
HAL Id: hal-04711375
https://hal.science/hal-04711375v1

Preprint submitted on 26 Sep 2024

HAL is a multi-disciplinary open access archive
for the deposit and dissemination of scientific re-
search documents, whether they are published or not.
The documentsmay come from teaching and research
institutions in France or abroad, or from public or pri-
vate research centers.

L’archive ouverte pluridisciplinaireHAL, est des-
tinée au dépôt et à la diffusion de documents scien-
tifiques de niveau recherche, publiés ou non, émanant
des établissements d’enseignement et de recherche
français ou étrangers, des laboratoires publics ou
privés.

HAL Authorization

Diagnostic checking of periodic vector autoregressive time
series models with dependent errors

Yacouba Boubacar Mainassara, Eugen Ursu

To cite this version:
Yacouba Boubacar Mainassara, Eugen Ursu. Diagnostic checking of periodic vector autoregressive time series
models with dependent errors. 2024. ⟨hal-04711375⟩

https://hal.science/hal-04711375v1
https://about.hal.science/hal-authorisation-v1/
https://about.hal.science/hal-authorisation-v1/
https://hal.archives-ouvertes.fr


Diagnostic checking of periodic vector autoregressive time series models with dependent
errors

Yacouba Boubacar Maı̈nassaraa,b,∗, Eugen Ursuc,d

a Univ. Polytechnique Hauts-de-France, INSA Hauts-de-France, CERAMATHS - Laboratoire de Matériaux Céramiques et de Mathématiques, F-59313
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Abstract

In this article, we study the asymptotic behaviour of the residual autocorrelations for periodic vector autoregressive time series
models (PVAR henceforth) with uncorrelated but dependent innovations (i.e., weak PVAR). We then deduce the asymptotic
distribution of the Ljung-Box-McLeod modified Portmanteau statistics for weak PVAR models. In Monte Carlo experiments, we
illustrate that the proposed test statistics have reasonable finite sample performance. When the innovations exhibit conditional
heteroscedasticity or other forms of dependence, it appears that the standard test statistics (under independent and identically
distributed innovations) are generally nonreliable, overrejecting, or underrejecting severely, while the proposed test statistics
offer satisfactory levels. An illustrative application on real data is also proposed.

Keywords: Diagnostic checking, portmanteau tests, residual autocorrelation, weak periodic VAR

1. Introduction

Periodic vector time series provide an alternative approach that describes seasonal time series. The correlations in a stationary
seasonal model do not vary with season, but there are many applications where model parameters need to vary periodically. These
periodic models are non-stationary and they are designed to model time series data that display periodic statistical structure (for
vector time series, see, e.g., Franses and Paap (2004), Lütkepohl (2005) and Ursu and Duchesne (2009)). Seasonal and periodic
time series models are quite different, and Lund and Basawa (1999) present an interesting comparison between them. More
recently, Dudek et al. (2016) present a review of existing work on time series analysis of periodic ARMA (PARMA) models
when periodic parameters are expressed as Fourier series.

It should be noted that VAR models may be seen as special cases of PVAR models. The same is true for seasonal VARMA
(Vector ARMA) models, which admit VARMA representations with particular autoregressive and moving average structures.
Consequently, several basic properties of VAR models could likely be derived from those established in the class of PVAR
models. It is usually recognized that periodic time series models rely on a large number of parameters. For example, a periodic
VAR model of order one for bivariate monthly data involves 48 independent parameters, and finding parsimonious representation
is not always an easy task (see, e.g., Ursu and Duchesne (2009) or Boubacar Mainassara and Ursu (2023)).

In PVAR models, the choice of order p(ν), ν ∈ {1, . . . , s} (s denotes the length of the seasonal period) is particularly important
because the number of parameters (d2 ∑s

ν=1 p(ν), where d is the number of series considered) quickly increases with p(ν), which
entails statistical difficulties. After identification and estimation of the PVAR processes, the next important step in the modeling
process consists of checking if the estimated model fits the data satisfactorily. This adequacy checking step allows to validate or
invalidate the choice of the orders p(ν). Thus, it is important to check the validity of a PVAR model, for a given order p(ν). The
adequacy checking step is often used together with model selection criteria such as the Akaike information criterion (AIC) and
the Bayesian information criterion (BIC). These two proceedings complement each other. McLeod (1994) focuses on the model
selection of PAR models either by examining plots of the periodic partial autocorrelation or by using an information criterion.
For a comprehensive treatment of time series model selection, see McQuarie and Tsay (1998) among others.

Residual autocovariances and autocorrelations are appropriate tools for diagnosing many time series models. Box and Pierce
(1970) have proposed a goodness-of-fit test, the so-called portmanteau test, for univariate ARMA models with independent and
identically distributed (i.e. iid) errors term. A modification of their test has been proposed by Ljung and Box (1978). A more
powerful test, based on the mth root of the determinant of the mth autocorrelation matrix, was proposed by Peña and Rodriguez
(2002). Nowadays, it is one of the most popular diagnostic checking tools in ARMA modeling of time series. An overview of
diagnostic checking for univariate and multivariate time series models is presented in the monograph of Li (2004). Inspired by

∗Corresponding author
Email addresses: Yacouba.BoubacarMainassara@uphf.fr (Yacouba Boubacar Maı̈nassara ), eugen.ursu@u-bordeaux.fr (Eugen Ursu)

Preprint submitted to Journal of Multivariate Analysis September 26, 2024



the univariate portmanteau statistics defined in Box and Pierce (1970) and Ljung and Box (1978), Chitturi (1974) and Hosking
(1980) have introduced the multivariate versions of the portmanteau statistics. Hosking (1981) gave several equivalent forms of
this statistic. To test simultaneously whether all residual autocorrelations at lags 1, . . . ,M (for a fixed integer M) of a PVAR
model are equal to zero for a specified period ν, the portmanteau test introduced by Chitturi (1974) and Hosking (1980) have
been adapted by Ursu and Duchesne (2009), Duchesne and Lafaye de Micheaux (2013). The proposed statistics have the same
asymptotic distribution. Under the assumption that the noise sequence is iid, the standard test procedure consists of rejecting the
null hypothesis of a PVAR model if the statistics tests are larger than a certain quantile of a chi-squared distribution.

The aforementioned test procedures for PVAR models were established under the assumption of independent errors (strong
PVAR). Of course, this assumption is not satisfied for multivariate nonlinear processes that admit a weak PVAR representation
(the errors are uncorrelated but dependent) such as the multivariate periodic generalized autoregressive conditional heteroscedas-
tic (MPGARCH) model (see for instance Bibi (2018)) or even when the (possibly dependent) error is subject to unknown multi-
variate conditional heteroscedasticity. From a practical point of view, it appears important to relax the assumption of independent
errors as financial data (Tsay, 2005) or daily and monthly streamflow processes (Wang et al., 2005) exhibit heavier tails than those
coming from the normal distribution. Another argument in favor of considering the weak PVAR models comes from the fact that,
in general, temporal aggregation or systematic sampling of a strong periodic model yield a weak periodic model, see Roy and
Saidi (2008). All these examples have important practical meanings and emphasize the need for taking into account an eventual
dependence of the errors when testing the adequacy of a PVAR model. For weak time series models, the asymptotic distributions
of the statistics are no longer chi-squared distributions but a mixture of chi-squared distributions, weighted by eigenvalues of the
asymptotic covariance matrix of the vector of autocorrelations (see for instance Francq et al. (2005); Francq and Raı̈ssi (2007);
Boubacar Mainassara (2011); Boubacar Maı̈nassara and Ilmi Amir (2024)).

The main goal of this paper is to derive the asymptotic distribution of the residual autocovariance and autocorrelation matrices
in the class of weak PVAR models. It is shown that the obtained asymptotic variance matrices in such class of models are
the long-run variances, which may be consistently estimated by a nonparametric kernel estimator, also called heteroscedastic
autocorrelation consistent estimator (see, e.g., Andrews (1991); Newey and West (1987)) or by a parametric approach (see, for
instance, Berk (1974); den Haan and Levin (1997)). The drawback of needing to estimate additional quantities is that the proposed
asymptotic properties require a fairly large sample size to perform properly. Applications of the result include diagnostic checking
with portmanteau test. Three different portmanteau tests are considered in a small simulation study: the standard portmanteau
test proposed by Ursu and Duchesne (2009), the test based on the quantiles of the asymptotic distribution proposed by Duchesne
and Lafaye de Micheaux (2013) and a modified test for PVAR models with nonindependent innovations. It is shown that the
standard portmanteau test can be quite misleading in the framework of dependent errors. Our results generalize the literature
in several directions. They extend previous theorems establishing the asymptotic distributions of residual autocovariance and
autocorrelation matrices in weak PVAR models. Our modified portmanteau test statistics generalize the standard portmanteau
test of Ursu and Duchesne (2009) for diagnostic checking of PVAR with independent errors (strong PVAR). Furthermore, our
asymptotic results provide multivariate generalizations of theorems obtained by Boubacar Maı̈nassara and Ilmi Amir (2024)
when the moving average order is null. When the period is one, we retrieve the results obtained by Chabot-Hallé and Duchesne
(2008), Francq and Raı̈ssi (2007) and Hosking (1980).

This article is organized as follows. Section 2 presents the parametrization and Assumptions used in what follows. In
Section 3, we recall the results on the least squares estimators of the weak PVAR model obtained by Boubacar Mainassara
and Ursu (2023). Section 4 presents our main results. Then we derive the limiting distribution of the residual autocovariances
and autocorrelations matrices in the framework of PVAR models with dependent errors under the assumption of unconstrained
and also of linear constraints on the parameters of a given season in Section 4.1. In Section 4.2, it is shown how the standard
portmanteau test must be adapted in the case of PVAR models with nonindependent innovations. From the results of Section 4.1,
we propose modified test statistics for checking the adequacy of a weak PVAR model. In Section 5, some simulation results are
reported, and an illustrative application on real data is presented in Section 6. Finally, Section 7 offers some concluding remarks.
The proofs of the main results are collected in the appendix.

2. Weak periodic vector autoregressive time series models and Assumptions

In this section, we present principal results on the least squares estimators in the unconstrained and constrained cases of the
PVAR models with dependent errors.

Let Y = {Yt, t ∈ Z} be a stochastic process, where

Yt = (Yt(1), . . . ,Yt(d))⊤

represents a random vector of dimension d. The process Y is a PVAR process of order p(ν), ν ∈ {1, . . . , s} (s is a predetermined
value), if there exist d × d matrices Φk(ν) =

(
Φk,i j(ν)

)
i, j=1,...,d

, k = 1, . . . , p(ν) such that

Yns+ν =

p(ν)∑
k=1

Φk(ν)Yns+ν−k + ϵns+ν. (1)
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The process ϵ := (ϵ t)t = (ϵns+ν)n∈Z can be interpreted as in Francq et al. (2011) as the linear innovation of Y := (Yt)t = (Yns+ν)n∈Z,
i.e. ϵ t = Yt −E[Yt |HY(t−1)], whereHY(t−1) is the Hilbert space generated by (Yu, u < t). The innovation process ϵ is assumed
to be a stationary sequence satisfying

(A0): E [ϵ t] = 0, Var (ϵ t) = Σϵ (ν) and Cov (ϵ t, ϵ t−h) = 0 for all t ∈ Z and all h , 0. The covariance matrix Σϵ (ν) is assumed
to be non-singular.

Under the above assumptions, the process (ϵns+ν)n∈Z is called a weak multivariate periodic white noise. It is accepted that
(Yns+ν)n∈Z admits a strong PVAR representation, if in (1) (ϵns+ν)n∈Z is a strong multivariate periodic white noise, namely an
iid sequence of random variables with mean 0 and common variance matrix. In contrast with this previous definition, the
representation (1) is called a weak PVAR if no additional assumption is made on (ϵns+ν)n∈Z, that is, if (ϵns+ν)n∈Z is only a weak
periodic white noise (not necessarily iid).

To derive some basic properties, it is convenient to write the model (1) in VAR representation:

Φ∗0Y∗n =
p∗∑

k=1

Φ∗kY∗n−k + ϵ
∗
n, (2)

where Y∗n = (Y⊤ns+s,Y⊤ns+s−1, . . . ,Y
⊤
ns+1)⊤ and ϵ∗n = (ϵ⊤ns+s, ϵ

⊤
ns+s−1, . . . , ϵ

⊤
ns+1)⊤ are (ds) × 1 random vectors. The autoregressive

model order in (2) is given by p∗ = ⌈p/s⌉, where ⌈x⌉ denotes the smallest integer greater than or equal to the real number x.
The matrix Φ∗0, and the autoregressive coefficients Φ∗k, k = 1, . . . , p∗, all of dimension (ds) × (ds), are given by the non-singular
matrix:

Φ∗0 =



Id −Φ1(s) −Φ2(s) . . . −Φs−2(s) −Φs−1(s)
0 Id −Φ1(s − 1) . . . −Φs−3(s − 1) −Φs−2(s − 1)
...

. . .
...

0 0 0 . . . Id −Φ1(2)
0 0 0 . . . 0 Id


,

where Id denotes the d × d identity matrix, and:

Φ∗k =


Φks(s) Φks+1(s) . . . Φks+s−1(s)

Φks−1(s − 1) Φks(s − 1) . . . Φks+s−2(s − 1)
...

. . .
...

Φks−s+1(1) Φks−s+2(1) . . . Φks(1)

 ,
where k = 1, 2, . . . , p∗ and Φk(ν) = 0, k > p.

Let det(A) be the determinant of the squared matrix A. Using general properties of VAR models, it follows that the multi-
variate stochastic process {Y∗t } is causal if:

(A1): det
(
Φ∗0 −Φ

∗
1z − . . . −Φp∗zp∗

)
, 0, for all complex numbers z satisfying the condition |z| ≤ 1.

Under Assumption (A1), there exists a sequence of constant matrices (Fi(ν))i≥0 such that, for ν = 1, 2, . . . , s,
∑∞

i=0 ∥Fi(ν)∥ < ∞
with F0(ν) = Id and

Yns+ν =

∞∑
i=0

Fi(ν)ϵns+ν−i, (3)

where the sequence of matrices ∥Fi(ν)∥ → 0 at a geometric rate as i → ∞. The ∥A∥ denotes the Euclidian norm of the matrix A,
that is ∥A∥ = {tr(AA⊤)}1/2, with tr(B) being the trace of the squared matrix B.

Using the algebraic equivalence between multivariate stationarity and periodic correlation (Gladyshev, 1961), the ds-dimensional
process {Y∗n} is stationary if and only if the d-dimensional process {Yt} is periodic stationary with period s, in the sense that:

cov(Yn+s,Ym+s) = cov(Yn,Ym),

for all integers n and m. Ursu and Duchesne (2009) show that the autocovariances of Yns+ν generally depend on s so that the
process is not stationary as defined by Reinsel (1997).

To establish the consistency of the least squares estimators, an additional assumption is needed.

(A2): The ds-dimensional process
(
ϵ∗n

)
n∈Z is ergodic and strictly stationary.

Note that Assumption (A2) is entailed by an iid assumption on ϵ∗n, but not by Assumption (A0).
For the asymptotic normality of least squares estimators, additional assumptions are also required. To control the serial

dependence of the stationary process (ϵ∗n)n∈Z, we introduce the strong mixing coefficients αϵ∗ (h) defined by

αϵ∗ (h) = sup
A∈F n

−∞,B∈F +∞n+h

|P (A ∩ B) − P(A)P(B)| ,

where F n
−∞ = σ(ϵ∗u, u ≤ n) and F +∞n+h = σ(ϵ∗u, u ≥ n + h). We will make an integrability assumption on the moment of the noise

and a summability condition on the strong mixing coefficients (αϵ∗ (k))k≥0.

(A3): We have E∥ϵ∗n∥4+2κ < ∞ and
∑∞

k=0 {αϵ∗ (k)}
κ

2+κ < ∞ for some κ > 0.
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3. Estimating weak PVAR models

In this section, we recall the technical problems of the least squares estimation method for weak PVAR models as well as
the asymptotic properties of the least squares estimators. For periodic models, there are at least two more choices in terms of
methods of estimation: the maximum likelihood procedure (Lund and Basawa, 2000) and the Yule-Walker equations (Pagano,
1978).

Consider the time series data Yns+ν, n = 0, 1, . . . ,N − 1, ν = 1, . . . , s, giving a sample size equal to n = Ns. Let

Z(ν) =
(
Yν,Ys+ν, . . . ,Y(N−1)s+ν

)
, (4)

E(ν) =
(
ϵν, ϵ s+ν, . . . , ϵ(N−1)s+ν

)
, (5)

X(ν) = (X0(ν), . . . ,XN−1(ν)) , (6)

be d × N, d × N and {dp(ν)} × N random matrices, where

Xn(ν) = (Y⊤ns+ν−1, . . . ,Y
⊤
ns+ν−p(ν))

⊤,

n = 0, 1, . . . ,N − 1, denote {dp(ν)} × 1 random vectors. The PVAR model can be reformulated as:

Z(ν) = B(ν)X(ν) + E(ν), ν = 1, . . . , s, (7)

where the model parameters are collected in the d × {dp(ν)} matrix B(ν) which is defined as:

B(ν) =
(
Φ1(ν), . . . ,Φp(ν)(ν)

)
. (8)

In what follows, the symbols ’
d
→’ and ’

a.s.
→’ stand for convergence in distribution and almost surely, respectively, and Nd(µ,Σ)

denotes a d-dimensional normal distribution with mean µ and covariance matrix Σ. Denote by vec(A) the vector obtained by
stacking the columns of A.

3.1. Unconstrained least squares estimators
The least squares estimators based on the generalized least squares criteria are obtained equivalently by minimizing the ordinary
least squares (a similar result holds for VAR models, see Lütkepohl (2005, p.71)):

S (β) =
s∑
ν=1

e⊤(ν)e(ν), (9)

where β = (β⊤(1), . . . ,β⊤(s))⊤ is the {d2 ∑s
ν=1 p(ν)} × 1 vector of model parameters and β(ν) = vec{B(ν)} is a {d2 p(ν)} × 1 vector

of parameters for ν = 1, . . . , s.
To obtain the least squares estimators, we differentiate S (β) with respect to each parameter Φk(ν), k = 1, . . . , p(ν), ν =

1, . . . , s. Thus we obtain easily:

∂S (β)
∂vec{Φk(ν)}

= −2
N−1∑
n=0

(Yns+ν−k ⊗ ϵns+ν), k = 1, . . . , p(ν), ν = 1, . . . , s.

Setting the derivatives equal to zero, k = 1, . . . , p(ν), gives the following system for a given season ν:

N−1∑
n=0

{Xn(ν) ⊗ ϵns+ν} = 0,

where 0 is the {d2 p(ν)} × 1 null vector. Since ϵns+ν = Yns+ν − {X⊤n (ν) ⊗ Id}β(ν), the normal equations at season ν are:

N−1∑
n=0

{Xn(ν) ⊗ Yns+ν} =

N−1∑
n=0

{
Xn(ν)X⊤n (ν) ⊗ Id

}β(ν).

Consequently, the least squares estimators of β(ν) satisfy the relation:

β̂(ν) =
[
{X(ν)X⊤(ν)}−1X(ν) ⊗ Id

]
z(ν),

and the residuals are ϵ̂ns+ν = Yns+ν − {X⊤n (ν) ⊗ Id}β̂(ν). Thus the following relation is satisfied:

N1/2{β̂(ν) − β(ν)} =
[
{N−1X(ν)X⊤(ν)}−1 ⊗ Id

]
N−1/2{X(ν) ⊗ Id}e(ν),

=
[
{N−1X(ν)X⊤(ν)}−1 ⊗ Id

]
N−1/2vec{E(ν)X⊤(ν)}, (10)

4



Note also that, by using the properties of the vec(·) operator, it should be noted that an alternative expression for the least squares
estimators is given by:

B̂(ν) = Z(ν)X⊤(ν){X(ν)X⊤(ν)}−1. (11)

Under the assumptions (A0), (A1), (A2) and (A3), for ν = 1, . . . , s, Boubacar Mainassara and Ursu (2023) studied the asymptotic
properties of the least squares estimators in the unrestricted case and showed that:

β̂(ν)
a.s.
→ β(ν), (12)

N−1/2
N−1∑
n=0

vec{ϵns+νX⊤n (ν)}
d
→ Nd2 p(ν) (0,Ψνν) , (13)

Ψνν =

∞∑
h=−∞

E
(
Xn(ν)X⊤n−h(ν) ⊗ ϵns+νϵ

⊤
(n−h)s+ν

)
N1/2{β̂(ν) − β(ν)}

d
→ Nd2 p(ν) (0,Θνν) , (14)

Θνν =
(
Ω−1(ν) ⊗ Id

)
Ψνν

(
Ω−1(ν) ⊗ Id

)
N1/2{β̂ − β}

d
→ Nsd2 p(ν) (0,Θ) , (15)

whereΩ(ν) =: E
(
Xn(ν)X⊤n (ν)

)
corresponds to the {dp(ν)}× {dp(ν)} covariance matrix of the {dp(ν)}×1 random vector Xn(ν) and

where the asymptotic covariance matrix Θ is a block matrix, with blocs given by:

Θνν′ :=
(
Ω−1(ν) ⊗ Id

) ∞∑
h=−∞

E
(
Xn(ν)X⊤n−h(ν′) ⊗ ϵns+νϵ

⊤
(n−h)s+ν′

) (
Ω−1(ν′) ⊗ Id

)
, for ν, ν′ = 1, . . . , s.

3.2. Least squares estimation with linear constraint on the parameters.

The PVAR model in (1) has d2 ∑s
ν=1 p(ν) autoregressive parameters Φk(ν), k = 1, . . . , p(ν), ν = 1, . . . , s, and s additional d × d

covariance matrices Σϵ (ν), ν = 1, . . . , s. For multivariate processes, the number of parameters can be quite large; for vector
periodic processes, the inflation of parameters is due to the s seasons, which makes some PVAR inference matters unwieldy.
Consequently, many authors have investigated parsimonious versions of (1) (see, for instance, Ursu and Duchesne (2009); Duch-
esne and Lafaye de Micheaux (2013)). In this section, we consider estimation in the unrestricted case but also in the situation
where the parameters of the same season ν satisfy the relation:

β(ν) = R(ν)ξ(ν) + b(ν), (16)

where R(ν) is a known {d2 p(ν)} × K(ν) matrix of rank K(ν), b(ν) a known {d2 p(ν)} × 1 vector and ξ(ν) represents a K(ν) × 1
vector of unknown parameters. Letting R(ν) = Id2 p(ν), b(ν) = 0, ν = 1, . . . , s give what we call the full unconstrained case of
Section 3.1. In general, the matrices R(ν) and the vectors b(ν) allow for linear constraints on the parameters of the same season
ν, ν = 1, . . . , s.

This linear constraint includes the important special case of parameters set to zero on certain components of Φk(ν), ν =
1, . . . , s. In practice, a two-step procedure could consist of fitting a full unconstrained model, and, in a second stage of infer-
ence, the estimators that are statistically not significant could be considered known zero parameters, providing frequently more
parsimonious models.

Vectorizing (7), we obtain:

z(ν) = {X⊤(ν) ⊗ Id}vec{B(ν)} + vec{E(ν)},
= {X⊤(ν) ⊗ Id}β(ν) + e(ν),
= {X⊤(ν) ⊗ Id}{R(ν)ξ(ν) + b(ν)} + e(ν), (17)

where z(ν) = vec{Z(ν)} and e(ν) = vec{E(ν)}. The covariance matrix of the random vector e(ν) is IN ⊗ Σϵ (ν).
The least squares estimators of ξ(ν), ν = 1, . . . , s are obtained by minimizing the generalized least squares criterion:

S G(ξ) =
s∑
ν=1

e⊤(ν){IN ⊗ Σϵ (ν)}−1e(ν), (18)

where ξ = (ξ⊤(1), . . . , ξ⊤(s))⊤ represents a {
∑s
ν=1 K(ν)}×1 vector. When the parameters satisfy the linear constraint (16), the least

squares estimators of ξ(ν), ν = 1, . . . , s, minimize the generalized criterion (18), which is not equivalent to (9), see Lütkepohl
(2005), amongst others. Recall that from (17) we have the following relation:

e(ν) = z(ν) − {X⊤(ν) ⊗ Id}{R(ν)ξ(ν) + b(ν)},
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which is convenient to derive the asymptotic properties of the least squares estimator of ξ(ν).
Proceeding as in the previous section, it is possible to show that the least squares estimator ξ̂(ν) of ξ(ν) is given by:

ξ̂(ν) =
[
R⊤(ν){X(ν)X⊤(ν) ⊗ Σ−1

ϵ (ν)}R(ν)
]−1

R⊤(ν){X(ν) ⊗ Σ−1
ϵ (ν)}

[
z(ν) − {X⊤(ν) ⊗ Id}b(ν)

]
.

Furthermore, the following relation is satisfied:

N1/2{ξ̂(ν) − ξ(ν)}

= N1/2
[
R⊤(ν){X(ν)X⊤(ν) ⊗ Σ−1

ϵ (ν)}R(ν)
]−1

R⊤(ν){X(ν) ⊗ Σ−1
ϵ (ν)}e(ν)

=

[
R⊤(ν)

1
N
{X(ν)X⊤(ν) ⊗ Σ−1

ϵ (ν)}R(ν)
]−1

R⊤(ν){Idp(ν) ⊗ Σ
−1
ϵ (ν)}N−1/2vec{E(ν)X⊤(ν)}. (19)

Under the assumptions (A0), (A1), (A2) and (A3), for ν = 1, . . . , s, Boubacar Mainassara and Ursu (2023) showed that, the
estimator ξ̂(ν) is consistent for ξ(ν), and ξ̂(ν) follows asymptotically a normal distribution, that is:

N1/2{ξ̂(ν) − ξ(ν)}
d
→ NK(ν)

(
0,Θξνν

)
, (20)

where

Θ
ξ
νν =

[
R⊤(ν){Ω(ν) ⊗ Σ−1

ϵ (ν)}R(ν)
]−1

R⊤(ν){Idp(ν) ⊗ Σ
−1
ϵ (ν)}Ψνν

× {Idp(ν) ⊗ Σ
−1
ϵ (ν)}R(ν)

([
R⊤(ν){Ω(ν) ⊗ Σ−1

ϵ (ν)}R(ν)
]−1

)⊤
=

[
R⊤(ν){Ω(ν) ⊗ Σ−1

ϵ (ν)}R(ν)
]−1

R⊤(ν)
∞∑

h=−∞

E
[
Xn(ν)X⊤n−h(ν) ⊗ Σ−1

ϵ (ν)ϵns+νϵ
⊤
(n−h)s+νΣ

−1
ϵ (ν)

]
× R(ν)

([
R⊤(ν){Ω(ν) ⊗ Σ−1

ϵ (ν)}R(ν)
]−1

)⊤
.

Furthermore, we also have

N1/2{ξ̂ − ξ}
d
→ NsK(ν)

(
0,Θξ

)
, (21)

where the asymptotic covariance matrix Θξ = [Θξνν′ ]1≤ν,ν′≤s is a block matrix, with blocs given by:

Θ
ξ
νν′ =

[
R⊤(ν){Ω(ν) ⊗ Σ−1

ϵ (ν)}R(ν)
]−1

R⊤(ν)
∞∑

h=−∞

E
[
Xn(ν)X⊤n−h(ν′) ⊗ Σ−1

ϵ (ν)ϵns+νϵ
⊤
(n−h)s+ν′Σ

−1
ϵ (ν′)

]
× R(ν′)

([
R⊤(ν′){Ω(ν′) ⊗ Σ−1

ϵ (ν′)}R(ν′)
]−1

)⊤
.

It should be noted that the estimator ξ̂(ν) is unfeasible in practice, since it relies on the unknown matrix Σϵ (ν). A feasible
estimator is given by:

ˆ̂ξ(ν) =
[
R⊤(ν){X(ν)X⊤(ν) ⊗ Σ̃−1

ϵ (ν)}R(ν)
]−1

R(ν){X(ν) ⊗ Σ̃−1
ϵ (ν)}

× [z(ν) − {X⊤(ν) ⊗ Id}b(ν)],

where Σ̃ϵ (ν) denotes a consistent estimator of the covariance matrix Σϵ (ν) for ν = 1, . . . , s. A possible candidate is obtained
from the unconstrained least squares estimators:

Σ̃ϵ (ν) = {N − dp(ν)}−1
{
Z(ν) − B̂(ν)X(ν)

} {
Z(ν) − B̂(ν)X(ν)

}⊤
,

where B̂(ν) represents the unconstrained least squares estimators (11) obtained in Section 3.1. The resulting estimator of β(ν) is
given by ˆ̂β(ν) = R(ν)ˆ̂ξ(ν) + b(ν), and its asymptotic distribution is normal:

N1/2{
ˆ̂β(ν) − β(ν)}

d
→ Nd2 p(ν)

(
0,R(ν)ΘξννR⊤(ν)

)
. (22)

4. Diagnostic checking in weak PVAR models

After the estimation phase, the next important step consists in checking if the estimated model fits satisfactorily the data. In this
section we derive the limiting distribution of the residual autocovariance and autocorrelation matrices in the framework of weak
PVAR models with unconstrained and also with linear constraints defined by (16) on the parameters of a given season. From
these results, we propose modified test statistics for checking the adequacy of a weak PVAR model. Note that the results stated in
this section extend directly for strong PVAR models. For the class of strong PVAR models with parameter constraints, Ursu and
Duchesne (2009); Duchesne and Lafaye de Micheaux (2013) derives the asymptotic distribution of the residual autocovariance
and autocorrelation matrices, which follow normal distributions.
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4.1. Asymptotic distribution of the residual autocovariance and autocorrelation matrices
For any β̇(ν) = R(ν)ξ̇(ν) + b(ν), where β̇(ν) = (vec⊤{Φ̇1(ν)}, . . . , vec⊤{Φ̇p(ν)(ν)})⊤, with general d × d matrices Φ̇k(ν),

k = 1, . . . , p(ν), we introduce the model residuals:

ϵ̇ns+ν =

{
Yns+ν −

∑p(ν)
k=1 Φ̇k(ν)Yns+ν−k, ns + ν > p(ν),

0, ns + ν ≤ p(ν),

which are well-defined for n = 0, 1, . . . ,N − 1. As in Li and McLeod (1981), we use the dot notation to designate the residuals
ϵ̇ns+ν, n = 0, 1, . . . ,N − 1, expressed in function of the general quantities β̇(ν) and ξ̇(ν), ν = 1, . . . , s. Using the well-known
relation vec(ABC) = (C⊤ ⊗ A)vec(B), where ’⊗’ represents the Kronecker product, we obtain for ns + ν > p(ν) the relation
ϵ̇ns+ν = Yns+ν −

∑p(ν)
k=1 (Y⊤ns+ν−k ⊗ Id)vec{Φ̇k(ν)}. Let Γϵ (h; ν) = cov(ϵns+ν, ϵns+ν−h) be the lag h theoretical autocovariance matrix at

season ν of the error process ϵ. For a fixed integer M ≥ 1, we let

γϵ (ν) =
(
γ⊤ϵ (1; ν),γ⊤ϵ (2; ν), . . . ,γ⊤ϵ (M; ν)

)⊤
(23)

be a (d2M)×1 vector of theoretical autocovariances, where γϵ (h; ν) = vec{Γϵ (h; ν)}. We define ρϵ (h; ν) = Γ−1
0 (ν)Γϵ (h; ν)Γ−1

0 (ν−
h) the lag h theoretical autocorrelation matrix at season ν, using the diagonal matrix Γ0(ν) = diag(σ1/2

ϵ ,11(ν), . . . ,σ1/2
ϵ ,dd(ν)). Simi-

larly, for a fixed integer M ≥ 1, we let

ρϵ (ν) =
({

vec
(
ρϵ (1; ν)

)}⊤ , {vec
(
ρϵ (2; ν)

)}⊤ , . . . , {vec
(
ρϵ (M; ν)

)}⊤)⊤ (24)

be a (d2M)×1 vector of theoretical autocorrelation. We introduce the sample autocovariance matrices Cϵ̇ (h; ν) =
(
Cϵ̇ ,i j(h; ν)

)
i, j=1,...,d

:

Cϵ̇ (h; ν) =
{

N−1 ∑N−1
n=h ϵ̇ns+νϵ̇

⊤
ns+ν−h, h ≥ 0,

C⊤ϵ̇ (−h; ν − h), h < 0.

For a fixed integer M ≥ 1, we let

cϵ̇ (ν) = (c⊤ϵ̇ (1; ν), . . . , c⊤ϵ̇ (M; ν))⊤ and cϵ̇ = (c⊤ϵ̇ (1), . . . , c⊤ϵ̇ (M))⊤ (25)

be the (d2M)× 1 vector of sample autocovariances and the (d2Ms)× 1 vector of global sample autocovariances, where cϵ̇ (h; ν) =
vec{Cϵ̇ (h; ν)}. Here M represents a fixed integer with respect to the sample size n = Ns, satisfying the relation 1 ≤ M < N; this
constant is the maximal lag order. Similarly, the vector of sample autocorrelations is given by rϵ̇ (ν) = (r⊤ϵ̇ (1; ν), . . . , r⊤ϵ̇ (M; ν))⊤,
where:

rϵ̇ (h; ν) = vec
{
D−1
ϵ̇ (ν)Cϵ̇ (h; ν)D−1

ϵ̇ (ν − h)
}
=

(
D−1
ϵ̇ (ν − h) ⊗ D−1

ϵ̇ (ν)
)

cϵ̇ (h; ν), (26)

with Dϵ̇ (ν) = diag
(
C1/2
ϵ̇ ,11

(0; ν), . . . ,C1/2
ϵ̇ ,dd

(0; ν)
)
. We also define the vector of global sample autocorrelations by

rϵ̇ = (r⊤ϵ̇ (1), . . . , r⊤ϵ̇ (M))⊤.
We now discuss the asymptotic distribution of N1/2cϵ̇ (ν) where there is no constraint on the parameters. Define the matrix

ΥM(ν) = −E



ϵns+ν−1
...

ϵns+ν−M

 ⊗ X⊤n (ν) ⊗ Id

 . (27)

By expanding cϵ̇ (ν) in a Taylor expansion around β(ν) and evaluating at the point β̇(ν) = β̂(ν), we obtain the following develop-
ment:

√
Ncϵ̂ (ν) =

√
Ncϵ (ν) + ΥM(ν)

√
N

{
β̂(ν) − β(ν)

}
+ oP(1). (28)

Let D∗ϵ̇ (ν) = diag
(
Γ

1/2
ϵ ,11(0; ν), . . . ,Γ1/2

ϵ ,dd(0; ν)
)
, it also follows that:

√
Nrϵ̂ (ν) =

(
diag

[{
D∗ϵ (ν − 1), . . . ,D∗ϵ (ν − M)

}
⊗ D∗ϵ (ν)

])−1 √Ncϵ̂ (ν) + oP(1). (29)

Thus from (29) the asymptotic distribution of the residual autocorrelations
√

Nrϵ̂ (ν) depends on the distribution of
√

Ncϵ̂ (ν).
In view of (28) the asymptotic distribution of the residual autocovariances

√
Ncϵ̂ (ν) will be obtained from the joint asymptotic

behavior of N1/2
(
β̂(ν) − β(ν)

)
and N1/2cϵ (ν). From (10), we note that we have the following relation:

N1/2{β̂(ν) − β(ν)} = {Ω−1(ν) ⊗ Id}N−1/2
(
vec{E(ν)X⊤(ν)}

)
+ oP(1). (30)

Thus the next proposition states the joint asymptotic distribution of {Ω−1(ν) ⊗ Id}N−1/2vec{E(ν)X⊤(ν)} and N1/2cϵ (ν).
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Proposition 1. Let E(ν) and X(ν) be defined by (5) and (6), respectively. Consider a vector of M sample autocovariances
collected in the vector cϵ (ν) given by (25). Suppose that {Yt} denotes a PVAR process satisfying (1). Under the assumptions
(A0), (A1), (A2) and (A3), for a specified season ν = 1, . . . , s we have:

N1/2
(
β̂
⊤

(ν) − β⊤(ν), c⊤ϵ (ν)
)⊤ d
→ Nd2(p(ν)+M)

(
0,ΞU

νν

)
,

with

ΞU
νν =

 Θνν GU
νν(

GU
νν

)⊤
Vνν

 = ∞∑
h=−∞

E
[
WU

ns+ν

(
WU

(n−h)s+ν

)⊤]
, (31)

where Θνν, Vνν, GU
νν are given respectively by (14), (33), (34) and

WU
ns+ν =

WU
1,ns+ν

W2,ns+ν

 =
 Ω−1(ν)Xn(ν) ⊗ ϵns+ν(
ϵ⊤ns+ν−1, . . . , ϵ

⊤
ns+ν−M

)⊤
⊗ ϵns+ν

 . (32)

Finally, for ν, ν′ = 1, . . . , s the (d2M) × (d2M) matrix Vνν′ (M)is given by:

Vνν′ =
[
Vνν′ (l, l′)

]
1≤l,l′≤M where Vνν′ (l, l′) =

∞∑
h=−∞

E(ϵns+ν−lϵ
⊤
(n−h)s+ν′−l′ ⊗ ϵns+νϵ

⊤
(n−h)s+ν′ ) (33)

and collecting the {d2 p(ν)} × d2 matrix GU
νν′ (·, l), in a {d2 p(ν)} × (Md2) matrix leads to the expression of:

GU
νν′ =:

[
GU
νν′ (·, 1), . . . ,GU

νν′ (·,M)
]

(34)

where

GU
νν′ (·, l) =:

∞∑
h=−∞

E
[
Ω−1(ν)Xn(ν)ϵ⊤(n−h)s+ν′−l ⊗ ϵns+νϵ

⊤
(n−h)s+ν′

]
for l = 1, . . . ,M.

We also have:

N1/2
(
β̂
⊤
− β⊤, c⊤ϵ

)⊤ d
→ Nsd2(p(ν)+M)

0,ΞU =:
 Θ GU(

GU
)⊤

V

 ,
where the asymptotic covariance matrixΘ is given by (15), V = [Vνν′ (M)]1≤ν,ν′≤s and GU =

[
GU
νν′

]
1≤ν,ν′≤s

. The exponent U stands
for Unconstrained parameter.

The proof of Proposition 1 is postponed to Section Appendix.

Remark 4.1. Using the infinite moving average representation (3), for l = 1, . . . , s and m = 1, . . . , p(ν) observe that:
∞∑

h=−∞

E
[
Yns+ν−mϵ

⊤
(n−h)s+ν′−l ⊗ ϵns+νϵ

⊤
(n−h)s+ν′

]
=

∞∑
k=0

(Fk(ν − m) ⊗ Id)
∞∑

h=−∞

E
[
ϵns+ν−k−mϵ

⊤
(n−h)s+ν′−l ⊗ ϵns+νϵ

⊤
(n−h)s+ν′

]
,

=

∞∑
k=0

(Fk(ν − m) ⊗ Id) Vνν′ (m + k, l),

where F0(ν) = Id and Fk(ν) = 0 for k < 0, ν = 1, . . . , s. It follows that:

GU
νν′ (·, l) =

[
Ω−1(ν) ⊗ Id

) ∞∑
k=0


(Fk(ν − 1) ⊗ Id) Vνν′ (1 + k, l)

...
(Fk(ν − p(ν)) ⊗ Id) Vνν′ (p(ν) + k, l)

 ,
where F0(ν) = Id and Fk(ν) = 0 for k < 0, ν = 1, . . . , s. For ℓ, ℓ′ = 1, . . . , p(ν) observe also that:

∞∑
h=−∞

E
[
Ω−1(ν)Yns+ν−ℓY⊤(n−h)s+ν′−ℓ′Ω

−1(ν′) ⊗ ϵns+νϵ
⊤
(n−h)s+ν′

]
=

∞∑
i, j=0

∞∑
h=−∞

E
[
Ω−1(ν)Fi(ν − ℓ)ϵns+ν−i−ℓϵ

⊤
(n−h)s+ν′− j−ℓ′F

⊤
j (ν′ − ℓ′)Ω−1(ν′) ⊗ ϵns+νϵ

⊤
(n−h)s+ν′

]
,

=

∞∑
i, j=0

(
Ω−1(ν)Fi(ν − ℓ) ⊗ Id

)
Vνν′ (i + ℓ, j + ℓ′)

(
F⊤j (ν′ − ℓ′)Ω−1(ν′) ⊗ Id

)
:= Θνν′ (ℓ, ℓ′).

It follows that: Θνν′ = [Θνν′ (ℓ, ℓ′)]1≤ℓ,ℓ′≤p(ν) It is clear that the existence of the matrices ΞU
νν and ΞU is ensured by the existence of

Vνν′ (l′, l), which is the consequence of Assumption (A3) and the Davydov (1968) inequality.
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Remark 4.2. i) When d = 1 and if the moving average order is null, we retrieve the result on weak PARMA obtained by
Boubacar Maı̈nassara and Ilmi Amir (2024).

ii) When s = 1, we retrieve the well-known result on weak VAR obtained by Francq and Raı̈ssi (2007). Finally, if the moving
average order is null, we obtain the results on weak VARMA of Boubacar Mainassara (2011) and those of Francq et al.
(2005) when d = 1.

Remark 4.3. In the standard strong PVAR case, i.e. when (A2) is replaced by the assumption that
(
ϵ∗n

)
n∈Z is an iid sequence, we

have
Ψνν = Ω(ν) ⊗ Σϵ (ν).

In view of Remark 4.1, independence of the ϵns+ν’s implies that only the terms for h = 0 and ν = ν′ are non-zero in GU
νν′ (·, l), for

l = 1, . . . ,M. Thus the asymptotic covariance matrices Θνν, Vνν and GU
νν are reduced respectively as

Θνν := Ω−1(ν) ⊗ Σϵ (ν),

Vνν :=


Σϵ (ν − 1) 0 0 . . . 0

0 Σϵ (ν − 2) 0 . . . 0
...

. . .
...

0 0 0 . . . Σϵ (ν − M)

 ⊗ Σϵ (ν),
GU
νν =

[
Ω−1(ν)E

(
Xn(ν)ϵ⊤ns+ν−1

)
⊗ Σϵ (ν), . . . ,Ω−1(ν)E

(
Xn(ν)ϵ⊤ns+ν−M

)
⊗ Σϵ (ν)

]
.

Let
AM(ν) = [Aν(1), . . . ,Aν(M)] (35)

be the {dp(ν)} × (Md) matrix where the {dp(ν)} × d matrix Aν(l) is given by:

Aν(l) = E
[
Xn(ν)ϵ⊤ns+ν−l

]
for l = 1, . . . ,M.

Therefore, we obtain that:

GU
νν(·, l) =

[
Ω−1(ν)Aν(l)

]
⊗ Σϵ (ν) where Aν(l) =


Fl−1(ν − 1)Σϵ (ν − l)

...
Fl−p(ν)(ν − p(ν))Σϵ (ν − l)

 .
Then we deduce that: GU

νν =
[
Ω−1(ν) ⊗ Id

]
[AM(ν) ⊗ Σϵ (ν)] and we retrieve the results given in Ursu and Duchesne (2009).

We now investigate a similar tractable expression when the parameters satisfy the linear constraints (16). In view of (19), we
deduce the following relation:

N1/2{ξ̂(ν) − ξ(ν)} =
[
R⊤(ν){Ω(ν) ⊗ Σ−1

ϵ (ν)}R(ν)
]−1

R⊤(ν){Idp(ν) ⊗ Σ
−1
ϵ (ν)}N−1/2vec{E(ν)X⊤(ν)} + oP(1). (36)

The next proposition gives the joint asymptotic distribution of[
R⊤(ν){Ω(ν) ⊗ Σ−1

ϵ (ν)}R(ν)
]−1

R⊤(ν){Idp(ν) ⊗ Σ
−1
ϵ (ν)}N−1/2vec{E(ν)X⊤(ν)}

and N1/2cϵ (ν).

Proposition 2. Under the assumptions of Proposition 1 and (16), for a specified season ν = 1, . . . , s we have:

N1/2
(
ξ̂
⊤

(ν) − ξ⊤(ν), c⊤ϵ (ν)
)⊤ d
→ NK(ν)+Md2

(
0,ΞR

νν

)
,

with

ΞR
νν =

 Θ
ξ
νν GR

νν(
GR
νν

)⊤
Vνν

 = ∞∑
h=−∞

E
[
WR

ns+ν

(
WR

(n−h)s+ν

)⊤]
, (37)

where Θξνν, Vνν, GR
νν are given respectively by (20), (33), (39) and

WR
ns+ν =

WR
1,ns+ν

W2,ns+ν

 =
 Hϵ (ν){Xn(ν) ⊗ ϵns+ν}(
ϵ⊤ns+ν−1, . . . , ϵ

⊤
ns+ν−M

)⊤
⊗ ϵns+ν

 . (38)
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with Hϵ (ν) =
[
R⊤(ν){Ω(ν) ⊗ Σ−1

ϵ (ν)}R(ν)
]−1

R⊤(ν){Idp(ν) ⊗ Σ
−1
ϵ (ν)}. Finally, collecting the {K(ν)} × d2 matrix GR

νν′ (·, l), for l =
1, . . . ,M and ν, ν′ = 1, . . . , s, in a {K(ν)} × (Md2) matrix leads to the expression of:

GR
νν′ =:

[
GR
νν′ (·, 1), . . . ,GR

νν′ (·,M)
]
. (39)

where

GR
νν′ (·, l) = Hϵ (ν)

∞∑
h=−∞

E
[
Xn(ν)ϵ⊤(n−h)s+ν′−l ⊗ ϵns+νϵ

⊤
(n−h)s+ν′

]
.

We also have:

N1/2
(
ξ̂
⊤
− ξ⊤, c⊤ϵ

)⊤ d
→ Ns(K(ν)+Md2)

0,ΞR =:

 Θξ GR(
GR

)⊤
V

 ,
where the asymptotic covariance matrix Θξ is given by (21), V = [Vνν′ (M)]1≤ν,ν′≤s and
GR =

[
GR
νν′

]
1≤ν,ν′≤s

. The exponent R stands for restricted parameter.

The proof of Proposition 2 follows using the same kind of arguments as Proposition 1 and it is therefore omitted.

Remark 4.4. In view of Remark 4.3, in the standard strong PVAR case, the asymptotic covariance matrices Θνν, Vνν and GR
νν

are reduced respectively as:

Θ
ξ
νν :=

[
R⊤(ν){Ω(ν) ⊗ Σ−1

ϵ (ν)}R(ν)
]−1
,

Vνν :=


Σϵ (ν − 1) 0 0 . . . 0

0 Σϵ (ν − 2) 0 . . . 0
...

. . .
...

0 0 0 . . . Σϵ (ν − M)

 ⊗ Σϵ (ν),
GR
νν = Hϵ (ν) [AM(ν) ⊗ Σϵ (ν)] ,=

[
R⊤(ν){Ω(ν) ⊗ Σ−1

ϵ (ν)}R(ν)
]−1

R⊤(ν) (AM(ν) ⊗ Id) .

The following theorem, which is an extension of the results given in Francq and Raı̈ssi (2007), provides the limit distribution
of the residual autocovariances and autocorrelations of weak PVAR models for a specified season ν. We also provide the limit
distribution of the global residual autocovariances and autocorrelations of weak PVAR models across all the seasons.

Theorem 4.1. Under the assumptions of Proposition 1 we have

N1/2cϵ̂ (ν)
d
→ Nd2 M

(
0,∆U

νν

)
, (40)

where

∆U
νν = Vνν + ΥM(ν)ΘννΥ⊤M(ν) + ΥM(ν)GU

νν +
(
GU
νν

)⊤
Υ⊤M(ν) when p(ν) > 0 and ∆U

νν = Vνν when p(ν) = 0.

Then:
N1/2cϵ̂

d
→ Nsd2 M

(
0,∆U

)
, (41)

where the asymptotic covariance matrix ∆U is a block matrix, with the asymptotic variances given by ∆U
νν, for ν = 1, . . . , s and

the asymptotic covariances given by

∆U
νν′ = Vνν′ + ΥM(ν)Θνν′Υ⊤M(ν′) + ΥM(ν)GU

νν′ +
(
GU
νν′

)⊤
Υ⊤M(ν′), ν , ν′.

We also have
N1/2rϵ̂ (ν)

d
→ Nd2 M

(
0,∇U

νν

)
, (42)

where

∇
U
νν =

(
diag

[{
D∗ϵ (ν − 1), . . . ,D∗ϵ (ν − M)

}
⊗ D∗ϵ (ν)

])−1
∆U
νν

(
diag

[{
D∗ϵ (ν − 1), . . . ,D∗ϵ (ν − M)

}
⊗ D∗ϵ (ν)

])−1 ,

with D∗ϵ (ν) = diag
(
Γ

1/2
ϵ ,11(0; ν), . . . ,Γ1/2

ϵ ,dd(0; ν)
)
. Then:

N1/2rϵ̂
d
→ Nsd2 M

(
0,∇U

)
, (43)

where the asymptotic covariance matrix ∇U = [∇U
νν′ ]1≤ν,ν′≤s is a block matrix, with blocs given by

∇
U
νν′ =

(
diag

[{
D∗ϵ (ν − 1), . . . ,D∗ϵ (ν − M)

}
⊗ D∗ϵ (ν)

])−1
∆U
νν′

(
diag

[{
D∗ϵ (ν

′ − 1), . . . ,D∗ϵ (ν
′ − M)

}
⊗ D∗ϵ (ν

′)
])−1 .
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The proof of Theorem 4.1 is postponed to Section Appendix.

Remark 4.5. Observe that, in view of (35), the matrix ΥM(ν) can be rewritten as:

ΥM(ν) = −A⊤M(ν) ⊗ Id. (44)

When s = 1, we retrieve the well-known result on weak VAR obtained by Francq and Raı̈ssi (2007). Finally, if the moving
average order is null in Boubacar Mainassara (2011) and Francq et al. (2005), we obtain the results on weak VARMA of
Boubacar Mainassara (2011) and those of Francq et al. (2005) when d = 1.

Remark 4.6. In view of Remark 4.3 and (44), in the standard strong PVAR case, the asymptotic covariance matrices ∆U
νν and

∇U
νν are reduced respectively as

∆U
S (ν, ν) =: Vνν −

[
A⊤M(ν)Ω−1(ν)AM(ν)

]
⊗ Σϵ (ν)

and

∇
U
S (ν, ν) =:

(
diag

[{
D∗ϵ (ν − 1), . . . ,D∗ϵ (ν − M)

}
⊗ D∗ϵ (ν)

])−1
∆U

S (ν, ν)
(
diag

[{
D∗ϵ (ν − 1), . . . ,D∗ϵ (ν − M)

}
⊗ D∗ϵ (ν)

])−1 ,

and we retrieve the results given in Ursu and Duchesne (2009). When s = 1, we also retrieve the results obtained by Chabot-Hallé
and Duchesne (2008) and Hosking (1980).

Independence of the ϵns+ν’s implies that only the terms for ν = ν′ are non-zero in ∆U. Thus the matrices ∆U and ∇U are
reduced to blocs diagonal matrices denoted ∆U

S and ∇U
S , with blocs given respectively ∆U

S (ν, ν) and ∇U
S (ν, ν).

We now investigate a similar tractable expression when the parameters satisfy the linear constraints (16). In this case, similar
calculations give:

∂cϵ̇ (ν)
∂ξ⊤(ν)

P
→ ΥM(ν)R(ν), (45)

and using the same kind of arguments we obtain the following theorem.

Theorem 4.2. Under the assumptions of Proposition 2 we have

N1/2cϵ̂ (ν)
d
→ Nd2 M

(
0,∆R

νν

)
, (46)

where

∆R
νν = Vνν + ΥM(ν)R(ν)Θξνν (ΥM(ν)R(ν))⊤ + ΥM(ν)R(ν)GR

νν +
(
GR
νν

)⊤
(ΥM(ν)R(ν))⊤ when p(ν) > 0 and

∆R
νν = Vνν when p(ν) = 0.

Then:
N1/2cϵ̂

d
→ Nsd2 M

(
0,∆R

)
, (47)

where the asymptotic covariance matrix ∆R is a block matrix, with the asymptotic variances given by ∆R
νν, for ν = 1, . . . , s and

the asymptotic covariances given by

∆R
νν′ = Vνν′ + ΥM(ν)R(ν)Θξνν′

(
R(ν)ΥM(ν′)R(ν′)

)⊤
+ ΥM(ν)R(ν)GR

νν′ +
(
GR
νν′

)⊤ (
ΥM(ν′)R(ν′)

)⊤ , ν , ν′.
We also have

N1/2rϵ̂ (ν)
d
→ Nd2 M

(
0,∇R

νν

)
, (48)

where

∇
R
νν =

(
diag

[{
D∗ϵ (ν − 1), . . . ,D∗ϵ (ν − M)

}
⊗ D∗ϵ (ν)

])−1
∆R
νν

(
diag

[{
D∗ϵ (ν − 1), . . . ,D∗ϵ (ν − M)

}
⊗ D∗ϵ (ν)

])−1 .

Then:
N1/2rϵ̂

d
→ Nsd2 M

(
0,∇R

)
, (49)

where the asymptotic covariance matrix ∇R = [∇R
νν′ ]1≤ν,ν′≤s is a block matrix, with blocs given by

∇
R
νν′ =

(
diag

[{
D∗ϵ (ν − 1), . . . ,D∗ϵ (ν − M)

}
⊗ D∗ϵ (ν)

])−1
∆R
νν′

(
diag

[{
D∗ϵ (ν

′ − 1), . . . ,D∗ϵ (ν
′ − M)

}
⊗ D∗ϵ (ν

′)
])−1 .

The proof of Theorem 4.2 follows using the same kind of arguments as Theorem 4.1 and it is therefore omitted.
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Remark 4.7. In view of Remark 4.4 and (44), in the standard strong PVAR case, the asymptotic covariance matrices ∆R
νν and

∇R
νν are reduced respectively as

∆R
S (ν, ν) =: Vνν −

(
A⊤M(ν) ⊗ Id

)
R(ν)

[
R⊤(ν){Ω(ν) ⊗ Σ−1

ϵ (ν)}R(ν)
]−1

R⊤(ν) (AM(ν) ⊗ Id)

and

∇
R
S (ν, ν) =:

(
diag

[{
D∗ϵ (ν − 1), . . . ,D∗ϵ (ν − M)

}
⊗ D∗ϵ (ν)

])−1
∆R

S (ν, ν)
(
diag

[{
D∗ϵ (ν − 1), . . . ,D∗ϵ (ν − M)

}
⊗ D∗ϵ (ν)

])−1 ,

and we retrieve the results given in Ursu and Duchesne (2009) and Duchesne and Lafaye de Micheaux (2013).
Independence of the ϵns+ν’s implies that only the terms for ν = ν′ are non-zero in ∆R. Thus the matrices ∆R and ∇R are

reduced to blocs diagonal matrices denoted ∆R
S and ∇R

S , with blocs given respectively ∆R
S (ν, ν) and ∇R

S (ν, ν).

4.2. Modified version of the portmanteau test
Based on the residual empirical autocorrelations, Box and Pierce (1970) have proposed a goodness-of-fit test, the so-called
portmanteau test, for strong ARMA models. A modification of their test has been proposed by Ljung and Box (1978) which is
nowadays one of the most popular diagnostic checking tools in ARMA modeling of time series. To test simultaneously whether
all residual autocorrelations at lags 1, . . . ,M of an univariate periodic ARMA model are equal to zero for a specified period ν,
the portmanteau of Box and Pierce (1970); Ljung and Box (1978) can be adapted as proposed by McLeod (1994, 1995) (see
also Hipel and McLeod (1994)).

Being inspired by the univariate portmanteau statistics defined in Box and Pierce (1970) and Ljung and Box (1978), Chitturi
(1974) and Hosking (1980)) have introduced the multivariate versions of the portmanteau statistics. Hosking (1981) gave several
equivalent forms of this statistic. Basic forms are:

QcM = N
M∑

h=1

tr
(
C⊤ϵ̂ (h)C−1

ϵ̂ (0)Cϵ̂ (h)C−1
ϵ̂ (0)

)
and QhM =

M∑
h=1

N2

(N − h)
tr

(
C⊤ϵ̂ (h)C−1

ϵ̂ (0)Cϵ̂ (h)C−1
ϵ̂ (0)

)
, (50)

where Cϵ̂ (h) is the residual autocovariances matrices function of a multivariate process Y.
To test simultaneously whether all residual autocorrelations at lags 1, . . . ,M of a PVAR model are equal to zero for a specified

period ν, the portmanteau test (50) can be adapted. Based on the above results, for instance, Ursu and Duchesne (2009); Duchesne
and Lafaye de Micheaux (2013) suggested the following portmanteau statistics defined by

QM(ν) = N
M∑

l=1

tr
(
C⊤ϵ̂ (l; ν)C

−1
ϵ̂ (0; ν)Cϵ̂ (l; ν)C

−1
ϵ̂ (0; ν − l)

)
,

= N
M∑

l=1

c⊤ϵ̂ (l; ν)
{
C−1
ϵ̂ (0; ν − l) ⊗ C−1

ϵ̂ (0; ν)
}

cϵ̂ (l; ν),

= Nc⊤ϵ̂ (ν)
{(

diag
[
Cϵ̂ (0; ν − 1), . . . ,Cϵ̂ (0; ν − M)

])
⊗ Cϵ̂ (0; ν)

}−1 cϵ̂ (ν),

= Nr⊤ϵ̂ (ν)
{(

diag
[
Rϵ̂ (0; ν − 1), . . . ,Rϵ̂ (0; ν − M)

])
⊗ Rϵ̂ (0; ν)

}−1 rϵ̂ (ν), (51)

where Rϵ̂ (0; ν) = D−1
ϵ̂ (ν)Cϵ̂ (0; ν)D−1

ϵ̂ (ν). The last equalities are obtained from the following elementary identities on matrix
calculus

tr(A⊤BCD⊤) = {vec(A)}⊤{D ⊗ B}{vec(C)}, (A ⊗ B)(C ⊗ D) = AC ⊗ BD

where A, B, C and D are any matrices for which the above product is defined.
As discussed in McLeod (1994, 1995), the Ljung and Box (1978) correction factor defined by

ϱ(l, ν,N, s) =
{

(N + 2)/(N − l/s) if l ≡ 0 mod s
N/ (N − ⌊(l − ν + s)/s⌋) otherwise,

is expected to improve the finite-sample properties of the test statistic (51). This leads to the finite-sample corrected test statistic:

Q∗M(ν) = N
M∑

l=1

N
N − ⌊(l − ν + s)/s⌋

tr
(
C⊤ϵ̂ (l; ν)C

−1
ϵ̂ (0; ν)Cϵ̂ (l; ν)C

−1
ϵ̂ (0; ν − l)

)
= Nc⊤ϵ̂ (ν)P

1/2
M (ν,N, s)

{(
diag

[
Cϵ̂ (0; ν − 1), . . . ,Cϵ̂ (0; ν − M)

])
⊗ Cϵ̂ (0; ν)

}−1 P1/2
M (ν,N, s)cϵ̂ (ν),

= Nr⊤ϵ̂ (ν)P
1/2
M (ν,N, s)

{(
diag

[
Rϵ̂ (0; ν − 1), . . . ,Rϵ̂ (0; ν − M)

])
⊗ Rϵ̂ (0; ν)

}−1 P1/2
M (ν,N, s)rϵ̂ (ν), (52)

where collecting the d×d matrix P(l, ν,N, s) = diag
[
ϱ(l, ν,N, s), . . . , ϱ(l, ν,N, s)

]
, in a (Md2)×(Md2) matrix leads to the expression

of: PM(ν,N, s) = diag
[
(vec{P(1, ν,N, s)})⊤ , . . . , (vec{P(M, ν,N, s)})⊤)

]
.
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Note that the lag M used in (51) and (52) could be chosen to be different across the seasons but in most applications it is
reasonable to use the same value of M for all seasons (see for instance Hipel and McLeod (1994)).

The test statistics (51) and (52) are asymptotically independent across the seasons ν = 1, 2, . . . , s. Consequently, global test
statistics, which can be used to test the null hypothesis of model adequacy for all seasons taken simultaneously, can be constructed
by summing (51) or (52) over all seasons:

QM =

s∑
ν=1

QM(ν), (53)

Q∗M =

s∑
ν=1

Q∗M(ν). (54)

The statistics (51) and (52) are usually used to test the joint statistical significance of cϵ (l; ν), for l = 1, . . . ,M. More formally,
the null hypothesis of model adequacy is given by:

H0(ν) : γϵ (ν) = 0 or H0(ν) : ρϵ (ν) = 0, for ν = 1, . . . , s,

where γϵ (ν) and ρϵ (ν) are defined by (23) and (24) and 0 corresponds to the (d2M) × 1 null vector. The statistics (53) and (54)
are usually used to test the following null hypothesis

H0 : γϵ =:
(
γ⊤ϵ (1), . . . ,γ⊤ϵ (s)

)⊤
= 0 or H0 : ρϵ =:

(
ρ⊤ϵ (1), . . . , ρ⊤ϵ (s)

)⊤
= 0,

where 0 corresponds to the (sd2M) × 1 null vector.
From Theorems 4.1 and 4.2 we can deduce the following results which give the exact limiting distribution of the standard

portmanteau statistics (51), (52), (53) and (54) under general assumptions on the innovation process of the fitted PVAR model.

Theorem 4.3. Under Assumptions of Theorem 4.1 and H0(ν), ν = 1, . . . , s or H0, the statistics QM(ν) and Q∗M(ν) defined in (51)
and (52) converge in distribution, as N → ∞, to

ZνM(ξUMd2 (ν)) =
Md2∑
i=1

ξUi,Md2 (ν)Z2
i

where ξUMd2 (ν) = (ξU1,Md2 (ν), . . . , ξUMd2,Md2 (ν))⊤ is the vector of the eigenvalues of the matrix

∇
U
νν(M) = J−1/2

M (ν)∆U
ννJ
−1/2
M (ν),

where ∆U
νν is given in (40), JM(ν) =


Σϵ (ν − 1) 0 0 . . . 0

0 Σϵ (ν − 2) 0 . . . 0
...

. . .
...

0 0 0 . . . Σϵ (ν − M)

 ⊗ Σϵ (ν) is a Md2 × Md2 block diagonal

matrix and Z1, . . . ,ZMd2 are independent N(0, 1) variables.
The asymptotic distribution of the global portmanteau test statistics (that takes into account all the seasons) QM and Q∗M

defined in (53) and (54) are also a weighted sum of chi-square random variables:

ZM(ξUsMd2 ) =
sMd2∑
i=1

ξUi,sMd2 Z2
i

where ξUsMd2 = (ξU1,sMd2 , . . . , ξ
U
sMd2,sMd2 )⊤ denotes the vector of the eigenvalues of the block matrix ∇U(M) = [∇U

νν′ (M)]1≤ν,ν′≤s, with
blocs given by

∇
U
νν′ (M) = J−1/2

M (ν)∆UJ−1/2
M (ν)

where ∆U
νν′ is given in (43).

Remark 4.8. In view of Remark 4.6 when M is large, the matrix

∇
U
S (ν, ν) ≃ Id2 M − J−1/2

M (ν)
{[

A⊤M(ν)Ω−1(ν)AM(ν)
]
⊗ Σϵ (ν)

}
J−1/2

M (ν),

(resp. ∇U
S ≃ [∇U

S (ν, ν)]ν=1,...,s) is close to a projection matrix. Its eigenvalues are therefore equal to 0 and 1. The number of
eigenvalues equal to 1 is tr(∇U

S (ν, ν)) = tr(Id2{M−p(ν)}) = d2{M − p(ν)} (resp. tr(∇U
S ) = tr(Id2 ∑s

ν=1{M−p(ν)}) = d2 ∑s
ν=1{M − p(ν)}).
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Therefore under H0(ν) (resp. H0), the asymptotic distributions of the statistics defined in (51) and (52) can be approximated by
a χ2

d2{M−p(ν)} (resp. a χ2
d2 ∑s

ν=1{M−p(ν)}. When d = 1, we also retrieve the results obtained by McLeod (1994).
As a consequence to these results, the chi-squared distributions are not applicable when M ≤ p(ν) in contrast to our re-

sults (see Theorem 4.3). In fact, the exact distributions of the portmanteau test statistics are better approximated by those of
weighted sums of chi-squared random variables. Our results show that in the general PVAR case, the weights in the asymptotic
distributions of the portmanteau procedures may be relatively far from zero, and thus, adjusting the degrees of freedom does not
represent a solution in the present framework.

Theorem 4.4. Under Assumptions of Theorem 4.2 and H0(ν), ν = 1, . . . , s or H0, the statistics QM(ν) and Q∗M(ν) defined in (51)
and (52) converge in distribution, as N → ∞, to

ZνM(ξRM(ν)) =
Md2∑
i=1

ξRi,M(ν)Z2
i

where ξRMd2 (ν) = (ξR1,Md2 (ν), . . . , ξRMd2,Md2 (ν))⊤ is the vector of the eigenvalues of the matrix

∇
R
νν(M) = J−1/2

M (ν)∆R
ννJ
−1/2
M (ν),

where ∆R
νν is given in (46) and Z1, . . . ,ZMd2 are independent N(0, 1) variables.

The asymptotic distribution of the global portmanteau test statistics (that takes into account all the seasons) QM and Q∗M
defined in (53) and (54) is also a weighted sum of chi-squared random variables:

ZM(ξRsMd2 ) =
sMd2∑
i=1

ξRi,sMd2 Z2
i

where ξRsMd2 = (ξR1,sMd2 , . . . , ξ
R
sMd2,sMd2 )⊤ denotes the vector of the eigenvalues of the block matrix ∇R(M) = [∇R

νν′ (M)]1≤ν,ν′≤s, with
blocs given by

∇
R
νν′ (M) = J−1/2

M (ν)∆R
νν′J

−1/2
M (ν),

where ∆R
νν′ is given in (49).

Remark 4.9. Under the linear constraints (16), in view of Remark 4.7 when M is large, the matrix

∇
R
S (ν, ν) ≃ Id2 M − J−1/2

M (ν)
{(

A⊤ν ⊗ Id

)
R(ν)

[
R⊤(ν){Ω(ν) ⊗ Σ−1

ϵ (ν)}R(ν)
]−1

R⊤(ν) (Aν ⊗ Id)
}

J−1/2
M (ν),

(resp. ∇R
S ≃ [∇R

S (ν, ν)]ν=1,...,s) is close to a projection matrix. Its eigenvalues are therefore equal to 0 and 1. The number of
eigenvalues equal to 1 is tr(∇R

S (ν, ν)) = tr(Id2 M−K(ν)) = d2M − K(ν) (resp. tr(∇R
S ) = tr(I∑s

ν=1{d2 M−K(ν)}) =
∑s
ν=1{d

2M − K(ν)}).
Therefore under H0(ν) (resp. H0), the asymptotic distributions of the statistics defined in (51) and (52) can be approximated by
a χ2

d2 M−K(ν) (resp. a χ2∑s
ν=1{d2 M−K(ν)}. We retrieve the results given in Ursu and Duchesne (2009).

As a consequence to these results, the chi-squared distribution are not applicable when M ≤ K(ν) in contrast to our results
(see Theorem 4.4), which corresponds to the results obtained by Duchesne and Lafaye de Micheaux (2013) for parsimonious
strong PVAR models.

Corollary 4.1. Under the following alternative hypothesis

H1(ν) : there exists h ∈ {1, . . . ,M} such that γϵ (h; ν) , 0 or H1(ν) : vec
{
ρϵ (h; ν)

}
, 0, for ν = 1, . . . , s,

one may prove that under H1(ν)

QM(ν)
N

or
Q∗M(ν)

N
=

(
cϵ̂ (ν) − γϵ (ν)

)⊤K−1(ν)N−1(ν)K−1(ν)
(
cϵ̂ (ν) − γϵ (ν)

)
+ 2

(
cϵ̂ (ν) − γϵ (ν)

)⊤K−1(ν)N−1(ν)K−1(ν)γϵ (ν) + γ
⊤
ϵ (ν)K

−1(ν)N−1(ν)K−1(ν)γϵ (ν) + oP

(
1
N

)
P
−−−−→
N→∞

γ⊤ϵ (ν)K
−1(ν)N−1(ν)K−1(ν)γϵ (ν) = ρ

⊤
ϵ (ν)N

−1(ν)ρϵ (ν),

where K(ν) = diag
[{

D∗ϵ (ν − 1), . . . ,D∗ϵ (ν − M)
}
⊗ D∗ϵ (ν)

]
and N(ν) =

(
diag

[
R∗ϵ (0; ν − 1), . . . ,R∗ϵ (0; ν − M)

])
⊗ R∗ϵ (0; ν) with

R∗ϵ (0; ν) =
(
D∗ϵ (ν)

)−1
Γϵ (0; ν)

(
D∗ϵ (ν)

)−1
. Therefore the test statistics QM(ν) and Q∗M(ν) are consistent in detecting H1(ν).
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The proof of this corollary is also postponed to Section Appendix.
Theorems 4.3 and 4.4 show that, for the asymptotic distributions of (51) and (52) (resp. of (53) and (54)), the chi-squared

approximations are no longer valid in the framework of weak PVAR models.
The true asymptotic distributions∇U

νν′ (M) and∇R
νν′ (M) (resp. ∇U(M) and∇R(M)) depend on the periodic nuisance parameters

involving Σϵ (ν − h) for h = 0, 1, . . . ,M and the elements of ΞU
νν′ or ΞR

νν′ . Consequently, in order to obtain the asymptotic
distribution of the portmanteau statistics (51) and (52) (resp. (53) and (54)) under weak assumptions on the multivariate periodic
noise, one needs a consistent estimator of the asymptotic covariance matrix ∇U

νν′ (M) and ∇R
νν′ (M) (resp. ∇U(M) and ∇R(M)).

Matrices ΥM(ν) and Σϵ (ν − h) for h = 0, 1, . . . ,M can be estimated by its empirical counterpart, respectively by

Υ̂M(ν) = −
1
N

N−1∑
n=0

{(
ϵ̂⊤ns+ν−1, . . . , ϵ̂

⊤
ns+ν−M

)⊤
⊗ X⊤n (ν) ⊗ Id

}
and Σ̂ϵ (ν − h) =

1
N

N−1∑
n=0

ϵ̂ns+ν−hϵ̂
⊤
ns+ν−h.

The matrixΩ(ν) can also be estimated empirically by the squared matrix Ω̂N(ν) of order dp(ν) defined by: Ω̂N(ν) = N−1Xn(ν)X⊤n (ν).
The estimation of the long-run variance (LRV) matrix ΞU

νν′ or ΞR
νν′ is more complicated. In the literature, two types of

estimators are generally employed: heteroskedasticity and autocorrelation consistent (HAC) estimators based on kernel methods
(see Newey and West (1987) and Andrews (1991) for general references, and Francq and Zakoı̈an (2007) for an application to
testing strong linearity in weak ARMA models) and the spectral density (SP) estimators (see e.g. (Berk, 1974) and den Haan
and Levin (1997) for a general reference; see also Boubacar Mainassara and Francq (2011) for an application to a weak VARMA
model). Thus following the arguments developed in Boubacar Mainassara and Ursu (2023), the matrix ΞU

νν′ (resp. ΞR
νν′ ) can

be weakly estimated by HAC or SP. Let Ξ̂
U
νν′ (resp. Ξ̂

R
νν′ ) be an estimator obtained by only replacing the process (Wns+ν)n∈Z in

Boubacar Mainassara and Ursu (2023, Theorems 4.1 or Theorems 4.2), by
(
WU

ns+ν

)
n∈Z

(resp.
(
WR

ns+ν

)
n∈Z

).

We let ∇̂
U
νν′ (M) and ∇̂

R
νν′ (M) (resp. ∇̂

U
(M) and ∇̂

R
(M)) the matrices obtained by replacing ΞU

νν′ and ΞR
νν′ by Ξ̂

U
νν′ and Ξ̂

R
νν′ ,

ΥM(ν) by Υ̂M(ν) and Σϵ (ν − h) by Σ̂ϵ (ν − h) in ∇U
νν′ (M) and ∇R

νν′ (M) (resp. ∇U(M) and ∇R(M)). Denote by

ξ̂UMd2 (ν) = (ξ̂U1,Md2 (ν), . . . , ξ̂UMd2,Md2 (ν))⊤ and ξ̂RMd2 (ν) = (ξ̂R1,Md2 (ν), . . . , ξ̂RMd2,Md2 (ν))⊤

(resp. ξ̂UsMd2 = (ξ̂U1,sMd2 , . . . , ξ̂
U
sMd2,sMd2 )⊤ and ξ̂RsMd2 = (ξ̂R1,sMd2 , . . . , ξ̂

R
sMd2,sMd2 )⊤)

the vector of the eigenvalues of ∇̂
U
νν′ (M) and ∇̂

R
νν′ (M) (resp. ∇̂

U
(M) and ∇̂

R
(M)). At the asymptotic level α and for a specified

season ν, the modified test consists in rejecting the adequacy of the weak PVAR model when

lim
N→∞

P
(
QM(ν) > S νM(1 − α)

)
= lim

N→∞
P

(
Q∗M(ν) > S νM(1 − α)

)
= α,

where S νM(1 − α) is such that P
{
ZνMd2 (ξ̂U or R

Md2 )(ν) > S νM(1 − α)
}
= α. We emphasize the fact that the proposed modified versions

of the statistics are more difficult to implement because their critical values have to be computed from the data while the critical
values of the standard method are simply deduced from a χ2-table. We shall evaluate the p-values

P
{
ZνMd2 (ξ̂U or R

Md2 )(ν) > QM(ν)
}

and P
{
ZνMd2 (ξ̂U or R

Md2 )(ν) > Q∗M(ν)
}
,

with ZνMd2 (ξ̂U or R
Md2 )(ν) =

∑Md2

i=1 ξ̂
U or R
i,Md2 (ν)Z2

i , by means of the Imhof algorithm (see Imhof (1961)) or other exact methods.
The test procedures for QM and Q∗M defined in (53) and (54) are similar but they are based on the sd2M empirical eigenvalues

of ∇̂
U

(M) and ∇̂
R

(M).

Remark 4.10. Let ri
ϵ̂ (ν) be the i-th component of the (Md2)×1 vector rϵ̂ (ν) of the residual autocorrelation. For any 1 ≤ h ≤ Md2

and for a specified season ν, a 100(1 − α)% confidence region for rh
ϵ (ν) is given by

−uα

√
∇̂

U
νν(M)(h, h)
√

N
≤ rh
ϵ̂ (ν) ≤ uα

√
∇̂

U
νν(M)(h, h)
√

N

resp. − uα

√
∇̂

R
νν(M)(h, h)
√

N
≤ rh
ϵ̂ (ν) ≤ uα

√
∇̂

R
νν(M)(h, h)
√

N


where uα denotes the quantile of order 1 − α of the N(0, 1) distribution.

In the next section, the test statistics proposed in this section are illustrated in a small empirical study.

5. Simulations

By means of a small Monte Carlo experiment, we investigate the finite sample properties of the modified version of the portman-
teau test. The following data generating process (DGP) are used:

DGP1 : Yns+ν = Φ(ν)Yns+ν−1 + ϵns+ν,

DGP2 : Yns+ν = ΦC(ν)Yns+ν−1 + ϵns+ν,

DGP3 : Yns+ν = Φ1(ν)Yns+ν−1 +Φ2(ν)Yns+ν−2 + ϵns+ν.
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We considered the case of four seasons, that is s = 4. For the purposes of our illustration, no parameter constraints were
hypothesized for DGP1 (Table 1), but for DGP2 (Table 2) it was assumed that the zero-valued parameters inΦC(1),ΦC(2),ΦC(3)
and ΦC(4) were known.

Table 1: Parameters of DGP1 models used in the simulation

MODEL Φ(1) Φ(2) Φ(3) Φ(4)

DGP1 0.50 0.30 0.42 0.24 -0.80 0.20 -0.30 0.50
0.10 0.20 -0.20 0.50 0.60 0.70 0.90 -0.20

Table 2: Parameters of DGP2 models used in the simulation

MODEL ΦC(1) ΦC(2) ΦC(3) ΦC(4)

DGP2 0.95 0.00 -0.90 0.00 -0.85 0.00 -0.95 0.00
0.00 0.90 0.00 0.95 0.00 0.90 0.00 -0.95

Table 3: Parameters of DGP3 models used in the simulation

MODEL Φ1(1) Φ1(2) Φ1(3) Φ1(4)

DGP3 0.60 0.30 -0.30 0.40 0.30 0.30 -0.40 -0.40
0.60 0.20 0.20 0.40 0.30 0.20 0.30 -0.40

Φ2(1) Φ2(2) Φ2(3) Φ2(4)

0.40 0.60 -0.30 0.30 0.20 0.50 0.30 0.50
-0.20 0.50 0.30 -0.40 -0.30 -0.30 0.50 0.30

Table 4: Error covariance matrices used in the simulation

Σϵ (1) Σϵ (2) Σϵ (3) Σϵ (4)

1.00 0.50 1.00 0.30 1.00 0.20 1.00 0.10
0.50 1.00 0.30 1.00 0.20 1.00 0.10 1.00

We studied the empirical frequencies of rejection of the null hypothesis of adequacy at the 5% and 10% nominal levels, for
each of three series length (N = 200, 1000 and 5000). For each experiment, 1000 independent realizations were generated. For
these nominal levels, the empirical relative frequency of rejection size over the 1000 independent replications should vary respec-
tively within the confidence intervals [3.6%, 6.4%] and [8.1%, 11.9%] with probability 95% and [3.3%, 6.9%] and [7.6%, 12.5%]
with probability 99% under the assumption that the true probabilities of rejection are respectively α = 5% and α = 10%. When
the relative rejection frequencies are outside the significant limits with probability 95%, they are displayed in bold type. For each
realization of the DGP defined by DGP1, a PVAR model of order one was estimated by least squares estimators, as described
in Section 3.1 of Boubacar Mainassara and Ursu (2023). When the DGP was given by DGP2, the zero-valued parameters in
ΦC(ν) were taken into account by properly defining the constraint matrix R(ν), ν = 1, 2, 3, 4, and the parameters were estimated
using the procedure described in Section 3.2 of Boubacar Mainassara and Ursu (2023).

For each residual time series, the portmanteau test statistics Q∗M(ν) (52), ν = 1, . . . , s and Q∗M (54) were calculated using the
Ljung-Box-McLeod correction factor, for M ∈ {1, 2, 3, 6, 8, 10}. We indicate the conventions that we adopt in the discussion and
in the tables:

• Q1
M(ν) and GQ1

M(ν) refer to the modified Q∗M(ν) and global modified tests as defined in Ursu and Duchesne (2009).

• Q2
M(ν) and GQ2

M(ν) refer to the modified Q∗M(ν) and global modified tests as defined in Duchesne and Lafaye de Micheaux
(2013).

• Q3
M(ν) and GQ3

M(ν) refer to the modified test using the statistics (52) and (54).

Compared to the modified portmanteau test proposed by Duchesne and Lafaye de Micheaux (2013) and Ursu and Duchesne
(2009), we use a VAR spectral estimator approach to estimate the asymptotic covariance matrix of a vector autocorrelations
residuals. The implementation of this method requires a choice of the VAR order r. In the strong PVAR cases, we fixed r = 1
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as it can be shown that, for strong models, the VAR spectral estimator is consistent with any fixed value of r. For weak PVAR
models, the VAR order r is set as r = 1, 2, 3 and is automatically selected by Akaike Information Criterion using the function
VARselect() of the vars R package. Imhof’s algorithm (Imhof, 1961) has been used to obtain the critical values; we used the R
package CompQuadForm available from CRAN. The results concerning the standard tests are not presented here, because they
are similar to those of the modified tests.

5.1. Empirical size

5.1.1. Unconstrained strong PVAR model
First we consider the unconstrained strong PVAR defined by DGP1 and where the stochastic process ϵ = {ϵ t, t ∈ Z} corresponds
to a zero mean periodic white noise with the error covariance matrix Σν given in Table 4.

The number of rejections of the null hypothesis of adequacy is reported in Tables 5 and 7. The results presented in Table 5
indicate that, for the test proposed by Ursu and Duchesne (2009), some rejection has been observed for small values of M at
both significance levels. This is not surprising because the χ2

d2(M−1) approximation is better for larger M. Note that for M = 1,
the empirical size is not available (n.a.) for the test proposed by Ursu and Duchesne (2009) because the test is not applicable to
M ≤ p. On the other hand, the error of first kind is well controlled by the test proposed by Duchesne and Lafaye de Micheaux
(2013) and our test even when M is small. The results presented in Table 5 indicate that some under-rejection has been observed
for large values of M at both significance levels when N = 200 for our test. No wonder that N has to be large enough as our test
requires the estimation of the covariance structure of a high dimension multivariate process.

The empirical levels of the global portmanteau tests statistics are given in Table 7. For our test some under-rejections occurred
for large values of M when N = 200. When N = 1000, the results were generally reasonable at both significance levels. It is not
surprising that large sample sizes are needed for the global test statistics given the high dimension of the process.

Table 5: Empirical levels (number of rejections of the null hypothesis over 1000 replications) at the 5% and 10% significance levels for the modified portmanteau test statistics
QM (ν) for ν = 1, 2, 3, 4 and M = 1, 2, 3, 6, 8, 10. The simulated model is a strong PVAR given by DGP1. The numbers of years are equal to N = 200, 1000 and 5000. Q1

M (ν) is the
portmanteau test statistics defined by (35) in Ursu and Duchesne (2009). Q2

M (ν) is the portmanteau test statistics defined by (26) in Duchesne and Lafaye de Micheaux (2013). Q3
M (ν)

is the portmanteau test statistics defined by (52).

α = 0.05
N = 200 N = 1000 N = 5000

Q1
M (ν) Q2

M (ν) Q3
M (ν) Q1

M (ν) Q2
M (ν) Q3

M (ν) Q1
M (ν) Q2

M (ν) Q3
M (ν)

M
ν

1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4

1 n.a. n.a. n.a. n.a. 6.9 5.5 5.1 5.8 4.4 3.5 4.7 3.7 n.a. n.a. n.a. n.a. 4.9 5.6 6.4 5.5 5.8 5.7 5.0 5.6 n.a. n.a. n.a. n.a. 4.6 4.5 5.7 4.3 6.1 5.2 4.1 4.5
2 11.9 6.1 5.6 5.5 6.2 4.9 5.4 5.0 3.3 4.9 4.4 4.1 13.5 4.5 4.7 6.1 6.1 4.6 6.5 5.0 5.3 5.4 5.0 4.0 13.5 4.8 6.5 6.0 4.4 3.8 5.1 4.4 6.0 4.6 6.4 4.8
3 6.3 5.3 6.0 6.4 5.1 3.9 5.4 5.1 3.3 3.6 4.2 3.7 6.1 5.2 5.3 6.0 6.5 5.3 4.9 5.4 5.1 5.4 5.8 4.7 5.0 4.8 4.4 5.3 4.9 3.6 5.7 5.4 4.4 4.7 4.4 5.3
6 5.2 4.8 4.7 5.2 6.1 4.3 5.6 4.8 1.6 1.9 1.4 2.0 5.1 5.4 5.8 5.4 5.6 4.7 6.3 5.6 4.0 4.6 4.3 4.0 5.9 4.7 5.1 3.9 5.1 5.5 6.0 4.2 5.3 4.4 5.0 3.6
8 3.6 5.1 4.1 4.2 5.1 5.4 6.4 5.9 1.6 2.0 0.9 1.4 5.5 5.3 4.5 5.0 5.6 5.5 5.8 5.6 4.6 4.5 4.5 4.3 4.4 5.4 4.2 6.0 4.3 5.4 5.4 4.0 4.0 5.2 3.9 6.0
10 5.3 5.5 5.1 5.8 5.4 4.1 5.9 5.2 1.3 2.0 2.3 1.6 6.5 4.7 5.7 4.2 5.4 6.4 6.4 6.4 3.4 3.5 4.7 3.8 5.4 5.0 5.0 5.6 5.5 4.6 5.5 4.9 5.3 4.6 4.8 5.1

α = 0.10
N = 200 N = 1000 N = 5000

Q1
M (ν) Q2

M (ν) Q3
M (ν) Q1

M (ν) Q2
M (ν) Q3

M (ν) Q1
M (ν) Q2

M (ν) Q3
M (ν)

M
ν

1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4

1 n.a. n.a. n.a. n.a. 12.3 11.0 10.9 10.7 9.8 10.5 8.5 10.1 n.a. n.a. n.a. n.a. 10.1 10.5 11.6 10.8 10.7 10.1 10.1 11.6 n.a. n.a. n.a. n.a. 9.8 9.6 11.1 9.2 11.3 8.9 9.4 8.5
2 20.8 11.8 12.5 11.9 11.5 9.5 10.3 8.8 7.3 9.6 10.7 7.7 22.9 9.3 10.5 11.9 11.0 9.8 10.7 9.8 11.3 11.1 10.6 8.9 23.9 10.4 12.5 12.4 8.2 8.4 10.3 9.8 9.8 9.9 12.0 9.1
3 12.5 10.0 10.9 11.1 10.2 10.4 9.9 9.4 8.9 8.5 8.9 9.3 12.4 10.7 9.3 11.2 10.8 11.1 9.4 9.9 11.1 9.7 10.4 9.7 11.3 8.8 9.8 9.8 10.2 7.8 10.3 10.2 9.6 8.2 9.6 9.8
6 11.3 9.6 9.6 11.8 9.6 10.0 10.1 11.3 5.6 5.5 5.8 5.8 9.9 9.4 11.4 11.0 11.1 10.3 11.5 9.9 8.7 9.5 9.3 7.8 11.3 9.9 10.9 9.1 10.3 9.8 10.7 9.5 10.7 9.5 10.1 9.0
8 9.7 10.9 8.8 10.2 10.0 10.1 11.3 11.0 4.7 5.1 3.9 3.9 10.1 10.7 10.2 8.8 11.3 11.3 10.4 10.1 9.2 10.2 8.7 9.8 10.1 10.0 9.1 10.3 9.3 10.2 10.9 9.9 10.1 10.0 8.7 10.1
10 10.1 10.8 10.5 10.4 10.5 10.0 12.3 11.5 4.6 7.2 6.4 5.1 12.4 10.9 11.3 8.9 11.0 11.4 11.2 10.7 7.4 7.9 10.1 8.2 11.9 8.8 10.3 11.5 10.6 9.1 11.2 9.0 11.6 8.7 10.0 11.4

Table 6: Empirical levels (number of rejections of the null hypothesis over 1000 replications) at the 5% and 10% significance levels for the modified portmanteau test statistics
QM (ν) for ν = 1, 2, 3, 4 and M = 1, 2, 3, 6, 8, 10. The simulated model is a strong PVAR given by DGP3. The numbers of years are equal to N = 200, 1000 and 5000. Q1

M (ν) is the
portmanteau test statistics defined by (35) in Ursu and Duchesne (2009). Q2

M (ν) is the portmanteau test statistics defined by (26) in Duchesne and Lafaye de Micheaux (2013). Q3
M (ν)

is the portmanteau test statistics defined by (52).

α = 0.05
N = 200 N = 1000 N = 5000

Q1
M (ν) Q2

M (ν) Q3
M (ν) Q1

M (ν) Q2
M (ν) Q3

M (ν) Q1
M (ν) Q2

M (ν) Q3
M (ν)

M
ν

1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4

1 n.a. n.a. n.a. n.a. 3.9 6.0 5.6 6.3 4.9 5.0 5.5 4.2 n.a. n.a. n.a. n.a. 4.4 5.2 3.6 5.2 5.3 4.7 4.4 4.6 n.a. n.a. n.a. n.a. 5.8 5.2 5.8 5.1 5.6 5.1 4.8 6.1
2 n.a. n.a. n.a. n.a 4.8 6.7 5.0 5.6 4.9 5.0 4.5 4.1 n.a. n.a. n.a. n.a. 4.9 5.7 4.5 5.5 4.5 5.0 3.6 4.9 n.a. n.a. n.a. n.a. 4.6 4.6 4.6 5.0 4.8 5.8 5.9 5.8
3 15.4 17.1 11.2 10.4 4.3 6.6 4.9 6.3 4.1 3.2 5.0 3.7 14.8 16.7 8.8 9.2 5.5 4.9 3.8 4.4 4.3 5.4 5.2 5.3 14.4 13.5 11.1 9.6 5.7 4.4 5.4 4.8 6.3 4.5 5.4 5.7
6 6.1 5.7 4.6 5.4 5.8 5.7 4.4 5.2 1.8 2.4 3.5 3.3 5.8 5.2 5.6 5.5 5.0 4.8 5.4 5.1 4.6 4.7 5.6 3.4 5.6 4.8 4.9 5.1 5.0 4.6 4.8 5.1 4.0 4.4 5.2 5.0
8 4.7 5.8 5.2 5.5 4.8 6.0 5.2 6.1 4.5 5.8 5.2 6.0 5.0 3.7 5.1 5.2 5.1 3.7 4.8 5.2 4.7 3.6 4.8 4.1 4.9 4.2 4.5 4.5 4.9 4.2 4.1 4.5 4.9 6.0 6.1 5.0

10 5.0 5.3 4.7 5.4 5.5 5.7 5.2 5.7 10.9 12.1 11.8 10.6 5.3 3.5 4.6 5.7 5.3 3.5 4.6 5.7 4.2 4.3 5.1 4.5 4.1 3.7 4.6 5.2 4.1 3.7 4.6 5.1 5.5 4.7 4.9 3.7
α = 0.10

N = 200 N = 1000 N = 5000
Q1

M (ν) Q2
M (ν) Q3

M (ν) Q1
M (ν) Q2

M (ν) Q3
M (ν) Q1

M (ν) Q2
M (ν) Q3

M (ν)

M
ν

1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4

1 n.a. n.a. n.a. n.a. 8.4 12.4 10.9 11.2 10.7 11.7 10.7 10.0 n.a. n.a. n.a. n.a. 11.1 10.0 7.6 10.5 11.6 9.4 8.7 9.2 n.a. n.a. n.a. n.a. 10.4 10.8 10.4 10.2 11.0 9.5 9.1 11.5
2 n.a. n.a. n.a. n.a. 10.0 12.2 11.2 11.3 8.4 9.5 10.4 9.9 n.a. n.a. n.a. n.a. 10.0 11.7 8.8 10.3 9.7 9.6 8.6 10.0 n.a. n.a. n.a. n.a. 9.3 8.7 9.7 10.8 9.3 10.7 9.9 11.2
3 26.9 27.4 20.7 20.2 9.8 12.4 10.0 11.7 8.7 8.7 9.8 10.5 25.5 26.8 19.0 17.5 11.2 11.0 8.3 9.5 9.2 10.4 11.5 11.2 24.5 24.4 20.7 18.0 9.7 8.8 10.8 10.1 11.6 8.8 10.7 11.6
6 13.0 11.6 9.8 11.2 12.0 11.3 9.5 11.1 6.5 7.3 7.6 8.4 12.2 10.6 10.0 11.5 11.0 10.0 9.6 10.7 10.2 11.7 10.6 8.4 11.0 9.5 10.7 11.5 10.1 8.9 10.0 10.8 8.1 9.8 9.8 10.9
8 10.4 10.7 10.8 11.5 11.0 11.3 11.6 12.3 12.8 15.3 13.3 14.2 10.3 10.2 10.3 10.1 10.4 10.2 10.3 10.1 9.5 9.6 8.9 8.4 10.0 9.6 9.0 10.9 10.0 9.5 8.7 10.7 10.7 10.2 10.4 10.7

10 10.2 10.0 10.4 11.8 10.5 10.7 11.1 13.1 26.8 26.1 26.7 25.5 9.2 8.8 10.0 10.4 9.4 8.8 10.1 10.5 8.9 10.2 9.8 10.8 9.8 8.9 9.7 10.0 9.7 8.9 9.7 10.0 9.4 9.8 10.7 8.4
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Table 7: Empirical levels at the 5% and 10% significance levels for the global portmanteau test statistics QM for M = 1, 2, 3, 6, 8, 10. The simulated model is a strong PVAR given by
DGP1. The numbers of years are equal to N = 200, 1000 and 5000. Q1

M (ν) is the global portmanteau test statistics defined by (37) in Ursu and Duchesne (2009). Q2
M (ν) is the global

portmanteau test statistics defined by (28) in Duchesne and Lafaye de Micheaux (2013). Q3
M (ν) is the global portmanteau test statistics defined by (54).

α = 0.05 α = 0.10
N = 200 N = 1000 N = 5000 N = 200 N = 1000 N = 5000

M Q1
M Q2

M Q3
M Q1

M Q2
M Q3

M Q1
M Q2

M Q3
M Q1

M Q2
M Q3

M Q1
M Q2

M Q3
M Q1

M Q2
M Q3

M
1 n.a. 3.9 3.9 n.a. 5.7 6.0 n.a. 4.6 5.3 n.a. 10.3 8.9 n.a. 11.2 11.5 n.a. 10.0 11.2
2 11.6 5.3 3.7 9.4 6.4 5.1 11.4 4.7 5.6 19.8 11.4 7.7 17.7 11.6 10.1 20.1 8.5 10.1
3 6.9 5.6 3.6 7.3 5.7 5.2 5.7 5.1 5.1 12.6 10.7 8.7 13.5 12.0 11.2 10.6 9.2 9.2
6 6.1 5.9 3.5 5.0 5.9 3.1 4.4 4.4 4.1 10.2 12.2 7.8 9.6 11.3 6.7 8.6 9.9 8.4
8 5.0 5.2 1.3 5.7 6.4 4.4 5.4 5.2 5.0 10.1 11.6 3.8 10.7 11.3 10.4 10.1 9.5 9.5
10 5.8 6.2 1.8 6.0 6.0 3.6 5.6 4.9 5.0 12.0 12.9 6.0 11.8 11.9 7.8 9.8 9.8 9.5

Table 8: Empirical levels at the 5% and 10% significance levels for the global portmanteau test statistics QM for M = 1, 2, 3, 6, 8, 10. The simulated model is a strong PVAR given by
DGP3. The numbers of years are equal to N = 200, 1000 and 5000. Q1

M (ν) is the global portmanteau test statistics defined by (37) in Ursu and Duchesne (2009). Q2
M (ν) is the global

portmanteau test statistics defined by (28) in Duchesne and Lafaye de Micheaux (2013). Q3
M (ν) is the global portmanteau test statistics defined by (54).

α = 0.05 α = 0.10
N = 200 N = 1000 N = 5000 N = 200 N = 1000 N = 5000

M Q1
M Q2

M Q3
M Q1

M Q2
M Q3

M Q1
M Q2

M Q3
M Q1

M Q2
M Q3

M Q1
M Q2

M Q3
M Q1

M Q2
M Q3

M
1 n.a. 5.4 4.9 n.a. 5.3 4.0 n.a. 5.3 5.0 n.a. 11.5 10.8 n.a. 11.3 9.6 n.a. 11.3 9.9
2 n.a. 5.3 5.1 n.a. 4.7 4.4 n.a. 4.5 6.0 n.a. 11.4 10.1 n.a. 10.7 9.6 n.a. 9.8 10.0
3 30.8 5.7 4.1 27.8 5.3 5.3 28.5 4.1 6.8 48.0 11.4 10.5 42.1 9.2 11.5 43.5 9.4 10.0
6 7.6 6.8 3.1 5.6 5.4 3.6 5.6 4.8 4.6 13.7 12.8 6.9 11.5 9.9 9.4 11.4 10.2 7.6
8 6.3 7.2 13.7 5.1 5.0 3.3 5.5 4.9 5.8 11.6 12.9 25.2 11.5 9.9 8.5 10.3 10.0 10.8
10 5.1 6.1 38.6 4.3 4.4 4.3 4.5 4.5 4.3 9.8 12.3 60.6 9.5 9.9 10.1 10.2 10.2 9.7

5.1.2. Constrained strong PVAR model
We consider the constrained strong PVAR defined by DGP2 and the innovation process ϵ = {ϵ t, t ∈ Z} is the same as in

unconstrained case. The number of rejections of the null hypothesis of adequacy are reported in Tables (9) and (10). Note that
the results are very similar to the unconstrained case.

Table 9: Empirical levels (number of rejections of the null hypothesis over 1000 replications) at the 5% and 10% significance levels for the modified portmanteau test statistics
QM (ν) for ν = 1, 2, 3, 4 and M = 1, 2, 3, 6, 8, 10. The simulated model is a strong PVAR given by DGP2. The numbers of years are equal to N = 200, 1000 and 5000. Q1

M (ν) is the
portmanteau test statistics defined by (35) in Ursu and Duchesne (2009). Q2

M (ν) is the portmanteau test statistics defined by (26) in Duchesne and Lafaye de Micheaux (2013). Q3
M (ν)

is the portmanteau test statistics defined by (52).

α = 0.05
N = 200 N = 1000 N = 5000

Q1
M (ν) Q2

M (ν) Q3
M (ν) Q1

M (ν) Q2
M (ν) Q3

M (ν) Q1
M (ν) Q2

M (ν) Q3
M (ν)

M
ν

1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4

1 n.a. n.a. n.a. n.a. 4.2 3.6 5.4 4.2 3.4 3.2 4.7 4.2 n.a. n.a. n.a. n.a. 5.2 5.0 5.3 5.4 3.8 4.2 5.0 4.2 n.a. n.a. n.a. n.a. 5.2 5.2 5.3 6.0 5.2 5.3 4.5 5.3
2 10.7 8.9 8.1 10.8 5.8 4.1 6.3 4.8 3.5 2.5 3.3 3.7 10.7 7.4 9.3 8.8 4.7 5.9 4.9 4.8 4.3 4.6 4.7 4.3 12.1 10.5 8.4 9.4 6.3 5.2 4.3 5.4 6.2 4.6 5.0 4.8
3 7.7 7.3 7.1 7.3 4.8 4.5 6.6 5.2 3.0 2.8 3.2 3.1 7.5 8.8 5.5 6.4 4.5 4.9 4.3 5.0 3.9 5.6 3.6 4.3 9.2 6.7 6.9 6.3 5.3 5.8 5.1 5.2 6.1 4.0 5.1 3.8
6 5.9 5.8 4.8 6.4 6.2 5.2 6.2 6.0 2.3 1.8 1.6 1.7 6.3 5.9 6.8 5.2 4.3 5.1 5.1 5.8 4.5 3.7 4.4 3.9 6.5 5.3 4.4 5.6 6.0 5.0 4.5 4.6 5.4 4.5 3.5 4.5
8 5.9 4.2 5.9 5.3 6.2 5.3 6.2 5.8 1.3 0.7 1.6 1.0 6.2 5.3 5.8 5.1 4.4 5.8 6.0 4.9 4.8 3.7 4.6 3.2 5.7 5.8 5.4 5.0 5.3 5.2 4.4 5.2 4.8 5.1 4.6 4.0
10 5.1 5.0 5.3 5.0 5.9 5.6 6.0 6.9 1.4 0.8 1.1 1.1 4.3 4.8 5.8 5.2 4.5 6.0 5.2 4.9 2.9 3.2 4.2 3.5 4.8 5.6 5.5 5.3 5.8 5.4 5.9 4.2 4.3 5.2 5.1 4.2

α = 0.10
N = 200 N = 1000 N = 5000

Q1
M (ν) Q2

M (ν) Q3
M (ν) Q1

M (ν) Q2
M (ν) Q3

M (ν) Q1
M (ν) Q2

M (ν) Q3
M (ν)

M
ν

1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4

1 n.a. n.a. n.a. n.a. 9.0 9.0 11.3 8.8 8.8 7.6 9.6 9.5 n.a. n.a. n.a. n.a. 9.6 9.6 10.2 10.5 7.5 10.3 10.3 8.8 n.a. n.a. n.a. n.a. 9.9 10.4 10.0 9.5 10.6 9.9 9.1 9.7
2 19.9 17.8 17.8 18.5 10.2 8.9 11.8 10.4 8.0 7.5 8.0 9.6 19.9 15.2 19.3 17.7 10.0 9.6 10.0 10.6 9.1 7.9 10.6 8.8 20.2 18.8 17.9 16.8 11.3 11.3 9.6 9.9 11.7 11.3 10.2 10.0
3 14.4 14.2 14.4 13.6 10.0 9.7 12.8 10.2 6.8 7.0 7.2 8.1 14.5 14.5 11.5 12.3 9.2 9.4 8.4 11.0 8.7 9.7 7.1 8.4 16.0 12.8 13.7 13.0 10.7 10.3 8.8 9.9 10.4 8.8 8.8 8.6
6 12.1 10.9 10.1 12.1 11.6 10.8 11.8 12.4 5.5 5.1 4.4 5.9 13.0 13.8 12.7 10.5 8.8 10.5 9.0 10.3 9.0 9.9 10.1 8.2 12.8 10.6 10.6 9.7 10.9 9.9 8.8 9.1 9.9 8.6 8.8 8.0
8 11.1 10.2 11.4 10.5 11.6 10.8 11.8 11.5 4.6 3.0 4.6 4.9 10.5 12.0 12.2 10.2 8.3 10.7 10.5 10.6 8.0 8.4 10.0 8.2 11.1 10.4 11.1 10.5 10.8 10.5 9.9 9.4 10.3 9.1 9.8 9.0
10 9.7 10.6 10.0 10.1 11.8 10.8 11.0 11.8 3.5 3.4 3.6 3.0 10.3 10.3 10.1 9.4 9.2 11.0 9.8 10.2 7.4 8.0 8.2 7.7 10.1 10.4 10.7 9.9 10.7 10.3 10.8 9.4 8.6 9.3 9.7 9.4

Table 10: Empirical levels at the 5% and 10% significance levels for the global portmanteau test statistics QM for M = 1, 2, 3, 6, 8, 10. The simulated model is a strong PVAR given
by DGP2. The numbers of years are equal to N = 200, 1000 and 5000. Q1

M (ν) is the global portmanteau test statistics defined by (37) in Ursu and Duchesne (2009). Q2
M (ν) is the global

portmanteau test statistics defined by (28) in Duchesne and Lafaye de Micheaux (2013). Q3
M (ν) is the global portmanteau test statistics defined by (54).

α = 0.05 α = 0.10
N = 200 N = 1000 N = 5000 N = 200 N = 1000 N = 5000

M Q1
M Q2

M Q3
M Q1

M Q2
M Q3

M Q1
M Q2

M Q3
M Q1

M Q2
M Q3

M Q1
M Q2

M Q3
M Q1

M Q2
M Q3

M
1 n.a. 5.1 3.7 n.a. 6.0 4.4 n.a. 5.7 5.9 n.a. 10.4 8.3 n.a. 10.5 8.1 n.a. 9.9 11.5
2 20.0 6.3 3.8 18.3 5.6 5.6 20.1 4.9 5.1 32.8 11.8 8.9 31.0 10.1 9.9 33.7 10.0 10.5
3 11.4 5.4 3.2 10.3 5.2 3.6 10.8 5.8 4.8 20.1 10.6 7.4 18.0 10.2 7.4 21.4 10.3 9.4
6 6.2 6.8 1.6 7.1 5.6 3.9 6.4 5.1 2.6 14.5 11.9 4.0 14.6 9.2 8.4 12.7 10.7 8.6
8 8.5 7.1 2.0 5.9 5.0 3.6 5.5 5.0 4.2 14.2 13.4 5.0 13.0 9.6 7.9 12.9 10.4 9.4
10 6.6 8.0 0.5 5.9 4.3 3.3 6.1 5.2 4.6 13.0 14.0 3.1 11.4 9.9 7.8 11.5 10.5 10.1

From these examples we draw the conclusion that, for strong PVAR models diagnostic checks season by season are recom-
mended to use and the test proposed by Duchesne and Lafaye de Micheaux (2013) may be preferable to the other mentioned tests
when N is small (N = 200). Note that our proposed test can be used safely for M small and N large enough (N ≥ 100).
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5.1.3. Unconstrained weak PVAR model
We repeat the same experiments on a weak PVAR model, meaning that the stochastic process ϵ is defined by

ϵns+ν =M⊤
ν

(
η1,ns+νη1,ns+ν−1η1,ns+ν−2
η2,ns+νη2,ns+ν−1η2,ns+ν−2

)
(55)

where ηt = (η1,t, η2,t)⊤ iidN(0, I2) and Mν is the upper triangular matrix satisfying the equation MT
νMν = Σϵ (ν) := E[ϵns+νϵ

⊤
ns+ν].

This process can be viewed as a multivariate extension of univariate weak noises considered in Romano and Thombs (1996).

Table 11: Empirical levels (number of rejections of the null hypothesis over 1000 replications) at the 5% and 10% significance levels for the modified portmanteau test statistics
QM (ν) for ν = 1, 2, 3, 4 and M = 1, 2, 3, 6, 8, 10. The simulated model is a weak PVAR given by DGP1. The numbers of years are equal to N = 200, 1000 and 5000. Q1

M (ν) is the
portmanteau test statistics defined by (35) in Ursu and Duchesne (2009). Q2

M(ν) is the portmanteau test statistics defined by (26) in Duchesne and Lafaye de Micheaux (2013). Q3
M(ν)

is the portmanteau test statistics defined by (52).

α = 0.05
N = 200 N = 1000 N = 5000

Q1
M (ν) Q2

M (ν) Q3
M (ν) Q1

M (ν) Q2
M (ν) Q3

M (ν) Q1
M (ν) Q2

M (ν) Q3
M (ν)

M
ν

1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4

1 n.a. n.a. n.a. n.a. 44.9 20.8 32.3 46.0 4.4 4.5 2.7 4.3 n.a. n.a. n.a. n.a. 50.0 24.8 38.1 55.4 4.5 4.7 4.8 5.1 n.a. n.a. n.a. n.a. 51.1 26.9 43.5 55.8 3.3 6.1 5.1 4.0
2 60.1 29.8 38.2 53.4 46.6 26.5 36.6 47.7 1.8 3.6 3.2 3.7 68.6 33.3 44.2 59.5 57.3 32.9 40.9 55.8 4.3 4.7 3.5 3.2 68.9 34.7 47.1 58.9 58.3 36.0 45.1 55.9 4.3 4.5 6.4 4.8
3 47.3 23.7 30.3 42.1 43.9 21.3 32.0 42.8 2.2 1.8 1.9 2.6 55.5 29.3 35.8 50.4 52.9 27.6 35.0 51.7 4.2 3.4 2.3 2.9 57.3 29.8 37.1 52.5 56.7 29.6 40.8 52.6 5.2 3.8 4.4 5.3
6 33.5 17.5 22.3 32.8 34.7 17.1 25.5 34.5 0.7 0.2 0.7 0.7 41.5 20.4 26.7 41.9 42.8 22.0 25.7 40.1 2.8 2.0 2.7 3.0 44.1 21.3 29.8 40.3 45.4 21.2 28.9 40.4 4.5 4.3 4.7 4.0
8 33.6 17.7 21.0 30.9 30.2 16.5 22.4 31.0 1.1 1.2 1.3 1.1 39.2 16.6 22.8 31.8 38.4 19.9 23.2 35.4 3.5 1.5 2.5 2.3 40.4 19.2 26.5 36.0 39.6 19.1 26.2 36.2 4.1 3.3 4.2 3.5
10 28.3 15.4 20.2 26.9 29.3 15.2 20.8 28.8 3.3 5.5 5.2 4.0 33.3 18.1 22.5 34.9 33.7 17.3 22.8 32.9 1.1 1.5 1.8 1.5 34.7 19.9 23.6 34.0 37.3 16.5 23.2 32.6 3.8 3.8 3.1 2.7

α = 0.10
N = 200 N = 1000 N = 5000

Q1
M (ν) Q2

M (ν) Q3
M (ν) Q1

M (ν) Q2
M (ν) Q3

M (ν) Q1
M (ν) Q2

M (ν) Q3
M (ν)

M
ν

1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4

1 n.a. n.a. n.a. n.a. 54.8 27.3 40.9 56.0 10.9 11.4 8.7 9.9 n.a. n.a. n.a. n.a. 58.5 35.7 47.9 63.5 9.4 8.8 11.8 11.6 n.a. n.a. n.a. n.a. 60.8 35.7 52.5 65.1 8.0 11.6 10.1 8.7
2 69.3 38.2 46.8 61.6 56.7 34.2 45.7 56.3 6.7 8.8 8.6 9.9 77.1 43.0 53.2 68.7 65.5 41.7 49.3 65.20 9.4 10.1 8.9 7.9 78.4 43.9 56.9 67.7 66.2 44.5 54.5 64.6 8.3 9.6 11.5 10.6
3 55.7 31.4 39.4 51.2 52.1 28.5 39.8 51.4 8.1 5.6 6.6 7.7 64.4 38.9 46.6 59.0 62.5 36.5 44.2 59.9 8.7 8.1 7.2 7.4 65.6 38.8 46.0 62.7 63.7 39.2 50.5 61.5 9.5 8.1 9.4 10.9
6 43.5 26.4 29.9 42.9 43.4 25.0 33.4 43.8 3.1 2.5 3.2 2.5 50.7 29.3 34.9 51.4 51.7 32.1 34.6 48.7 7.6 6.2 6.4 7.9 55.1 30.2 38.4 50.1 54.9 30.3 38.7 50.4 9.6 8.9 9.7 9.1
8 42.0 24.0 28.3 41.0 39.8 24.1 30.1 40.8 3.5 4.6 4.4 3.7 47.2 25.5 31.2 42.1 47.5 28.1 31.6 45.7 9.0 4.7 5.9 5.4 51.0 31.2 37.7 46.5 50.0 29.5 36.6 46.2 8.7 7.3 9.9 8.2
10 36.0 23.7 27.3 36.0 36.7 23.3 28.0 36.5 8.5 12.5 11.8 9.7 42.5 25.4 31.0 44.5 43.5 26.5 30.1 41.5 4.8 5.8 4.8 4.6 45.8 29.6 33.4 43.8 48.2 26.5 34.9 43.1 7.5 8.8 7.4 7.9

Table 12: Empirical levels (number of rejections of the null hypothesis over 1000 replications) at the 5% and 10% significance levels for the modified portmanteau test statistics
QM (ν) for ν = 1, 2, 3, 4 and M = 1, 2, 3, 6, 8, 10. The simulated model is a weak PVAR given by DGP3. The numbers of years are equal to N = 200, 1000 and 5000. Q1

M (ν) is the
portmanteau test statistics defined by (35) in Ursu and Duchesne (2009). Q2

M (ν) is the portmanteau test statistics defined by (26) in Duchesne and Lafaye de Micheaux (2013). Q3
M (ν)

is the portmanteau test statistics defined by (52).

α = 0.05
N = 200 N = 1000 N = 5000

Q1
M (ν) Q2

M (ν) Q3
M (ν) Q1

M (ν) Q2
M (ν) Q3

M (ν) Q1
M (ν) Q2

M (ν) Q3
M (ν)

M
ν

1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4

1 n.a. n.a. n.a. n.a. 19.4 13.3 15.3 22.8 4.9 4.5 5.9 4.4 n.a. n.a. n.a. n.a. 24.4 16.7 15.8 29.7 6.0 4.9 5.9 4.3 n.a. n.a. n.a. n.a. 23.1 18.1 16.7 29.0 5.3 5.7 5.8 5.8
2 n.a. n.a. n.a. n.a. 13.4 9.7 11.9 20.7 3.6 2.8 3.4 3.8 n.a. n.a. n.a. n.a. 18.8 10.3 12.0 27.0 4.8 4.3 3.5 4.9 n.a. n.a. n.a. n.a. 17.5 11.9 11.7 27.5 5.5 5.9 4.9 4.4
3 27.5 21.0 18.3 23.6 14.1 11.3 11.7 16.6 2.5 2.0 2.0 3.0 34.0 24.1 19.1 29.4 17.8 12.6 10.8 23.0 4.8 4.1 3.6 5 33.2 25.8 17.8 28.1 18.2 13.0 10.5 21.4 4.9 4.6 4.4 4.6
6 13.5 11.3 10.7 15.5 12.7 11.1 10.7 15.1 1.0 0.6 1.9 2.2 14.2 12.3 8.8 15.1 13.7 11.9 8.5 14.6 2.7 1.6 1.8 2.0 14.9 11.0 10.2 15.6 14.0 10.4 10.1 15.1 4.4 4.4 2.8 4.4
8 12.7 11.4 10.9 13.0 12.8 11.6 11.1 13.3 3.5 3.0 3.6 4.2 12.0 10.9 8.8 14.4 12.0 10.9 8.7 14.4 2.2 2.0 2.3 2.1 11.8 11.6 9.0 14.0 11.6 11.3 8.8 13.9 3.8 4.3 3.1 3.1

10 12.4 12.8 11.1 11.6 13.4 13.4 11.7 11.8 3.9 4.4 4.4 5.0 12.7 11.7 9.1 12.7 12.7 11.7 9.2 12.8 1.6 1.7 2.4 1.8 10.9 10.4 7.7 12.8 10.9 10.3 7.7 12.7 2.8 2.4 2.8 3.6
α = 0.10

N = 200 N = 1000 N = 5000
Q1

M (ν) Q2
M (ν) Q3

M (ν) Q1
M (ν) Q2

M (ν) Q3
M (ν) Q1

M (ν) Q2
M (ν) Q3

M (ν)

M
ν

1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4

1 n.a. n.a. n.a. n.a. 29.0 20.4 23.3 31.9 11.8 10.3 12.5 10.1 n.a. n.a. n.a. n.a. 32.8 24.2 23.5 39.2 11.5 10.9 10.9 10.9 n.a. n.a. n.a. n.a. 31.7 28.4 24.4 39.0 9.3 11.1 11.5 10.5
2 n.a. n.a. n.a. n.a. 20.8 16.6 20.8 29.3 9.2 8.1 8.7 10.1 n.a. n.a. n.a. n.a. 27.6 18.7 18.6 36.4 10.6 8.9 8.6 9.6 n.a. n.a. n.a. n.a. 25.6 19.4 20.3 36.3 10.5 10.6 9.3 8.9
3 39.6 34.6 28.2 33.0 22.4 16.8 17.4 23.6 9.6 7.5 7.5 8.4 46.1 34.3 29.2 40.6 27.7 19.5 18.3 31.0 9.8 9.0 9.6 11.1 44.6 37.7 30.3 38.4 27.6 19.5 17.1 29.1 9.2 9.9 8.4 9.3
6 21.3 18.1 18.0 22.8 20.5 18.1 17.8 22.3 4.5 3.4 5.4 6.2 21.8 19.0 15.6 25.0 20.3 18.7 14.7 24.3 7.7 6.5 5.4 6.6 24.5 19.3 17.5 24.8 22.4 18.7 16.9 23.8 8.8 9.7 7.9 8.4
8 19.5 17.0 16.0 19.6 19.9 17.8 16.6 20.6 8.6 9.2 8.2 10.7 18.4 17.5 14.9 21.6 18.5 17.6 14.8 21.6 7.5 5.9 6.0 6.9 21.4 19.2 15.2 21.5 21.4 19.0 15.2 21.4 8.7 8.8 8.8 8.0

10 19.8 18.6 16.8 17.5 21.0 19.1 17.7 18.2 11.8 12.7 11.7 12.6 20.2 18.2 16.1 20.8 20.2 18.4 16.1 20.9 6.2 6.3 5.4 5.7 18.2 19.1 14.2 18.9 18.2 19.1 14.3 19.0 8.7 7.3 7.7 6.8

Table 13: Empirical levels at the 5% and 10% significance levels for the global portmanteau test statistics QM for M = 1, 2, 3, 6, 8, 10. The simulated model is a weak PVAR given
by DGP1. The numbers of years are equal to N = 200 and 1000. Q1

M (ν) is the global portmanteau test statistics defined by (37) in Ursu and Duchesne (2009). Q2
M (ν) is the global

portmanteau test statistics defined by (28) in Duchesne and Lafaye de Micheaux (2013). Q3
M (ν) is the global portmanteau test statistics defined by (54).

α = 0.05 α = 0.10
N = 200 N = 1000 N = 5000 N = 200 N = 1000 N = 5000

M Q1
M Q2

M Q3
M Q1

M Q2
M Q3

M Q1
M Q2

M Q3
M Q1

M Q2
M Q3

M Q1
M Q2

M Q3
M Q1

M Q2
M Q3

M
1 n.a. 70.7 3.9 n.a. 81.1 4.1 n.a. 83.6 3.5 n.a. 79.7 10.7 n.a. 87.3 9.9 n.a. 88.8 7.9
2 87.5 77.2 2.2 92.6 86.7 2.7 92.7 89.1 4.7 92.3 84.3 7.4 95.4 90.5 7.2 95.1 92.7 10.2
3 71.0 70.9 0.8 81.9 81.4 3.2 84.9 83.7 4.0 77.4 77.2 4.7 86.8 86.7 6.6 90.6 88.5 9.2
6 50.1 52.8 0.2 65.4 64.7 1.9 70.7 69.2 4.1 59.3 61.2 1.2 73.4 73.2 5.6 78.6 79.6 9.3
8 48.7 44.4 0.9 54.9 57.2 1.7 65.1 63.7 3.9 58.8 54.2 3.9 63.8 66.3 6.9 74.6 74.5 8.5

10 42.4 41.0 4.0 54.4 53.5 0.8 57.4 58.6 2.8 52.3 51.2 10.7 63.6 62.9 4.9 69.8 69.7 6.9
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Table 14: Empirical levels at the 5% and 10% significance levels for the global portmanteau test statistics QM for M = 1, 2, 3, 6, 8, 10. The simulated model is a weak PVAR given
by DGP3. The numbers of years are equal to N = 200 and 1000. Q1

M (ν) is the global portmanteau test statistics defined by (37) in Ursu and Duchesne (2009). Q2
M (ν) is the global

portmanteau test statistics defined by (28) in Duchesne and Lafaye de Micheaux (2013). Q3
M (ν) is the global portmanteau test statistics defined by (54).

α = 0.05 α = 0.10
N = 200 N = 1000 N = 5000 N = 200 N = 1000 N = 5000

M Q1
M Q2

M Q3
M Q1

M Q2
M Q3

M Q1
M Q2

M Q3
M Q1

M Q2
M Q3

M Q1
M Q2

M Q3
M Q1

M Q2
M Q3

M
1 n.a. 34.4 3.7 n.a. 42.8 4.6 n.a. 44.6 4.8 n.a. 44.5 10.8 n.a. 54.7 11.7 n.a. 55.9 8.7
2 n.a. 27.0 3.9 n.a. 33.0 3.8 n.a. 35.0 4.3 n.a. 37.9 8.7 n.a. 42.9 8.6 n.a. 46.2 9.4
3 54.5 23.8 1.8 59.6 28.6 4.5 63.4 30.0 3.8 67.5 33.4 7.6 72.8 38.9 10.0 75.1 41.2 6.7
6 19.6 18.4 0.6 20.7 19.1 2.4 23.4 20.8 4.6 29.2 28.3 3.5 30.4 28.9 5.3 34.5 41.2 9.4
8 15.7 17.3 3.2 17.6 17.6 1.9 19.7 19.3 3.4 24.3 25.5 10.1 25.9 25.9 6.3 29.1 28.8 8.2
10 15.3 17.1 4.3 16.2 16.7 2.1 16.5 16.5 3.4 22.5 25.2 12.5 24.1 24.3 5.5 24.8 24.8 8.1

5.1.4. Constrained weak PVAR model

Table 15: Empirical levels (number of rejections of the null hypothesis over 1000 replications) at the 5% and 10% significance levels for the modified portmanteau test statistics
QM (ν) for ν = 1, 2, 3, 4 and M = 1, 2, 3, 6, 8, 10. The simulated model is a weak PVAR given by DGP2. The numbers of years are equal to N = 200, 1000 and 5000. Q1

M (ν) is the
portmanteau test statistics defined by (35) in Ursu and Duchesne (2009). Q2

M (ν) is the portmanteau test statistics defined by (26) in Duchesne and Lafaye de Micheaux (2013). Q3
M (ν)

is the portmanteau test statistics defined by (52).

α = 0.05
N = 200 N = 1000 N = 5000

Q1
M (ν) Q2

M (ν) Q3
M (ν) Q1

M (ν) Q2
M (ν) Q3

M (ν) Q1
M (ν) Q2

M (ν) Q3
M (ν)

M
ν

1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4

1 n.a. n.a. n.a. n.a. 59.4 48.0 51.0 54.9 2.1 2.7 2.3 3.2 n.a. n.a. n.a. n.a. 59.5 56.8 60.6 60.1 4.1 3.9 3.5 4.1 n.a. n.a. n.a. n.a. 64.5 59.2 59.8 58.5 5.1 3.6 4.3 3.6
2 66.0 60.1 59.7 66.5 59.9 51.9 51.5 54.7 1.6 1.1 1.3 2.1 74.0 68.3 65.3 71.1 62.3 60.3 59.9 61.8 3.9 2.4 2.0 3.2 76.2 71.7 66.7 73.4 68.8 62.0 62.3 62.5 5.1 3.6 4.3 3.6
3 59.0 51.6 50.6 54.2 56.5 44.9 46.7 49.5 1.4 0.7 1.8 1.4 64.5 58.8 60.6 61.8 58.5 54.0 55.3 57.5 3.6 2.3 3.1 3.7 67.0 59.1 65.0 65.5 63.8 57.0 56.7 58.7 5.2 4.3 3.4 4.2
6 47.6 43.9 39.9 45.2 49.8 37.9 41.0 39.6 0.5 0.2 0.4 0.5 53.9 50.7 48.9 52.4 49.9 45.6 48.4 49.2 2.4 1.3 2.3 3.5 56.5 53.9 49.4 54.3 55.6 49.5 49.2 51.3 4.1 3.8 3.9 4.9
8 42.6 38.3 38.0 41.1 44.9 35.7 37.0 37.3 0.2 0.2 0.3 0.2 51.8 41.6 42.7 45.1 46.9 42.1 43.9 45.0 2.1 1.7 1.6 1.9 51.2 46.7 48.2 50.7 50.6 45.7 44.2 47.9 4.9 4.6 4.0 4.4

10 36.9 33.4 36.2 37.8 42.1 35.0 35.5 36.7 0.2 0.0 0.0 0.1 43.3 41.4 42.0 44.9 44.6 38.9 43.0 42.4 1.8 1.4 1.7 1.0 27.2 18.8 24.0 36.8 48.5 43.5 42.2 44.4 3.7 2.4 3.6 5.5
α = 0.10

N = 200 N = 1000 N = 5000
Q1

M (ν) Q2
M (ν) Q3

M (ν) Q1
M (ν) Q2

M (ν) Q3
M (ν) Q1

M (ν) Q2
M (ν) Q3

M (ν)

M
ν

1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4

1 n.a. n.a. n.a. n.a. 66.7 57.3 60.2 63.1 7.5 7.9 7.2 7.4 n.a. n.a. n.a. n.a. 66.0 64.1 67.8 68.0 9.7 9.2 7.8 10.9 n.a. n.a. n.a. n.a 72.0 68.0 67.8 66.7 8.3 8.7 8.5 9.4
2 74.6 70.6 66.3 75.5 68.6 61.2 59.4 64.1 6.4 4.2 4.2 6.7 80.0 77.2 72.1 78.0 69.8 68.4 69.2 70.6 9.6 7.9 6.4 8.4 83.3 80.6 74.9 80.2 75.5 71.2 69.7 69.9 8.6 9.0 9.4 8.0
3 67.9 62.0 59.9 63.1 64.4 54.6 55.1 58.2 4.7 2.9 4.9 3.7 74.8 68.0 68.6 69.2 65.7 62.5 64.8 67.5 9.7 7.1 8.6 8.8 75.5 68.0 73.6 74.0 72.0 66.1 65.7 66.7 9.3 8.9 9.1 10.2
6 55.5 52.0 50.4 56.0 57.7 48.0 50.9 47.6 2.4 1.5 2.2 2.4 61.6 58.9 57.4 60.9 59.2 54.0 57.1 57.4 7.2 6.7 5.9 7.9 64.1 62.9 59.2 63.8 65.0 57.6 58.0 61.2 8.5 9.7 9.4 10.2
8 50.5 46.7 45.7 49.3 54.7 45.3 46.9 45.5 1.0 1.1 0.8 0.7 61.0 50.9 51.8 53.8 54.5 51.4 53.7 53.7 7.0 4.5 6.4 5.3 60.6 57.5 56.4 60.1 62.0 55.1 54.3 56.8 7.7 8.6 8.2 9.1

10 47.2 41.8 44.7 46.9 51.8 42.5 44.7 44.0 0.6 0.3 0.4 0.6 53.6 50.0 49.7 54.1 52.9 47.8 51.8 52.0 5.1 5.1 5.1 5.7 37.3 29.4 33.7 45.9 58.6 52.6 52.5 54.7 8.3 6.0 8.1 10.2

Table 16: Empirical levels at the 5% and 10% significance levels for the global portmanteau test statistics QM for M = 1, 2, 3, 6, 8, 10. The simulated model is a weak PVAR given by
DGP2. The numbers of years are equal to N = 200, 1000 and 5000. Q1

M (ν) is the global portmanteau test statistics defined by (37) in Ursu and Duchesne (2009). Q2
M (ν) is the global

portmanteau test statistics defined by (28) in Duchesne and Lafaye de Micheaux (2013). Q3
M (ν) is the global portmanteau test statistics defined by (54).

α = 0.05 α = 0.10
N = 200 N = 1000 N = 5000 N = 200 N = 1000 N = 5000

M Q1
M Q2

M Q3
M Q1

M Q2
M Q3

M Q1
M Q2

M Q3
M Q1

M Q2
M Q3

M Q1
M Q2

M Q3
M Q1

M Q2
M Q3

M
1 n.a. 90.8 1.3 n.a. 94.5 3.4 n.a. 95.7 4.5 n.a. 93.4 5.5 n.a. 96.9 7.7 n.a. 97.3 7.9
2 96.2 91.0 1.2 98.9 95.9 2.9 99.3 97.7 3.4 98.5 94.6 3.4 99.5 97.1 6.2 99.6 98.6 8.9
3 91.3 86.6 0.3 97.9 92.8 2.0 98.3 96.0 2.7 93.7 91.8 2.2 98.7 95.3 6.2 99.0 97.4 8.0
6 81.0 75.9 0.0 88.8 85.5 1.8 91.8 90.8 2.9 85.9 82.7 1.1 92.1 90.4 5.1 94.7 93.8 7.5
8 73.6 72.0 0.0 82.2 81.2 1.8 87.6 86.6 4.1 80.1 79.7 0.2 87.6 86.6 4.8 92.5 90.3 8.1
10 65.9 68.1 0.0 80.3 78.3 1.2 55.1 83.8 3.8 73.2 75.3 0.0 86.1 84.3 3.8 66.0 89.1 8.9

As expected, for the weak PVAR models (unconstrained and constrained), the relative rejection frequencies of the tests
defined by Ursu and Duchesne (2009) and by Duchesne and Lafaye de Micheaux (2013) are definitely outside the significant
limits. Based on these two aforementioned tests, an overly complicated PVAR model will be used leading to misinterpretation
and loss of efficiency in terms of linear predictions. It should be noted that, when the sample size is small (N = 200) and M ≥ 2,
the relative rejection frequencies of our proposed test are far from the nominal 5%. This is not surprising that results improved
when N becomes large enough.

5.2. Empirical power

In this part, we simulated 1000 independent trajectories of size N = 1000 and 5000 of a weak PVAR(2) defined by

Yns+ν = Φ1(ν)Yns+ν−1 +Φ2(ν)Yns+ν−2 + ϵns+ν, ϵns+ν =

(
η1,ns+νη1,ns+ν−1η1,ns+ν−2
η2,ns+νη2,ns+ν−1η2,ns+ν−2

)
, (56)
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where ηt =

(
η1,t
η2,t

)
iid N(0, I2). We considered the case of four seasons, that is ν = 4. The autoregressive coefficients of the model

are given by:

Φ1(1) =

(
0.50 0.30
0.10 0.20

)
, Φ1(2) =

(
0.42 0.24
−0.20 0.50

)
,

Φ1(3) =

(
−0.80 0.20
0.60 0.70

)
, Φ1(4) =

(
−0.30 0.50
0.90 −0.20

)
,

Φ2(1) =

(
0.30 0.00
0.00 0.20

)
, Φ2(2) =

(
0.20 0.00
0.00 −0.30

)
,

Φ2(3) =

(
−0.30 0.00
0.00 0.20

)
, Φ2(4) =

(
−0.30 0.00
0.00 −0.20

)
.

For each of these 1000 replications we fitted a PVAR(1) model and perform the following tests: Q1
M(ν) portmanteau test

statistics defined by (35) in Ursu and Duchesne (2009), Q2
M(ν) portmanteau test defined by (26) in Duchesne and Lafaye de

Micheaux (2013) and the Q3
M(ν) portmanteau test defined by (52) based on M = 1, 2, 3, 6, 8, 10 residual autocorrelations. The

adequacy of the PVAR(1) model is rejected when the p-value is less than 5%. Table 17 displays the relative frequency of rejection
over the 1000 replications. As emphasized by Francq and Raı̈ssi (2007), one could think that our proposed portmanteau test is
less powerful than the other two tests. For weak PVAR models, we have seen that the actual level of the tests proposed by Ursu
and Duchesne (2009) or by Duchesne and Lafaye de Micheaux (2013) is generally much greater than the 5% nominal level (see
Table 12).

Table 17: Empirical power (in %) of the Q1
M (ν) portmanteau test statistics defined by (35) in Ursu and Duchesne (2009), the Q2

M (ν) portmanteau test defined by (26) in Duchesne and
Lafaye de Micheaux (2013) and the Q3

M (ν) portmanteau test defined by (52) at the 5% significance level. The simulated model is a weak PVAR given by eq. (56). The numbers of years
are equal to N = 1000 and 5000.

α = 0.05
N = 1000 N = 5000

Q1
M (ν) Q2

M (ν) Q3
M (ν) Q1

M (ν) Q2
M (ν) Q3

M (ν)

M
ν

1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4

1 n.a. n.a. n.a. n.a. 100.0 100.0 100.0 100.0 67.6 100.0 100.0 99.6 n.a. n.a. n.a. n.a. 100.0 100.0 100.0 100.0 99.9 100.0 100.0 100.0
2 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 74.8 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0
3 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 79.5 99.7 100.0 99.6 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0
6 99.9 100.0 100.0 100.0 99.9 100.0 100.0 100.0 79.0 100.0 100.0 99.4 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0
8 99.7 100.0 100.0 100.0 99.7 100.0 100.0 100.0 76.7 100.0 99.9 99.4 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0
10 99.6 100.0 100.0 100.0 99.6 100.0 100.0 100.0 76.3 100.0 100.0 98.9 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0

6. Application to real data

6.1. The CAC 40 and DAX indices as an illustrative example

We illustrate here the new portmanteau test statistics with a real data set derived from finance. The variables are the daily returns
of two European stock market indices: CAC 40 (Paris) and DAX (Frankfurt), from March 3, 1990 to March 10, 2022. The
data were obtained from Yahoo Finance. Because of the legal holidays, many weeks comprise less than five observations. We
preferred removing the entire weeks when there was less than five data available, giving a bivariate time series of sample size
equal to 7060. The period ν = 5 is naturally selected. These data were analyzed by Boubacar Mainassara and Ursu (2023).
A PVAR model of order 1 is fitted to the bivariate series of observations:

Yns+ν = Φ(ν)Yns+ν−1 + ϵns+ν ν = 1, . . . , 5,

where Yt =
(
r1

t , r
2
t

)⊤
and r1

t , r2
t represent the log-return of CAC 40 and DAX respectively. The log-return is defined as rt =

100 × ln (It/It−1) where It represents the value of the index at time t. Seasonal means are first removed from the series, meaning
that a model is formulated by examining Yns+ν − µ(ν).
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Table 18: Least squares estimators used to fit the log-returns of CAC 40 and DAX data to a bivariate PVAR model with ν = 5; the σ̂S and σ̂SP represent the
standard errors in the strong case and for our proposed estimators in the weak case; pvalS and pvalSP correspond to the p-values of the t-statistic of β̂.

β̂ σ̂S σ̂SP pvalS pvalSP
1 -0.0349 0.0707 0.1456 0.6220 0.8107
2 0.0153 0.0731 0.1480 0.8346 0.9180
3 -0.0070 0.0706 0.0992 0.9215 0.9441
4 -0.0378 0.0729 0.1019 0.6044 0.7106
5 -0.0506 0.0399 0.0524 0.2045 0.3339
6 -0.0270 0.0420 0.0663 0.5214 0.6843
7 -0.0020 0.0386 0.0551 0.9591 0.9713
8 -0.0246 0.0407 0.0742 0.5450 0.7399
9 -0.3001 0.0532 0.1296 0.0000 0.0207

10 -0.1256 0.0545 0.0781 0.0214 0.1078
11 0.2605 0.0505 0.1381 0.0000 0.0595
12 0.0360 0.0517 0.0607 0.4869 0.5535
13 -0.1498 0.0548 0.1020 0.0063 0.1422
14 -0.0744 0.0551 0.0639 0.1767 0.2445
15 0.1862 0.0538 0.1021 0.0006 0.0683
16 0.0955 0.0541 0.0620 0.0778 0.1240
17 -0.0227 0.0521 0.0681 0.6627 0.7385
18 -0.0055 0.0522 0.0670 0.9156 0.9343
19 0.0694 0.0520 0.0739 0.1823 0.3480
20 0.0420 0.0521 0.0734 0.4202 0.5677

We present in Table 18 the estimated parameters β̂ = (β̂(1), . . . , β̂(5))⊤ and their estimated standard error proposed in the strong
case (σ̂S) and the weakly consistent estimators proposed (σ̂SP). In the weak case, none of them are significant at the 2% level.
This is in accordance with the results of Francq et al. (2011) who showed that the log-returns of these two European stock market
indices constitute a weak periodic white noises.

First, we apply portmanteau tests Q1
M(ν) and Q2

M(ν) for checking the hypothesis that the CAC 40 and DAX log-returns
constitute a white noise. The P-values are reported in Table 19. Since the P-values of these two tests are very small, the white-
noise hypothesis is rejected at the nominal level α = 2%. This is not surprising because these tests require the iid assumption and
it is well known that the strong white-noise model is not adequate for these series (Boubacar Mainassara and Saussereau, 2018).
In contrast, the white-noise hypothesis is not rejected by our test Q3

M(ν) since the statistic is not larger than the critical values. To
summarize, the outputs of Table 19 are in accordance with the common belief that these series are not strong white noises, but
could be weak white noises.

Table 19: P-values of the portmanteau test statistics used to check a bivariate PVAR model with ν = 5.

Q1
M (ν) Q2

M (ν) Q3
M (ν)

M
ν 1 2 3 4 5 1 2 3 4 5 1 2 3 4 5

1 0.51 0.06 0.00 0.00 0.34 0.51 0.06 0.00 0.00 0.34 0.82 0.41 0.10 0.45 0.69
2 0.04 0.00 0.00 0.00 0.02 0.04 0.00 0.00 0.00 0.02 0.13 0.02 0.09 0.32 0.07
3 0.07 0.00 0.00 0.00 0.03 0.07 0.00 0.00 0.00 0.03 0.67 0.09 0.14 0.43 0.47
6 0.14 0.00 0.00 0.00 0.00 0.14 0.00 0.00 0.00 0.00 0.79 0.11 0.12 0.46 0.45
8 0.13 0.00 0.00 0.00 0.00 0.13 0.00 0.00 0.00 0.00 0.81 0.09 0.17 0.50 0.44
10 0.05 0.00 0.00 0.00 0.00 0.05 0.00 0.00 0.00 0.00 0.74 0.12 0.19 0.46 0.51

In view of Figure 1, the diagnostic checking of residuals does not indicate any inadequacy, approximately 95% of the sample
autocorrelations should lie between the bands shown as solid lines (red color).

6.2. The monthly flows series as an illustrative example

We illustrate here the effectiveness of the proposed methodology in river flow analysis. Data related to two rivers of the same
length, with different means of annual flows, located in Maine, will be examined. They consist of:

• flows of Kennebec river, measured at The Forks, Maine;

• flows of Penobscot river, measured at West Enfield, Maine.

Data are obtained from daily discharge measurements in cubic feet per second from January 1904 to December 2022 (USGS
Surface-Water Monthly Statistics). Daily data flows are then transformed in monthly data, giving a bivariate time series of
sample size equal to 1428 (119 years). The period ν = 12 is naturally selected. Table 20 presents the means of Kennebec river
and Piscataquis river, their p-values (in parentheses) and their estimated standard errors (in bracquets). The monthly flows series
from 1904 to 2021 are plotted in Figure 2.
To ensure that residuals of the fitted model are approximately normally distributed and homoscedastic, a logarithmic transfor-
mation has been used (McLeod and Gweon, 2013). Seasonal means are first removed from the series, meaning that a model is
formulated by examining Yns+ν − µν. A PVAR model of order 1 is fitted to the bivariate series of observations:

Yns+ν = Φ(ν)Yns+ν−1 + ϵns+ν ν = 1, . . . , 12,
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Figure 1: Autocorrelations of the log-returns of CAC 40 and DAX for the first period (serie 1 corresponds to CAC 40).

where Yt =
(
y1

t , y
2
t

)⊤
and y1

t , y2
t represent the log-monthly flows of Kennebec river and Penobscot river respectively. The last year

of the data set (12 observations) has been omitted for the estimation of the periodic model.

Table 20: Periodic means, their p-values (in parentheses) and their estimated standard errors (in brackets)

month 1 2 3 4 5 6 7 8 9 10 11 12
Kennebec 2502.950 2731.793 2480.923 3045.939 4672.663 3293.709 2628.069 2366.628 2280.790 2036.861 1965.089 2243.970

(0.013) (0.010) (0.038) (0.077) (0.081) (0.027) (0.012) (0.001) (0.002) (0.011) (0.100) (0.075)
[993.061] [1039.111] [1180.615] [1705.674] [2656.274] [1468.866] [1024.917] [696.912] [711.597] [784.091] [1183.652] [1250.200]

Penobscot 8597.168 7804.975 11225.471 30028.739 23391.815 11594.899 7772.168 6509.739 6724.05 9098.076 12496.613 11785.25
(0.012) (0.025) (0.066) (0.001) (0.019) (0.041) (0.024) (0.012) (0.050) (0.087) (0.056) (0.075)

[3380.514] [3449.669] [6057.943] [8823.026] [9830.225] [5623.413] [3402.226] [2549.783] [3388.915] [5270.996] [6465.082] [6561.644]

We present in Table 21 the estimated parameters β̂ = (β̂(1), . . . , β̂(12))⊤ and their estimated standard error proposed in
the strong case denoted σ̂S and the weakly consistent estimators proposed denoted by σ̂SP. In the weak case, 46 of them are
significant at the 1% level. This is in accordance with the results of Wang et al. (2005) who showed that the weak PVAR model
is adequate in modelling monthly flows. Surprisingly, in the strong case, no parameters should be estimated, meaning that the
log-monthly flows of these two series constitute a strong periodic white noise.
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Figure 2: Monthly flows of Kennebec and Penobscot river

Table 21: Least squares estimators used to fit the log of monthly flows of Kennebec and Piscataquis river data to a bivariate PVAR model with ν = 12; the σ̂S
and σ̂SP represent the standard errors in the strong case and for our proposed estimators in the weak case; pvalS and pvalSP correspond to the p-values of the
t-statistic of β̂. The p-values less than 1% are in bold.

β̂ σ̂S σ̂SP pvalS pvalSP
1 0.5363 0.6827 0.0020 0.4338 0.0000
2 0.1335 0.7934 0.0028 0.8667 0.0000
3 0.2764 0.6150 0.0020 0.6539 0.0000
4 0.3530 0.7147 0.0028 0.6223 0.0000
5 0.5958 0.6004 0.0016 0.3231 0.0000
6 0.1698 0.7467 0.0022 0.8206 0.0000
7 0.4258 0.6995 0.0016 0.5440 0.0000
8 0.6790 0.8701 0.0022 0.4368 0.0000
9 0.7391 0.8167 0.0015 0.3674 0.0000

10 -0.0212 1.0866 0.0048 0.9844 0.0000
11 0.3461 0.8708 0.0015 0.6917 0.0000
12 0.6536 1.1584 0.0048 0.5737 0.0000
13 0.2841 0.8580 0.0083 0.7412 0.0000
14 0.1496 0.5828 0.0048 0.7978 0.0000
15 0.5654 0.9338 0.0083 0.5461 0.0000
16 0.1417 0.6342 0.0048 0.8236 0.0000
17 0.5685 1.5459 0.0224 0.7138 0.0000
18 0.0851 1.2271 0.0166 0.9448 0.0000
19 0.2967 2.7414 0.0224 0.9140 0.0000
20 0.2136 2.1759 0.0166 0.9220 0.0000
21 0.2868 0.8727 0.0078 0.7430 0.0000
22 0.1394 0.8647 0.0077 0.8722 0.0000
23 0.0884 1.3000 0.0078 0.9459 0.0000
24 0.2476 1.2881 0.0077 0.8479 0.0000
25 0.4377 1.1100 0.0037 0.6941 0.0000
26 -0.0066 1.0916 0.0032 0.9952 0.0425
27 0.0676 1.1568 0.0037 0.9535 0.0000
28 0.5137 1.1376 0.0032 0.6524 0.0000
29 0.1828 0.8642 0.0024 0.8329 0.0000
30 -0.2056 0.9667 0.0024 0.8320 0.0000
31 0.3248 0.8756 0.0024 0.7113 0.0000
32 0.6588 0.9795 0.0024 0.5026 0.0000
33 0.1557 0.9342 0.0022 0.8679 0.0000
34 -0.3257 1.0695 0.0019 0.7613 0.0000
35 0.3184 0.8235 0.0022 0.6997 0.0000
36 0.8045 0.9427 0.0019 0.3953 0.0000
37 0.7662 0.9462 0.0022 0.4198 0.0000
38 -0.1897 1.5668 0.0056 0.9038 0.0000
39 0.1641 0.7149 0.0022 0.8189 0.0000
40 0.9073 1.1838 0.0056 0.4450 0.0000
41 0.4522 1.1802 0.0053 0.7023 0.0000
42 0.0015 1.2551 0.0059 0.9991 0.8027
43 0.5145 0.8184 0.0053 0.5308 0.0000
44 0.7333 0.8704 0.0059 0.4013 0.0000
45 0.5088 0.7600 0.0025 0.5045 0.0000
46 0.1563 1.0850 0.0073 0.8857 0.0000
47 0.2903 0.7218 0.0025 0.6883 0.0000
48 0.4929 1.0305 0.0073 0.6334 0.0000
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Then, in a second step, the reduced PVAR model was estimated with constraints on the autoregressive parameters with non-
significant pvalSP in Table 21. The least squares estimators of the final model are presented in Table 22.

Table 22: Least squares estimators used to fit the log-monthly flows data to a bivariate PVAR(1) model with ν = 12. Constraints on the parameters are given in
the Table (21).

Φ̂(1) =
(

0.548 0.279
0.153 0.358

)
, Φ̂(2) =

(
0.596 0.426
0.169 0.679

)
, Φ̂(3) =

(
0.739 0.346
−0.021 0.654

)
, Φ̂(4) =

(
0.285 0.565
0.149 0.142

)
, Φ̂(5) =

(
0.568 0.297
0.085 0.214

)
, Φ̂(6) =

(
0.287 0.088
0.139 0.247

)
,

Φ̂(7) =
(

0.441 0.065
0 0.508

)
, Φ̂(8) =

(
0.183 0.345
−0.206 0.659

)
, Φ̂(9) =

(
0.156 0.318
−0.326 0.804

)
, Φ̂(10) =

(
0.766 0.164
−0.189 0.907

)
, Φ̂(11) =

(
0.452 0.515

0 0.734

)
, Φ̂(12) =

(
0.509 0.290
0.156 0.493

)

The residual analysis was done and the portmanteau test statistics Q1
M(ν), Q2

M(ν) and Q3
M(ν) were calculated. As far as

short time series were used, we will interpret the results with caution. First, we apply portmanteau tests Q1
M(ν) and Q2

M(ν) for
checking the hypothesis that the Kennebec and Penobscot log-monthly flows constitute a white noise. The P-values are reported
in Table 23. Since the P-values of these two tests are small, the white-noise hypothesis is rejected at the nominal level α = 1%.
Wang et al. (2005) show that clear evidences are found for the existence of a nonlinear phenomenon of the variance behaviour,
in the residual series from linear models fitted to daily and monthly streamflow processes of the upper Yellow River, China. The
major cause of this effect is the seasonal variation in variance of the residual series. In contrast, the white-noise hypothesis is not
rejected by our test Q3

M(ν) since the statistic is not larger than the critical values.

Table 23: P-values of the portmanteau test statistics used to check a bivariate PVAR model of order 1 with ν = 12.

Q1
M(ν)

M
ν 1 2 3 4 5 6 7 8 9 10 11 12

1 n.a. n.a. n.a. n.a. n.a. n.a. n.a. n.a. n.a. n.a. n.a. n.a.
2 0.03 0.05 0.04 0.08 0.00 0.20 0.96 0.53 0.20 0.07 0.56 0.58
3 0.03 0.09 0.04 0.22 0.00 0.53 0.83 0.10 0.30 0.13 0.73 0.40
6 0.24 0.08 0.14 0.09 0.00 0.56 0.24 0.28 0.58 0.01 0.45 0.17
8 0.42 0.16 0.26 0.16 0.00 0.65 0.06 0.13 0.12 0.01 0.18 0.07
10 0.58 0.26 0.40 0.07 0.01 0.60 0.03 0.12 0.22 0.02 0.16 0.28

Q2
M(ν)

1 0.00 0.18 0.06 0.64 0.09 0.03 0.87 0.23 0.46 0.06 0.70 0.46
2 0.04 0.10 0.07 0.13 0.00 0.22 0.96 0.58 0.24 0.08 0.63 0.67
3 0.03 0.12 0.06 0.25 0.00 0.51 0.83 0.10 0.32 0.13 0.73 0.43
6 0.23 0.08 0.14 0.08 0.00 0.53 0.23 0.26 0.56 0.01 0.44 0.16
8 0.41 0.15 0.24 0.15 0.00 0.61 0.06 0.12 0.11 0.01 0.17 0.06
10 0.56 0.25 0.38 0.06 0.01 0.56 0.03 0.10 0.19 0.02 0.15 0.25

Q3
M(ν)

1 0.02 0.13 0.22 0.55 0.13 0.03 0.71 0.35 0.56 0.11 0.65 0.48
2 0.12 0.08 0.13 0.11 0.01 0.22 0.91 0.65 0.37 0.12 0.61 0.71
3 0.13 0.10 0.09 0.27 0.02 0.35 0.64 0.12 0.46 0.14 0.68 0.56
6 0.31 0.11 0.16 0.16 0.04 0.36 0.27 0.24 0.56 0.02 0.40 0.27
8 0.42 0.27 0.24 0.19 0.05 0.44 0.14 0.12 0.29 0.02 0.22 0.16
10 0.54 0.36 0.35 0.14 0.08 0.41 0.11 0.09 0.37 0.01 0.23 0.34

In view of Figure 3, the diagnostic checking of residuals does not indicate any inadequacy, approximately 99% of the sample
autocorrelations should lie between the bands shown as solid lines (red color).

The weak PVAR model for Kennebec and Penobscot river data is used to generate one-step-ahead forecasts for the monthly
flow series (Figure 4). The differences in the forecasts can be explained by a possible change around 2002.

To ascertain the changes in the time series data, we calculate the 12 seasonal means for all the years up to 2002, and from
2002 onwards. We plot the seasonal means for each segment in Figure 6. We observe that the seasonal means increased from
October to March after 2002, compared with the previous period.

7. Conclusion

In this paper we derive the asymptotic distribution of residual empirical autocovariances and autocorrelations in the class of PVAR
models under weak assumptions on the noise. We establish the asymptotic distribution of the modified Ljung-Box portmanteau
test statistics for PVAR models with non-independent innovations. This asymptotic distribution is quite different from the usual
chi-squared approximation used under iid assumptions on the noise. Therefore, the proposed test is more difficult to implement
because its critical values have to be computed from the data, whereas those of the standard versions are simply given in a χ2-
table. For this reason the use of our proposed test for short series is not recommended. In simulation experiments, our proposed
test has a satisfactory behavior for series of length N ≥ 1000 under dependent errors.

The proposed test statistics were illustrated in a small simulation study. A comparison with the statistics proposed by Ursu
and Duchesne (2009) and by Duchesne and Lafaye de Micheaux (2013) was made. From our simulation experiments, we
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Figure 3: Autocorrelations of the log-monthly flows of Kennebec and Penobscot river for the first period (serie 1 corresponds to Kennebec).

demonstrated that the proposed portmanteau test statistics have reasonable finite sample performance, at least for the models
considered in our study. Therefore, the proposed test performs adequately in terms of level in the strong PVAR setting in both
the unconstrained and constrained cases when the number of observations is large, but less so when fewer observations are
available, likely as a downstream consequence of needing to estimate the additional quantities. Under non-independent errors,
it appears that the test statistics proposed by Ursu and Duchesne (2009) or by Duchesne and Lafaye de Micheaux (2013) are
generally unreliable, overrejecting severally, while our proposed test statistics offers satisfactory levels in most cases. Even
for independent errors, our test may be preferable to that proposed by Ursu and Duchesne (2009), when the number M of
autocorrelations is small.

We applied our methodology using real data. From our analysis, the strong PVAR model was clearly rejected. Using our
approach, a reasonable model for modeling the above data has been proposed and checked, using the portmanteau test statistics
described in this paper.

Appendix A. Appendix : Proofs of the main results

Appendix A.1. Proof of Proposition 1
To establish the asymptotic distribution of N1/2cϵ̂ (ν), we first note that:

cϵ (l; ν) = vec

N−1
N−1∑
n=l

(ϵns+νϵ
⊤
ns+ν−l)

 = N−1
N−1∑
n=l

(ϵns+ν−l ⊗ ϵns+ν), (A.1)

where we used the fact that vec(ab⊤) = b⊗a, where a and b are two arbitrary vectors. Note that the mixing assumption (A3) will
entail the asymptotic normality of cϵ (ν) and cϵ . Since {ϵ t} represents a weak periodic white noise, it follows that E{cϵ (l; ν)} = 0.
Thus for l, l′ ≥ 1 and ν, ν′ = 1, . . . , s we have:

Ncov{cϵ (l; ν), cϵ (l′; ν′)} = NE{cϵ (l; ν)c⊤ϵ (l
′; ν′)},

→ Vνν′ (l, l′) =:
∞∑

h=−∞

E(ϵns+ν−lϵ
⊤
(n−h)s+ν′−l′ ⊗ ϵns+νϵ

⊤
(n−h)s+ν′ ), as N → ∞,

by stationary and the dominated convergence theorem. The existence of the matrix Vνν′ (l, l′) is a consequence of Assumption
(A3) and the Davydov (1968) inequality.
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Figure 4: Twelve-month forecasts (dashed line) based on 118 years of monthly data. The last year of the data set (solid line) was not used in the forecast.

Applying the central limit theorem (CLT in what follows) for mixing processes (see Herrndorf (1984)) to the vector(
(ϵns+ν−1 ⊗ ϵns+ν)⊤, . . . , (ϵns+ν−M ⊗ ϵns+ν)⊤

)⊤, we obtain:

N1/2cϵ (ν)
d
→ Nd2 M(0,Vνν), (A.2)

where Vνν corresponds to the (d2M) × (d2M) matrix given by:

Vνν =
[
Vνν(l, l′)

]
1≤l,l′≤M .

Applying the CLT for mixing processes (see Herrndorf (1984)) to (10), we directly obtain:

N1/2{β̂(ν) − β(ν)}
d
→ Nd2 p(ν)(0,Θνν),

which gives (14). From (30) and for ν, ν′ = 1, . . . , s we deduce that:

lim
N→∞

Ncov{β̂(ν) − β(ν), cϵ (ν′)} = {Ω−1(ν) ⊗ Id} lim
N→∞

E
[
vec{E(ν)X⊤(ν)}c⊤ϵ (ν

′)
]
.

Vectorizing,

vec{E(ν)X⊤(ν)} =
N−1∑
n=0

vec{ϵns+νX⊤n (ν)} =
N−1∑
n=0

Xn(ν) ⊗ ϵns+ν. (A.3)
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Figure 5: Box-plots of the monthly flows before and after 2002.

Consequently, in view of (A.1) and (A.3) we have:

lim
N→∞

E
[
vec{E(ν)X⊤(ν)}c⊤ϵ (l; ν

′)
]
= lim

N→∞
N−1

N−1∑
n=0

N−1∑
n′=l

E
[
Xn(ν)ϵ⊤n′ s+ν′−l ⊗ ϵns+νϵ

⊤
n′ s+ν′

]
,

= lim
N→∞

N−1
N−1∑

h=1−N

(N − |h|)E
[
Xn(ν)ϵ⊤(n−h)s+ν′−l ⊗ ϵns+νϵ

⊤
(n−h)s+ν′

]
,

=

∞∑
h=−∞

E
[
Xn(ν)ϵ⊤(n−h)s+ν′−l ⊗ ϵns+νϵ

⊤
(n−h)s+ν′

]
,

by the stationary and dominated convergence theorem. Now, collecting the {d2 p(ν)} × d2 matrix GU
νν′ (·, l), for l = 1, . . . ,M, in a

{d2 p(ν)} × (Md2) matrix leads to the expression:

GU
νν′ =:

[
GU
νν′ (·, 1), . . . ,GU

νν′ (·,M)
]
.

where

GU
νν′ (·, l) =:

∞∑
h=−∞

E
[
Ω−1(ν)Xn(ν)ϵ⊤(n−h)s+ν′−l ⊗ ϵns+νϵ

⊤
(n−h)s+ν′

]
.

The joint asymptotic normality of N1/2{β̂
⊤
− β⊤, c⊤ϵ }

⊤ follows using the same kind of manipulations as those for a single season
ν. We also have

N1/2
(
β̂
⊤
− β⊤, c⊤ϵ

)⊤ d
→ Nsd2(p(ν)+M)

0,  Θ GU(
GU

)⊤
V

 ,
where the asymptotic covariance matrix Θ is given by (15), V = [Vνν′ (M)]1≤ν,ν′≤s and GU =

[
GU
νν′

]
1≤ν,ν′≤s

.
It is clear that the existence of the above matrices is a consequence of Assumption (A3) and the Davydov (1968) inequality,

which completes the proof of Proposition 1. □

Appendix A.2. Proof of Theorem 4.1

The proof is divided in two steps.
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Figure 6: Means of the monthly flows before and after 2002.

Appendix A.2.1. Step 1: Taylor’s expansion of
√

Ncϵ̂ (ν) and
√

Nrϵ̂ (ν)
The aim of this step is to prove (28) and (29).
By expanding cϵ̇ (ν) in a Taylor expansion around β(ν) and evaluating at the point β̇(ν) = β̂(ν), for ν = 1, . . . , s we obtain the

following development:

cϵ̂ (ν) = cϵ (ν) +
∂cϵ (ν)
∂β⊤(ν)

{
β̂(ν) − β(ν)

}
+ oP(N−1/2),

where ∂cϵ (ν)/∂β⊤(ν) corresponds to a (d2M) × {d2 p(ν)} matrix satisfying(
∂cϵ (ν)/∂β⊤(ν)

)⊤
=

(
(∂cϵ (1; ν)/∂β⊤(ν))⊤, . . . , (∂cϵ (M; ν)/∂β⊤(ν))⊤

)
.

We have

∂cϵ (ν)
∂β⊤(ν)

P
→ ΥM(ν) = −E



ϵns+ν−1
...

ϵns+ν−M

 ⊗ X⊤n (ν) ⊗ Id

 ,
by the ergodic theorem. The Taylor expansion (28) of N1/2cϵ̂ (ν) is proved.

We now come back to the vector N1/2rϵ̂ (ν). From a Taylor expansion about β of Cϵ̂ (0; ν) we have, Cϵ̂ (0; ν) = Cϵ (0; ν) +
OP(N−1/2). Moreover,

√
N(Cϵ (0; ν) − E(Cϵ (0; ν))) = OP(1) by the CLT for mixing processes (see Herrndorf (1984)) to the

process (ϵns+ν ⊗ ϵns+ν)n∈Z. Thus
√

N{Dϵ̂ (ν) ⊗Dϵ̂ (ν) −D∗ϵ (ν) ⊗D∗ϵ (ν)} = OP(1), where D∗ϵ (ν) = diag
(
Γ

1/2
ϵ ,11(0; ν), . . . ,Γ1/2

ϵ ,dd(0; ν)
)
.

Using (40) and the ergodic Theorem, we obtain

N
(
rϵ̇ (h; ν) − vec

{
D∗−1
ϵ (ν)Cϵ̇ (h; ν)D∗−1

ϵ (ν − h)
})
= N

{(
D−1
ϵ̇ (ν − h) ⊗ D−1

ϵ̇ (ν)
)
−

(
D∗−1
ϵ (ν − h) ⊗ D∗−1

ϵ (ν)
)}

cϵ̇ (h; ν)

=
(
Dϵ̇ (ν − h) ⊗ Dϵ̇ (ν)

)−1 √N
{
D∗ϵ (ν − h) ⊗ D∗ϵ (ν) − Dϵ̇ (ν − h) ⊗ Dϵ̇ (ν)

} (
D∗ϵ (ν − h) ⊗ D∗ϵ (ν)

)−1 √Ncϵ̇ (h; ν)
= OP(1),

by applying the CLT for mixing processes (see Herrndorf (1984)) to the process (ϵns+ν−l ⊗ ϵns+ν)n∈Z, l ≥ 1.
In the previous equalities, we also use vec(ABC) = (C⊤ ⊗A)vec(B) and (A⊗B)−1 = A−1 ⊗B−1 when A and B are invertible.
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It follows that:
√

Nrϵ̂ (ν) =
√

N
({(

D−1
ϵ̂ (ν − 1) ⊗ D−1

ϵ̂ (ν)
)

cϵ̂ (1; ν)
}⊤
, . . . ,

{(
D−1
ϵ̂ (ν − M) ⊗ D−1

ϵ̂ (ν)
)

cϵ̂ (M; ν)
}⊤)⊤

= diag
[
D−1
ϵ̂ (ν − 1) ⊗ D−1

ϵ̂ (ν), . . . ,D−1
ϵ̂ (ν − M) ⊗ D−1

ϵ̂ (ν)
] √

Ncϵ̂ (ν)

= diag
[
D∗−1
ϵ (ν − 1) ⊗ D∗−1

ϵ (ν), . . . ,D∗−1
ϵ (ν − M) ⊗ D∗−1

ϵ (ν)
] √

Ncϵ̇ (ν) + oP(1),

and the Taylor expansion (29) of
√

Nrϵ̂ (ν) is proved. The proof of the Taylor expansion of
√

Nrϵ̂ follows using the same kind
of arguments as the Taylor expansion (29) of

√
Nrϵ̂ (ν). This ends our first step.

The next step deals with the asymptotic distributions of
√

Ncϵ̂ (ν) and
√

Nrϵ̂ (ν).

Appendix A.2.2. Step 2: asymptotic distributions of
√

Ncϵ̂ (ν) and
√

Nrϵ̂ (ν)
In view of (28), N1/2cϵ̂ (ν) and N1/2

(
cϵ (ν) + ΥM(ν)

{
β̂(ν) − β(ν)

})
have the same asymptotic distribution. The joint asymptotic

distribution of N1/2
(
β̂(ν) − β(ν)

)
and N1/2cϵ (ν) shows that N1/2cϵ̂ (ν) has a limiting normal distribution with mean zero and

covariance matrix

lim
N→∞

Var
(√

Ncϵ̂ (ν)
)
= lim

N→∞
Var

(√
Ncϵ (ν)

)
+ ΥM(ν) lim

→∞
Var

(√
N

(
β̂(ν) − β(ν)

))
Υ⊤M(ν)

+ ΥM(ν) lim
N→∞

Cov
(√

N
(
β̂(ν) − β(ν)

)
,
√

Ncϵ (ν)
)

+ lim
N→∞

Cov
(√

Ncϵ (ν),
√

N
(
β̂(ν) − β(ν)

))
Υ⊤M(ν)

= Vνν + ΥM(ν)ΘννΥ⊤M(ν) + ΥM(ν)GU
νν +

(
GU
νν

)⊤
Υ⊤M(ν) =: ∆U

νν,

which prove (40). We also deduce the asymptotic covariances for ν , ν′

lim
N→∞

Cov
(√

Ncϵ̂ (ν),
√

Ncϵ̂ (ν
′)
)
= lim

N→∞
Cov

(√
Ncϵ (ν),

√
Ncϵ (ν′)

)
+ ΥM(ν) lim

N→∞
Cov

(√
N

(
β̂(ν) − β(ν)

)
,
√

N
(
β̂(ν′) − β(ν′)

))
Υ⊤M(ν′)

+ ΥM(ν) lim
N→∞

Cov
(√

N
(
β̂(ν) − β(ν)

)
,
√

Ncϵ (ν′)
)

+ lim
N→∞

Cov
(√

Ncϵ (ν),
√

N
(
β̂(ν′) − β(ν′)

))
Υ⊤M(ν′)

= Vνν′ + ΥM(ν)Θνν′Υ⊤M(ν′) + ΥM(ν)GU
νν′ +

(
GU
νν′

)⊤
Υ⊤M(ν′)

=: ∆U
νν′ .

In view of (29), we have

lim
N→∞

Var
(√

Nrϵ̂ (ν)
)
= lim

N→∞
Var

((
diag

[{
D∗ϵ (ν − 1), . . . ,D∗ϵ (ν − M)

}
⊗ D∗ϵ (ν)

])−1 √Ncϵ̂ (ν)
)
,

=
(
diag

[{
D∗ϵ (ν − 1), . . . ,D∗ϵ (ν − M)

}
⊗ D∗ϵ (ν)

])−1
∆U
νν

(
diag

[{
D∗ϵ (ν − 1), . . . ,D∗ϵ (ν − M)

}
⊗ D∗ϵ (ν)

])−1 ,

=: ∇U
νν, for ν = 1, . . . , s,

which prove (42). For ν , ν′ we also have:

∇
U
νν′ =

(
diag

[{
D∗ϵ (ν − 1), . . . ,D∗ϵ (ν − M)

}
⊗ D∗ϵ (ν)

])−1
∆U
νν′

(
diag

[{
D∗ϵ (ν

′ − 1), . . . ,D∗ϵ (ν
′ − M)

}
⊗ D∗ϵ (ν

′)
])−1 .

The asymptotic normality of
√

Ncϵ̂ and
√

Nrϵ̂ follow using the same kind of arguments as (40) and (42) of
√

Ncϵ̂ (ν) and√
Nrϵ̂ (ν). We then have:

N1/2cϵ̂
d
→ Nsd2 M

(
0,∆U

)
,

where the asymptotic covariance matrix ∆U is a block matrix, with the asymptotic variances given by ∆U
νν, for ν = 1, . . . , s and

the asymptotic covariances given by

∆U
νν′ = Vνν′ + ΥM(ν)Θνν′Υ⊤M(ν′) + ΥM(ν)GU

νν′ +
(
GU
νν′

)⊤
Υ⊤M(ν′), ν , ν′.

We also have

N1/2rϵ̂
d
→ Nsd2 M

(
0,∇U

)
,

where the asymptotic covariance matrix ∇U = [∇U
νν′ ]1≤ν,ν′≤s is a block matrix.

This ends our second step and the proof is completed. □
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Appendix A.3. Proof of Corollary 4.1
We suppose that H1(ν) holds true. In view of (29), one may rewrite the above arguments in order to prove that there exists a

nonsingular matrix LU or R
νν′ such that
√

N
(
rϵ̂ (ν) − ρϵ (ν)

)
= K−1(ν)

√
N

(
cϵ̂ (ν) − γϵ (ν)

)
+ oP(1)

d
−−−−→
N→∞

Nd2(p(ν)+M)

(
0,LU or R

νν′

)
, (A.4)

with K(ν) = diag
[{

D∗ϵ (ν − 1), . . . ,D∗ϵ (ν − M)
}
⊗ D∗ϵ (ν)

]
and the matrix LU or R

νν′ is given by

LU or R
νν′ = K−1(ν)

[
V∗νν + Υ

∗
M(ν)ΘννΥ∗⊤M (ν) + Υ∗M(ν)G∗U or R

νν +
(
G∗U or R
νν

)⊤
Υ∗⊤M (ν)

]
K−1(ν),

where the matrices V∗νν and G∗U or R
νν are obtained from the asymptotic distribution of

N1/2
(
β̂
⊤

(ν) − β⊤(ν), c⊤ϵ (ν) − γ
⊤
ϵ (ν)

)⊤ d
−−−−→
N→∞

Nd2(p(ν)+M)

0,  Θνν G∗U or R
νν(

G∗U or R
νν

)⊤
V∗νν

 ,
The matrix Υ∗M(ν) is given by

Υ∗M(ν) := E



ϵns+ν−1
...

ϵns+ν−M

 ⊗ ∂ϵns+ν

∂β⊤(ν)
+



∂ϵns+ν−1

∂β⊤(ν)
...

∂ϵns+ν−M

∂β⊤(ν)


⊗ ϵns+ν


where

∂ϵns+ν

∂β⊤(ν)
= −X⊤n (ν) ⊗ Id.

We point out the fact that under H1(ν),

E
[
∂ϵns+ν−h

∂β⊤(ν)
⊗ ϵns+ν

]
, 0, for h = 1, . . . ,M

whereas it vanishes under H0(ν). Thus we have

∂cϵ (ν)
∂β⊤(ν)

P
→ Υ∗M(ν) = −E



ϵns+ν−1
...

ϵns+ν−M

 ⊗ X⊤n (ν) ⊗ Id +


X⊤n (ν − 1) ⊗ Id

...
X⊤n (ν − M) ⊗ Id

 ⊗ ϵns+ν

 .
Now we write

N̂−1/2(ν)
√

Nrϵ̂ (ν) = N̂−1/2(ν)
√

N
(
rϵ̂ (ν) − ρϵ (ν)

)
+ N̂−1/2(ν)

√
Nρϵ (ν)

= N−1/2(ν)K−1(ν)
[√

N
(
cϵ̂ (ν) − γϵ (ν)

)
+
√

Nγϵ (ν)
]
+ oP(1) .

where N̂(ν) =
(
diag

[
Rϵ̂ (0; ν − 1), . . . ,Rϵ̂ (0; ν − M)

])
⊗ Rϵ̂ (0; ν) and N(ν) =

(
diag

[
R∗ϵ (0; ν − 1), . . . ,R∗ϵ (0; ν − M)

])
⊗ R∗ϵ (0; ν)

with R∗ϵ (0; ν) =
(
D∗ϵ (ν)

)−1
Γϵ (0; ν)

(
D∗ϵ (ν)

)−1
. Then it holds that

QM(ν) = Nr⊤ϵ̂ (ν)N̂
−1(ν)rϵ̂ (ν) =

(
N̂−1/2(ν)

√
Nrϵ̂ (ν)

)⊤
×

(
N̂−1/2(ν)

√
Nrϵ̂ (ν)

)
= N

(
cϵ̂ (ν) − γϵ (ν)

)⊤K−1(ν)N−1(ν)K−1(ν)
(
cϵ̂ (ν) − γϵ (ν)

)
+ 2N

(
cϵ̂ (ν) − γϵ (ν)

)⊤K−1(ν)N−1(ν)K−1(ν)γϵ (ν) + Nγ⊤ϵ (ν)K
−1(ν)N−1(ν)K−1(ν)γϵ (ν) + oP(1) (A.5)

By the ergodic theroem,
(
cϵ̂ (ν) − γϵ (ν)

)⊤K−1(ν)N−1(ν)K−1(ν)γϵ (ν) = oP(1). Using van der Vaart (1998, Lemma 17.1), the
convergence (A.4) implies that

N
(
cϵ̂ (ν) − γϵ (ν)

)⊤K−1(ν)N−1(ν)K−1(ν)
(
cϵ̂ (ν) − γϵ (ν)

) d
−−−−→
N→∞

ZνM(ξU or R
Md2 (ν)) =

Md2∑
i=1

ξU or R
i,Md2 (ν)Z2

i

where ξU or R
Md2 (ν) = (ξU or R

1,Md2 (ν), . . . , ξU or R
Md2,Md2 (ν))⊤ is the vector of the eigenvalues of the matrix N−1/2(ν)LU or R

νν′ N−1/2(ν) and (Zi)1≤i≤Md2

are i.i.d. with N(0, 1) laws. Reporting these convergences in (A.5), we deduce that

QM(ν)
N

=
(
cϵ̂ (ν) − γϵ (ν)

)⊤K−1(ν)N−1(ν)K−1(ν)
(
cϵ̂ (ν) − γϵ (ν)

)
+ 2

(
cϵ̂ (ν) − γϵ (ν)

)⊤K−1(ν)N−1(ν)K−1(ν)γϵ (ν) + γ
⊤
ϵ (ν)K

−1(ν)N−1(ν)K−1(ν)γϵ (ν) + oP

(
1
N

)
P
−−−−→
N→∞

γ⊤ϵ (ν)K
−1(ν)N−1(ν)K−1(ν)γϵ (ν) = ρ

⊤
ϵ (ν)N

−1(ν)ρϵ (ν).

The same calculations hold for Q∗M(ν) and the corollary is proved. □
Acknowledgements: We sincerely thank the anonymous reviewers and editor for helpful remarks.
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