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ON THE PRODUCT OF TWO GENERIC ¢-GEVREY SERIES

THOMAS DREYFUS AND CHANGGUI ZHANG

ABSTRACT. In this paper, we consider a g-analog of the Borel-Laplace summation pro-
cess introduced by Fabienne Marotte and the second author. We specifically examine
two power series solutions of linear g-difference equations whose Newton polygon ad-
mits only positive slopes equal to 1. These series, known as the generic g-Gevrey series,
are shown to have the property that the product of two such series is Gg-summable at
double level (1,2). Furthermore, we prove that the Gg-sum of this product equals the
product of the Gg-sums of the original two series.
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2 THOMAS DREYFUS AND CHANGGUI ZHANG

1. INTRODUCTION

Through the whole paper, ¢ denotes a real number in the open interval (1,+00).
Let C[[z]] be the C-vector space of power series of the variable z, and let C[[z]]41 its
sub-space of g-Gevrey series of the first order, i.e.:

(1.1) Y " eCllallgn <= IC,A>0,Yn >0, |cn| < C AN

n>0

Let C{z} be the C-vector space of convergent power series, which can be identified with
the set of germs of analytic functions at x = 0 in the complex plane. Thus, it is clear
that the inclusion relation C{z} C C[[z]]4:1 C C][z]] holds.

As in [4, §4], we call a generic q-Geurey series a power series f € C[[z]] that satisfies
a linear ¢-difference equation A f = g € C{x} whose Newton polygon admits only one
finite slope equal to one. More explicitly, one can and one will assume that A represents
a certain n-th order ¢-difference operator of the following form :

(1.2) A=) an k(@) (woy)¥ € Clz}[zogl, a0(0)an(0) #0,
k=0

where o, denotes the g-difference operator o, f (z) = f (qx).

In view of [9, Theorem 5.3], it is known that every generic ¢g-Gevrey series f is Gg-
summable, that is, we can apply a g-Borel-Laplace summation process to it to obtain
a meromorphic solution 8;1;1( f) having the series as an asymptotic expansion in the
q-Gevrey sense. Note that generic g-Gevrey series are g-Gevrey of the first order.

Before going further, it is worthwhile to recollect some facts about one of the simplest
generic g-Gevrey series, that will be seen as a g-analog of the well-konwn Euler series

ano(fl)”n!aj’”l:

(1.3) Eyla) = S (=102 gm,
n>0

By replacing x with —z in [19, 4.3.8], one finds that the square of this last series,
Eq(m)2, is not Gg-summable in any direction. Besides, it is easy to see that Eq(ac)2
satisfies a non-homogeneous second order g-difference equation; for instance, see [9,
§2.2.2] or [20, (1.3)]. Thus, by invoking [3, Theorem 3.3.5], it can be found that the
square Eq(x)2 is Gg-multisummable, specifically Gg-summable of double level (1,2);
further details on this definition will be provided later.

With this established, a pertinent inquiry arises: does the Gg-multisum of the square
of the ¢-Euler series equate to the square of the Gg-sum of the initial series? This paper
will address this question in a broader context as follows.

Theorem 1.1. Let (fl,fg) be a pair of generic q-Gevrey series, Then the product
fl fg belongs to the class C{x} 1,2). Furthermore, there evists a finite set of direc-
tions {01, ...,0n ) C [0,27), which can be explicitely describe, such that for all directions
deR\ (Ujﬂil (6; + 2nZ)), the following holds:

(1.4) Sty (1 f2) = Sg (f1) Sga(fa)
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where Sj_(l ) denotes the Gg-multisum in the direction d and 85;1 denotes the Gq-sum
in the same direction.

The remainder of the paper is structured as follows:

Section 2: We will review the concepts of Gg-summation and its variant of double-
level extension as introduced in [19] and [9], respectively. Additionally, we will define the
so-called generalized g-Euler series by differentiating a variant of the ¢-Euler series with
respect to a parameter. This allows us to state a new characterization for any generic
q-Gevrey series; see Theorem 2.5.

Section 3: We will first present several preliminary lemmas concerning the general-
ized g-Euler series. By revisiting a result from [4], we will give a proof of Theorem 2.5.

Section 4: This section is dedicated to establishing Theorem 1.1 for products of
generalized ¢-Euler series; see Theorem 4.1. For achieve this, particular attention will
be given for the study of such products in two successive ¢g-Borel planes.

Section 5: We will focus on proving the main result of the paper, namely The-
orem 1.1. This will be done in a somewhat technical manner, specifically combining
Theorems 2.5 and 4.1.

Since the historical paper [3] by G. D. Birkhoff in 1913, g-difference equations and
usual difference equations are often considered as sister theories to ordinary differential
equations. Thanks to the work of many mathematicians throughout the 1980s and 1990s,
it is now well-known that any power series solution to a linear or non-linear analytic
ODE is multi-summable and, moreover, the set of multi-summables power series forms
a differential algebra ([12, 1, 2, 6, 8, 10] ...). At the end of our previous paper [9], a
similar but weaker statement was given for the Gg-multi-summable series. The present
paper can be seen as a first proof of one part of this statement. We hope that this work
can be continued to develop a complete theory for the summability of formal solutions
of any non-linear g-difference equations, including g-Painlevé cases. For related topics,
see [7, 11, 13, 14, 15, 16, 17, 18], for instance.

2. REVISITING G¢-SUMMATION AND GENERIC ¢-GEVREY SERIES

Throughout this section, we will adhere to the notation for functional transformations
and spaces introduced in [19, 9], applying it wherever relevant. As usual, C* denotes the
Riemann surface associated with the logarithm function, while log signifies the principal
branch of this function. Specifically, for any real number a > 0, the notation loga
corresponds to the natural logarithm Ina.

2.1. Space of Gg-summable series C{z},. To simplify, we define

(2.1) eq(x) = /21 In g e(08(va2)*/(21n(0)) (x e C),
and
(2.2) Dp={zeC* |z <R}, Vi= {5 e C*: |arg(€) — d <5} ,

where R > 0, d € R and € > 0. Here, d represents the direction of the argument, and
we will refer to d simply as the direction. In addition, we will denote by C? the analytic
continuation along the direction d in some sector V4.
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Definition 2.1. A power series f = > 50" is said to be Gq-summable in a given
direction d and one writes f € C{x}g;l, z} one has Bq;lf € Hg;p where l’;’q;lf and Hgg
are defined as follows:
. Bq;lf(ﬁ) =350 n ¢ "N/2€7 and this is what we call the (first order) formal
q-Borel tmnsfo;m of f;
. Hg;l denotes the C-vector space of germs of analytic functions at £ =0 € C that

can be continued into an analytic function ¢ possessing a q-exponential growth
of order one at the infinity in some sector V4 in the following sense:

(2.3) JA>0, ¢(€) = O0(ey(AS)) as (] — oo with €e€V2.
In this case, the Gq-sum off related to the directéonfi 18, bZ/ definition, the q-Laplace
transform of ¢ in the following manner: ¢ = C%o Bfll;lf, Sgﬂf = Eg;lqb, and

D [0t de
20 o= [ e e

where  belongs to some domain Dp (R > 0) of the Riemann surface C*.
Furthermore, if there exists a finite subset S C [0,27] such that f € C{x}g;l for any

d e ([0,2n]\ S), we will say that f is Gg-summable and simply write f € C{z}q-

In view of [19, Proposition 4.3.1 & Théoreme 5.3], one has the following result.

Proposition 2.2. Let d € R.
(1) Given f € C{x}g;l and h € C{z}, one hash f € C{x}g;l and S;l;l(h )= hSilf.
(2) Any generic q-Gevrey power series is Gq-summable.
2.2. Space of (Gg-summable series C{xr} (1 2). In order to simplify the presentation,
we will only recall the defnition of the double-level Gg-summable series ; for the more
general definition, see [9].
Definition 2.3. A power series f = ano anx™ 1s said to be Gg-summable of double-
level (1,2) in a gz'vNen direction d and one fwrNZ'tes fe C{w}f}l;(m), if Bq;lf € HZ;Q and
ﬁg;z oCloB,,f € Hgﬂ, where Hf]l;Q, 53;2 and HZ;Q are defined as follows:
) Hg;z = Hgl/Q;l and Lg;z = 521/2;1, that are obtained by replacing q with q1/2(:
V@) i (2.3) and (2.4), respectively;
° HZ;Q denotes the C-vector space of analytic functions ¢ in some sector V4 (e > 0
being arbitrary) such that $(¢) = O(1) as &€ — 0 in V¢ and that the condition in
(2.3) is fulfilled for ¢"/? instead of q.
If this is the case, the corresponding Gq-sum of f, S;l,(l Q)f, 1s defined as follows: ¢g =
CloBl f, ¢¢=C%0 L2,¢0, and sg;(m)f = £2,01.
Furthermore, if f € (C{x}g,(l 2) for any value of d in [0,27] but eventually excepted
one finite number, we will say that f is Gq-summable of level (1,2) and simply write

fG C{x}q;(l,z)-
By considering [9, Lemme 2.4.1 & Théoréme 2.4.3], one gets the following statement.
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Proposition 2.4. Given any d € R, the set C{m}g,(l g) constitutes a C{x}-module con-

taining (C{l’}g;l as a sub-module.

2.3. Generic g-Gevrey series in terms of ¢g-Euler series. It is easy to see that every
convergent power series is a generic ¢-Gevrey series. The g-Euler series Eq given in (1.3)
can be seen as one of the simplest generic ¢-Gevrey series whose radius of convergence
is zero. Indeed, a directe calculation shows that

(2.5) (xog+1)Ey(z) =1.

To any a € C* will be associated the family (E(ga’a))aezzo of the so-called generalized
),

. 1 .
q-FEuler series as follows: E(ga,o) () =—— Eq(—E and
a a
i (a,o 1 o (a
(2.6) E®)(z) = — 08 B9 (z)

for a > 1. It follows that Eq = Ac(l_l’o). Furthermore, for any A € C*, one gets from
considering (2.6) that

(a/Ma _ ya+l f(a,a
(2.7) B (z) = AT El@) (2 g).

Theorem 2.5. A power series f € Cl[z]] is a generic q-Gevrey series if, and only if,
there exist m € Z>o, {fo, f1,-- fm} C C{z}, {a1,...,am} C C* and {a1,....,am} C Z>g
such that the following equality holds in C[[z]]:

(2.8) f=fo+ fLE@e) g f, Blamen),

The proof of Theorem 2.5, which is closely linked to [4, Theorem 4.20], will be given
in §3.4. Let’s emphasize that this result plays a central role in the proof of Theorem 1.1.
Indeed, thanks to this result, it will suffice to verify the theorem for a pair of generalized
g-Euler series.

3. GENERIC q—GEVREY SERIES IN TERMS OF THE GENERALIZED q—EULER SERIES

This section aims to prove Theorem 2.5 by first establishing properties for every family
A k
of generalized ¢-Euler series {E(ga/q 7a)}k,aezzo- In §3.1, we will begin by examining the

functional equation satisfied by each generalized g-Euler series E,ga’a), noting that it is
G¢g-summable in any direction that does contain the point with affix a. Furthermore,
it will be shown that every Gg-sum is bounded in any sector of finite openness; see
Remark 3.2.

In §3.2, we will consider the linear relationships that exist among any finite family
{Eéa’a)} where a € agg” and a € (ag + Z). After that, in §3.3, we will explain how to
construct a g¢-difference operator associated with a given linear combination of general-
ized g-Euler series; see Theorem 3.5. In this way, we will provide a new characterization
for a power series to be generic ¢-Gevrey, thereby proving Theorem 2.5.
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3.1. Functional equations and GG¢g-sums of the generalized ¢-Euler series. One

recalls that the g-Euler series Eq, which is precisely Eé_l’o), satisfies the g-difference

equation given in (2.5). This result can be extended to any generalized g-Euler series
o)

Lemma 3.1. For any (a,a) € C* x Z>, the generalized q-FEuler series E deﬁned
in (2.6) satisfies the q-difference equation

(3.1) (zog —a)*T Bl (2) =1,

and is Gq-summable for any direction d such that a ¢ (0,00e'®). Furthermore, its
associated Gq-sum is defined as follows:

(3.2 ShER ) = £ (et ) @

for all x € C*. }
Moreover, the following identity holds in C*:

((a,a 1 « (a
(3.3) Sk Bl (z) = — 0 St B (z)

Proof. First, we shall prove (3.1) by induction on «. Replacing x with <—£> in (2.5)
a
yields that

(-%0,+1) Eq(fg) ~1.

a

- 1
With Eéa’o)(a:) = —5E (—a) we find (3.1) for @« = 0. Furthermore, let £ > 1, and

suppose that (z o, — a) Eéa’k D _ 1, where o = k — 1. Expand this equation as follows:

Zk: <k> (—a)* (@ o B (@) = 1.

=0 \/

By taking the differentiation with respect to a in both sides in the above, using the

. .. ~ [k (k— j)k! <k—1> )
identities (k — j < ) =" =k ) yields that
( ) J gk —)! J

—kZ( > a)* I (z o) B ( +Z<> a)" 7 (20y)? . BV (2) = 0

or, equivalently,
—k(rog — a)k_lﬁéa’k_l)(x) + (zog — a)kﬁaEfla’k_l)(m) =0.
By (2.6), one knows that OaEéa’k_l) =k Eéa’k). One gets from the above that
(zog —a)* ELP(2) = (x oy — a)" TEFD(a).

E‘ga,k—l)

Multiplying both sides by the operator (z o, — a) and using (v o, — a)* =1

implies (3.1) for o = k.
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By [5, Equation (2.1)] with x = 1, we find

(3.4) By o’ o = g IU=1/2¢ U;n—qu;l

for all (j,m) € Z>o x Z. When j = m = 1, one gets that Bq;l(:vaq) = flgq;l.
Thus, by applying the g-Borel transform By to both sides of (3.1), it follows that
(&— a)a+1Bq;1Eéa,a) =1, i.e.

1

The right-hand side tends to 0 as |£| goes to co. Hence, for any direction d such that
a ¢ (0, 00e?),

(3.2).
Given any couple of compact sets K C C* and J C C*, the integral (3.2) is uniformly
convergent for (r,a) € K x J, provided that J N (0,00 €™?) = ). Thus, one can consider

the differentiation with respect to a under the integral sign. In view of the elementary

1 !

identity 05 ¢ = G a)a —7» one deduces easily (3.3) from (3.2). This finishes the
—a —a

proof of Lemma 3.1. U

(3.5) By Bl =

W € Hg;l. This implies the Gg-sum of Eéa’a) as being stated in

By following [19, Théoreme 3.3 & Définition 2.1.1], one knows that every Gg-sum
Sg;lEAéa’a) admits the power series E(ga,a) as a ¢-Gevrey asymptotic expansion of the first
order in the direction d. It will be helpful to notice the following remark, due to the fact
that |eq(t)] = eq(|t]) e~ (@r8(1))*/(2n9); o6 (2.1) for the definition of eq-

Remark 3.2. Let a, o and d be as in Lemma 3.1. The Gg-sum function S;l;lEA'(ga’a) 18

well-defined and analytic over the whole Riemann surface C*, and satisfies the following
inequality for all x € C*:

(3.6) [SEBL) ()] < Jafgo" elone(e /o) 2ina),

where |a|g denotes the distance from a to the half-line (0, 00e'®) in the complex plane.

To see (3.6), one can notice that
1 de

00
sl < | e g ¢
elarg(e’/x))?/(2Inq)  roo 1 d¢
jalg*! /0 cq(&/]2]) €
where the last integral is simply £2;11(|x|) = 1.
In what follows, we will make use of the following notation:
k

(3.7) k>0, B = (Caf 3 <"’> P (<ZY

a
=0

Particularly, it follows that EA(ga’_l) =1
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Note that when k£ < 0, we do not recover E,ga’fkfl). On the other hand, the notation
fits to obtain the following lemma.

Lemma 3.3. Let (a,a,k) € C* X Z>o X Z>o. Then:
(3.8) (€ og — a)f EL®) = Blooh),

Proof. First, assume that a > k. By applying (3.1), both sides of the equation in (3.8)
are power series solutions of the linear g-difference equation (z o — a)® F*+1ly = 1. Thus,
their difference satisfies the homogeneous equation (z o4 — a)® F*+ly = 0, for which zero
is the only power series solution. This implies (3.8).

Next, when k > o, we set ¥’ = k — a — 1 > 0, noticing that

/

3.9)  (zo,—a)f EYY = (z0, —a)

p ((:p oq —a)* ! Eéa’o‘)) =(xog— a)f 1.

Since (z0,) - 1= @U=D/2 gi og -1 =¢U-D/247 for all j € Z, the last term in (3.9)
becomes:
k,/

/
=0 N
Thus, comparing (3.9) with (3.7) yields (3.8). O

3.2. Linear dependence of the generalized ¢-Euler series. We shall start with the
following elementary result on binomial coefficients.

Lemma 3.4. If e =0 or 1, then:

(3.10) tzl;(—l)”” @il) (f) — e

for any integers k and j such that 0 < j < k.
Proof. Let Cj, j(e) be the left-hand side of (3.10). One has

o =3 (1) ()= () Ber (1)

t=j t=j
k+1—j .
k+ 1> (k +1-— j)
— , -1)" :
(" > (F7)
Since 0 = (1 — 1)F+1=7 = Z (-1)" < > one obtains that (3.10) for € = 0.
T
r=0

Consider the case of e = 1. It is easy to see that C; (1) = 1. Let j < k. Since

Cht1,i(1) = i(_l)ﬁe <];j—_ f) <j> o (Z 1 ;> <k—; 1> 7

=j
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using the equalities k+2 k+1 k+1 k+2 = k+1 ives that
& theed (41 (41 k+2) " \k+1) 8

Crpn (1) = f:(—l)j“ (Eﬂ) <£>

=j J
k

+ ;(—1)‘7” (k + 1) ( > 1)tk <’; j: D <k j 1) .

Thus, Ci41,(1) = C (1) + Cy ;(0) = Cy ;(1) for 0 < j < k. In this way, one gets (3.10)
for e = 1. O

Theorem 3.5. Let (a,a, k) € C* x Z>¢ x Z>q. One has

i) hhzamn2 (V= (B (1Y Awas)
(3.11) Blalde) = g () Z(j) <a> Bl

=0
and
o k /
Aaa) _  k(k—20-3)/2 (L\F k+l—=1\ ( 4"\ (/g a0
g =g (O S (M) (4F) A
(3.12) I atl k-1 L .
4 iG-0/2 (T TY (ZY
+< a> Zq < « ><a> ’

Jj=0

Proof. Replacing A with ¢* in (2.7) yields that Eéa/qk’a) = glotDk gk (ga,a)' By mul-

k(k=1)/2 2k and observing that (zoy)F =gq k(k=1)/2 pk 05,

Q

tiplying this last equation by ¢
one finds that

(313) (I O'q)k E{ga,a) — qk(k72a73)/2 xk E{ga/qha) )

On the other hand, by using the identity

k
(oo = (wog—a)+a)f =3 (’“) I (2 0y — a),

=0

one deduces from gathering (3.13) together with (3.8) the identity stated in (3.11).
Now, let @« = 0 into (3.11), and separe j = 0 and j = £+ 1 > 0 in the summation.
This implies that

(3.14) Be/a"0) = gk k=32 (%)k (B0 + ay)

where Ag = 0 and for k > 1:

k-1 0+1
k 1 .
Ay = - Ele—t=1)
L <£+ 1> <a> a

~
Il
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(a,—0-1) .

—

Assume k > 0, and apply (3.7) for each term E in the above. One gets that

=

Ly E\ G- (_T)
T ]Z (£+1)<)q <_5) ’

or, equivalently,
k—1k—1 ;
1 , k AN xT\J
A, — = _1)itt JjG-0/2 (27
g aZZ( ) <£+1> <j>q (a)
J=0 L=j
By considering (3.10) for e = 1 and (k — 1) instead of k, it follows that

k—1

A= 0 X0 (5

=0

So, (3.14) can be put into the following form:
2@0) () — kk=3)/2 (T\F pia/dt 0 L N iG-n/2 (T
(3.15)  BPO@) = IR (D) B0 @) -2 30 ()

which is really (3.12) for a = 0.
To obtain (3.12) for a > 0, we will apply the definition of E‘éa’a) i

the a-th differential of Eéa’o) with the help of (3.15). Indeed, given a couple of non-
negative integers (¢, j), one has

O (@ ) = (D) G+1)(G+2)..(j+0)a T

n (2.6), considering

and, in addition, using (2.6) implies that QEE(G/ 70 _ =/ Ec(la/ @) g~7%. Thus, by taking
the a-th differential with respect to a for both sides of (3.15), it follows that

a J4
(a,) _  k(k—3)/2 z\k «Q (k—i_g_l)' 1 —k(a—£) 12(a/q",a—t
ol ) = k=9 <E) Z(z)(k_n! 1) (0 - prgemn e

=0
k-1 ‘
_ Z FUD/2 33 (_1)e M a—i—a-1
=0 J!
By dividing by «! in the above, one gets the expression given in (3.12). 0

Corollary 3.6. Let a € C*, m € Zxo, (k1,....km) € ZZy, (Q1,...,am) € ZZ, and let
(f1yee0s frn) € (C{z))™. If k = max(ki, ..., km), a’ = a/q* and o = max(ay, ..., ), then
one can find (H, ho, hy, ..., ha) € (C{z})*? such that

- ~(a/qM o = (a,a—j
(3.16) ST HEMTD = g N hy BleD,
j=1

Jj=0

Proof. This comes directly from applying (3.12). O
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3.3. Generic irregular singular ¢-difference operators coming from combining
several generalized ¢-Euler series. For simplicity, let 9 = C* @ (z C{z}), let D,
be the set of the n-th order g-operators A given in (1.2) for n > 1, and define

We call a generic irrqular singular q-difference operator any element A € ©,, with n > 1.
By following [19, Prop. 5.1.4], each operator A € ®,, can be factorized as follows:

(3.18) A=hy(xog—ar)hs..(zog—an) hy,

where a; € C* and hj € Dg. Let ¢ — ¢ be the natural map from C* to the multiplcative

elliptic curve C*/¢”. Define the set of (generalized) indices of monodromy IM(A) as
follows: IM(h) = () for h € Dy, and

(3.19) IM(A) = {ay, as, ...,an} € C*/¢*

for A € ®,, n > 1. One knows that IM(A) consitutes a set of analytic invariants of A;
for instance, see [19, §5.1.7]. In addition, given (A1, Ag) € ©,, X Dy, one has

(3.20) A1 Ay € Dpyny, IM(A1LAg) =IM(A)UIM(Ag).

Furthermore, for any pair (A, h) € ®, x (C{z}\ {0}) (n > 1), if A"l denotes the
conjugation of A by h, i.e. At = (ofh)~! Ah, where (07'h)~!(z) = h(qi o)’ one has
the following properties:

(3.21) Al e, MAM) = IM(A)
and
(3.22) A(hy) =olh AlMy.

Lemma 3.7. Given (a,n,A) € C X Z=o X Dy, there exist by, b1, ..., b, € C{z} such
that the following expression holds:

(3.23) A=by(vo,—a)"+b(vo,—a)" ' +..+by.

Proof. Let ay, ..., ap be the coefficients of A as given in (1.2). By writing z o, =
(z 04 — a) + a, applying the binomial expansion for (z ,)* yields that

k

L . .

(20y)* = Z ( ) " (zog —a) .
=0 M

Putting this into (1.2) yields that

n k
k . .
A= Zan,kz < ) ak=i (xog—a).
k=0 =0 M

Therefore, if

J
(3.24) b= <n_£> o fag (0<j<n),

S\t

nd finishes the proof of Lemma 3.7. O

AN

one gets immediately (3.23)
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Remark 3.8. The above relations in (3.24) lead us to the following elementary identity:
(3.25) Vae C, C{z}zroy =C{a}xro,;—a].

Theorem 3.9. Let (a,,m) € C* X Z>o X Zx¢, and let (f,g, ho, hi,...;ha, A) € C[[z]] x
C[lz]] x (C{z})*™ x D, to be such that

(3.20 =g+ Y ha BED, Ajecis).
=0
One supposes that a ¢ IM(A) and hg # 0. Then, there exists A € D, such that
0<n<i(at+l)(a+2),
(3.27) AAfeC{z}, IM(A)={a}.
Proof. By considering (3.22), one knows that
Aha—e B{Y) = 01 hg—g Alha=d glo0)

for ¢ from 0 to . Applying Lemma 3.7 to Ale—¢ gives that

(3'28) A[haié] = Z ba—ﬁ,j (‘T Oq — a)mij ) ba—@,j € C{x} :
§=0
From now on, define

(329) hé,j = bafg,m,j O'Z]nha,g, )A/E,J — (wo-q _ a)] E(gayf) .

In view of (3.1), it follows that Y;; € C{z} when j > £. Moreover, using (3.8) gives
that f@j = )A/g_j,o = E’éa’e_j) if j < ¢. So, applying A to f in (3.26) and gathering (3.28)
together with (3.29) implies that

a /L
A]E = Hp + Z Z hy EAéa’é_j) , HyeC{z}.

£=0 j=0
a—k
Letting hy = Z hjtk.j, it follows from the above that
§=0
. (03
(3.30) Af=Ho+> hy ES* . Hy, hj € C{z}.
k=0
In what follows, we will construct a family of ¢-difference operators to successively
remove from (3.30) the divergent power series E’éa’o), Eéa’l), o Eéa’a). For doing this,
define
1/RE] oo 14
(3.31) Ay = (xog— a)‘”l)[ /halif h¥ #0;
1 it Y, =0.

By applying (3.22) to (A, h) = ((zoq —a)*™',1/h%), it follows from considering (3.1)
that, in any case where h}, = 0 or not,

Ag(hy ES)) = 0T Y (w0g — a)* T B = 09t Ry,
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In this way, one obtains from (3.30) that

a—1

(3.32) AoAf=Hi +Y A (hz Ega*)) ,
k=0
a—1

where Hy = Ag Hy + ag‘ﬂh;; and where Z ... = 0 when a = 0. Consequently, letting
k=0

A = Ag gives (3.27) if a = 0.
If & > 0, again by applying (3.22), one has

Ao (s Eéa,k)) _ Ufj‘ﬂhz A[Oh?;] E{gm)
for 0 < k < . One deduces from (3.32) that
a—1
r « N a,k
(3.33) AgAf=Hy+ > odthy Ay E®P)
k=0
By expanding each operator A([)hz] in C{z}[z 04— a] (see Lemma 3.7) and observing that
(xog—a) Eéa’k) = Ega’kﬁ) for k > j (see (3.8)), one can put (3.33) into the following
form:
. a—1
(3.34) Ao Af=Hy+ Y hir ESP  Hy | by e Cla}.
k=0

It is to be noted that the divergent series E,E,“’a) does not appear in the right-hand
side of the equation in (3.34). By a similar process as what done for the transformation
from (3.30) into (3.34), one can define a series of operators Ay, Ag, ..., A, possessing
the following properties:

(1) either Ap € D11 and IM(Ag) = {a} or A = 1;
(2) letting A = A, ... A; Ag, one has AAf € C{z}.

Since the order of A equals at most to the following sum:

i(aﬂ—k) _ %(a+1)(a+2),
k=0

one gets (3.27) and finishes the proof of Theorem 3.9. O

3.4. Characterisation of generic ¢-Gevrey series and proof of Theorem 2.5.
As in [4], let K be the set of rational functions bounded at zero, and let E,; be the
set of all entire functions admitting at most a g-exponential growth of order 1 at the
infinity. It follows that

(3.35) Eg1 = Naeo,2nHey = By (C{z}).

Let %41 be the bilinear map from CJ[¢]] x C[[¢]] to C[[{]] such that ™ %41 £" =
g™ EMT for all (m,n) € Z2,. Thus, the C-vector space C[[¢]] is equiped with two
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multiplications that are the usual one and the so-called g-convolution product x41. Fur-
thermore, the following identity holds for any (f, g) € C[[z]] x C][z]]:

(3.36) Bii(f §) = Bt f %41 By d
By following [4, §4], one defines the (K, Eg;)-bimodule H C C{¢} C CJ[¢]] by the
relation H = U,>oH,,, where Hy = K and, for any integer n > 0,
Hop1 = Eg1 %¢1 Hapy, Hopgyo = K Hopyq .
By [4, Theorem 4.20], one knows that ¢ € H if and only if
1 1
W + ...+¢n*q;1 Wu

where rg € K, ¢; € Eg1, aj € C* and «; € Z>(. By noticing that both K and Ey,; are
stable by o, and that, in addition, either the multiplication or the g-convolution product
is compatible with o, one finds that H is a g-difference (K, E,;;)-bimodule such that

(3.38) peH <+ o4q0€cH.

(3.37) & =10+ o + @1 *q¢;1

Lemma 3.10. Given any f € C|[z]], one has Bq;lf € H if and only if f can be put into
the form of (2.8).

Proof. First of all, suppose f be as in (2.8). By considering (3.36), one finds that
(3.39) Bq;lf = Bq;lfo + Bq;lfl *q;1 Bq;lEéal’al) +o Tt Bq;lfn *q;1 Bq;lEéan’an) :

Furthermore, by applying (3.5), one has Bq;lEéaj’aj) = (f—alj)aﬁl
¢ = Bq;lf, ro =0 and ¢; = Bq;lfj for 0 < j < n, one deduces (3.37) from (3.39). This
implies that [;’q;lf €H.

Next, suppose Bq;lf € H, and assume (3.37) hold for ¢ = Bq;lf. By making use of
the fractional decomposition of ry, one can suppose that

Thus, letting

m pe—1
c
P+ZZ Mk+1’ PcCll, cop €C, bpcC*.
=1 k=0
Therefore, by following (3.5), there exists ) € C[z] such that

m pe—1
o= By (Q Y EgbeM) |
/=1 k=0

Thus, by a similar way as what done in the above, one gets (2.8) from considering (3.37),
using (3.36) at the same time. We omit the detail. O

Proof of Theorem 2.5. Let f = co 4+ ¢1x + cox® + ... € C|[[z]]. We will proceed in two
steps.

On the one hand, suppose f be a generic g- Gevrey series, that is to say, there exists
A € D such that Af € C{z}. Set ¢ = Bq71f, § = f — co, and observe that Ag =
Af—Ac € C{z}. Now, consider the g-Borel transform B, defined in [4, p. 382], which
is the linear application x C[[z]] — CJ[[¢]] such that B,(z"') = ¢~ "("=D/2¢" for all
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n € Zxo. If v = Byg, one finds that v = [;’q;l ((f — co)/x). By taking into account the
relation f = ¢y + ((f — co)/x), applying By to f and using (3.36) gives that

. (i-a
¢ =co —l—Bq;l.’E *q:1 Bq;l ( . = Cp —i—f*q;l v.

Thus, the g-Borel transforms ¢ and ~ are linked as follows:
(3.40) o =co+ 50;17.

By applying [4, Proposition 4.24], one knows that v € H. This together with consid-

ering both (3.38) and (3.40) implies that ¢ € H. By Lemma 3.10, it follows that f can
be put into the form as in (2.8).

On the other hand, suppose f be such that the relation in (2.8) holds, i.e.
f=fo+ fLEl@eD) 4 4 g, Blomem)

Let u be the number of different elements contained in the subset {aj,...,am} of the

elliptic curve C*/¢%. If = 0, then f = fo € C{z}. As the convergent power series f
is a generic g-Gevrey series, one can finish the proof of Theorem 2.5 by induction on p,
using Theorem 3.9. O

4. THE PRODUCT OF TWO GENERALIZED ¢-EULER SERIES

This section aims to prove one special case of Theorem 1.1 for two generalized ¢g-FEuler
series. Namely, we shall establish the following statement.

Theorem 4.1. Given (a,b) € C* x C*, one has Eéa,o) Eﬁ,b’o) € C{z}y,2)- Moreover,
for any d € R such that {a,b} N (0, 00e'?) = 0, one has

4.1) Sy B BPY) = Spa (B 0) 7 (BP0)

q; q

The proof of Theorem 4.1 will be given in §4.4. To do that, we will start with a
remarkable relation for special values of the Gg-sum functions of two generalized ¢-Euler
series. This will permit us to obtain the Gg-summability of their product, after having
considered their g-Borel transform and a first g-Laplace transform.

4.1. Special values of a combination of two generalized ¢-Euler series. By fol-
lowing (3.2), one knows that, given d € R and a € Z>¢, the associated sum-function

S(il(Ec(,a’a)) represents an analytic function with respect to the parameter a € C*, pro-

vided that a ¢ (0,¢'®). In Lemma 4.3 below, we shall consider sum-functions at some
special points related to the parameter a. To simplify, we will make use of the following
conventional hypothesis.

Hypothesis 4.2. The triplet (a,b,d) € C* x C* x R satisfies the following conditions:
(4.2) {arg(a),arg(b)} C (d,d+27).
Note that (4.2) above implies {a,b} N (0, cce'®) = 0.
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Lemma 4.3. Let (a,b,d) € C* x C* x R to be such that (0,00e!?) N {a,b} = 0 and that
(4.2) holds, and let eq be as in (2.1). Then, the following equality holds for any £ € Z:

(4.3) a8t B (Vqabe™) +bSE EPO(\/gabe™) = -1+ 2mi R, (a,b) ,

where

_Jzé;rl \/W (=25)mi) fort <1
(4.4) R (a,b) = ? 1 for £ = —
i ! for > —1.
| o5 ea(V/b/ (qa) el=2m)

Proof. Let ¢ = \/qab, co = ce™ a = |al eld b= |b] e and let denote by Ay the left-
hand side of (4.3). By raplacing (a, «, z) with (a, 0, ¢;) and (b, 0, ¢) in (3.2) respectively,
it follows from using (2.4) that

a b
(4.5) A= LY <£ + £b> (co) = T10 + oy,

where
id id

B ooe 1 1 ﬁ _ ooe 1 1 %
I“‘/o EJa) L eg(éc) € 2 /0 (/b)) —1 cq(€fcr) € °

Letting t = § and t = % respectively in I; o and Iy in the above gives that
a

ooei(d—a’)

1 1 dt
4.6 Ly = _— —
(46) Lt /0 t—1eq(at/cy) t
and
i(d—b")
eoe 1 1 dt
4.7 Iy = _
(47) 24 /0 t—1 eg(bt/cy) t

By considering (2.1), one knows that e,(z) = e4(1/(¢x)). Thus, the integral in (4.6) can
be rewritten as follows:
" Jo t—1eqlce/(qat)) t  Jo 1—t eq(cet/(qa)) t
the last integral being obtained by changing ¢ with 1/¢. By using the fractional decom-

B 1 and the relation E 1(1) =1, one finds that

ooei(a’—d)

it
position T—— = -—
ooei(a’—d)
1 1 dt
4.8 I r=—1+ / —.
4 ’ o T telet/ga) ¢
Consider the case £ = —1, and set ¢ = c_1, i.e. ¢ = ce ™. By taking into account

CI

b .
the hypothesis made on the triplet (a’, b, d), one finds that - =— e?™ . Thus, replacing
d  qa
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(¢,t) with (—1,te~2™) in (4.7) yields that

soei(d—b'+2)

7 = / 1 1 dt
> t—1e4(dt/(qa)) t~
Gathering this together with (4.8) and (4.5) yields that

i(a’—d) i(d—b/+2m)
oxoe oxoe 1 1 dt
19) A—-1+ / - / a.
(4.9) ' ( 0 0 1—teq(c't/(qa)) t

Furthermore, in view of the relation {a’—d, d—V'+27} C (0,2 7), the integration-contour
composed of the half-lines (0, coe!@=?'+2m)) and (0, coe’® =) does not contain any pole
t =1 = €?™ where j € Z. So, by applying Cauchy Theorem, one gets from (4.9) that
A_; = —1, as being expected in (4.3) for £ = —1.

Cp _ ;
e 207
qa

b
Now, suppose £ > —1, and observe that — = . Similarly, it follows from

Ce
combining (4.8) together with (4.7) and (4.5) that

i i(d—b' —20m)
ocoe ooe 1 1 dt
4.10 Ay=—-1+ / —/ —.
(4.10) < 0 0 1—teq(cet/(ga)) t

By applying the Residue Theorem, one obtains from (4.10) that

(a/—d)

/+1 1 /+1 1
Ap=—1+2mi — =—1+2mi - .
; eqlcce 27 /(qa)) Zi eqc 2007 /(g a))

This is exactly what is stated in (4.3) combined with (4.4) for £ > 0.
The case £ < —1 can be treated in a similar way, again using (4.10). Thus, one finishes
the proof of Lemma 4.3. O

4.2. The g-Borel transform of the product of two generalized g-Euler series.

b,0
' ), whose

E(ga,a) E(gb,ﬁ)

In view of Lemma 3.1, we shall only consider any product of the form E{ga,o) Eé

differentiations with respect to a and/or to b may lead us to every product
for all non-negative integers o and f.

Lemma 4.4. For any (a,b) € C*2, the product series E{ga,o) Eéb,o) satisfies the following
q-difference equations:

(4.11) (xo, —a)(vo, —b)(z® oy — ab)y = qz* — ab.
Proof. This comes from considering (3.1). Indeed, letting o = 0 in (3.1) gives that
(2 0y — ) BSO(x) =1,

or, equivalently, EA(ga’O) (gx) =1+ aEéa’O) (). This implies that

2* B0 (qz) BP0 (qu) = (1+ a ESO (2))(1 + b BP0 (),
which can be put into the following form:

(22 0y — ab) (ng) Egb@)) (@) = 1+ a B0 (2) + b EPO ().



18 THOMAS DREYFUS AND CHANGGUI ZHANG

Thus, (4.11) is obtained by applying the g-difference operator (x o4 —a)(xo, —b) to both
sides of the above equation. Il

Lemma 4.5. Given (a,b) € C* x C*, if ¢po(a, b;§) = Bq;l ( A(ga’o)EA’éb’o)» then:

1 n bq" 2 ("
(4.12) do(a,b;§) = —— (1 te iiq” te —qbq"> " (ib>
n>0

Consequently, ¢o(a,b;€) € Hg;z for any d € R such that {a,b} N (0, c0e) = ().

Proof. For simplicity, we will write ¢¢(§) instead of ¢(a,b; ). By considering (3.4) for
j =m =1, applying the ¢-Borel transform By, to both sides of (4.11) yields that

(E—a)(€—b)(g "0, " —ab)go(€) = & — ab.
In other words, ¢q satisfies the following ¢-difference equation:
(4.13) (1= X)u(§) = v(§),
. 52 -1 . ab — 52
where X = =—o0 andv(g)_ab({—a)(g“—b)

abq 1
&2 —ab= (£ —a)(§ —b) +a(6 —b) +b(¢ —a),

. By observing that

one obtains that

(4.14) (€)= —$ (1 o f —+ gﬁb) .

Now, put (4.13) into the form v = v + Xu, and iterate this last relation. It follows
that

w(€) = (14+ X + ... + XV Ho(e) + XNu(€)

2 n
for any positive integer N. By considering the equality X™ = <§b) q_"Qaq_” for all
a

n € Z, one deduces from (4.14) that
—n? ¢2n n n
n "€ aq bg
X =—— |1 .
v (ab)n+1 ( +§aq”+§bqn)

In this way, one can put (4.13) into the following form:

N=1 _pn2 c2p n n —N2 2N
" & ag bq & £
= — 1 — | -
u®) == 2 Tapet (1 e ) e (
Letting N — oo, one arrives at the following expression deduced from (4.13):
q—n2 5277, aq” bqn
4.15 =— 1
1) &)= =2 Gt (14 25+ )

that is well-defined and analytic in C '\ (a q%=o U bqZEO).
By using the fact that ¢¢ is the unique analytic function at £ = 0 that satisfies the
functional equation in (4.13), one finds that ¢g = wg. This gives (4.12), using (4.15).
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To see the growth at the infinity of ¢g, let V = V.4 to be any sector that does not
contain neither a nor b, and set

4.16 = mi —al, |bly =minl|€ —b|.
(4.16) |alv lgél‘r/llf al, |blv {}él‘l}lﬁ |
By taking into account the fact that
aq" bq" la| | [b]
1+ + <14+
‘ §—aq® £—bg" laly  [blv

for all £ € V, one gets from (4.12) that, as £ tends to oo in V.4,

2 (&2 "
(4.17) B0(6) = O(F(€)) where F(§) =3 g (b)
n>0
A . x?
Notice that F' = By f, where f(x) = Z (ﬂab
n>0
for ¢'/2 instead of ¢, one find that F has a ¢'/2-exponential growth of order one at the
infinity. Thus, one finishes the proof of Lemma 4.5. O

n
) . By applying [19, Proposition 3.1.4]

4.3. Towards the summability of the product of two generalized ¢-Euler se-

ries. The next step is to consider the second order g-Laplace transform of the function
oo(a,b; &) as follows.

Lemma 4.6. Let a, b, ¢o(a,b;&) and d be as in Lemma 4.5, assume the relation in

(4.2), define Cib =q¢"*Vabe ™ with
(4.18) Ag,b = szl,b e™  and Aa b= Z,b \ {Cg,b},
and set ¢(a,b; ¢) = Lg5(¢o(a, b;€))(C)-

(1) The function qbd(a b;¢) is well-defined and analytic in C*\ Aa L, DOSSEssing a
stmple pole at each point of Ag’b and satisfying the following equality for all
(eC* \Agfb:

(4.19) (47176 — ab) ¢(a,b:¢) = 1+ aSga(EL) Q) + b S (ESN(),
where S“l2 = £d2 0C%0 Byo = Sq1/2;1'

(2) Given any d’ € R and € > 0, one can find C > 0 such that

C
d .
(420) |¢1(a7 ba C)’ < ’C2 o \/aab\

for all ¢ € V& with ¢* # \/qab.
(3) One has ¢ (a,b;¢) € ]qu2 for alld € R\ < (arg(a) + arg(b)) —7T—|—7TZ*).

Proof. (1) Remember that ¢g(a,b;§) is solution to the functional equation stated in
(4.13), which together with (4.14) implies that

»52 oL b




20 THOMAS DREYFUS AND CHANGGUI ZHANG
From now on, let ¢ = ¢'/2.
computation shows that

(€207 ) = L0 (4 (€07")?) = P Ly
Thus, applying Egﬂ to both side of (4.21) yields that

(122) ) dtano = '@
' ab LB %E) =7 e g E—b
Note that L’g,,l(l) = 1. In view of (3.2) with a = 0, it follows from (4.22) that

(1— C2)¢d<b<> L (14 s B0 Q) + b8 BV (0))

Since 851/2.1 = 5;2, one deduces thus the equality stated in (4.19).
By noticing that ¢2 = Vqab if and only if ¢ € Afllb (see (4.18)), one deduces from

(4.19) that ¢¢ is well-defined and analytic in C* \Aib, eventually admitting simple poles
1/2

By definition, one knows that L’Z;Z = Eg,.l. A direct

in Ad . Furthermore, if one replaces g with ¢
from (4 4) that, given ¢ € Z, one has

L+ aSgy(E ?/2))(Cab6£”i)+53§;2( 1/2)(Cab€“i)=0

if and only if £ = —1. This implies that ¢¢(a,b;() is well-defined and analytic at Cg,b
and really admits simple poles in the complementary set Agfb.

(2) With regard to the relation expected in (4.20), one can make use of direct esti-
mates on the ¢’-Laplace transforms appeared in (4.22), observing that both Gg-sums
Sd/ 1(E, Bl 0)) and Sd (B (f) 0)) are bounded in any sector V¢ of the Riemann surface C*

in Lemma 4.3, one can easily deduce

(see (3.6))
(3) This comes immediately from combining the relation in (4.20) with the fact that
¢%(a,b; ) is well-defined and analytic at Cib, -

Remark 4.7. By taking into account the condition stated in (4.2), one has
(4.23) d¢ ( (arg(a) + arg(b)) — ™ + WZ*) .

This together with Lemma 4.6 (3) implies that ¢¢(a,b;() € Hgﬂ.

4.4. Proof of Theorem 4.1. Before starting the proof, we will establish one result
about the product of two g-exponential functions given as in (2.1).

Lemma 4.8. Let e, as in (2.1), and let (&1,&) € C* x C* and ((1,¢2) € C* x C*. If

(4.24) G=q \/27 G =q¢"" Ve,

then the following identity holds for any x € C*:

in ()8 berarnen($)
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Proof. By applying the logarithm application to both sides of (4.25), considering (2.1)
together with (4.24) implies that (4.25) is equivalent to the following one:

o (£2)) - s (29 o) (25

This can be obtained by direct computation, noticing that

(log A)* + (log B)* = % <<log <g>>2 + (log(A B))2>

for all A, B € C*. Thus, one fnishes the proof of Lemma 4.8. O

Proof of Theorem 4.1. Through the whole proof, fix d € R such that {a, b} N (0, coe’?) =
(), also assuming the convention stated in (4.2).
By gathering Lemmas 4.5 and 4.6 together with Remark 4.7, one finds that the

product E’éa’o) Eéb’o) belongs to the space (C{x}g,(l 9 For simplify, we will make use
of the following notation: f%(c;z) = Sg;lEAéc’o)(x) for ¢ = a or b, and f4(a,b;x) =

S;l_(l 2)E§a’0) Eéb’o) (). In this way, the relation stated in (4.1) of Theorem 4.1, that is

what we shall prove, can be expressed as follows:

(4.26) Fia,bia) = fiasx) fi(b ).
One the one hand, by applying Definition 2.3 and Lemma 4.6, it follows that, for all
x € Cr,
id
e ¢(a, b;¢) d¢
4.27 fa, bz :/ Rt X
427 @ED=J epnCln) ¢

where ¢¢(a,b;¢) is given as in (4.19). On the other hand, by letting (a,a) = (a,0) or
(b,0) in (3.2), one can write

1 1 d§y d&s
)& — D) eq(&1/z) eq(§2/7) &1 &2

(4.28) fd<a;$>fd<b5”f>:/om /oooe & —a

for all z € C*. ' '
Let ® : (£1,&) = ((1,¢2) be the homeomorphism from (0, 00e’) x (0, 00e') onto

. —-1/2
(0, 4+00) x (0,00€') defined by (4.24). By noticing & = (1 (o and & = a c C2, the
1
corresponding Jacobian is as follows:
'8(51,52) _ | G G :2(1,1/29
0, G)| |~ ¢/E a G G

Thus, one gets that
d&ydés 941/ G dade _, dGde

SES) C1 & 0 GG




22 THOMAS DREYFUS AND CHANGGUI ZHANG

what together with (4.25) allows us to transform (4.28) into the following form:

; coel ptoo Cla €2) dCl dC2
(4.29) fa; ) (b ) / / eq2(Cl)ep2(G/z) Gl

where

1
(G1G—a)(g 2 —bG)

77((17 CQ) -
Therefore, letting
77(<17 CQ) d

+o0o
(4.30) H(G) = /O Pt é

the relation in (4.29) can be expressed as follows:

(4.31) Fa; ) fA(b; ) = /0006 ejf((éig/):v) dCC; '

Note that the following fractional decomposition with respect to ¢; holds:

B 1 a G
(4.32) n(¢1,G2) = 22 —ab <§2 G—a * G2 — ql/QbC1> '

Letting (4.32) into (4.30) yields that

1

(4.33) H(G) = pTerep (11(¢2) + I2(¢2))
where
e 1 LSy
(4.34) hiG)=a /o (GG —a)ean(Q) G
and
B +0o0 (2 dCl
(4.35) I5(C2) —/0 (G2 =g 2bC) eqn(C) G

Putting (1 = £/{2 into (4.34) implies that

e 1 3 (a.0)
439 @ =e [ s © =SB

Besides, by noticing that

G2 _ ¢"?ve b
G—q'2bG H Co—q'2bG b e CYIG
and that e,12(C2/(¢"2€)) = ep1/2(£/C2), letting (1 = (o/(¢"/?€) into (4.35) yields that
4.37 I(G) =1+b S =108, (B
630 B@) =1+ [ g e b B

Hence, it follows from combining (4.33) with (4.36) and (4.37) that

1
(438)  Ha(6) = iy (1 oS (B G) + 050 (BING)
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Considering both (4.19) and (4.38) implies that Hy = ¢¢. Finally, comparing (4.27) and
(4.31) allows us to finishe the proof of Theorem 4.1. O

5. PROOF OF THEOREM 1.1

This section aims to proving Theorem 1.1, by using Theorem 4.1 together with The-
orem 2.5. For doing that, we will establish a generalization of Theorem 4.1 for any

product power series of the form Eg(,a’a) Eéb’ﬁ ); see Theorem 5.7.

5.1. Differentiating with respect to the parameters in the first Borel-plane.

The binomial coefficients (72) are usually defined for non-negative integers m and k. In

what follows, it will be convenient to make use of the following extension:

(5.1) m\ | 1 form &€ Z<yand k =0,
' k) 1 0 forme&Z.yandk>O0.

Lemma 5.1. Given any (a,b, o, 3) € C* x C* X Z>o X Z>p, one has
_1\a+pB 2\ "
5 Flaw) Bb5) _ (=1 o2 (&
(52) B (B BOD) (€ = - > Cala.: )4 (ab ,

>0

where the sequence {Cy(a, b; &) }n>0 is defined as follows:

. (n+a\ (n+p n+B) S~ (a—L+n ag" \'
ft1 ¢
n 4+« B—L+n bq"
(53) +< o >Z(5—e+1) <bqn—5> |

(=1

Proof. By taking into account Lemma 4.5 and the fact that the ¢-Borel transform com-
mutes with the derivation for the parameters, considering (2.6) yields that

2 (a,a) § 1 QL
(5.4) By (B BPD) (€)= 1500 ol bi6)
Moreover, is is easy to see that (4.12) can be put into the following form:
1 q" q" 2?9
5.5 b;€) = — e,
(5.5) ¢o(a,b;§) n§>:0 ( (a byl Tt (aq" —€) T bl (bgn — {)) "<
Since
P 1 (=128 (n+a)! (n+B)!
@b (gb)ntl — (ab)ntl npla®  nlbf
one finds that
n+a\ (n+
(5.6) L ogap_ L (0o (N () 1
' al Bl 7wb (g b)ntl ab a®b®  (ab)"’
Besides, by noticing that
a,f 1 _ (_1)6 (n+6)' o 1

ab gn pnt1 (CL qn — 6) o pntl n! bb a qn (CL qn — 6)
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and
50 1 _ (1)~ i <oz> (n+k—1)! (a— k)l glaFn
“at(agh —¢)  a'(agqh—§) - \k) (n—=1lad" (agqr— &)k T
one gets that
0 et ) g
al B 7@ gnpntl (g g — €) ab bf et ak = (agn — )M (ab)”

Letting £ = o — k + 1 into the summation of the right-hand side of (5.7) yields that

o n+B\ a+l fa+n—~¢ —1)n
' al B @b gnpntl (g g — €) ab bF = a*t(agh = &)" (ab)"
Similarly, one can find that
a n+ao ﬁ‘i’l 6"1‘”_[ —1)n
(5 9) 1 8%5 1 _ (_1) +8 ( Z ) (5+17Z) q( ) 1
' al Bl 7wb gntlpn (hgn — €) ab a* b=t (bg" — &) (ab)"’

By gathering (5.6), (5.8) and (5.9), considering both (5.4) and (5.5) implies (5.2). O
In what follows, we will write
(5.10) 657 (a,5:€) = By (L) EPD)) (6).

Proposition 5.2. Let (a,b) € C* x C*, (o, ) € Z>0 X Z>0, and let d € R be such that
{a,b} N (0,00e™) = 0. One has gbg’ﬁ(a, b;§) € HZ;Q‘

Proof. Both Eéa’a) and Egb’ﬂ ) belonging to the ¢-Gevrey space C[[z]]41, the ¢g-Borel

transform ¢8"6 (a,b;¢) given in (5.10) represents a germ of analytic function at the origin

of the complex plane. In order to prove that qﬁg"ﬁ (a,b;¢) € Hgg, let € > 0, suppose

V = V< be such that {a,b} NV = {), and consider the positive constants |a|y and |b|y,
defined in (4.16). Set

¢ =max(lal,|b]), v =max(a,B), ¢ =min(|aly,]|blv).

n

zq z

By using = for z = a or b, one can notice that
zq" =&  z—q "¢
q" bq" c
(5.11) max | sup , Sup ‘ <=
cev|aq® —§&| cev|bqg® —§ 0

for all integer n.
In what follows, we will suppose that v > 0, the case of v = 0 being already known

k
combining (5.3) and (5.11) that for any £ € V,

n
with a =3 =0. As ( ) < n¥ for any non-negative integers n and k, one deduces from

v+1

[Cnla,b:6)] < (n+7)* +2(n+9)7 Y (g)z .
(=1
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This together with the expression given in (5.2) implies that there exists C' > 0 such
that

(5.12) \%ﬁmw£ﬂ§0§]n+w”qﬂ2<mp>n

2 [af o

for all £ € V. So, by comparing (5.12) with (4.17), considering the same argument as
what used at the end of the proof of Lemma 4.5 implies that gbg’ﬂ (a,b;¢) € HZ;Q‘ O

5.2. Fractional decomposition arround a pole in the second Borel-plane. Given
(a,b) € C* x C* and (o, B) € Zso x Zzo, we define {Pfﬁ} C C[X, Y] as follows:
- - 0<j<a+p

(5.13) 9P ! = . Oiﬁ L
) ab =1/2C2 _qb  ¢-/2¢2 _qb gt (¢~1/2C2 —ab)

1l will be convenient to write Pf"ﬁ =0 when j > a4+ for j <0. A direct computation
shows that P(?’O =1, P]Q’O =0 for 7 > 0, and P(;”B = 0 for o + 8 > 0; moreover,

PP (a,b) = 0,P{ P (a,b) + joP (a,b) PP (a,b) = 0,P (a,b) + jaPi (a,b).

Lemma 5.3. Let (bil(a, b; () be as in Lemma 4.6. One has
1 g

F5(Q)
¢ Y2¢2 —ab jz_; (q71/2¢2 —ab)i’

(5.14) 05y #1(a, b; () =

where

Fy(¢) = PP (a,b) + ZZ‘: (k: PF 9 (a,b) + a PP (a, b)) Sta (B )(©)

(5.15) +Z%@$*%@uﬂ%@0w<%“m>

Proof. By (4.19), it follows that
1 a
(616) o6 = —pg— (1+eShERDQ +0S(ETNO)

We will consider the expression of ¢¢(a, b; () given in (5.16), taking the differential 82"153
of the members of its right-hand side. Since

a 8L (ESD)(©)
.8 1/2 P k a 1 a—kgd_(f(a0)
aa,b 1/2C2 ab = 8 Z k! A (q1/2C2 _ ab> (v — k)! % S ( q1/2 )(C)

using (3.3) gives that

. a! kﬁ d ; (a,a—k)
1/2C2—ab Zkf a.b (1/2Q”2a> Sg2(Epj2 )(C)-

(5.17) ey
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Similarly, one has

bSLEYNC) Ll
Oé,ﬁ q72 q1/2 _ /6' O[,k b d n (wa_k)
(-18) Oy pg gy = 2 i e <q—1/2c2_ab> Sg2(Eqrjz ()

In view of (5.17) and (5.18), taking the differential 83’1;8 on both sides of (5.16) yields
that

7ﬁ d . 7/8 a d A(aﬂa_k‘)
33,1) o3 (a7 b; C) (931, _1/242 + Z k' <q—1/2§2—ab> Sq;?(qu/z )(C)

B
Ay b d_(p.8-k)
(5.19) Z ? m Sg2(E)a )(C) -
Since
k@ k-1 L kg 1
a,b q_1/2C2 —ab a,b q_1/2C2 —ab + aaa,b q_1/2C2 —ab’

replacing («, 8) with (k, 8) or (k—1,0) in (5.13) yields

a, —ab ¢ V22 —ab = (¢~ 172¢2 — ab)i
Similarly, one has
20 % ql/QCbQ “ab q1/2C12 —ab aif be’kEZ’?)/QZQkPZ’Z);(a, ’
j=0
Therefore, putting (5.13), (5.20) and (5.21) into (5.19) yields (5.14). 0

As before, let (a,b,d) € C* x C* x R be such that {a,b} N (0, coe’®) = (). By following
Proposition 5.2, if

ooetd .8
o OMCARINS
5.22 39508 (g b ¢ :/ P (a,b:€) dE
:22) e A N
then ¢il;a,ﬁ (a, b; ¢) represents an analytic function for all ¢ € C* such that [¢| < ¢*/* /]a b].

Theorem 5.4. Let (ﬁ‘lj;a’ﬁ(a, b;(¢) as in (5.22), d' € R, and consider the set A2, given in
(4.18). The following assertions hold.

1) If (0, 00e™ YN A%, = 0, there exist € > 0 and C' > 0 such that
a,b
__¢c
¢ —V/gab|’
2) Otherwise, one has (0, coei® ﬂAd = {c} and there ezist a finite set { Ao, ..., A\a1 8} C
b B

C and an analytic function ¢ in V<, /2 possessing the following properties.

(5.23) vee vy, |60 (a,b;0)| <
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(a) For any ¢ € V;l//2 \ {c}, one has

;a? . j— ]
(5.24) P17 (a, b;¢) = ]Z(:) €=yt +9(¢)-
(b) Given any € € (0,%), 1 remains bounded in V4 and one has () = O(%)

. /
as ¢ — oo in V.

Proof. Since qbg"ﬁ(a, b; &) = 82",)B¢0(a, b; £), equation in (5.22) takes the following form:

. ooeid aﬂt,ﬁ a’ b,
65 (4, ;) :/ oy Po(a, b;€) s
0 eq2(8/C) €
This implies that

(5.25) 317 (a,b;¢) = 95y 81 (a, ;) ,

what allows one to make use of the expression given in (5.14) for 8gf¢il(a, b; ). Fur-
thermore, considering the relation stated in (3.6) implies that everyone of the members

of both Gg-sums families {Sg;Q(E‘g?}];))}ogkga and {83;2<E(§11)7/k2:))}0§k‘§6 is bounded over
any sector Ved/ with € > 0. Thus, one obtains from (5.15) that there exists a constant
C1 > 0, depending of a, b, a, 8 and Ved/, such that
(5.26) Ve vy, max |F(Q)]<Cr

(1) If (0, 00e'®) N Ag’b = (), one has ¢~ Y/2¢2 —ab # 0 for all ¢ € (0,00¢'®). Let
¢ > 0 be enough small in such way that ¢=1/2¢2 — ab # 0 for all ¢ € VQ{, and define
0 = infcyw (2 — /gabl. By letting C = \/g(1+ 6 + ... + 6°P) Cy and taking into
account (5.26), one deduces (5.23) from (5.14).

(2) By hypothesis, ¢ is the only root of ¢~1/2¢2 — ab = 0 in the half-line (0, coe'®).
One the one hand, gathering (5.26) together with (5.14) implies that, for any € > 0, one
has

(5.27) %P (a,b;0) = 0(=), V&3¢ .

1
? €
One the other hand, letting ¢~ /2¢?—ab = ¢~ /% (C—¢)({+¢) into (5.14) and considering
the Taylor expansion of each function F}(¢) at ( = ¢ yields the fractional decomposition
as (5.24), where 1 remains analytic and bounded in every relatively-compact subset of

a+
U >\ 1 1 .
V- Note that z;) W = O(E) as ¢ — oo. With the help of (5.27), one finds
]:
that ¢ = O(%) as ¢ — oo. This finishes the proof of Theorem 5.5. O

The expression given in (5.14) for the function ¢?’B (a,b; ¢) shows that it may have a
singularity at any square-root of \/gab in C*. The following result says that it remains

well-defined and analytic at ¢ = ¢*/* vabe ™. This generalizes Lemma 4.6 (1) in which
one had a« = 8 = 0.
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Remark 5.5. Let (a,b,d) € C* x C* x R to be such that (4.2) holds. Given any
couple (o, B) € Z>o X Zxo, the associated function gzb‘li;a’ﬁ(a, b;¢) remains analytic at

C — q1/4 me—m"

This will be deduced from Lemma 5.6 ; for more details, see the end of the proof of
Theorem 5.7 given in §5.3 below.

5.3. One generalization of Theorem 4.1. In order to generalize Theorem 4.1 for
folaa) Eébﬁ)

q , we shall establish the following result.

Lemma 5.6. Letd € R, N € Zxo, {c1,...,en} C (0,00€?), {1, ..., ANY C C, {p1, ..., un} C
Lo, and let ¢ € Hg;l. Set

N
Aj
(5.28) 9(§) = Z €yt + (&)
7=1
If (¢, pj) # (crsp) for all (j,k) such that j # k, then the following conditions are
equivalent.

(1) \j=0for1<j<N.
(2) 6 e,
(3) There exist 5~ < § < 81 such that ¢ € (Hgi N ]ﬁlg;) and, moreover, the identity
L21¢ = L2 ¢ holds.
Proof. The equivalence (1) < (2) and implication (2) = (3) being trivial, it suffices to
prove (3) = (2) or (3) = (1). This can be done by applying Residue Theorem to the
contour integral (Eg;_1¢ — Eg?@). Indeed, one deduces from considering (5.28) that

N
_ Aj ; 1
5.29 L0 6(x) — L5 ¢(x) = 2mi gl <)' .
(5.29) §10(x) = L£;10(x) Z; wit % \ee@m )|,
Since e (é) =2 (%) one can observe that
) T\
1 q P() (log(¢*/2 ¢ /x))*
Eeq(&/x)  x/2m lnqe , where  P() 2Ing
If one defines the sequence { Py} by the relation
1 P (§)

5.30 oF ( > =_"kS

(5:30) \eeerm) ~ Cale/n)
then Py =1 and Py41 = P/ P, + Pj, for all k > 0. One can find that

1 3/2
(5.31) i) = SUBWTLD) 6 ox] deg Qi =k

2(ng) O~ 7
Thus, the relation in (5.29) yields that
N

Aj Q,uj (log(q3/2 Cj/x))

5.32 Lo16(x) — L6 (x) = 2mi
(5.32) 010(@) = Lo 6(w) 7”;uj!<2<1nq>>~fc5j*leq<cj/x>
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Assume z — 0, and consider the different asymptotic scales contained in the right-hand
side of (5.32). One can easily obtain that le left-hand side is null if and only if A\; = 0
for all j from 1 to N. This means that (3) = (1). O

Theorem 5.7. Let (a,b,d) € C* x C* x R be as in Theorem 4.1, and let o, 5 € Z>g.
One has E(ga’a) Eéb’ﬁ) € C{x}g,(l 5y and

(5.33) S 4 ) (B0 EPO)) = S, (B{e)) S8, (B0
Proof. Let d’ € R be as in Theorem 5.4 (1), and define
' et g (g, b ) d
and
(5.35) fd/’d(a, b;x) = /OOEMI M ¢
o eqnr(/r) ¢

for all # € C*. By taking into account both (5.23) and (5.25), one gets that
(5.36) FEteb a,b;:¢) = a5y 1 a, by ).

Let dgp, = 3 (arg(a) +arg(b)). In view of (4.2), one has d,p € (d,2m). One remembers
that f%(a,b;x) was defined by means of the ingeral of (4.27). By following Lemma 4.6,

the function ¢¢(a, b; ¢) is analytic in the sector Vj/“éb. Thus, comparing (4.27) with (5.36)
implies that

(5.37) 44 a, by x) = f(a, b x)
for any d' € (Ja,b -5 dap + g) Besides, combining (5.37) with (5.35) yields that
(5.38) FEt a b ) = 053 (0, br )

for any d' € (Ja, — %,me) U (a?a,b, me + g) Thus, applying Lemma 5.6 to the triplet

<q1/2, ¢Cll?°"ﬁ(a, b; ¢), czmb) instead of (g, ¢, ) implies that cb‘li;a”g(a, b;() € ijéb. One gets
that ¢‘1m’5(a, b; ¢) is analytic at ¢ = ¢'/*vabe ™, as claimed by Remark 5.5. As by-
product, it follows from combining this with Theorem 5.4 that Eéa,oz) Eéb’ﬁ ) e C{x}f]l, (1.2)°

At the same time, letting d’ = d into (5.36) and using (4.26) yileds (5.33), what permits
us to achieve the proof of Theorem 5.7. O

5.4. End of the proof of Theorem 1.1. Let fl and fg be two generic g-Gevrey series.
In view of the notational convention given in (3.7), one knows that E(ga’_l) =1 for any

a € C*. Thus, by applyinig (2.8) to fl and fg, one can find m, n € Z>o, go, ..., gm, ho,
ey hp € C{z}, a1, ..y am, b1, ..., by € C* and ay, ..., um, B1, ..., Bn € Z>0 such that

m n
= Zgj Ec(jaj’aj) , fa= th Eéb’“ﬁ’“) ;
j=0 k=0



30 THOMAS DREYFUS AND CHANGGUI ZHANG

where ag = By = —1 and where ag and by may be arbitrarily chosen in C*. This implies
that
(5.39) Fule =323 gy g B9 BPoe)

7=0 k=0

Set S = {arg(a;) € [0,2m) : 1 < j < m} U {arg(by) € [0,2m) : 1 < k < n}. By taking
into account the fact that C{x}g;(m) constitutes a C{x}-module (see Propositions 2.2
& 2.4), applying Theorem 5.7 to each term of the right-hand side of (5.39) yields that
f1 fo is Gg-summable of order (1,2) in any direction d ¢ S mod 2. Finally, gathering
(5.39) together with (5.33) allows one to obtain the eqality expected in (1.4), with
S ={d1,...,0p}. In this way, we finish the proof of Theorem 1.1.
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