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Abstract

Black-box global optimization aims at minimizing an objective function whose analytical form is not
known. To do so, many state-of-the-art methods rely on sampling-based strategies, where sampling
distributions are built in an iterative fashion, so that their mass concentrate where the objective function
is low. Despite empirical success, the theoretical study of these methods remains difficult. In this work,
we introduce a new framework, based on divergence-decrease conditions, to study and design black-
box global optimization algorithms. Our approach allows to establish and quantify the improvement
of sampling distributions at each iteration, in terms of expected value or quantile of the objective. We
show that the information-geometric optimization approach fits within our framework, yielding a new
approach for its analysis. We also establish sampling distribution improvement results for two novel
algorithms, one related with the cross-entropy approach with mixture models, and another one using
heavy-tailed sampling distributions.

Keywords. Black-box optimization, Variational inference, Mixture models, Heavy-tailed distributions,
Kullback-Leibler divergence.

MSC2020 Subject Classification. 62F15, 62F30, 62B11, 90C26, 90C30.

1 Introduction

Finding the minimizer of a possibly non-convex objective function that is only accessible through a black-
box oracle is a challenging, yet important task, which has motivated many works [35, 29]. Given the presence
of eventual local minima and the difficulty of evaluating or even approximating gradients, many methods
resort to sampling procedures. These rely on evolution strategies to construct proposal distributions [17],
typically Gaussians, to generate samples close to the minimizers of the objective. Among these methods,
one can mention the class of estimation-of-distribution algorithms [24], the cross-entropy algorithm [23], or
the CMA-ES algorithm [18, 16].

A useful perspective to gain theoretical insights is to understand these algorithms as optimization schemes
alming at minimizing an expectation-based reformulation of the original problem over a set of proposal
sampling distributions. The resulting reformulated problem can consist in minimizing the expected objective
value [14, 4, 25], or the expected transformed objective value, for some well-chosen transformation [34, 33, 9].
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These transformations can also be rank-based [34, 33]. Rank-based transforms only require a ranking of
solutions and thus preserve invariance properties with respect to monotonic transformation of the objective
function. Algorithms with such invariance properties behave identically on two problems with the same
ranking of solutions, allowing to generalize insights from one problem to another [21]. Invariance properties
usually yield better-performing algorithms [19, 8]. Rank-based transformations rely on reformulations that
depend on the retained proposal. In the infinite-population limit, a quantile-based reformulation of the
objective function is obtained [27].

In order to solve the reformulated optimization problem over a set of proposals, many algorithms resort
to natural gradient updates. These updates have been proposed in [6], and consist in a gradient descent step
preconditioned by the Fisher information matrix of the proposal. Natural gradients have been used in the
context of estimation-of-distribution algorithms [25, 9], evolution strategies [4, 33], or discrete permutation
problems [12]. Natural gradients yield invariance properties with respect to parametrization of the proposals
[33, 27]. They are straightforward to be computed when the proposal lies in the exponential family [22].
The natural gradient descent has been used jointly with a (rank-based) quantile-based reformulation of the
objective in [27, 5], leading to the so-called information-geometric optimization (IGO) framework. IGO
recovers many existing algorithms, such as the cross-entropy (CE) algorithm [23], also based on quantiles,
as well as various estimation-of-distribution algorithms [24].

The theoretical study of the aforementioned natural gradient methods mostly follows two main ap-
proaches. The first one is to establish asymptotic convergence of the proposals to a limit proposal distri-
bution well-suited to solve the original problem. This is the approach of [3, 8] showing the convergence of
Gaussian proposals used in IGO. Note that these results are established in an infinite sample size regime,
and for infinitesimally small step sizes, amounting to continuous time. Their applicability in practical imple-
mentations, characterized by non-zero step sizes and stochastic errors, is up to our knowledge still an open
problem. The second approach consists in proving an improvement on the reformulated optimization prob-
lem at every iteration. Such results are useful in practice as they hold without having to wait for an eventual
asymptotic regime to be reached. This is done in [4], in the case of expected objective value minimization
over Gaussian proposals, and in [27, 5] for the IGO reformulation of the original problem, although assum-
ing infinitesimally small step-sizes, or proposals within an exponential family. In [27, 5], the improvement
implies a quantile-based improvement on the original problem. This means that a larger fraction of the mass
of the proposals will concentrate where the objective function is low as the algorithm iterations progress.
We are not aware of any study connecting the two approaches, which can be explained by the very different
mathematical tools and paradigms used in both research lines (e.g., continuous versus discrete time).

We follow in this work the second approach, with the aim to establish new improvement results for
black-box optimization algorithms. Ideally, one would want proven improvement results that are valid
at every iteration, for realistic step sizes, and for a wide variety of proposal models. Typical motivating
examples, widely used in black-box global optimization, are heavy-tailed [31], and mixture [26, 1, 20, 2],
proposal distributions. However, such proposals would require infinitesimally small step sizes to benefit
from the available improvement results from [27, 5], since they do not form an exponential family. Further,
even for proposals within the exponential family, the results from [27, 5] do not quantify the magnitude of
the improvements. Therefore, there is still a need for novel wide-ranging criteria to ensure that black-box
optimization algorithms improve, and if so, how much, either in terms of reformulated problems or quantiles,
that we address in this work.

Our contributions are the following:

e We introduce novel divergence-based conditions, measuring, through a Kullback-Leibler (KL) or a
Rényi divergence, the discrepancy between a given target distribution and successive proposals. We
show that any generic algorithm satisfying those conditions improves in terms of the expectation-based
reformulation of the objective at every iteration, and we quantify the improvement. Namely, if the
divergence is decreasing between two consecutive proposals, then the decrease in divergence translates



into a improvement both in the expectation-based reformulated objective and quantile. It is worthy
to emphasize that our results do not depend on the way the next proposal is designed, making our
conditions a versatile tool to study evolution strategy algorithms.

e We show that the IGO framework fits within the introduced divergence-decrease conditions, illustrating
the wide scope of our results. In the case of the IGO reformulation of the objective, we quantify the
quantile improvement that comes under our divergence-based conditions.

e We go beyond the scope of the aforementioned IGO works by considering mixture and heavy-tailed
proposals. We propose a novel mixture-based algorithm, reminiscent from the mixture-based CE
algorithm of [23, Example 3.2], and we show that it fits within our framework. We also propose a new
algorithm for Student proposals (having heavier tails than Gaussians and including Cauchy), and we
show that it satisfies our divergence-based conditions. We interpret our algorithms as the black-box
global optimization counterparts of existing methods in statistics.

Let us position our contributions with respect to existing literature. Our results allow to derive new proofs
for the quantile improvement in the IGO framework of [27, 5]. As we discuss later in detail, our results are
stated for the IGO quantile-based reformulation of the objective. They also hold for other expectation-based
reformulations of the objective such as the ones in [34, 33, 9]. We furthermore quantify the improvement in
terms of expectation-based reformulation and quantile, yielding more precise results than in [27, 5]. Contrary
to existing works, our results can be applied on proposals beyond the exponential family, as we show in several
examples, and hold without the stringent assumption of infinitesimal step sizes.

The paper is organized as follows. We give preliminary notions about black-box global optimization
problems, and algorithms to solve them, in Section 2. We then state our main results in Section 3, including
our novel conditions for improvement, and new results obtained under these conditions. Finally, we discuss
perspectives in Section 4.

2 Preliminary notions

Let us start with some preliminary notions on sampling-based black-box algorithms for global optimiza-
tion. These algorithms sample points from a proposal distribution that is updated iteratively so that it
concentrates around the solutions of the considered optimization problem. We first present how to refor-
mulate the initial optimization problem into an optimization problem on proposal distributions. Then, we
discuss algorithms to solve this resulting problem, making a particular focus on the IGO framework.

2.1 Problem setting and reformulation

We consider throughout the paper the generic black-box minimization problem

minimize f(z), (1)
where f : X — R may be non-convex and can only be accessed through a black-box that, for a given z € X|
returns the value f(x). The search space X can be continuous, discrete, or mixed between continuous and
discrete variables. We assume the existence of a measure m on X for some o-algebra over X. For instance,
if X = R, one can consider the Lebesgue measure, while if X = N¢, one can take the counting measure.

We focus in our work on algorithms that solve Problem (1) through a sampling-based approach. The
aim is to construct a parametric probability distribution py over X such that py is concentrated around the
minimizers of f over X. In this context, one does not search anymore for an optimal point x € X, but instead
for an optimal parameter 6 € O, or alternatively, for an optimal probability distribution py € {pg, 6 € O}.



In the following, we make the standard assumption that the considered proposals py have a density with
respect to m, also denoted by pg. One way to transform Problem (1) into a problem over © is to consider
the minimization of § — Exp,[f(X)]. This reformulation, which has been studied in [4, 25] for instance,
makes however the resulting algorithm sensitive to transformation of f.

In this work, we focus on an alternative reformulation of Problem (1), which has been proposed in the
context of IGO [27], and has the advantage of ensuring more invariance properties. Let the pg-f-quantiles
at € X be defined by

q
q

(@) = Pxp, [f(X) < f(2)],
(@) = Pxp, [f(X) < f(2)].

SIN DA

For a given z € X, ¢ and qeS measure the mass that pg puts on points that achieve (strictly) better value
of f than z. Select next a weighting non-increasing function w : [0,1] — Ry. The authors of [27] then
introduced the preference function Wef : X = R which is defined for any = € X as

w(gs (z)) if ¢=(z) = ~(z),
W) = (%E)) qieﬁ((z)> g5 ()

a5 (2)—q5 (x) Va5 ()

(2)

w(u)du otherwise.

The function Wef is a quantile-based rewriting of f that is invariant under increasing transformation of the
objective f, as Wef = W(f °f for any increasing function ¢ and # € ©. Also, W(,f reflects the behavior of
f. Indeed, consider (z,2’) € X2 such that f(z) < f(2'), ¢5(x) = g5 (), and ¢5(¢') = g5 (z). Then,
Wef (x) > Wéf (2'). Under such definitions, given a proposal with parameter §’ € ©, the authors of [27]
considered the search for a good proposal py to solve (1) as the maximization of the function J(:|¢’) : © — R
defined, for any 6 € ©, by

J(O10') = Exny, [WH(X)] (3)

Note that J(0|0) = Z,, for any 6 € ©, with the notation Z,, = fol w(u)du.

Measuring the quality of a proposal py to solve Problem (1) using quantiles has also been proposed in
the framework of the CE method [23]. Given a proposal pg and a scalar g € (0, 1), the CE method relies on
g-quantiles of f(X) where X ~ py, that is, any value u € R such that

Pxp, [f(X) <u] > qand Py, [f(X) >u] >1—g. (4)
Let us denote, as in [5], Q4(f) as the largest of such values,
Q3 (f) = sup{u € R such that (4) is satisfied}. (5)

If z is sampled from py, then f(x) is below Qg(f) with a probability greater than g. Therefore, a good
proposal pg to solve Problem (1) should be such that Q¢(f) is as low as possible. Remark that Q¢(f) only
depends on the current proposal, contrary to J.

It is actually possible to relate the behavior of the quantities J(0|¢”) from the IGO framework, and QF(f)
from CE methods, for a particular case of weighting scheme w. This is done in [5] where the authors showed
that an increase in term of § — J(6|0') relates to a decrease in terms of § — QF(f), as stated in the
lemma hereafter.

Lemma 1 (Lemma 8 in [5]). Consider the weighting function w(u) = 6,<4(u) with q € (0,1). If (6,0") € ©2
satisfies the increase condition
J(00") > J(0'|0") = Z,, (6)

then we have QG(f) < Qg (f). If further, Pxp, [f(X) = Q4 (f)] = 0, then Q5(f) < Qg (f)-



The above result gives insights into the design and study of theoretically sounded black-box global
optimization algorithms, for either discrete or continuous optimization. Indeed, showing that consecutive
proposals achieve the increase condition (6) allows to apply Lemma 1 yielding a proposal with more mass
where the objective function is low.

2.2 The information-geometric optimization algorithm

We now recall here the information-geometric (IGO) framework from [27, 5]. The latter is an iterative
proposal construction algorithm, explicitly designed to achieve the increase condition (6) at every iteration.
The IGO framework has been shown in [27] to recover many existing algorithms to solve Problem (1), both
in discrete or continuous domains. Among the algorithms recovered by the IGO framework, let us mention
the CE algorithm of [23].

The quantity J(0|0’) defined in (3) is generally an intractable integral that needs in practice to be
approximated with sampling. Throughout this paper, we focus on idealized algorithms that are deterministic,
corresponding to the limit of an infinite number of samples. In such idealized setting, we only consider
discrete-time updates since they are closer to a practical implementation than continuous flows. Two types
of updates have been proposed in [5, 27] to satisfy the increase condition (6), leading to two distinct IGO-like
algorithms, that we will recall here.

The first algorithm in [27, 5] is based on natural gradient ascent updates. Consider an iteration k € N,
with 6, parametrizing the current proposal, and the objective function being J(:|fx). The natural gradient
of J(:|01) at 0 is the quantity VeJ(0|0x) = I(0) " VeJ(0|0)), where I(0) = —Ex~p,[VZInpg(X)] is the
Fisher information matrix of py. Given the above gradient expression, iterating a gradient ascent scheme
over k € N leads to Algorithm 1. We remark that natural gradient updates have been used in other contexts
than IGO, see for instance [33].

Algorithm 1 IGO algorithm (natural gradient update)

Initialize Ay and choose the step size 7 > 0.
for k=0,... do
Update 641 such that N
Ok1 = Ok + 7V J(0]0k) 0=, - (7)

end for

The second algorithm proposed in [27, 5] estimates the proposal parameters by performing a weighted
maximum likelihood update at every iteration. We provide its description in Algorithm 2. The CE algorithm
of [23] is recovered as a special case when the step size is 7 = 1 and the weighting function is w(u) =
Susq(u) [27].

Algorithm 2 IGO algorithm (IGO-ML update)

Initialize 6y and choose the step size 7 > 0.
for k=0,... do
Update 61 such that

Or+1 = arg max ((1 —7) / In(pg(z))pe, (x)m(dx) + T / ngk () Inpe(x)ps, (x)m(dm)) . (8)

0€O

end for




The theoretical properties of Algorithms 1 and 2 have been studied in [27, 5]. Algorithm 2 achieves the
increase condition (6), that is J(0x+1|0k) > Z, at every iteration k € N, for step sizes 7 € (0, 1] [5, Theorem
6]. This result gives in turn improvement guarantees for the CE algorithm thanks to Lemma 1. Algorithm
1 has been shown to satisfy the increase condition (6) for sufficiently small step sizes [27, Proposition 7).
Moreover, Algorithms 1 and 2 have been shown to coincide when {py, § € O} forms an exponential family
[7], ensuring that Algorithm 1 satisfies (6) for 7 € (0, 1] in this case (see [5, Corollary 7]).

Algorithms 1 and 2 coincide with many existing black-box global optimization algorithms on discrete or
continuous domains [27, Section 5], allowing to get improvement guarantees for these algorithms as well.
However, the aforementioned study requires, as a preliminary step, to show that the considered algorithms fit
within the IGO framework, which is not always possible nor straightforward. In the next section, we present
our contribution, that aims at giving novel broader conditions under which the increase condition (6) is
satisfied. This allows, in particular, to exhibit new improvement guarantees beyond the IGO framework, the
latter being retrieved as a special case.

3 A general divergence-based condition for quantile improvement

We present our main results in this section. We start in Section 3.1 with the introduction of novel,
divergence-based, conditions. We show that they imply the increase condition (6). We go further by quan-
tifying the improvements in terms of reformulated objective and quantile. We then show in Section 3.2 that
IGO algorithms satisfy our conditions, allowing us to provide a new and refined perspective on these meth-
ods. We finally exploit our divergence-based conditions to show new improvement guarantees for algorithms
using proposals that do not form an exponential family. Namely, in Section 3.3, we study a mixture-based
algorithm and discuss his tight links with the mixture-based CE algorithm of [23, Example 3.2]. In Section
3.4, we study an algorithm with heavy-tailed proposals, namely Student distributions with arbitrary degree
of freedom parameter.

3.1 Quantile improvement with divergence-decreasing steps

The goal of this section is to show that the increase condition (6), i.e., the theoretical guarantee achieved
in the IGO framework, can be expressed as a consequence of divergence-based conditions, that we detail
below. Combining these conditions with Lemma 1 then yields a quantile improvement result. We also
go further and quantify the improvement on the reformulated objective and quantile that come from our
divergence-based conditions.

3.1.1 Proposed divergence-based condition

Our divergence-based conditions can be interpreted as the search for a proposal closer to a specific target
distribution than the previous proposal, in the sense of the Kullback-Leibler or Rényi divergence. Let us
start by specifying the target probability distribution we are going to consider. For # € ©, we introduce wg ,
the probability density with respect to m defined for any = € X by

w8 () = W] @)pol). )

w

When w(u) = du<q(u) for some ¢ € (0,1), wg is a truncated version of py with support being the points

z € X such that ¢; (z) < ¢, meaning that areas of X where the values reached by f are too high are given zero

mass. Let a given iteration k£ € N. We aim at measuring the discrepancy between the target ng and either

the current proposal, or the next one. This discrepancy is measured using the KL or a Rényi divergence,



with @ € (0,1) U (1,+00). These are defined, respectively, for any probability densities p1,ps with respect
to m by

KL(p1,p2) = /ln (pl(x)) p1(z)m(dz),

p2()
i 7o (/pl(x)"pz(:v)l‘am(dx)) .

If for some z € X, p1(x) = 0, then we use In(p; (x))p1(z) = 0 (see [28, Definition 7.1] for more details on these
singular cases). Note that we have D, (p1,p2) — KL(p1,p2) [32, Theorem 5], so that the KL divergence
a—r

Da(p17p2) = o

can be viewed as a limit case of the Rényi divergence.

We are now ready to state our first result, obtained when using the KL divergence to measure the
discrepancy between probability densities. We show hereafter that, when a generic algorithm constructs its
next proposal so that it gets closer, by a certain amount, to the target ﬂgk defined in (9), then it improves
upon the reformulated objective defined in (3), by an amount that we quantify.

Proposition 1. Let k € N and 0, € ©. Suppose that ng is given by Equation (9), and py, ., satisfies, for
some Ay € R,
KL(n},,po,,.) + Dk < KL(n],, poy)- (10)

Then, J(0k+1|0k) > exp(Ag)J(0k|0r) = exp(Ax)Zy. In particular, (0k+1,0x) satisfy the increase condition
(6), i.e., J(Okt1|0k) > Zw with J defined in (3), if Ax > 0.

Proof. By construction of ﬂ'gk, we can rewrite condition (10) as

f X X f xr
/m (We()p@k()> wf (2)m(dz) + Ay < /1n (Wgzk( )) oL (@ymd)

ZwPoyi ()
and remark that it is equivalent to having
p9k+1 (ZE) ) f
— | In| —/— |7 (z)m(dz) < —Ay.
/ (pek($) Qk( ) ( )
We then get from Jensen’s inequality that

—In Mﬂgk(x)m(dx) < — [ (Pa®) 2t (2ym(da),
(/ oy () oy ()

Doy y1(z) .
/ o, () o, (z)m(dx) > exp(Ayg).

implying that

wgk (z) Wefk (z)

P pe(2) T Zw

Since by definition for any x € X, it comes that J(0x11|0k) > exp(Ax)Zy. O

We now state a second similar result, that arises when one now measures the discrepancy between the
target density and the proposals using a Rényi divergence.

Proposition 2. Let k € N, 0, € © and suppose that Wefk takes values in {0,1}. Suppose that ng 18 given
by Equation (9) and that py, ., satisfies, for some Ay € R,

Da(’frgkvperl) + A < Da(’]rgkvpﬁk)a (11)

for some o € (0,1). Then, J(0r1+1|0k) > exp(Ag)J(0r]0k) = exp(Ax)Zy. In particular, (Oxy1,0k) satisfy
the increase condition (6) if A > 0.



Proof. By definition of wgk and since by assumption, W(,}; (z)* = Wefk (z) for any = € X, Equation (11) is
equivalent to

L ( / (Wf_awzkumek(x)m(dm))+Ak_ Lo ([ W @ opmta) )

N

a—1 Do, () o —
1

= InZ,.
a—1

We deduce from there that

/ (W> o ) (@)m(dz) > exp((1 — o) A).

Po,, (‘r)

Finally, since u — u'~® is concave due to the assumption on «, we apply Jensen’s inequality to obtain that

[P i > s

showing by definition of wgk, that [ WQJ; (2)po,,., (x)m(dx) > exp(Ar)Z.,, and hence establishing the result.
O

Propositions 1 and 2 establish divergence-decrease conditions under which the increase condition (6) is
satisfied. Note that the construction mechanism of pg, ., does not intervene in our result, while in [27, 5],
the increase condition (6) was achieved for specific algorithms only.

Remark 1. Results equivalent to Propositions 1 and 2 can be stated for other expectation-based reformu-
lations of Problem (1) (under very mild hypotheses). For instance, consider the minimization over © of
J 10— Exp, [¢(f(X))] for some transform ¢ : R — R, (see for instance [34]). Consider as well the tilted

densities 7réc defined for § € © by Wg(l‘) x ¢(f(x))pe(x) for any = € X. Being able to define the probability

density 7réc in this way is the only requirement on ¢. Then, decrease conditions of the form (10), or (11) if ¢

takes values in {0,1}, imply that

Ex~po,,, [(f(X))] = exp(Ar)Ex~ps, [¢(F(X))],

translating the improvement in terms of divergence to an improvement in the reformulation of Problem (1).

3.1.2 Quantile improvement quantification

We now present an additional result that quantifies how an improvement in term of the reformulation
J(0]0y), defined in (3), results in an improvement in terms of Qf(f), defined in (5). As we explained in the
previous Section, in the particular case when w(u) = dy<q4(u), there is a link between J(6]0)) and QF(f).
Our result can thus be seen as a quantitative and more precise version of Lemma 1. Although the previous
results hold in the continuous and discrete settings, this result hereafter requires assumptions on f and X
that will hold for most continuous optimization problems but will usually not hold for discrete problems.

Proposition 3. Assume that w(u) = d,<4(u) for some q € (0,1). Let k € N and (0, 0k+1) € ©2 such
that J(Ok+110k) = exp(Ax) Zw with exp(Ag)Px~p,, ., [f(X) < Q4. ()] €[0,1]. Suppose that Fp, ., : u—
]P)XNP%H [f(X) < wu] is continuous and strictly monotonic, and hence bijective from the range of f (which is
thus an interval of R) to [0,1]. Then, we have

Q4 () = !, (exp(An)Fo, (@6, (1) (12)



If Fy, ., is bijective and C' in a neighbourhood of Qng(f) with Fék+1(ng+l(f)) £ 0, then
/
5.0 2 Q8 (D +adi (Fpl,) (@) +0(A}) (13)

/
for Ay small enough, with (F_l ) (q) > 0.

Okt1

Proof. We first show that ngH(ng (f)) > qAg, by adapting parts of the proof of [5, Lemma 8]. First,
following the arguments laid in the proof of [5, Lemma 8], we have that Wefk (z) = 0 for any x € X such that
f(x) > @4, (f). This implies that J(Ok+1|0k) < Px~p,, , [f(X) < Qg ()] = Fo,,, (QF, (f))-

From our assumptions, we thus have that exp(Ag)qg < Fy, +1(ng (f)) since our choice of w implies
Zy = q. On the other hand, our assumption on Fjp,,, implies that ngﬂ(f) is the only value satisfying

q = Fo,,,(Qg,,,(f))- These two facts imply that Fy, ,, (Qf, (f)) = exp(Ag)Fy,,,(Qg,,,(f)), establishing
Equation (12) with the bijectivity of Fy, . ,.
In order to prove Equation (13), we use Equation (12) and develop FG—kL oexp around In Fy, (ng+1 ().

li
We get the well-posedness and sign of (Fa_k 11) from the inverse function theorem. O

Proposition 3 shows a complex interplay between the proposals and the objective f through the cumu-
lative density function Fy, ,. This Proposition may be used to assess how a certain family of proposals is
/
adapted to the problem at hand. Indeed, one could aim for a family of proposals such that <F9_91 ) (q) is
k+1

as high as possible to ensure the largest quantile improvement possible.

In the particular case when w(u) = d,<4(u), we can then extend the result of Propositions 1 and 2 with
Lemma 1 and Proposition 3 to obtain the following quantile improvement results from divergence-decrease
conditions.

Corollary 1. Assume that w(u) = y<q(u) for some q € (0,1) and that, at a given iteration k € N, py, ., is
constructed such that

Da(p9k+1ﬂﬂ—gk) + A < Da(p9k77T9fk) (14)
for some A € R and o € (0,1], with a« = 1 corresponding to the inequality KL(ng,png) + Ay <
KL(Tl'gk,pgk).

(i) Suppose that Ay > 0. Ifa =1, orifa € (0,1) and W(,]; takes values in {0, 1}, then Qng(f) <Qg, (f)-
(13) If A >0 and Pxp, [f(X) =u] =0 for any € ©, u € R, then ngﬂ(f) < Q5 (f)

(ii7) Suppose that Fp, ., : u — Pxp, [f(X) < u] is continuous and strictly monotonic. If a« = 1, or if
a € (0,1) and Wefk takes values in {0,1}, then Equation (12) holds.

(iv) Suppose that Fy, ,, : u+— Px.p, [f(X) < u] is bijective and C* around Q. (N with Fy  (QF,  (f)) #

0. Ifa=1, orifa € (0,1) and ngk takes values in {0,1}, then Equation (13) holds for Ay small
enough.

Proof. Point (i) follows from Propositions 1 and 2 with the first part of Lemma 1. Point (i¢) follows by
remarking that, under our assumptions, for any 0 € ©, z € X, ¢; (z) = qgS (x), ensuring that Wefk (z) takes
values in {0,1}. This also implies that Px~po,.,, [f(X) = Qg (f)] = 0. The result comes by applying the
second part of Lemma 1. Finally, points (¢i7) and (iv) are proven using the results from Propositions 1 and
2 together with the results of Proposition 3. O



3.1.3 Monitoring target construction

We now show that the KL and Rényi divergences can also be used to control the discrepancy between the
proposal pg and the resulting target wg . The resulting bound only depends on the choice of the weighting
function w.

Proposition 4. Consider 0 € © and the probability densities py and 7r£. We have the following results,
writing Dl(wg,pg) for KL(ﬂ'g,p@).

(2) If Wef takes values in {0,1}, then Da(ﬂ'g,pg) =—InZ, for any a > 0.
(#4) If w takes values in [0,1], then Da(ﬂ'g,pg) < —-InZ, for any o € (0,1].

Proof. Consider any « € (0,1) U (1, 400), we have

f )%
Da(rl,ps) = ﬁ In ( VVOZ((X)pg(:E)m(d:E)> . (15)

(i) We have that ng (p)t=o = ng (z) for any x € X, thus showing with Equation (15) that D (pe, 775) =
—1In Z,, for any a € (0,1) U (1,+00) which implies the result, using [32, Theorem 3] for the case of the KL
divergence.

(i) Since w takes values in [0, 1], we also have W(,f (z) € [0,1] for any € X. Therefore, Wef(x)o‘ > Wef (x)
for any € X when a € (0,1). We thus get from Equation (15) when a € (0, 1) that Da(ﬂg,pg) < -InZ,.
Taking the limit o — 1, o < 1, we finally obtain that KL(wg,pg) < —InZ,. O

Remark 2. Consider, following Remark 1, that we use a target density of the form wg(w) x ¢(f(x))pe(z),
using ¢o f instead of Wef . It would be possible to derive results like Proposition 4. However, the normalization
constant of 7rg is [ ¢(f(x))pe(x)m(dx) which depends on 6, while using Waf ensures that the normalization
constant of 7r£ is equal to Z,, for any 6 € ©.

With Propositions 1 and 2, we have shown that if the divergence between the target and the next
proposal is lower than the divergence between the target and the current proposal, Equation (6) is satisfied.
In the particular case of an indicator weighting function, Corollary 1 shows that this leads to a quantile
improvement. With Proposition 4, we have furthermore shown that the divergence between the target and
the current proposal, from which the target is constructed, can be controlled by a quantity that depends
only on the weighting function w. This means that, for any algorithm satisfying a divergence-decrease
conditions at every step, divergences can also be used to understand both steps of the algorithms, namely
the construction of the target, and the construction of the next proposal. We illustrate this fact in Figure 1.

3.1.4 Finite sample regime

Our divergence-decrease conditions, presented in Propositions 1 and 2, are useful to analyze algorithms
working in the finite-sample regime. Indeed, our results hold independently of the construction strategy
adopted to define the next proposal. Actually, they even hold when the next proposal distribution degrades
the performance upon the current one, which corresponds to the case Ay < 0 in Equations (10) and (11).
Such situation can typically arise in the finite sample regime, as we discuss hereafter.

In the case of finite sample size, the construction of the next proposal becomes inexact (i.e., noisy) as
gradients need to be approximated. This makes the analysis of the algorithm more difficult. If the noise
is controlled, in such a way that its effect is ‘absorbed’ by the parameter Ay in the divergence-decrease
conditions of Equations (10) and (11), then all of our results still apply (for instance in expectation or with
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(a) (b)

Figure 1: A schematic view of one step of an algorithm covered by our divergence-based framework. Starting
from a proposal py, , one first constructs the target ng following (9), i.e., a process that benefits from the
results of Proposition 4, with » = —InZ,,. Then, one adapts py,,, such that a divergence-decrease (14),
for some a € (0,1], is achieved. (a) Case o € (0,1] and Wefk taking values in {0, 1}, corresponding to
Propositions 1 or 2 and Proposition 4 (¢). (b) Case « € (0,1] and w taking values in [0, 1], corresponding to
Propositions 1 or 2 and Proposition 4 (ii).

high probability, depending on the control one has on the noise). Namely, it remains possible to establish
improvement, or control the degradation if Ay < 0, in terms of expectation-based reformulation and then in
terms of quantile in such noisy contexts.

3.2 Analyzing the IGO algorithms with our framework
3.2.1 Main result

We now show that both IGO algorithms, namely Algorithms 1 and 2, proposed in [27], fall within our
divergence-decrease framework, showing the applicability of our construction. We quantify the improvement
achieved at each iteration in terms of divergence, which can then be used to quantify the quantile improvement
using Proposition 3.

Proposition 5. Consider a sequence {0y }ren constructed either from Algorithm 1 or Algorithm 2. Then,
at every iteration k € N, we have the following.

(¢) If Algorithm 1 is used, the proposal py, ., satisfies KL(ng,p9k+1) < KL(ng,pgk) for step sizes 7 > 0
small enough, with equality if and only if 011 = 0.

(i) If Algorithm 1 is used and {pg, 0 € ©} is an exponential family, we have (under some assumptions
detailed in the proof), that KL(ng7p9k+1) + A < KL(wgk7p9k) with A, = %KL(pgk,png).

(i5i) If Algorithm 2 is used, then KL(ng,p9k+l) + Ay < KL(7g,,, py,, ) with Ay = %KL(pgk,png).
Proof. Let k € N.

11



(¢) The update (7) in Algorithm 1 can be written as 041 = 05 +7 [ Wefk (2)Vg (po(2))9=p, m(dz). Then,
using Vi (In py (2)) 90y, = (1/Po, (2))Vg (po(2))9—p,, we obtain that (7) is equivalent to having

Opr1 =0+ 7 / ng (x)po, (x)%a (lnpg(a:))w:@k m(dzx).

We can then notice that this is equivalent to performing 0y, = 6y, *TZweg (KL(ﬂgk,pg)) | , from which
=Vk
we deduce the result.

(#4) Suppose that {pg, 0 € O} forms a minimal exponential family [7] with sufficient statistics I" and log-
partition function A with © = dom A. Then, A is differentiable on int dom A with VA(0) = Ex ., [I'(X)] [7,

Theorem 8.1]. We also suppose that (011, 0;) € (int ©)? and that for any 6 € dom A, KL(wgk,pg) < 400.
From [5, Equation (15)], the IGO update over an exponential family at iteration k reads

men =t [ (WL @@ = m)) oo (2)da,

where 7, = VA(6r) and ng1 = VA(bk+1), both well-defined under our assumptions. This is equivalent to

having
1—-72,

T Ly

We now interpret Equation (16) as an optimality condition, showing that

EXngk [0(X)] — VA(Ory1) + (VA(0r) — VA(Br11)) = 0. (16)

1—-712,

)41 = arg min (KL(wgk,pe) + 7
w

KL(?OmPG)) .
0cO

This implies that 05,1 is such that

1—-72,

7 KL(p0k7p9k+1) SKL(ngvpak)'

KL(ng’p0k+l) +

We now show that Equation (16) is the optimality condition of the problem solved by 611. Consider
any 6 € © and a probability density with respect to m, denoted by p. We have

KL(p; po) = Exnp[lnp(X)] = (Ex~p[['(X)], 0) + A(6),

and thus obtain that VoK L(p, pg) = VA(f) — Ex~,[['(X)], which we then use to show the desired result.
(797) The IGO-ML update (8) can be rewritten as

Orys = argmin ((1 _7) / In (p;x)) po, (x)m(dz) + 7 / In (m%@) W, (@)ps, (az)m(dm))

= areg rgin ((1 = 7)K L(po,,po) + TZwKL(mo, , o))
€

1—71

Ty

= arg min <KL(7Tgk7P9) +

0€O

We thus obtain by definition of 01 that
1—71
KL(”Gfk’p9k+1) + KL(p0k7p9k+l) < KL(ng7p0k)-

T2y
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3.2.2 Discussion

Proposition 5 shows that the IGO algorithms can be studied using our divergence-decrease condition
with the KL divergence. For Algorithm 1, i.e., the IGO algorithm using natural gradients, we recover in
Proposition 5 (i) that the increase (6), that is J(0x+1|0k) > Z, is guaranteed for infinitesimal step sizes
[27, Proposition 7]. Similarly, we recover in Proposition 5 (#i%) a similar result for Algorithm 2, i.e., the
maximum-likelihood IGO algorithm, for any step size in (0, 1], which was established in [5, Theorem 6].

Proposition 5 (ii) establishes a similar result for Algorithm 1 when the proposals form an exponential
family. In the proof of [5, Corollary 7], this result was achieved by remarking that in this case, Algorithms
1 and 2 coincide. We do a direct proof, showing that Algorithm 1 is equivalent to a proximal update with
a KL divergence objective. Note that [5, Corollary 7] ensured improvement for step sizes in (0, 1] while our
results allow for possibly larger step sizes (if w(u) = dy<q(uw) with ¢ € (0,1), 1/Z,, = 1/¢ > 1). This is
because the authors of [5] defined Wef such that Z,, = 1, while we chose here a different convention.

Remark 3. Proposition 5 (i¢) actually holds in the setting of Remark 1. More explicitly, we get the same
result, with same Ay, when optimizing 6 — Ex ., [#(f(X))] over an exponential family using natural gradi-
ent descent with 7T£ defined as in Remark 1. This allows to control the improvement of 8 — Ex ., [¢(f(X))]
over iterations thanks to the result outlined in Remark 1.

3.3 A new result on mixture-based methods with our framework

We now show how our proposed framework can be applied for the study of black-box global optimization
algorithms with mixture proposals. As already explained, such situation is challenging to analyze by sticking
to the IGO framework, as mixture proposals do not form an exponential family nor yield a closed-form
solution for the IGO-ML update (8) in Algorithm 2. We focus on a particular algorithm, linked both with
the M-PMC algorithm of [11], a type of expectation-maximization (EM) algorithm proposed in the context of
computational statistics, and with the mixture-based CE method proposed in [23, Example 3.2]. Similarly to
1GO, our proposed algorithm can be applied to discrete and continuous optimization problems. By exploiting
the paradigm we introduced in Section 3.1, we show that each iteration of the considered algorithm achieves
a divergence-decrease, thus implying that the increase condition (6) is fulfilled. We can then apply Corollary
1 to establish quantile improvement.

3.3.1 Proposed algorithm

Let us first introduce the algorithm we are going to consider, summarized in Algorithm 3. In this
algorithm, the weight as well as the parameters of each component of the mixture are adapted at every
iteration. We consider in the following mixture models with J € N components py = > =1 )\(j)pﬂ(j) such
that, for every j € N, AU) € [0,1] and pyi) € {pg, ¥ € O}, with Z}I:1 A9 = 1. We thus have the global
parameters 6 = ({AD}_, {9} ).

Algorithm 3 shares links with the EM point of view adopted in [9]. In this work, several estimation-
of-distribution algorithms [24] were shown to be EM algorithms with maximum likelihood steps that are
reweighted using the objective to be minimized f (see also the fitness EM algorithm of [34] and the discussion
in [4, Section 5.3]). Algorithm 3 recovers the M-PMC algorithm of [11], which is also an EM-like algorithm,
but with rank-based weights (see [27, Equation (14)] or Equation (22)) instead of importance weights. Note
that, contrary to [9] which does not explicitly consider mixture models, we do so here. Let us also remark
that Algorithm 2 can also be linked to EM, using a similar analysis.

13



Algorithm 3 Mixture-based ML algorithm

Initialize the parameters ﬂéj ) and the mixture weights )\éj ) for j=1,...,J, and form the global parameter

6o = ((A 1 051y,
for k=0,... do

For each j =1,...,J, define the function péj) : X — R defined for any x € X by

Ag)%g) (z)

()
Z{:l A;(C)pﬁ](cm (z)
Update 81 = ({A7) 1, {0)}7_)) such that for every j =1,..., J,
NG = Ex s [0 (X)) (18)
k+1 X~omf P )
o), = argmaxEy s [Inpy(X)pf (X)]. (19)
veO k

end for

3.3.2 Main result

We now show in Proposition 6 that Algorithm 3 achieves a decrease in terms of KL divergence at every
iteration. Our proof techniques are reminiscent from the recent work [13] on variational inference. The
result of Proposition 6 can then be used to apply Proposition 1 and Corollary 1 and get insights on the
optimization performance of Algorithm 3.

Proposition 6. Consider a sequence {0 }ren generated by Algorithm 3 with 6y = ({)\,(Cj)}}]:17 {ﬁg) I_y) for
every k € N. Suppose that the problem in (19) is uniquely maximized at every iteration. Then, at every
iteration k € N, Algorithm 3 achieves the decrease

KL (Wgwngl) + AL <KL (ﬁ,"k, pgk) : (20)

with Ay > 0, unless Ag_?_l = )\,(g) and 19](61;21 = 79,9) for every j=1,...,J, in which case A, = 0.

Proof. We adapt the ideas of the proof of [13, Theorem 2]. We compute the quantity

J
2ie )‘z(fllpﬂgl ()

KL(ng,png)—KL(ng,pgk):/—1n T ATy (@) ) (z)m(dw)
i=1"k Py(» ¥
@)
I 1Py (z)
=/ In Zpg) % ng(m)m(dx)
j=1 g plg;cﬂ(x)

J M) by (@)
S/—Zpl(j)(x)ln — ng(l‘)m(d.’li)
j=1

A;(gj)pﬂ;ﬂ (z)

using Jensen’s inequality and that the pl(f )(x) sum to one for any z € X. We can then decompose the above
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quantity into two terms, namely,

)\(])

J
wh(@lde) == 3o ( k+1> [ o @y, @ymda)
+Z/p§j>(x) In (7319”) ) (x)m(dz). (21)
j=1

Py (2)

(Mg, @)

\3p,0 @)

/ me

Due to the definition of Ag11, given in Equation (18), that is )‘221 Ik p(J) 7T0k (x)m(dx), the first term in

the right-hand side of Equation (21) is equal to — Z;}:l

k+1

In D)

> )\(] )1 which is non-positive from Jensen’s

inequality, being null if and only if Ay = Ag41. The second term in the right-hand side of (21) is a sum of
J terms, each belng non-positive from the definition of ﬁk '/, given in Equation (19). Each term is zero if

and only if 19k = 19,(5 ), due to our assumption that each maximization problem of the form (19) is uniquely
maximized. We have thus shown the decrease (20), with equality holding if and only if Ay41 = Ax and
9k+1 = ek D

3.3.3 Discussion

Since our Proposition 6 can be used to apply Corollary 1, it can be viewed, to our knowledge, as the
first result to establish quantile improvement for black-box global optimization algorithms that are explicitly
mixture-based. Indeed, mixtures were not explicitly considered in [27, 5], and they often do not admit closed-
form solutions for the maximization problem (8) in Algorithm 2. The strategy adopted in the literature was
usually to perform EM-like updates, as it was done in [23, Example 3.2] for instance, which can now be
handled with our divergence-decrease condition. Many variational inference or adaptive importance sampling
methods explicitly consider mixtures, see for instance [11, 10, 13], showing the potential for further links
between black-box global optimization with mixture models and variational inference. Let us also remark
that compared to more complex mixture-based algorithms, such as the ones proposed in [26, 1, 2], whose
convergence has only been verified empirically, the proposed Algorithm 3 has a fixed number of mixture
components.

We now discuss the links between Algorithm 3 and the CE algorithm of [23, Example 3.2]. To make
these links more explicit, we discuss the finite sample size implementation of Algorithm 3. This requires the
computation of integrals with respect to ng, as discussed in [27]. To do so, N points zg,, n =1,..., N,

are first sampled from the mixture distribution pg, = ijl )\,(fj )q 40~ This is done by drawing a component
k

7 with probability /\Ej ) via multinomial sampling, and then drawing from p,(;). Each sample zy ,, receives a
k

rank-based weight @y, ,, defined as in [27, Equation (14)] by

1 K(zp) +1/2
rm = Lap (ran (Thm) + 1/ >’ (22)

N N
where rank(xy,,,) is the number of samples in {z , }2_; with value of f strictly less than f(zy ). Then, one

can show using [27, Proposition 27] and Slutsky’s Lemma that for any integrand h such that Ex ., [h(X)?] <
400, and conditioned on 6}, that

n- 1wknnzl“’“ (hon) T7vse? B, 1)) (23)
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In light of the above formula, Algorithm 3 can be approximated at iteration k& € N by setting, for every
ji=1,...,J,

N
. 1 .
MWhi= = Grnr (w1),
* 25:1 Wk,n ngl
i) 1 = )
), = argmax ——— O Py (21.0) 0 (Thom)-
2h = argmax o —— 3 G o) ok

In order to compare with the mixture-based CE algorithm of [23, Example 3.2], let us introduce §,(€] 21
which is a latent variable being equal to 1 if x}, has been sampled from the component j of the mixture
and zero otherwise. Then, the CE algorithm of [23, Example 3.2] has the following update at iteration k € N
and for every j=1,...,J.

N
. 1 .
VT P
2 on=1Bk,n 121 "
. 1 N .
791(21 = argmax —x——— Z Ok, lnpﬁ(ack’n)gl(fl.
e n=1 Wk,n n=1 '

We thus observe that the approximated version of Algorithm 3 and the mixture-based CE algorithm
are very similar, except that §,(€J21 is used instead of p,(j)(a:k,n) in the latter. Since p,(cj)(ackm) =E] ,@Jmkn],
using p,(f )(xkn) instead of &, amounts to a Rao-Blackwellized version (i.e., a random variable is replaced
by its conditional expectation [11]) of the CE algorithm from [23, Example 3.2]. The procedure used in
the approximated version of Algorithm 3 does not entail additional evaluations of the objective f, while
providing better numerical stability [11], as all the components of the mixtures appear in every update.
This shows how our divergence-based conditions can be used to better understand and design algorithms
for mixture-based proposals. It also allows to turn divergence-minimizing methods such as the M-PMC
algorithm of [11] into black-box global optimization algorithms, simply by changing the target distribution

and using rank-based weights.

3.4 A new result for heavy-tailed proposals with our framework

We finally apply our theoretical tools to study a black-box global optimization algorithm with proposals
being Student distributions with a fixed degree of freedom parameter v > 0. Specifically, we propose an
algorithm to update the location and scale parameters of the proposals at every iteration, and show that it
satisfies our divergence-decrease conditions. Note that, contrary to our previous analysis which also held for
discrete problems, in this section, we now assume that X = R? and take m to be the Lebesgue measure.

3.4.1 Proposed algorithm

We consider Student distributions in dimension d with v > 0 degrees of freedom indexed by their location
parameters ;1 € R? and scale parameters ¥ € Sj‘f_ 1, the set of positive definite matrices in dimensions d.
The density with respect to the Lebesgue measure of the Student distribution 7(+; u, 3, v) is defined for all
x € R? by

Tl 2) o (14 20— 0" o= ) (24)

v+d
2
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with normalization constant being equal to %(udwd det(X))/2, T denoting the Gamma function and

det the determinant. When v = 1, the Cauchy distributions are recovered, while Gaussian distributions are
recovered in the limit ¥ — +o0. Alternatively, the density in (24) can be written as the continuous mixture

+oo
T(z;p,2,v) = /0 N <$;M, iE) g (z; g, %) dz, (25)

where the latent variable Z is distributed following the Gamma distribution with parameters (%, %) and
probability density G(z; %, %) for any z € (0,+00). Conditionally on Z, X follows a Gaussian distribution
with mean p and covariance %E, and density N (z; u, %Z) for any z € RY. We will use the point of view
from (25) in the following. We fix v > 0, and consider parameters 8 = (u, ) with associated densities
pg = T(;;1,2,v). In this context, we propose the heavy-tailed black-box global optimization algorithm,
summarized in Algorithm 4.

Algorithm 4 Heavy-tail ML algorithm

Initialize the parameters 6y = (1o, Xo) and choose the degree of freedom parameter v > 0.
for k=0,... do
Define the function fy,(cy) : X — R defined for any x € X by

) 2) = v+d
e TS ) 2

Update 6y+1 = (tk+1, Zg+1) such that

EXNTrgk h/l(cy) (X)X]

xnt 1 (X)]
k

Exnf (1) (X0)XXT]

.
- = M+ 1M1 (28)

(27)

Hk+1 =

Ypt1 =

end for

When the degree of freedom parameter v goes to infinity, we have that 7 (z; u, 3, v) — N(z;p, 3) for
any r € R? meaning that Student distributions recover the Gaussian distributions. Moreover, we have at
any iteration k£ € N that 'y,(:)(x) — 1 when v — 4o00. In this case, the updates (27) and (28) in Algorithm
4 recover the updates of Algorithm 2 with step size 7 = 1 when Gaussian distributions are used. Moreover,
evaluating the function y,i'/) does not imply a heavy computational burden, as it does not involve additional

computations of the objective function f.

3.4.2 Main result

We now show that Algorithm 4 achieves our divergence-decrease condition. This means that the improve-
ment (6) is satisfied at every iteration, and thus that one can use Corollary 1 to get quantile improvement
when w(u) = dy<q(u) is used.

Proposition 7. Consider a sequence {0y }ren generated by Algorithm j. At every iteration k € N, we have

the decrease
KL(n},,po,,) + Ak < KL(x], ,po,), (29)
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with Ay, > 0, unless 041 = 0y in which case Ay, = 0.

Proof. Consider any 6 = (p,X) € © = R? x 8¢, and any distribution p over the optimization variables
x € R% and the latent variables z € (0, +00). We then have

/lnpg( 7r0k x)dr = //lnpg x)p(z|x) dzwe (x)dx

// (pe(g;i; >p<2|l’>dw£k<x>dz
// (p;((:',: )Wkﬂ)dz mh, (@)da — // In (ifﬁ'ﬂ?) p(zle)dz ) ()de

//ln (pg(x,z >p(z|:1c)dz7rgk (x)dm+/KL(p(~|x),p9(-|x))7rgk (z)dz.

p(z|z)

ot [ (35

with equality if and only if pg(z|z) = p(z|z) for any z € (0, +00) and x € R?.
We now compute the gap in Kullback-Leibler divergence and using Equation (30), we obtain

Hence, we have that

)p(z:c)dz 7r£k (x)dz, (30)

KL(ng,png) - KL(?Tgk,pgk) = —/lnp9k+1(13)7Tg (x)dx + /lnpgk (x)wgk (z)dx

// <p;,;:1 ZTJUZ)) po, (z|x)dz wgk (z)dx
// In (pz ziw )pe,c (z|z)dz wgk (2)dx

B _//1np9k+1(x7Z)pak(z\x)dzwgk(x)dx
+// In po, <xaz)p0k(z|x)dz7rgk(a;)dx.

Since the degree of freedom parameter is kept constant, we have that pg(x, z) = pe(z|2)p(z), with pg(x|z) =
N(z; p, %Z) and p(z) = I'(2; 5, 5) that does not depend on . In particular, we can write

KL() p0.,.) ~ KLinf, po) < = [ [ 1oy, olhpa, () o, (2)do
+// lnpek(:c|z)p9k(z|x)dz7rgk (x)dx.
Therefore, showing that 011 = (g+1, Xk+1) is such that
Oki1 = ar%égax // Inpg(x|2)pe,, (2|x)dz wgk (z)dz, (31)

establishes the decrease in Equation (29) with equality if and only if 0541 = 0. We now show that ;11 =
(141, Zk+1) as constructed in Algorithm 4 satisfies (31).
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For any 6§ € ©, we have that pg(z|z) = N (z; p, %E) Hence, we can compute that

// Inpg(z|2)pe,, (2|x)dz ng (x)dx = —Indet(X) — %// zpp, (z|z)dz (. — p) TSz — ,u)ﬂ'gk (x)dx.

For any # € R? one can check that pp, (-|z) is the density of a Gamma distribution with parameters

(4 1w+ (2 — )2y (x — pi))). We then remark that 7") as defined in (26) satisfies for any € R?

7/ () = / 2po, (2z)dz

and we thus get an explicit expression for the objective in (31) of the form

1 v _
/lnpg(ac|z)p9k (z|x)d= ng (x)m(dz) = —Indet(X) — §Ex~wgk ['y](C )(X)(X — ) TETHX = )],
from which the result follows. O

3.4.3 Discussion

The result of our Proposition 7 allows to give improvement guarantees for heavy-tailed distributions,
that do not form an exponential family. In particular, this applies for any Student family, including Cauchy
distributions when v = 1, and to Gaussian distributions in the limit ¥ — 4o00. Cauchy proposals perform
better than Gaussian proposals in low dimension, while the reverse is true when the dimension of the problem
grows [30]. Our algorithm allows to interpolate these two regimes, possibly opening the way to a tail-adaptive
algorithm able to select good values of the degree of freedom parameter, as it is done for instance in [13, 15].

Similarly to the result of Proposition 6, the result of Proposition 7 leverages an analysis used on existing
divergence-minimization algorithms. This shows that such algorithms can be turned into black-box global
optimization algorithms by using other types of targets distributions.

Algorithm 4 requires the computation of expectations with respect to ﬂgk at every iteration £ € N. In
practice, these expectations can be approximated with samples from the current proposal pg, that are then
weighted according to their rank, as we discussed in Section 3.3. Such approximations are consistent when
the number of samples goes to infinity, as discussed in Section 3.3 and [27]. In the context of computational
statistics, algorithms similar to Algorithm 4 have been implemented for experiments in [11].

4 Conclusion and perspectives

We have proposed in this work divergence-based conditions that imply the quantile improvement results
achieved by the IGO framework, and can also be used to show improvements in terms of other expectation-
based reformulations of the original problem. Therefore, our results can be seen as an alternative way to
1GO, to prove that an algorithm achieves a quantile improvement result. The introduced divergence-based
conditions are more general, in the sense that IGO algorithms satisfy them, and our results further allow to
predict the magnitude of the quantile improvement from the decrease in divergence. Our divergence-based
conditions also allow to cover more general families of proposals than exponential families, including mixtures
or heavy-tailed distributions.

In our proofs, we leveraged existing results from statistics and machine learning, related to divergence
minimization in the context of variational inference. This connection between the two fields opens new
perspectives for the design and study of black-box global optimization algorithms. Future works could exploit
this connection to use more complex proposal distribution and adaptation strategies. In particular, existing
schemes achieving a divergence-decrease can be turned into black-box global optimization algorithms by
using an optimization-based target distribution, as we demonstrated for mixture and heavy-tailed proposals.
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