given by Xinv, i-€.,
Vunif = / UnifP(D) dXiIlV(D)7

where P(D) = {z: x € D,z # 0} for D € D,,,. We will verify its II-invariance by direct computation.

Recall that on pure states the action of II reads
175) = [ fo- i)l du(w) for g & P(C)
My
Proposition 5.1. vyir is ll-invariant.

Proof. For every D € supp Xiny and v € supp p the map P(D) 3 § — v -g € P(vD) is bijective,
provided that tr(vmpv*) > 0, and so

/ f(v- ) dUnifp(p)(§) = / £(5) dUnitp(up)()-
P(C9) P(C9)
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Thus, since |lvy||> = tr( Ip *) for every y € P(D), it follows that

/P((Cd) I (§) dvaie(9) = /Md/m/ cd) §) dUnifp(,p) (9 )tr( )dxmv(D) ()
/ / (©4) §) dUnifp(p)(9) d(XinvK) (D)

— [ 1) (),
P(C4)
as desired. O

A natural question now is whether vy is the unique Il-invariant measure. In [Ben+19] it was
shown that it is not always the case:

Proposition 5.2 ([Ben+19|, Appendix C). Assume supppu C SU(d) and let G be the smallest
closed subgroup of SU(d) such that supp u C G. For any @ € P(CY), put [Z]g for the orbit of & with
respect to G and the action G x P(C%) 3 (u, &) — u - &, that is,

[Z]g :={§ € P(CY | Jue G s.t. §j=mu-i}.

Then, for any @ € P(C?), there exists a unique I-invariant probability measure mys supported on
[Z]g, and this measure is uniform in the sense that it is invariant by the map & — u - & for any
u € G. More precisely, mg is the image measure of the (normalized) Haar measure on G via the
map g;: G — [&]g acting as gz (u) = u - Z.

Note that, in particular, if G = SU(d), then [&]q = P(CY) for every &, soII has a unique invariant
probability measure and this measure is the uniform one on P(C?).

Let us point out that, within the setting of this proposition, if G is a proper subgroup of SU(d),
there may exist mutually singular Il-invariant measures on P(C?). Indeed, this is the case when
there exist disjoint orbits under G, i.e., [Z]g N [§l¢ = 0 for some & and y. This happens, e.g., if
G is finite, in which case there exist infinitely many disjoint trajectories, thus also infinitely many
mutually singular II-invariant measures. If, however, there exists a single orbit, i.e., [Z]q = P(C%)
for any & (in other words, the action of G on P(CY) is transitive), then we have a unique II-invariant
probability measure on P(C%). A complete discussion and characterization is provided in Section 6.3.

Note that the assumption supp p C SU(d) means that the whole space C? is the (unique) maximal
dark subspace. A natural approach to the case of multiple maximal dark subspaces is to establish
a correspondence between each D € D,, and a common reference space C™ by fixing a family of
maps J = {Jp}pep,,, where

Jp: C"™ — D

is a linear isometry. This allows us to turn (random) sequences of isometries acting between maximal
dark subspaces into (random) sequences of unitary operators on C™, bringing us back to the setting
of Proposition 5.2. Mirroring for & € P(C"™) the construction from Proposition 5.2, we will obtain
a family of measures m; 7 on P(C™™) invariant under the unitary dynamics from G 7. Out of them
we can then construct a family of Il-invariant measures on P(C%) by taking the product measures
Xiny ® Mz 7 on Dy, x P(C™) and pushing them forward to P(CY) via the map W 7: (D, 2) — Jp- 2,
see also Figure 5.1.
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Our ultimate aim, which we will reach in Section 6, is to show that the set of pushforward
measures (¥ 7). (xiny ® mz,7) over & € P(C") coincides with the set of all II-ergodic measures on
P((Cd), provided that the family of isometries J is chosen in an optimal way, i.e., it is a so-called
minimal family. In the following subsections we first formalize the approach sketched above and
then discuss what makes a family of isometries optimal for our construction.

K-invariant
prob. measure

) 4
Xinv o0 D, Product (\IJJ)*(Xinv & mi,])
: measure is II-ergodic
Uniform Y Xinv ® Mg 7 if J is minimal
measure mgz 7

([ FixzePC™ >  onlie,

A family J
induces a group
G] C SU(?‘m)

FIGURE 5.1. Diagram summarizing the construction of Il-ergodic measures

5.1. Minimal families of isometries. Fix J = {Jp}pep,,, where Jp: C"™ — D is a linear
isometry. On (D, x 2, Q® O, P,, ) we consider the random variable

-1
Vi Do Vi JDO

w(n )

U= :C" — Dy — ViDg — C™™,

Since Py,  (tr(Vimp,V*) = 0) = Py,..,(ViDy = {0}) = 0, we see that U is Py, -almost surely well
defined and takes values in the unitary group U(r,,) by definition of dark subspaces. Here and
henceforth, if w = (v,...) and tr(vmpv*) > 0, we let u, p stand for exp(iy)U(D,w), where 7 is so
chosen that detu, p = 1. That is, u, p o JU_I}UJD is a special unitary operator induced on the
reference space C™ when the map v acts on the system occupying the dark subspace D. By G 7
we denote the smallest closed subgroup of SU(r,,) containing the set

(18) Sg ={uyp € SU(ry,) |v € supp p, D € supp Xinv, tr(vmpv*) > 0}.

Let Hg,, be the normalized Haar measure on G 7. Let # € P(C™) and define m; 7 as the push-
forward measure of Hg, by the map

We denote,
mz.7 = (92)«Ha, -
Sending a copy of mg s to each maximal dark subspace with a weight prescribed by Xiny, we
expect to obtain a Il-invariant measure on P(C?). Indeed, let

Us: D, xP(C™) — P(CY
(D,z2) —— Jp-2Z.
Then we define the measure v; 7 as the push-forward measure of X,y ® m;z 7 by ¥ 7. Namely,

(19) Vi = (W 7)x(Xiny @ Mgz, 7).
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Explicitly,
| f@ @)= [ [ fOpu- ) i, () dn (D)
P(C4) m J Gg
where f € C(P(C?)). As expected, we have the following
Proposition 5.3. v; 7 is ll-invariant.
Proof. Recall that for every u € Gz and D € D,,, we have

(20) |vJpuz|? :tr(v”—Dv*).

™m

Also, recall that the invariance of Haar measure guarantees that for every @ € Gy and every
h € C(P(C™)),
(21) h(au - &) dHg , (u) = h(u-2)dHg, (u).
Gg Gy
Fix f € C(P(C")). From Equations (20) and (21) and the K-invariance of Xiny,

/ I£(5) dvs 7 ()
P(C4)

f(vJpu-1)dHg, (u)} tr(v:—ﬁv*) dXinv (D) dp(v)

™m

/.

/ (f o Jup)(uy,pu - ) dHGJ(u)l tr(v:—gv*) dXinv(D) dp(v)
D |G

J;

[ [ 1] e vau-:%)dHGJ(u)} tr (vZ20") diun (D) dp(0)
My JDm |Gy

= / / (f o JD)(U, . .ii') dHG](U)d[vaK](D)
Dm JG

as desired. O
Remark 5.4. If G7 = SU(ry,), then mg 7 = Unifpcrmy and vz 7 = vt for all & € P(C™™).

Let us stress that all the objects related to the reference space P(C™), in particular the group
G 7 and thus also the family of Il-invariant measures

T ={vsg:&€P(C™)},

depend on the fixed family of isometries 7. It is no surprise that the choice of J can heavily
influence what Il-invariant measures we obtain in T 7. Namely, for two families 7 and J it is
possible that:

e G7and G 7 are different and neither of them is a subgroup of the other (even up to unitary
equivalence), see Example 1(6a)

e G is uncountably infinite and G 7 is finite, see Example 1(6b)

e (G7 is the full special unitary group (so Y7 = {vunit}), while G 7 Is its proper subgroup
(and T 7 is infinite), Example 1(5b).



26 T. BENOIST, C. PELLEGRINI, AND A. SZCZEPANEK

As a consequence, there may exists a Il-invariant measure of the form Vi 7 which does not belong
to the convex hull of T 7. This means that the set T 7 does not contain all Il-ergodic measures.
Intuitively, this happens when the family 7 is poorly chosen in the sense that the group G 7 is too
big compared to the dynamics actually taking place in P(C%). As a result, we end up with too few
measures of the form m; 7 on the reference space P(C™), and so by transforming them to v; 7 we
are not able to recover all II-invariant measures. We address this issue by introducing the notion of

minimal families:

Definition 5.5. A family of linear isometries J = {Jp}pep,, s called a minimal family if the
group Gz is, up to a unitary equivalence, minimal as a subgroup of the special unitary group, i.e.,
for any other family J there exists Q € U(ry,) such that G C QGjQ_l.

We will see that the minimality of J guarantees that T 7 is exactly the set of II-ergodic measures.
More precisely, as mentioned already in Theorem 2, if 7 is a minimal family, then a probability
measure v on P(C?) is Il-ergodic if and only if v = v; 7 for some # € P(C™). As a first step
towards proving this claim, in the next subsection we explore the properties of minimal families. In
particular, we provide a characterization of minimal families in terms of the so-called smart families,
which will play a key role in the results leading to the characterization of Il-invariant measures.

5.2. Properties of minimal families. First, we introduce and explore the notion of smart fami-
lies, which we will then prove to be equivalent to minimal families. To this end, we need to introduce
some notation. For n € N* we denote

Vo =A{vp vy |v1,..., 0, € supp u}

and put Vy = {Idca} for consistency. Then we define

Vin = U Vo and - Win = {v/|[v]|: v € Vin,v # 0},
neN
and finally
W = Whn.

Note that, by construction, if wy,ws € W are such that wjws # 0, then wiws/||wiws|| € W. Now,
we can define smart families.

Definition 5.6. Let J = {Jp}pep,, be a family of linear isometries such that JpC™ = D and let
D, € Dy, be fixred. We say that J is D.—smart if for every D € suppyinv there exists w € W such
that Jp < wtp,. We say that J is smart if it <s D.—smart for all D, € supp Xiny -

The idea behind D.—smartness is the presence of the ‘central’ dark subspace D, from which every
other dark subspace in supp xinv can be reached with the help of some w € W without inducing any
non-trivial transformation on the reference space C™. This is because the property Jp o< wJp, is
equivalent to JBle p. < 1d, and the following diagram is commuting

Id

D, D

JD JD

e

Crm w Crm
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Our most immediate aim is to establish the existence of a D.—smart family for an arbitrary
D, € D,, and then to prove that D.—smartness implies smartness whenever D, € supp Xinv- 1hese
results will be crucial in making the link between smart and minimal families, which is the main
result of this section. To achieve these goals, we need a series of auxiliary results. Let us start by
collecting a list of useful basic facts on isometries and dark subspaces (the proof is not provided as
these properties follow directly from the definitions).

Proposition 5.7. Let D € D,,, § € P(D) and w € W. Then

(i) wy # 0 iff tr(wmrpw) > 0 iff wD # {0}. In particular, w -y and w, p are well defined as
soon as tr(wrpw) > 0.
(ii) Jp x wJp, implies that wD, = D; in particular, wD. # {0}.
(iii) Since all Jp’s are isometric, the absolute value of the proportionality constant in Jp < wJp,

1
is equal to tr(wIi2w*) 2.
™m

Next, we establish an auxiliary result that concerns the support of yiny. It will allow us to prove
the existence of a D.—smart family for an arbitrary dark subspace D..

Proposition 5.8. For any D € D,, we have supp Xiny C WD.

Proof. Fix D € D,,,. For n € N we consider the empirical measure on D,,, that is

n n
1 k 1 k
Xn = 7y E pK" = 45 E 6vk...v1Dtr(vk---v1Z—£Uf---v,’;) dp®F (vy, ..., o).
k
k=0 k=0 (Ma)

Observe that supp x, C WD, because supp(dpK¥) = {vD: v € V;,tr(vrpv*) > 0} for every k €
{0,...,n}. Therefore,

(22) xn(WD) = 1.

Since Yiny is the unique K-invariant measure on D,,, we have

(23) Xn w_) Xinv-
n—oo

Indeed, by Prokhorov’s theorem, (x.), has a weakly-* convergent subsequence. Let x be an
accumulation point of (x,),. Note that x is necessarily K-invariant. Since xiny is the unique
invariant probability measure, we have x = Xiny. Thus, the convergence of Equation (23) holds.

Now, using Portemanteau’s theorem with the closed set WD, we get

lim sup xn (WD) < Xinv(WD).
n—oo
In consequence, from Equation (22) it follows that xin, (WD) = 1. Since WD is a closed set of full
measure, we obtain supp Xiny C WD, as desired. O

Proposition 5.9. Let D. € D,;, and let J: C™™ — D, be a linear isometry. There exists a D.—smart
family (Jp)pep,, such that Jp, = J.

Proof. Set Jp. = J. From Proposition 5.8, for every D € supp Xiny We have D € WD,, so there
exists w € W such that D = wD,. This guarantees that tr(wmp,w*) > 0 and we set

_1
Jp = tr (w%w*) 2wdJ.
For every D ¢ supp Xinvy We set Jp to be an arbitrary isometry between C™ and D. By construction,

(Jp)pep,, satisfies the desired properties. O
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Next, we show that D.—smartness is equivalent to smartness, provided that D. € supp Xinv-
Although the following simple lemma can be considered folklore, its proof is included for the sake
of completeness as we will invoke this result repeatedly.

Lemma 5.10. Let u € U(ry,) and A,B C P(C™™).

(i) (u™)22, contains a subsequence convergent to 1d.

(ii) uwA C B C A implies that A = B = uA.

Proof. (i) As a corollary to a more general theorem, this result can be found in [Ben06, Corollary 7].
There is also a very simple proof that exploits the unitarity of u. Namely, since U(r,,) is compact,

(u™)2°; has a convergent subsequence (u"?)%, which necessarily is also a Cauchy sequence, i.e.,

p:l?
for every € > 0 there exists IV € N such that

Vp,p = N [Ju" —u™| = [u"™" —Id]| <e.

o0

For g € N* we put mg = nj; — np, where p, p are so chosen that (mg) g1 1s strictly increasing. Then

u™ — Id as ¢ — 00, as desired.

(ii) From uA C B C A it follows that u"A C B C A for every n € N*. Extracting from (u")72; a

subsequence (u"*)g2, convergent to Id, we obtain

A= lim u"*AC BCA,

k—00

which gives A = B. To prove that A = uA, it suffices to show A C uA. Observe that v 'A C A
for every k € N*| thus also
w A = lim v 1A C A,
k—o0
which concludes the proof. O
Proposition 5.11. Let D, € supp Xinv- If J = {Jp}peDp,, 18 De—smart , then J is smart.

Proof. Fix D, D’ € supp Xinv- We need to show that Jp, oc w.Jp for some w € W. Observe that the
D.—smartness of J guarantees the existence of w’ € W such that Jp, oc w'Jp,, so it is sufficient to
construct w € W such that Jp, o« wJp as we will then have Jp/ oc w'w.J .

Using again the D.—smartness of 7, we deduce the existence of wy; € W such that J Elwl Jp,
Id. Also, via Proposition 5.8, there exists ws such that D. = wsD, and for the corresponding
unitary we put v o JB: waJp. The following diagram summarizes the dark subspaces and operators

introduced so far.

D - D, - D'
S~ v T
Jp 4 Jp, Jp
Crm /El\(crm Id Crm

It follows that wow1 D, = D, and

JB:’[UleJ = (J53w2JD)(J51w1JDC) x U;
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thus, for every k € N* we have

JB: (wowr )" Lwa Iy, oc uP.

By Lemma 5.10, we can extract a subsequence (k;,)nen such that uf» — Id as n — oo. Hence,
putting wy, = (wow1)* " Lwa /|| (wawr )*~1ws|| € W, k € N*, we obtain
chlf&?kn Jp ox ubn,

Since the right-hand side converges as n tends to infinity, so does the left hand-side and, since W
is compact, up to another extraction (keeping the same notation), there exists w € W such that
w = limy,_,oc Wy, . Hence, JBCI{DJD o« 1Id, i.e., Jp, ox wJp, as desired. O

Proposition 5.11 states that if the central space D, is in supp Xinv, then the defining property of
a D.—smart family, which we recall is the possibility of going from D, to any other dark subspace
in supp Xiny via some map from W without inducing any non-trivial dynamics on C™, propagates
to the whole supp Xiny, i.e., for any D, D’ € supp Xiny there exists w € W such that

Jotwdy, o Id.
J5t Jpr
Equivalently, going from D to D’ via the reference space, i.e., D ~2= C™ “2% D’ does not induce
any extra dynamics besides what can be achieved with the help of maps from W:
I Jpt o< wlp.

This leads us to another auxiliary result about smart families. Namely, we identify a dense subset of
G 7 whose elements have a particularly nice form. To proceed, we need to introduce some notation.

Here and henceforth, for a family J = {Jp}pep,, we denote by w, p a special unitary operator
on C™ proportional to J;]%)wJ , provided that tr(wrpw*) > 0, and put

Ry = {uwp € SU(rym) | w € W, D € Supp Xiny, tr(wrpw®) > 0}.
Also, we denote the set of finite products of generators of G 7 as
Sin — fs1 s, |s;€ 8, fori=1,...,n and n € N*},
where we recall that S is defined as
Sg ={uyp € SU(ry,)|v € supp p, D € supp Xiny, tr(vmpv*) > 0}.

The following proposition states that in the case of smart families the elements of the form w,, p
are dense in G 7. Note, however, that we need not have Ry C G 7.

Proposition 5.12. Let J be a family of isometries. Then

(i) Sf}n is a dense subset of G z;
(ii) If J is smart, then S%n CRy.

As a consequence, if J is smart, then Gz N Ry is dense in G 7.
Proof. (i) Recall that, by definition, G is the closure of
(S7|S7) ={s7"---s)'|si€ Sy, es=+1fori=1,...,¢ and £ € N*}.

We will show that
ST c (S71S7) c Shn,
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The first inclusion holds trivially. As for the second one, consider s = s{'---s, € (S7|S7). By
Lemma 5.10 (i), there exists a subsequence (ng)r C N such that for every i € {1,...,¢} we have
"l 57 as k — oo, For k € N define

S
_— sl if e = —1
bk = S; if € = 1
and 3 = 81 -+ 51 (note that by extracting iteratively, up to £ times if needed, we have a common
subsequence (ng)i). Then 5 € ng and

~ k—oo
S, —— s8;

hence, s € ﬁ, as claimed. It follows, by taking closures, that
Sfin = (S71S7) =Gy,

which concludes the proof of (i).

ii) We show that every finite product of elements from S is of the form wy p o< J_ LwJ,, with
j I wD D

some w € W and D € supp Xiny. Consider

HUvzwDi = (J;lblvlJDl)(JwDﬂgJD ) (J;ianflU"—l‘]anl)( v_nan”"JDn)

_ -1 -1 —1 -1
- Jlelvl(']DlJszz)v2JD2 JUnlenfl,Un_l(Janl vnDn)U"JDn'

From Proposition 5.11 we deduce that

Vg

and so
Huvu D; = U1D1v1w2v2w3v3 wnanDn.

Denoting w = vywovowsvs - « - w,v, we have v1D; = wD,, and

Huvzy ’L D wJD O(uw Dn7

as desired. O

From next lemma we will conclude the invariance of supp Yiny under W. The lemma itself is
formulated in a slightly more general setting, covering also the case of P(C?), which we will exploit
later on. Recall that F' C M(Ii’+ is called II-invariant if II(p, F') = 1 for every p € F.

Lemma 5.13. Let F' C Mcll’+ be a closed and Il-invariant subset of ./\/llli’+. Then for every p € F

and w € W such that tr(wpw*) > 0 we have % €F.

Proof. Let p € F. First we show that the claim holds for maps from supp . By contradiction,

Vo pUg

= (v0pd) ¢ F for some vy € supp p such that tr(vgpuvg) > 0. By continuity and since F

is closed, there exist V' C M, an open neighbourhood of vy such that tr(vpv*) > 0 and tr Upv gﬁ F
for every v € V. Therefore,

/ 1F<tr(vpv )> tr(vpv*)dp(v) =0 and / tr(vpv™) du(v) > 0.

\%4

suppose that
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Then,

t=ttp, Py = [ 1o (it wlom) duw) = [ 1e(cit) o) duto

Mg\V

< / tr(vpv™) dp(v) < 1,
Mg\V
P

which implies % € F by contradiction. In consequence, by repeated application of this result,
0PY

we deduce that % € F for every v € Wy, such that tr(vpv*) > 0.
To conclude, let us consider w € W such that tr(wpw*) > 0. Since W is the closure of Why, F'

is closed and tr(wpw*) > 0, by continuity € F, as desired. O

tr (wpw*)
To derive the W-invariance of supp Xinv C Dy by means of this lemma, we consider vg,, the
image measure of xiny by the map

q: D,y —> Mcll’+

D +—— ID,

T'm

Proposition 5.14. If D € supp Xiny and w € W satisfy wD # {0}, then wD € Supp Xiny-

Proof. Since D, is compact and K is Feller with a unique invariant probability measure, [BH22,
Proposition 5.12| implies supp Xiny is a K-invariant set. Then, since ¢ is continuous and one to one,
SUpp Veh = {:—5 | D € supp Xiny} is a II-invariant subset of Mcll’Jr. Thus, we can apply Lemma 5.13,
which guarantees that if D € supp xiny and w € W satisfy tr(wmpw*) > 0, then

TwD wrpw*

= € SUpPP Ven;
rm  tr(wmpw*) PP Vehs

hence, wD € supp Xinv- To conclude the proof, it remains to recall that the condition tr(wrpw*) > 0
is equivalent to wD # {0}. O

We are now in position to prove the main result of this section, namely that the notions of
minimality and smartness of families are equivalent. In what follows, we consider two families
J = {Jp}pep, and J = {Jp}pep, and adopt the following notation. The (special) unitaries on
the reference space are, respectively,

Uy, D X J, DwJ and Uy, p X J;]%)wJD,

where w € W and D € supp Xiny satisfy tr(wrpw*) > 0. Also, we put

Qp = J_lj
for D € D,,. Note that Qp € U(ry,) and J. DwJ = Q,p(JhwJy)Qp, that is
(24) Uw,p = Qo pUw,pQD-

Lemma 5.15. Let D. € supp Xinv- If J = {Jp}pep,, is D.—smart and J = {jD}De’Dm is an
arbitrary family, then QBlQD, € Gj for all D, D’ € supp Xiny-

Proof. Let D, D’ € supp Xiny. First, we show that QBlQDC € Gj. By the D.—smartness of 7,
there exists w € W such that Jp oc wJp,, i.e., uy p, = Id, so Equation (24) leads to QBIQDC =
Uy,p €G 7> as claimed. Analogously, QE)}Q p, €G 7 It remains to observe that

Qp'Qp = (Q1'Qp ) RpQp,) " € G5
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which concludes the proof. O
Theorem 5.16. A family of isometries is minimal iff it is smart.

Proof. (<) Let J be a smart family and J an arbitrary family. We show

(25) Gy C QD’GjQE)} vD' e SUppP Xinv

from which minimality follows immediately. Fix D’ € supp Xiny. From Equation (24),

Uy, D = C?vD'ZZv,D62E)1 = QD/(QB}QUD)ﬂv,D(QE)IQD/)QI_)}
for every v € suppp and D € supp Xinv such that tr(vrpv*) > 0. Proposition 5.14 guarantees
vD € supp Xinv and from Lemma 5.15 it follows that both QBIQD, and QB}QUD are in Gj; hence,
Uy, D € QD,GjQB}. This means G5 C QD,GjQB}, as desired.
(=) Let J = {jD}Depm be minimal and let D, € supp Xiny. We show that J is D.—smart.
It follows from Proposition 5.9 that there exists a D.—smart family J = {Jp}pep,, such that

Jp. = Jp,.. First, we show that G7 = G 7. From the (<) proof above, J is minimal and, since

Q@p, = 1d, from Equation (25) it follows that Gy C G F- On the other hand, the minimality of J
implies that there exists Q € U(ry,) such that G 7C QG 7Q~ 1. Therefore,

Gg CGjC QGJQ_l.

It now suffices to proceed as in the proof of Lemma 5.10(ii), that is, for every n € N*, Gs C
Q"G 7Q ™™ and there exists a subsequence (Q™* )22 | convergent to Id, see Lemma 5.10(i). Hence,

Gy CG>CQ™GsQ™™ 2% Gy,

and so Gy =G 7> as claimed. In what follows, we denote this common group by G.

We now fix D € supp Xiny and prove the D.—smartness of :YV by constructing w € W such that
Jp = wJp,. Since Qp, = Id, Lemma 5.15 implies Qp € G. Assume first that Qp € Rz, i.e.,

Qp = Uy, D! X J;]%,,wJ ’

for some D’ € supp xiny and w € W such that tr(wrpw*) > 0. Since J is D.—smart, there
exist wy,wy € W such that Jp o< wiJp, and Jpr < weJp,, and from Proposition 5.11 there exists
wg € W such that Jp ocwzJypr. It follows that

- o .
Jp = JpQp = Jpuy,pr leDchD,wJD, x wlwgwwgJDc,

thus, since Jp, = Jp,, for w = % eW, Jp xwJp,, as desired.

If Qp ¢ R, then from Proposition 5.12 it follows that Qp = lim,,—,cc Uy, With (uy), € R@. Then,
by definition of R, for each n € N there exists w, € W such that Jpu, oc wy,Jp,. Therefore,

Jp = JpQp = lim (Jpuy,) = lim (w,Jp,).
n—oo n—oo
Since W is compact, (wy,), has an accumulation point w € W. Then it is such that
Jp = wJp, = wJp.,,
and the theorem is proved. O

We can now also show that all minimal families produce the same set of II-invariant measures on

P(C%):



INVARIANT MEASURES OF QUANTUM TRAJECTORIES 33
Theorem 5.17. Let J,J be two minimal families. Then Tj = Tj.

Proof. Let & € P(C™). By permutation symmetry between J and J. , it is sufficient to show
that v, = € Ty7. Since J = {Jp}pep,, and J = {Jp}pep,, are both minimal, the definitions of
minimality and @ ps imply

G, = QD,GjQB} VD' € Supp Xiny-

Also, via Lemma 5.15, the minimality of J guarantees that
QBlQD, € Gj VD, D' € supp Xinv-

Let f € C(P(C%). Using the unitary invariance of Hg and the substitution u = Qp, Qp, it
follows that

/P((Cd) f(’%) dy@ 3(2) = /m /Gi f(jDleQD/’LNL : i?) dHGj(ﬂ) dXinv(D)
= / /G SUpQp Qp Qp - #) dHg (@) dxiny (D)
- / G f(JDu QD’ ’ 'i') dHGj (u) dXinV(D)

_ / f(2)dvg,,.z 7(2).
P(C4)

Hence, Vi 7= € Y 7, as desired. O

YQpra,J
6. INVARIANT MEASURES ON QUANTUM TRAJECTORIES, PROOF OF THEOREMS 2 AND 3

We recall that II-ergodic measures are the extreme points of the convex set of Il-invariant Borel
probability measures. The main result of this section is the characterization of II-ergodic measures.
It is obtained via a result of Raugi [Rau92, Proposition 3.2|, see also [BQ14, Proposition 2.9], which,
adapted to our context, reads:

Theorem 6.1. If the kernel 11 is equicontinuous, i.e., if (II"f), is equicontinuous for any f €
C(P(C%)), then:

(i) the support of any I-ergodic measure on P(C?) is a Il-minimal subset of P(CY);

(ii) any I-minimal subset of P(C?) carries a unique I-invariant probability measure.

The two ingredients needed to obtain the complete characterization of II-ergodic measures via
Raugi’s theorem are the characterization of II-minimal subsets of P(C?) and the proof of II equicon-
tinuity. We provide them in Sections 6.1 and 6.2 respectively. In the final Section 6.3 we apply
Theorem 6.1 to conclude that the set of Il-ergodic measures coincides with Y 7, provided J is

minimal.

6.1. Characterization of minimal sets. Here we prove that the II-minimal subsets of P(C?) are
exactly those of the form supp v; 7, provided J is a minimal family.

Recall that F C P(C?) is called H-invariant if TI(j, F) = 1 for every § € F, and that a II-
invariant, closed and non-empty set is called II-minimal if it contains no proper subset enjoying these
three properties. Since quantum trajectories converge (exponentially fast) towards dark subspaces,
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see Theorem 4.1, we can restrict our search for IT-minimal subsets of P(C%) to (projective) dark
subspaces, as expressed in the following proposition, which is a corollary to Theorem 4.1.

Proposition 6.2. If F C P(CY) is Il-invariant, then F C |Jpep P(D).
In the context of pure trajectories, Lemma 5.13 can be restated as follows:

Proposition 6.3. Let F be a closed and I-invariant subset of P(C?). If j € F and w € W are
such that wy # 0, then w- g € F.

Before we state and prove the main theorem of this section, we state and prove a standard
lemma. Although it is standard, the formulation we require is not quite so. For example, we do not
require the Markov kernel admits a unique invariant measure. That distinguishes it from [BH22,
Proposition 5.12] for example. Hence, we provide a short proof.

Lemma 6.4. Let T be a topological space equipped with its Borel o-algebra. Let T be a Feller
Markov kernel on T and v a T-invariant probability measure over 7. Then suppv is a T-invariant
subset of T. That is, for any x € suppv, T(x,suppv) = 1.

Proof. Assume there exist x € suppv such that T(xz,suppr) < 1. Then T f(z) > 0 for any
continuous function f such that f(y) = 0 for every y € suppv and f(y) > 0 for every y & suppv.
Since T is Feller, z — T f(z) is continuous. Therefore, there exists an open neighborhood A of z
such that T'f(y) > 0 for any y € A. By definition of suppv, v(A) > 0; hence, [T f(y)dv(y) > 0.
However, since v is T-invariant, fTTf(y) dv(y) = fo(y) dv(y) = 0. Thus, by contradiction,
T(z,suppv) =1 for any x € suppv. O

We are now equipped to prove the main result of this section.

Theorem 6.5. Let J be a minimal family. Then every II-minimal subset of P(C?) is of the form
supp vz g for some & € P(C™).

Proof. Fix a minimal family J = (Jp)pep,, and a set ' C P(C%). We will show that F is II-
minimal if and only if F' = suppv; 7 for some & € P(C™). To alleviate notation, we drop the
subscript J when referring to the measure v; 7.

(<) Fix & € P(C™), we aim to show that supprv; = {Jpu-2Z|D € supp Xinv,u € Gz} is II-
minimal. Since II is Feller and v; is Il-invariant, Lemma 6.4 implies supp v; is Il-invariant. It only
remains to show that it has no non-trivial Il-invariant subsets. Let F' be a non-empty, closed, and
II-invariant subset of supp ;. To conclude that suppv; = F, it suffices to show that suppvz C F.
To this end, we fix

Yo = Jp,uo - € F Csuppry and 9 = Jp,us - T € suppv;.

In order to conclude that ¢; € F', we show that ¢; can be reached from gg with the help of a map
from W.
First, assume that ulu(;1 € Ry. By Proposition 5.12(ii),
ulugl = Uy, X J;ll)wJD
for some D € supp Xiny and w € W such that tr(wrpw*) > 0. By Proposition 5.14, wD € supp Xiny-
Also, Proposition 5.11 and smartness imply there exist wp,w; € W such that Jp oc woJp, and

Jp, x wiJyp; that is,
Jptwodp, ocId and  Jplwyd, o Id.
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The following diagram summarizes the dark subspaces and operations discussed so far.

D 0 Wo D w w D wy D 1
Jp, Jp JwD Jp,
(Crm Id (C"m “ Ua (CTm Id C7'm

It follows that wywwoDy = D1, so from Proposition 6.3 we get wiwwq - §g € F. Moreover, by
direct calculation we now show that wiwwq - jo = 91. Indeed, wy maps Dy to D:
wo - Jo = wol pyuo - & = Jp I wod puo - & = Jpug - 2
Next, under the action of w on D, the unitary wu,, , = ulual arises on P(C™):
wlpug - & = J, pJohwIpug - & = J, pu puo - & = J, pug - 3.
Finally, wi; maps wD to the desired dark subspace D; while inducing Id on the reference space:
wiJypus - & = Jp Jplwid, pur - & = Jp ug - & =g,

as claimed.
If ulugl ¢ Ry, then ulual = limy,— 00 Up, where (u,), C Rz, see Proposition 5.12. From the
result above, for each n € N there exists w, € VW such that

Wy, - Yo = Jp, Unlo - L.
The right-hand side converges to 4j; as n — oo. Hence, so does the left-hand side. Therefore,
w - Jo = Y1,
where @ is an accumulation point of (wy,),, and the proof of the first implication is concluded.
(=) Fix a Il-minimal set F' C P(CY%), we show there exists # € P(C"™) such that suppv; C F.
Then, by minimality, Lemma 6.4 implies F' = supp ;. We need to investigate how the minimality

of F' is expressed in the dark subspaces and more precisely how it is expressed in P(C"™). To this
end, for D € D,,, we consider

Xp = J, (FNP(D)) c P(C™).
We break the proof into three main steps.

First step. It consists in showing that there exists a non-empty subset X C P(C"™) such that
Xp = X for every D € supp Xiny-

We start by showing that if Dy € supp Xinv, then Xp, # 0. Indeed, since F is a non-empty subset
of Upep,, P(D), see Proposition 6.2, we obtain

U Joxp=Fn |J PD)=F#9,
DeDy, DeDy,
and so there exists D € D,, such that Xp # (). By Proposition 5.8, there exists w € W such that
Dy =wD. Fix & € Xp. Then, Jp-& € FNP(D) and tr(wrpw*) > 0, i.e., |wIpz| > 0, which via
Proposition 6.3 implies that wJp - & € F NP(Dy). That is, JB(}wJD - € Xp,; hence Xp, # 0, as
claimed.
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Next, observe that if D € supp xinv and w € W satisfies wD # {0}, then w, pXp C Xyp.
Indeed, let & € Xp. We have Jp - & € FNP(D) and wD # {0}, so again via Proposition 6.3 we
get wJp - & € FNP(wD); thus J;L]‘ijD & = Uy,p - T € Xyp, as claimed.

We are now ready to conclude the first step. Fix D, D’ € supp Yiny. Proposition 5.11 guarantees
that there exists w’ € W such that Jp o« w'Jp, i.e., uy pr = Id. This implies X C Xp. On
the other hand, by Proposition 5.8, there exists w € W such that wD = D', so u, pXp C Xpr.
Therefore,

uw7DXD Cc Xp CXp
and Lemma 5.10(ii) gives Xp = Xpr. For the remainder of the proof we denote this common set
by X.

Second step. It consists in showing X = uX for every u € G 7.

Since X is closed as the continuous pre-image of the intersection of two closed sets, by Proposi-
tion 5.12, it suffices to consider u € Gy N Ry. Let u = uy, p for some D € supp Xiny and w € W
such that tr(wmpw*) > 0. Since wD € supp Xinv, from the previous step we immediately get the in-
clusion u,, pX C X, and so Lemma 5.10(ii) gives the desired equality u,, pX = X. Hence, X = uX
for all u € Gz N Ry. Note that, as a consequence, [%]g, C X for any & € X.

Third step, conclusion. Fix any & € X and observe that
F= U JpXp D U JpX D U Jplt]g, = suppv;.
DeDm Desupp Xinv Desupp Xinv
Then, supprv; C F and the theorem holds. O

6.2. Equicontinuity of the kernel. In what follows we show that II is equicontinuous, i.e., that
the family (I f),en+ is (uniformly) equicontinuous on P(C?) for every f € C(P(C?)). Our approach
consists in showing that this is the case when f is a Lipschitz function and then using a density

argument.

On P(CY%) we use the metric §(%,9) = /1 — [(z,y)[?, which coincides with the gap metric
dg(Cx,Cy) = ||ms — myl| = ||z A y|| (vecall that x,y stand for unit norm representatives of Z,y
respectively). Also, recall the notation V,, = {v,---v1: (v1,...,v,) € supp u®"} and observe that

it can be rewritten as V, = {W,(w): w € Q,m,(w) € supppu®"}. We repeatedly make use of the
stochasticity condition, which in the current context is expressed as [, W W, du®" = Idca.

The following three lemmas establish the equicontinuity property for Lipschitz functions. Similar
estimations are made in [BHP24, Lemma 4.5] under the assumption of purification (i.e., rp, = 1).

Since we work without this assumption, some bounds need to be adapted.

Lemma 6.6. Let f € C(P(C?)) be Lipschitz. Let ,9 € P(C%) and n € N*. Then

|10V ) = 5OV ] Wl ™ < Lo ),
WnheA
where A = {w € Vy,: |lwy|| > ||wz||} and L is the Lipschitz constant of f.

Proof. Fix &,9. Let y* = y — (x,y)x and §* its normalization. Then, |ly*| = 6(Z,9). Using the
linearity and x Az = 0, for any w € A

Jwz Awyl| = |lwe Awy™|| = 5(2,§)|wa A wi|.
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Assume wz # 0. Then ||wy|| > [Jwz|| > 0, so both w - & and w - § are well defined. It follows that

Lo we Awyll _ wae Awgt
w-z,w-y) = < 6(2,9).
[wz|[lwyll [wa|?
Thus, using the Lipschitz property of f,
(26) [f(w-2) = fw- gl [lwe]® < Lo(w - &,w - §)Jwal|* < Lo, §)|wz A wg™|.

Then, Cauchy-Schwartz inequality and the stochasticity condition imply

/Q W A Wy dp® < /Q IWo | |Wog™ || du®™

1 1
< (fiwaatpagen)” ([ 1wyt auer )
Q Q

(27) = ( /Q (z, W W,x) d/@")é( /Q (gji,W;anjﬂdu@")é =1

It remains to note that both W, - & and W,, - § are almost surely well defined with respect to the
measure |W,z|?du®" on A, so Equations (26) and (27) imply

|f(We - &) = f(Wy - )] [Waa|? du®" < Lé(2,9),
WneA

which concludes the proof. O

Lemma 6.7. Let 2,9 € P(C?) and n € N*. Then
Wl = 17, ™" < 2666,

Proof. Note that ||wz|? — [[wy|?| = | tr(w*w(r; — my))| < tr(w*w|mz — my]) for all w € V,,. Then,
using the stochasticity condition,

/Q IWaal® = [Wayl*| du®" < tr (/Q W W dp"|ms — W@!) = Il = mllor-
Since rank(m; — my) < 2, the inequality || Al < rank(A)|A| concludes the proof. O
Lemma 6.8. Let f € C(P(C%)) be Lipschitz. Let &, € P(C?) and n € N*. Then
[ f(z) — 1" f(g)| < Co(2,9),
where C' is a positive constant that depends only on f.

Proof. Let A = {w € V,,: ||lwy|| > ||wz||} and consider the disjoint decomposition V,, = A U A°.
Then

T f(2) — T £()] < / (W ) [Wa |2 — (Wi - §)[Way || du®
WneA

b [ 1O D Wl = FOV - DIWaP] du®

WneAe
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The first term on the right-hand side above can be bounded as follows

(W &) [Wa |2 — F(Wo - §) Wy ]?] dpu®”
WneA
< / (W &) = F(Wo - )] - [ W] du®"
Wn€EA

+ / F W= 9] |[Wazll? — [ Wy 2] dp®"
Wn€A

< [ 1R 8~ FOWa )] (Wl dn®
WneA
Sl [l 7l
WneA

Bounding the other term in an analogous manner,

(25) 10" f(2) — T £ ()] < / F(Wa - 2) = F(Wi-9)] - [ Wo]]? dpe®
Wn€EA
(20) 4 / F(Wa - 9) = F(W - 2] - |[Way]2 du®n
Wn,eAc
(30) . / [ Woitll? — Wy 2] du®™.
Wn€Vn

Let L denote the Lipschitz constant of f. Then Lemma 6.6 implies each of Equation (28) and
Equation (29) is bounded by Ld(Z, ). Then, Lemma 6.7 implies Equation (30) is upper bounded
by 2| f|lec (2, 7). Therefore,

" f(2) =" f(9)] < 2(L + [ fllo) 0(2,9),
which concludes the proof. O
Theorem 6.9. Let f € C(P(C?%)). Then (TII" f)nen+ is equicontinuous.

Proof. Fix € > 0. Let fr, be a Lipschitz function satisfying ||f — f1|lec < €/3. Let 2,7 € P(C%) and
n € N. We have

" f(2) = f(G)| < [T(f = fo)@)] + [(F = fo)@)] + 1" f(2) — T fr(5)]-
Since Markov kernels are contractions on the Banach space of bounded continuous functions,
I = 1. s0

I (f = fo)(@)] < 1T(f = fo)lle < NIf = frlloo < /3,
and, analogously, [II"(f — f)(9)| < €/3. Lemma 6.8 implies the last term is bounded as
" fr(2) — " fr.(9)| < Co(2,9),
where the constant C' depends only on fr. Therefore, for § = ¢/(3C),
0(2,9) <6 = [I"f(2) —1I"f(9)| <e

for any n € N and the theorem holds. O
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6.3. Characterization of ergodic measures. Finally, we are in position to prove the main result
of this section, which is the content of Theorem 2. Recall that for & € P(C™) and a family of
isometries J we denote vz 7 = (¥ 7)«(Xinv ® Mz 7) and Y7 = {vz 7: & € P(C™)}.

Theorem 6.10. Let J be a minimal family. Then Y 7 is the set of Il-ergodic measures.

Proof. We show that a probability measure v on P(C?) is I-ergodic if and only if v = vz g for
some & € P(C™). The result follows from Raugi’s Theorem 6.1, which can be applied thanks to
the equicontinuity of IT (Theorem 6.9), and relies on the characterization of II-minimal subsets of
P(C?%) (Theorem 6.5).

(=) Let v be I-ergodic. By Theorem 6.1, suppv is a II-minimal set that carries a unique II-
invariant probability measure. By Theorem 6.5, there exists & € P(C"™) such that suppr =
supp vz 7 and Proposition 5.3 implies v; 7 is ll-invariant. Therefore, v = v; 7, as desired.

(<) Let # € P(C™). By Theorem 6.5, suppv; 7 is a II-minimal subset of P(C%). Again by
Theorem 6.1, this set carries a unique Il-invariant probability measure, and this measure is

vz 7, see Proposition 5.3. As a consequence, vz 7 is uniquely invariant on its support, hence
it is ergodic on P(C?), as desired. O

From the characterization of II-ergodic measures we can immediately deduce the following corol-
lary.

Corollary 6.11. Let J be a minimal family. A probability measure v on P(C%) is l-invariant if

v= / vig AANZ) = (P g)« (Xinv ®/ mg, 7 d)\(fﬁ)>
P(Crm) p(Crm)

for some probability measure A on P(C™™).

and only if

In what follows, we denote by G,in the subgroup of SU(d) induced by some minimal family. Let
us recall that this group is unique up to unitary equivalence. Corollary 6.11 implies II admits a
unique invariant probability measure if and only if

[:IA:] Gmin = P((Crm)

for some 2 € P(C™), which is equivalent to the transitivity of the action of G, on P(C™™).

By definition, SU(ry,) acts transitively on P(C™). There may exist proper subgroups of SU(r,)
that act transitively on P(C"™). It was shown by Onishchik [Oni63, Theorem 6] (see also [Bes08;
Sha01]) that, up to unitary equivalence, the only proper subgroup of SU(r,,) that acts transitively
on P(C™) is the symplectic group Sp(7,,/2), known also as the hyperunitary group, provided that
Tm is even. Let us recall that Sp(r,,/2) consists of 7, X 7, special unitary complex matrices U
satisfying UTJU = J, where J = [_Ido 1

Theorem 3.

p CTO’”/ : ] From that follows next corollary, which is
crm

Corollary 6.12. The measure vyt ©s the unique Il-invariant probability measure on P((Cd) if and
only if

o Guin = SU(rp,) if rm 1s odd,

o Guin = SU(T) or Guin = QSp(rm/2)Q* for some Q € U(ry,) if rm is even.
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Remark 6.13. In principle, it is possible to obtain Y 7 equal to the set of all 11-ergodic measures even
if the family J = {Jp}pep,, used for the construction is not minimal. However, if the trajectories
on P(C™™) allow us to distinguish between Gz and Gz, , where Jmin is a minimal family such that
Gg... C Gy, then Y g contains a non-ergodic measure. More precisely, if &y € P(C™) is such that
[Zolay, . & [Zola,, then vgy g is not H-ergodic. To see this, consider

v / Vu"%OHZnin dHG.] (U)
Gg

By direct calculation we can check that v = vz, 7. Indeed, using the invariance of Haar measure,

for any f € C(P(C%)) we obtain

/ o T ) = / m /| ]

min

= / g f(JD’LL':ﬁo) dHGJ(U) dXinv(D)

i f(Jpiu - o) dHe, (w) dHe,, (@) dxin (D)
J

- / £5) dvsy 7 (5).
P(Cd)

Therefore, vz, 7 can be non-trivially decomposed into a convexr combination of Il-ergodic measures
of the form vy.z, 7., which means that vz, 7 is not Il-ergodic, as claimed.

7. EXAMPLES

Remark 7.1. The projective space P(C?) can be represented on the unit sphere of R® using the
mapping & — (tr(mz0,), tr(mz0y), tr(mz0,)) with the three Pauli matrices

0 1 0 —i 1 0
Op = , oy =\ . and o0, = .
(o) == 5) (6 %)

In this context, the unit sphere in R® is called the Bloch sphere. We will use it to illustrate our
examples.

Example 1. (Two disjoint Bloch spheres.) Let us fix the unitaries uq,us,us,ugy € SU(2) and
consider the two matrices:

B 0 \/Iul . 0 \/Eu;),

(1) Irreducibility. We show that u = d,, + &y, is irreducible if ujus and usus do not share
an eigenbasis. To this end, observe that Id/4 is a fixed point of the quantum channel ¢(p) =
v1pv] + vapvy, so from [Woll2, Theorem 6.13] we know that p is irreducible iff the only linear
operators on C* that commute with both Kraus operators v; and vy and also with their adjoints

are the multiples of identity, i.e.,
{M € My : [M,v] = [M,v]] =[M,vs] = [M,v5] =0} = {aldy: o € C}.

To see that this condition is satisfied if uquo and uszus do not share an eigenbasis, consider M =

[é [B)] and assume that M commutes with vy, ve, v, v5. Then

\/%WB = \/gCul and \/%Buik = \/EUEC,
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which implies that us B = \/gCul = \/gCul, thus also B = C' = 0. Moreover,
(31) w1 D = Au;  and w9 A = Dus

which gives ujus A = uy Dus = Auqusg, that is [A, ujus] = 0. Analogously, [A, uzuy] = 0.

Let us now assume that ujus and ugus do not have a common eigenbasis. Then both wqus
and uzug have distinct eigenvalues (i.e., neither ujug nor uguy is a multiple of identity). From the
commutativity relations [A, ujus] = [A, uzuy] = 0, it follows that A shares an eigenbasis with both
ujug and ugug, which implies that A = alds for some a € C. From Equation (31) it then follows
that D = alds, thus also M = aldy, as desired.

For the remainder of this example we assume that uy, us, us, uq are so chosen that the irreducibility

of p holds.
(2) Dark spaces. One can immediately identify the following two dark subspaces:
D, = {[x,y,O,O]T: x,y € (C} and Dy, = {[O,O,x,y]T: x,y € (C} .

We see that D,, D, are orthogonal, so in particular they intersect trivially. The projective dark
subspaces P(D,), P(Dy) are isomorphic to P(C?).

To see that D,, Dy are maximal dark subspaces, assume D C C* is a dark subspace of dimension
3. Then for any A € span{vjvi,v3v2} = span{mp,,7p,}, TpAnp = %tl‘(ﬂ'DA)ﬂ'D. Taking A = 7p,
or A = 7p,, it follows from I‘ank(ﬂ'[)ﬂ'[)a/bﬂ'p) < 2 and rank7mp = 3 that tl‘(ﬂ'Dﬂ'Da/b) = 0 hence
tr(mp) = 0, which contradicts m7p # 0, so D is not dark.

(3) Invariant measure for dark spaces. The Markov chain on {D,, Dy} is deterministic: its
transition matrix reads [{ }]. Note that the period is 2. Hence, the uniform measure

%5[)& + %6Db

is K-invariant. We have thus identified an invariant measure on D,, and Theorem 1 implies it
is unique. We can therefore restrict our attention to its support, i.e., to the subspaces D,, Dy.
However, in principle, this system may admit additional maximal dark subspaces.

(4) Minimal family. The family of isomorphisms Jemp consisting of natural embeddings

T 0
e gle (K] g gl |9
0 Y
leads to the group generated by the four unitaries: Gz, , = (u1,u2, us, us). This group need not be
minimal. To obtain a minimal group, let us construct a D,—smart family J = {J,, J,} such that
Jo = J[fmb. Taking J, = v1J, = Jyue, we obtain

1

_ —1
Uy, p, = Uy w2 =1Id, w2 p, = uy U4, uip, =uruz, U2 p, = UzUa,

1
and so G7 = Gmin = (uy U, uiug, uzug).

(5) Let us take a closer look at a more concrete case. For 6 € R let R, () = exp(if#/20,) and
R.(0) = exp(if#/20,). On the Bloch sphere, these correspond to rotations of angle § about the axes
x and z respectively. Set

uyp = Id, ug = Rm(t%), us = RZ(OZ), Uy = Id
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with arbitrary rotation angles 6,,60, € (0,27). The family Jenp, of canonical embeddings is now

minimal (because it is smart) and

jSmb = Gmin = <R-'E(9-'E)7RZ(02)>

Let us recall that we do not adjust the phases explicitly but all unitary operators on the reference

space are in fact special unitary matrices. There are three qualitatively different cases:

(a)

(b)

(c)

If 0., 0, ¢ 7Q, then, by a compactness argument, the minimal family Jenp (thus also every
other family) induces the full group: Guin = SU(2), and so vy, = %Unifp(Da) + %Unifp(Db)
is the unique I-invariant measure on P(C?).

If 0, =7 and 6, ¢ 7Q, then Gy = (o5, R.(0,)) = {R.(t),ic, R.(t) |t € R}. Hence, there
are infinitely many mutually singular II-ergodic measures. Orbits in P(C?) are in bijection
with [0,1/2] where for a given ¢ € [0,1/2] the orbit is given by {#;}ier U {0y - &1 }rer with
z = [ce’ /1 — 2|7,

On the other hand, a non-minimal family J = {gemb jemb R (1)} with v, ¢ 7Q induces

the full group: G F= SU(2); thus, the only Il-invariant measure that j can induce is vypif
(which is non-ergodic).
If 0,,0, € 7Q, then setting p € N* such that pf,,ph, € 7Z and using SU(2) commutation
relations, any product of R,(6,) and R.(6.) to the power p? is proportional to the identity.
Thus Gy is finite. There are infinitely many mutually singular Il-ergodic measures and
each of them is finitely supported. Note that both W4, and supp xiny are finite; hence, all
the sets considered in Proposition 5.12 coincide: Sﬁn =Ry, ., = Guin-

In particular, if we set 0, =0, =7, i.e.,
Uy = Id, U = iO’x, us = iO’Z, Uqg = Id,

then Gmin = {£Id, +io,, +ioy, +io,} and a generic II-ergodic measure is supported on 8
points, which can degenerate to 4 points if an eigenvector of o, or ¢, is in the support. See
also Figure 7.1.

(6) As in (5c), we set u; = Id, uy = oy, ug = 0., ug = Id, but consider now the following

(non-minimal) families:

Ji = {0 TP R(T)Y, T = {JS PR, T = {TS, PR ()}

with ¢ ¢ 7Q. They induce the following groups:

G\%:ﬁd:{;,R(%» ={R. (%r) io, R (%r):j:O,...,5}
G, = {iow Re(3) = {Ra(), 10, Ra(E5): § = 0,..., 3}
G:y; = (iog, R:(¢)) = {R.(1),1 Rz(t): teR},

see also Figure 7.2 for a generic trajectory under each of these groups. Then:

()
(b)

Considering G~ and G -, We see that neither of them is a subgroup of the other. The
minimal group Gmm = <10m, io,) is a subgroup of both.
The group G 7 is uncountably infinite, which contrasts with G, being finite.

This illustrates how the choice of a family of isometries can influence what groups on C™, thus also

what II-invariant measures on P(C?), can be generated by the procedure described in Section 5.
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D(z Db
J’:’N /:“b

0

FIGURE 7.1. A generic trajectory under the action of a minimal group on the refer-

ence space P(C?) consists of four points. A generic Il-ergodic measure on P(C?) is

@

FIGURE 7.2. Trajectories of a generic point & € P(C?) under the action of three

non-minimal groups from Example 1(6). The red bullets are the 12-element set

[:%]Gj , the blue squares are the 8-element set [ ]G~ , and the brown circles corre-
T2

uniform on eight atoms.

spond to the uncountable set [Z ]G~ . All three orbits contain [Z]g, .. as a proper

min

subset, cf. Figure 7.1.

Example 2. (Adjacent Bloch spheres.) Consider two matrices:

cosf sinf cosf 0 0 0

sinf —cosf sinf| and vy = cos¢ —sing —coso
0 0 0 sing cos¢ —sing

Sl

v =

Sl -

with 0, ¢ € R



44 T. BENOIST, C. PELLEGRINI, AND A. SZCZEPANEK

(0) Intuition. To develop some intuition about the dynamics of this system, let us first discuss
the action of v; and vy on some real vectors. Denote

sina  cos«

g cosa sin«
sinaw —cosa

] and Q, — [cosa —sina} '

When acting on a plane, S, describes the reflection of this plane about a line through the origin
which makes an angle /2 with the the horizontal axis, while @, is the (counterclockwise) rotation
about the origin through the angle .. Consider now the two planes

P, = {[m,y,O]T: :E,yGR} and P, = {[0,:E,y]T: x,yGR}.

The action of v; and vy on P, and P, can be described as follows. A vector in P, can either stay in
P, while being reflected using Sy (if v; acted), or it can jump to P, while being rotated by Qg (if
vy acted). Similarly, a vector in P, can either stay in P, while being rotated by Q¢+% (if vo acted)
or jump to P, while being rotated by Qg_% (if v1 acted). The jumps between planes happen with
constant probability %

Reverting back to the complex field, let P, and P, denote now their complex extension, namely
P, = {[m,y,O]T: x,y € (C} and P, = {[0,:E,y]T: x,y € (C} .

(1) Irreducibility. To assure u = d,, + dy, is irreducible and avoid trivial statements, we assume
that neither 6 nor ¢ are elements of Zrw/2. Indeed, since viC* = P, and v,C3 = P, p is not
irreducible only if P, N P, is invariant for v; and vy, namely only if e; = [0, 1,O]T is a common
eigenvector of v; and ve. That is not the case either if 6 ¢ Zr or ¢ ¢ /2 + Z.

(2) Dark subspaces. Both P, and P, are dark subspaces. Therefore, we denote them D, and D,
respectively. They share a one-dimensional subspace equal to Ce;. Hence, the two projective dark
subspaces P(D,) and P(D,) intersect at one ray and are both isomorphic to P(C?), so they can be
visualized as two Bloch spheres tangent to each other.

To see D, and Dy are maximal dark subspaces, it suffices to observe that the whole space C3 is
not dark. To this end, we consider (i1,...,i,) € {1,2}", n € N*, and observe that

o[ 1 0=l
(32) ”:1"'1’;”@'71”'”2'1:2n[iol(l](f}'
Since vy, -+ v} vj, -+ - v;, is not proportional to the identity matrix, C3 is not dark. Remark that
10«1
Equation (32) implies M,, = %Lgl 10 ] for any n € N*.

(3) Invariant measure for dark spaces. The Markov chain on {D,, D,} has transition matrix

%H %], hence, its unique invariant measure is uniform:

Xinv = 30D, + 26D, -

As in Example 1, Theorem 1 implies it is the unique K-invariant measure on D,,, and so we restrict
our attention to the dark subspaces D, Dy.

4) Minimal family. For the family of canonical embeddings Jomp = {J™P, JS™P} with
a b

T (g1 [v] and i3] [o]
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the group Gy, is the closure of (iS, Qg_%,Qd), Q¢+%>. As in the previous example, Jemp need
not be minimal. Let us construct a D,—smart family J = {J,, J,} with J, = J™P. Setting
Jp = v2J, = 110y, We obtain

up,,1 =159, up,1 = Qo—z44, up,2 =1d, up,2 = Qyyz.
and Gin is the closure of (99, Qp, Qg+z). If we revert to elements of SU(2), since Q(a) =
Ry(—2a) = exp(iaoy) and S, = i0, Ry (2a) for any o € R,

Gmin = (io2, Ry(20), Ry(2¢ + 7)).

We can then distinguish two cases:

(a) If either ¢ or € is not in 7Q, then
Gmin = {Ry(t),i0, Ry (t) : t € R}.
Thus, denoting G the minimal group of Example 1(5b),
Gmin = R (7/2) Ry (7/2)G1p Ry (—7/2) Ry (—7/2).

It follows the orbits of Gy are the image by R;(m/2)R,(m/2) of the orbits of Example 1(5b).
For ¢ € [0,1/2], denoting C.. = { Ry (7 /2) Ry (7/2)[cei, VT — 2T : t € R}, and A, = C.Uo,C.,
Y7 = {ve: c€0,1/2]}, where

Ve = % UHifP(JaAC) —I—% UnifP(JbAc) .

Then, the only finitely-supported Il-ergodic measure is vy, which is a uniform measure on
1 1 0 0 . .
the four atoms [6]’ [—Oi}, {1}, { 1_], corresponding to the y oriented poles of the two Bloch
1 —1
spheres. See Figure 7.3 for an illustration.
(b) If 9,60 € 7Q, then Gy is a finite group and every Il-ergodic measure is finitely supported.
More precisely, if @ = 7p1/q1 and ¢ + 7/2 = wpa/qa, where ged(p1,q1) = ged(pa, g2) = 1 with

gcd denoting the greatest common divisor, then

Gmin = (i0z, By (2m/q1), Ry (21/q2)) = (02, By (27 ged(q1, 92)/(9192)))-

Hence, a generic trajectory under Gy, consists of 2¢;gs points, and a generic II-ergodic measure
is uniform over 4¢;qs atoms, see also Figure 7.4.

However, non-uniform Il-ergodic measure exist as well: v; is non-uniform iff the tangency point
of the two Bloch spheres belongs to supp ;. This happens, for instance, if & = [0,1]7, i.e.,
the starting point on the reference Bloch sphere corresponds to the tangency point. Then v;
has 4g1q2 — 1 atoms and the atom at the tangency point, which is (5[07170?, has double weight
compared to all the other atoms.

Example 3. Here we recall a classical example of a measure p with uncountably many dark sub-
spaces [MKO06, Example 2| and describe its ergodic measures by using our framework of smart
families.

Let ¢,p,r € N*. We fix a family of complex p X p matrices by, ..., bs such that they admit only
dark subspaces of dimension 1 and satisfy the stochasticity condition Zle b;b; = Id. We extend
the system by fixing a family wuq, ..., us of special unitary operators on C". We shall consider the
joint space CP @ C" with the operators

v; = b; ® uy, ’L'E{l,...,f}.
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PC?

FIGURE 7.3. Invariant subsets of P(C2?). The Bloch sphere is so oriented that the y-
axis is pointing upwards. A generic invariant subset consists of two circles of latitude
symmetric with respect to the equator of the Bloch sphere (in brown). Degenerate
invariant subsets are the equator (in red) and the poles (in blue). Recall that on the
Bloch sphere Q, = Ry(2a) is the rotation around the y-axis by the angle 2c, while
So is the rotation by the angle m around an axis determined by some real vector
(so contained in the equator) whose exact coefficients depend on «. In particular,
S, maps the equator to itself, while the upper brown circle is mapped to the lower
brown circle and vice versa.

D, Dy

FIGURE 7.4. The Bloch sphere is so oriented that the y-axis is pointing upwards.
Three II-minimal sets in P(C*): the set of four brown circles (generic), of two red
equators, and of four poles (cf. Figure 7.3). If G is infinite, the uniform measures
on these sets are the Il-ergodic measures. If G is finite, all Il-ergodic measures are
finitely-supported (here we assume G has 8 elements, which corresponds to setting,
e.g., 0 =7/2 and ¢ = w/4). Brown bullets: a generic II-ergodic measure (uniform,
each atom with weight 1/16). Blue bullets: the ergodic measure supported on the
poles (uniform, each atom with weight 1/4). Red bullets: a non-uniform II-ergodic
measure (the atom at the touching point has weight 1/4, the other atoms have weight
1/8). Red diamonds: a Il-ergodic measure (uniform, each atom with weight 1/16).
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Then Zle viv; = Id. We assume that p = Zle dy,; is irreducible. Note that the irreducibility of
S| 8y, follows.

The maximal dark subspaces of the joint system are r-dimensional and contain the elements of
the set

Do ={y®@C" |y e CP, y # 0}.

Actually this set is W-invariant and one on which the process of dark subspaces concentrates. To see
that observe that the process (M,,), can be written M, = M!® M2 with M} and M? operators on
respectively CP and C". The assumption of triviality of the dark subspaces for the {b,...,bs} and
Proposition 3.5 guaranty that M} converges to some rank-one projector s for a random z € CP as n
tends to infinity, while on C” the operators are unitary, so M2 = Id, for every n. As a consequence,
My = m:®1d,. Then, since for any product w of matrices from {v1, ..., v}, w = b®wu for some px p
matrix b and a unitary r X r matrix u, U, in the polar decomposition is of the form u, ® (u;, - - - i, )
with 4, a p X p unitary matrix. Hence, every maximal dark subspace that is charged assymptotically
coincides with the range of some 7.5, ® Id, with U € SU(p) thanks to Proposition 3.4.

We now restrict our discussion to dark subspaces from Dy.

By Theorem 1, the kernel K on D,,, defined by

4
Kf(D) = Zf(viD) tr(v; T2} ),
i=1

where f € C(D,,), admits a unique invariant probability measure xiny,. Also, by [Ben+19, Theo-
rem 1.1], the transition kernel II; on P(CP), defined by

14

I f(9) = Zf(bi -9)1biy|1?,

i=1
where f € C(P(CP)), admits a unique invariant measure, which we denote by 7in,. We shall now
establish the connection between i, and iny-
The dark subspaces of Dy, can be associated with rays in CP via

E:yCr— g e P(CP).

For j € P(CP) we denote Dy =y ® C". Observe that v;Dy = Dy,.; if bjy # 0 and also
tr(vimp,v;) = tr(bimgh; @ wlderu) = r||biy|*.

Thus, by direct calculation,

ILf (9) = K[f o §}(Dy)
for any f € C(P(CP)). From the K-invariance of xin, we deduce the Il,-invariance of &, xiny and,
since Yiny is the unique Ilp-invariant probability measure, we conclude that

(33) Yinv = &« Xinv-
Let us apply the minimal family approach to describe the set of all Il-ergodic measures on

P(CP @ C"), where we recal that II acts on f € C(P(CP @ C")) as
1

f(&) = f(vi-&)|viz]*.

1=1
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The convergence of quantum trajectories towards dark subspaces allows us to restrict our attention
to product states of the form £ = § ® Z with y € CP and z € C", where we denote § ® 2 for y ® z.
On this set of states,

¢

If(§@2) = f(bi-§@u;-2)|biyl.
i=1

Denote by G the smallest closed subgroup of SU(r) containing {ui,...,us}, and by Hg the nor-
malized Haar measure on GG. Consider the image through ¥ = (g, 2) — § ® 2 of the measures

Yinv & (92)*HG7

where 2 € P(C") and gz: SU(r) > u — u- 2 € P(C"). With a small abuse of notation we write
a measure on P(CP) x P(C") and its pushfoward by ¥ the same way. Their Il-invariance can be
verified by direct calculation. In what follows, we show that, quite counter-intuitively, they may or
may not form the set of Il-ergodic measures.

First, remark that the family of isomorphisms J defined by jy »x — y ® x with y denoting a
normalized representative of ¢ satisfies G 7= G. We show that this family may or may not be

minimal through an example. Let p =r =2, ¢ € (0, %) and

blz<\{)a 10—q>’ 52:< 1O_q ?), uy =io, and wug =io,.

Then, G = {£Id, *io,, +ioy, +io.}. Computing explicitly the eigenvectors of v = by ® u; and
v9 = by ® ug, one checks that pu is irreducible.

Following [BFP23, Section 8], the only maximal dark subspaces charged by Yiny are eg ® C2 and
e1 ® C? with {eg,e1} the canonical basis of C2. Let J, : 2z + eg ® 2z and Js, = vaJs,. Then
Je,z = e1 ® 1o,z and by construction J = {Jz,, Je, } (completed with arbitrary isomorphisms for
other maximal dark subspaces) is Dg,-smart, thus smart and minimal thanks to Theorem 5.16.
Using composition rules, to determine G 7, we only need to compute four unitary matrices that will
generate R 7 and therefore G 7. Direct computations lead to

-1 . -1
Jéo ’Uljéo X 10, Jél vgjéo x Id

-1 . -1
Jél UlJél X —io, Jéo vgjél x —Id.

Therefore Gy = {£Id,tio,} C G. Hence, J is not minimal and Y 7 contains non-ergodic II-
invariant measures.

Now let us introduce a new set of matrices {%ful, %1}2, %1}3} with the same v; and v9 and adding
v3 = Id ® ioy,. The group G generated by the unitary operators u; is not changed by this addition.
The new invariant measure xiny is supported on the same two maximaly dark subspaces. Keeping
the same definition of 7, it is still minimal since it is still Dg -smart. However, the generator ioy, is
added to Gz since

-1 -1 .
Jéo U3Jé0 = Jg vy X ioy.

It follows that G7 = G and Tj: TJ.
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APPENDIX A. INVARIANT MEASURES ON Mclﬁ

In view of the results of Section 6, there naturally arises a question about Il-invariant measures
on Mcll’Jr. We immediately see that uniqueness no longer can hold as we always have vy, =
fDm Unifp(py dXiny(D) on pure states and vy, = fD’m O p frm AXinv(D) on (normalized) maximal
dark projectors. In what follows we provide the characterization of Il-invariant probability measures
on ./\/ltli’+. Throughout the appendix we denote S(D) = {p € Mcll’+ : suppp C D} for D € D,,.

First, we observe that the convergence of quantum trajectories towards dark subspaces (Theo-
rem 4.1) gives the following counterpart of Proposition 6.2:

Proposition A.1. The support of any ll-invariant Borel probability measure on ./\/lcll’Jr s contained
in Upep,, S(D).

Now, we fix a family of linear isometries J = {Jp}pep,, such that Jp: C'™ — D. For each
D € D,, we define the map Tp: My." — S(D) as

Tp(p) = JppJp-
Note that tr(vIp(p)v*) = tr(v%v*) and

*

vTp(p)v
tr (v Z—n’iv* )

for v € supp p and D € Dy, such that tr(vmpv*) > 0 since u,, p JU_I%’UJD.

(34) 7 ( ) = o prip

We define the group G 7 as before, i.e., as the smallest closed subgroup of SU(r,,) containing the
set {uy,p € SU(ry,) |v € supp pt, D € supp Xiny, tr(vmpv*) > 0}. Then for p € MiT we define
Mp,g = (gp)*HGj7

where Hg , is the normalized Haar measure on Gy and

17
gp: Gj — MT’,,:’_
u —>  upu®.
Then we set

Vp, T = (\PJ)*(Xinv ® mp,J)7

where

Wi Dy x MiT — Upep,, S(D) € MjT
(D,p) — Tp(p).
Explicitly, for f € C (./\/ltli’Jr),

| f@ g = [ [ 5@t i, () dn (D)
MYy m J G

Proposition A.2. v, 7 is II-invariant

Proof. Recall that the invariance of Haar measure guarantees that

/ h(tupu*a*) dHg , (u) = / h(upu®)dHg , (u)
Gy Gy
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for every @ € G and h € C(M;:7). Using also Equation (34) and the K-invariance of Yiny, it
follows that

[ @), (0)
”

d

= /M / [/G (fo TvD)(uv,DUPu*u;D) dHg , (u)l tr(”f_gv*) dxiny (D) dps(v)

:/ / [/ (fo vD)(Upu*)dHGJ(U)] (V220" ) dXine (D) dpa(v)
Mg JDm |JG7
- / /G (fo TD)(U,OU*) dHGj (u)d[vaK](D)

~ [ 1@ dns0)
"

d

for every f € C( ,11,: ), as desired. O

Therefore, Y, = {v, 7: p € Mi,: } is a set of II-invariant measures. Following the same strategy
as for P(CY), we can show via Raugi’s theorem that Y, coincides with the set of all II-ergodic
measures on ./\/lcll’Jr if J is a minimal family. To reach this conclusion, we need to check the
equicontinuity of II on Mcll’+ and characterize the II-minimal subsets of M;’+.

For the latter task, the following result is a counterpart of Theorem 6.5. We do not provide the
proof as it is identical as for pure states, up to writing upu* instead of u - £ on the reference space
and wpw*/ tr(wpw*) instead of w -y on dark subspaces. In the (=) part of the proof the family of
sets Xp =T (FNS(D)) C My over D € Dy, is to be examined, where F is a II-minimal subset
of M;’Jr.

Theorem A.3. Let J be a minimal family. Then every II-minimal subset of ./\/llli’+ is of the form
supp v, s for some p € ./\/ltli’Jr.

For the equicontinuity of II, we need the following two lemmas, which are counterparts of Lem-
mas 6.6 and 6.7, respectively.

Lemma A.4. Let f € C(Mcll’Jr) be Lipschitz. Let py, ps € ./\/lcll’Jr and n € N*. Then

vl

where A = {w € V,,: tr(wpaw) > tr(wprw*)} and C > 0 is a constant depending on the Lipschitz

Wapr W Wop2 WV, o
(e ) — ¢ (g ) | s OVam W) ™ < Clor = palr

(Wap1 Wﬁk) (WnP2Wﬁk)

constant of f and the dimension d of the system.
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Proof. Fix w € W and observe that

wprw* wpow*

tr(wprw*)  tr(wpaw*)

tr(wprw™) tr(wpow™)
tr

< lwprw*tr(wpow™) — wpow*tr(wpaw™) ||y,
+ lwpaw™tr(wprw*) — wpasw™tr(wpaw™) ||,
(35) = llwlpr = p2)w? ||y, tr(wpaw®)

(36) + [ tr(w w(pr — p2))| [wpzw™ |-

In what follows, we bound the two terms in the last sum above separately.
For Equation (35), Hélder’s inequality for Schatten norms used twice implies ||w(p1 — p2)w*|[lsr <
llpr — p2llec]|w]|?. Then, the inequality ||w||? < tr(w*w) implies

(37) [w(pr = p2)w[|y, tr(wpaw™) <lp1 — 2l tr(w*w) tr(wpaw®).

For Equation (36), matrix Holder’s inequality and the domination of the sup norm by the trace
norm lead to

(38) | tr(w*w(p1 — p2))| [lwpaw* [lr < [[p1 — pallir tr(w*w) tr(wpzw™).

As a consequence, for every w € W such that tr(wpew*) > 0, merging bounds (37) and (38) and
dividing by tr(wpow™*) lead to

wprw* wpow* . .
- t <2 — t .
tr(wprw*)  tr(wpow*) r(wprw®) < 2[|p1 — palle tr(w*w)

tr

Therefore, using the Lipschitz property of f,
wprw* wpow*

f(tr(wplw*)) B (tr(wpgw*))

It remains to note that both Wy, p1 W, /tr(W,p1 W) and W, pa Wt /tr(W,,p2 W) are almost surely

well defined with respect to the measure tr(W,,p1 W) du®" on A. The stochasticity condition assures
that aneA tr(WEW,) du®" = d, so it follows that

[ |V Gwtis) - Gtais)

WnheA

tr(wprw®) < 2L[|p1 — palle tr(w w).

tr(Wyp1 W) dp®™ < 2Ld||p1 — p2 |,

which concludes the proof. O

Lemma A.5. Let p1,p2 € M}f’ and n € N*. Then
[TV W) = (W2 | " < [l paln
Q
Proof. As in Lemma 6.7, | tr(wpiw*) — tr(wpow*)| < tr(w*w|p1 — pa|) for every w € Vy, so

[ e ) = s [ < ([ W0 = gl ) = lor =
Q Q
as desired. O

Estimations analogous to those in the the proof of Lemma 6.8 together with Lemmas A.4 and A.5

lead to the following result.
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Theorem A.6. II is equicontinuous on Mcll’Jr.
Therefore, applying Raugi’s Theorem 6.1, we arrive at the desired conclusion.

Theorem A.7. Let J be a minimal family. Then YT g coincides with the set of all Il-ergodic
measures on Mcll’Jr. As a consequence, a probability measure v on M;’Jr s I-invariant iff

Y= /W+ Vo AA(p)

for some probability measure A on M%,’:

As already mentioned, for density matrices we always have multiple II-invariant mutually singular
measures. This is because the unitary dynamics that takes place on dark subspaces preserves
the state spectrum. Thus, each set of states with the same non degenerate spectrum carries a
II-invariant probability measure and this measure is unique iff G, acts transitively on the set
{(Z1,...,2&,,): (x1,...,2,, ) is an orthonormal basis of C"}, e.g., if Gpin = SU(T).

Theorem A.8. Fiz A\ > ... >\, >0 such that > ;™ A; = 1. If Gmin = SU(ry,), there exists a
unique Il-invariant probability measure on {p € ./\/lcll’Jr | evi(p) = Niyi =1,...,rm}, where evi(p) is
the i-th largest eigenvalue of p (counted with multiplicities), and the formula for this measure reads

/ UHifSA(D) dXinv(D),

where Sx(D) = {p € S(D)| evi(p) = Niyi = 1,...,mm}. In particular, for \y = 1 this measure is
Vunif, and for \y = ... =\, = L Gt is Vch -

m ™m

Remark A.9. In the case r, = 2, the purity of a state (i.e. tr(pz)) determines its spectrum.
Assume that Guyin = SU(2). Then for every given level of purity there exists a unique Il-invariant
probability measure. That is, if s € [L

5, 1], the unique -invariant probability measure on {p €
./\/ltli’ﬂ tr(p?) = s} is

/UnifSS(D) dXinv(D),
where S4(D) = {p € S(D) | tr(p?) = s}. In particular, this remark applies to Ezamples 1 & 2.
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