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Abstract

In this article, we study the asymptotic behaviour of the residual autocorrelations for periodic vector autoregressive time series
models (PVAR henceforth) with uncorrelated but dependent innovations (i.e., weak PVAR). We then deduce the asymptotic
distribution of the Ljung-Box-McLeod modified Portmanteau statistics for weak PVAR models. In Monte Carlo experiments, we
illustrate that the proposed test statistics have reasonable finite sample performance. When the innovations exhibit conditional
heteroscedasticity or other forms of dependence, it appears that the standard test statistics (under independent and identically
distributed innovations) are generally nonreliable, overrejecting, or underrejecting severely, while the proposed test statistics
offer satisfactory levels. An illustrative application on real data is also proposed.

Keywords: Diagnostic checking, portmanteau tests, residual autocorrelation, weak periodic VAR

1. Introduction

Periodic vector time series provide an alternative approach that describes seasonal time series. The correlations in a stationary
seasonal model do not vary with season, but there are many applications where model parameters need to vary periodically. These
periodic models are non-stationary and they are designed to model time series data that display periodic statistical structure (for
vector time series, see, €.g., Franses and Paap (2004), Liitkepohl (2005) and Ursu and Duchesne (2009)). Seasonal and periodic
time series models are quite different, and Lund and Basawa (1999) present an interesting comparison between them. More
recently, Dudek et al. (2016) present a review of existing work on time series analysis of periodic ARMA (PARMA) models
when periodic parameters are expressed as Fourier series.

It should be noted that VAR models may be seen as special cases of PVAR models. The same is true for seasonal VARMA
(Vector ARMA) models, which admit VARMA representations with particular autoregressive and moving average structures.
Consequently, several basic properties of VAR models could likely be derived from those established in the class of PVAR
models. It is usually recognized that periodic time series models rely on a large number of parameters. For example, a periodic
VAR model of order one for bivariate monthly data involves 48 independent parameters, and finding parsimonious representation
is not always an easy task (see, e.g., Ursu and Duchesne (2009) or Boubacar Mainassara and Ursu (2023)).

In PVAR models, the choice of order p(v), v € {1,..., s} (s denotes the length of the seasonal period) is particularly important
because the number of parameters (d? ’_1 p(v), where d is the number of series considered) quickly increases with p(v), which
entails statistical difficulties. After identification and estimation of the PVAR processes, the next important step in the modeling
process consists of checking if the estimated model fits the data satisfactorily. This adequacy checking step allows to validate or
invalidate the choice of the orders p(v). Thus, it is important to check the validity of a PVAR model, for a given order p(v). The
adequacy checking step is often used together with model selection criteria such as the Akaike information criterion (AIC) and
the Bayesian information criterion (BIC). These two proceedings complement each other. McLeod (1994) focuses on the model
selection of PAR models either by examining plots of the periodic partial autocorrelation or by using an information criterion.
For a comprehensive treatment of time series model selection, see McQuarie and Tsay (1998) among others.

Residual autocovariances and autocorrelations are appropriate tools for diagnosing many time series models. Box and Pierce
(1970) have proposed a goodness-of-fit test, the so-called portmanteau test, for univariate ARMA models with independent and
identically distributed (i.e. iid) errors term. A modification of their test has been proposed by Ljung and Box (1978). A more
powerful test, based on the mth root of the determinant of the mth autocorrelation matrix, was proposed by Pefia and Rodriguez
(2002). Nowadays, it is one of the most popular diagnostic checking tools in ARMA modeling of time series. An overview of
diagnostic checking for univariate and multivariate time series models is presented in the monograph of Li (2004). Inspired by
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the univariate portmanteau statistics defined in Box and Pierce (1970) and Ljung and Box (1978), Chitturi (1974) and Hosking
(1980) have introduced the multivariate versions of the portmanteau statistics. Hosking (1981) gave several equivalent forms of
this statistic. To test simultaneously whether all residual autocorrelations at lags 1,..., M (for a fixed integer M) of a PVAR
model are equal to zero for a specified period v, the portmanteau test introduced by Chitturi (1974) and Hosking (1980) have
been adapted by Ursu and Duchesne (2009), Duchesne and Lafaye de Micheaux (2013). The proposed statistics have the same
asymptotic distribution. Under the assumption that the noise sequence is iid, the standard test procedure consists of rejecting the
null hypothesis of a PVAR model if the statistics tests are larger than a certain quantile of a chi-squared distribution.

The aforementioned test procedures for PVAR models were established under the assumption of independent errors (strong
PVAR). Of course, this assumption is not satisfied for multivariate nonlinear processes that admit a weak PVAR representation
(the errors are uncorrelated but dependent) such as the multivariate periodic generalized autoregressive conditional heteroscedas-
tic (MPGARCH) model (see for instance Bibi (2018)) or even when the (possibly dependent) error is subject to unknown multi-
variate conditional heteroscedasticity. From a practical point of view, it appears important to relax the assumption of independent
errors as financial data (Tsay, 2005) or daily and monthly streamflow processes (Wang et al., 2005) exhibit heavier tails than those
coming from the normal distribution. Another argument in favor of considering the weak PVAR models comes from the fact that,
in general, temporal aggregation or systematic sampling of a strong periodic model yield a weak periodic model, see Roy and
Saidi (2008). All these examples have important practical meanings and emphasize the need for taking into account an eventual
dependence of the errors when testing the adequacy of a PVAR model. For weak time series models, the asymptotic distributions
of the statistics are no longer chi-squared distributions but a mixture of chi-squared distributions, weighted by eigenvalues of the
asymptotic covariance matrix of the vector of autocorrelations (see for instance Francq et al. (2005); Francq and Raissi (2007);
Boubacar Mainassara (2011); Boubacar Mainassara and Ilmi Amir (2024)).

The main goal of this paper is to derive the asymptotic distribution of the residual autocovariance and autocorrelation matrices
in the class of weak PVAR models. It is shown that the obtained asymptotic variance matrices in such class of models are
the long-run variances, which may be consistently estimated by a nonparametric kernel estimator, also called heteroscedastic
autocorrelation consistent estimator (see, e.g., Andrews (1991); Newey and West (1987)) or by a parametric approach (see, for
instance, Berk (1974); den Haan and Levin (1997)). The drawback of needing to estimate additional quantities is that the proposed
asymptotic properties require a fairly large sample size to perform properly. Applications of the result include diagnostic checking
with portmanteau test. Three different portmanteau tests are considered in a small simulation study: the standard portmanteau
test proposed by Ursu and Duchesne (2009), the test based on the quantiles of the asymptotic distribution proposed by Duchesne
and Lafaye de Micheaux (2013) and a modified test for PVAR models with nonindependent innovations. It is shown that the
standard portmanteau test can be quite misleading in the framework of dependent errors. Our results generalize the literature
in several directions. They extend previous theorems establishing the asymptotic distributions of residual autocovariance and
autocorrelation matrices in weak PVAR models. Our modified portmanteau test statistics generalize the standard portmanteau
test of Ursu and Duchesne (2009) for diagnostic checking of PVAR with independent errors (strong PVAR). Furthermore, our
asymptotic results provide multivariate generalizations of theorems obtained by Boubacar Mainassara and Ilmi Amir (2024)
when the moving average order is null. When the period is one, we retrieve the results obtained by Chabot-Hallé and Duchesne
(2008), Francq and Raissi (2007) and Hosking (1980).

This article is organized as follows. Section 2 presents the parametrization and Assumptions used in what follows. In
Section 3, we recall the results on the least squares estimators of the weak PVAR model obtained by Boubacar Mainassara
and Ursu (2023). Section 4 presents our main results. Then we derive the limiting distribution of the residual autocovariances
and autocorrelations matrices in the framework of PVAR models with dependent errors under the assumption of unconstrained
and also of linear constraints on the parameters of a given season in Section 4.1. In Section 4.2, it is shown how the standard
portmanteau test must be adapted in the case of PVAR models with nonindependent innovations. From the results of Section 4.1,
we propose modified test statistics for checking the adequacy of a weak PVAR model. In Section 5, some simulation results are
reported, and an illustrative application on real data is presented in Section 6. Finally, Section 7 offers some concluding remarks.
The proofs of the main results are collected in the appendix.

2. Weak periodic vector autoregressive time series models and Assumptions

In this section, we present principal results on the least squares estimators in the unconstrained and constrained cases of the
PVAR models with dependent errors.
Let Y = {Y,,t € Z} be a stochastic process, where

Y, = (Y(),....Yi(d)"

represents a random vector of dimension d. The process Y is a PVAR process of order p(v), v € {1,..., s} (s is a predetermined
value), if there exist d X d matrices ®;(v) = ((I)k,, j(v))i o’ k=1,..., p(v) such that
pO)
Y50 = Z (Dk(V)YnHv—k + €nsty. (1)
k=1
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The process € := (€;); = (€,5+v)nez can be interpreted as in Francq et al. (2011) as the linear innovation of Y := (Y,); = (Yustv)nez»
i.e. € =Y, —E[Y/|Hy(t—1)], where Hy(z— 1) is the Hilbert space generated by (Y, u < t). The innovation process € is assumed
to be a stationary sequence satisfying

(A0): Ele] =0, Var(e;) = Ze(v) and Cov (€, €,_;,) = 0 for all t € Z and all & # 0. The covariance matrix Z¢e(v) is assumed
to be non-singular.

Under the above assumptions, the process (€,s,)nez is called a weak multivariate periodic white noise. It is accepted that
(Y,s+v)nez admits a strong PVAR representation, if in (1) (€,44,)nez 1S a strong multivariate periodic white noise, namely an
iid sequence of random variables with mean 0 and common variance matrix. In contrast with this previous definition, the
representation (1) is called a weak PVAR if no additional assumption is made on (€54, )nez, that is, if (€,54,)nez 1s only a weak
periodic white noise (not necessarily iid).

To derive some basic properties, it is convenient to write the model (1) in VAR representation:

”
Y, = ) DY, e @)
k=1
where Y, = (Y, Y, 1»---- Y, ) and €, = (€, .€ . |,....€ )" are (ds) x 1 random vectors. The autoregressive
model order in (2) is given by p* = [p/s], where [x] denotes the smallest integer greater than or equal to the real number x.
The matrix CD(*), and the autoregressive coefficients (I),’g, k=1,...,p" all of dimension (ds) X (ds), are given by the non-singular
matrix:
I; —®i(s) —DPu(s) ... —DPyo(s) —®,_(s)
0 I, —Di(s—1) ... —D,3(s—1) —-D;(s—1)
;= : ;
0 0 0 - I -®,(2)
0 0 0 - 0 I,
where I; denotes the d X d identity matrix, and:
(Dks(s) (I)ks+l(s) o (I)kerx—l(s)
D1 (s—1) Dp(s—1) ... Dpysa(s—1)
D, = . ) . ;
(I)ks—s+1(l) (I)ks—s+2(l) cee (I)ks(l)

where k = 1,2,...,p" and ®;(v) = 0, k > p.
Let det(A) be the determinant of the squared matrix A. Using general properties of VAR models, it follows that the multi-
variate stochastic process {Y;} is causal if:

(Al): det ((I)(’; -®jz—... - (I)p*zf’*) # 0, for all complex numbers z satisfying the condition [z] < 1.
Under Assumption (A1), there exists a sequence of constant matrices (F;(v));»o such that, forv = 1,2,..., 5, 272 [F;(0)]l < o0
with Fo(v) = I, and
Yns+v = Z Fi(V)em‘+v—is (3)
i=0

where the sequence of matrices ||F;(v)|| — 0 at a geometric rate as i — co. The ||A|| denotes the Euclidian norm of the matrix A,
that is [|JA]| = {tr(AAT)}!/2, with tr(B) being the trace of the squared matrix B.

Using the algebraic equivalence between multivariate stationarity and periodic correlation (Gladyshev, 1961), the ds-dimensional
process {Y} is stationary if and only if the d-dimensional process {Y,} is periodic stationary with period s, in the sense that:

COV(YrHSs Ym+s) = COV(Yns Ym)’

for all integers n and m. Ursu and Duchesne (2009) show that the autocovariances of Y,, generally depend on s so that the
process is not stationary as defined by Reinsel (1997).
To establish the consistency of the least squares estimators, an additional assumption is needed.

(A2): The ds-dimensional process (€},),.; is ergodic and strictly stationary.

Note that Assumption (A2) is entailed by an iid assumption on €}, but not by Assumption (A0).
For the asymptotic normality of least squares estimators, additional assumptions are also required. To control the serial
dependence of the stationary process (€} ),cz, we introduce the strong mixing coefficients .- (%) defined by

ae(h)=  sup |[P(ANB)-PAPB)I,
AeF"  ,BEF >

n+h
*

where ¥, = o(€;,u < n) and F7 = o(€;,u > n + h). We will make an integrability assumption on the moment of the noise
and a summability condition on the strong mixing coefficients (@ (k))r>0-

(A3): We have E||€;||**? < oo and Do laer (k)} 7% < oo for some k > 0.
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3. Estimating weak PVAR models

In this section, we recall the technical problems of the least squares estimation method for weak PVAR models as well as
the asymptotic properties of the least squares estimators. For periodic models, there are at least two more choices in terms of
methods of estimation: the maximum likelihood procedure (Lund and Basawa, 2000) and the Yule-Walker equations (Pagano,
1978).

Consider the time series data Y54, =0,1,...,N—1,v=1,...,s, giving a sample size equal to n = Ns. Let
Z(V) = (Yva Ys+va ey Y(N—l)s+v) 5 (4)
E(V) = (fw €Estysenes 6(N—1)s+v) ) (5)
X(v) = XoO),....Xy-100), (6)

bed x N,d X N and {dp(v)} X N random matrices, where

X,(v) = (Y] LY

)T
ns+v—1° ns+v—-p(v)/ °

n=0,1,...,N — 1, denote {dp(v)} X 1 random vectors. The PVAR model can be reformulated as:
Z(v) =BWXMW)+EW), v=1,...,s, @)
where the model parameters are collected in the d X {dp(v)} matrix B(v) which is defined as:

B(v) = (®1()..... @ (). (8)

d 5. s .

In what follows, the symbols *—’ and "3 stand for convergence in distribution and almost surely, respectively, and Ny(u, X)
denotes a d-dimensional normal distribution with mean u and covariance matrix X. Denote by vec(A) the vector obtained by
stacking the columns of A.

3.1. Unconstrained least squares estimators
The least squares estimators based on the generalized least squares criteria are obtained equivalently by minimizing the ordinary
least squares (a similar result holds for VAR models, see Liitkepohl (2005, p.71)):

S

S(B) =) e (e, ©)

v=1

where 8= (87 (1),...,B7(s)T is the {d? -1 PV} x 1 vector of model parameters and B(v) = vec{B(v)} is a {d*p(v)} x 1 vector
of parameters forv=1,...,s.

To obtain the least squares estimators, we differentiate S (8) with respect to each parameter ®;(v), k = 1,...,p(»v), v =
1,...,s. Thus we obtain easily:
-1
3S (B) g
— =2 Yissv—k ® €nsy), K=1,..., ,v=1,...,s.
Freci D] Z(j)( ok ® Ensiy) po), v s
Setting the derivatives equal to zero, k = 1,..., p(v), gives the following system for a given season v:
N-1
DX ® s} = 0,
n=0

where 0 is the {d? p(»)} x 1 null vector. Since €54y = sy — (X (v) @ I;}B(v), the normal equations at season v are:

N-1 N-1
DX @ Yoe) = | D [XuXT ) @ 1} | B,
n=0 n=0

Consequently, the least squares estimators of S(v) satisfy the relation:
BO) = [(XOXT0))'X() @ Iy | 2(v),
and the residuals are &,,,, = Y51, — {(X] (V) ® Id}[?(v). Thus the following relation is satisfied:

N'YB) = B} = [INTXO)XT )} @ Ly N72X() @ Lie(v),
= [IN'X0)XT )} @ Ly| N7 Pvec(Em)XT (1)}, (10)
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Note also that, by using the properties of the vec(-) operator, it should be noted that an alternative expression for the least squares
estimators is given by:
B() = Z0X XX} (an

Under the assumptions (A0), (A1), (A2) and (A3), forv = 1,..., s, Boubacar Mainassara and Ursu (2023) studied the asymptotic
properties of the least squares estimators in the unrestricted case and showed that:

By 5 B, (12)
N-1
N2 Y veclenn XTM) > Ny (0, %), (1
n=0
Yo = D E(X0)X],0) 8 el )
h=—c0
N'2BO) - BO) S Nppo, 0.0,,). (14)
0, = (@'MmeL)¥.(@'Mel)
NPB=Bl S Ny (0.0), (15)

where Q(v) =: E (X,(n)X]] (v)) corresponds to the {dp(v)} X {dp(v)} covariance matrix of the {dp(v)} X 1 random vector X,,(v) and
where the asymptotic covariance matrix ® is a block matrix, with blocs given by:

00

0,, = (Q"(v) ® Id) Z E (X,,(V)X;h(v') ® E,UJ,VG(Tnfh)HV,) (Q‘l(v’) ® Id) , for vy =1,...,s.

h=—c0

3.2. Least squares estimation with linear constraint on the parameters.

The PVAR model in (1) has d? 2.v_1 p(v) autoregressive parameters ®;(v), k = 1,...,p(v), v = 1,...,s, and s additional d x d
covariance matrices Xe(v), v = 1,...,s. For multivariate processes, the number of parameters can be quite large; for vector
periodic processes, the inflation of parameters is due to the s seasons, which makes some PVAR inference matters unwieldy.
Consequently, many authors have investigated parsimonious versions of (1) (see, for instance, Ursu and Duchesne (2009); Duch-
esne and Lafaye de Micheaux (2013)). In this section, we consider estimation in the unrestricted case but also in the situation
where the parameters of the same season v satisfy the relation:

B() = R(ME®W) +b(v), (16)

where R(v) is a known {d*>p(v)} x K(v) matrix of rank K(v), b(v) a known {d?>p(v)} X 1 vector and &(v) represents a K(v) x 1
vector of unknown parameters. Letting R(v) = 12,4, b(v) = 0, v = 1,...,s give what we call the full unconstrained case of
Section 3.1. In general, the matrices R(v) and the vectors b(v) allow for linear constraints on the parameters of the same season
v,v=1,...,s.

This linear constraint includes the important special case of parameters set to zero on certain components of @ (v), v =
1,...,s. In practice, a two-step procedure could consist of fitting a full unconstrained model, and, in a second stage of infer-
ence, the estimators that are statistically not significant could be considered known zero parameters, providing frequently more
parsimonious models.

Vectorizing (7), we obtain:

z(v) = (X'(v)®Lj}vec{(B()} + vec(E(v)},
= XTMLIBK) +e(v),
= (X' @ LHRMEW) +b()} + e(v), (17)
where z(v) = vec{Z(v)} and e(v) = vec{E(v)}. The covariance matrix of the random vector e(v) is Iy ® Xe(v).
The least squares estimators of £(v), v = 1,..., s are obtained by minimizing the generalized least squares criterion:
Sc@) = D eTM{ly ® Ze(v)} e(v), (18)

v=1

where & = (£7(1),...,&£"(s))T represents a { ’_1 K(»)}x1 vector. When the parameters satisfy the linear constraint (16), the least
squares estimators of £(v), v = 1,..., s, minimize the generalized criterion (18), which is not equivalent to (9), see Liitkepohl
(2005), amongst others. Recall that from (17) we have the following relation:

e(v) = z(v) — (X" () @ LHRMEW) + b},
5



which is convenient to derive the asymptotic properties of the least squares estimator of &(v).
Proceeding as in the previous section, it is possible to show that the least squares estimator §(v) of £(v) is given by:

) = [RTOXWX 1) © 2 MIRM)| RTOIXO) @ Z¢ 0} [20) ~ (XT() ® Li}b(v)]
Furthermore, the following relation is satisfied:
N'HEW) - )
= N2 [RTO)IX0XT () ® Z¢' MIRM)| RTMIX0) 8 Z¢ 0))e(v)

1 -1
= [RVv)N{X(v)XT(v) QL (v)}R(v)} R 0){Lipw) ® ' OINTvecl EMXT (v)). (19)

Under the assumptions (A0), (A1), (A2) and (A3), for v = 1,..., s, Boubacar Mainassara and Ursu (2023) showed that, the
estimator &(v) is consistent for £(v), and &(v) follows asymptotically a normal distribution, that is:

NP (E0) - £00) 5 N (0.05). (20)
where

0%, = [RT0(Q0) @ 2 MIRO)| " RT0)Tup) @ 2 01,

X (L) ® ¢ 01RO ([R7 0100 9 Z IR0 )

=[R20 @ 2 MIRM)| RT0) Y. E[Xu0)XL,0) 8 T Menarel_pyonZe )]

h=—c0

1\ T
X R() ([RT(V){Q(V) ® L' MIRM)| ) .
Furthermore, we also have

u d
N'2E - €)% Noxn (0.0, @1
where the asymptotic covariance matrix G)‘f = [@)é:v,]lsvﬂ,rs_Y is a block matrix, with blocs given by:

0%, = [RTMI20) 8 Z MIRM)| RT0) Y E[X,0)XL,(/) © B¢ 0)€nsnr€y_spuun Ze' )]

h=—c0
xR ([RT000) @ 2 0R0N] )

It should be noted that the estimator g-‘(v) is unfeasible in practice, since it relies on the unknown matrix Xe(v). A feasible
estimator is given by:

£0) = [RTOIX0XT (1) 8 £ MIRM)| ROIXM) @ Ee 1)
x [2() = (X" (%) @ L}b()],

where £e(v) denotes a consistent estimator of the covariance matrix Ze(v) forv = 1,...,s. A possible candidate is obtained
from the unconstrained least squares estimators:
.

Ze() = (N - dp)} ™ {Z(v) - BO)X)}Z() - BO)X ()]

where ﬁ(v) represents the unconstrained least squares estimators (11) obtained in Section 3.1. The resulting estimator of B(v) is
given by L) = RWEW) + b(v), and its asymptotic distribution is normal:

N2(B0) = BN S Nz (0, R(v)@iRTw)). (22)

4. Diagnostic checking in weak PVAR models

After the estimation phase, the next important step consists in checking if the estimated model fits satisfactorily the data. In this
section we derive the limiting distribution of the residual autocovariance and autocorrelation matrices in the framework of weak
PVAR models with unconstrained and also with linear constraints defined by (16) on the parameters of a given season. From
these results, we propose modified test statistics for checking the adequacy of a weak PVAR model. Note that the results stated in
this section extend directly for strong PVAR models. For the class of strong PVAR models with parameter constraints, Ursu and
Duchesne (2009); Duchesne and Lafaye de Micheaux (2013) derives the asymptotic distribution of the residual autocovariance
and autocorrelation matrices, which follow normal distributions.
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4.1. Asymptotic distribution of the residual autocovariance and autocorrelation matrices

For any B(v) = RWE®W) + b(v), where B(v) = (vec{®()},...,vecT{®,,, ()T, with general d x d matrices ®y(v),
k=1,..., p(v), we introduce the model residuals:

énH—v = nb+v ZP(V) (Dk(V)Yn.s+v ks NS +v> p(V),
> ns +v < p(v),

which are well-defined forn = 0,1,...,N — 1. As in Li and McLeod (1981), we use the dot notation to designate the residuals
Eus+vs n = 0,1,...,N — 1, expressed in function of the general quantities B(v) and f(v), v = 1,...,s. Using the well-known
relation vec(ABC) = (CT ® A)vec(B), where '®’ represents the Kronecker product, we obtain for ns + v > p(v) the relation
€ns+y = Yosay — Zp My Y, +V_k QI vec{®;(v)}. Let Te(h; v) = cOV(€,54v, €nsiy_p) be the lag h theoretical autocovariance matrix at
season v of the error process €. For a fixed integer M > 1, we let

7€) = (yeWsv, yE@v), ... yEM; )’ (23)

be a (d*>M) x 1 vector of theoretical autocovariances, where Ye(h;v) = vec{L'e(h; v)}. We define pe(h;v) =T ToCe(h; v)F’l(v—
h) the lag & theoretical autocorrelation matrix at season v, using the diagonal matrix I'o(v) = diag(o-le/ %l(v), . le/ 3 (V). Simi-
larly, for a fixed integer M > 1, we let

Pev) = ({Vec (pe(1; M, {vec (pe(2; W, [vec (pe(M; v))}T)T (24)

be a (d> M)x 1 vector of theoretical autocorrelation. We introduce the sample autocovariance matrices Cg(h; v) = (C6 ij(h V))‘j |
. =

.....

. . — N Zn =h 61’!.&+VE,” y—h? h Z 0,
Cf(h’v)‘{ cxchiv-n, " h<o

For a fixed integer M > 1, we let
ce) = (€L(L3v),....cLM;v)T and g = (¢L(D),....cL(M)T (25)

be the (@>M) x 1 vector of sample autocovariances and the (d*Ms) x 1 vector of global sample autocovariances, where c¢(h; v) =
vec{Ce¢(h;v)}. Here M represents a fixed integer with respect to the sample size n = N's, satisfying the relation 1 < M < N; this
constant is the maximal lag order. Similarly, the vector of sample autocorrelations is given by rg(v) = (r;(l; V)yeons r;(M )T,
where:

re(h; v) = vec D' )Ce(h; VD' (v — )} = (D' (v = )y @ D' (v)) ce(h; v), (26)

with Dg(v) = diag (Cle/ f 1(O V),. C:E/ 31 d(O v)) We also define the vector of global sample autocorrelations by

re = @L(D,....rL(M))".
We now discuss the asymptotic distribution of N'/?c¢(v) where there is no constraint on the parameters. Define the matrix

€ns+v—1
Yy() = -E : X (Ml Q7

€Ens+v-M

By expanding cg(v) in a Taylor expansion around B(v) and evaluating at the point B(v) = B(v), we obtain the following develop-
ment:

VNee() = VNee() + Xy (v) VN {B) = B0)} + 0p(1). (28)
Let D(v) = diag (L7, (0;v), ..., T¢7,(0;v)), it also follows that:
VNre(v) = (diag[{De(v = 1),..., Die(v = M)} ® D))" VNee(v) + op(1). (29)

Thus from (29) the asymptotic distribution of the residual autocorrelations \/]Vrg(v) depends on the distribution of \/Ncé(v).
In view of (28) the asymptotic distribution of the residual autocovariances \/Nc@(v) will be obtained from the joint asymptotic
behavior of N'/2 (ﬁ(v) - ﬂ(v)) and N'/?ce(v). From (10), we note that we have the following relation:

N'B) = Bw)} = Q7' ) @ LN (vecEMXT (1)}) + 0p(1). (30)

Thus the next proposition states the joint asymptotic distribution of {Q~'(v) ® I;}N~/?vec{E(»)X" (v)} and N'/?ce(v).
7



Proposition 1. Ler E(v) and X(v) be defined by (5) and (6), respectively. Consider a vector of M sample autocovariances
collected in the vector ce(v) given by (25). Suppose that {Y,} denotes a PVAR process satisfying (1). Under the assumptions
(A0), (A1), (A2) and (A3), for a specified seasonv = 1,..., s we have:

N'"2(B" ) =BT 0).ct) 5 Nagoron (0.25).

with

1]

1228

®VV G}/JV
" ( (GU )T \Y ) E [Wns+v Wg: h)s+v)T] ’ (3 1)
144 w h=—0c0

where ©,,, V,,, GY, are given respectively by (14), (33), (34) and

WY Q' (X, (V) ® €nsiy
W}fm=( " J=( . : (32)
€

W2,ns+v r-[Hv—l’ ey E,;rs_,,y_M) ® €54y
Finally, forv,v' = 1,...,s the (d*M) x (d*M) matrix V,,,(M)is given by:

o)

Vo = [V (@, l/)]lsl,l’gM where V., (I,1I') = Z E(Enﬁv—lf(-l;l—h)ﬁv’—l’ ® €"S+V62;lfh)s+v’) (33)

h=—co

and collecting the {d>p(v)} x d* matrix GHV,(~, 1), in a {d> p(v)} X (Md?) matrix leads to the expression of:

GY = [GY(.1).....GY (. M) (34)
where
Gy (D = D [T 0K, iyt © Encir€ip ey | for 1=1,....M
h=—c0

We also have:
AT T d —_ @ GU
N'2 (,3 —ﬂT,CZ) = Noa(pey+m) (0, =Y =3( (GU)T v )],

where the asymptotic covariance matrix @ is given by (15), V = [V,,,(M)],.,,, <, and GY = [GEV,] . The exponent U stands

1<vy'<s

for Unconstrained parameter.
The proof of Proposition 1 is postponed to Section Appendix.

Remark 4.1. Using the infinite moving average representation (3), forl =1,...,sandm = 1,..., p(v) observe that:

oo

Z E [Yns+v—m62;l_h)s+y/_1 ® 6ns+vegl_h)s+vf Z (Fr(v —m)®1y) Z 6ns+v—k—m6(-|;,_h)s+v'_1 ® 6ns+v62;,_h)s+v/] s
k=0

h=—c0 h=—c0
= > By =m) & 1) Vi (m + &, ),
k=0

where Fo(v) = 1y and Fi(v) = 0 fork <0, v =1,...,s. It follows that:
Fv-D L)V, (1 + k1)

NgE

GL(.h=[Q'melL)
k

Il
(=]

Er(v = p(m) @ 1)V, (p(v) + k, 1)
where Fo(v) =1y and Fr(v) =0 fork <0, v =1,. For (,t' =1,..., p(v) observe also that:

o

D E[Q )Y Yoy R ) @ €ngivly o]

h=—c0

D E[QT IR = O€nssr i€ iyyur s F] = Q) @ €nr€l, |
0 h=—o0

Mz

L, J

(@ OF = 0@ L) V(i + £, j+ ) (F](/ = 0)Q7' (V) ®14) 1= Oy (£,0).

vl

i,j=0

<
1]

It follows that: ©,,, = [0,/ (¢, f’)]lgyllsp(v) 1t is clear that the existence of the matrices Eg‘, and BV is ensured by the existence of
V., (', 1), which is the consequence of Assumption (A3) and the Davydov (1968) inequality.

8



Remark 4.2. i) When d = 1 and if the moving average order is null, we retrieve the result on weak PARMA obtained by
Boubacar Mainassara and Ilmi Amir (2024).

ii) When s = 1, we retrieve the well-known result on weak VAR obtained by Francq and Raissi (2007). Finally, if the moving
average order is null, we obtain the results on weak VARMA of Boubacar Mainassara (2011) and those of Francq et al.
(2005) when d = 1.

Remark 4.3. In the standard strong PVAR case, i.e. when (A2) is replaced by the assumption that (€},), ., is an iid sequence, we
have
\I’vv = Q(V) ® EE(V)-

In view of Remark 4.1, independence of the €,.,’s implies that only the terms for h = 0 and v = v’ are non-zero in GEV,(~, D), for
[=1,..., M. Thus the asymptotic covariance matrices ,,, V,, and GY, are reduced respectively as

0,, = Q7'(»)®Le(v),

Ye(v—-1) 0 0o ... 0
0 e(v=2) 0 ... 0
Vvv = . . . ®Z€(V)’
0 0 0 ... Ze(v—-M)

GY, = Q7 WME (XaMe),,, 1) @ Ze(), ..., QT ME (X (e, ) @ Ze)].

Let
Ay() = [A(1),....,A,(M)] (35)

be the {dp(v)} X (Md) matrix where the {dp(v)} X d matrix A,(l) is given by:
A =E[X,0e,, | for 1=1,....M.

Therefore, we obtain that:

Fi(v-DZe(v-1)
GU(D) = [ MAD| @ Ze(v) where A1) = :
Fi_ (v = p(")EZe(v - 1)

Then we deduce that: GY, = [Q‘l(v) ® Id] [Ay(v) @ Ze(v)] and we retrieve the results given in Ursu and Duchesne (2009).

We now investigate a similar tractable expression when the parameters satisfy the linear constraints (16). In view of (19), we
deduce the following relation:

N'2E0) - £0)) = [RT0IQ0) 8 Z& DIRO)| ' RT0){Lipe) ® E¢ MNP veclEW)XT (1) + 0p(1). (36)
The next proposition gives the joint asymptotic distribution of

[R"IQ0) ® 2 0IRM)| " RT0){ L) ® Z IV vec(EWXT ()

and N'2ce(v).
Proposition 2. Under the assumptions of Proposition 1 and (16), for a specified seasonv = 1, ..., s we have:
N T d
NP2 (E ) -0 ccm) S Nigeua (0.ER).
with
@f GR i T
=R 144 R R
:VV = v = E[WHY 4 W}’l— S+v ]’ (37)
( (G‘]V{V)T Vvv ] h:z_;x, A+ ( ( h) ’ )

where ®€,, V,,, GR are given respectively by (20), (33), (39) and

R (Wlfnﬁ_v) HG(V){Xn(V) ® 6ns+v}
WR, =| |- ; . (38)
Y 2.ns+v (€;s+v—1’ ey E;II—S-H/—M) ® €pnsty
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with He(v) = [RT(V){Q(V) ®Zgl (v)}R(v)]_1 RT(V){Idp(V) ® E;l(v)}. Finally, collecting the {K(v)} x d*> matrix G‘fv,(-, D), forl =
I,...,Mandv,v =1,....s, ina{K®»)} x (Md?) matrix leads to the expression of:
G}, =[G, (. 1).....GY.(. M. (39)
where
Gl}y’('» l) = HG(V) Z E [Xn(V)E(Tn—h).w—z ® 6,15.,.\,6(-;_]1)3‘_'_1,,] :
h=—oco
We also have:
R 0% GR
N2 T _ T’CTT i Ky s O,ER=: )
(f '3 e) (K(v)+Md?) (GR)T v
where the asymptotic covariance matrix 0% is given by (21), V = [V,,,(M)]1<,, <, and

Gk = [GR

W,] Levyr s The exponent R stands for restricted parameter.

The proof of Proposition 2 follows using the same kind of arguments as Proposition 1 and it is therefore omitted.

Remark 4.4. In view of Remark 4.3, in the standard strong PVAR case, the asymptotic covariance matrices ©,,, V,, and G¥,
are reduced respectively as:

& o _[pT -1 -1
05, := [RTM{QM & L MIRM)|
Ye(v—-1) 0 0o ... 0
0 Xe(v-2) 0 ... 0
VVV = : .. : ® EE(V)v
0 0 0 ... Ee(v.— M)

GE, = He() [An() ® 2] . = [RT0IQM) © Z¢ MIRM)| " RT0) Ay @ 1.

The following theorem, which is an extension of the results given in Francq and Raissi (2007), provides the limit distribution
of the residual autocovariances and autocorrelations of weak PVAR models for a specified season v. We also provide the limit
distribution of the global residual autocovariances and autocorrelations of weak PVAR models across all the seasons.

Theorem 4.1. Under the assumptions of Proposition 1 we have

N'"ee) 5 N (0.4Y), (40)

where
AV =V, + Ty (10, Y,(v) + Ty ()GY, + (GHV)T Y1,(v) when p(v) >0 and AV, =V,, when p(v)=0.
Then: p
N"2eg 5 Ny (0.4Y), (41)
where the asymptotic covariance matrix AV is a block matrix, with the asymptotic variances given by AY, forv = 1,...,s and
the asymptotic covariances given by
T
A = Vi + Cu(O L5 + TGy, +(GY,) 30N, vV,

We also have .,

N'"re(v) = N (0.95,). 42)

where
VY, = (diag [{Dg(v = 1),....De(v = M)} @ D))" AV, (diag [{(D(v = 1)..... Dg(v = M)} @ D))",

with D(v) = diag (T¢7,(0:v), ... TL5,(0:v)). Then:

N'"re 5 Nyew (0.9Y), 43)

where the asymptotic covariance matrix vU=[Vv li<v<s is a block matrix, with blocs given by

U
V), = (diag [[De(v = 1),.... De(v = M)} @ DeM]) ™ A, (diag [(De(v = 1),....De(v = M)} @ D)) .
10



The proof of Theorem 4.1 is postponed to Section Appendix.

Remark 4.5. Observe that, in view of (35), the matrix Xy (v) can be rewritten as:
Yu(v) =-A;,(n &1, (44)

When s = 1, we retrieve the well-known result on weak VAR obtained by Francq and Raissi (2007). Finally, if the moving
average order is null in Boubacar Mainassara (2011) and Francq et al. (2005), we obtain the results on weak VARMA of
Boubacar Mainassara (2011) and those of Francq et al. (2005) when d = 1.

Remark 4.6. In view of Remark 4.3 and (44), in the standard strong PVAR case, the asymptotic covariance matrices AY, and

U .
V., are reduced respectively as

AY(,v) =1 V,, = [ATIQT (AN ()| @ Ze()
and
VS v) =: (diag [[De(v = ;... De(v = M)} @ D))" AJ(v,v) (diag [(De(v = 1),..... De(v = M)} @ De]) ™,

and we retrieve the results given in Ursu and Duchesne (2009). When s = 1, we also retrieve the results obtained by Chabot-Hallé
and Duchesne (2008) and Hosking (1980).

Independence of the €,,,’s implies that only the terms for v = v' are non-zero in AV. Thus the matrices AU and VY are
reduced to blocs diagonal matrices denoted Ag and VISJ, with blocs given respectively Ag(v, v) and V[SJ(V, V).

We now investigate a similar tractable expression when the parameters satisfy the linear constraints (16). In this case, similar
calculations give:

dee(v) P
) - Yy (WRY), (45)

and using the same kind of arguments we obtain the following theorem.

Theorem 4.2. Under the assumptions of Proposition 2 we have

d
N"2ee(v) > Ny (0,A%,), (46)
where
R '3 T R R\T T
Ay, =V, + Ty (V) RMOS, (Y (MROW) " + Ly (V) RMG, + (GW) (CyMR®Y)) when p(v) > 0 and
AR =V,, when p(v) = 0.
Then: .,
N"2ee 5 Ny (0.A%), (47)
where the asymptotic covariance matrix AR is a block matrix, with the asymptotic variances given by AR, forv =1,...,s and

the asymptotic covariances given by

AR, =V, + TyIRMOY, ROITHOIRY))T + LyIRMGE, +(GR) (LRGN, v V.

w 1%

We also have

N'"Pre) 5 N (0.V5), (48)
where
VR = (diag[{De(v = 1),....Dg(v = M)} @ De(W)]) ™" AR, (diag [{De(v = 1),.... Dig(v = M)} @ De(m)]) " .
Then:

12, 4 R
N'"re S Ny (0.V7), (49)
where the asymptotic covariance matrix VR = [V5v/]1£V,V’Ss is a block matrix, with blocs given by

V&, = (diag[{De(v = 1),....De(v = M)} @ De()]) " AR, (diag [(De(v/ — 1),....De(v' = M)} @ De(v)]) ™.

The proof of Theorem 4.2 follows using the same kind of arguments as Theorem 4.1 and it is therefore omitted.
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Remark 4.7. In view of Remark 4.4 and (44), in the standard strong PVAR case, the asymptotic covariance matrices AR, and
VR are reduced respectively as

ARvy) =V, - (AL() @ L) RO) [RTIIQM) @ 2 MIRM)|” RT() (Au() 8 1)
and
VS, v) =t (diag [{(De(v = 1)..... De(v = M)} @ De)]) ™" AS (v, v) (diag [{(D(v = 1),....Die(v = M)} @ De(»)]) ™,

and we retrieve the results given in Ursu and Duchesne (2009) and Duchesne and Lafaye de Micheaux (2013).
Independence of the €,g,,’s implies that only the terms for v = v are non-zero in AR. Thus the matrices AR and VR are
reduced to blocs diagonal matrices denoted ASR and Vg, with blocs given respectively ASR(V, v) and Vg(v, V).

4.2. Modified version of the portmanteau test

Based on the residual empirical autocorrelations, Box and Pierce (1970) have proposed a goodness-of-fit test, the so-called
portmanteau test, for strong ARMA models. A modification of their test has been proposed by Ljung and Box (1978) which is
nowadays one of the most popular diagnostic checking tools in ARMA modeling of time series. To test simultaneously whether
all residual autocorrelations at lags 1, ..., M of an univariate periodic ARMA model are equal to zero for a specified period v,
the portmanteau of Box and Pierce (1970); Ljung and Box (1978) can be adapted as proposed by McLeod (1994, 1995) (see
also Hipel and McLeod (1994)).

Being inspired by the univariate portmanteau statistics defined in Box and Pierce (1970) and Ljung and Box (1978), Chitturi
(1974) and Hosking (1980)) have introduced the multivariate versions of the portmanteau statistics. Hosking (1981) gave several
equivalent forms of this statistic. Basic forms are:

2

(N-h

M M
Q5 =N ) tr(CLMC (0Ce(mCZ'(0) and Qi = > tr(CL(MCZ (0)Ce()CZ (0)) (50)
h=1 h=1

where Cg(h) is the residual autocovariances matrices function of a multivariate process Y.

To test simultaneously whether all residual autocorrelations at lags 1,. .., M of a PVAR model are equal to zero for a specified
period v, the portmanteau test (50) can be adapted. Based on the above results, for instance, Ursu and Duchesne (2009); Duchesne
and Lafaye de Micheaux (2013) suggested the following portmanteau statistics defined by

M
Qu(v) = N Y tr(CL(:vICZ (0 )Cells v)CZ (03 v = ),

=1

M
=N Z L {CZ ;v - D ® CF(0: )] el ),
=1
= NeJ(v){(diag [Ce(0;v = 1),..., Ce(0;v = M)]) @ Ce(0;v)) ' ce(v),
= Nr (v) {(diag [Re(0;v = 1),...,Re(0; v — M)]) ® Re(0; W re), (31
where Rg(0;v) = DE_I(V)Cé(O; v)Dé'(v). The last equalities are obtained from the following elementary identities on matrix

calculus
tr(A"TBCD") = {vec(A)}"{D ® B}{vec(C)}, (A®B)(C®D)=AC®BD

where A, B, C and D are any matrices for which the above product is defined.
As discussed in McLeod (1994, 1995), the Ljung and Box (1978) correction factor defined by

~ (N+2)/(N-1/s) if I=0 mod s
oL, N, 5) = { N/(N—=|(I-v+s)/s]) otherwise,

is expected to improve the finite-sample properties of the test statistic (51). This leads to the finite-sample corrected test statistic:

M
* N T(1- - . (] - .
Q,(» =N ; Nl " (CLUCZ (0:v)Cell: v)CZ (0:v - 1)

= NeL(")P)*(v, N, 5) {(diag [C¢(0; v = 1),...., C¢(0; v = M)]) ® Ce(0:v)} ™' P2 (v, N, s)ce(),
= NrL()P} (v, N, 5) {(diag [Re(0; v = 1),... . Re(0;v = M)]) ® Re(0:v)}) ™ P2 (v, N, $)re(v), (52)
where collecting the dxd matrix P(/, v, N, s) = diag [o(I, v, N, 5), ...,0(l,v, N, 5)],in a (Md?)x(Md?) matrix leads to the expression
of: Py (v, N, s) = diag [(vec[P(1,v, N, )T ... (vec{P(M, v, N, s)) ") .
12



Note that the lag M used in (51) and (52) could be chosen to be different across the seasons but in most applications it is
reasonable to use the same value of M for all seasons (see for instance Hipel and McLeod (1994)).

The test statistics (51) and (52) are asymptotically independent across the seasons v = 1,2,...,s. Consequently, global test
statistics, which can be used to test the null hypothesis of model adequacy for all seasons taken simultaneously, can be constructed
by summing (51) or (52) over all seasons:

Qu = ZQM(V), (33)
v=1

Qy = D Qu. (54)
v=1

The statistics (51) and (52) are usually used to test the joint statistical significance of ce(l;v), for Il = 1,..., M. More formally,
the null hypothesis of model adequacy is given by:

How):7e() =0 or Hy():pe)=0, for v=1,...,s,

where y¢(v) and pe(v) are defined by (23) and (24) and 0 corresponds to the (d>M) x 1 null vector. The statistics (53) and (54)
are usually used to test the following null hypothesis

Hy:ye=: (72(1),...,72(s))T =0 or Hp:pe-=: (pz(l),...,pg(s))T =0,

where 0 corresponds to the (sd>M) x 1 null vector.
From Theorems 4.1 and 4.2 we can deduce the following results which give the exact limiting distribution of the standard
portmanteau statistics (51), (52), (53) and (54) under general assumptions on the innovation process of the fitted PVAR model.

Theorem 4.3. Under Assumptions of Theorem 4.1 and Hy(v), v = 1,..., s or Hy, the statistics Qu(v) and Q},(v) defined in (51)
and (52) converge in distribution, as N — oo, to

Md?

€N = D & p 2]
i=1

where 55 2V = (g—“HM 20 E P dz(v))T is the vector of the eigenvalues of the matrix

vOM) = 3, P0ALT, P 0),

Xe(v—-1) 0 0o ... 0
0 Yev-2) 0 ... 0
where AU, is given in (40), Jy(v) = . . . ® Xe(v) is a Md? x Md?* block diagonal
0 0 0 ... Ze(v—-M)
matrix and Zy, . . ., Zyz are independent N (0, 1) variables.

The asymptotic distribution of the global portmanteau test statistics (that takes into account all the seasons) Qy and Qj,
defined in (53) and (54) are also a weighted sum of chi-square random variables:

sMd?

U — U 2
ZM(fstz) - Z é:i,stZZi
i=1

where fEM 2= (st M §EM oM dz)T denotes the vector of the eigenvalues of the block matrix VO (M) = [VLJV,(M MNi<vy<s, With
blocs given by

vi.(M) =3, P AT, P ()
where AEV, is given in (43).
Remark 4.8. In view of Remark 4.6 when M is large, the matrix

Vi) = Ly = 3 PO {[AL QT AL @ Ze)} I 2 ),

(resp. Vg ~ [VISJ(V, W) y=1...s) is close to a projection matrix. Its eigenvalues are therefore equal to 0 and 1. The number of

.....

eigenvalues equal to 1 is tr(V[SJ(V, V) = tr(lp-peyy) = d*{M — p(v)} (resp. tr(VlSJ) = tr(Ip ZL,[pr(V)}) =d? YoM — p()}).
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Therefore under Hy(v) (resp. Hy), the asymptotic distributions of the statistics defined in (51) and (52) can be approximated by
a )(52 (M—p) (resp. a )(32 S5 M=pOr)y When d = 1, we also retrieve the results obtained by McLeod (1994).

As a consequence to these results, the chi-squared distributions are not applicable when M < p(v) in contrast to our re-
sults (see Theorem 4.3). In fact, the exact distributions of the portmanteau test statistics are better approximated by those of
weighted sums of chi-squared random variables. Our results show that in the general PVAR case, the weights in the asymptotic
distributions of the portmanteau procedures may be relatively far from zero, and thus, adjusting the degrees of freedom does not
represent a solution in the present framework.

Theorem 4.4. Under Assumptions of Theorem 4.2 and Hy(v), v = 1,..., s or Hy, the statistics Qu(v) and Q},(v) defined in (51)
and (52) converge in distribution, as N — oo, to

Md?

Zy&yon = > &z}
i=1

where 51134 2= (g—“]ﬁ a2V fz P dz(v))T is the vector of the eigenvalues of the matrix

VR (M) = 3, AR T (),

where A§V is given in (46) and Z,, . .., Zy 2 are independent N(0, 1) variables.
The asymptotic distribution of the global portmanteau test statistics (that takes into account all the seasons) Qy and Qj,

defined in (53) and (54) is also a weighted sum of chi-squared random variables:

sMd?

R _ R 2

Zm (fstZ) - Z fi,st?Zi
i=1

where ffM 2= (flis M2 ?M oM dz)T denotes the vector of the eigenvalues of the block matrix VR(M) = [V};V, (M)]1<vy<s, With
blocs given by

Ve, (M) = T P03,
where AIV{V, is given in (49).

Remark 4.9. Under the linear constraints (16), in view of Remark 4.7 when M is large, the matrix
- -1 _
VSv) = Tey - 3, %) {(AI 8 L) RO) [R”TMIQM @ Z MIRM| RT() (A, © Id>} 3,0,

(resp. Vlg ~ [Vlg(v, Wy=1...s) is close to a projection matrix. Its eigenvalues are therefore equal to O and 1. The number of

eigenvalues equal to 1 is tr(VSR(v, V) = trllep-ke)) = d*M - K(v) (resp. tr(Vg) = tr(IZi:,ldszK(V)]) = Zf,:l{dZM - KW»)}).
Therefore under Hy(v) (resp. Hy), the asymptotic distributions of the statistics defined in (51) and (52) can be approximated by
a )(32 MK () (resp. a XZZX,I PM-KO)) We retrieve the results given in Ursu and Duchesne (2009).

As a consequence to these results, the chi-squared distribution are not applicable when M < K(v) in contrast to our results
(see Theorem 4.4), which corresponds to the results obtained by Duchesne and Lafaye de Micheaux (2013) for parsimonious
strong PVAR models.

Corollary 4.1. Under the following alternative hypothesis
Hi(v) : there exists h € {1,..., M} suchthat ye(h;v) #0 or Hi(v):vec{pe(h; )} #0, for v=1,...,s,
one may prove that under Hy(v)

Qu() or Q)

N v = (€e0) = 7)) KON KT () (cev) ~ 7¢(v)

Ty - - - - _ 1
+2(ce() = 7e0) KON 0K 1)y e(n) + 76K 0N KT ()ye(v) + 0z (ﬁ)
— YLK 0N DK 0)ye) = pLOIN e,

where K(v) = diag [{D(v = 1),....De(v — M)} @ D(v)| and N(v) = (diag [Re(0;v = 1),...,R(0;v = M)]) @ R(0; v) with
R (0;v) = (D’;(v))71 Te(0;v) (D’g(v))il. Therefore the test statistics Qu(v) and Q},(v) are consistent in detecting Hy(v).
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The proof of this corollary is also postponed to Section Appendix.

Theorems 4.3 and 4.4 show that, for the asymptotic distributions of (51) and (52) (resp. of (53) and (54)), the chi-squared
approximations are no longer valid in the framework of weak PVAR models.

The true asymptotic distributions VU (M) and VW,(M ) (resp. vY(M) and VR(M)) depend on the periodic nuisance parameters
involving Xe(v — h) for h = 0,1,.. M and the elements of EEV or Eljv,. Consequently, in order to obtain the asymptotic
distribution of the portmanteau statistics (51) and (52) (resp. (53) and (54)) under weak assumptions on the multivariate periodic
noise, one needs a consistent estimator of the asymptotic covariance matrix VU (M) and VR (M) (resp. VY(M) and VR(M)).

Matrices Y y(v) and Xe(v — h) for h = 0, 1,..., M can be estimated by its empmcal counterpart, respectively by
= . =

T =% . {(@,{w_l, o) XIS} and Eev =) =+ " fusnsosunrs
n=0 n=0

The matrix €(v) can also be estimated empirically by the squared matrix QN(V) of order dp(v) defined by: QN(V) =N ‘an(v)X,f ).

The estimation of the long-run variance (LRV) matrix EIVJV or =, is more complicated. In the literature, two types of
estimators are generally employed: heteroskedasticity and autocorrelation consistent (HAC) estimators based on kernel methods
(see Newey and West (1987) and Andrews (1991) for general references, and Francq and Zakoian (2007) for an application to
testing strong linearity in weak ARMA models) and the spectral density (SP) estimators (see e.g. (Berk, 1974) and den Haan
and Levin (1997) for a general reference; see also Boubacar Mainassara and Francq (2011) for an application to a weak VARMA

model). Thus following the arguments developed in Boubacar Mainassara and Ursu (2023), the matrix 'W (resp. E ,/) can

be weakly estimated by HAC or SP. Let = _.W, (resp. ._.W,) be an estimator obtained by only replacing the process (W,1y),e7 in
Boubacar Mainassara and Ursu (2023, Theorems 4.1 or Theorems 4.2), by ( s +V) (resp. (WR

)
We let V (M) and V (M) (resp V (M) and V (M)) the matrices obtained by replacing = V, and ._.R, by .?.V
Yy (v) by YM(V) and Ze(v — h) by Ze(v — h) in VY, (M) and VR (M) (resp. VU(M) and VR(M)). Denote by

Ene ) = Ee s Ep e )T and  ELL0) = E e O Ep e )T

AU AU AU T 2R 2R 2R T
esp. &y = €1 sy - S sma) and &0, 0 = ppr > Euasmar) )

aR
,and E,,

the vector of the eigenvalues of VW, (M) and VW, (M) (resp. VU(M ) and VR(M )). At the asymptotic level o and for a specified
season v, the modified test consists in rejecting the adequacy of the weak PVAR model when

Jim P (Qu(v) > §3,(1 - ) = lim P(Q},(») > S},(1-a)) =a,

where S},(1 — @) is such that ]P’{ZV 2 (5}3405 Ryy) > S (= oz)} = @. We emphasize the fact that the proposed modified versions

of the statistics are more difficult to implement because their critical values have to be computed from the data while the critical
values of the standard method are simply deduced from a y?-table. We shall evaluate the p-values

P{Z, @30 > Qu»)} and P{Zy,, 500 > Q)]

with Z) (fU orR)(y) = 3 M g};;;}(v)zf, by means of the Imhof algorithm (see Imhof (1961)) or other exact methods.

The test procedures for Q v and Qj, defined in (53) and (54) are similar but they are based on the sd*M empirical eigenvalues
of V7 (M) and ¥* (M),
Remark 4.10. Let r’é (v) be the i-th component of the (Md*)x 1 vector r¢(v) of the residual autocorrelation. Forany 1 < h < Md?

and for a specified season v, a 100(1 — @)% confidence region for r}é(v) is given by

NG0B \/VW<M><h D) \/ W<M)(h Ly Vo ()(h, B
< Uy——m———
VN

o
—lUyg——————=— ST (V) resp. "
! VN fe e

where u, denotes the quantile of order 1 — a of the N(0, 1) distribution.

In the next section, the test statistics proposed in this section are illustrated in a small empirical study.

5. Simulations

By means of a small Monte Carlo experiment, we investigate the finite sample properties of the modified version of the portman-
teau test. The following data generating process (DGP) are used:

DGP; : Yuuy = PWV)Y 51 + €ngiy,

DGP, : Yo = (I)C(V)Yns+v—1 + €nstys

DGP3 : Yns+v = (I)I(V)Yns+v—1 + (I)Z(V)Yns+v—2 + €Epsty-
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We considered the case of four seasons, that is s = 4. For the purposes of our illustration, no parameter constraints were
hypothesized for DGP; (Table 1), but for DGP, (Table 2) it was assumed that the zero-valued parameters in ®¢(1), ®c(2), ®c(3)
and ®;(4) were known.

Table 1: Parameters of DGP; models used in the simulation

MODEL @(1) ®(2) @(3) ®(4)
DGP, 0.50 0.30 042 024 -0.80 0.20 -0.30 0.50
0.10 0.20 -0.20 0.50 0.60 0.70 0.90 -0.20
Table 2: Parameters of DGP; models used in the simulation
MODEL @c(1) D:(2) D:(3) Dc(4)
DGP, 095 0.00 -0.90 0.00 -0.85 0.00 -0.95 0.00
0.00 0.90 0.00 0.95 0.00 0.90 0.00 -0.95
Table 3: Parameters of DGP3 models used in the simulation
MODEL @ (1) @,(2) ®,(3) @, (4)
DGP; 0.60 0.30 -0.30 0.40 0.30 0.30 -0.40 -0.40
0.60 0.20 0.20 0.40 0.30 0.20 0.30 -0.40
@,(1) D,(2) @,(3) D,(4)
0.40 0.60 -0.30 0.30 0.20 0.50 0.30 0.50
-0.20 0.50 0.30 -0.40 -0.30 -0.30 0.50 0.30
Table 4: Error covariance matrices used in the simulation
Ze(l) Ye(2) Xe(3) Xe(4)
1.00 0.50 1.00 0.30 1.00 0.20 1.00 0.10
0.50 1.00 0.30 1.00 0.20 1.00 0.10 1.00

We studied the empirical frequencies of rejection of the null hypothesis of adequacy at the 5% and 10% nominal levels, for
each of three series length (N = 200, 1000 and 5000). For each experiment, 1000 independent realizations were generated. For
these nominal levels, the empirical relative frequency of rejection size over the 1000 independent replications should vary respec-
tively within the confidence intervals [3.6%, 6.4%] and [8.1%, 11.9%] with probability 95% and [3.3%, 6.9%] and [7.6%, 12.5%]
with probability 99% under the assumption that the true probabilities of rejection are respectively @ = 5% and @ = 10%. When
the relative rejection frequencies are outside the significant limits with probability 95%, they are displayed in bold type. For each
realization of the DGP defined by DGP;, a PVAR model of order one was estimated by least squares estimators, as described
in Section 3.1 of Boubacar Mainassara and Ursu (2023). When the DGP was given by DGP,, the zero-valued parameters in
®.(v) were taken into account by properly defining the constraint matrix R(v), v = 1,2, 3, 4, and the parameters were estimated
using the procedure described in Section 3.2 of Boubacar Mainassara and Ursu (2023).

For each residual time series, the portmanteau test statistics Q3,(v) (52), v = 1,..., s and Q}, (54) were calculated using the
Ljung-Box-McLeod correction factor, for M € {1, 2, 3, 6, 8, 10}. We indicate the conventions that we adopt in the discussion and
in the tables:

) Q}V,(v) and GQ}W(V) refer to the modified Qj,(v) and global modified tests as defined in Ursu and Duchesne (2009).

) Qﬁ,,(v) and GQ%,,(V) refer to the modified Q},(v) and global modified tests as defined in Duchesne and Lafaye de Micheaux
(2013).

° Q?W(v) and GQ?VI(V) refer to the modified test using the statistics (52) and (54).

Compared to the modified portmanteau test proposed by Duchesne and Lafaye de Micheaux (2013) and Ursu and Duchesne
(2009), we use a VAR spectral estimator approach to estimate the asymptotic covariance matrix of a vector autocorrelations
residuals. The implementation of this method requires a choice of the VAR order r. In the strong PVAR cases, we fixed r = 1
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as it can be shown that, for strong models, the VAR spectral estimator is consistent with any fixed value of r. For weak PVAR
models, the VAR order r is set as » = 1,2,3 and is automatically selected by Akaike Information Criterion using the function
VARselect() of the vars R package. Imhof’s algorithm (Imhof, 1961) has been used to obtain the critical values; we used the R
package CompQuadForm available from CRAN. The results concerning the standard tests are not presented here, because they
are similar to those of the modified tests.

5.1. Empirical size

5.1.1. Unconstrained strong PVAR model
First we consider the unconstrained strong PVAR defined by DGP,; and where the stochastic process € = {€,, t € Z} corresponds
to a zero mean periodic white noise with the error covariance matrix X, given in Table 4.

The number of rejections of the null hypothesis of adequacy is reported in Tables 5 and 7. The results presented in Table 5
indicate that, for the test proposed by Ursu and Duchesne (2009), some rejection has been observed for small values of M at
both significance levels. This is not surprising because the )(éz M-1) approximation is better for larger M. Note that for M = 1,
the empirical size is not available (n.a.) for the test proposed by Ursu and Duchesne (2009) because the test is not applicable to
M < p. On the other hand, the error of first kind is well controlled by the test proposed by Duchesne and Lafaye de Micheaux
(2013) and our test even when M is small. The results presented in Table 5 indicate that some under-rejection has been observed
for large values of M at both significance levels when N = 200 for our test. No wonder that N has to be large enough as our test
requires the estimation of the covariance structure of a high dimension multivariate process.

The empirical levels of the global portmanteau tests statistics are given in Table 7. For our test some under-rejections occurred
for large values of M when N = 200. When N = 1000, the results were generally reasonable at both significance levels. It is not
surprising that large sample sizes are needed for the global test statistics given the high dimension of the process.

Table 5: Empirical levels (number of rejections of the null hypothesis over 1000 replications) at the 5% and 10% significance levels for the modified portmanteau test statistics
Ou() forv =1,2,3,4and M = 1,2,3,6,8,10. The simulated model is a strong PVAR given by DGP;. The numbers of years are equal to N = 200, 1000 and 5000. Q}w(v) is the
portmanteau test statistics defined by (35) in Ursu and Duchesne (2009). Q;“W(v) is the portmanteau test statistics defined by (26) in Duchesne and Lafaye de Micheaux (2013). Qi,l(v)
is the portmanteau test statistics defined by (52).

a=0.05
N =200 N = 1000 N = 5000
oL, 03, 03, oL, 03, 03, [ 03, 03,

M ! 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4
1 na. na na na |69 55 51 58 (44 35 47 37 [na na na na |49 56 64 55|58 57 50 56 |na na na na |46 45 57 43|61 52 41 45
2 119 61 56 55|62 49 54 50|33 49 44 41 (135 45 47 61 |61 46 65 50|53 54 50 40 |135 48 65 60 |44 38 51 44|60 46 64 48
3 63 53 60 64|51 39 54 51 (33 36 42 37|61 52 53 60|65 53 49 54 (51 54 58 47|50 48 44 53|49 36 57 54|44 47 44 53
6 52 48 47 52|61 43 56 48 |16 19 14 20 |51 54 58 54|56 47 63 56|40 46 43 40|59 47 51 39|51 55 60 42|53 44 50 36
8 36 51 41 42|51 54 64 59|16 20 09 14|55 53 45 50|56 55 58 56|46 45 45 43|44 54 42 60 |43 54 54 40|40 52 39 60
10 53 55 51 58|54 41 59 52|13 20 23 16|65 47 57 42|54 64 64 64|34 35 47 38|54 50 50 56|55 46 55 49|53 46 48 51

a=0.10
N =200 N = 1000 N = 5000
T v T 2 3 T 2
2y Oy 2y 2y 2y 2y Qy» Qy» 2y

M v 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4
1 na. na na na |123 11.0 109 10798 105 85 10.1 | na. na na na |10l 105 116 108|107 10.1 10.l 11.6 [ na. na na na |98 96 111 92 |11L3 89 94 85
2 208 118 125 119|115 95 103 88 (73 96 107 7.7 |229 93 105 119|110 98 107 98 |11.3 11.1 106 89 |[239 104 125 124| 82 84 103 98 [ 98 99 120 9.1
3 125 100 109 11.1]102 104 99 94 |89 85 89 93 (124 107 93 112|108 11.1 94 99 |11l 97 104 97 |113 88 98 98 [102 78 103 102| 96 82 96 98
6 113 96 96 11896 100 101 113|56 55 58 58 (99 94 114 110|111 103 115 99 (87 95 93 78 (113 99 109 9.1 |103 98 107 95 |107 95 101 9.0
8 97 109 88 102|100 10.1 113 11.0(47 51 39 39 |101 107 102 88 |113 11.3 104 10192 102 87 98 [10.1 100 9.1 103| 93 102 109 99 |10.1 100 87 10.1
10 10.1 108 10.5 10.4]10.5 10.0 123 115|/46 72 64 51 [124 109 113 89 [11.0 114 112 10.7| 74 7.9 101 82 |[11.9 88 103 11.5[106 9.1 112 9.0 |11.6 87 100 114

Table 6: Empirical levels (number of rejections of the null hypothesis over 1000 replications) at the 5% and 10% significance levels for the modified portmanteau test statistics
Ou() forv =1,2,3,4and M = 1,2,3,6,8,10. The simulated model is a strong PVAR given by DGP3. The numbers of years are equal to N = 200, 1000 and 5000. Q}w(v) is the
portmanteau test statistics defined by (35) in Ursu and Duchesne (2009). wa(v) is the portmanteau test statistics defined by (26) in Duchesne and Lafaye de Micheaux (2013). QL(V)

is the portmanteau test statistics defined by (52).

a=0.05
N =200 = 1000 N = 5000
[ [ 03, oL, 03, 03, [ 03, 03,
h V1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4
1 na. na na na |39 60 56 63[49 50 55 42 |na na na na |44 52 36 52|53 47 44 46 |na na na na |58 52 58 51|56 51 48 6.1
2 na. na na na |48 67 50 56|49 50 45 41 |na na na na |49 57 45 55|45 50 36 49 |na na na na |46 46 46 50|48 58 59 58
3 154 171 112 104 | 43 66 49 63|41 32 50 37 |148 167 88 92|55 49 38 44|43 54 52 53 |144 135 11.1 96 | 57 44 54 48|63 45 54 57
6 61 57 46 54|58 57 44 52|18 24 35 33 (58 52 56 55|50 48 54 51|46 47 56 34|56 48 49 51|50 46 48 51|40 44 52 50
8 47 58 52 55)|48 60 52 61|45 58 52 60|50 37 51 52|51 37 48 52|47 36 48 41|49 42 45 4549 42 41 4549 60 61 50
10 50 53 47 54|55 57 52 57 (109 121 118 106 | 53 35 46 57|53 35 46 57|42 43 51 45|41 37 46 52|41 37 46 51|55 47 49 37
a=0.10
N =200 = 1000 N = 5000
[ G 03, ol 03, 03, oL G 03,
M Y1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4
1 na. na na na [ 84 124 109 11.2|10.7 11.7 10.7 100 | na. na na na |11 100 7.6 105|11.6 94 87 92 | na na na na |104 108 104 102|110 95 9.1 115
2 na. na na na | 100 122 112 113 | 84 95 104 99 | na na na na |100 117 88 103|97 96 86 100|na na na na |93 87 97 108|93 107 99 112
3 269 274 207 202| 98 124 100 11.7| 87 87 98 105[255 268 19.0 175|112 11.0 83 95 |92 104 11.5 112|245 244 207 18.0| 97 88 108 10.1|11.6 88 107 11.6
6 130 116 98 112]120 113 95 11.1|65 73 7.6 84 |122 106 100 115|110 100 9.6 107102 117 10.6 84 [11.0 95 107 115|101 89 100 108 | 81 98 98 109
8 104 107 108 115|110 113 11.6 123|128 153 133 142|103 102 103 10.1 [ 104 102 103 10.1| 95 96 89 84100 96 90 109|100 95 87 107|107 102 104 10.7
10 102 100 104 11.8]10.5 10.7 11.1 13.1 268 26.1 267 255| 92 88 100 104] 94 88 101 105| 89 102 98 10.8| 98 89 97 100|97 89 97 100| 94 98 107 84
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Table 7: Empirical levels at the 5% and 10% significance levels for the global portmanteau test statistics Qy for M = 1,2,3, 6,8, 10. The simulated model is a strong PVAR given by
DGP;. The numbers of years are equal to N = 200, 1000 and 5000. Q}w(v) is the global portmanteau test statistics defined by (37) in Ursu and Duchesne (2009). wa(v) is the global
portmanteau test statistics defined by (28) in Duchesne and Lafaye de Micheaux (2013). Q?w (v) is the global portmanteau test statistics defined by (54).

=005 @ =0.10
N =200 N = 1000 N = 5000 N =200 N = 1000 N = 5000
v
oy 0y oyloy oy olol oy oylel oy oyl ¢ ooy oy oy
T |{na 39 39 |na 57 60 |na 46 53 |na 103 89 |na 112 115 na 100 112
2 |11.6 53 37|94 64 51 |114 47 56 |198 114 7.7 [17.7 11.6 10.1|20.1 85 10.1
3169 56 36|73 57 52|57 51 51126 107 87 [13.5 120 112|106 92 92
6|61 59 35|50 59 31|44 44 41(102 122 78 | 96 113 67 | 86 99 84
850 52 13|57 64 44|54 52 50101 11.6 3.8 [107 113 104|101 95 95
0] 58 62 18|60 60 36|56 49 50 |120 129 6.0 [11.8 119 78 | 98 98 95

Table 8: Empirical levels at the 5% and 10% significance levels for the global portmanteau test statistics Qy for M = 1,2,3, 6,8, 10. The simulated model is a strong PVAR given by
DGP;3. The numbers of years are equal to N = 200, 1000 and 5000. Q,‘w(v) is the global portmanteau test statistics defined by (37) in Ursu and Duchesne (2009). Q%/,(v) is the global
portmanteau test statistics defined by (28) in Duchesne and Lafaye de Micheaux (2013). Q;‘w(v) is the global portmanteau test statistics defined by (54).

a=0.05 a=0.10
N =200 N = 1000 N = 5000 N =200 N = 1000 N = 5000
)
Moy 0y oyloy 9 9l %y oyl oy oyl ¢ 2yl 0 o
I'|na 54 49 |na 53 40 [na 53 50 |na I1L5 108 |na 113 96 [na 113 99
2 (na 53 51 |na 47 44 |na 45 60 |na 114 101 |na 107 96 |na 98 100
3308 57 41 [27.8 53 53 |285 41 68 |480 114 105 (421 92 115|435 94 100
676 68 31|56 54 36|56 48 46 |13.7 128 69 [115 99 94 |114 102 7.6
8163 72 137|51 50 33|55 49 58 |116 129 252|115 99 85 |103 100 108
10] 5.1 6.1 38.6| 43 44 43 |45 45 43|98 123 60.6| 95 99 10.1 102 102 9.7

5.1.2. Constrained strong PVAR model

We consider the constrained strong PVAR defined by DGP, and the innovation process € = {€,¢ € Z} is the same as in

unconstrained case. The number of rejections of the null hypothesis of adequacy are reported in Tables (9) and (10). Note that
the results are very similar to the unconstrained case.

Table 9: Empirical levels (number of rejections of the null hypothesis over 1000 replications) at the 5% and 10% significance levels for the modified portmanteau test statistics
Ou() forv =1,2,3,4and M = 1,2,3,6,8,10. The simulated model is a strong PVAR given by DGP,. The numbers of years are equal to N = 200, 1000 and 5000. Q}w(v) is the
portmanteau test statistics defined by (35) in Ursu and Duchesne (2009). Q;“W(v) is the portmanteau test statistics defined by (26) in Duchesne and Lafaye de Micheaux (2013). Qi,l(v)
is the portmanteau test statistics defined by (52).

a=0.05
N =200 N = 1000 N = 5000
[ 03, 03, [ [0 03, oL, 03, 03,
M Y1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4

na. na na na [ 42 36 54 42 (34 32 47 42|na na na na [ 52 50 53 54 (38 42 50 42|na na na na [52 52 53 60|52 53 45 53
107 89 81 108| 58 41 63 48 |35 25 33 37(107 74 93 88 |47 59 49 48 (43 46 47 43|121 105 84 94| 63 52 43 54|62 46 50 48
77 73 71 73 |48 45 66 52 (3.0 28 32 31|75 88 55 64|45 49 43 50(39 56 36 43|92 67 69 63|53 58 51 52|61 40 51 38
6 59 58 48 64|62 52 62 60 (23 18 16 17|63 59 68 52 (43 51 51 58|45 37 44 39(65 53 44 56|60 50 45 46|54 45 35 45
8 59 42 59 53|62 53 62 58|13 07 1.6 1.0 62 53 58 51|44 58 60 49 |48 37 46 32|57 58 54 50|53 52 44 52|48 51 46 40
10 51 50 53 50|59 56 60 69 |14 08 11 11|43 48 58 52|45 60 52 49|29 32 42 35|48 56 55 53|58 54 59 42|43 52 51 42

W —

a=0.10
N =200 N = 1000 N = 5000
T 2 3 T 2 T 2
2y (% 2y 2y 2y 2y 2y 2y 2y
M gl 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4
1 na. na na na |90 90 113 88 [88 7.6 9.6 95| na na na na [96 96 102 105|75 103 103 88| na. na na na |99 104 100 95[106 99 91 97
2 199 178 178 185102 89 118 104 (80 7.5 80 96|199 152 193 177|100 9.6 100 106|9.1 7.9 106 88|202 188 179 168|113 113 9.6 99117 113 102 10.0
3 144 142 144 136|100 97 128 102 |68 7.0 7.2 8.1 |145 145 115 123| 92 94 84 110|87 97 71 884|160 128 137 130|107 103 88 99|104 88 88 86
6 121 109 101 121|116 108 11.8 124 |55 51 44 59|13.0 13.8 127 105 88 105 9.0 103|90 99 101 82|128 106 106 9.7 [109 99 88 91|99 86 88 8.0
8 1.1 102 114 105|116 108 11.8 11.5[4.6 3.0 46 49105 12.0 122 102 83 107 105 106|80 84 100 82|11 104 11.1 105[108 105 99 94[103 91 98 90
10 97 106 100 10.1|11.8 108 11.0 11.8[3.5 34 3.6 3.0[103 103 101 94 [ 92 110 98 102[74 80 82 7.7|10.1 104 107 99 [107 103 10.8 94| 86 93 97 94

Table 10: Empirical levels at the 5% and 10% significance levels for the global portmanteau test statistics Qy for M = 1,2,3,6,8, 10. The simulated model is a strong PVAR given
by DGP,. The numbers of years are equal to N = 200, 1000 and 5000. Q['W(v) is the global portmanteau test statistics defined by (37) in Ursu and Duchesne (2009). Q,zw(v) is the global
portmanteau test statistics defined by (28) in Duchesne and Lafaye de Micheaux (2013). Q?W(v) is the global portmanteau test statistics defined by (54).

a=0.05 a=0.10
N =200 N = 1000 N = 5000 N =200 N = 1000 N = 5000
oy 0y oyloy oy o0y oy oyl oy o0, o [0y %
I'|na 51 37 |na 60 44 |na 57 59 |na 104 83 |na 105 81 [na 99 115
2200 63 38 |183 56 56 (201 49 51 (328 118 89 [3L0 101 99 |337 100 105
3 (114 54 32103 52 36 (108 58 48 |20.1 106 74 [18.0 102 74 |214 103 94
6162 68 16|71 56 39|64 51 26 (145 119 40 [146 92 84 |127 107 8.6
885 71 20|59 50 36|55 50 42142 134 50 [13.0 96 79 |129 104 94
101 66 80 05|59 43 33|61 52 46 |13.0 140 3.1 |114 99 78 [11.5 105 10.1

From these examples we draw the conclusion that, for strong PVAR models diagnostic checks season by season are recom-
mended to use and the test proposed by Duchesne and Lafaye de Micheaux (2013) may be preferable to the other mentioned tests
when N is small (N = 200). Note that our proposed test can be used safely for M small and N large enough (N > 100).
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5.1.3. Unconstrained weak PVAR model
We repeat the same experiments on a weak PVAR model, meaning that the stochastic process € is defined by

where 17, = (1714, 72,,) " 1id N'(0, I,) and M, is the upper triangular matrix satisfying the equation MZMV =Xe(v) := El€,54y

6ns+v -

T [ M ns+v11 ns+v—111,ns+v-2

M2.ns-+v112,ns+v-11M2,ns+v-2

T
6}13‘+V

(55)

This process can be viewed as a multivariate extension of univariate weak noises considered in Romano and Thombs (1996).

Table 11: Empirical levels (number of rejections of the null hypothesis over 1000 replications) at the 5% and 10% significance levels for the modified portmanteau test statistics
Ou() forv =1,2,3,4and M = 1,2,3,6,8,10. The simulated model is a weak PVAR given by DGP;. The numbers of years are equal to N = 200, 1000 and 5000. Q},/,(v) is the

portmanteau test statistics defined by (35) in Ursu and Duchesne (2009). Qﬁ/,(v) is the portmanteau test statistics defined by (26) in Duchesne and Lafaye de Micheaux (2013). Q?w )
is the portmanteau test statistics defined by (52).

a=0.05
N =200 N = 1000 N = 5000
[N 03, 03, ol 05 03, oL [ZAG) 03,
M Y1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4
1 na. na na na (449 208 323 46.0 | 44 45 27 43| na na na na [500 248 381 554 |45 47 48 51 |na na na na [5L1 269 435 558|33 6.1 51 40
2 60.1 298 382 534|46.6 265 36.6 47.7| 1.8 3.6 32 3.7|68.6 333 442 595|573 329 409 558 (43 47 35 32 [689 347 47.1 589|583 36.0 451 55943 45 64 48
3 47.3 237 303 421|439 213 320 428 22 18 19 26555 293 358 504|529 27.6 350 517 [42 34 23 29 |573 298 371 525|567 29.6 40.8 52.6 (52 3.8 44 53
6 335 17.5 223 328347 171 255 345| 07 02 07 07415 204 267 419|428 22.0 257 401 [28 2.0 27 3.0 441 213 298 403|454 212 289 404 (45 43 47 40
8 33.6 17.7 21.0 309302 165 224 310 | 1.1 12 13 11392 166 228 31.8|384 199 232 354 (35 15 25 23 (404 192 265 360|396 191 262 36241 33 42 35
10 283 154 202 269 (293 152 208 288| 33 55 52 40[333 181 225 349|337 173 228 329 |11 15 18 1.5 [347 199 23.6 340|373 165 232 32.6|38 38 31 27
a=0.10
N =200 N = 1000 N = 5000
ol ) [ 03,0 ol,» 03, 03,0 21, 03, 23,
M V1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4
1 na. na na na |[548 273 409 560 (109 114 87 99| na na na na [585 357 479 635 (94 88 118 11.6| na na na na |608 357 525 65180 11.6 10.1 8.7
2 69.3 382 468 61.6 (567 342 457 563| 67 88 86 99|77.1 43.0 532 687|655 41.7 493 6520 |94 10.1 89 7.9 |784 439 569 67.7|662 445 545 64.6 |83 9.6 115 106
3 557 314 394 512|521 285 398 514| 81 5.6 66 7.7|644 389 46.6 59.0|62.5 365 442 599 (87 81 72 74 |656 388 46.0 627|637 392 505 61.5[95 81 94 109
6 435 264 299 429|434 250 334 438| 31 25 32 25|507 293 349 514|517 321 346 487 (7.6 62 64 79 [551 302 384 50.1|549 303 387 50496 89 97 9.1
8 42.0 240 283 410|398 241 30.1 408 | 35 4.6 44 3.7|47.2 255 31.2 421|475 281 31.6 457 (90 47 59 54 510 312 37.7 465|500 29.5 366 46287 73 99 82
10 36.0 23.7 27.3 36.0|36.7 233 28.0 36.5| 85 125 11.8 9.7 |42.5 254 31.0 445|435 265 30.1 415 |48 58 48 4.6 |[458 29.6 334 438|482 265 349 43175 88 74 79

Table 12: Empirical levels (number of rejections of the null hypothesis over 1000 replications) at the 5% and 10% significance levels for the modified portmanteau test statistics
Ou) forv =1,2,3,4and M = 1,2,3,6,8,10. The simulated model is a weak PVAR given by DGP3. The numbers of years are equal to N = 200, 1000 and 5000. Q}w(v) is the

portmanteau test statistics defined by (35) in Ursu and Duchesne (2009). Qﬁ,,(v) is the portmanteau test statistics defined by (26) in Duchesne and Lafaye de Micheaux (2013). Q?W(v)

is the portmanteau test statistics defined by (52).

@ =0.05
N =200 N = 1000 N = 5000
[0 G 03, ol 03, 03, oL 03, 03,
M Y1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4
1 na. na na na |194 133 153 22849 45 59 44 |na na na na |244 167 158 297 60 49 59 43 | na na na na [231 181 167 290 53 57 58 58
2 na. na na na |134 97 119 207| 36 28 34 38 |na na na na |188 103 120 270 | 48 43 35 49 |na na na na [175 119 1.7 275| 55 59 49 44
3 27.5 21.0 183 236|141 113 117 166 | 2.5 2.0 2.0 3.0 [340 241 191 294|178 12.6 108 23.0| 48 41 3.6 5 [33.2 258 17.8 281|182 13.0 105 214 | 49 46 44 46
6 135 113 107 155|127 111 107 151| 1.0 0.6 19 22 |142 123 88 151(137 119 85 146| 27 16 18 20 (149 110 102 156|140 104 101 151 | 44 44 28 44
8 127 114 109 13.0|128 116 111 133| 35 3.0 36 42 |120 109 88 144[120 109 87 144| 22 20 23 21 (118 116 9.0 140|116 113 88 139| 38 43 31 31
10 124 128 11.1 11.6 | 134 134 117 11.8| 39 44 44 50 [127 117 91 127|127 11.7 92 128 | 16 1.7 24 18 [109 104 7.7 128|109 103 7.7 127| 28 24 28 36
a=0.10
N =200 N = 1000 N = 5000
Lo oL 050 oL 0 R 05,0 4 2y
h V1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4
1 na. na 290 204 233 31.9(11.8 103 125 10.1 | na. na. na | 328 242 235 392115 109 109 109 | na. na na 317 284 244 390 93 1L.1 IL5 105
2 na. na . (208 16.6 208 293( 92 81 87 101 | na na na. | 27.6 18.7 18.6 364|106 89 86 9.6 | na na na 256 194 203 363|105 106 93 89
3 346 282 330|224 168 174 236| 96 75 75 84 [46.1 343 40.6 [ 27.7 195 183 31.0| 98 9.0 96 11.1[44.6 37.7 303 27.6 195 171 29.1| 92 99 84 93
6 18.1 18.0 22.8|20.5 18.1 17.8 223 | 45 34 54 6.2 |218 190 250203 187 147 243| 77 65 54 6.6 |245 193 17.5 224 187 169 238| 88 97 79 84
8 17.0 16.0 19.6 | 199 178 16.6 206 | 86 92 82 107|184 17.5 216|185 17.6 148 216 | 75 59 6.0 69 |214 192 152 214 190 152 214| 87 88 88 8.0
10 18.6 168 17.5|21.0 19.1 17.7 18.2 | 11.8 12.7 11.7 12.6 | 20.2 18.2 20.8 (202 184 161 209| 62 63 54 57 |182 191 142 182 19.1 143 19.0| 87 73 77 6.8

Table 13: Empirical levels at the 5% and 10% significance levels for the global portmanteau test statistics Qy for M = 1,2,3,6,8,10. The simulated model is a weak PVAR given
by DGP;. The numbers of years are equal to N = 200 and 1000. Q}w(v) is the global portmanteau test statistics defined by (37) in Ursu and Duchesne (2009). lew(v) is the global

portmanteau test statistics defined by (28) in Duchesne and Lafaye de Micheaux (2013). Q?W(v) is the global portmanteau test statistics defined by (54).

a=0.10

N = 1000

N

= 5000

Oy

Oy

%y

Oy

2y

7

9y

Q2 Q3

Swowe -

n.a.
87.5
71.0
50.1
48.7
424

70.9
52.8

41.0

n.a.
92.6
81.9
654
549
54.4

na.
92.7
84.9
70.7
65.1
574

na.
92.3
714
59.3
58.8
52.3

77.2
61.2
542
51.2

n.a.
95.4
86.8
73.4
63.8
63.6

87.3
90.5
86.7
73.2
66.3
62.9

7.2
6.6
5.6

4.9

na.
95.1
90.6
78.6
74.6
69.8

888 7.9
92.7 10.2
885 9.2
79.6 9.3
745 85
69.7 6.9
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Table 14: Empirical levels at the 5% and 10% significance levels for the global portmanteau test statistics Qy for M = 1,2,3,6,8,10. The simulated model is a weak PVAR given
by DGP;3. The numbers of years are equal to N = 200 and 1000. Q}w(v) is the global portmanteau test statistics defined by (37) in Ursu and Duchesne (2009). lew(v) is the global
portmanteau test statistics defined by (28) in Duchesne and Lafaye de Micheaux (2013). Q?w (v) is the global portmanteau test statistics defined by (54).

a=0.10

N = 1000
2y
54.7
429
38.9 10.0
289 53
259 63
243 55

N = 5000

Q3
8.7
9.4
6.7
9.4
82
8.1

2y 00}
10.8 | na.
8.7 | na.
7.6 | 728
35 | 304
10.1 | 25.9
12.5 | 24.1

Oy
1.7
86

37
39
18

na.
na.
545
19.6
15.7
15.3

na.
na.
675
29.2
243
22.5

559
46.2
41.2
41.2
28.8
24.8

n.a.
n.a.
75.1
345
29.1
24.8

59.6 634

o oo —| X

32
4.3

17.6
16.2

19.7
16.5

153

5.1.4. Constrained weak PVAR model

Table 15: Empirical levels (number of rejections of the null hypothesis over 1000 replications) at the 5% and 10% significance levels for the modified portmanteau test statistics
Ou) forv =1,2,3,4and M = 1,2,3,6,8,10. The simulated model is a weak PVAR given by DGP,. The numbers of years are equal to N = 200, 1000 and 5000. Q},/,(v) is the
portmanteau test statistics defined by (35) in Ursu and Duchesne (2009). Qﬁ,,(v) is the portmanteau test statistics defined by (26) in Duchesne and Lafaye de Micheaux (2013). wa )
is the portmanteau test statistics defined by (52).

a=0.05
N =200 N = 1000 N = 5000
[N 05, 03, 05, [ 03, [N 05, 03,
M 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4
1 na. na na na 594 48.0 510 54921 27 23 32| na na na na [595 568 60.6 60.1 |41 39 35 41 |na na na na [645 592 598 585|511 3.6 43 3.6
2 66.0 60.1 59.7 665599 519 515 547|1.6 1.1 13 2.1|740 683 653 711|623 603 59.9 61839 24 2.0 32 |762 717 667 734|688 62.0 623 62551 36 43 3.6
3 59.0 51.6 50.6 54.2(56.5 449 467 49.5|14 0.7 18 14|645 588 60.6 618|585 540 553 57.5[36 2.3 3.1 3.7 |67.0 59.1 65.0 655|638 57.0 56.7 58.7 |52 43 34 42
6 47.6 439 399 452|498 379 41.0 396|05 02 04 05539 507 489 524|499 456 484 492 |24 13 23 3.5 |565 539 494 543|556 495 492 513 |41 3.8 39 49
8 42.6 383 38.0 41.1|449 357 37.0 373|022 02 03 02518 41.6 42.7 451|469 42.1 439 45021 1.7 1.6 1.9 |512 46.7 48.2 50.7 | 50.6 457 442 479 (49 4.6 40 44
10 36.9 334 362 378|421 350 355 367|02 00 00 0.1|433 414 42.0 449|446 389 43.0 424 |18 14 1.7 1.0 |27.2 188 24.0 368 |48.5 435 422 444 |37 24 3.6 55
a=0.10
N =200 N = 1000 N = 5000
NS GG 03,0 ol G 03, [N 0%, 03,
M 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4
1 na. na na na | 667 573 602 63.1|75 79 72 74| na na na na |660 641 678 68.0|97 92 7.8 109 | na na na na|720 680 67.8 66.7|83 87 85 94
2 746 70.6 663 755 |68.6 612 594 64.1|64 42 42 6.7|80.0 772 721 78.0 (698 684 69.2 70.6 (96 7.9 64 84 |833 80.6 749 80.2|755 712 69.7 69986 9.0 94 8.0
3 679 62.0 59.9 63.1 (644 546 551 582 |47 29 49 3.7|748 68.0 68.6 69.2 657 625 648 67.5[97 7.1 86 88 |755 68.0 73.6 74.0|72.0 66.1 657 66.7 |93 89 9.1 102
6 555 52.0 504 56.0 577 48.0 509 47.6 |24 15 22 24616 589 574 609|592 540 571 574|72 67 59 79 |641 629 59.2 638|650 57.6 58.0 61285 97 94 102
8 50.5 46.7 457 493|547 453 469 455|1.0 1.1 08 07610 509 518 538|545 514 537 537|7.0 45 64 53 |60.6 57.5 564 60.1|62.0 551 543 568 (7.7 86 82 9.1
10 |47.2 418 447 469 |51.8 425 44.7 44.0)0.6 03 04 0.6 |53.6 50.0 49.7 54.1 529 478 51.8 52.0|5.1 5.1 51 57 [37.3 294 337 459|58.6 52.6 52.5 54.7 |83 6.0 8.1 102

Table 16: Empirical levels at the 5% and 10% significance levels for the global portmanteau test statistics Qs for M = 1,2,3,6, 8, 10. The simulated model is a weak PVAR given by
DGP;. The numbers of years are equal to N = 200, 1000 and 5000. Q}w(v) is the global portmanteau test statistics defined by (37) in Ursu and Duchesne (2009). wa(v) is the global
portmanteau test statistics defined by (28) in Duchesne and Lafaye de Micheaux (2013). Q?w (v) is the global portmanteau test statistics defined by (54).

Oy
n.a.
99.6
99.0
94.7
92.5
66.0

o3, [el, 2
n.a.
99.3
98.3
91.8
87.6
55.1

Oy
n.a.
995
987
92.1
87.6
86.1

Oy
n.a.
98.5
93.7
85.9
80.1
732

%y
n.a.
98.9
97.9
888
822
803

Oy
n.a.
962
913
810
73.6
659

13
1.2

55
34

0.0
0.0
0.0

11
0.2
0.0

PN

>

As expected, for the weak PVAR models (unconstrained and constrained), the relative rejection frequencies of the tests
defined by Ursu and Duchesne (2009) and by Duchesne and Lafaye de Micheaux (2013) are definitely outside the significant
limits. Based on these two aforementioned tests, an overly complicated PVAR model will be used leading to misinterpretation
and loss of efficiency in terms of linear predictions. It should be noted that, when the sample size is small (N = 200) and M > 2,
the relative rejection frequencies of our proposed test are far from the nominal 5%. This is not surprising that results improved
when N becomes large enough.

5.2. Empirical power
In this part, we simulated 1000 independent trajectories of size N = 1000 and 5000 of a weak PVAR(2) defined by

M ns+vT ns+v—-11M1,ns+v-2
M2 ns+v12.ns+v—112,ns+v-2

Yns+v =@, (V)Yns+v—l + ®2(V)Yns+v—2 t €Enstvs  Ensyy = (56)
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where 17, = (Zl’t) iid N(0,I,). We considered the case of four seasons, that is v = 4. The autoregressive coefficients of the model
N

are given by:

(1) = (8?8 8138),<I>1<2>=(_°J.‘§o 8?3)
o0 = (a0 ) ew=( T W)
Oy(1) = (8(3)8 8228)"1’2@:(8138 -06(.)?0)’
w0 = (3 o ) (0o o )

For each of these 1000 replications we fitted a PVAR(1) model and perform the following tests: Q}W(v) portmanteau test
statistics defined by (35) in Ursu and Duchesne (2009), Q12\4(V) portmanteau test defined by (26) in Duchesne and Lafaye de
Micheaux (2013) and the wa(v) portmanteau test defined by (52) based on M = 1,2, 3,6, 8, 10 residual autocorrelations. The
adequacy of the PVAR(1) model is rejected when the p-value is less than 5%. Table 17 displays the relative frequency of rejection
over the 1000 replications. As emphasized by Francq and Raissi (2007), one could think that our proposed portmanteau test is
less powerful than the other two tests. For weak PVAR models, we have seen that the actual level of the tests proposed by Ursu
and Duchesne (2009) or by Duchesne and Lafaye de Micheaux (2013) is generally much greater than the 5% nominal level (see

Table 12).
Table 17: Empirical power (in %) of the Q,'V,(v) portmanteau test statistics defined by (35) in Ursu and Duchesne (2009), the wa (v) portmanteau test defined by (26) in Duchesne and

Lafaye de Micheaux (2013) and the Q?w (v) portmanteau test defined by (52) at the 5% significance level. The simulated model is a weak PVAR given by eq. (56). The numbers of years
are equal to N = 1000 and 5000.

a=0.05
N = 1000 N = 5000

ol o) 03,0 03,0 oL,m 23, 23,
Vo 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4

na. na na na | 1000 100.0 100.0 100.0 | 67.6 100.0 100.0 99.6 | na. na.  na  na |100.0 100.0 100.0 100.0 | 99.9 100.0 100.0 100.0
100.0 100.0 100.0 100.0 { 100.0 100.0 100.0 100.0 [ 74.8 100.0 100.0 100.0 [ 100.0 100.0 100.0 100.0 | 100.0 100.0 100.0 100.0 | 100.0 100.0 100.0 100.0
100.0 100.0 100.0 100.0 | 100.0 100.0 100.0 100.0 [ 79.5 99.7 100.0 99.6 | 100.0 100.0 100.0 100.0 | 100.0 100.0 100.0 100.0 | 100.0 100.0 100.0 100.0
99.9 100.0 100.0 100.0 | 99.9 100.0 100.0 100.0 | 79.0 100.0 100.0 99.4 | 100.0 100.0 100.0 100.0 [ 100.0 100.0 100.0 100.0 | 100.0 100.0 100.0 100.0
99.7 100.0 100.0 100.0 [ 99.7 100.0 100.0 100.0 [ 76.7 100.0 99.9 99.4 | 100.0 100.0 100.0 100.0 | 100.0 100.0 100.0 100.0 | 100.0 100.0 100.0 100.0
99.6 100.0 100.0 100.0 [ 99.6 100.0 100.0 100.0 | 76.3 100.0 100.0 98.9 | 100.0 100.0 100.0 100.0 [ 100.0 100.0 100.0 100.0 | 100.0 100.0 100.0 100.0

oW —

®

=

6. Application to real data

6.1. The CAC 40 and DAX indices as an illustrative example

We illustrate here the new portmanteau test statistics with a real data set derived from finance. The variables are the daily returns
of two European stock market indices: CAC 40 (Paris) and DAX (Frankfurt), from March 3, 1990 to March 10, 2022. The
data were obtained from Yahoo Finance. Because of the legal holidays, many weeks comprise less than five observations. We
preferred removing the entire weeks when there was less than five data available, giving a bivariate time series of sample size
equal to 7060. The period v = 5 is naturally selected. These data were analyzed by Boubacar Mainassara and Ursu (2023).

A PVAR model of order 1 is fitted to the bivariate series of observations:

Y5ty = (D(V)Yns+v—1 + €y v=1,...,5,

where Y, = (r!,/2)" and r!, 12 represent the log-return of CAC 40 and DAX respectively. The log-return is defined as r, =
100 x In (I;/I,-1) where I, represents the value of the index at time ¢. Seasonal means are first removed from the series, meaning
that a model is formulated by examining Y 51, — pu(v).
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Table 18: Least squares estimators used to fit the log-returns of CAC 40 and DAX data to a bivariate PVAR model with v = 5; the & and Jsp represent the
standard errors in the strong case and for our proposed estimators in the weak case; pvalg and pvalsp correspond to the p-values of the ¢-statistic of .

Gs Gsp pvalg pvalgp

-0.0349  0.0707  0.1456  0.6220  0.8107
0.0153  0.0731 0.1480  0.8346  0.9180
-0.0070  0.0706  0.0992  0.9215  0.9441
-0.0378  0.0729  0.1019  0.6044  0.7106
-0.0506  0.0399  0.0524  0.2045  0.3339
-0.0270  0.0420  0.0663  0.5214  0.6843
-0.0020  0.0386  0.0551 0.9591 0.9713
-0.0246  0.0407  0.0742  0.5450  0.7399
-0.3001 0.0532  0.1296  0.0000  0.0207
10 -0.1256  0.0545  0.0781 0.0214  0.1078
11 0.2605  0.0505  0.1381 0.0000  0.0595
12 0.0360  0.0517  0.0607  0.4869  0.5535
13 -0.1498  0.0548  0.1020  0.0063  0.1422
14 -0.0744  0.0551 0.0639  0.1767  0.2445
15 0.1862  0.0538  0.1021 0.0006  0.0683
16 0.0955  0.0541 0.0620  0.0778  0.1240
17 -0.0227  0.0521 0.0681 0.6627  0.7385
18  -0.0055 0.0522  0.0670 09156  0.9343
19 0.0694  0.0520 0.0739  0.1823  0.3480
20 0.0420  0.0521 0.0734 04202  0.5677

NN REN e N R S N S N

We present in Table 18 the estimated parameters B8 = (B(1),...,B(5))T and their estimated standard error proposed in the strong
case (0s) and the weakly consistent estimators proposed (sp). In the weak case, none of them are significant at the 2% level.
This is in accordance with the results of Francq et al. (2011) who showed that the log-returns of these two European stock market
indices constitute a weak periodic white noises.

First, we apply portmanteau tests Q}lw(v) and Qﬁ,[(v) for checking the hypothesis that the CAC 40 and DAX log-returns
constitute a white noise. The P-values are reported in Table 19. Since the P-values of these two tests are very small, the white-
noise hypothesis is rejected at the nominal level @ = 2%. This is not surprising because these tests require the iid assumption and
it is well known that the strong white-noise model is not adequate for these series (Boubacar Mainassara and Saussereau, 2018).
In contrast, the white-noise hypothesis is not rejected by our test Q?W(v) since the statistic is not larger than the critical values. To
summarize, the outputs of Table 19 are in accordance with the common belief that these series are not strong white noises, but
could be weak white noises.

Table 19: P-values of the portmanteau test statistics used to check a bivariate PVAR model with v = 5.
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In view of Figure 1, the diagnostic checking of residuals does not indicate any inadequacy, approximately 95% of the sample
autocorrelations should lie between the bands shown as solid lines (red color).

6.2. The monthly flows series as an illustrative example

We illustrate here the effectiveness of the proposed methodology in river flow analysis. Data related to two rivers of the same
length, with different means of annual flows, located in Maine, will be examined. They consist of:

e flows of Kennebec river, measured at The Forks, Maine;
e flows of Penobscot river, measured at West Enfield, Maine.

Data are obtained from daily discharge measurements in cubic feet per second from January 1904 to December 2022 (USGS
Surface-Water Monthly Statistics). Daily data flows are then transformed in monthly data, giving a bivariate time series of
sample size equal to 1428 (119 years). The period v = 12 is naturally selected. Table 20 presents the means of Kennebec river
and Piscataquis river, their p-values (in parentheses) and their estimated standard errors (in bracquets). The monthly flows series
from 1904 to 2021 are plotted in Figure 2.

To ensure that residuals of the fitted model are approximately normally distributed and homoscedastic, a logarithmic transfor-
mation has been used (McLeod and Gweon, 2013). Seasonal means are first removed from the series, meaning that a model is
formulated by examining Y, — f,. A PVAR model of order 1 is fitted to the bivariate series of observations:

Y5y = (I)(V)Yn‘wv—l + €y v=1,...,12,
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Figure 1: Autocorrelations of the log-returns of CAC 40 and DAX for the first period (serie 1 corresponds to CAC 40).

.
where Y, = (yl1 , ytz) and y!, y? represent the log-monthly flows of Kennebec river and Penobscot river respectively. The last year
of the data set (12 observations) has been omitted for the estimation of the periodic model.

We present in Table 21 the estimated parameters B = (B(1),

Table 20: Periodic means, their p-values (in parentheses) and their estimated standard errors (in brackets)

month 1 2 3 4 5 6 7 8 9 10 11 12
Kennebec 2502.950 2731.793 2480.923 3045.939 4672.663 3293.709 2628.069 2366.628 2280.790 2036.861 1965.089 2243.970
(0.013) (0.010) (0.038) (0.077) (0.081) (0.027) (0.012) (0.001) (0.002) (0.011) (0.100) (0.075)
[993.061] [1039.111] [1180.615] [1705.674] [2656.274] [1468.866] [1024.917] [696.912] [711.597] [784.091] [1183.652] [1250.200]
Penobscot 8597.168 7804.975 11225471 30028.739 23391.815 11594.899 7772.168 6509.739 6724.05 9098.076 12496.613 11785.25
(0.012) (0.025) (0.066) (0.001) (0.019) (0.041) (0.024) (0.012) (0.050) (0.087) (0.056) (0.075)
[3380.514] [3449.669] [6057.943] [8823.026] [9830.225] [5623.413] [3402.226] [2549.783] [3388.915] [5270.996] [6465.082] [6561.644]

23

e, B(l2))T and their estimated standard error proposed in
the strong case denoted &g and the weakly consistent estimators proposed denoted by Gsp. In the weak case, 46 of them are
significant at the 1% level. This is in accordance with the results of Wang et al. (2005) who showed that the weak PVAR model
is adequate in modelling monthly flows. Surprisingly, in the strong case, no parameters should be estimated, meaning that the
log-monthly flows of these two series constitute a strong periodic white noise.
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Figure 2: Monthly flows of Kennebec and Penobscot river

Table 21: Least squares estimators used to fit the log of monthly flows of Kennebec and Piscataquis river data to a bivariate PVAR model with v = 12; the &
and Gsp represent the standard errors in the strong case and for our proposed estimators in the weak case; pvalg and pvalsp correspond to the p-values of the
t-statistic of 8. The p-values less than 1% are in bold.

B Js Gsp pvalg pvalgp
0.5363  0.6827  0.0020  0.4338  0.0000
0.1335  0.7934  0.0028  0.8667  0.0000
0.2764  0.6150  0.0020  0.6539  0.0000
0.3530  0.7147  0.0028  0.6223  0.0000
0.5958  0.6004 0.0016  0.3231 0.0000
0.1698  0.7467  0.0022  0.8206  0.0000
0.4258  0.6995  0.0016  0.5440  0.0000
0.6790  0.8701 0.0022  0.4368  0.0000
0.7391 0.8167  0.0015 0.3674  0.0000
10 -0.0212 1.0866  0.0048  0.9844  0.0000
11 0.3461 0.8708  0.0015  0.6917  0.0000
12 0.6536 1.1584  0.0048  0.5737  0.0000
13 0.2841 0.8580  0.0083  0.7412  0.0000
14 0.1496  0.5828  0.0048  0.7978  0.0000
15 0.5654  0.9338  0.0083  0.5461 0.0000
16 0.1417  0.6342  0.0048  0.8236  0.0000
17 0.5685 1.5459  0.0224  0.7138  0.0000
18 0.0851 1.2271 0.0166  0.9448  0.0000
19 0.2967 27414  0.0224  0.9140  0.0000
20 02136 2.1759  0.0166  0.9220  0.0000
21 0.2868  0.8727  0.0078  0.7430  0.0000
22 0.1394  0.8647  0.0077  0.8722  0.0000
23 0.0884 1.3000  0.0078  0.9459  0.0000
24 0.2476 1.2881 0.0077  0.8479  0.0000
25 0.4377 1.1100  0.0037  0.6941 0.0000
26 -0.0066 1.0916  0.0032  0.9952  0.0425
27 0.0676 1.1568  0.0037  0.9535  0.0000
28 0.5137 1.1376 ~ 0.0032  0.6524  0.0000
29 0.1828  0.8642  0.0024  0.8329  0.0000
30 -0.2056 09667  0.0024  0.8320  0.0000
31 0.3248  0.8756  0.0024  0.7113  0.0000
32 0.6588  0.9795  0.0024  0.5026  0.0000
33 0.1557  0.9342  0.0022  0.8679  0.0000
34 -0.3257 1.0695  0.0019  0.7613  0.0000
35 03184  0.8235  0.0022  0.6997  0.0000
36 0.8045  0.9427  0.0019  0.3953  0.0000
37 0.7662  0.9462  0.0022  0.4198  0.0000
38 -0.1897 1.5668  0.0056  0.9038  0.0000
39 0.1641 0.7149  0.0022  0.8189  0.0000
40 0.9073 1.1838  0.0056  0.4450  0.0000
41 0.4522 1.1802  0.0053  0.7023  0.0000
42 0.0015 1.2551 0.0059  0.9991 0.8027
43 0.5145  0.8184  0.0053  0.5308  0.0000
44 0.7333  0.8704  0.0059  0.4013  0.0000
45 0.5088  0.7600  0.0025  0.5045  0.0000
46 0.1563 1.0850  0.0073  0.8857  0.0000
47 0.2903  0.7218  0.0025  0.6883  0.0000
48 0.4929 1.0305 0.0073  0.6334  0.0000

O 001N WU B W —
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Then, in a second step, the reduced PVAR model was estimated with constraints on the autoregressive parameters with non-
significant pvalgp in Table 21. The least squares estimators of the final model are presented in Table 22.

Table 22: Least squares estimators used to fit the log-monthly flows data to a bivariate PVAR(1) model with v = 12. Constraints on the parameters are given in
the Table (21).

. 0548 0279 | 0596 0426 | 0739 0346 | 4 0285 0565 | & 0568 0297 | & 0287 0.088
‘D(l)*( 0.153  0.358 )""(2)*( 0.169  0.679 )’@(3)*( -0021  0.654 )’0(4)*( 0.149  0.142 )"D(S)*( 0085 0214 )’0(6)*( 0.139 0247 )
: 0441 0065 | 0183 0345 | 4 0156 0318 | 4 0766 0.164 | 4 0452 0515 | 0509 0.290
(1)(7),( 0 0508 )"D(g)*( -0206  0.659 ),@(9),( -0326  0.804 ),0(10),( 0189 0.907 )""(“)*( 0 0734 )'"’(12)*( 0.156 0493

The residual analysis was done and the portmanteau test statistics Q}W(v), szw(") and wa(v) were calculated. As far as
short time series were used, we will interpret the results with caution. First, we apply portmanteau tests Q,‘w(v) and szw(") for
checking the hypothesis that the Kennebec and Penobscot log-monthly flows constitute a white noise. The P-values are reported
in Table 23. Since the P-values of these two tests are small, the white-noise hypothesis is rejected at the nominal level @ = 1%.
Wang et al. (2005) show that clear evidences are found for the existence of a nonlinear phenomenon of the variance behaviour,
in the residual series from linear models fitted to daily and monthly streamflow processes of the upper Yellow River, China. The
major cause of this effect is the seasonal variation in variance of the residual series. In contrast, the white-noise hypothesis is not
rejected by our test Qf’w(v) since the statistic is not larger than the critical values.

Table 23: P-values of the portmanteau test statistics used to check a bivariate PVAR model of order 1 with v = 12.

0,
1 2 3 4 5 6 7 8 9 10 1 12

n.a. n.a. n.a. n.a. n.a. n.a. n.a. n.a. n.a. n.a. n.a. n.a.
003 005 004 008 0.00 020 096 053 020 007 0.56 0.58
0.03 009 004 022 0.00 053 083 0.10 030 0.3 073 040
0.24 008 0.14 009 0.00 056 024 028 058 001 045 0.17
042 0.6 026 0.16 0.00 065 006 0.13 0.12 001 0.8 0.07
058 026 040 007 001 060 003 0.2 022 002 0.16 0.28
0,
0.00 0.18 0.06 0.64 009 003 087 023 046 006 0.70 046
004 010 007 0.3 0.00 022 096 058 024 008 0.63 0.67
0.03 0.2 006 025 0.00 051 083 0.10 032 0.3 073 043
0.23 008 0.14 008 0.00 053 023 026 056 001 044 0.16
041 015 024 015 0.00 061 006 0.2 0.11 001 0.7 0.06
0.56 025 038 006 001 056 003 0.0 0.19 002 0.15 025
0y
0.02 0.13 022 055 0.13 003 071 035 056 0.1 065 048
0.2 008 0.3 0.1 001 022 091 065 037 0.12 061 071
0.13 010 0.09 027 002 035 064 0.12 046 0.14 0.68 0.56
031 011 0.16 0.16 004 036 027 024 056 002 040 0.27
042 027 024 019 005 044 014 0.12 029 002 022 0.16
0.54 036 035 0.4 008 041 011 009 037 001 023 034

00 AN W N —

—_
(=)

00 QN W N —

—_
(=)

00 AN W N —

—_
(=)

In view of Figure 3, the diagnostic checking of residuals does not indicate any inadequacy, approximately 99% of the sample
autocorrelations should lie between the bands shown as solid lines (red color).

The weak PVAR model for Kennebec and Penobscot river data is used to generate one-step-ahead forecasts for the monthly
flow series (Figure 4). The differences in the forecasts can be explained by a possible change around 2002.

To ascertain the changes in the time series data, we calculate the 12 seasonal means for all the years up to 2002, and from
2002 onwards. We plot the seasonal means for each segment in Figure 6. We observe that the seasonal means increased from
October to March after 2002, compared with the previous period.

7. Conclusion

In this paper we derive the asymptotic distribution of residual empirical autocovariances and autocorrelations in the class of PVAR
models under weak assumptions on the noise. We establish the asymptotic distribution of the modified Ljung-Box portmanteau
test statistics for PVAR models with non-independent innovations. This asymptotic distribution is quite different from the usual
chi-squared approximation used under iid assumptions on the noise. Therefore, the proposed test is more difficult to implement
because its critical values have to be computed from the data, whereas those of the standard versions are simply given in a y*-
table. For this reason the use of our proposed test for short series is not recommended. In simulation experiments, our proposed
test has a satisfactory behavior for series of length N > 1000 under dependent errors.

The proposed test statistics were illustrated in a small simulation study. A comparison with the statistics proposed by Ursu
and Duchesne (2009) and by Duchesne and Lafaye de Micheaux (2013) was made. From our simulation experiments, we

25



Serie 1 Serie 1 and Serie 2

0.3 0.3 4 ~ A
02 - TN — P o 0.2 | v V
N | | 1 ] |
5 o0 L | S 00 \ ‘ ‘ \ ‘ ‘ L
g o ‘ ‘ ‘ T T < ‘ T ‘ ‘
-0.1 -0.1
-0.2 S T~ /N -0.2 N A -
o 7/ \ =
-0.3 } -0.3 ~ /N \
T T T T T T T T
5 10 15 20 5 10 15 20
Lag Lag
Serie 2 and Serie 1 Serie 2
0.3 03 /
- // _ / \ — / /\ e
024 / e / 0.2 //’ ~_ -
01 014 ‘ ‘ ‘
5 oo \ L L 5 oo L L1 \ || u ‘ \
g o [ ‘ I g o I ‘ ‘ \
-0.1 -0.1
\ ~ i
-0.2 - /\/ \ / ™ / \ / \ P -02 - \ N
\ VA N\ \ e
~ \ <
-0.3 - \ e wsd V7
T T T T T T T T
5 10 15 20 5 10 15 20
Lag Lag

Figure 3: Autocorrelations of the log-monthly flows of Kennebec and Penobscot river for the first period (serie 1 corresponds to Kennebec).

demonstrated that the proposed portmanteau test statistics have reasonable finite sample performance, at least for the models
considered in our study. Therefore, the proposed test performs adequately in terms of level in the strong PVAR setting in both
the unconstrained and constrained cases when the number of observations is large, but less so when fewer observations are
available, likely as a downstream consequence of needing to estimate the additional quantities. Under non-independent errors,
it appears that the test statistics proposed by Ursu and Duchesne (2009) or by Duchesne and Lafaye de Micheaux (2013) are
generally unreliable, overrejecting severally, while our proposed test statistics offers satisfactory levels in most cases. Even
for independent errors, our test may be preferable to that proposed by Ursu and Duchesne (2009), when the number M of
autocorrelations is small.

We applied our methodology using real data. From our analysis, the strong PVAR model was clearly rejected. Using our
approach, a reasonable model for modeling the above data has been proposed and checked, using the portmanteau test statistics
described in this paper.

Appendix A. Appendix : Proofs of the main results

Appendix A.l. Proof of Proposition 1
To establish the asymptotic distribution of N'/?cz(v), we first note that:

N-1 N-1
ce(l;v) = vec {N_l Z(fns+v6,;rs+y_l)} = N_l Z(Gnﬁv—l ® €ng4v)s (A.1)

n=I[ n=I

where we used the fact that vec(ab™) = b®a, where a and b are two arbitrary vectors. Note that the mixing assumption (A3) will
entail the asymptotic normality of ce(v) and ce. Since {€;} represents a weak periodic white noise, it follows that E{ce(/; v)} = 0.
Thus for [,/ > 1and v,v' = 1,..., s we have:

Neovice(l;v), ce(l'; )}

NEfce(l;v)ee(l's V),

o

= VD)= ) Bl€nsit€y syt ® Enser€yipyar)s 85 N > 00,

h=—co

by stationary and the dominated convergence theorem. The existence of the matrix V,,.(/,!’) is a consequence of Assumption
(A3) and the Davydov (1968) inequality.
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Figure 4: Twelve-month forecasts (dashed line) based on 118 years of monthly data. The last year of the data set (solid line) was not used in the forecast.

Applying the central limit theorem (CLT in what follows) for mixing processes (see Herrndorf (1984)) to the vector
((ens+v—1 ® fns+v)T, RN} (fns+v—M ® 6ns+v)T)Ta we obtain:

N'"2ee) 5 Ney(0,V,0), (A2)
where V,, corresponds to the (d> M) x (d> M) matrix given by:

vV, = [Vvv(l’ l’)]lgl,l’sM .

Applying the CLT for mixing processes (see Herrndorf (1984)) to (10), we directly obtain:

A d
N'2{BW) = BO)} = Ny (0,0,,),
which gives (14). From (30) and for v,v" = 1,..., s we deduce that:
lim Neov{B() — B), ce(¥)} = (@' () @ I;} Jlim E [veclEMXT (Mleg(r)].

Vectorizing,

=

N-1
vecEMX (1)) = )" veclennX] () = > X,(1) @ €ngur. (A3)
n=0

n

Il
(=}
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Figure 5: Box-plots of the monthly flows before and after 2002.

Consequently, in view of (A.1) and (A.3) we have:

N-1N-1
lim E [vec(E)XT (1) }eg(l: )] lim N~! Z; Z E[Xu0)€) s @ €nseverrgiy |-
N

N—ooo
=0 n’=l
1

im N (N = DE [Xa ()€, it @ Ensiv€lyison |

N—ooo
h=1-N
= E|[X,(»e! ® €,54v€
n (n—h)s+v' =1 nstv=(n—h)s+v' | »
h=—c0

by the stationary and dominated convergence theorem. Now, collecting the {d? p(»)} % d? matrix G‘VJV,(-, D,forl=1,...,M,in a
{d*p(v)} X (Md?) matrix leads to the expression:

G}/jv’ = [G\L/Jv’('» D,..., G\L/JV’('v M)] .

where

00

Gy (5D = D E[QT 0Xa0)e], iyt © Ensirin i |-

h=—c0

The joint asymptotic normality of N'/2{8" — 7, c¢}" follows using the same kind of manipulations as those for a single season
v. We also have

A © GU
Y e (e |

where the asymptotic covariance matrix @ is given by (15), V = [V,,,(M)],.,,, <, and GY = [G},{, Levy<s”

It is clear that the existence of the above matrices is a consequence of Assumption (A3) and the Davydov (1968) inequality,
which completes the proof of Proposition 1. O

Appendix A.2. Proof of Theorem 4.1

The proof is divided in two steps.
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Figure 6: Means of the monthly flows before and after 2002.

Appendix A.2.1. Step 1: Taylor’s expansion of \/NCg(v) and \/ﬁré(v)
The aim of this step is to prove (28) and (29).
By expanding cg(v) in a Taylor expansion around S(v) and evaluating at the point S(v) = B(v), forv = 1,

following development:
dce(v)

BT (v)
where dce(v)/B” (v) corresponds to a (d> M) x {d” p(v)} matrix satisfying

{BO) = B0} + 0p(N7'72),

ce(v) = ce(v) +

(9ce)/aB™()" = ((Dee(1:V)/GBT (). (Bee(M;v)/aB™()T).

‘We have

€ns+v-1
aCe(V) P _
B Yy = -E

XT(Mel,!,
€ns+v-M

by the ergodic theorem. The Taylor expansion (28) of N'/2¢g(v) is proved.

..., s we obtain the

We now come back to the vector N/ 2ré(v). From a Taylor expansion about S of C¢(0;v) we have, C¢(0;v) = Ce(0;v) +
Op(N~'/2). Moreover, VN(Ce(0;v) — E(Ce(0;v))) = Op(1) by the CLT for mixing processes (see Herrndorf (1984)) to the

Process (€us1y ® € )nez- Thus VN{Dg(v) @ Dg(v) = Di(v) @ Di(v)} = Op(1), where Dix(v) = diag (1“6{ 2 (0;

Using (40) and the ergodic Theorem, we obtain

V). T30 v)).

N (re(h; v) = vee (D' MCe( D (v = )}) = N{(DZ' (v = ) @ D' ) - (D' (v = )y @ D' ()} eehs v)
= (De(v —h) @ De(v)™ VN {Di(v — h) @ Di(v) — De(v — h) @ De(v)} (Da(v — h) @ Die(v)) ™" VNee(h; v)

= Op(D),

by applying the CLT for mixing processes (see Herrndorf (1984)) to the process (€54y—; ® €nsiy)nez, [ = 1.

In the previous equalities, we also use vec(ABC) = (CT ® A)vec(B) and (A®B)™! = A~ ® B~! when A and B are invertible.
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It follows that:

T
9o

VNre(v) = VN ({(Dg(v -DODZW)ce(l:n)} ... {(DF (v - M) @ DF' 1)) ce(M; v)}T)
= diag [Dg(v -DeD;M.....Dv-M)® D;(v)] VNeg(v)
= diag [D*gl(v -DeDI'W),.... Dl v-M)® D*gl(v)] VNeg(v) + op(1),

and the Taylor expansion (29) of VNrg(v) is proved. The proof of the Taylor expansion of VNrg follows using the same kind
of arguments as the Taylor expansion (29) of \/]Vré(v). This ends our first step.
The next step deals with the asymptotic distributions of VN ce(v) and VN re(v).

Appendix A.2.2. Step 2: asymptotic distributions of \/]Vc;;(v) and \/Nrg(v)

In view of (28), N'/2¢cg(v) and N'/? (ce(v) + Yy {B(v) - ,B(v)}) have the same asymptotic distribution. The joint asymptotic
distribution of N'/2 (B(v) - ﬁ(v)) and N'2ce(v) shows that N'/2cg(v) has a limiting normal distribution with mean zero and
covariance matrix

lim Var (VNeg(v)) = lim Var (VNee()) + Cu () lim Var (VN (Bo) = BW))) 1)
+ () lim Cov (VN (B») - B(v)). VNee())
+ lim Cov (VNee(v), VN (Br) = B()) T3,
= Vo + T ()0, Y50) + Yy ()GY, +(GY) YT, =: AY,
which prove (40). We also deduce the asymptotic covariances for v # v/
lim Cov (VNee(v), VNee(v)) = lim Cov (VNce(v), VNee(v))
+0y() lim Cov (VN (B0) = B). VN (B0/) = B0))) T3,07)
+ () lim Cov (VN (B») - Bv)), VNee())
+ lim Cov(VNee(), VN (B0) — B0))) X3,(7)
=V, + Ty, X50) + Yy ()GY, + (GY) 07,()
=AY,
In view of (29), we have
Jim Var (VAre(v) = lim Var ((diag [(De(v = 1).....De(v = M)} @ D))~ VNee(),
(diag [(De(v = 1),.... De(v = M)} @ D)) A}, (diag [{Die(v = 1), ..., De(v = M)} @ D)) ™,
= vY

vy?

for v=1,...,s,
which prove (42). For v # v’ we also have:
v, = (diag [[De(v = 1),....De(v = M)} @ D))" Ay, (diag [{De(v — 1),.... De(v’ = M)} @ D)) .

The asymptotic normality of \/ﬁc@ and \/Nl'é follow using the same kind of arguments as (40) and (42) of \/Ncé(v) and
N/IT/ré(v). We then have:

N1/2Cg 4 oy (0’ AU),

where the asymptotic covariance matrix AY is a block matrix, with the asymptotic variances given by AU, for v = 1,..., s and
the asymptotic covariances given by

AY, = Vi + Uy ()0, Y507 + TyGY, +(GY) Y0/, vV,
We also have

Nl/zl'é i) sd®M (0, VU),

where the asymptotic covariance matrix vU = [ng/]lsw's.v is a block matrix.
This ends our second step and the proof is completed. (]
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Appendix A.3. Proof of Corollary 4.1
We suppose that H,(v) holds true. In view of (29), one may rewrite the above arguments in order to prove that there exists a
nonsingular matrix LHVE”R such that

VN (1) = pe»)) = K™ () VN (ce(v) = y€()) + 0p(1) ﬁ Nepoyean (0.LUTR) (A4)

with K(v) = diag [{Dz(v — 1),...,Di(v — M)} ® D:(v)| and the matrix LU R is given by
€ € €

w
LUOR — K1 (y) [V’;v U0 0) + Ty MGLLR + (G k) Y;](v)] K ),

where the matrices V7, and GV R are obtained from the asymptotic distribution of

12(p" T T T T d 0, GT/‘}JOYR
N (B 0) =BT ).cc0) = 7e™)  ——— Negom |0 (@) v, )

The matrix Y},(v) is given by

O€nsiv-1
€Ens+v—1 9 GBT(V) 9
. €pns+y €ns+v
™ (v) =K = : ® €n54y| where ———— = -XT(v)®1,.
" B |, ' ')
€nsrv—M €Ens+v—M
BT ()
We point out the fact that under H;(v),
a ns+v—
¥®en”v +0, for h=1,...,.M
B ()
whereas it vanishes under Hy(v). Thus we have
9 €Ens+v-1 X;(V - l) ® Id
a;i((v)) 5,0 =-E o |eXTm el + : ® €psar b
Y : :
€ns+v-M X; (V - M) ® Id

Now we write
N2(0) VNre(v) = N120) VN (re) = pe(v) + N2 () VNpe(v)
= N"2WK' ) [ VN (ce) - ) + YNy )]+ op(1) .
where N(v) = (diag[Rg(0;v = 1),...,Re(0;v — M)]) ® Rg(0; v) and N(v) = (diag [R*G(O; v—1),...,Re(0;v - M)]) ® R (0;v)
with Ry(0;v) = (D5() " Te(0;v) (D(v) - Then it holds that

Qi) = NiZOR ' 0re) = (N2() VNre(n) ' x (R1200) VNre(v)
= N(ce) = 7eM)  K' 0N K™ () (ce(v) = 7€)
+2N (ce() = 7€) KON 0K )y + Nye MK 0N 0K (ye) +op(l)  (A5)
By the ergodic theroem, (cg(v) — '}/E(v))T K’l(v)N’l(v)K’l(v)ye(v) = op(1). Using van der Vaart (1998, Lemma 17.1), the
convergence (A.4) implies that

Md*
N () = 7e) KON 0K 0) (ce) = 7)) —— Z €k o) = ) £k )Z?
i=1

where V%R (v) = (€70 R(v),...,£0%R (v)T is the vector of the eigenvalues of the matrix N'/2(v)LY "RN""2(v) and (Z)), <i<ma2

are i.i.d. with NV(0, 1) laws. Reporting these convergences in (A.5), we deduce that

Qu(v)
N

= (ce(”) = 7e) K N WK () (ce(v) — y€(»))
T e _ _ N _ _ 1
+2(ce() = 7)) KT ONTMK ! )y e(v) + e MK N K )y () +o]p(ﬁ)

— 5 YLK N 0K 09760 = peIN" 0)pev).

The same calculations hold for Q},(v) and the corollary is proved. [l
Acknowledgements: We sincerely thank the anonymous reviewers and editor for helpful remarks.
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