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Abstract—A generic matrix model for the responsivity of
millimeter wave (mmW) and sub-THz square law detectors is
proposed. The model is valid for any number of ports and
takes the biasing conditions into account, the power distribution,
the phase-shifts between ports and the frequency dependence of
the detector response. The proposed approach is experimentally
validated up to 67 GHz on an AlGaN/GaN High Electron Mobility
Transistor (HEMT). It could however be used for other types of
detectors, including diodes and CMOS detectors. In addition, a
reliable mathematical method is presented, allowing the direct
determination of the maximum attainable responsivity and the
associated optimum excitation. This method avoids a computing
time consuming evaluation of the above quantities by constrained
optimization, and thus provides an efficient way to evaluate the
performances of a square law detector only based on its DC and
S-parameters characterization.

Index Terms—CMOS detector, High Electron Mobility Transis-
tor (HEMT) detector, responsivity, square law detector, sub-Thz
detection, zero-bias detector

I. INTRODUCTION

SQUARE LAW DETECTORS can be described as biased RF
multiports which, due to their nonlinear behavior, provide

a large variation in DC measured current or voltage on one port
when RF power is applied [1]. Classical RF/THz detection is
performed with a one-port detector, being the Schottky barrier
diode the most widespread architecture [2]. The choice of
a detector is based on numerous figures of merit including
operation frequency range (or bandwith), maximum accepted
RF power, noise equivalent power, switching speed, etc. Many
other technologies are studied to provide solutions for specific
applications [3]. For sub-THz detection, self-switching diodes
seem to be quite promising [4]. Two-port devices such as
field effect transistors (HEMTs or MOSFETs) could also be
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good options thanks to their high level of nonlinearity [5].
However, an adequate engineering process must be performed
on the biasing conditions and the coupling between ports
to reach maximum responsivity. Empirical models for the
responsivity of two-port square law detectors have first been
developed in quasi-static regime [6], [7], [8], then extended to
high frequency regime using a linear small signal equivalent
circuit [9] or directly exploiting S-parameters [10]. All these
models are only valid for single port excitation, although some
improvement is suggested by exciting gate and drain in anti-
phase [11], [12]. The non linear response can however be
enhanced by choosing the right excitation with specific power
distribution and phase-shift between terminals.

The main goal of this paper is then to provide a matrix
model of the responsivity, generalized to any number of ports
and to any kind of excitation. Furthermore, a mathematical
method based on matrix diagonalization is proposed to directly
determine the optimum excitation for maximum responsivity.

We propose in Section II a generalized matrix formulation
based on the knowledge (by measurement or simulation) of
the scattering parameters and the DC curves of the n-port
device under test (DUT). Alternatively, the model may be
based just on the knowledge of the scattering parameters
under several biasing conditions, thus including additional
frequency-dependent information in the calculated parameters.
Section III provides an experimental validation of the model
in the case of a two-port (GaN-based AlGaN/GaN HEMT) up
to 67 GHz and for various magnitude and phase input signals.
Section IV presents a methodology based on eigenvalues
extraction to directly determine the optimum excitation of the
detector to achieve the maximum responsivity, thus avoiding a
time consuming constrained optimization of a quadratic form.
Finally, conclusions are provided in Section V.

The proposed model is able to provide an accurate de-
termination of the responsivity of the devices without the
need for fitting parameters. Moreover, the simplicity of the
approach allows its implementation without any modification
of the standard measurement protocols of the devices. Finally,
the possibility to directly determine the best power injection
regime for optimum responsivity can be used to drastically
accelerate the design process of square law multiport detectors.
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Fig. 1. Generic scheme for RF power detection with an n-port nonlinear
device. All ports are voltage biased (vk) and excited with an RF source
(incident power-wave ak). The DC bias current ik (when RF power is OFF)
is shifted by the DC detection current ∆ik(a1, · · · , an), which depends on
the magnitude and phase of the RF signal injected at each port.

II. RESPONSIVITY OF AN N-PORT DETECTOR

A. General Case: RF Power Injected in All Ports

In the following, time domain variables are lowercase,
complex phasors are uppercase (except power-wave vectors of
phasors a and b) and DC quantities are overlined lowercase.

We consider here an n-port nonlinear device, in which each
port k is biased with a voltage vk and excited with an incident
RF power-wave ak at frequency ω through an access of real
characteristic impedance R0 (see Fig. 1), assumed to be
the same in all ports for simplicity (the model can be easily
generalized just by considering a different value of R0 for each
port). vk are the components of a single vector of voltage
biases v and ak are the components of a single vector of
incident power waves a.

At port k, the phasor ak depends on the incident (or
”injected”) power P inc

k and on the absolute phase ϕk of the
excitation:

ak =
√
2P inc

k ejϕk . (1)

The total power P inc
tot injected in the system is the sum of

the powers P inc
k injected at each port k:

P inc
tot =

n∑
k=1

P inc
k =

n∑
k=1

|ak|2

2
=

1

2
∥a∥2 . (2)

The vector of incident power-waves a applied to the de-
tector creates, at each port, a sine voltage represented by the
phasor Vk at frequency ω, and we then define the vector of
RF voltage phasors V . Now, V can be retrieved by adding
the incident power waves a = (V +R0I)

/
(2
√
R0) and the

reflected power waves b = (V −R0I)
/
(2
√
R0) , where I is

the vector RF current. The relationship between a and b is
given by the the scattering parameters matrix of the detector
b = Sa [13]:

V =
√
R0(a+ b) =

√
R0(I+ S)a. (3)

where I is the identity matrix.
The transient voltage excitation vector v(t) is then the sum

of the DC voltage bias v and the harmonic excitation vω(t):

v(t) = v + ℜ(V ejωt)︸ ︷︷ ︸
vω(t)

. (4)

Due to the nonlinear behavior of the detector, vω(t) creates
in turn a current ik(t) at port k [10], which can be expressed
thanks to a multivariable local Taylor expansion of order 2 of
the DC characteristic i(v) [1], [7], [14]:

ik(t) ≈ ik(v)︸ ︷︷ ︸
ik

+
1

4
V ∗HkV︸ ︷︷ ︸
∆ik

+ℜ(YkV ejωt)︸ ︷︷ ︸
iωk (t)

+ · · ·︸︷︷︸
i2ωk (t)

+ · · · (5)

where Yk is row k of the Y-parameters matrix of the
device (directly measured or deduced from the measured S-
parameters), and Hk is the Hessian matrix of the DC current
characteristic ik(v) at port k:

Hk
ij =

∂2ik(v)

∂vi∂vj
, (6)

or, by analogy with the low-frequency case where ℜ(Ykj) =
∂ik
∂vj

, frequency-dependent coefficients Hk
ij(ω) can be empiri-

cally defined to be directly computed from the measured Y-
parameters:

Hk
ij(ω) =

∂ℜ(Ykj(ω, v))

∂vi
. (7)

Finally, injecting (3) in the ∆ik(a) term of (5) and dividing
by (2), the expression of the responsivity βk in units of A/W
at port k becomes:

βk(a) =
∆ik(a)

P inc
tot

≈ R0

2 ∥a∥2
a∗ (I+ S)

∗ Hk (I+ S) a. (8)

The limitations of the proposed model lie in the following
assumptions: (i) the RF excitations are single-tone weak-signal
excitations, (ii) the effective maximum degree of the nonlin-
earity is 2, (iii) the source impedances are identical and real
(this limitation could be overtaken but would unnecessarily
complicate notations) and (iv) the frequency dependence of
the responsivity βk(a) is fully captured by the frequency
dependence of the scattering matrix S(ω, v) in eq. (3) and
the frequency dependence of the non-linear equivalent con-
ductances ℜ(Ykj) of the device in eq. (7). On one hand,
eq. (3) actually captures the impedance mismatch between
the output impedances of the sources and the device. On
the other hand, using eq. (7) instead of eq. (6) empirically
captures the memory effect of the device, making the model a
Volterra series scheme instead of a Taylor series scheme [15],
[16]. Identical results are obtained by both approaches up to a
few tens of GHz for standard integrated devices, whereas, the
agreement with experimental results is significantly improved
by using eq. (7) above that frequency limit. It is interesting to
note that only equivalent conductances are involved because
the non-linear equivalent susceptances ℑ(Ykj) have no impact
on the generation of DC current by rectification.

B. Particular Cases: RF Power Injected in One Single Port

The expression (8) is valid for a diode (only one port with
any excitation a1):

βdiode = β1(a1) ≈
R0

2
H(k=1)

11 |1 + S11|2 . (9)
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Fig. 2. Schematic drawing of the setup for DC, S-parameters and responsivity
characterization. In this setup, the VNA operates as the RF source. The RF
power is injected both in the gate and in the drain (thanks to true mode
stimulus option), with chosen total incident power and phase-shift. The two-
channel SMU biases in voltage the drain and gate terminals of the transistor.
Two internal bias-tees allow to couple DC and RF signals. The drain current
is measured as detection output. Ground-signal-ground (GSG) probes are used
to contact the 50 Ω coplanar waveguide accesses.

In the case of a two port FET such as a HEMT, the
expression of the current responsivity at drain port in the case
of gate injection (GI) βGI can also be derived from (8). The
detection port is the drain (k = 2) and the power is fully
injected through the gate (port 1), so that a = (a1, 0), thus
with no impact of the phase. These conditions lead to:

βGI = β2(a1, 0) ≈
R0

2

(
H(k=2)

11 |1 + S11|2 +H(k=2)
22 |S21|2

+2H(k=2)
12 ℜ[S∗

21(1 + S11)]
)
.

(10)

Finally, the expression of the current responsivity at drain
port in the case of drain injection (DI) βDI can again be
derived from (8) with k = 2 and a = (0, a2):

βDI = β2(0, a2) ≈
R0

2

(
H(k=2)

11 |S12|2 +H(k=2)
22 |1 + S22|2

+2H(k=2)
12 ℜ[S∗

12(1 + S22)]
)
.

(11)

It is to be noted that expressions (10) and (11) have been
already obtained in [10].

III. EXPERIMENTAL VALIDATION IN THE CASE OF A
TWO-PORT

A. Experimental Setup

In order to validate the above presented theory, the case of a
two-port is studied further. The experimental setup is sketched
in Fig. 2, where a two-channel Keysight B2902A SMU and
Keysight N5247A PNA-X are used for the measurements.
First, the DC curves are measured. Then, the S-parameters
at each bias point are obtained. Port 1 corresponds to the
gate and port 2 to the drain, and the calibration planes are
brought to the transistors terminals thanks to a Short-Open-
Load-Thru calibration. Finally, the VNA is employed as an
RF source. Power signals from 100 MHz to 67 GHz are
injected into the transistor simultaneously through both the
drain and the gate terminals. The coupled signals have been
generated using the S93460B True-Mode Stimulus option that
allows to control the phase-shift and power distribution. The
losses due to the cables, connectors and probes have been
adequately compensated [6]. The SMU averages the output DC

rectified current at the drain port, thus providing the current
responsivity β(a) in A/W. Everything is controlled with a
home-made Matlab code.

B. Variables Definition

The vector of RF power-wave phasors a contains two
components a1 and a2. With a total power budget of 2P inc

tot

and an arbitrary null phase for a1 with no loss of generality,
one can define 0 ≤ θ ≤ 180◦ and −180 ≤ ϕ ≤ 180◦ to
respectively represent the proportion of power fed into port 2
compared to port 1, and the phase-shift between the two ports.
The excitation vector a is then defined as:

a = (a1, a2) =
√
2P inc

tot

(
cos

(
θ

2

)
, sin

(
θ

2

)
ejϕ

)
. (12)

Equivalently, the total power P inc
tot and the angles θ and ϕ

can be retrieved from vector a by the following relations:
P inc
tot = |a1|2+|a2|2

2 ,

θ = 2arctan
(∣∣∣a2

a1

∣∣∣) ,

ϕ = arg
(

a2

a1

)
.

(13)

C. Experimental Measurements

An AlGaN/GaN HEMT with Lg = 75 nm gate length,
W = 2 × 25 µm gate width has been employed as a test
vehicle. Precisely, it is the very same transistor already char-
acterized in [10]. The responsivity β(θ, ϕ) has been measured
and modeled at a voltage bias of (v1, v2) = (−3.8 V, 0 V ).
The total injected power is always P inc

totdB = −20 dBm.
Fig. 3(a) shows the results at 1 GHz. At this frequency, the
model (8) gives the same results whatever the computation of
the Hessian matrix is made from the DC curves using (6) or
from the Y parameters using (7), and the latter is presented
here. The phase-shift ϕ has obviously no impact in the two
cases of single port excitation (gate injection when θ = 0◦

and drain injection when θ = 180◦). On the contrary, it is
of great importance in all other combined excitation cases.
The extrema of responsivity are obtained around ϕ ≈ 0◦

or 180◦ and close to θ ≈ 90◦ that corresponds to equally
distributed injected power between gate and drain. Finally, the
agreement between the model and the experimental results is
really good. Fig. 3(b) shows the results at 67 GHz. In such
a high frequency case, the Hessian matrix computed from the
Y-parameters at 67 GHz gives better results and are presented
here. The agreement is also very acceptable, thus validating
the model up to 67 GHz.

IV. DIRECT DETERMINATION OF THE IDEAL EXCITATION
FOR MAXIMUM RESPONSIVITY

A. Optimum RF Excitation for Maximum Responsivity

The proposed model allows the computation of the respon-
sivity β(a, v, ω) as a function of the magnitude and phase
of the incident power on each port, the voltage biases and
the frequency. The objective of this section is to maximize the
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Fig. 3. Responsivity β(θ, ϕ) of a HEMT at (a) 1 GHz and (b) 67 GHz.
Confrontation of the responsivity modeled by (8) (lines) with the responsivity
measured in True Mode Stimulus (dots).

responsivity βk(a) of (8) by optimizing magnitudes and phases
of every component of the power injection vector a, under
the constraint of injecting a chosen amount of total power
P inc
tot = 1

2 ∥a∥
2 [i.e. a must verify (2)]. Defining

H=̂ (I+ S)
∗ Hk (I+ S) , (14)

equation (8) can be rewritten as:

βk(a) ≈
R0

2 ∥a∥2
a∗Ha. (15)

Since Hk is the Hessian matrix of a real function, it is real
and symmetric, and H is then a Hermitian matrix (H = H∗).
The finite-dimensional spectral theorem [17], [18] states that
H is unitarily diagonalizable with real eigenvalues. One can
then find n real eigenvalues λi (let’s assume that λ1 ≥ λ2 ≥
· · · ≥ λn) and n orthonormal eigenvectors êi so that:

Hêi = λiêi. (16)

As êi are orthonormal vectors, B̂ = {ê1, ê2, · · · , ên} is an
orthonormal basis of Cn, i.e. < êi, êj >= ê∗i êj = δij . One
can express a on the eigenbasis B̂:

a =

n∑
i=1

âiêi. (17)

Injecting (16) and (17) in (15) leads to:

βk(a) ≈
R0

2 ∥a∥2
n∑

i=1

|âi|2 λi. (18)

Fig. 4. β(θ, ϕ) at v1 =-3.8 V, v2 =0 V, ω
2π

=1 GHz computed using the
model described by (8) under the constrain of P inc

totdB = −20 dBm. Note
that θ = 0° (GI, gate injection regime) and θ = 180° (DI, drain injection
regime) are independent of the phase-shift ϕ. The red point βMAX and the
blue point βMIN have been computed by the direct determination method
based on the eigen basis using (18).

Finally, since λ1 (resp. λn) is the highest (resp. lowest)
eigenvalue, the maximum (resp. minimum) achievable value
of βk is obtained when a = ê1 (resp. ên):

βMAX
k = βk(ê1) =

R0λ1

2
, (19)

βMIN
k = βk(ên) =

R0λn

2
. (20)

Note than depending on the signs and values of λ1 and
λn, the optimum (maximum absolute value) responsivity may
be βMAX

k or βMIN
k . Thus, knowing the eigenvalues and

eigenvectors of H , it is possible to determine the optimum
responsivity and the corresponding power distribution condi-
tions in relative amplitude and phase for any n-port square law
detector. It is to mention that the expressions of βMAX

k and
βMIN
k do not depend on the total injected power because the

detector operates in its linear region of responsivity (in A/W).
Fig. 4 illustrates this direct determination of βMAX and βMIN

in the case of the same GaN HEMT studied in Section III-C.
Note that in this case the optimum value is βMIN . We remark
that the agreement of the extreme values extracted directly by
eq. (18) is excellent with those identified in the complete map
calculated using (8), as well as with the experimental values
in Fig. 3(a), with the great advantage that the computing time
is much shorter.

B. Optimum Voltage Biases for Maximum Maximorum Re-
sponsivity

The fast computation of the optimum RF power excitation a
presented in section IV-A allows to compute βMAX and
βMIN versus bias voltages. Fig. 5 represents such compu-
tations and also represents the corresponding GI (gate injec-
tion) and DI (drain injection) regimes. One can verify that
both those single port excitation regimes are in between the
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Fig. 5. Maximum, minimum, GI and DI responsivities β(v1, v2) at 1 GHz
and P inc

totdB = −20 dBm.

computed extrema, thus indicating that an adequate power
repartition engineering leads to responsivity improvement.

V. CONCLUSION

A generalized model of the responsivity of an n-port device
is proposed. Thanks to the model, the maximum responsivity
for a given frequency can be computed and the associated
excitation is provided in terms of bias conditions, power
distribution and phase-shift between the ports. The model has
been experimentally validated for a two-port GaN HEMT with
very good agreement up to 67 GHz. The optimum responsivity
is obtained for a 0° or 180° phase-shift and a specific power
distribution between gate and drain, allowing an increase of
the responsivity by almost a factor 2 compared to standard
single port excitation.
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“Current and voltage responsivity up to 110 GHz in GaN asymmetric
nano-diodes,” Applied Physics Letters, vol. 123, no. 12, p. 123503, 09
2023.

[5] F. Aniel, G. Auton, D. Cumming, M. Feiginov, S. Gebert, T. González,
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