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Poincaré-Friedrichs type inequalities and discrete compactness for
broken Sobolev/polynomial spaces

September 29, 2024

O. Boussoufa !

Abstract
We introduce a novel technique to establish Poincaré-Friedrichs type inequalities and discrete compactness
for broken Sobolev and polynomial spaces. Distinguishing itself from prior works, this method can be applied
to all the linear first-order differential operators, including operators with infinite-dimensional kernels. Our
contributions encompass the re-establishment of previously proven results and the derivation of novel ones, such
as a generalized Korn inequality in 2D for the trace-free symmetric gradient and the discrete counterpart of
Weber’s compactness theorem.

keywords. Poincaré-Friedrichs inequalities, discrete compactness, broken Sobolev/polynomial spaces, discon-
tinuous Galerkin, finite elements, extension operators.

1 Introduction

Discrete Poincaré-Friedrichs type inequalities on broken Sobolev spaces constitute an essential tool for the analysis
of discontinuous Galerkin discretization methods for nonlinear partial differential equations. The main contribution
of this paper is to introduce a novel technique to derive such inequalities. A continuous Poincaré-Friedrichs type
inequality has the following form:

Yo e V(Q),  [lvllvi) < clDvllLae), (1.1)

where V() is a Sobolev space and D is a differential operator (see the next section for notation). For dG schemes,
it’s essential to extend inequality (1.1) to piecewise smooth functions on a given triangulation of the physical domain.
To do so, the key idea is to construct an operator I, for which the decomposition

v=(v—TIn)+ Ipv (1.2)

is such that (v — Ipv) € V(2), and therefore inequality (1.1) holds, and an estimate like the following is satisfied :

S Wl S S elpe) B0l 1%, (13)
DePy, eclp

where ¢(p.) > 0 is a constant depending on the local polynomial degree p.. In many practical cases, properties
(1.1)-(1.3) are sufficient to deduce the inequality

1/q
[vllvie) S <|D”||%q(g) + Z c(pe) hi_q[””&q(e)) .
ecéy,
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Another contribution of this paper is the establishment of discrete compactness results. For this purpose we use
decomposition (1.2) and estimate (1.3). The key idea is to apply the compactness properties of the Sobolev space
V() to (v — Inv) and to combine estimate (1.3) and the discrete Rellich-Kondrachov compactness for (Iv).

There exist two major methods for the establishment of discrete Poincaré-Friedrichs type inequalities in the
literature. The first one was introduced by Arnold [2] to establish the following generalized Poincaré’s inequality
for piecewise H'-functions.

[olZ2y S D IVOlFamy + D he Mol
DePy, e€€y

Note that the terms related to the edges along the boundary 0f2 are also penalized which is not optimal. Arnold’s
method relies on the use of L? dual norms together with a W29 regularity estimate for an appropriate PDE. It can
be applied to a large variety of differential operators including those with infinite-dimensional kernels. However,
since regular solutions of PDEs are required, it works only for smooth domains. Completely different techniques
were introduced by Brenner [8] in order to deal with general (non smooth) polygonal domains and to derive
optimally penalized inequalities. Although Brenner’s method has been successfully applied to generalize some
continuous inequalities to broken Sobolev spaces (see [10, 9, 28]), it does not work for differential operators with
infinite-dimensional kernels. The method introduced in this paper combines the advantages of both methods. More
precisely, It is applicable to any differential operator : If the kernel of the differential operator is a finite-dimensional
space of polynomials, we prove the desired inequality for the corresponding broken Sobolev space; otherwise, the
inequality is obtained for piecewise polynomial functions. For an overview of discrete Poincaré-Friedichs type
inequalities we refer the reader to [22, 14, 12, 29, 11, 18, 20] and the references therein.

The discrete compactness properties have not been widely investigated for the spaces of totally discontinuous
piecewise polynomial functions. Using techniques inspired by the Finite Volume literature, Di Pietro&Ern [14]
established the counterpart of the Rellich-Kondrachov compactness theorem for broken Sobolev spaces. More
precisely, let {vn}re(0,1) be a sequence of piecewise polynomial functions that are bounded in the following norm.

1/q
v < SV + S h;q||[v1||‘zq(e)+zh;Q|v||iq<e)> . (1.4)

DePy, e€€int e€&y

Then the sequence (vp)pe(0,1) is relatively compact in L"(€2), where the real number 7 > 1 is defined by a well-known
criterion. In this paper we derive a better version of this result where the third sum in (1.4) can be replaced by
the g—exponent of any semi-norm ®; that satisfy some given assumptions. One possible choice is to take for all

h € (0,1), y
q
Py, = (/ lv|? dx) .
Q

This means that the terms of the third sum in (1.4) do not need to be penalized. For similar compactness results
for Finite Element spaces we refer the reader to [23, 13, 11, 21, 26] and the references therein.

The paper is organized as follows. In Section 2 we give notation and preliminaries. Section 3 is concerned with
the construction of the operator I, in the Hilbertian setting. First, we present the structure of the considered
subpartitions of Py, and introduce some assumptions. In Subsection 3.1 we construct the operator Ij for real-valued
functions. In this simplest case we present the main techniques of the method in detail. Then, we accommodate
these results to the case of vector fields in Subsection 3.2. In Section 4, we extend our method to the non-Hilbertian
setting. Finally, in Section 5 we conclude with a brief review of the paper and point out some generalizations and
future directions.

2 Notation and Preliminaries

Let Q@ C R? be a bounded polygonal domain with boundary 0. We consider two disjoint subsets yp;. and
of its boundary where Dirichlet boundary conditions and tangential boundary conditions are imposed respectively.
We use standard Sobolev spaces W#1(Q) and H(curl, Q) (see Girault&Raviart [17]). The associated subspaces



W3 () and H,, (curl, Q) correspond to null trace value (resp. null tangential trace value) on yp;. (resp. on ;).

Let {Pp},, be a family of partitions of Q into polygons, i.e. we only assume that

DND =0 ifD#D and |J D=0

In particular hanging nodes are permitted. We define an edge as a segment line of a subdomain in P;. The set
containing all these edges is denoted by &, which is decomposed into the union of &;,; and &, corresponding to
interior and boundary edges. The intersection of any boundary edge with yp,- and ~; is either the whole edge or
has null measure. We assign to each element D € Py, its diameter hp, the diameter pp of the largest ball contained
in D and a polynomial degree pp. We denote by h. the length of the edge e € &£, and define p. by the rule

max {pp,pp} ife=0DN oD € Eins,
Pp ifee &

We denote by d the couple (h,p) where h := nax hp is the mesh size and p := (pp)pep,. For any quantities A,

h

B, the notation A < B means that the constant ¢ in the inequality A < ¢B does not depend on the mesh-size and
the polynomial degrees. The broken-Sobolev space W14(Q, P} ) is defined as follows
Whi(Q,Py) ={ve L'(Q); wvpeW" (D) VDEeP,}

We set
1/q

— 1—
HUHW%’”(QJ%) = § ||VU||qu(D) + § he q”v”%q(e)
DePy, e€€intUYDir

The broken-polynomial space SP(£2,Py,) consists of (possibly) discontinuous piecewise polynomial functions, i.e.,
SP(Q,Pr) ={v e Ll(Q); vp € Py, (D), VDeP,},

where P, is either the space of polynomials of total degree at most equal to p For D € P, e € £, and v € WH4(Q, Py,)
we denote by v+ and v~ the trace value of v on the edge e from the exterior and the interior of D respectively. We
define the jump and the average of the function v by

1
_ (ot - _ + -
ol = (" =), ok =5 (0T ),
When e belongs to the boundary, the above quantities are simply the trace value, i.e.

[v] = {v} = ve.
Let D be a polygonal domain and e be one of its edges. We recall the standard trace inequality (see Boyer&Fabrie

[7)
e W (D), ol S B IDIY (ol o) + holVollao) - (2.1)
where |D| denotes the area of D.

We denote by K the unit square (—1,1)? or a reference triangle (see Fig. 1). The following inverse inequality
holds (see [16])

Yo e Pp(K),  [vllm ) SplIlvllare- (2.2)
For any real numbers s > 0 and +o0o > g > 1, we have (see Bernardi et al. [4, Proposition 4.1]),
Vo € Pp(0,1),  [[vllweaco,) S Plvliza)- (2.3)
The following inverse inequality holds (see Babuska et al. [3, Thm 6.5]),

Vv € Py(0,1), v(0) =0, /1 M
0

- de < (14 logp) vl mr2(0,1)- (2.4)



Figure 1: The reference triangle.

3 The Hilbertian case

Let 75, be a subpartition of P}, such that

1. each element in 7}, is either a triangle or a convex quadrilateral,

2. the intersection of any two elements, if not empty, is either a vertex or a whole edge,

3. for all K C Tp, there is only one D C Py, such that K € D and hp < hg,

4. to each element K € 7T, we associate an invertible affine transformation Fx : K — K which satisfies the
compatibility condition Flgll (K1 NKsp) = FI;;(Kl N Ks), for any elements Ky, K5 € Ty,.

For technical reasons, we assume that 7j is formed by the following patches.
e The patches wp;, and w; consist of triangles with at least one edge lying on ~vyp; and ¢, respectively.

e Given a set of vertices ¥, the macroelements M., for every z € ¥, collects all the triangles for which z is a
vertex. We assume that the intersection of two different macroelements is empty. Then, we define the patch
wys as the union of all M, for z € 7.

e The patch w contains all the quadrilaterals connecting the macroelements M, , that is, K belongs to w if and
only if there exist two vertices z,z such that the intersection of M, and M, with K is a whole edge. We
assume that the intersection of any quadrilateral in W with yp;,. has null measure.

e w collects the triangles surrounded with the quadrilaterals of @ (see Fig. 2 ).

To go further we make some Assumptions on the mesh 7.

(A1) The number of triangles in each connected component of @ is uniformly bounded with respect to the mesh
size h.

(A2) The triangulation 7}, is sufficiently small so that every macroelement M., z € ¥, and every connected
component of the patch @ is contained in at most two subdomains of the partition Py,.

(A3) The patch wp;, is the union of two parts wh,, and w%, such that: each triangle in w},;, (resp. w%,,) has
only one edge (resp. one vertex) on yp;., the intersection of any two triangles in wi,;,, if not empty, is a
vertex and for any two triangles K1, K2 € w},,, there exists only one triangle in w?%,, that shares one edge
with both K7 and K5. The same assumption is made for the patch wy.

We denote by T(Pp) the set of all meshes T, that satisfy properties (1)-(4) and Assumptions (A1)-(A3). An
indicator of the partition Pp’s quality is the constant
LY

k(Pp) := inf sup ——.
(Pr) TeT(P1) Kem Pl



Figure 2: A portion of the subpartition 7y,.

3.1 Real-valued functions

In this part we deal with real-valued functions defined on the domain 2. We assume that the portion v; of the
boundary is empty.
Lemma 3.1. [24, Lemma 4.1] Let p > 1 be an integer. There exists a polynomial ¢, € Pp(—1,1) such that

ep() =1, ¢p(-1) =0

and
2

2
Ppllr2(— = o
|| :DHL (-1,1) p(p+2)

Lemma 3.2. Let 4 be the union of several edges of the reference triangle K. There exists a linear polynomial-
preserving extension operator from 4 into the reference triangle K satisfying the following estimates.

e 129, 1ER W)l < clvlliaa), (3.1)
and for any continuous piecewise polynomial function v defined on 7,
1655 ()l 2 05) < cllvllzzes)- (3.2)

Proof. The desired extension operator is constructed by Ainsworth&Demkowicz [1] when 4 is equal to the whole
boundary . Let &g, k = 1,3 denote the edges of the triangle with é; = (—1,1) (see Fig 1). Now, we consider the
case 4 = €1 U és. Let v be any continuous piecewise polynomial function defined on 4 of degree less or equal to p
and denote by v, vs its restrictions on é; and és respectively.

Let ¢1 € P,(—1,1) be the polynomial of Lemma 3.1 such that ¢1(—1) =1, and ¢;(1) = 0. Similarly, we denote
by @2 the corresponding polynomial such that ¢2(—1) = 0 and @2(1) = 1. The polynomial 1, defined on €z by

y = v1(G2)p2 + v2(a1)p1

satisfies ¥, (@1) = v1(@1), and ¥, (@s) = v2(a2). Furthermore, we have by a standard inverse inequality (see [4]),

[0l F2ey) = 100ll7e(—1,1) S [01(@0)PlleallZz—10y + [v2(@2) P lenll7e 1 1)
__ 2 o 812 ~ V(2
) (lor(@2)* + [vz(@n)?)
2p? 2 2
S p(p+2) (Hvlnm(él) + ||U2||L2(é2))
S ollZegs)- (33)



Next, we define the extension of v by

EXy =&

¥ arY
with
. v; on é;,i=12,
U= R
1, on és.

Observe that 0 is a continuous piecewise polynomial defined on the whole boundary of the triangle. Thus the
extension &% v is well defined. Estimate (3.2) is a direct consequence of estimate (3.3).

The case where ¥ is equal to one edge can be treated in a similar way. For instance, if ¥ = &y, it suffices to
consider the extension

- U1 on &y,
v = . .
Ul(a?)) Y3, On €g,

where 3 is the polynomial of Lemma 3.1 such that p3z(as) = 1 and ¢3(a1) = 0. Finally, we set é"é{( (v) := ég(uéQ (17)[]

Remark 3.3. The extension operator é"f of Lemma 3.2 given on the reference triangle can be used to define the
corresponding operator on any triangle K as follows.

EX(v) = (@@{‘(v o FK)) o Fil.

This formula will be applied for all extension operators in the sequel.

Lemma 3.4. [13] Let K be the unit square (—1,1)2 and &1, &, be two opposite edges of K. There exists a linear

polynomial-preserving extension operator éagiﬁz cHY?(é1Uéy) — Hl(k) such that

R . 0,k
voe H'(e1Ue), 625 )l i) < cllollimserven
The main result is now stated.

Theorem 3.5. Assume that Assumptions (A1)-(A3) are satisfied. Then, there exists a linear operator In(Ypir)
defined from SP(Q, Py) into SP(Q, Tn) with the following properties. For all vs € SP(Q,Py), we have

Vs — Ih(’YDir)US S CO(Q) n H,iDiT (Q) (34)
and the following estimate holds.
S Inoi)vslinm, S swp et ST b sl (35)
KeTh P

DePy, e€€intUYDir

Proof. To simplify notation, we suppress the subscript § and set I}, := [(ypir). For ease of exposition, let us first
consider the very simple case where the partition P, consists of two triangles K; and K5. We also assume that
Ypir = €1 U eg (see Fig. 3). The operator I, is defined element-wise by

(In0) 1Ky = Eeybe, (V1K)

and
(Inv) |k, = EX2 (vik, — D),

where

U= (v—Ipv)g, onemp.



Q
Figure 3: A simple partition consisting of two triangles.

By definition, we have

<U|K2 - Ihv\K2)\€12 =V = (’U\K1 - (Ihv)|K1>|€12'

Therefore, the function v — I v is continuous on 2. In addition, it can be easily checked that this function vanishes
on the portion ey U ey. For the stability property we have by scaling, the inverse inequality (2.2) and Lemma 3.2,

| ‘1/2

I hollm (k) S Py |10 22 (e, uey)

< |K1‘1/2

Ky

DK, (h:/z”U\Kl llL2(er) + h;21/2||’U|K1 22 (es))

Similarly, we have

||Ih’U||H1(K2) S || e1s (U|K2 - U\Kl)HHl(Kz) + Hggﬁ(fhv)\m”Hl(Kz)

5 %( Peq- e112/2H[ ]||L2 (e12) +pK1 612/ ||(Ih7))|K1HL2(e12))
PK,
We conclude using property (3.2).
Now, we are interested in the general case where Pj is a partition of  into polygons. Taking into account
Brenner’s trick [8], it suffices to prove Theorem 3.5 in the case where P, coincides with 7.
Step 1.(patch wp;,) For any triangle K € w},;,., we set

(Iv) |k = Erkrrypn (VK )

Let K € w%,,.. According to Assumption (A3), there exist two triangles K1, Ko € w}),, such that K shares the
edges e, eo with K7 and K, respectively. The operator Iy is given by

(IU)|K = (')pelerz <U|K - ( Ih)leerz)

’yb:=8< U K)ﬁﬂ.
Kewpir

Step 2.(patch wy) Let z € ¥ and M, = {K, K3, .., Ky} be the corresponding macroelement. We denote by e;,
i=1,..,N, the edges K; N K;11 (with Kyy; = K7). Assume for simplicity that K; is the only triangle that can
have an edge on 7. The operator I, is defined as follows.

Now, we set

() i éaafﬁ{lmb (Vk, — (v — Ihv)\g}m%) if 9K N~y has non-null measure,
0 otherwise.



Fori=2,..,N — 1, we set
(Inv) ik, = €, (vim, = (0 = Inv) ik, ) -

Finally,
(Ihv)\KN = (g)ejj\r]\ilLJeN (UlKN (U - Ihv)eN 1UeN) .

We only prove boundedness since continuity can be checked as in the above simple case. For i = 2,.., N — 1, we use
the inverse inequality (2.2) and then property (3.2) to move from one edge to an other. We obtain

b0 3 aey S N2 (WD 1 gacyy + 16550 (Tn0) e W (xc,

—1 2
<pelhel 1”[ ]HL2 (ei—1) +1<I§1§X (pe]) hel 1||(Ih/U)|Ki_1||L2(ei,1)

< max pe] Zhejlﬂ ||L2(e )

However, according to Assumption (A2) the macroelement M. has at most one edge e;, on &,. Thus, the jumps of
u across the edges e; are equal to zero except for j = jo. Therefore, we have,

110l i1y S 22, Bt N vallBage
N
2 71 —1 2
<SSR B, -
7j=1

The remaining estimate for K can be obtained similarly.
Step 3.(patch @) Let K be any quadrilateral in & and M, M,» € wys the corresponding macroelements sharing
the edge ey, es respectively with K. We set

O
(Inv) |k = éiliﬁz (vx —uk),

where
(U — IhU)Mz on e,
UK = .
(v—1Ipv)p, on es.
z

Step 4.(patch &) Let @” be any connected component of @ and denote by K9, K9, ., K% the triangles with one
edge on dw. Let K?, K;») be two ajdacent elements. We set e;; = K? N KJQ and e = K,g N 8&0, with k& = i, j.We set

0
() o = 65 (UWQ — (v~ Iw)], ) (3.6)
and
K?
(IhlU)|K;) = éanLJJeij (U‘KJO - u_]) )
where

on €.

(v —Inv) o on ey,
W — ;
! (’U—IhU)IJ'_

If K? is not adjacent to the other KP’s, then (Ihv)‘K? is simply defined by (3.6) independently of the remaining

ones. Next, we define the new component o' = GJO\ U K? and repeat the same operations and so on. O
i=1



Remark 3.6. Assume that for any element K € Py and any edge e C 0K, we have hx < h.. Then, inspecting
the above proof, we can check that the operator I, (ypir) satisfies the following estimate.

Vo € H'(Q,Pn),  In(vpin)vlli20) S Yo ez | - (3.7)

e€€intUYDir

Corollary 3.7. Let mo . be the orthogonal L?-projection operator defined from L?(e) onto Py(e). Assume that the
portion Ypir has a non-null measure. Then, the following generalized Poincaré’s inequality holds.

lolifey S Y BHA+w(Pu)IDIT)IVolZapy +w(Ph) D b Imoelolllza- (3.8)

DePy, €EEintUypyy

for allv e HY(Q,Py).

Proof. It holds that
[vllz2(0) < cp [V vllLz(e) (3.9)

for all v € H} . (9). Let von € S°(Q,Py) be the piecewise constant function such that for every subdomain
D € Py,
v = vonllz2(p) < hollVollL2(p).- (3.10)

Estimate (3.10), Poincaré’s inequality (3.9) and the properties of the operator Iy (vp;) imply that

HUH%Q(Q S v —wo h||2L2(Q + lvo,n — In(vDir)vo, h||2L2(Q) + ||Ih(7Dir)U0,h||2L2(Q)

Z hp I Voll7zpy + Z I1In (vpir Yoo, | Fr1 oy

DePy DePx
S Y IVl + 5Py D A o]l IFa -
DeEDy, e€€intUYDir

Now, using the fact that vg ;, = 79 Vo, and applying the trace inequality (2.1) we obtain

Yo hborlliae S Do helmocllliag + D Aol — vonllZac

e€€intUYDir e€€intUYDir e€€intU Dir
S Z he Himo,e[olllF2(e) + Z D! (HU —vonlZ2(py + 1D IV (0 = Uo,h)||2L2(D)>
e€€intUYDir DePy
S Y B moelvlliae + D> hpIDITHIVoll e ),
e€€intUYDir DePy,

which concludes the proof.
O

Remark 3.8. For piecewise polynomial functions we can obtain more precise results regarding the injection constant.
Let vs € SP(Q,Py). By Theorem 3.5 and Minkowski’s inequality, we have

lvsllz2() < llvs — In(Ypir)vsll2() + Hn(vDir)vs | L2(0)

1/2 1/2
<Cp<z ||V06||%2(D)> +(1+¢p) (Z ”Ih'USHHl(D))

DePy, DePy,
1/2

1/2
D ( Z ||VU5||%2(D)> +c Z h;lpz”[’(}&m%g(e) ’

DePy, eE:‘:intu-yDi,.



Where ¢ > 0 is a constant independent of the mesh-size and ¢, > 0 is defined in (3.9). The constant related to the
broken gradient is optimal but the quantity

1/2

1/2
<Z||Vvalliz(p)> + > Pl

DePy, e€€intUyDir

is larger than the norm HU‘SHH%D- (QPn)-
r

3.2 Vector fields

The previous theory developed for scalar functions is now accomodated to the case of vector fields defined on €.
For brevity, we only consider tangential boundary conditions, but we emphasize that normal boundary conditions
can be also treated in a very similar way and the results below can be easily generalized.

Lemma 3.9. Let &1, és be two edges of the reference triangle K and denote by a their common vertex. Given an
integer p > 1, let v € Pp(éa) and u € Py(e1)? be such that u(a) - t2 = v(a), where ty denotes the tangential unit

vector to the edge é. Then there exists a polynomial &X (u,v) € P,(K)? such that

N oA é1Ués
1. gélfuéz (u,v)e, = u and ("@éll{uéz (u,v)|e, - t2 = v,
2. The following estimate holds
162 0es (0, )1 (1) S 0022 en) + lutllZzce,)- (3.11)

Proof. Let ng the outward normal unit vectors to é;. Assume that é; = (—1, 1) for simplicity. Consider the vector
field ¥ (u,v) defined on és U é; by

U on e,
17[7('“’7@) = {

vty + (gppvdu(d) .n2)n2 on és

where ¢, 4 is the polynomial of Lemma 3.1 defined on é; and such that ¢, 4(@) = 1. We can easily check that
1 (u,v) is continuous. Now, we set

(?guéz (u, 'U):éoéil(uéz ((u,v) - ta2)ts + gélfuég (¥(u,v) - m2)ny,

where &, éffu &, 1s the extension operator of Lemma 3.2. Using the properties of the operator &, K and the polynomial

e ue
¥p,a, We obtain o
162502, (W (2, 0) - m2) 7 1) S P Il (w,0) - 12) |22, )

S (lerul@ ey + - ms e, )
2

p 2
<1+ —— ) |lul?s,
Similarly, we show that h
€00, (B (w, ) - t2) 13 sy S [0 F2(6,) + 1w - a7 e, (3.12)

which concludes the proof.
O

Theorem 3.10. Assume that Assumptions (A1)-(A3) are satisfied. Then, there exists an operator In(Ypir,Ye)
defined from SP(Q2,Pp)? into SP(Q, Tp)? with the following properties: for all vs € SP(Q,Ph)?, we have

vs — In(Ypir, 1)vs € C(N)* N H . (2)* N H,, (curl, Q) (3.13)

10



and the following estimate holds.

K| - _
> Mntpirs)oslin ) S sup o Yo b Elslliae + D hepElvs -t | (3.14)

2
DePy, KETn pK e€E€intUYDir ecyt
where t is the tangential unit vector to OS).

Proof. We follow exactly the same steps as for the scalar case. To simplify notation we set Iy, := I, (Ypir, Yt)-
Step 1.(patch wp;.) As in the scalar case.

Step 2.(patch w;) Let us first consider the part w;. We can choose the mesh Ty, so that there will be only three
possible cases for the triangles of w}.

case 1. Let K7 € w% sharing one edge e1o with a triangle K5 € wp;.. We denote by e; the edge K1 N~ and a the
common vertex to K7 and K lying on the boundary 9€2. We set

(Ih’U)‘Kl = (geKl (U‘Kl . tel)) t61 + gaeIleJel2 (O, U;Q - UI),
where
U = Vg, — gell{l (v|K1 : tel)tem

Uz = (’U —IU)|K2.

case 2. Let K1, Ky € w} be two triangles such that their intersection is equal to a vertex a, which is also a vertex
of Q. In addition, the triangles K; and K5 each have one edge e; and es lying on -, respectively. Let 1 be the
function defined on e; U e5 as follows:

’(’b _ (’U|K1 . tl)tl + wi1ny on ep,
(|, - t2)ta +wany on ey,

where,
1

TL1't2

wy = (v, (a) t)ts — i, (a)) - t

and
w2 = (lel (@) — vk, (a) + (vik, (a) - t1)t; + w1n1) ‘M.
The function 4 is defined so that (v — 9)je, (@) = (v — ©P)|e,(a). For i = 1,2, we set

()i, = EL (e, - titi + EL (e, - i)

case 3. Let K € w; be a triangle with an empty intersection with wp;, and whose vertices are different from
those of 2. We set
(Inv) |k = EF (V) - te)te,
where e is the edge K N ;.

Now, let K € w?. According to Assumption (A3), there exist two triangles in w; such that each one shares one
edge with K. We denote these edges by e; and e, and set

+

v—(v —Ihv)‘e1 on ey,

on es.

(Tnv)xe = {U —(v— IhU)‘t2

Now, we set

%::a< U K)ﬂﬂ.

KewpirUwy

Step 3. The operator I is defined on the patches wjs, @ and w exactly as in the proof of Theorem 3.5.
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Remark 3.11. Assume that for all K € T, and e € &, N 0K, we have hx < h.. We can easily check that

121 (vDir, Y)vs 720 S Yo helslliiag | - (3.15)

e€€intUyDir

for all vs € SP(Q, Pr).

Corollary 3.12. Let €;(v) be the trace-free symmetric gradient defined by €;(v) = e(v) — %div vl, where 1 is the
identity matriz and

G0) = 3 (Ot D), B3 =12

Then, the following generalized Korn’s inequality holds:

Y sl S 1Y lles®)liemy + Y b pilllvellZae)- (3.16)

DePx DePy e€ly
for all vs € SP(Q, Pr).

Proof. According to [25] there exists a constant ¢ > 0 such that for all v € H}(Q)?,

vl ) < llep(©)ll2(o)-
Thus, the corollary is a direct consequence of Theorem 3.10. O

Corollary 3.13. Assume that each connected component of v; has a convex neighborhood in ), then the following
Friedrichs type inequality holds.

> lwslinm S Y. (HCllﬂvéHQm(D) + Hdivvé||2L2(D))

DePy, DePy,
#(Pr) Yo hElwellliae + Y he 'pillvs - tlZace (3.17)
e€€intUrDir e€Vt
for all vs € SP(Q,Pp), where t denotes the tangential unit vector.

Proof. This is a direct consequence of Theorem 3.10 and the following estimate (see Boussoufa et al. [5, Proposition
2.1)).

Yv € HiDir(Q)Q n H% (curl,Q), HUHHl(Q)z < c<||curl'v||Lz(Q)2 + ||diV’U||L2(Q)2).
O

Remark 3.14. Inequalities (3.16)-(3.17) are likely to be optimal with respect to the mesh size in sense that the
exponent of he can not be improved. However, it seems that this is not the case for the polynomial degree. Indeed,
Inequality (3.16) has been established by Hong& Williams [28] for piecewise H'—functions defined on polyhedrons.
In addition, owing to Daveau& Zaghdani [29], it holds that

[0y S 3 (leurlvlZagp + [divoldcn ) + 32 b 0l + 30 b o -3
DePy, e€Eint e€&y

for allv € HY(Q,Py)3. Therefore, we claim that the polynomial degrees can be completely removed from inequalities
(3.16)-(3.17) and that they still hold for piecewise H'— functions.

Definition 3.15. (Admissible meshes). The family {Zh}ne,1) s said to be an admissible mesh family if the
following assumptions are satisfied:
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(i) for all h € (0,1), This a finite family of non-empty connected (possibly nonconvex) polygons D forming a
partition of  and whose boundaries are a finite union of edges;

(ii) each D € Py, has a finite number of macro-edges independently of the mesh size. A set E C 9D is said
to be a macro-edge of D if either E = 0D NOQ or there is D € P, D # D, such that E=0DND ;

(iii) for all D € Py,
> KBS IDL

ECoD

where hg denotes the length of the macro-edge E;

(iv) for all h € (0,1), each D € 2}, is affine-equivalent to an element belonging to a finite collection of
reference elements;

(v) the ratio of the diameter hpof any D € &P, to the diameter of the largest ball inscribed in D is bounded
from above independently of the mesh size h;

(vi) for all D € 2}, and for all edges e C OD,

ho < he.

(vi) for all D € 2}, and all e € E,NID, |D| < hZ.

Let {#,}n be a mesh family of the polygon Q. We consider the lifting operators RY, R} : SP(Q, 2,)* —
SP(Q, P1,)? defined as follows. For all vy, ¢, € SP(Q, Z,)2,

| Biton) - ende = 3 (- tuAen o).

e€Eint

| i) gude = 3 (- n-tfen) - noe

e€Eint

The associated curl and divergence operators are given by
Ch(vp) = curly, vy, + R}, (vy)

and
Dh(vh) = divy vy, + RZ(’U}L),

where curly, and div, denote the broken curl and divergence operators respectively.

Corollary 3.16. Let { P, }ne,1) be and admissible mesh family. Let {vp}reo,1) be a sequence in SP(SQ, D).
Assume that this sequence is bounded in the following norm.

1/2
v ( Z (||Curlv||2L2(D) + ”diVU”%?(D)) + Z he )22 + Z he'to - t||%2(e)> :
De %y, E€&int FEe&y

Then, there exists a function v € Hy(curl, Q)N H (div, Q) such that, as h — 0, up to a subsequence, vy, — v strongly
in L?(Q)? and Cy(vy,) — curlv and Dy (vy) — divw weakly in L?(Q).

Proof. Consider the decomposition
v = (’l)h - Ih’Uh) + Iyvp,

where I}, := I,(0,09). We we can check that the sequence {vy, —I,vp }he(o,1) is bounded in Hy(curl, )N H (div, Q).
Thus, owing to Weber’s compactness theorem (see [27]), there exists a function v; € Hp(curl, ) N H(div, Q) such
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that, as h — 0, up to a subsequence, (vj, — Ivy) — vy strongly in L?(Q)2. Now, let e, be any boundary edge and
D € &}, be the subdomain such that e, C dD. The trace inequality (2.1) and Remark 3.11 imply that

h lTnonllieey S D hetllonlliee + Y he'llon-tliae-
e€EintNOD ec&E,NOD

Therefore, the sequence {I;,v5}re(0,1) is bounded in the HY(Q, 2,)-norm. Thus, owing [14, Thm 2.2], there exists
a function vy € HJ(2) such that, up to a subsequence, Iv;, — vy strongly in L?(Q)2. The desired function is
given by

v = v+ V2.

To prove the weak convergence of {Chvp}re(0,1) and {Dx(vn)}re(o,1) We procced as in [14, proof of Thm 2.2]. O

4 The general case

In the previous section we have derived discrete inequalities and compactness results for the Lebesgue exponent
q = 2. In this part we will briefly show how to extend these results to the non-Hilbertian case ¢ # 2. We only deal
with real-valued functions since the case of vector fields can be treated as in Subsection 3.2.

In this section, the subpartition 7}, is a family of polygons such that :
1. For any subdomain K € 7Tj, there exists D € Pj, such that K C D and hx ~ hp,
2. The elements of T, can be regrouped to form a family of patches {w} such that every patch is an array of
subdomains D;;, 1 < 14,5 < 5(see Fig. 4).
3. For each subdomain K in the partition 7}, there is an associated reference subdomain K , defined by the linear
mapping

x— h 7.

Ky

Figure 4: The elementary patch structure when all the subdomains are identical squares.

We consider the following assumptions.

(A1) The intersection of any boundary edge with vp;, is either the whole edge or has null measure.

14



(A2’) The subpartition 7}, is sufficiently small so that every patch w is contained in at most two different domains

Hlph.

(A3) For all D € Pp, and all K € T, such that K C D,

K ~ min h,.
P ecErNOK ¢

Let T(Ph) the set of all the subpartitions 7;, that satisfy all the above properties. As in the previous section,
we set
IK |

K(Pp):= inf sup —
T €T(Pu) KeTh Pic

Lemma 4.1. Let D be a polygonal domain and y be the union of some whole edges of D. Let M > 1 be an integer.

Let v, .= U , 1 <i< M, be the connected components of v consisting of m(i) > 2 adjacent edges. Assume
1§j§m(1)
that for all 1 < i < M, the edges eé- and e§»+1 share a vertex denoted by a;‘»,Let W be the subspace of ] Wlfl/q(e)
ecy

given by followz'ng conditions :
1 v (a )—v|e (a %), for every 1 <i < M and 1 < j < mf(i), when q > 2,

2
% < +o0, when q = 2,

2. f() ‘U\e the]) - U\e§+1 (a§'+1 - JCtej+1)

where h; = 35 mln(he@,he;+1) and to: denotes the tangential unit vector to the edge e;.
J J J

3. No extra conditions when 1 < g < 2.

Then, there exists a linear extension operator éﬂ? defined from W into W14(D) such that the following estimates
hold:

16 @) lwrap) < ¢ (Z ”UIe”Wll/‘Lq(e)) : (4.1)

ecy
when q # 2 and

POl <o [ Sl + 35 /

ecy =1 j=1

U|e el.) - ’U|e;+1 (a' - zte"»

In addition,
162 (W)l Lacopy < cllvllLagq)-

Proof. When 7 is equal to the whole boundary 9D, the extension operator is considered in Grisvard [19, Thm
1.5.2.3]. If v is different from 9D, we can easily construct a function ¢ € W'=1/%49(9D) such that

1V aop) < cllvllzaapy, for all 1 < g < +oo,

[¥llw1-1/a0apy < € (Z HUIEHWll/q"I(e)) it g #2,

ecy
and
M m(l h; ) 2 dX
1lliir2omy < € | D Ivjellme )+ZZ/ Viey (@) — wtey) —vjer (@ —ate; )| —
ecy i=1 j=1

The operator & is given by
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Theorem 4.2. Assume that Assumptions (A1’)-(A3’) are satisfied. Then, there exists a linear operator I (Ypir)
defined from SP(§, Py) into SP(S2, Tr) with the following properties. For all vs € SP(Q, Pr),

Vs — INh(’}/DiT)U(s € C(ﬁ) n W,%’qu(ﬂ) (43)
and the following estimates hold.
-1
; K| P2\’
Z ||Ih(’YDir)U6||({1/V1,q(D) S sup —- Z - ||[U5H|qu( )) (4.4)
DePy, KeTn PK e€€intUTDir he ‘
when q # 2 and
~ K
S Mol S swp Bl S (patogpa) A sl I3 (45)
(D) P (e)
DePy, KeTn PK e€€intUYDir

Proof. To simplify notation, we set I~h = fh(’yDiT). Let wp; be the set of all the subdomains in 7, with a non-
null-measure intersection with vp;,.. The operator I, is defined on wpiy separately from all the other patches. Let
K be subdomain in wp;, such that the intersection K N K is empty for any = wp;r. Then, denoting by Ex
the intersection K N yp;., we set ~

()i = gy (V1)
Now let K1, Ka,.., Kn, be N > 2 adjacent subdomains such that K; and K;11, 1 <i < N — 1, share a macro-edge
E; and denote by E; p;» the intersection K; N yp;.. We set

(In0) 1k, = 65 (vk,)
and for i = 2,.., N, ~
(Inv) |k, = éaéiiIUEi,Dir(v — ;)
where -
- Jw—=Iyw)g,_, on E;,
Vi {O on E; pir.

Now, the operator I}, is constructed by the following algorithm. First we replace Ty, by T, \wpir and set 1, = dwpj;-.
Algorithm. Let w = {Kj;; 1 <4,j <5} be any patch of the subpartition 7j,.
Step 1. Let 1 <4,j5 <5 be two odd integers. We set

Ki]‘

(Iv) 0 if K;j N has a null measure,
V) g = ~ '
ij gaKijm'Yb (U|Kij - (U - Ihv);r(ijﬂ'yb) otherwise.

Step 2. Letl <14, j < 5 be two integers with different parities. Each subdomain K;; has two adjacent subdomains
from Step 1. We denotes the intersection of K;; with these two subdomains by Eilj and Efj We denote by Efj the
intersection between K;; and +, (which may have a null measure). We set

= Kij -
(Ihv)‘Kij = gEil;]uE?jUEgj (leij — 'U”) 5 (46)
with
170
Uiy =4 (v— Ihv)|Ki2j on Efj,
(v — IhU)|Kfj on Ef-’j.

(v — fhv)|K-1- on E!

Step 3. There remain four subdomains K;; where the indices ¢, j are both even. We define I, as follows.
- K, -
(Ihv)\K,;j = ‘%ij (U|K1j — (1} — Ih’l});Kij).

Finally, we replace T, by Tp\w and ~, by 75 U dw and repeat the above steps until 7, become equal to the empty
set. Estimates (4.4) and (4.5) are direct consequences of estimates (4.1)-(4.2) and inverse inequalities (2.3)-(2.4).
O
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Remark 4.3. Assume that for all K € T, and e € £, NIK, we have hx < h.. As in the previous section, it holds
that
1ol S S hellwsll%a, (4.7)
e€€intUYDir

for all vs € SP(Q, Py).

Corollary 4.4. Let 1 < q < oo. Let &, be a mesh of an admissible mesh family. Let ® be a semi-norm on
Wha(Q, ) such that

1/q
D) < co ( S v||3vl,q<D>> , (4.8)
De 2y,
for allv e WH4(Q, 2,), and
VeeR, ®(c)=0if and only if c = 0. (4.9)

Then, for all r such that 1 < r < ;qu fl<g<2orl<r<ocif2<q< oo, the following generalized

Poincaré-Sobolev inequality holds.

[[o]

1/q
L™ () N ( Z vaH%q(D) + Z hi_q”[U]H%q(e) +(I)(U)q> ) (4.10)

DeZy e€€int
for allv € SP(Q, P,).

Proof. Let I), := I, (D) be the operator of Theorem 4.2 defined from &, into 7}, where 7}, C f(@h) Let 7, be a
shape-regular triangulation of {2 and a subpartition of .7;,. The orthogonal L2-projection operator 7y, defined from
L?(2) onto SP(Q, J),) N C(Q) satisfies the following stability estimates (see [15]). For all v € W4(Q, .7,) and all
K € 9,
Imnollary S lvllzecr) (4.11)
and
IVrrvllLacrey S 1Vllpac)- (4.12)

Using the compactness of the embedding W14(Q) < L"(Q), we can prove by a classical argument that

vl L) < ellVollLaq) + @(v).

for all v € WH4(Q). The above inequality and estimate (4.12) imply that

17

vsllg () S 1mn(vs — Tnva)l| ) + T (Tnvs)] - g

S Z ||VU5Hqu(D) + Z ||-fh”5||?/v1,q(1<) + @(vs)? + ||1:hv5||%»~(g)
De2y, De 2y,

First,let 1 <g<2and ¢ <r < ;qu. Using the embedding {9 < [", a standard inverse inequalitry, estimate (4.11)
and Remark 4.3, we find

N

q/r
’iv'(K)) < > lmndwvsllg
Ke9y,

( > limndnvs]

Kegy,

< S UKD Favs 1
Keo,
291
< 3 el
e€Eint
< S sl
e€Eint
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We obtain the same estimate for all 1 < r < ¢ using the embedding L9(§2) — L"(Q).
Now, let 2 < g < oo and 1 < r < co. Owing to [14, Thm 6.1], we have

lmnTnoslle oy S D IVmRInvellbarey + D e~ llmnlnvelllfoce):
KeTy, e€Eint
Let e, € & be any boundary edge and K € 7, be such that e, C K. The trace inequality (2.1), Remark 4.3 and
Theorem 4.2 imply that

BT ey S 1T (s ey + BV Invs i) )

S Z he_1||[U5H|qu(e)

e€€int

< D he sl e

e€€int

which concludes the proof.

O

Let {Zn}he(o,1) be a mesh family of the polygon Q. We consider the lifting operator Ry : SP(Q, #),) —
SP(Q, 21,)? defined as follows: for all v, € SP(, &), and all ¢, € SP(Q, P)?,

/QRh(Uh) “ppdr = Z ([vn], 5 - Me)e-

e€€int

We consider the discrete gradient operator
Gu(vn) = =Vipop + Ry (vp),
where V), denotes the broken gradient operator.

Corollary 4.5. Let 1 < q < 0o. Let {Pp}ne(0,1) be a family of admissible meshes. Let ((I)h)he(o,l) be a family
of semi-norms on WY4(Q, 2) such that ®), satisfy properties (4.8)-(4.9) for all h € (0,1). Let {vn}ne(o,1) be a
sequence in SP(Q, Py). Assume that this sequence is bounded in the following norm.

1/q
v ( Z ||VUHqu(D) + Z hé_q”[v}”qm(e) +(I)h(v)q> .

De2y, e€€int

Then,for all v such that 1 <r < % if1<qg<2orl<r<ooif2<gq< oo, there exists a function v € W4(Q)
such that, as h — 0, up to a subsequence, vy, — v strongly in L9(Q) and Gp,(vy) — Vv weakly in LI(Q)2.

Proof. Consider the decomposition ~ 5
vy = mp(vn — Invp) + Invp,

where the operators I, and 7, are defined in the proof of Corollary 4.4. Combining estimates (4.10), (4.11) and
(4.12), we can check that the sequence {mp,(vy, — Invn)}he(o,1) is bounded in the || - [|yy1.a(q)-norm. Thus, there
exists a function vy € L9(§2) such that, as h — 0, up to a subsequence, (vy — I vp) — vy strongly in L9(£2). As
in the proof of Corollary 3.16 we show that the sequence {whfhvh}he(o’l) is bounded in the || - ||W01,q(9’3h)—norm.

Therefore, owing to [14, Thm 6.2], there exists a function vy € VVO1 1(Q) such that, as h — 0, up to a subsequence,
{mnInvp}n — vo strongly in LI(Q).
For the weak convergence of G},(v;,) we proceed as in [14, proof of Thm 2.2].
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5 Conclusion

In this paper we have introduced a new strategy to establish Poincaré-Friedrichs type inequalities and discrete
compact embeddings. The cornerstone of our method is the combination of the properties of different extension
operators and suitable subpartitions. In contrast to previous works, this method allows the treatment of any
linear first order differential operator. The results established in this paper can be used in the analysis of numerical
schemes for nonlinear PDEs. For instance, inequality (3.17) will be used by the author and Yakoubi in [6] to analyze
a hp DG pressure correction scheme for the Navier-Stokes equations with boundary conditions involving the (total)
pressure. Future work should address the generalization of the results of this paper to nonsmooth curved domains.
Also, the author believes that the Poincaré-Friedrichs inequalities for differential operators with infinite-dimensional
kernels can be established for broken Sobolev spaces.
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