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RATIONAL AND LACUNARY ALGEBRAIC CURVES

GEORGES COMTE AND SEBASTIEN TAVENAS

ABSTRACT. We give a bound on the number Z of intersection points
in a ball of the complex plane, between a rational curve and a lacunary
algebraic curve = 0. This bound depends only on the lacunarity
diagram of @, and in particular is uniform in the coefficients of Q). Our
bound shows that Z = O(dm), where d is the degree of @ and m is the
number of its monomials.
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INTRODUCTION

By the classical Bézout theorem (see [1] for the original article and, for
instance, [5]) for any positive integer n, the number of isolated complex solu-
tions of a polynomial system Fy = --- = F, =0, Fy,..., F, € C[Xq,...,X,],
is at most the product d; - - - d,, of the degrees of the F;’s. Requiring the poly-
nomials have prescribed support, one can improve on this bound: for instance
in case all polynomials F,..., F, have the same given support S C N, by
Kushnirenko’s theorem the number of isolated complex solutions in (C*)"
is at most n!Vol,(Ag), where Ag is the convex hull of S in R" (see [16]).
More accurately, in case S; is the support of F;,i = 1,...,n, by Bernstein’s
theorem, often called BKK’s theorem, the number of isolated complex solu-
tions in (C*)™ is at most the Minkowski mixed volume of Ag,,...,Ag, (see
[3, 16, 17]). In some sense those improvements allow to measure how far the
system is from the simplest situation where it can be solved by composition
in order to eliminate one by one the variables, to eventually give a univariate
polynomial of degree dy - - - d,,.
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The case of real polynomial systems and their real solutions has been ex-
tensively investigated in particular since the seminal work of A. Khovanskil,
(see [12], and for instance [22] for an overview, and [18] for historical infor-
mation), although some basic problems still resist, even in the lowest degree.
For instance, there is still no answer to the question: for a fixed number
n > 2 of variables, is the number of isolated solutions of the system polyno-
mially bounded with respect to the sizes of the supports of the polynomials
Fy and F» (see for instance [14] on this question, for n = 2)?

We consider in what follows the complex bivariate case, that is the case of
the intersection of two complex algebraic plane curves. More specifically we
consider the case of a given and fixed rational curve (P, P») in C? (containing
the origin of C?) and of an algebraic curve Q(X,Y) = 0, the coefficients
A € C™ and the degree d of () being parameters of the problem. Actually,
we are interested in the asymptotics of bounds on the number of intersection
points of the two curves, uniformly with respect to A, as d — 400 (see
Example 5.20 and Remark 5.21).

For simplicity, assume here that P;, P, € C[X]. Then, of course in
this situation, since one can compose the rational parametrization (P;, P»)
with @, the number of intersection points of the two curves (P;, Py)(C)
and Q(X,Y) = 0 in C? is simply the degree of the univariate polynomial
f = Q(P1, P,), whatever the specific forms of P, P» and @ are. To obtain
nontrivial bounds we thus count the number of intersection points only in
a ball of C? centred at the origin and of fixed radius, for instance in a ball
B(0,p), p > 0, such that (P, P,)~'(B(0,p)) C Dg,, for some R, > 0. Such
a positive number R, exists in the case P; and P are (non constant) poly-
nomials, since |P;(z)| — +o0o when |z| — 4+00. We then consider, instead
of parameters in Dp,, parameters in the unit disc Dy (see Remark 5.8). In
the general rational case, we may have (P, P>)(z) — 0 when |z| — +o0. In
this case we compute the additional number of intersection points between
Q(X,Y) = 0 and the branch of the rational curve (P;, P;) corresponding
to parameters going to infinity, in the same way, using the transformation
z + 1/z of the parameters.

Denoting max(deg(P; ), deg(P)) by D, the number of zeros Z = Zp, p, g
of fin D; may still be dD, the maximal expected number of zeros, depend-
ing on the choice of P, P, and @ (see Remark 5.19). On the other side,
considering the maximal multiplicity b of f = f) at the origin, with respect
to all possible choices of coefficients A € C™ of ) such that f is not identi-
cally 0 (b is called the Bautin index of the family fy, see Definition 1.2 and
Proposition 1.4), any small variation of the constant term of @) will create
b distinct roots of f, as closed as desired from the origin. In consequence,
the question of a bound for Z, uniform with respect to the coefficients A of
Q, is the question of how many zeros of f we create in D; in addition to
the amount of b imposed zeros, when freely moving the parameters of the
system, and how far can this number be under dD.
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We answer this question for lacunary curves Q(X,Y) = 0: we show in
Theorem 5.15 that Z is bounded from above by an expression depending on
the lacunarity diagram of @ (see Definition 4.1) and on «p, ag, the initial
coefficients of P; and P, (Remark 5.19 shows that the dependency on some
coefficients of P; and P, of our bound is unavoidable). This bound lies in
|b,dD][, with b < dD, in case @ is sufficiently sparse and ag and ag are not
too closed to 0.

The lacunarity of @) is a necessary condition for having nontrivial bounds
on Z, and the reason is easy to explain. Indeed, m being the dimension of
the space of parameters of @, by solving min(m — 1,dD) linear equations
with m variables, one can cancel the first min(m — 1,dD) monomials of f,
and thus b > min(m — 1,dD). It follows that m, which could be at most
(d+1)(d + 2)/2, has in fact to be less than dD when one searches better
bounds than dD for Z.

It is worth noticing, on the other side, that contrary to what happens in
the real case, Z cannot depend only on the number of monomials of P and
@, but has to depend also on d. Indeed, the lacunarity conditions for @
we consider (see conditions (L£1), (L24), (L£3a) and (Lap) in Section 5) are
based on a fast growth of the degrees of the homogeneous parts of @ (such
as geometric progressions) and allow us to compute! the exact value of b
(see Proposition 5.12), showing that b > dmin(vy, ) (where vy and vy are
the multiplicities of P; and P» respectively in 0). This lower bound for b
in turn shows that Z cannot be independent on d, whatever the number of
monomials P may have.

This observation leaves little scope between b and dD to find better bounds
than dD; A goal which is however achieved in our main Theorem 5.15. For
instance (see Remark 5.21), for d large enough a condition allowing Z €
|b,dD] is

7log <;> < D_ max (v, 2) log 2,
lanao 5

where 7 is the maximal amount of monomials of degree d in Q.

Notice in particular that our lacunarity conditions allow in such examples
(Example 5.20 and Remark 5.21) the total number of monomials in @ to
be unbounded with respect to the degree of (), contrary to the lacunarity
conditions usually considered in the theory of fewnomials. Moreover the de-
pendency of our bounds in the number of monomials of @) is not exponential,
contrary to the case of most of the bounds so far obtained for polynomial
systems with a fixed number of monomials (see again [22, Section 6.2| for
bounds in the real case). In the real plane, a polynomial bound in deg(F)
and t is obtained in [14] for the number of solutions of the polynomial system
F(X,Y) = G(X,Y) = 0, with G having ¢ monomials. This bounds turns

IThis computation is otherwise generally not tractable, specially in the analytic case.
Our lacunarity conditions guarantee here that for any A € C™, the two curves have isolated
intersections points.
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out to be O(deg(F)>3t + deg(F)?t?), in contrast to the bounds obtained in
this article that may be linear in d and 7 (see (45) and (46)).

One can next wonder whether, for two given algebraic curves Q1(X,Y) =
0 and Q2(X,Y) =0, it is possible to bound the number of their intersection
points in a small ball (centred at a point outside the coordinate axes?) by
a polynomial function in the number of monomials of ()1 and (2. This
would imply in particular a bound on the multiplicity of the roots outside
the coordinate axes. In this direction a polynomial bound of the mixed form
O(deg(F)?t?) is obtained in [15] for the multiplicity of an isolated solution
(with nonzero coordinates) of the system F(z,y) = G(z,y) = 0, with G
having again ¢ monomials. Moreover, this would bring us closer to proving
the T-congecture for multiplicities defined in [15] (Hrube$ noticed [11] that
it derives from the real 7-conjecture introduced in [13]). This family of
questions and conjectures on lacunary bivariate polynomials are deep, since
for instance both the real 7 and 7-conjectures have dramatic consequences
in algebraic complexity; They imply almost the separation of both main
algebraic complexity classes VP and VNP (for an introduction to the VP
versus VNP see for example [21, 6]).

An other phenomenon of importance, arising from part B of Hilbert’s 16th
problem, is the question of the accumulation of limit cycles of trajectories of
planar polynomial vector fields. In this context, the Bautin index of the dif-
ference, between the Poincaré first return map of a polynomial deformation
of the planar field and the identity map, is a bound on the number of cycles
of the vector field. Localizing those cycles therefore consists in knowing the
maximal radius of the disc where only b zeros occur, the number of zeros
that one necessarily finds, as observed above, in any ball centred at zero,
say (see for instance among many other references |1, 2, 8, 10, 19, 24]). We
provide a lower bound for this radius in our algebraic context, that is, we
give in Theorem 5.15 a lower bound in terms of the lacunarity diagram of @,
g and ag, for the radius p of a disc Dp C Dy in which f has only b zeros,
uniformly in A.

In [7, Section 3.4] the case of a transcendental analytic lacunary curve
(x,h(x)) has been considered, in order to obtain a bound for the number of
zeros of Q(z, h(x)) on Dy, polynomial in d. As explained above, we consider
instead here the quite opposite case where the curve is rational and the
polynomial family @ is lacunary. The challenge being here to find some
room between b and dD for Z, and we indeed show that there is some.
In both cases (analytic in [7| and rational here), we start from a Jensen-
Nevanlinna type estimate of zeros in Bernstein classes (see [20, Section 2.2],
[24], and Remark 5.22), all the information we need to obtain an estimation
of Z is contained in the Bautin matriz M of fy (see Section 4), defined as the
matrix of the linear map sending the parameters A of @ to the coefficients

2The multiplicity can be made arbitrarily large on the coordinate axes without altering
the number of monomials by multiplying Q1 and ()2 by a large monomial.
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of the polynomial fy). In particular b appears as the rank of the lowest row
in M independent of the above rows, and Z may be estimated from b, the
module ¢ of a non zero minor of maximal size in M, and from the dimension
o of the Bautin ideal. Consequently our method consists in the reduction of
M: we provide in Section 2 and 3 an explicit Gauf reduction of M, that we
can perform by blocks thanks to our lacunarity conditions. Crucial technical
tools to achieve the reduction are the combinatorial Lemmas 2.5 and 2.7. A
special case occurs in this reduction, enlightening a geometrical degeneration
condition on the parametrization (Py, P,), the case where P; and P, have
proportional initial jets at the origin, up to some non trivial order > 1. The
reduction of the Bautin matrix in the singular case is specifically treated in
Section 3. In this singular case, b and 0 differ from their values in the regular
case, where P; and P, have no proportional jets.

In Section 6 we show how to reduce the general case of a rational curve to
the case of (P1, P»)(C), with P;, P, € C[X], under our lacunarity conditions,
and therefore from now on and up to the final Section 6, we only consider
the polynomial case.

1. INTERSECTION OF A CURVE AND A FAMILY OF CURVES

For the convenience of the reader, we recall here the notation of |25, 7],
in order to adapt it to our context.

In what follows, for a real number R > 0, Dp is the closed disc {z €
C,|z] < R} in C. For Di,Dy € N\ {0} and complex numbers af,...,al,
i = 1,2, we consider

Dy Do
(1) P(X) = (Pi(X), (X)) = <Z a,ix'f,zazxk> ,
k=0 k=0

a nonzero polynomial mapping of degree D = max{D;, Dy}, sending 0 € C
to 0 € C? (thus af = a3 = 0), and we denote by Mp the real number

(2) Mp = _max |F(z)].
z€DR,i=1,2

Let m € N, and Q;, i = 1,...,m, be a family of monomials of C[X,Y] of
degree at most d, for some integer d € N. For A = (A1,...,\p) € C™, we
denote by @) the following polynomial of degree at most d of C[X,Y]

Qx =Y _ NQi.
=1

_ In what follows we are interested in the set of zeros in Dpg (actually in
Dpy4) of the linear family (with parameters Ag, ..., Ay,) of polynomial func-
tions

(3) Iz) =Qx(P(2)) = Z)\in’(P(Z))-
i=1
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Geometrically this is the number of intersection points, for z € Dg, be-
tween the plane algebraic curves z — P(z) of degree D of C? and @ = 0 of
degree d of C2.

Remark 1.1. If Q,(P(z)) = 0 for any A € C™ and any z € Dg, then
for any i = 1,...,m, Q;(P) = 0 on Dg. We will always consider families
Q1,...,Qm such that for at least one parameter A € C™, fy(P) is not
the zero polynomial. We can easily achieve this condition for instance by
taking the monomial of constant value 1 in the family, or by allowing no
zero polynomial among the P;’s. Moreover we will consider zeros of f) only
for such parameters, and in this case the number of zeros of f) is a finite
number.

Denoting, for i =1,...,m,
dD '
Qi(P(2)) => ;2" and Bp=  sup  |Qi(P(2)),
k=0 z€Dp,i=1,...m
by Cauchy estimate we have for any ¢ =1,...,m and any k =0,...,dD
i Br
(4) ekl < T
We write fy as a polynomial with coefficients linear forms vg,...,vgp of
parameters Aq, ..., \,. Namely
dD mo
(5) iz) = ka()\)zk, where v (\) = Zc%)\i.
k=0 i=1
We thus have by (4), for any £ =0,...,dD
mBR\)\\
(0 o] < 2R
where |A| = max{|A1],...,|[Aml|}.
Now we define the Bautin index b = b(fy) of the family fy. Let, for i € N,
L; be the linear subspace of C™ defined by vg(A) = ... = v;(\) = 0. We
have

LoDL12D...L;D...D Lyp.
Hence on a certain step b < dD this sequence stabilizes

Ly 2 Ly=Lyy1 =--- = Lgp.
Definition 1.2. We call the integer b defined above the Bautin indez of the
family fy (see [1, 2]).

Remarks 1.3. - Note that A € Ly <= vx(A) =0,fork=0,1,...,dD.
- Equivalently, b is the biggest index & such that vy, & Span(vg, -+, vg_1).
- Following Remark 1.1, for a given polynomial mapping P, we choose
a family Q;,i = 1,...,m such that L, # C™.
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- The curve P(C) is an irreducible algebraic subset of C2. The vector
space Lj is the space of parameters A € C™ such that @y € I where
I is the ideal of P(C) in C[X,Y].

Since Ly # C™, for A ¢ Ly, the multiplicity of f\(z) at the origin is well
defined. The following proposition is a variant of [7, Proposition 2.3].

Proposition 1.4. Let us denote by p the maximal multiplicity at the origin
of f(z), with respect to the parameters X  Ly. Then u=0b>m — 1.

Proof. There exists a parameter A ¢ L; such that fy(z) has multiplicity p,
that is such that

A2) = (N2 + v ()
with v,(A) # 0. Therefore A € L,—1 \ L,. It follows that L, ; L,-1, and

b > p. On the other hand, since no parameter A ¢ L can cancel vy, ..., v,
in the same time, L, C L;. But since Ly 2 L, = --- = Lgp, we have
b < .

Using this characterization of b as y, the bound b > m — 1 comes from the
fact that the linear system vg = -+ = v,;,_o with m parameters and m — 1
equations always has a nonzero solution. O

In Section 4, we bound from above the number of zeros of fy in Dg. For
this, all the information we need is encoded in the b + 1 first rows of the
rank o matrix M(fy) = (¢}), k=0,...,dD, i =1,...,m, called the Bautin
matriz of the family fr. With notation (5), the Bautin matrix M (f)) is
defined by

vo(A) A1
: =My | :
UdD()\) )\m

2. TRIANGULATION OF BAUTIN BLOCKS

Since the (k4 1)-th line of the Bautin matrix M (fy) is by definition the
line of coefficients of the linear form vy, by (5) we have to compute the
coefficients of X* in fy(X) = Qx(P(X)) to find this (k + 1)-th line.

For a monomial XY’ € C[X,Y], of degree i + j, we denote by \;; the
corresponding parameter coefficient in the family Q5. We also denote by
ng < ... < ng, = d the total degrees of monomials occuring in @,. In
the case where the family @, corresponds to all monomials XY™~ for all
0 < ¢ < {4, we simply denote by M the Bautin matrix of fy. Notice that if
we choose a subfamily for @0y, the associated Bautin matrix is a submatirx
of M (by selecting the columns corresponding to the selected monomials).

We fix in this section a degree ng, £ € {0,...,44}.

Remark 2.1. We first give hereafter the particular form of the block, de-
noted M,,, appearing in the Bautin matrix M as the contribution of all
possible monomials of X'Y™ =1 [ =0,... ny, of fixed degree ny. In general
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in our family @, (X,Y) only a certain amount of those monomials appears,
this is why we next introduce (see Notation 2.8) the block M,,, 7 correspond-
ing to a certain choice T" of 7 < my + 1 particular columns in M,,,, that is,
to a certain choice of 7 parameters A;,,—; in the family Q.

Remark 2.2. As already mentioned, up to some translation, we assume
that (Pp, P2)(0) = 0, and therefore that the multiplicity at the origin of P
and Py is bigger than 1.

As before, let D = max(D;, Dy). Let v; and vy be the multiplicities at
the origin of P; and P, respectively. Up to permutation of the variables, we
assume in what follows that 1 > 15 > 1, and we will use the notation

v =min(v,va) = vs.

We write P; and Ps in the following way

Di—11 Do—vo
PX)=X" > X', P(X)=X" Y a; X',

i=0 i=0
and

Q(X1, X2) = X{ X571,
for I = 0,...,ny, where ag and ag are nonzero. If needed, we will adopt
the convention that coefficients above the degree are set to 0. Denoting
N; = (ng—I)Dy+ IDy — ny and Z by Z, for

iyttt (v1—v2) I+t i, - 1=k w=k
k =0,..., Ny, the parameter A ,,—r in f) appears in front of the polynomial
ID1—|— ’ng IDQ vny
ROOTREOMT = 3 D an it oy, X0
Therefore all monomials @ of degree ny contribute in f) only for vy with
k =wvny,...,Dny, and this contribution is the coefficient
(7) Z/\I ne—I Z Oy o Qi gyt g,
x=k—vny

It follows that the monomials of @ of degree ny contribute in M for a block
M, with (ng+ 1) columns and (ny(D — v) + 1) lines, corresponding to the
(ng+1) parameters Ao p,, . .., An,0 appearing in vg (), for k = vny, ..., Dny.

In this block M, the (I +1)-th column, for I =0,...,ny, starts at row 1
with entries

E :O‘il T @y Qgy Gy g E :O‘il T QG Ay GG, gy et

and ends at row Ny + 1, with entry Z Qjy v QG Ay
*=Ny

ajnefl :
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Notation 2.3. For i > 0, we denote by C>; the data

Di1+Do—v1—vo—2i+2
CZZ _()\’ia)‘i-i-la"'7)‘D1—Vlaliali+l7”’7lD2—I/2) GN 1P r 9

and
A:)\l+”’+)\D1—I/17 L:ll+”’+lD2—V27
A=t Ap, )l Li=4L!lp,—u,!
Remark 2.4. A monomial m, in «ag,...,ap,—p,,00,--.,0Dy—1y, i column

I+1e€[l,n;+1] and at row r € [1,n¢(D — v)+ 1] in M, is of form

(8) oy g ala a2

with

9) A+ +Apy— =Lilo+ - +lpyv, =1 — 1,
and

(10)

0Ao + - -+ (D1 = v1)ADy oy + (11 = 2) I +0lg +- -+ (D2 = 12)lpy vy =7~ 1.

Notice that the data C>g fix the monomial m. However, from (9), the data
C>1 with the column I already fix m. The coefficient in front of such a
monomial m in column 7 is

(o) ()
)‘07"'7)\D1—I/1 lOa"'7lD2—I/2’

where the notation < ! ) > stands for the multinomial - " There-
0,0, 10p 1 ip!
fore this coeflicient is
b Qo )T (ot 1) (=)
Cenl = A L
1 I—(Xo+1) ng—I—(lo+1)
11 = I—k —I1—-k).
() v 1 00 I 1o

Notice that, according to Notation 2.3, we have I —A\g = A and ny—I—ly =
L. So for a monomial m of given and fixed exponents C'>1, the coefficient
PCgu 7 is a polynomial PC21 in I of degree

(12) deg(Pcs,) = A+ L.
Furthermore, the leading coefficient of P, is
(-1)*
13 .
(13) AL

Lemma 2.5. Let ce N and T' = {t1,...,tcq1} C C, with t; <t fori < j.
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(1) There exists a finite sequence (Kt j)jer depending only on T', such
that for any polynomial P € C[X] with deg(P) < ¢, we have

Z P(j)Kr; = coeff xc(P).
JET
In particular when ¢ > deg(P) we have ;. P(j)Kr,; = 0.
(2) On the other side, for ¢ < deg(P), we have

c+1
(14) > P(j)Kr,; = coeff xe (P) + coeff yer1 (P) Y 5T Ky,
JjET j=1
c+1
+ -+ + coeff yaea(r) (P) Z t;leg(P)KT,tj.
j=1

Proof. Let Vr be the Vandermonde matrix related to 7', that is to say

1 1 ... 1
t1 to -0 ey

Vr=]|. | g
ty oty e tog

Let us denote by vr its determinant. We have

vr=[[ @ —t)

1<i<j<ctl

Let us first prove (1). For this let C' be the row matrix of coefficients of P,
completed at its right with ¢ — deg(P) zeros. Notice that

C-Vp=(P(t1),P(t2),...,P(tey1)) -
Let VT_’ cl 1 be the last column of the inverse matrix of V. We have
coefch(P) =C- VT . VT_701+1 - (P(tl)7p(t2)7 s 7P(tc+1)) : VT_701+1’

Consequently, it is sufficient to take for K7, the pt element of Vi Cl 1, Which
is by Cramer’s formula

(_1)c+p+1 1

det(VT\{tp } ) = H

(15) Kr, = _
! i;ﬁp(tp - tl)

v
This define the sequence Kry,,...,Kry, ., and proves (1).

To prove (2), assuming ¢ < deg(P), we consider Vi the square matrix of
size deg(P) + 1, defined as the matrix Vp first completed at its bottom by
the matrix

tC-‘rl . tC-‘rl
1 c+1
)

deg(P) deg(P)
tl o tC+1
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and then at its right by the matrix with deg(P) + 1 rows and deg(P) — ¢
columns having only zeros for coeficients. Let us also consider ‘N/T_’ cl 41 the last
column of the inverse matrix of Vr, but this time completed at its bottom
by deg(P)— c zeros, in order to obtain a column with deg(P)+1 rows. With
this notation we have

0
.|
Vr - VT,c+1 = 1 )

c+1 4e+1
2Lty Ky,

+1 de;g(P)
Zj:l tj Ky,

where the unit appears at row ¢+ 1. Then the same computation as above,

involving Vp and Vi 01 1 instead of Vr and Vi 10 shows that
c+1
Z P(j)Kr j =coeffxe(P) + coeff xet1(P) Z t§+1KT7tj
jer j=1
c+1
+ -+ + coeff yaeg(p) (P) Z t?eg(P)KT,tj- U
j=1

Remark 2.6. In case T'={0,1,...,c} in Lemma 2.5, we have
(_1)c+p c

Kp,=——"— .

T c! P

Therefore, for any polynomial P with deg(P) < ¢, the following classical
formula follows from Lemma 2.5 (1)

(16) > (-1y <6.>P(j) = c!(—1)°coeff < (P).
j=0
We now generalize formula (16) to the case of multivariate polynomials.

Lemma 2.7. Let P € C[X1,..., X}] of total degree d. Let (w1, ... ,w;) € NF
such that d < 2% w;. Then,

Z (_1)i1+---+ik <201> L <Q:)k>P(Zl, . ,Zk) =0
(61, mii) [0 ]+ x [0,0] 1 '

Proof. By linearity it is sufficient to prove the formula in the case where P
is a monomial X" -+ X* of degree at most d. Since d < Zle w;, it means
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there exists [ € [1, k] such that 7; < w;. Therefore

3 e () ()
i

(il7"'7ik)€[07w1]]X"'Xﬂovwkﬂ

k (wi\ |
:]11 Z (—1)2J<,J>1;-Y =0,

i5€10.u5] K
since the I*® factor of the product is zero by Remark 2.6. U

Notation 2.8. For 7 <ny+1and T =T, = {t1,...,t;} C{1,...,ng+ 1},
with t; < --- < t;, we consider M, 7, the submatrix of M, obtained from
M,,, by only keeping the columns indexed by elements of 7". And in the same
way, we denote by MTo,...,Tzd the submatrix of the complete Bautin matrix M
where we only keep the blocks M, 1,, £ = 0,...,£4, corresponding to some
degrees ng,...,ny, = d, and for each of them, corresponding to a specific
choice of columuns Ty, ...,Ty,. The matrix M,, 7 has

rr = max ((ng — (t; —1))Da + (t; — 1)D1) —vng + 1

rows and 7 columns.
With the notation of Lemma 2.5 we denote by Kr the following upper
triangular matrix of size 7 x T

N
(Kr)ij = <a° Hisi=r

0 otherwise.
Notice that all diagonal elements of the matrix r are equal to one.

Remark 2.9. In the case v; # v the matrix M,, 7 is in column echelon
form. Indeed, in this case, each column is shifted down by a strictly monotone
number of zeros, from one column to the next one, and each shifted column
has for upper coefficient a (nonzero) monomial in ag and ag. In particular
the corresponding block M, r has maximal rank 7.

Following Remark 2.9, in what follows, we only deal with the case v; =
Vo = V.

Proposition 2.10. With the notation above

(1) the (upper minor of size T of the) matrix My, v - Kt is lower trian-
gular,

(2) the diagonal coefficients of (the upper minor of size T of ) this matriz
at row r € [1,7] is

Hi<r(t7’ - ti) tr—r npg—(tr+r—2)

-1
(r — 1) Qy Qg (aap — apar)”
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Proof. For r € [1,7] and ¢ > r, we compute the coefficient of the matrix
M, T - Kt at its row 7 and its column c. Under the action of the multipli-
cation by K, a monomial

o Ao—tetti A ADy—v lo+te—t; I1 . lpy—v
m; = ay a Ap,—v Qo ay Apy—v

from row 7 and a column ¢ < ¢ of the matrix M, 7 is sent to the monomial

_ Ao M ADy—v lo I lpy—v
m=aQqyay - Qp,_, dgdy - - ap,_,,

in the same row 7 and the column c of the matrix M,,, 7 - K7. Consequently,
using the notation C>1 = (A1,...,Ap,—v,l1,...,lp,—y) and Pc., of Remark
2.4 we have

‘K )
coeffo(My, 7 - K7)rc) = E 7}(??:’ coeftu, (M, 1)r,i)
i=1 1y--sslegste

1 C
= K P, i—1).

K, ,ted e ZZ:; (0ot P02 )
where, by (12) Pc., is a polynomial of degree > _;; Ai+l;. By (10) deg(Pe.,) <
r—1<c—1,and deg(Fc,,) <7—1lincase ) ;5oli+A; # 0. By Lemma 2.5
(1), we deduce from (17) that

(17)

1
By (13)7 Coeﬁm((M”Z7T ’ ,CT)T7C) equals
(_1)l1
AlllllK{tl,...,tr},tr

in case ¢ = r = deg(Pc.,) + 1, and zero otherwise. This proves in particular

statement (1), and shows moreover that for the diagonal coefficients of the
matrix M, 7 - K7, where ¢ = r, only monomials of the form aé‘oai‘laéoalf

occur, each one with coefficient

(—1)" <A1 - ll)
M+ Kyt \ L)

Considering that for monomials where > ;55 A; +1; = 0 we have from (9)
and (10) that Ao+ Ay =t — 1, \y+li =r—1and lyp+1; =ng—1t, + 1, the
diagonal coefficient at row r of M,,, 7 - K is

coeffn (M, 17 - K7)re) = coeffxe—1(Poy, (X —1)).

r—

1
(—1)h =1\ xo Ao
Z (r—1) I ap’aytagay

|
=0 W fty ot ot
1 ( ) ! r—1
_ tr—r ng—(tr+r—2 151 - Iy r—1-ly r—1-11 I
RS Qg ag E (-1) A e ag ay
. {tl,---,tr-}7t'r“ 11=0 1
1 t rmn —(t _
— A 7 2) —1
= ag lagt (a1ag — agay)" ™.

(r = DKy, oy
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This completes the proof of statement (2). O

Remark 2.11. Note that in case T'= {1,...,ny+ 1} the diagonal coefficient
at row r of the (upper minor of size ny+1 of the) triangular matrix M,,, 7-Kr
is age—2(f—1)( r—1

1/(r—=1)L

In Proposition 2.10 above we proved that the matrix M,, 7 - K7 is lower
triangular and we computed its diagonal coefficients. Let us now compute the

other coefficients of this matrix. For this, in Proposition 2.12 below, we first

. . >\D —v lD —v
compute the coeflicient of a monomial m = aéo ai‘l e aDll_V aloo all1 e aD;_V

appearing at row r € [1,7] and column ¢ < r—1in M,, 7 - Kr. Notice that
this triangulation provides monomials with negative exponent for ag, since
in I denominators agj _ti, for j > ¢, appear. So from now, we will work
with monomials where we formally allow exponent [y to be negative, that is
to say, we consider monomials appearing in M, v - K7 as elements of the
Laurent ring Clag, o, . .. ,aDl_,,,agl, a0, A1y -y ADy—p)-

Also notice that equations (9) and (10) are satisfied for monomials ap-
pearing in M, 7, as well as for monomials virtually appearing in M,, 7-Kr,

arag — agay)’ ", since in this case t, = r and Ky 414, =

. o oo\ .
since multiplication by factors | — , j > i, occurring in K7 preserves
ap

those equations.
Proposition 2.12. With the notation above, at row r € [1,rr] and column
¢ <min(r —1,7) in My, - Kr, for any exponents
M0y My A2y oo s Ay —us Loy U1y -y Ipy—yy) € NPTV 5 7 5 NP2
satisfying (10), and satisfying (9), that is to say
MN+A=t.—1, lp+L=ny+1—t1,.,
the coefficient of the monomaial

Ao\ )‘Dl—u lo 11 lDz—z/
m=ag ay -Qp -, 00 - Ap,,

is 0 in case ¢ > A+ L+ 2, and in case ¢ < A+ L + 1, this coefficient is
(18) OA4L—ct1 ke1 +OnyL—c ket -+ 00 kayr

where
1

Fon=
Ky, ted e

and forp=c,..., AN+ L,

. i U eyt
! Ky teyte

depend only on ¢ and of the choice of T, and where

—1)A-p
OA+L—p = ﬁal\-i-l/—p(lv 2,... ,A,?’L( +2—L,...,ng+ 1)7
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with og(x1,...,2a41) = Z Ty -y, be the k-th elementary
1<i1 <. <ip <A+L
symmetric polynomial.

Proof. We fix a row r € {1,...,7}, a column ¢ < r — 1, and a monomial

AD; v Ip,
m= a())‘o el D’il By aloo -a DD > in M,, v - Kr verifying the hypotheses of the

proposition.

As already noticed at (17) in the proof of Proposition 2.10, this coeffi-
cient comes from the coefficients of monomials m; in M,,, 7 which appear at
the same row r as m, at columns i = {1,...,c}, with the same exponents
Ay ADy—ws 1, Ipy—y as in m, but with exponent \g — t. + t; for ay,
and exponent [y + t. — t; for ag. Notice that this monomial exists in M,
if and only if \g —t.+t; > 0 and lyg + t. — t; > 0. This gives rise to the
following expression for the coefficient of m

1
Coeﬁm = Ki Z K{t1,~n,tc},tipc>l(ti - 1)
{tl,---,tc}vtc ie[[l,CH st -
Ao—te+t; >0 and lo+t.—t; >0

with Pc., the polynomial of degree A+ L defined in Remark 2.4. Since Pe.,
is defined by the expression (11), this polynomial cancels at 0,...,A—1 and

— L+ 1,...,np. Moreover assuming Ao — t. + t; < 0, it implies that
ti—1<t.— X —2=A—1 Consequently P, (t; —1) = 0. Similarly,
if lg+t.—1t; <0, thent; —1 > lg+t. = ny — L + 1 which again implies
Pc.,(t; —1) = 0. Consequently, the sum above is unchanged if we sum over

all 1, c]:

1
(19) coeffy, = m Z: Ky oaoy i Pos, (i — 1),

- In case ¢ > A+ L+ 2, by Lemma 2.5 (1), coeff,, = 0.
- In case c < A+ L+ 1, by (14) of Lemma 2.5 (2), we have
1

coeffy = ——— (coeﬁ‘chl(PcN(X —-1))
Ktrtehte -

(&
+ coeff xe (Pos, (X = 1)) Y 5K 1. thy

C

+ -t coeff yatr (Pczl (X —1)) Z té'\—i_LK{tl,...,tc},tj) .
j=1

We recall from (11) that

L A
Poo, (X =1) = A,L, 1;[

::]h

ng +2—k)).
k:l
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It follows that forp=c—1,..., A+ L
(20)
(-1
COGHXP (PC’>1 (X—l)) = TOA+L_p(1, 2, v ,A, n£+2—L, o, Ny, n£+1)
= 1Ly

O

Lemma 2.13. Let N,R,p € N withp < R < N and fi*" : [0,R] = N
be the function defined by ff’N(n) =0p(1,2,...,R—n,N —n,...,N), with
the notation of Proposition 2.12. There exists a polynomial PpR’N of degree
p such that fiN (n) = BN (n), for all n € [0, R].

Proof. The proof is by induction on p > 0. Notice first that f(fz N =1isa
constant function. Then for p > 1 a direct computation shows that for all

n e [0,R—1]
N +1) = N (n) = (N=R=1)0p-1(1,2,...,R—1—n,N —n,...,N).

Since by induction hypothesis the right hand side of the above equation
equals the polynomial (N — R — 1)P§__11’N of degree p — 1 on [0, R — 1], so
does fiN(n+1) — £ (n).

We just need to show this implies there exists a polynomial Pf N which
equals ff N on [0, R]. To do that, we follow for instance [9, Proposition 1.7.3
(b)]. Let us consider the family of Newton polynomials ((‘): ))ren defined by
(‘i{) = %H;&(X —1). We can easily notice that ((i{))rgd is a basis of
polynomials of degree at most d. Moreover, a simple calculation shows that
for r > 0, (X:'I) — ()f) = (T)_(l). Writing (N — R — 1)Pf__11’N in this basis,
we obtain the coefficients (¢p—1, ..., cp)

X X
R—1,N
(N — R—1)P 7"V (x) :c,,_1<p 1) +ops (p_2> e

Let us define

X X X
RN _
B (X)—Cp—1<p>+Cp—2<p_1>+"'+00<1>+K

where the constant K is chosen to get PpR N(R) = f N (R). Tt follows that
for any n € [0, R — 1], PpR’N(n +1) — Pf’N(n) = f’N(n +1) — f’N(n).
An easy induction finishes the proof. O

3. TRIANGULATION OF BAUTIN BLOCKS - THE SINGULAR CASE

In this section we continue to focus on the case v = v = v5. We assume
that the upper 7 x 7 minor of the lower triangular matrix M, - Kt has
determinant zero, where T'= {t1,...,t.} C{l,...,ng+ 1}, with t; <--- <
tr, is a choice of 7 columns in the Bautin block M,,,, according to Notation
2.8. By Proposition 2.10, the condition that the determinant of the upper
7 X 7 minor of M, 7 - K7 is zero means that aga; = ajap. There exists
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w € C\ {0} such that ap = pag, 1 = pay, and we denote by k the largest
integer in [0, min(Dy, D2) — v] satisfying

(21) (gy ... o) = p-(ag,...,ax),

assuming in this section that & > 1. In the lower triangular matrix M,,, 7-Kr
we fix a row r € {1,...,rr} and a column ¢ < r — 1. The entry in M,, 1 -
Kr at row r and column c is a polynomial in «q,...,ap,—,,00,--., GDy—p
(actually a Laurent polynomial, since ag may have negative power [y after
multiplication of M, 7 by Kr), which is a linear combination of monomials
of the form

ADy v 1Dy
m=oap’ayt - apSagal - ap)

with, according to (9),
(22) No+A=te—1, lo+L=ng—to+1.

If, according to condition (21), we replace for i € [0, k], a; by pa; in the
monomial m we get a monomial of the form

= A >\D v 1 lD _
(23) W= plote e GSOHO o aik”’“ oo el ap )Ty

Notation 3.1. For i =0,...,D — v, let us denote
AZi:)‘i+”’+)\D1—V7 in:li+---+lD2—V7
WZ@' =i\ +...+ (D1 — V))\Dl_,, +ial; + ...+ (D2 — V)ZDQ—I/‘

Notice that up to now we have used A instead of A>; and L instead of L>;
(see Notation 2.3); In what follows we use those two notations.

Remark 3.2. Using Notation 2.3, in case C>j41 is fixed, so is Ao+ ...+ g,
since

(24) /\0+---+/\k:tc_1_A2k+l-

On the other hand, since A\g+ly = ngy—L>1—A>;, monomials m contribute,
after the substitution of «; by pa; for i € [0,k] in m, to a monomial m
defined only by the data T', ¢, (w1,...,wy), and C>py1, where for all i > 0,
w; = A; + 1;, and according to (10), the sequence (w1, ..., wy) verifies

w1 + 2wy + - - - + kwy, ZT—l—WZk_H.
Also notice that
w0:/\0—|—lozn4—w1—---—wk—AZkH—LZkH.

Remark 3.3. By Proposition 2.12, in case A+ L —c+ 1 < 0, the coefficient
of m is zero, so we may assume that A+ L —c+1 > 0.

Remark 3.4. By Proposition 2.10 (2) the entry at row 1 and column 1 of
M, - Kt is

(25) Oéél_lagl_(tl_l) _ Mtl—lagz’
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and by (23) a monomial m at row r and column ¢ in M, 7 - K is of form

=~ AoteA N wo | qwk Akt ADi—v lepr o lDy—w
(26) m=pu Qo Gy Qpyy Qp oy, Gy Gpg

coming, after the use of (21), from monomials (at same row r and same

ADq — lp,_
column ¢) m = aéo e aDll_V"af)O e aD;_;, where w; = A; + I;, and where

(27) (.. 1) € [0, 1] % -+ x [0, wg]-

Proposition 3.5. With the notation above, the entry at column ¢ and row
r € [1,(k+1)c—k] in the matriz My, 7-Kr is zero for 1 <r < (k+1)c—k,
and for r = (k+ 1)c — k this entry is the nonzero constant

te—c
pte - -
28 (c— 'Ky 1y a5 (@ — pag)
° 1s--tlegste

Proof. A monomial m as in (26) of Remark 3.4 depends only on the choice

of wy,...,wy and Cspy1, as pointed out in Remark 3.2. So we fix a choice

of data wr, ..., wg, C>py1 with wy +2wo +--- + kwy, =r —1 — W>p41. On

the other hand, the monomial m comes from all monomials m as in Remark

3.4, parameterized by (l1,...,lx) € [0,w1] x -+ x [0, wg], and Proposition

2.12 gives the coefficient coeffy, of m at row r and column ¢ in My, 7 - K.
Two cases may then happen:

(1) We first consider the case w; = --- = wy, = 0, that is to say that the
monomial m is given by a monomial m, where \y = --- =\ =11 =
--+ =1l = 0. It implies in particular that

(29) A+ L= Asppn+ Loper < Wopa/(h + 1) = (r — /(4 1)
So, since ¢ > (r+k)/(k+ 1),

r—1 r+k

1=0.
el keriTo

(30) 0<A+L—c+1<

Consequently inequalities (29) and (30) are equalities. In particular
Met1+ g1 =c—1and foralli > 1, if i # k+1 we have \; = [; = 0.
Moreover there is a unique monomial m which gives m. Its coefficient
is by (18) of Proposition 2.12

(—1)t+1
Dt Mot Ky vrte

tc—l—)\k+1

pooke—1 = p
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There are exactly ¢ such monomials m (we can choose the values of
Ag+1 and lgy1). The sum of these monomials is

S ple= et (=1t ag™ T ta) = lk“akﬂlkﬂ
2o ly1!(c—1— lk+1)!K{t1,...,tC},tC Pt
k1=

/‘tc_c n e+l c—1\ c-1-44, l

RCER T T Z <k+1> Ger - (THaE )
mrelie lg41=0
ple¢ 1 -
agz o (Qpy1 — pagy1)©

- (=Kt

(2) Otherwise, some w; is not zero where 1 < i < k. By fixing the
monomial m, we already fixed C>jy1, while (I1,...,1;) € [0,w1] x
- % [0, wg]. The coefficient of a monomial m which gives m is given

by (18) of Proposition 2.12, and is

coeffyy, = opqp—cyike—1 + -+ ookpayr

where
K
k, = P
K{tlv"'vtC}vtc
and
(_1)p+L
O'p = ng(l,2,...,A,ng+2—L,...,TL[+1)
with

C
K. 1=1and K, = Zt?’K{tl,...,tc},tj when p > c.
j=1
Since (ly,...,l) is going through the box B = [0,w;] x -+ X
[0, wg], coeff is

w w A+L—c+1
31 [}/’ -1 li+-+1 1 v k -1 p
g R (U ()Y
leB p=0
XKA+L pO'p( A’I’Lg—l—Q—L .,’I’Lg—l—l),
with
i - (L7 |
AspynLspgrn(wi!) - (W) Ky vt
By Lemma 2.13, foranyz oi(l,...,A\ng+2—1L,....ng+ 1) is a

polynomial in [} + --- + [} of degree at most ¢. So,

A+L—c+1
Z (—1)PKpqr— pO'p( SN ng+2—L,.. . ng+1)
p=0
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is a k-variate polynomial in (l,...,[x) of total degree at most A +
L—c+1.
Finally, we have
(k‘+1)(c—1) 27‘—1:WZO
>wy + 2wy + -+ kwy + (B 4+ 1)(Asp1 + Legg1)-
It implies

kwiy + (k—Dwa+ -+ w

A+L—(c—1)< bcwy g

kE+1
since we assumed that one of the w; is nonzero. By Lemma 2.7, the
expression (31) above cancels. O

Remark 3.6. In case P; = P, all columns of M, 7 are linearly dependent.
In the first row, only the entry of the first column is nonzero. Therefore, all
columns but the first one in M, 7 - K7 have zero for entries.

4. LACUNARY CURVES

From now on, we consider that the polynomial Q) = > 7", \;Q; is la-
cunary, in the sense that the family of parameters A = (A1,...,\;,) has
zeros at prescribed places, and of course we then omit those zero param-
eters. We still denote by d the degree of @y, and by m(= mg < d + 1)
the number of (nonzero) parameters of the family A\. We still denote by
ng < np < --- < mny < ...<ng, = d the sequence of /; degrees of the
monomials (); appearing in Q). In addition, we return to the general case
V>V =U.

We have already considered in the previous sections some general choice
of coefficients appearing in @y, by selecting, for ¢ € [0, £4], 7¢ columns T, =
{tg’l, R ,tgﬂ—[} C {1, s, Ny + 1}, with g < - <y, in the block Mne,
corresponding to the specific monomials Xt.i—1yne=(ei=1) ;=1 7 of
degree ny, a choice giving rise to the notation M,, 1, for the blocks of the
Bautin matrix MTo,...7Ted (see Notation 2.8).

Definition 4.1. With this notation we say that the data
(d,ﬁd,no, . ,ngd,T(), . ,ng,t071, . tgdﬂ—zd).
are the lacunarity diagram of Q.

Notation 4.2. For any ¢ € [0,44], we denote by @, ,, the homogeneous
part of degree ny of the polynomial Q. With the notation above we have

Te
Q)\,nl (X, Y) — Z )\[JXte’i_lYne_(tlyi_l)?
i=1
and £4 + 1 is the number of homogeneous polynomials in Q5. The number
m of parameters of the family Q) is

m=1+---+7, <(ng+1)+--+ (ng, +1).
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We set for £ € [0, 44],

Uy :(tg,l — 1)1/1 + (nz — (t&l — 1))V2,
and 7y :(tgﬂ — 1)1/1 + (nz — (tgﬂ-l — 1))V2.

The first lacunarity condition we consider is a condition insuring that the
Bautin blocks M,,, 7 do not encounter each other at some line in the Bautin
matrix MTov---,Tzd- Since, for £ € [0,£4], the block M, 7, might contribute
in fy at least to degree vny and at most to degree nyD, a first convenient
condition is the following arithmetic progression for our degrees ng,...,ng,

(L£1) Ve e 0,0q — 1], vngrq > neD.

More accurately, with Notation 4.2, for ¢ € [0, ¢4], the block M, 1, con-
tributes in fy at least to degree vy.

Moreover we allow that two blocks Mnel,T and Mn@ 7 (with 01 < 03)
encounter at a same row r if the rows above r in Mnel,T are already of full
rank. Consequently the sharper, but more involved, conditions insuring that
our blocks do no intersect, are

(£2a)
in the case vy = vy, V0 €[0,05—1], vngr >vng+ (E+1)(my — 1),

(L)
in the case vy # vo, V0 € [0,0q—1], Dpr1 > Vg

where we recall that k is defined as the largest integer such that («g, ..., q) =
w- (ag,...,a) for some p € C\ {0}.

We can even refine hypotheses (La4) and (Lgp), in the sense that we can
allow more polynomials, under the following refined lacunarity conditions
(L3a) and (Lsp).

Indeed in the case v; = vy, after triangulation (obtained by a columns
operation) of a Bautin block M,, 7, - Kr,, the leading entries of the column
echelon form appear on rows {7y +i-(k+1) | 0 <14 < 74}. Consequently,
the following hypothesis is sufficient to ensure the different selected rows of
each block do not overlap
(L3a)

\V/(f,gl) S [[0,&1]]2, > (" and vy = ﬂg/[mod k’—l—l] — Uy > ljgl—l-(k’—l-l)(Tg/—l).

In the other case, 1y # v, the rows which are linearly independent of the
previous ones (see Remark 2.9) of a block M, 1, are the rows {(t,; — 1)v1 +
(ng—(te;—1))a | i € [1,7]}. Given @y and a pair of polynomials (P, P»),
one can directly check whether two such rows of different blocks coincide,
and the proof still works if it is not the case. Noticing that the gap between
two such rows of a same block is always a multiple of |4 — 5], one can still
set this sufficient hypothesis
(L3b)

V(f,fl) S [[O,fd]]2, (f > (' and Vp = Dg/[mod |I/1 - 7/2”) = (17@ > ﬁg/).
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Remark 4.3. Under condition (£1), (L24), (Lap), (L3a), or (L3p), we have
A € Ly, that is to say Qx(P1, P2) = 0, if and only if for any ¢ € [0,4,4],
Q)\,ng(PhPZ) = 0.

5. ZEROS OF FAMILIES OF LACUNARY CURVES

Using the notation of Section 2, let us consider a basis (v;,,...,v;,) with
S = {i1,...,is} € {0,...,b}, of the space of linear forms vanishing on L,
chosen among the elements of the family (vo, ..., vp).
'For any form v;(A) = 71", ;A\, since v; € Span((vk)kes), there exist
i1

v; ,...,’y;-” € C and ¢ such that

(32) vi(N) = AoV, IV < @l
kesS

where |v]| = maxj—1,._m |C;|

Remark 5.1. We have o0 = dim(Span((vg)res) = m — dim(Lp).

Notation 5.2. We denote by ¢ = ¢(fy, S) > 0 the minimum of the constants
¢ satisfying (32).

With the notation of Section 1, in this section we estimate from above the
number of zeros of fy in a disc, following [20] and [7]. To fix notation, and
for the convenience of the reader, we recall and adapt the method to our
situation.

Definition 5.3 (Bernstein class). Let r > 0, a €]0,1[, K > 0 and f be a
nonzero analytic function on a neighbourhood of the closed disc D,.. We say
that f belongs to the Bernstein class B,{ a.x When

maxp_|f] K
maxp [f] ©

Now let the family Q;,7 = 1,...,m be given, and let the Bautin index b as
in Section 1. For any r < R and any « € ]0, 1], we denote by p the maximum
of | o] over the closed disk D,,.. By (4) we get for all 4, |v;| < u1/(ar)?. Hence,
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following the proof of Theorem 2.1.3 in [20], by (32) and using again (4),

(33) max(|f]) <Z|vz W+ ) o (W)

=0 J>b+1
b .
ZM+ZDWMM)
i=0 j>br1keS
< ab l—a —l— Z Z <R] max ]cﬂ) [k (A )\( )
j>b+1keS
b+1 i
wl—o r\J
< T Bl 3 (5)
keS J>b+1
b+1 b+1
pwl—o (r/R) 1
<———+B
o i-a T Rcl—r/R'ukeS (ar)k

p a(l —a?) Brer b—k
< 1 .
~ab ( T ¢ RML(1 —7r/R) ];(ar)

Let us introduce 6, = > ;. p"~*. We have

= if p <1,
(34) 5,<{ 0 if p=1,
pb*’l% if p> 1.

It follows that for A &€ Ly, f € BT{Q’K with

1 a(l —ab) Breraa,
35 K=—|(1 .
(35) ab ( R +Rb+1(1—r/R)

We can now give in Theorem 5.5 (in the same way as [20, Lemma 2.2.3])
a bound from above on the number of zeros of fy in D R/4, using the follow-
ing Jensen—Nevanlinna-type inequality (see |23, Lemma 1], or [24] for other
proofs of statements comparable to (2) of Theorem 5.5 below).

Theorem 5.4. Let f) € Bga K> then the number of zeros of fx in D, is at
log K

log((1+ a?)/2a)

most

Theorem 5.5. Zeros being counted with multiplicity, we have the following
uniform bounds.

(1) The mazimal number of zeros of fx, with respect to X\ ¢ Ly, in the
disk Dr, is at most
4

5blog 2 + 51og(2R" + Breap,y) — 5blog(R).
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(2) The mazimal number of zeros of fx, with respect to X\ € Ly, is at
most b in D,, where

R
< .
P=g max(2, Brco s/ R?)

Proof. Since for A & Ly, fy € Brl’aK for any r < R and any « €]0, 1], and
for K as in (35), choosing r = R/2 and a = 1/2, one gets K < 2(2 +
Breapya/ R’}). By Theorem 5.4, one obtains that the number of zeros in

1 Brcogya
——— | blog2+1 24 ———
log 5/4 < g+ og( i RY

< 5blog 2 + 5log(2R” + Brcogyy) — 5blog(R).

The second bound in the statement comes from |20, Lemma 2.2.3]. U

Dr is at most
4

The next step consists now in the search of a bound from above for the
constants b, ¢ and o appearing in Theorem 5.5. All the information we need
is encoded in the rank o matrix M(f\) = (c), k =10,...,b, i = 1,...,m,
with b+ 1 lines and m columns.

Notation 5.6. We will denote by d > 0 the maximum of the absolute value
of all nonzero minor determinants of size o of the Bautin matrix M(fy).

We give below an estimate of the constant ¢, and then of Z(f)).

Proposition 5.7 (|7, Proposition 2.11]). Let fy be given as above, with

A& Ly. Then
(Bry/a)™!

c(fa) < O R

where B =0bif R<1 and B =0/2 if R > 1.
In the disk D r, the mazimal number Z(f\) of zeros of the family fy, with
4

respect to the parameter X\, satisfies

UJTHB}J-%&R/4 .
Z(fx) <5blog2+5log | 2+ ——mp—— | R,
o+1 _
4 Z(H) < Bhlog2 4+ 5log [ 24 L DRIRAN o
an (f)\)_ og + og +W ’Lf > 1.

Proof. The proof of the bound on ¢(f)) is the same as the one of [7, Propo-
sition 2.11|. The proof of the bounds on Z(f)) is then a consequence of
Theorem 5.5. U

Remark 5.8. Since fy(z) = 0 for any z € Dp is equivalent to fy(Rz) =0
for any 2z € Dy, a uniform bound with respect to A ¢ Ly(fx(Rz)) on the
zeros of fy(Rz) in D% gives a uniform bound with respect to A & Ly(fr(2))

on the zeros of fy(z) in Dx.
4
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~ P
If we denote by P the polynomial mapping U with notation (1) and (2),
R

we have a bijection between Lb(f)\ = QA(]B)) and Ly(fy) sending (A;)i=1,...m

M
R
ing to the parameter A;. In consequence a uniform bound, with respect to
A & Ly(fy), on the zeros of fy = Q,(P) in Dxr gives a uniform bound,
.
with respect to A & Ly(fy), on the zeros of fy in Dr. Notice that in this
4

s
to < ! > , where d; is the degree of the monomial ); correspond-
i=1,...m

situation since P has its components bounded by 1 on Dg, for any monomial
Qi, Q;(P) is also bounded by 1 on Dg.

In conclusion to bound the number of zeros of fy, with respect to A &
Ly(fy), we can always consider that R = Br = 1, up to changing the
polynomial mapping P(X) into the polynomial mapping (of same degree D)
P(RX)/max_ cp, i 2| Fi(Rz)|.

Remark 5.8 allows us to only investigate the case R = Br = 1 without
loss of generality. By Proposition 5.7 we obtain in this case (since by (34),
we have 71,4 < 4/3) the following simple bound for Z(f2).

Corollary 5.9. Let a family fy be given as in (3), with R = Br = 1, then
the maximal number Z(f\) of zeros of fx in Di’ with respect to A & Ly,

satisfies

40'07+1
Z(fx) <5blog2+5log { 2+ —=— | .

Furthermore, the maximal number of zeros of fx, with respect to X\ & Ly, 1is
at most b in D,, where

1 < 1 . [1 3
= —min{ -, —— ¢ .
P~ S max{2, 4c/3} — & 2 47
Remark 5.10. Under condition (£;), we can improve on the bound on
Z(fx) of Corollary 5.9 by giving a better estimate on the constants 7]]?,

where j > b, in (33). Indeed, we can improve on arguments of the proof of
Proposition 5.7 in the following way. By condition (£1), for j > b, the linear
form v; is a linear combination of the v, where £ is in the set Sy, which is
the intersection of S (introduced in the beginning of this section) and of the
indices k satisfying k > 7,, — 1 (that is to say, the coefficients of vy, are given
by the last block and T, of the Bautin matrix MTO,...,Tzdv see Notation 2.8).
Working with these parameters in the proof of Proposition 5.7, gives the
same bound with o replaced by 7y, and § replaced by the determinant of the

upper 7y, X 7y, minor of and Ty,

In view of Corollary 5.9, we compute in this section the Bautin index b, the
dimension ¢ and the determinant §. All those data are related to the Bautin
matrix My, .1, (see Notation 2.8), and thanks to (£1), (£2a), (L2p), (L3a)
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or (L3p), they can be computed on the blocks M,,, £ =0,...,¢;. Moreover
for each block M,,, we can perform our computation on the reduced matrix
M, 1, - Kr,, since our triangulation process does not change the rank nor 6.

Proposition 5.11 (Value of o). Under condition (L1), (Laq), (L2p), (L3a)
or (Lsp), we have

dim(Ly) =0and o =m =19+ - + 74,
unless Py and Py are proportional, in which case
dim(Ly) =710+ + 71, — (lg+1) and 0 = {4+ 1.

In particular, in case P; and P, are not proportional, condition (Lq),
(Laq), (Lap), (L3a) or (Lsp) guarantees that (Py, P3)(C) N {Qx = 0} is a
finite set.

Proof. In case Py and P, are proportional, by Remark 3.6, any block M,,, 1,
contributes for only one linear form in a basis of linear forms of Span(v, ..., v).
It follows that o is the number of blocks, that is £; + 1.

Finally, in case P, and P» are not proportional, no parameter A # 0
can cancel Q) (Py, P»), showing that dim(L;) = 0, and by Remark 5.1, that
o=m—dim(Ly) =19+ -+ 14, O

Proposition 5.12 (Value of b). Under condition (L1), (L24), (L2p), (L3a)
or (Lsy), with the notation of Notation 4.2 and (21), we have

36 f b= v,
(36) or vy # v, 45[1(%2]] (Ve) 5

(37) and for vy =y =v, b= max (vny+ (k+1)(7v — 1)),
ZEHO,Zd]]

unless Py and Py are proportional, in which case
(38) b= vy, = vd.

Notice that under conditions (L£1), (La4), or (Lg9p), both maxima are
achieved for ¢ = ¢,.

Proof. The Bautin index b is the lowest row b + 1 in the Bautin matrix
MTo,---vTed> corresponding to the coefficients of the linear form v, where v, &
Span(vg, . ..,v—1). Under condition (L1), (La4), or (Lgp) this last row has
to be found in the last block MnedvTed of MTo,---,Tzd- This last block starts at
row g, + 1 of MTov---,Tzdv corresponding to the coefficients of V-

- Let us first assume that P; and P, are not proportional. In this
situation, we have two sub-cases.

- The first one is the case where the multiplicities v1 and vy of P;
and P, are not the same. Then by Remark 2.9 the last row in
M”Zdled independent of the highest ones is the row correspond-
ing to Vg, So b=1uy,.
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- The second sub-case is the case where v1 = 5. In this situation,
let us denote by k& € [0, min(D;, Ds) — v] the largest integer
such that the k-jets of P, and P, are proportional, accordingly

o (21). By Proposition 3.5, the row (k + 1)1, — k of the block
M”Zdled’ corresponding to the coefficients of the linear form
Uy 4+ (k1) —k—15 is independent of the other highest rows, and
the other lowest rows are not independent of those (k+1)7, —k
first ones. In conclusion, b =7y, + (k + 1)1, —k — 1 =vny, +
(k+ 1)(re, — 1).

- In case P; and P, are proportional, as noticed in Remark 3.6, all
columns of M”Zdled but the first one have only zero for entries, mean-

ing that in this situation b = vy, = ny,v = vd.
Under condition (L3,) or (Lsp), the proof is similar by replacing ¢4 by re-
spectively argmax, () or argmax,(y + (k + 1)7). O

We finally give a bound from above of §, the maximum of the absolute
value of all nonzero minor of size o of MTo,...,Tzd (see Notation 5.6). For this
we first fix some notation.

Notation 5.13. In the case where v; = 1o, with notation (21), we set
Ok = Qi1 — pagyy, Le = argmax,(7p + (k + 1)7).

In the case where vy # 1o, we set {, = argmax,(vy). And in both cases, we
set, for ¢ € [[0,44],

o= > tei, t= > &, =Y fn,

iElIl,Td] ZE[[O,Zd}] éElIO,Zd}]
n = Z Nng, TN = Z TNy,
iElIO,Zd}] ZEHO,Zd]]
1 _
Cy = , =] ¢

Hieﬂl,Tgﬂ (Z - 1)! Hz’e[[l;re]} |K{tl,17---7tl,i}7t£,i| 0e[0,¢4]

We finally recall that, m being the number of parameters of our family @,
Ly

1 ~1
m:ZTz, and we set T = Z M’ 7 = Z %.

/=0 ZE[[O,Zd]] ZE[[O,ZA]

Proposition 5.14 (Value of §). Under condition (L1), (L24), (Lop), (L3a)
or (Lsp), with the notation of Notation 4.2, 5.13 and (21), we have for
151 75 vy,

(39) 6 > |ag|" " ag ",
and for v = vy,

(40) 5> Clul"7lao| ™7 |5k,
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unless Py and Py are proportional, in which case
(41) 8 > |uffi=CatD o)™,

Under condition L1, more accurately, instead of § one can take in Corol-
lary 5.9 the following bounds: for vy # va,

(42) |a0|fgd—7gd|a0|'rgdngd+7'gd—fed,

and for v = vy,

_ T, (T¢ ,+1) Ty (Tg,—1) T, (e, 1)
(43) Clyl a2 Jag a™a™ = |5 TE
unless Py and Py are proportional, in which case
(44) a1 ag|"4a.

Proof. Under condition (£1), (L£24), (La2p), (£3a) or (L3p), & nonzero minor

of maximal size o of the Bautin matrix MTov--wTed is given as the product,

over £ € [[0,44], of nonzero minors ¢, of maximal size chosen in each block

My, 1, (as long as the rows of the minor ¢, do not overlap the blocks M, o Ty

for ¢/ > (). Moreover if needed, we can choose ¢y in the reduced matrix
My, 1, - Ky

- Let us first assume that P; and P, are not proportional. In this

situation, as in the proof of Proposition 5.12, we have two sub-cases.

- The first one is the case where the multiplicities 17 and vy of

P, and P, are not the same. Let us fix £ € [0,¢;]. Then by

Remark 2.9, the columns of the block M, 1, are shifted down by

zero-columns, and the first upper nonzero coefficient in column

tei—1 np—(ty;—1
0,0 aoe (fﬂ )

i€ [1,7],is o . We can therefore choose

5€ e |a0|zi6[[1,7'£]] tfvi_’TZ |a0|7—zn2_<z’i€ﬂl,7£]] tf,i_T[> ’

giving, with Notation 5.13, the following bound from below for
0

H S0 = ’ao‘t—m‘aolﬁ—(t—m)'
e[0,44]

- The second sub-case is the case where 11 = 5. In this situation,
let us denote by k € [0,min(D;, D2) — v] the largest integer
such that the k-jets of P; and P» are proportional, accordingly
o (21). Let us fix £ € [0,¢4]. By Proposition 3.5, in the block
My, 1, - K7, we can choose the rows (k + 1)i — k, for i € [1,7]
to compute dp. We obtain by (28), with Notation 5.13,

_rp(rgt) (rp=1) . 7p(r—1)
S = Colp|e= "5 |ag e |5 T,

giving the following bound from below for §

H 8o = Clp|"|ao ™ |0k
Le[0,64]
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- In case P; and P, are proportional, using Remark 3.6, all columns of
and T, but the first one have only zero for entries. We then choose,
for each ¢ € [0,¢4], in each block M, 1,, the first row, having for
only nonzero coefficient p!¢1~tag* by (25). This gives, with Notation
5.13, the following bound from below for §

[T Il age = |uffi=“atDaq|™.
¢e[0,64]

Under condition £q, we can take dy, in each case above as the final bound.

O

We now combine Propositions 5.11, 5.12 and 5.14 with Corollary 5.9 to
give bounds for the number of intersection points, near the origin, between
the zero set of a family of lacunary polynomials and a given polynomially
parametrized algebraic curve. Those bounds are given in terms of the data
that explicitly quantify the lacunarity: the number of monomials appearing
in the family, the degree of those monomials, and the particular choices made
among monomials of a given degree.

Theorem 5.15. Let a family fy be given as in (3), with R = Bgr =1 and
m > 2. Under condition (L1), (Laa), (Lap) (L3a) or (Lap), with the notation
of Notation 4.2, 5.13 and (21), denoting by Z(fx) the maximal number of
zeros of fx in Di’ with respect to A & Ly, we have, for P and P> not

proportional,

(1) in the case where v # v,

~ 5
Z2(fx) < 5(ve, +1)log2 + 5 (m +1)logm

+5(F—m)log <i> 5 — (F—m)) log <i>

|ovol |aol
= O(dm),

and the mazimal number of zeros of fx, with respect to X\ # 0, is at
most vy, in D,, where

3 ’aO‘E_m‘CLO’ﬁ_({_m)
p= .

= _ —
4 - 8V m"2

(2) In the case where vy = va,

Z(f\) <5(pg, + (E+1)(rp, — 1)) log 2

dm 2
+5log |24+ —=——+———+—-—
( 3CTH a0 1047 )

= O(dm),
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and the mazimal number of zeros of fx, with respect to A # 0, s
at most vny, in D,, where

_ 3 i 42 ClalTlao ™ |0k
P Qe ket D) (re, D) 3 ! '

Remark 5.16. The rational curves (P;, P») and (P, P;) are symmetric in
the plane. Given a lacunary polynomial @ (X,Y’), the number of intersec-
tion points between (P;, P») and @ = 0 is the same as the number of inter-
section points between (P, Py) and Q,(Y, X) = 0. Exchanging X and Y in
@ changes the numbering (to1,. .. ,tgdﬂd) of the columns in the following
way: In a block M, 7,, the number ¢, becomes (ng + 1)7; — t,. The bounds
on Z(fy) and p in Theorem 5.15 are unaffected under this transformation.

Proof. We consider the two cases separately.
(1) Let us first consider the case where vy # vs.
By Proposition 5.11 we have ¢ = m, by (36) we have b = vy_, and
by (39) 6 > |ag|*=™|ag| ™™, By Corollary 5.9 we deduce that

4m ™2

m+tl
Z < b5vyp, log2+51 2+ = — .
(fA) = oy, 10g 0g ( 3|a0|t—m|a0|7n—(t—m)>

Notice that since m > 2 and by Cauchy estimate |ag| and |ag| are

bounded from above by 1, we have
m+1

mo 2 > 92v3,

||t~ |ag| T (F=m)

and therefore
21 % mmTH - 3v2+8 mmTH
3ol =™ ag| =M T 6 Jag|tmag ()

Recall that the constant 5 is in fact an approximation from above of
1/log(5/4). Since we have

log((3v'2 + 8)/6)
log(5/4)
we can get the following bound from above for Z(fy)

< 5log 2,

~ )
2(f3) = 5log2(wy, +1) + 5 (m +1)logm

+5(F — m)log <i> b 5(F7 — (F— m)) log <i> .

|l |aol
Applying the second part of Corollary 5.9 we immediately obtain
that the maximal number of zeros of fy, with respect to A #£ 0, is at
most g, in D,, where

1 3‘a0’{—m’a0‘ﬁ—(f—m)
p = 8§—ee m—+1 °

4dm 2
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(2) In the subcase where 11 = w9, by Proposition 5.11 we still have
o = m, by (37) we have b = vy, + (k + 1)(7y, — 1), and by (40)
6 > C|ul*"|ao|™ 7'|0x|”. Then Corollary 5.9 gives immediately the
bounds in our statement for Z(f)) and p. O

In fact under condition £y, we can directly improve the bounds from the
previous Theorem by replacing o by 7y, and the bounds on ¢ by the bounds
given in the second part of Proposition 5.14.

Theorem 5.17. Let a family f\ be given as in (3), with R = B = 1.
Under condition (L1), denoting by Z(fx) the maximal number of zeros of fx
in D1, with respect to X & Ly, we have, for Py and Py not proportional,

4

(1) in the case where vy # v,

Tld +1
2
4Tzd

3|a0|fed—ﬁd |a0|Tedd—(fed—Tzd)

Z(fy) <5, log2+45log | 2+

= O(dm,),

and the mazimal number of zeros of fx, with respect to X\ # 0, is at
most vy, in D,, where

3 ’ao‘fzd—ﬁd’ao“rzdd—@d—ﬁd)
= 4 . 8Ded -rzd+1 .

2
Tzd

(2) In the case where vy = vy,

Z(f\) <5(wd+ (k+1)(ry, —1))log2

Tzd+1
47'&1 2
+5log | 2+ 5 (e, +1) - g ameg™ ey (e~
3C,|p|™a™— 72 |ag[™ 2 okl 2
= O(dm,),

and the mazimal number of zeros of fx, with respect to A # 0, is at
most vd in D,, where

_ Ty (Tl +1) Ty (Tl —1) _ Ty (Te —1)
) ——d *d d— d d* *d
_ 3 min d 2 Cralnl™ 2 Jag|™a 2 fog| 2
P= 4 - 8Vd+(k+1)(7’ed—l) 37 Tyt
T, 2
d

Remark 5.18. The case where P; and P; are proportional has no practical
interest, since in this situation (Pp, P;) parametrizes a line throughout the
origin. Nevertheless, by sake of exhaustiveness, we give here the form of the
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bound obtained when ¢4 > 1:

Z(fx) < 5log2(vd +1) + g(ed +2)log(lg + 1)

- 1 1
+5( — 4y —1)log <—> + 5n log <—> .
|1 |aol

and the maximal number of zeros of fy, with respect to A ¢ Ly, is at most
vd in D,, where
=t Dgq |
Lq+2

2

_ 3 |m

8 1)

Indeed, in this case by Proposition 5.11 we have o = {4+ 1, by (38) we have

b= vd, and by (41) 6 > [ ~Ca+Djag|. Since Jao| < 1, |uao| = Jao] < 1,
and n >t} — (€ + 1), we have 6 < 1, and thus

1)
Catl) > oo

|~ et Dlag |

Again, applying Corollary 5.9, the same computation as in the case where
vy # vy gives the bounds for Z(fy) and p.

Of course, we can again make these bounds more accurate under the
condition (£;) using (44).

Remark 5.19. Let P = (P;, P») be given, let us fix a lacunarity diagram
(see Definition 4.1) (d,lq,n0, ..., 70,5 T0s- - Teys to1s - - - téd,n/d)’ and let us
choose a particular polynomial @), with this diagram. The polynomial fy, =
Qx, (P1, P2) being of degree dD, it has dD roots in a disc Dg C C, for some
R > 0. Following Remark 5.8, the polynomial mapping
P(z) = P(4Rz)/ _max  |P(4Rz)]
z

1,0=1,
is bounded by 1 on Dy, and has dD zeros in D1. It follows that the bounds
4

given by Theorem 5.15 for Z(fy), relatively to the particular polynomial p
and relative to the particular degree d, are necessarily bigger than the largest
expected bound dD, and consequently, for the particular polynomial P and
the particular degree d, have no interest. This transformation of P into P
shows that in order to obtain an interesting bound for Z(fy), uniform in the
coefficients A\ of @y, one cannot avoid a dependency on some coefficients of
P1 and P2.

We stress here the fact that our bounds are not only uniform with respect
to the coefficients of the lacunary polynomial @)y, and explicitly depend on
its lacunarity diagram, but also depend on |ag| and |ag|, quantities which
are modified when one replaces P by P: considering P with |ag| or |ag| too
small gives too large bounds (see for instance Example 5.20 below).

The interest of the bounds provided by Theorem 5.15 lies in particular,
for a fixed choice of P, in the asymptotics they provide with respect to
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lacunarity diagrams, and in particular when d goes to co. We give below
such instance of interesting asymptotic bounds.

Example 5.20. Let us fix Py, P» € C[X], of degree Dy and Dy (with D =
max (D1, Dy)) and of multiplicity at least v > 1 on zero. We then choose a
sequence (parametrized by d € N) of lacunarity diagrams

(Da)aen = <d7€dan07---an5d =d, To7---,Ted,to,l,---ted,TZd>d€N,
in the following way.
- First of all we choose the sequence of degrees ng,n1,...,np, = d so
as to satisfy our simplest lacunarity condition (£;)

ng=0n1=1,...,np = (D—I—l)é_l,...,ngd =D+t =gq.

log(d
In particular {5 = 1+ %'
- Then, we assume that 74, is bounded by an integer 7 independent

of d.
It follows, by Theorem 5.17 (1), in case v1 # vy, that

5)
Z(fy) < 5log2+ bdmax(vq,1v2)log2 + 3 (t+1)logT

+5 <Td_ Q) log (ﬁ) +5 <Td_ @) log <ﬁ) ,

1
(45) ~ 5d <max(1/1, v2)log2 + 7log <—>> .
|aoaol

d—+o0

As stated in Remark 5.16, we observe in this example the symmetric role of
P1 and P2.

Still by Theorem 5.17 (1), in case 14 # o, the maximal number of zeros
of fy is at most dmax(1q,v2) in the disc D,, with

_T(T*l)
- || "2
p = 4. 8dmax(u1,l/2) TTTH

Noticing that Cp, > 1, in case v = vp = v, it follows from Theorem 5.17
(2), that our bound on Z(f)) has the same asymptotics, as d — +o0, as in
the case vy # vy, namely

(46) 5d <Vlog2 + 7log <L>> .
|agaol

Remark 5.21. The asymptotics (45) and (46) for our bound on Z(f)),
given in Example 5.20, are better than the maximal number of zeros dD,
only in case

7log N < D_ max(vy, v2) log 2.
‘Oé()a()’ 5
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As already noticed in Remark 5.19, in the situation where |apag| is too small,
those bounds have no interest; They depend on a specific choice of (Py, P;).

Remark 5.22. The classical Jensen formula estimating from above the num-
ber of zeros on D(0,1/4), for an analytic function f with initial Taylor mono-
mial woz®, gives the bound

log(1/|wo|) 1 Supcap(o,1) |/ (2)]
k(2 1 7 .
( T T ogt ) Tlog@) ® o)

Applied to the family f), from this estimate we cannot deduce a uniform
bound with respect to A, since, in this case, wg is a linear form in .

6. THE CASE OF RATIONAL CURVES

We show in this last section how to reduce the case of rational parametriza-
tions, the only situation we considered so far, to the case of polynomial
parametrizations, in order to also get a version of Theorem 5.15 in the gen-
eral case of rational planar curves.

For this, let us consider now the general case of the intersection of the
algebraic curve @@ = 0 of C? and of a rational curve is (P /V, P,/V'), where
Py, Py, V are in C[X], X divides P, and Py, ged(Py, V) = ged(P, V) =1,
and P;, P, are not proportional. In particular, V has a nonzero constant
term, denoted fy.

For bounding the number of zeros of Q(P;/V, P,/V') following Section 4,
we are reduced to the case where the rational curve is defined on D; and
both functions Py/V and P»/V are bounded by 1 on D; (see Remark 5.8).
By Cauchy’s estimate, |ag/fo| < 1 and |ag/Bo| < 1.

As above we set fi(z) = Qa(Pi(2),P2(z)). Then the Taylor series at
the origin of gx(z) = QA((P1/V, P2/V)(z)) has for coefficients linear forms
v, k € N, in the parameters A1, ..., A\, and we write

ga(z) = ka()\)zk, where vi(\) = ZCZ)W
k>0 i=1

With the notation of the previous sections, for £ € [1,44], let
PPy (2) = Zrkzk and 1/V"™(z) = Z sp2t
k>0 k>0

the Taylor series at the origin of Pf P} 1 and 1/V. In particular sy =
1/(Bo)™. We then have

plpp! r .
DR BP BT

k>0 j=0

(47) = ZS]' Zrkzk+j.

>0 k>0
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Still with the notation of the beginning of Section 5, let us consider the
blocks M(fy\) = My, 1,(fx) and M (gx) = M,, 1,(gx) of the Bautin matrix of
fx and gy respectively. The number of rows of M(g)) is potentially infinite,
and we only consider the b(gy) first rows of M(gy). By (47), M(gy) is a
linear combination of several shifts of M(fy). More precisely, by denoting
by ]\Ajj the j-th shift of M(f)), obtained by adding j rows of zeros above
M(fy), we have that M(gy) = Ej>0 Sj]\/\jj. In particular, if we consider the
triangular matrix

s 0 - 0
S1 S0
vanfvTZ = . . )
Sy Sp—1 0 S0

we get that M(gyn) = Gon,1, - M(fy) where M(fy) is the matrix M(fy)
truncated or completed with sufficiently many rows of zeros. As sg is nonzero,
the matrix Gy, 7, is inversible. Hence, the parameters b and o are no altered
by this multiplication and the minor ¢ is multiplied by sg.

Therefore, the matrix obtained by multiplying the full Bautin matrix
MTO,---7Ted (gxr), of the family gy, on the left by the matrix

Gb,no,To
Gb7n17T1
)
vanZ7TZ
0 . . 0

where there are exactly 7y rows of zeros above the block Gy, 1,, have the
same pertinent blocks, from the rank point of view, as MTo,---,Tzd (fr). We
recall that 7, was defined in section 5 and represents the number of rows of
zeros above the block M, 7,.

Consequently, under conditions (L1), (L£24), and (Lg), Propositions 5.11
(value of o) and 5.12 (value of b) still stand. Concerning Proposition 5.14,
we now have that for vy # v

a t—m a Tn—(t—m)
5> |22 20 7
Bo Bo
and for v = 1y
R Tn—7' Sk 7/
0> Clul~ T |—=— —
g Bo Bo

Similarly to Theorem 5.15, using |ag/Bo| < 1 and |ap/Fo| < 1, we obtain
that under conditions (£1), (L24), and (Lgp), for m > 2, the maximal number
of zeros of gy in Dy /4 is bounded
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- in case vy # V9, by
~ 5
Z(f) < 507, +1)log2 + - (m + 1) logm

+5(7 — m) log <@> +5(77 — ( — m)) log <@> ,

|ao |aol
- and in case 11 = vy, by

Z(f\) < 5(vd+ (k+ )7, — k) log 2

+1

dm 2
+blog | 24+ ———— —— — .
( 3C|ul*=Tlao/Bol™ 7|0k / Bol )

Finally, the bound can be again simplified under condition £; when 7y, > 2

~ 5
Z(£3) <50, +1)log 2 + 5 (7, + 1) log(7,)

+ 5(te, — 7¢,) log <@> + 5(7e,d — (te, — 10,)) log <@> )

|ovol |aol
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