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Multifractal analysis based on weak scaling exponents:

Applications to MEG recordings in neuroscience
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Philippe Ciuciu∗, Herwig Wendt�, Stéphane Ja�ard†

Abstract : A novel multifractal analysis based on the weak scaling exponents is devel-
oped and its mathematical properties are studied. A key advantage, compared to earlier
formulations based on Hölder or p-exponents, consists of the fact that it does not rely on the
assumption of any a priori global regularity. To illustrate its potential in real world appli-
cations, we show that this method allows to study the regularity of MEG signals, recording
electromagnetic brain activity, which was not possible using the formerly introduced methods
based on Hölder or p-exponents, without preprocessing.
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This article is dedicated to Akram Aldroubi: a true friend, a great scientist, and a fantastic
salsa dancer!

1 Introduction

The purpose of this article is to develop the mathematical understanding of a variant of
multifractal analysis, which does not require a priori regularity assumptions on the data
to be analyzed, in contrast to all other multifractal analysis methods introduced in the
past; furthermore, we show it at work on MEG signals, which record electromagnetic brain
activity from SQUID sensors located around the patient's head. The reason for testing this
new framework on such data is that MEG signals often do not meet the a priori regularity
assumptions required by other methods. We start by recalling the purpose and aims of
multifractal analysis from a signal processing viewpoint.

1.1 Multifractal analysis

Multifractal analysis supplies methods which associate to everywhere irregular signals clas-
si�cation parameters based on scaling invariance properties. It can be traced backed to the
seminal work of N. Kolmogorov in the 1940s [52] where the Kolmogorov scaling function ζf (q)
of a function f was introduced as

∀q > 0,

∫
|f(x+ h)− f(x)|qdx ∼ |h|ζf (q) (1)

in the limit of small scales h→ 0 (a more precise, but less eloquent de�nition is supplied by
(13)). A �rst success of this tool is that it allowed to discard the possibility of modeling the
velocity of fully developed turbulence at small scales by fractional Brownian motion (fBm) ;
indeed this process has a linear scaling function, which is not the case for turbulence data,
see [34] and references therein. Key steps concerning the understanding of the information
supplied by the scaling function were obtained as a consequence of key ideas introduced by
U. Frisch and G. Parisi in 1985 [65]: They interpreted the strict concavity of the scaling
function as indicating the presence of di�erent values taken by the pointwise regularity of
the function analyzed. Let us be more precise: The pointwise Hölder exponent of a locally
bounded function f : R → R is de�ned as follows.

De�nition 1.1. Let f ∈ L∞
loc
(R). Let x0 ∈ R and α ≥ 0; f belongs to Cα(x0) if there exist

a polynomial Pf,x0 of degree less than α and C, r > 0 such that

∀x ∈ (x0 − r, x0 + r), |f(x)− Pf,x0(x− x0)| ≤ C|x− x0|α.

The Hölder exponent of f at x0 is hf (x0) = sup{α : f ∈ Cα(x0)}.
The multifractal spectrum of f is

Df (H) = dim ({x : hf (x) = H}), (2)

where dim denotes the Hausdor� dimension (and, by convention dim(∅) = −∞). The support
of the spectrum is the set of values H for which Df (H) ̸= −∞.
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The idea underlying the de�nition of the multifractal spectrum is that, for large classes
of signals, pointwise regularity varies from point to point in an extremely irregular way, so
that its precise determination for each possible location is not a realistic goal, and one should
rather focus on estimating more global quantities, such as the size of the sets of points where
a given type of singularity shows up. Inspired by the thermodynamics formalism, U. Frisch
and G. Parisi proposed a formula for estimating Df (H) by means of a Legendre transform
of ζf : they de�ned the Legendre spectrum of f as

Lf (H) := inf
q
(1 +Hq − ζf (q)) , (3)

and they developed heuristic arguments backing the idea that, in general, the Legendre spec-
trum coincides with the multifractal spectrum: when it is the case, the so-called multifractal
formalism is said to hold. Multifractal analysis (using several possible variants for the def-
inition of the scaling function) has been tried and tested in numerous applications ranging
from medical image processing [35, 74] to the modeling and prediction of natural phenomena
[33, 54, 66] and brain activity in neuroscience [21, 22, 53, 27, 29] (see [3] for a review).

However, two limitations of the multifractal formalism quickly appeared: First it is irrel-
evant for functions that are not locally bounded, in which case the Hölder exponent is no
longer de�ned. This raised the problem of determining if the Kolmogorov scaling function
yields some information for other concepts of pointwise regularity; we will come back to this
question in Sec. 2. A second concern was the numerical instability of the computation of the
scaling function when extended to negative values of q; this is critical because, restricting
the use of (3) to q > 0 yields at best the increasing hull of the multifractal spectrum. This
problem already appeared for models as simple as the Brownian motion. Since its pointwise
Hölder exponent takes the constant value hB(x) = 1/2, its multifractal spectrum is supported
by the unique value H = 1/2, whereas (3) yields a wrong decreasing part for DB: Its right
hand side takes the value 3/2−H for H ∈ [1/2, 3/2], see [50, 13]. These limitations motivated
several advances:

� This setting was soon extended to the analysis of probability measures: In that case,
the pointwise regularity exponent hµ of a measure µ is (informally) de�ned by

µ([x− r, x+ r]) ∼ rhµ(x) when h→ 0; (4)

in 1992, G. Brown, G. Michon and J. Peyrière proved that the corresponding formalism
(obtained by adapting (3) to a relevant scaling function, such as (5) below) yields an
upper bound for the multifractal spectrum when the in�mum is taken on all (positive
and negative) values of q, see [16].

� As regards functions, in order to eliminate the numerical instabilities met for q < 0,
A. Arneodo and collaborators introduced an alternative way to compute the scaling
function: In 1991, they proposed to replace increments in (1) by a continuous wavelet
transform, and the integral by a discrete sum computed over the local maxima of
this transform taken not only at the scale considered but also across all �ner scales
available [62].
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� In 1997 a functional analysis interpretation of the scaling function for q > 0 (see (13)
below) opened the way to determining when data can be modelled by locally bounded
functions, and also to the �rst mathematical results concerning the validity of the
multifractal formalism for functions [47].

1.2 Multiscale quantities and wavelet expansions

De�nition (4) plays a key role in the derivation of the upper bound supplied by the multi-
fractal formalism in the measure setting, where the scaling function ηµ(q) of a measure µ can
be de�ned as follows. We will use the following notations for dyadic intervals:

λ (= λj,k) =

[
k

2j
,
k + 1

2j

[
and 3λ =

[
k − 1

2j
,
k + 2

2j

[
.

The measure scaling function of µ is de�ned by

∀q ∈ R, if Sµ(j, q) = 2−j
∑
k

(µ (3λj,k))
q , ηµ(q) = lim inf

j→+∞

log (Sµ(j, q))

log(2−j)
. (5)

Denote by λj(x) the unique dyadic interval of width 2−j which contains x. Then (4) can be
rewritten as:

hµ(x) = lim inf
j→+∞

log (µ (3λj(x)))

log(2−j)
. (6)

When such a relationship holds between a non-negative quantity de�ned on dyadic intervals
and a pointwise regularity exponent, we will say that the multiscale quantity (here µ (3λ))
is associated with the corresponding exponent (here hµ). This notion is important because,
when it holds, it follows that (see [48])

Df (H) ≤ inf
q
(1 +Hq − ζf (q)) . (7)

This created a strong motivation for the quest of multiscale quantities associated with
pointwise regularity exponents. In the case of the Hölder exponent of a function, a �rst
possibility is to consider the �rst order oscillations of f

Of (λ) = sup
x,y∈ 3λ

|f(x)− f(y)|

(or higher order di�erences if Hölder exponents larger than one can be met in the data), see
[8, 50]. However, this method does not present the (numerical and theoretical) advantages
of wavelet-based methods (see [45] for recent results on this method). The state-of-the-art
method makes use of wavelet leaders instead, which are de�ned as follows.

Let ψ be an oscillating and well localized function, with r (≥ 1) �rst vanishing moments
and of class Cr−1(R). The function ψ generates an r-smooth orthonormal wavelet basis when
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the {ψj,k(x) = 2j/2ψ(2jx − k)}(j,k)∈Z2 form an orthonormal basis of L2(R). The discrete
wavelet coe�cients of a function f are de�ned by

cj,k = 2j
∫
R
f(x)ψ

(
2jx− k

)
dx, (j, k) ∈ Z2. (8)

For convenience, we will sometimes also index wavelets and wavelet coe�cients by dyadic
intervals and write indi�erently cλ = cj,k.

A �rst advantage of using wavelets is that they o�er a numerically reliable extension of
the Kolmogorov scaling function with a wider range of applicability: The wavelet scaling
function, is de�ned as in (5), but replacing the multiscale quantity µ(3λj,k) by the wavelet
coe�cients cj,k. Let q > 0; the structure functions of order q of f are de�ned as

∀j ≥ 0, Sw
f (j, q) = 2−j

∑
k

|cj,k|q ;

and the wavelet scaling function of f reads

ζf (q) = lim inf
j→+∞

log
(
Sw
µ (j, q)

)
log(2−j)

. (9)

The de�nition of the wavelet scaling function does not rely on any assumption on the
data (provided that the wavelet used is smoother than the maximal regularity encountered
in the data), in which case (8) is interpreted as a duality product between smooth functions
(wavelets) and a tempered distribution f . Furthermore, it is independent of the (smooth
enough) wavelet basis which is used, see [47]. The scaling function thus obtained is still
denoted by ζf (q) because it coincides with the Kolmogorov scaling function if q > 1 and if
the Hölder exponent of f takes only values below 1. It has many use cases:

� it can be used for classi�cation;

� it allows us to determine for which type of pointwise exponents a multifractal analysis
can be performed, see (13) below;

� it yields an upper bound of the increasing part of the weak scaling spectrum, see Def.
1.5 and Prop. 2.2 below.

The wavelet scaling function is not well-de�ned for negative qs; indeed, the distribution
of wavelet coe�cients for real-world data usually display a non-vanishing density around 0,
hence wavelet coe�cients of arbitrarily small size show up, and negative moments won't
exist. A way to mitigate this problem consists in considering the following alternative scaling
function, see [48].

De�nition 1.2. Let f ∈ L∞
loc(R), and assume that a su�ciently smooth wavelet basis has

been chosen. The wavelet leaders of f are

∀(j, k) ∈ Z2, lf (λ) = sup
λ′⊂3λ

{|cλ′ |}.
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The wavelet leader scaling function is de�ned as

∀q ∈ R, if Sf (j, q) = 2−j
∑
k

(lf (j, k))
q , then ηf (q) = lim inf

j→+∞

log (Sµ(j, q))

log(2−j)
. (10)

A numerical advantage of using wavelet leaders in the de�nition of the scaling function is
that, in contradistinction with wavelet coe�cients, their distribution vanishes around 0, see
[50, 54, 78, 77], and [14] for estimates of the laws of wavelet leaders and the application of
statistical tests to derive empirical laws. An additional key property is that, under a uniform
regularity hypothesis on the data, wavelet leaders are associated with the Hölder exponent
according to (6), see [48]; it follows that the corresponding Legendre spectrum (using the
wavelet leader scaling function) yields an upper bound for the multifractal spectrum which
holds without additional assumption.

However, large classes of signals cannot be modelled by locally bounded functions: In
order to determine when this is possible, one computes the value taken by the uniform
Hölder exponent Hmin

f , which is de�ned through a log-log plot regression

Hmin

f = lim sup
j→+∞

(
log (supk |cj,k|)

log(2−j)

)
. (11)

This exponent has found an independent interest for classi�cation, see e.g. [3] and Sec. 4. If
Hmin

f < 0, then f is not locally bounded, see [47], and it follows that a multifractal analysis
based on the Hölder exponent cannot be performed; this situation is illustrated in Fig. 7,
on a MEG signal, yielding a negative value for Hmin

f ; see also Fig. 7 where it is shown that
most exponents Hmin

f which we have estimated from MEG data are actually negative. In
such situations, one can preprocess data by performing a fractional integration of order s
prior to conducting multifractal analysis.

Let us brie�y recall the de�nition of fractional integration together with the variant used
in practice. A function f belongs to the Schwartz class if it belongs to C∞ and if all its
derivatives have fast decay. The dual space of the Schwartz class is the set of tempered
distributions. One advantage of using this very general setting is that the Fourier transform
is well de�ned on this space where it is a one to one mapping. This allows to de�ne the
fractional integral or arbitrary order of a tempered distributions as follows:

∀s ∈ R, f̂ (−s)(ξ) = (1 + |ξ|2)−s/2f̂(ξ). (12)

On the practical side, tempered distributions yield a general framework for modeling which
requires no a priori assumption on the data. In applications involving a wavelet analysis,
one does not compute explicitly the wavelet coe�cients of f (−s), and one rather de�nes the
pseudo-fractional integral of order s, f̃ (−s), by its wavelet coe�cients as

c̃−s
j,k = 2−sjcj,k.

The function space interpretation of Hmin
f implies that

∀s ∈ R, Hmin
f (−s) = Hmin

f̃ (−s) = Hmin
f + s,
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so that it su�ces to take a (pseudo-)fractional integral of order larger than−Hmin
f to make the

multifractal analysis based on the Hölder exponent possible. The pointwise Hölder exponents
of f̃ (−s) and f (−s) together with their di�erent scaling functions coincide, see [79], which
explains the choice of using the pseudo-fractional integral in applications (rather than the
fractional integral) since it does not involve any additional computation. It follows that
a multifractal analysis of f (−s) based on the Hölder exponent can be carried out. This
technique has often been used (either explicitly or implicitly) in multifractal analysis. In the
continuous wavelet transform setting, it is for instance a prerequisite before using the WTMM
(Wavelet TransformModulus Maxima) method [62], indeed, the continuous wavelet transform
restricted at its local maxima may yield unbounded quantities if Hmin

f < 0. Nonetheless, a
(pseudo-)fractional integration can alter the shape of the multifractal spectrum in a way that
cannot be a priori predicted, so that it yields little information on the initial data. This
has been documented in the case of Lacunary Wavelet Series, where, for a given p, the
multifractal spectrum of f (−s) is a shifted and dilated version of the multifractal spectrum
of f , see [2]. In Sec. 3 we will show other examples which illustrate this phenomenon, and
therefore call for a direct analysis of the data without such a preprocessing.

When Hmin
f < 0, a direct analysis of the data without performing �rst fractional integra-

tion is possible if one uses weaker notions of pointwise regularity which do not require that
the analyzed function is locally bounded. A �rst possibility is when f ∈ Lp

loc for a p ≥ 1. In
that case, the following extension of the Hölder exponent introduced by A. Calderón and A.
Zygmund can be used [19].

De�nition 1.3. Let f ∈ Lp
loc
(R) with p ≥ 1. Let x0 ∈ R. A function f belongs to T p

α(x0)
when there exist a polynomial Pf,x0 of degree less than α and constants C,R > 0 such that

∀r ∈ (0, R),

(
1

r

∫ x0+r

x0−r

|f(x)− Pf,x0(x− x0)|pdx
) 1

p

≤ Crα.

The p-exponent of f at x0 is hpf (x0) = sup{α : f ∈ T p
α(x0)}.

Appropriate multiresolution quantities associated with the p-exponent have been intro-
duced in [46, 56]. They are referred to as p-leaders, and the corresponding multifractal
formalism allows to estimate the corresponding p-spectrum ; it is currently used in signal
and image processing, and even preferred to the wavelet leader based multifractal formalism
due to its improved statistical performances, see [55] where it is shown that values of p close
to p = 2 should be preferred. The choice p < 1 (which requires to replace the spaces Lp by the
real Hardy spaces Hp in Def. 1.3) allows to analyze some classes of tempered distributions,
for instance when they are supported by fractal sets, see [49, 44].

A simple criterium allows to determine under which condition data can be modelled by
a function in Lp

loc
: it is the case if ζf (p) > 0. This follows from the following interpretation

of the wavelet scaling function in terms of regularity in the class of Sobolev spaces. Let Lp,s

denote the Sobolev space of distributions whose fractional derivative of order s belongs to
Lp; then

ζf (p) = p · sup{s : f ∈ Lp,s}, (13)
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see [47]. It follows that, if ζf (p) > 0, then f ∈ Lp,s for an s > 0, so that f ∈ Lp.
If ζf (p) ≤ 0, then one can still have recourse to a (pseudo-)fractional integration in order

to estimate the p-spectrum of a fractional integral of f . Indeed if s is large enough, then
the wavelet scaling function of the smoothed signal f−s thus obtained becomes positive for
some values of p: more precisely, the Sobolev interpretation of the wavelet scaling function
supplied by (13) together with the implication

f ∈ Lp,t =⇒ f (−s) ∈ Lp,t+s

(which follows directly from the de�nition of Sobolev spaces) implies that

∀p > 0, ζf (−s)(p) = ζf (p) + ps;

therefore, it su�ces to take a fractional integral of order s > −ζf (p)/p to insure that f (−s) ∈
Lp
loc
.
However, this option, which requires the use of a fractional integral, meets the same lim-

itations as mentioned before: p-spectra can also be modi�ed in an unpredictable way under
fractional integration. This drawback calls for the use of a multifractal analysis based on
another pointwise exponent which would be de�ned without any a priori assumption, i.e. in
the very general setting supplied by tempered distributions, so that the corresponding mul-
tifractal analysis could be directly applied to the data (and not to their fractional integrals),
without restrictions.

1.3 The weak-scaling exponent

In practice, the use of p-exponents does not cover all types of data that are met in real-world
applications. This has been noticed for the analysis of the cadence of marathon runners,
for instance, some of which verify that ∀p > 0, ηf (p) < 0 [13]; and it also happens when
analyzing brain activity notably on MEG signals, as shown later in Sec. 4. On the theoretical
side, a simple example for which no p-exponent can be used is supplied by Gaussian white
noise; indeed, the fact that its coe�cients on any orthonormal basis are IID centered normal
Gaussian variables easily implies that its wavelet scaling function is

∀q > 0, ζX(q) = −q
2
,

so that it takes negative values only (see Fig. 1).
We will see in Sec. 3 other examples of mathematical models for which no p-exponent

can be used. These situations, which show up both in theory and applications, call for the
use of another pointwise regularity exponent which would be de�ned without any a priori
assumption. Such an exponent has been introduced by Y. Meyer in [60], with a di�erent
purpose. The initial motivation was to answer a problem which appeared in the mid 1980s:
Indeed, it was commonly believed that the pointwise Hölder exponent of a function f can be
characterized by the decay rate of its continuous wavelet transform in the cone of in�uence
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Figure 1: Numerical estimation of the wavelets scaling function for a Gaussian white noise
(in red) superimposed on the theoretical result (in black)

of the point considered; if translated to the discrete wavelet setting, this means that, for a
given point x0

∃C,C ′ > 0 : if

∣∣∣∣ k2j − x0

∣∣∣∣ ≤ C

2j
then |cj,k| ∼ 2−hf (x0)j (14)

(the 2[C] + 1 wavelet coe�cients closest to x0 at each scale decay like 2−hf (x0)j). Such a
statement was proved wrong, typical counterexamples being supplied by the chirps

x→ |x− x0|α sin
(

1

|x− x0|β

)
, (15)

for α, β > 0. Yves Meyer made a precise analysis of how (14) can be interpreted, and he
showed that it can be associated with a new pointwise regularity exponents. To state his
results, we need to recall the following notion, which was introduced by J.-M. Bony [15], and
used as a key tool in the wavelet characterization of pointwise regularity [42].

De�nition 1.4. A tempered distribution f : R → R belongs to the two-microlocal space
Cs,s′(x0) if its wavelet coe�cients (in an r-smooth wavelet basis with r > max(|s|, |s′|))
satisfy

∃C, ∀j, k, |cj,k| ≤ C2−sj(1 + |2jx0 − k|)−s′ . (16)

This de�nition is independent of the wavelet basis used, see [42]. Yves Meyer introduced
the following notions in [60].

De�nition 1.5. A tempered distribution f : R → R belongs to Γs(x0) if there exists s′ > 0
such that f ∈ Cs,−s′(x0).

The weak-scaling exponent of f at x0 is

hws
f (x0) = sup{s : f ∈ Γs(x0)}.
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Yves Meyer showed that this de�nition allows to give a precise mathematical content to
the (loose) statement (14).

The multifractal weak scaling spectrum Dws
f : R ∪ {+∞} → R+ ∪ {−∞} of f is the

mapping de�ned by

∀H ∈ R, Dws
f (H) = dimH

(
{x ∈ R : hws

f (x) = H}
)
,

see [13] (where equivalent de�nitions of the weak scaling exponent are also derived).

A direct consequence of Def. 1.4 is that, for any distribution f ,

∀x, hws
f ′ (x) = hws

f (x)− 1, (17)

so that

∀H ∈ R, Dws
f ′ (H) = Dws

f (H + 1). (18)

Weak scaling exponents can take any positive or negative value. In particular, this notion
allows us to give a proper mathematical framework for de�ning pointwise singularities of
arbitrary negative exponent. This is not a straightforward problem: for instance, it is well
known that the usual cusp singularites

x→ |x− x0|α

no longer make sense if α < −1; indeed, they are ill-de�ned as Schwartz distributions, so that,
for instance, their wavelet coe�cients cannot be properly de�ned, no matter how smooth the
wavelet used is.

In this article, the purpose is to investigate techniques for the estimation of the function
Dws

f , and to show its relevance for the analysis of MEG data.

In Sec. 2.1, we discuss the limitations of the use of p-exponents to perform multifractal
analysis. In Sec. 2.2 we show how the increasing part of the weak scaling spectrum can be
estimated directly from wavelet coe�cients. The estimation of the decreasing part requires
the use of (θ, ω)-leaders as multiscale quantities introduced in in Sec. 2.3. In Section 3, we
illustrate the use of these multiresolution quantities by showing what the corresponding mul-
tifractal analysis yields for several classical mathematical models, such as fractional Gaus-
sian noises, random wavelet series and multifractal random walks, thereby demonstrating
the relevance and accuracy of the weak-scaling spectrum compared to previously introduced
methods. Finally, in Sec. 4, we apply this technique to MEG recordings (time series), for
which a multifractal analysis based on p-exponents cannot be systematically completed.

This article is partly review and partly research: Besides the introduction, the review part
concerns Section 2, where we collect several results concerning the weak-scaling exponent
scattered in the literature, and complement them by new results. Sections 3 and 4 contain
new material.
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2 Mathematical tools for weak-scaling multifractal anal-

ysis

In this section, we collect results concerning equivalent mathematical de�nitions of the weak-
scaling exponent and its relevance for multifractal analysis. Furthermore, we discuss how
this analysis can be performed in a numerically stable and tractable way. However, we start
by delimiting the situations where no other exponents can be used; this is the purpose of
Sec. 2.1 where we discuss criteria under which the p-exponent can be used.

2.1 Limitations for the use of the p-exponent

Several criteria have been proposed to determine if a multifractal analysis based on the p-
exponent can be worked out. A simple one already mentioned is that it can be used when
ζf (p) > 0, see [46]. Another criterion, which is derived from the large deviation spectrum of
the wavelet coe�cients, can be found in [13]. We now propose a new one that can be applied
when some information is available concerning the location of the singularities of the data.

De�nition 2.1. Let δ < 1 and q > 0. A tempered distribution f : R → R is (δ, q)-sparse if it
can be written f = f1+ f2 with f1 ∈ Lq (or, when q ≤ 1, if f1 belongs to the Hardy real space
Hq ) and the wavelet expansion of f2 in a given wavelet basis is such that, at generation j,
f2 has at most C · 2δj nonvanishing wavelet coe�cients.

Typical example of (δ, q)-sparse distributions are provided by lacunary wavelet series [43]
or by distributions supported by a fractal set of upper box dimension δ < 1. This last case
is relevant e.g. for applications in urban modeling, where data are carried by the urban
network, which is often modelled by a fractal set [31].

Recall that the Besov space Bs,∞
p can be characterized by the following wavelet condition:

∃C, ∀j, 2−j
∑
k

|cj,k|p ≤ C2−spj.

Proposition 2.1. If f is a (δ, q)-sparse distribution, then there exist ε, p > 0 such that
f ∈ Bε,∞

p , so that a multifractal analysis of f using p-exponents can be performed.

Proof: Since f1 ∈ Lq, a p-exponent based multifractal analysis of f1 can be performed
for any p ≤ q, so that we focus on f2. Since it is a tempered distribution, it is of �nite order,
so that there exists A ∈ R such that f2 ∈ CA(R) (one can pick any A < Hmin

f ); thus, its
wavelet coe�cients satisfy

∃C ∀j, k, |cj,k| ≤ C2−Aj.

If A > 0, then f2 has a positive uniform Hölder regularity, and the result holds. Let us now
assume that A ≤ 0. Since f2 has at most C2δj nonvanishing wavelet coe�cients,

∀j 2−j
∑
k

|cj,k|p ≤ C2(−1+δ)j2−Apj,

12



so that

f2 ∈ Bs,∞
p for any s ≤ 1− δ

p
+ A.

We now recall the following classical embeddings between Besov and Sobolev spaces

∀s > s′ > s”, Bs,∞
p ⊂ Lp,s′ ⊂ Bs”,∞

p .

It follows that p-exponents can be used as soon as f ∈ Bs,∞
p for an s > 0, and s can be picked

positive as soon as

p <
1− δ

−Hmin
f

. (19)

In order to be useful in applications, this criterium requires to estimate the value of δ.
Its value can be known beforehand for some types of data (such as, in 2D, for urban data
which are carried by a fractal set the box dimension of which can be estimated). In other
applications, one has to construct a practical algorithm for the determination of the splitting
supplied by Def. 2.1. We now propose one which is based on a splitting of the wavelet
coe�cients of f .

Let C be a �xed constant which is related to the Lq norm of the function f1 which will
be constructed. At each generation j, we denote by SN,j the restriction of the quantity∑

k

|cj,k|q

to the N smallest values taken by |cj,k|. This is clearly an increasing function of N and we
denote by Nj the largest value of N such that

SN,j ≤ C
2j

j2q
.

This de�nes a splitting of the wavelet coe�cients of f into two sets, and we denote by Kj the
set of �small� coe�cients thus selected, and the complementary set by Lj. We then de�ne

f1 =
∑
j

∑
k∈Kj

cj,kψj,k and f2 =
∑
j

∑
k∈Lj

cj,kψj,k.

By construction, f1 ∈ B0,q
q ⊂ Lq. LetMj be the total number of wavelet coe�cients computed

at generation j. The number of nonvanishing coe�cients of f2 is Mj −Nj, so that δ can now
be derived through a log-log plot regression:

δ = lim sup
j→+∞

log(Mj −Nj)

log(2j)
.
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2.2 An upper bound for the weak-scaling spectrum

The wavelet scaling function allows to derive the following upper bound of the weak-scaling
spectrum see [51].

Proposition 2.2. Let f be a tempered distribution de�ned on R. Then its weak scaling
spectrum satis�es

Dws
f (H) ≤ inf

p>0
(Hp− ηf (p) + 1) . (20)

This result is natural if we remember the heuristic which motivated the introduction
of the weak-scaling exponent: The size of the wavelet coe�cients located in the �cone of
in�uence� yields this exponent through a log-log plot regression; this means that, though
wavelet coe�cients are not multiscale quantities associated with the weak-scaling exponent
in the sense supplied by (6), nonetheless they are �close� to be such, so that the corresponding
upper bound still holds. However, this formula meets a severe limitation: Since the in�mum
is taken on positive ps only, the right hand side of (20) is increasing, and this bound can only
estimate the increasing part of the spectrum. Actually, if this formula is applied to negative
ps, it does not yield a sharp estimate, as shown by the toy-example supplied by Brownian
motion, see [50, 13].

An extension of Prop. 2.2 for p < 0 is proposed in [50]. It is based on structure functions
which are not derived directly from wavelet coe�cients, but rather from ε-leaders, i.e. from
multiscale quantities which are de�ned as local suprema of wavelet coe�cients taken on small
boxes of width 2εj around the corresponding location of the wavelet coe�cients in the time-
scale half-plane, and then taking a limit of the resulting scaling functions when ε→ 0. This
formulation however is not �tted to applications, because of the double limit which is involved
in this approach. This motivated the introduction of new multiscale quantities which we now
describe; indeed, they do not present this double-limit drawback and they yield sharp upper
bounds for the weak scaling spectrum (see Def. 1.5 below), which turn out to be equalities
for several classes of models, see [13] and Sec. 3.

2.3 Multiscale quantities: (θ, ω)-leaders

We now de�ne the local suprema of wavelet coe�cients as multiscale quantities on which
multifractal analysis for the weak-scaling exponent will be based.

A function θ : N → R+ has sub-polynomial growth if it satis�es
∀j, θ(j + 1) ≥ θ(j) ≥ j

lim sup
j→+∞

log(θ(j)− j)

log(j)
< 1;

(21)

typical examples are supplied by functions of logarithmic growth θ(j) = j +C(log j)α for an
α ≥ 0, or by power laws θ(j) = j + jβ for a β < 1. Note that this de�nition is slightly more
general than those introduced previously, see [13] and references therein.
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A function ω : N → R+ has sub-exponential growth if it is non-decreasing and such that
ω(j) → +∞ when j → +∞

log(ω(j))

j
→ 0 when j → +∞;

(22)

typical examples are supplied by power-laws j → ja for an a > 0.

Figure 2: Selected wavelet coe�cients for leaders (top) and (θ, ω)-leaders (bottom) for the
determination of the corresponding multiresolution quantities.

We start by de�ning the sets of dyadic intervals on which the local suprema of wavelet
coe�cients will be taken.

De�nition 2.2. Let θ and ω be two functions with respectively sub-polynomial and sub-
exponential growth, and let λ (= λj,k) be a dyadic interval; the (θ, ω)-neighbourhood of λ,
denoted by V(θ,ω)(λ) is the set of dyadic intervals λ′ (= λj′,k′), indexed by the couples (j′, k′)
satisfying

j ≤ j′ ≤ θ(j) and

∣∣∣∣ k2j − k′

2j′

∣∣∣∣ ≤ ω(j′)

2j
.

We now introduce the (θ, ω)-leaders which will be the multiscale quantities on which the
multifractal analysis of the weak-scaling exponent will be based, see Figure 2.

De�nition 2.3. Let f be a tempered distribution of wavelet coe�cients (cj,k); the (θ, ω)-
leaders of f are de�ned by

dj,k = sup
(j′,k′)∈V(θ,ω)(j,k)

|cj′,k′|. (23)
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This de�nition is slightly more general than the one proposed in [13]; its motivation is to
answer numerical problems met by the previous de�nition, while keeping its key mathematical
properties. Indeed, it allows for extra �exibility in the choice of the number of wavelet
coe�cients on which the supremum is taken: Note that, with this de�nition, this supremum
is taken on 2ω(j) + O(1) at the generation j, 4ω(j) + O(1) at the generation j + 1, ... , so
that, adding up, it is taken on (

2θ(j)+1 − 1
)
ω(j) +O(j)

coe�cients.
The de�nition of (θ, ω)-leaders yields an extension of the wavelet scaling function (9) to

p < 0; indeed, one can easily check that, for p > 0, the following de�nition coincides with
(9).

De�nition 2.4. Let f be a tempered distribution; its wavelet scaling function is de�ned by

∀p ∈ R, ζf (p) = lim inf
j→+∞

log

ω(j) · 2−j
∑

k=l·[2·ω(j)]

|dj,k|p


log(2−j)
. (24)

The sum is taken over the multiples of [2 · ω(j)] so that the contribution of one dyadic
interval λ′ is taken into account only once, inside one of the (θ, ω)-leaders. If the wavelet
coe�cients are computed over an interval of length L then, at the generation j, there are
∼ L2j wavelet coe�cients which are computed; since the supremum in the computation of
wavelet leaders is taken on [2 · ω(j)] + 1 coe�cients of generation j, then the prefactor of
normalization of the sum in (24) corresponds to the number of elements on which this sum
is taken.

The following result was already derived in [50] in the case of ε-leaders and extended to
(θ, ω)-leaders in [13]. One easily checks that it remains valid for the extension of (θ, ω)-leaders
that we propose in the present paper.

Proposition 2.3. Let f be a tempered distribution. Then its weak scaling spectrum satis�es

Dws
f (H) ≤ inf

p∈R
(Hp− ζf (p) + d) . (25)

In particular, if the wavelet scaling function of a distribution f is a linear function over
R, then its weak scaling exponent is constant.

3 Mathematical models

3.1 Fractional Gaussian noise

We start by considering fractional Gaussian noises (fGn) which play an important role in
modelling (see Fig. 3). Their sample paths are random Schwartz distributions, which we
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denote by Wα; their Hurst exponent is negative: α ∈ (−1, 0) and their sample paths do not
locally belong to any Lp space, so that their multifractal analysis cannot be performed using
p-exponents. One way to recover this property consists in remarking thatWα is a sample path
by sample path derivative (in the sense of distributions) of a fBm Bα+1, whose Hurst exponent
satis�es α + 1 ∈ (0, 1). Since the wavelet scaling function of Bα+1 is ζBα+1(q) = (α + 1)q, it
follows that

∀q > 0, ζBα(q) = αq,

hence always takes negative values. This justi�es the use of the weak scaling exponent in
order to analyze its pointwise regularity.

Figure 3: Simulation of a fractional Gaussian noise (fGn)Wα with Hurst exponent α = −0.5.
In this speci�c case, it is simply referred to as white Gaussian noise.

The weak scaling exponent of Bα+1 satis�es

a. s. ∀x ∈ R, hws
Bα+1

(x) = α + 1.

It follows from (17) that the weak scaling exponent of Wα satis�es

a. s. ∀x ∈ R, hws
Wα

(x) = α,

so that, using (18), its weak scaling spectrum is given by
Dws

Wα
(H) = γ if H = α

= −∞ else.

We now inspect if this result can be recovered through a numerical estimation of the Legendre
spectrum ofWα. Fig. 4 shows the Legendre spectrum a fGn with Hurst exponent α = −0.25.
Its Legendre spectrum is estimated using wavelet leaders, p-leaders, and (θ, ω)-leaders. The
�rst two methods yield wrong results as expected, whereas the use of (θ, ω)-leaders yields a
Legendre spectrum sharply peaked at the right value α = −0, 25.
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Figure 4: Legendre spectrum of a fGn with Hurst exponent α = −0.25 obtained using
three methods: leaders (in blue), p-leaders (in orange), and (θ, ω)-leaders (in green) with
θ(j) = j + j0.25 and ω(j) = j

3.2 Multifractal analysis of random wavelet series

Random wavelet series (RWS) were introduced in [4] where their multifractal analysis was
performed. They o�er an interesting �eld of investigation in order to compare the di�erent
variants of multifractal analysis; indeed, their multifractal spectra di�er depending if one uses
the Hölder and the p-exponents, and it depends on the value of p that is chosen, see Theo.
3.1 below. We show in this section that a multifractal analysis based on the weak-scaling
exponent yields yet another spectrum, which supplies more information on the parameters
which characterize the RWS. We start by brie�y recalling the construction of these processes.

De�nition 3.1. Let (ψj,k)j,k∈Z2 be a smooth orthonormal wavelet basis. A RWS associated
with this basis is a stochastic process of the form

Xt =
∑
j≥0

∑
k∈Z

cj,kψj,k(t) (26)

such that its wavelet coe�cients cj,k are independent and, at each scale j, share a common
law µj. Additionally, these laws satisfy

a.s. ∃C > 0, ∃A ∈ R, ∀j ≥ 0, ∀k ∈ {0, · · · 2j}, |cj,k| ≤ C2−Aj. (27)

Note that this notion is not canonical, but depends on the wavelet basis chosen. Since
we are interested in regularity properties of the sample paths of Xt, we need not care about
possible terms corresponding to j < 0 which would yield a smooth contribution to (26), and
we do not consider such a component in the following. Note that the assumption (27) only
implies that the sample paths of the process are well de�ned as a Schwartz distribution; more
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precisely, it implies that the process X has some uniform regularity: the wavelet characteriza-
tion of the Hölder spaces implies that a.s. the sample paths of X locally belong to the Hölder
space CA

loc. A simple su�cient condition implying that the sample paths are continuous (and
thus that the Hölder exponent can be used in order to estimate pointwise regularity) is to
pick A > 0 in (27). Another condition implying that the sample paths belong to Lp

loc is given
below, see Prop. 3.1.

The a.s. multifractal properties of the sample paths of RWS depend on a quantity called
the wavelet large deviation spectrum introduced in [4], and which we now recall. Let j ≥ 0
be given and denote by ρj the common probability measure of the 2j random variables
Xj,k := − log2(|cj,k|)/j. Thus ρj satis�es

P
(
|cj,k| ≥ 2−αj

)
= ρj((−∞, α]).

De�nition 3.2. Let Xt be a RWS. Let

∀α ∈ R, let ρ(α, ε) := lim sup
j→+∞

log2 (2
jρj([α− ε, α+ ε]))

j
,

and, for α = +∞,

ρ(A) := lim sup
j→+∞

log2 (2
jρj([A,+∞)))

j
,

The wavelet large deviation spectrum of X is

if α < +∞, then ρ(α) := inf
ε>0

ρ(α, ε), (28)

if α = +∞, then ρ(+∞) := inf
A>0

ρ(A). (29)

The support of the wavelet large deviation spectrum is

supp(ρ) = {α : ρ(α) ≥ 0}.

Note that ρ is de�ned on R ∪ {+∞} and takes values in [−∞, 1]. As in [4], in order to
evacuate degenerate cases of little interest, we suppose that ρ(α) takes a positive value for
at least one (�nite) value of α.

The following result follows from the determination of the wavelet scaling function of RWS
in [4]; it supplies a su�cient condition for the use of the Hölder exponent or the p-exponent
in the multifractal analysis of Xt.

Proposition 3.1. Let p ∈ (0,+∞). If

∀α ∈ R, ρ(α) < pα+ 1 (30)

then the sample paths of Xt almost surely belong to Lp
loc. Furthermore, if

∃ε > 0 : ∀α < ε, ρ(α) = −∞

(or, equivalently, if (27) holds for an A > 0), then the sample paths of Xt almost surely
belong to L∞

loc.
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Let

W = {α : ∀ε > 0,
∑
j∈N

2jρj([α− ε, α+ ε]) = +∞}, Hmin
X := inf

α
W, (31)

and

Hmax
X (p) :=

(
sup
α

ρ(α)

α + 1/p

)−1

.

The following result yields the multifractal p-spectra of the sample paths of RWS. The case
p = +∞ corresponds to the Hölder exponent.

Theorem 3.1. Let X be a random wavelet series, and assume that (30) holds. With proba-
bility one, the sample paths of X share the following properties:

� The support of their multifractal p-spectrum is SX = [Hmin
X , Hmax

X (p)];

� their multifractal p-spectrum DX(H) is given by

∀H ∈ SX , Dp
X(H) = H sup

α≤H
ρ(α)

H + 1/p

α + 1/p
; (32)

� for almost every t,
hX(t) = Hmax

X . (33)

� the Legendre p-spectrum is the concave hull of the multifarctal spectrum.

The last statement is a weak formulation of the multifractal formalism. This theorem is
proved in [4] in the case of the Hölder exponent and in [2] for the p-exponent in the case of
lacunary wavelet series (i.e. when ρ take only one non-negative value). Its extension to the
general case of the p-exponent of RWS follows from adapting the ideas developed in [4] inside
the framework supplied by p-exponents as shown in [2].

We now consider the setting supplied by the weak scaling exponent.

Theorem 3.2. Let X be a random wavelet series. The weak scaling mutifractal spectrum of
X is given by

∀H ∈ R, a.s., Dws
X (H) = ρ(H) 1W (H).

Sketch of proof: This theorem follows from several results of [4]. Let ε > 0 and denote by
Eε

α the limsup of the ε-neighbourhoods of the dyadic intervals λ such that the corresponding
wavelet coe�cient cj,k satis�es cj,k ∼ 2−αj. First, note that outside of the set⋃

α

Eε
α

hws
X takes the value +∞. Letting ε → 0, we obtain that the support of the spectrum is

included in the support of 1W . Let now α be �xed; for any ε > 0, the set of points x where
hws
X (x) = α is included in

F ε
α = Eε

α −
⋃
β ̸=α

Eε
β,
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and a simple box-counting argument yields that

dim(F ε
α) ≤ ρ(α) + o(1)

(where the o(1) has to understood as a limit when ε → 0). Taking the limit when ε → 0,
it follows that Dws

X (H) ≤ ρ(H) 1W (H). The lower bound is obtained as in [4], using an
ubiquity-type argument.

3.3 Multifractal random walk (MRW)

Multifractal random walks are Gaussian processes de�ned as integrals of in�nitely divisible
stationary multifractal cascades with respect to fractional Brownian motion [5, 1]. They have
met a huge success as models of phenomena of multiple natures and as models on which the
numerical algorithms for estimating multifractal spectra have been tested. By construction,
such processes display only canonical singularities in the sense de�ned in [2], i.e. their Hölder
exponent, p-exponents and weak-scaling exponents coincide (whenever they are well de�ned)
as a consequence of the following property: when applying a fractional integral of order α,
the pointwise exponent of such processes is increased by exactly the quantity α. This implies
that the numerically estimated spectra of the sample paths of MRWs using wavelet leaders,
p-leaders or (θ, ω)-leaders should yield the same result, and these spectra should be shifted
by α to the right when a fractional integral of order α is applied. Figure 5 shows that the
spectrum always is correctly obtained in the case of an analysis based on the weak scaling
exponent. This is in sharp contradistinction in the cases of the Hölder and the p-exponents
where the analysis yields a wrong spectrum when the admissibility condition for the use of
the corresponding exponent is not satis�ed.

4 Multifractal analysis of brain activity measured in

MEG

4.1 Scale-free dynamics in brain activity

Scale-free dynamics has been reported in spontaneous brain activity [41] and in electrophysio-
logical recordings, such as magnetoencephalography (MEG), electroencephalography (EEG)
and local-�eld-potentials (LFP) [41, 30, 53]. The presence of scale-free dynamics in the
brain was originally demonstrated in the infra-slow frequency range of the broadband spec-
trum (from 0.01 Hz to 1 Hz [41, 18, 39, 11]) but also in the slow power �uctuations of narrow-
band neuronal oscillations [32, 59, 61, 64, 29]. Empirical work has revealed that scale-free
dynamics of brain activity was modulated by levels of wakefulness (vs. sleep) [76, 41, 26, 69],
consciousness (vs. anesthesia) [40, 9], aging and neurodegenerative diseases [68] as well as
task performance [17, 41, 38, 22, 81, 82, 61, 64, 58, 53].

The intuition behind the scale-free concept is that the relevant information in the temporal
dynamics of a given signal is coded within the relations that tie together temporal scales,
rather than solely in the power of neuronal oscillations in speci�c bands. However, its origin
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Figure 5: Compared multifractal analyses for Multifractal random Walks (MRW).
Top row, from left to right, MRW with parameters (H, λ) = (0.6,

√
0.09) withour fractional

derivative (left), with fractional derivative s = 0.8 (center) and fractional derivative s = 1
(right). Bottom, estimated Legendre spectra, computed using leaders (blue), p = 1-leaders
(green) and weak scaling (θ, ω)-leaders (magenta) formalims with θ(j) = j+j0.25 and ω(j) = j
and compared to the conjectured theoretical mutlifractal spectrum (black). There is no shift
in the spectra; the three spectra align with the theoretical one for all three methods (left).
However, the leaders no longer align with the theoretical spectrum for a fractional derivative
s = 0.6 (center), and both the leaders and p = 1-leaders no longer align with the theoretical
spectrum for a fractional derivative s = 1 (right).
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remains poorly understood. Brain activity recorded with MEG or EEG is more comparable
to LFP, and slow dynamic �uctuations probably re�ect the up and down states of cortical
networks compared to spiking activity per se [6]. Hence, although fast neuronal activity or
avalanches can endogenously produce scale-free infra-slow brain dynamics nearby the critical
regime [29], a careful statistical assessment remains necessary to draw conclusions on the
nature of observed scale-free dynamics [12, 71, 23].

4.2 Models for scale-free brain dynamics

Scale-free dynamics recorded in electrophysiology (MEG, EEG) has generally been quanti�ed
using a 1/fβ power spectrum model on a wide continuum of frequencies. As a result, em-
pirical assessment has often used Fourier-based spectrum estimation. As an alternative, self-
similarity provides a well-accepted model for scale-free dynamics that encompasses, formal-
izes, and enriches traditional Fourier 1/fβ spectrum modeling, with models such as fractional
Brownian motion (fBm) or fractional Gaussian noise (fGn) [63, 41, 22, 20]. The parameter
of self-similarity, or Hurst exponent H, matches the spectral exponent β as β = 2H − 1 for
fGn and as β = 2H + 1 for fBm. In the context of brain activity, H indexes how well neural
activity is temporally structured (through its autocorrelation). Furthermore, although H
has been estimated using Detrended Fluctuation Analysis (DFA) [59, 17, 38, 37, 64, 9], it is
now well documented that wavelet-based estimators provide signi�cant theoretical improve-
ments and practical robustness over DFA, notably by disentangling true scale-free dynamics
from non-stationary smooth trends [73, 70, 10, 22, 20]. For a review of statistically relevant
estimations of the self-similarity parameter, interested readers are also referred to [7].

Often associated with Gaussianity, self-similarity alone does not fully account for scale-free
dynamics. The main reason is that self-similarity restricts the description of neural activ-
ity to second-order statistics (autocorrelation and Fourier spectrum) and hence to additive
processes. However, multiplicative processes have been proposed to provide more appropri-
ate descriptions of neural activity [18]. Independently of, and in addition to self-similarity,
multifractality provides a framework to model these nonadditive processes [67, 68, 72]. Mul-
tifractality can be conceived as the signature of multiplicative mechanisms or as the intricate
combination of locally self-similar processes. For example, if a cortex patch (i.e. the anatom-
ical resolution of MEG recordings) is composed of several small networks each characterized
by a single self-similar parameter H, the multifractality parameter (say M) constitutes an
index that captures the diversity of Hs and their interactions within the patch. Qualita-
tively, the multifractality parameterM quanti�es the occurrence of transient local burstiness
or non-Gaussian temporal structures, not accounted for by the autocorrelation function or
by the Fourier spectrum (hence, neither by H nor β). To meaningfully and reliably estimate
M , it has been theoretically shown that the wavelet-based analysis must be extended to
wavelet-leaders [78] and more recently to wavelet p-leaders [56]. The purpose of this section
is to show that such p-leader formalism can fall short in certain situations in MEG time se-
ries analysis such as the presence of oscillating singularities, such as the chirps (15), or when
ζX(p) is negative for all values of p > 0 so that a multifractal analysis based on p-exponents
cannot be worked out, for any value of p.
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4.3 Motivations for WSE-MFA in MEG

The development of the weak-scaling multifractal analysis is instrumental for a reliable and
automated analysis of MEG times series. This statement actually results from the following
key observations. First, from one sensor to another, MEG signals have a varying amount
of regularity, some embodying oscillating singularities. Therefore fractional integration or
order s has di�erent e�ects on di�erent time series. Optimizing the order s in a sensorwide
manner is not tenable in practice and would mean that the input signals cannot be analyzed
in a homogeneous way, or that, part of the neuronal activity is lost if we adopt the same
fractional order everywhere. Second, as MEG recordings are real data, we do not have access
to ground truth parameters (Hmin, η(q)) and their estimates may be biased. The WSE
multifractal analysis therefore allows us to avoid such inherent limitations of the standard
wavelet p-leader formalism.

4.4 MEG data set

Magnetoencephalography (MEG) measures magnetic �eld magnitude and gradient near the
surface of the skull of human subjects. The commonly received interpretation for the genesis
of magnetic currents observed in MEG is that the postsynaptic currents of large neuronal
assemblies of pyramidal neurons in the cortex that �re together in a synchronized manner
form current dipoles whose induced magnetic �eld is strong enough to overcome the noise
and be measured by SQUID sensors.

We picked an ordinary resting-state recording from an openly available dataset [75] to
showcase the common shortcomings of wavelet leaders and p-leaders in the context of state-
of-the-art multifractal analysis of MEG signals. The time series were sampled at 1793 Hz,
and at recording time were high-pass �ltered at 0.1 Hz. We additionally low-pass �ltered the
data with a cuto� at 3 Hz.

4.5 MEG signal preprocessing

MEG signals are naturally noisy, as sensors record every magnetic �eld variation, whether
coming from the brain or from physiological noise sources (e.g. eye blink, heartbeat, motion)
and external ones (e.g. power line). We followed the standard processing pipeline in order
to remove the noise component in the data, making use of mne-python [36]:

1. Bad MEG sensors are identi�ed visually.

2. Signals coming from outside the area where the head is present are suppressed via the
temporal Signal-Space Separation method (tSSS). Bad channels are interpolated in the
process, and head movement is cancelled by shifting to a reference position.

3. Biological artifacts due to blinking and heartbeats are removed via Independent Compo-
nent Analysis (ICA). Independent components (spatial �lters) that correlate to heart-
beats and blinks are identi�ed, then the measurement is reconstructed, without the
noise components.
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Further projection of the signals onto the cortical surface (also called source localization
in the �eld) is possible, however it is not necessary to illustrate the problems associated with
low regularity in the recorded time signals: They are already present in the sensor space.

Prior art. The low frequency �uctuations of electrophysiological time series have been
shown to be approximately scale free in MEG/EEG [24, 25, 81]. In particular, multifractality
in MEG signals has been demonstrated to be increased in multiple brain areas during a visual
discrimination task as compared to the resting state [83, 53] and through a multi-perceptual
learning paradigm [84, 80]. Additionally, multifractality has been observed during epileptic
seizures [27] and reproduced from computational models of neural �eld dynamics [29].

Di�culties and aims. Electrophysiological recording time series are di�cult to handle
due to the presence of locally highly irregular singularities. The low minimal regularity of
MEG time series has required large fractional integration coe�cients (s ≥ 1.5) to make a
p-leaders analysis feasible with p = 2 (the value which empirically yields the best statistical
robustness (see also [78]).

The lowest regularity time series is the one which sets the global integration level, as a
single value of s for the whole data set is required to have comparable estimates to perform
statistical analysis later on.

Single outlier low-regularity time series may be ignored, annotated as bad channels and
interpolated. However this carries a loss in statistical power during subsequent analyses, and
should remain exceptional.

Lifting the current requirement of high fractional integration to perform multifractal
analysis in neural recordings would enable a gain in sensitivity to unveil multifractality, and
therefore higher statistical power in MEG data analysis. Higher statistical power then implies
being able to better determine the functional relevance of multifractality and its modulation
between di�erent experimental conditions, stimuli of patient conditions.

4.6 Multifractal analysis

Multifractal analysis of MEG signals was performed using the open source Python Toolbox
pymultifracs1 [28].

To perform multifractal analysis, the discrete wavelet coe�cients cj,k of MEG time series
are computed across scales 2j ∈ [2jmin , 2jmaxs] and time points k/2j with jmin, jmax = 10, 14
corresponding to [10−2, 1]s, from earlier work.

Among the 306 signals recorded on MEG sensors, 153 are selected as showing empirically
reliable scale-free dynamics (see [57] for a general methodology).

Fig. 7(left) illustrates the principle of the estimation Ĥmin of Hmin and reports
Fig. 7(right) the empirical distribution of estimated Ĥmin. It shows that for the selected
MEG signals, a large proportion of Ĥmin are estimated negative, which implies that the
wavelet leader formalism is not applicable.

1https://github.com/neurospin/pymultifracs
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Figure 6: Simultaneous recording of two gradiometers: MEG 2312 and MEG 0412, single
subject (magnetic �eld gradient in T/m versus time in s).

Figure 7: Estimation of Hmin

f . Left, principle of the estimation of Hmin

f using a log-log
regression on the supremum of the wavelet coe�cients, showing, for the chosen sensor, a
negative estimate: Hmin

f ≈ −0.13 < 0. Right: For the 153 signals with relevant multifractal

behavior, we observe that for a large number of cases Ĥmin < 0, which precludes to perform
multifractal analysis using wavelet leaders without a priori fractional integration.

Figure 8: Wavelet scaling functions for di�erent sensors during the same recording period.
For two sensors, η(q) < 0 for all positive q: indicating that no p-leader based analysis is
possible without performing a priori fractional integration.
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Fig. 8)(left) shows the functions η(p) estimated from di�erent sensors: When there exists
a p > 0 such that η(p) > 0, the p-leader based multifractal formalism can be applied without

fractional integration. Conversely, when ∀p > 0, η(p) < 0 (equivalently, dη̂(p)
dp

∣∣
p→0+

< 0) the

p-leader based multifractal formalism cannot be applied without prior fractional integration.
Fig. 8(right) reports the histogram of dη̂(p)

dp

∣∣
p→0+

and shows that for a signi�cant subset of

sensors, dη̂(p)
dp

∣∣
p→0+

< 0 and thus that there is no value of p that allows the p-leader formalism

to be used without fractional integration.
These two observations motivate the use of the WSE-formalism to perform mutlifractal

analysis with no recourse to fractional integration.

Figure 9: Legendre spectra, estimated from three di�erent regularity exponent and multiscale
quantities: Hölder exponent and leaders (blue), p = 2-exponent and p = 2-leaders (orange),
and WS-exponent and WS-leaders (green, using θ(j) = j + j0.4), for two di�erent sensors
(right and left). Integration with s = 1 is used for the leaders, and for the 2-leaders on
the left plot. When integration is used, the spectra are o�set by the integration factor:
h → h − 1. The WSE spectrum reveals lower regularity in both cases thus indicating more
accurate multifractal analysis.

As an illustration, multifractal spectra for sensors MEG 2312 and MEG 0412 are compared
in Fig. 9, for formalisms based on di�erent multiscale quantities: Leaders, p = 2-leaders, and
WSE. Time series were fractionally integrated (s = 1) for leaders and p = 2-leaders, whenever
required (i.e., when Ĥmin < 0 for leaders and η(2) < 0 pour 2-leaders). Fig. 9(left) corre-
sponds to the case where the use of either leader and 2-leader requires fractional integration
(s = 1), whereas the WSE-based spectrum can be estimated without fractional integration.
Fig. 9(right) corresponds to the case where the use of leader requires fractional integration
(s = 1), whereas the 2-leaders and WSE-based spectra can be estimated without fractional
integration. In both cases, spectra are ploted with the shift h → h − s that cancels the
simple translation e�ect h→ h+ s induced by fractional integration, that would correspond
to the ideal case where fractional integration does not alter in other ways the estimation
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of the multifractal properties of data. Both cases illustrate that the WSE spectrum reveals
lower regularity in data than leaders and 2-leaders permit to do, thus illustrating that frac-
tional itegration may alter or impair an accurate estimation of the multifractal properties in
real-world data.

Finally, Fig. 10 shows the impact of the a priori user-chosen parameters on estimated
spectra for the time series collected on one same sensor (MEG 0412). Top row plots illustrate
the sensitivity of using increasing fractional integration order s on both leaders and 2-leaders
spectra. Bottom row(right) plot illustrates the sensitivity of varying p in p-leaders spectra.
Bottom row(left) plot illustrates the sensitivity of varying θ = j + jβ in the (θ, ω)-leaders.
Under mild hypotheses, this choice should theoretically be without impact on estimation
asymptotically.

Figure 10: Legendre spectra for sensor MEG2432. Leader-based (top left) and p = 2-
leader-based estimates for di�erent fractional integration orders s. Bottom left, WS-leader-
based estimates for di�erent θ(j) = j+jβ. Bottom right, p-leader-based estimates for di�erent
p and with and fractional integration of order s = 1. When integration is used, the spectra
are o�set by the integration factor: h→ h− s.

To summarize, we have analyzed 306 signals of which only 153 showcase multifractality
with reliable scaling dynamics. However, out of the 153 signals, 130 have an estimated
Ĥmin < 0, within which there are 40 signals for which analysis using 2-leaders is not feasible.
The analysis by WSE now makes it possible to overcome this obstacle.
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5 Conclusion

Estimating Hmin via linear regression is di�cult in the context of limited or noisy data, and
may lead to incorrect guesses about the degree of fractional integration required to obtain
sensible Legendre spectra. Furthermore, in some experimental cases, η(p) varies on a signal-
by-signal basis, which in the absence of WSE-based analysis would require either di�erent
fractional integration coe�cients, or more realistically to su�er from over-integrating part of
the time series.

The WSE formalism mitigates these di�culties in dealing with time series of varying
Hmin, by providing a homogeneous method to deal with time series that have heterogeneous
multifractal properties.
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