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Abstract

This text is a compilation of notes I took on the works of Souriau [I]. I hope this can help those
interested in his work.
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1 Action of the Poincaré group

[References| 48

1 Action of the Poincaré group
In this section, we study the action of the Poincaré group on the elements of the dual of its Lie algebra.

1.1 Lorentz Group

We begin by recalling the usual properties of the Lorentz group (see subsection for the definition
of the 7 maps).

Definition 1.1

The Minkowski space R is the space R?* equipped with the scalar product:
n:=dz’ ® dz® - dz' @ dz! - do? ® d2? - da® ® da®

i.e. we have :

VX,Y eRY, n(X,Y):=7(X)Y.
Let X,Y e R'3. We say that X and Y are orthogonal if 7 (X)Y =0. We then denote X 1, Y.

By setting (ct,z,y,z) := (2%, 2%, 2%, 23) (with c the speed of light), we have the usual form:
n:i= Adtedt-dz®dr-—dy®dy - dz ®dz.
We renormalize by assuming c:= 1, we then obtain that:
n=dt®dt-dr®dr-dy®dy—dz ®dz; (1)

Let us set (see also subsection [B.1]):

1 0
I 3= (ij)ij = (0 _1-3) : (2)
We thus have: W 4
n=>> nidz’ ®da’' (3)
i=1j=1

We then deduce the definition of the Lorentz group.

Definition 1.2

The Lorentz group is defined by:

Zor:=0(1,3,R) := {L e GL(4,R), YX,Y e R, n(LX,LY) =7n(X,Y)}.

The Lorentz group is the subgroup of GL(4,R) of automorphisms preserving the scalar product
of R, Let us use the applications 7 defined in subsection of the appendix. We have for all
L e GL(4,R):

Le Zor — YX,Y eR' n(LX,LY)=n(X,Y)
— VX,V eRY (LX)T13(LY)=X"13Y
— LTILgL =Ii3
— 7(L)L=1I
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1 Action of the Poincaré group

Thus:
Zor ={LeGL(4,R), L' 3L = I3} = {LeGL(4,R), 7(L)L = I4}. (4)

We have the usual lemma.

Let L € Lor. We have:

det(L) =+1 , [L]% >1.

Proof. Since LTI 3L = I 3, by taking the determinant we have det(L)? = 1, hence det(L) = 1. And
since:

I[LT]Oz‘m’j [L]jo = [L]go - [Lﬁo - [L]go - [LEO,

1=[h3Joo = [L" 1 3LJoo = ).

4
i=1j=

we necessarily have [L]3, > 1. O

The Lorentz group thus has four connected components:
Lor = Lor, u Lor, U Lory U Lorg. (5)
with:

e Zory, is the neutral component (its restricted subgroup), does not invert either space or time i.e.
defined by:
ZLory :=80,(1,3,R) :={L e Zor, det(L) =1 A [L];,>1}; (6)

o Zors inverts space i.e. defined by:

ZLors:={Le ZLor, det(L) =-1 A [L]y,>1}; (7)

o Zor, inverts time but not space i.e. defined by:

ZLory:={LeZLor, det(L)=1 A [L]y, <-1}; (8)

o Zorg inverts both space and time i.e. defined by:

ZLorg :={Le Lor, det(L) =-1 A [L],, <-1}. (9)
The first two components are grouped together to form the subgroup called orthochronous:
ZLory,:=S0(1,3,R) := Lor, u Lorg (10)
The last two components form the subset antichronous, whose components invert time:

Lory = Lory U Lorg (11)

Thus, we have:
Lor = Lor, u Lor, (12)

We will give another form to these connected components. Let:

T=-L3, P=T. (13)

3 David Pigeon - Mathématiques



1 Action of the Poincaré group

Definition 1.4

(i) The PT-group is the subgroup X of Lor of order 4 generated by P and T ie:

A= PP, vae{0,1}) = {1, B T.PT}.

(ii) For all B € X, the B-component of Zor is:

Zor(B):={LB, Le Zor,}.

We have for all v, A € {0,1}:
Lor (13V’TA) = {Lnf’VTA, L, ¢ .i”orn}. (14)

We then have a simple representation of the four components of Zor.

The four connected components are:

ZLory, = Lor (f’o’fo) = Zor (1y) ZLors=Lor (f’IT‘O) =Zor (P)

Lory = Lor (130T1) =Zor ('T‘) Lorg = Lor (f’li‘l) =Zor (PT)

\

Proof. Equalities are shown by double inclusion. For example, let’s demonstrate that Zors = ZLor (13)
Take L € Lor, (det(L) = 1 and [L]gp > 1). Then we have det(LP) = -1 and [LP]go > 1, hence we

have L,, := LP e ZLor,. Since P = f’, we can conclude that :
L=L,P e.,for(f’).
The inclusion in the other direction is trivial. O

Thus, these 4 components are the 4 connected components of Zor, we have the decomposition:

ZLor= || Lor(B)= || for(f’VTA). (15)
Bed v,Ae{0,1}

1.2 Linear Torsors

Recall that there is a simple way to calculate the Lie algebra g of a matrix Lie group G (i.e., a closed
subgroup of GL(n,R) with n > 1) using the following equality:

g:=T;,G={Me#(n,R), VteR, " eG}. (16)

From this, we can deduce the following result (see section [Bfof the appendix for important results on
the Lie algebra (</(1,3,R),[])).

The group Zor is a Lie group of dimension 6, and its Lie algebra is given by:

([0t7 []) = ('Q{(L?):R)u [])

4 David Pigeon - Mathématiques



1 Action of the Poincaré group

Proof. The group Zor is closed in GL(4,R) because it is the preimage of the singleton {I4} under the
continuous map f: M € .#(4,R) — 7(M)M. By equation (16), the Lie algebra lot of Zor is given
by:

lov:=T7,0(1,3,R) = {M € .#(4,R), VteR, ™ ¢ O(1,3,R)}
={M e.#(4,R), VteR, 7(e™)e™ =14}
Let us then define for any M e .#(4,R) the smooth map from R to GL(4,R):
gu:teRv+— 7 (etM) ™M,

Let M e .#(4,R). For all t € R, we have:

gni(t) = Tig (™M) 1 get™ = e TsM g ) _ t(r(M)+M)

Since gy, :t e R+— (7(M) + M)t (TD+M) e then have the equivalences:

Melor < VteR, gy(t)=14
= VteR, g (t)=0 A gy (0)=14
<~ 7T(M)+M=0
<~ Med/(1,3,R)

Thus, lov has the basis (see equation (95))) :

%ase([ot):{eie():z (2 eg),ie{1,2,3}}|_|{066i:= (8 j(gi)),ie{1,2,3}}. (17)

Similarly, Zor, := SO(1,3,R) is an open subset of O(1,3,R) because it is the preimage of the open
set {1} under the continuous map det : O(1,3,R) — {+1}. Thus, the Lie algebra lot, of Lor, equals
lot.

We have the characterization of the dual of lotr (see lemma :

lov* = o/(1,3,R)* = {{ M }:A— —%Tr(MA), M e 42%(1,3,]1%)} (18)

Definition 1.7

(i) The elements of lot* are called linear torsors.

(i) Let fi:= { M } € lor*. The matrix M () :== M € o/(1,3,R) is called the moment matrix
associated with .

Let Ad* denote the coadjoint representation on lot™:

Ad*: lov — Aut(lot™) (19)
L +— Adj:fi— (A—pm(L'AL))

Definition 1.8

The action of the group Zor on lot* is defined by the coadjoint representation, that is, for
any L € Zor and any [i € lot*, we denote this action by:

L e i := Ad} (7).

We have a simple description of this action on the torsors.

5 David Pigeon - Mathématiques



1 Action of the Poincaré group

Proposition 1.9

Let L € Zor and { M } e lov*. We have:

Le{ M }={ LM7(L) }.

Proof. We have:
(Le{ M Y)A={ M }(+(L)AL) = —%Tr(MT(L)AL) _ —%Tr (LMr(L)A) = { LMr(L) } A

and we have LM 7(L) € &7(1,3,R) because:

7(LM7(L)) =Lr(M)7(L) = -LM7(L).

From proposition [1.9] we deduce the following corollary.

Corollary 1.10

Let L := Ln13V’TA € ZLor and i € lot*. We have:

M (L e i) = LM(f0)7(L)
M ((LB"TY) o 7t) = LB T MT P 7 (L)

To describe the Lie algebra of Zor, we can also use the isomorphism of Lie algebras (see subsec-
tion of the appendix for more details):

i (R A) — (Z(3,R),[, ])

Thus, we have:

lov = o7 (1,3,R) ={(g jﬁz)), ,B,weR3}. (20)

Therefore, for all { M } e lor* and any A € lot, there are unique ¢, g, 8, w € R? such that:

LA }A:{ (2 jg(z)) }(,(3) j?;)):‘%ﬂ((g fé))(g j%)):ﬂw_g% 2

We denote this last equality as:

T
Cla () i) 22)

The dual lot* has the following description:
lot* = {Eg}:(o ,BT)n—>£Tw—gTB, 6,96R3}. (23)
B j(w)

We have the following definitions.

Definition 1.11

Let
ZZ::{ M }::{E‘g }epoin*

6 David Pigeon - Mathématiques



1 Action of the Poincaré group

with the relation:
_(0 g"
g j0))

(i) The vector £ := £(fi) € R? is called the angular momentum of M associated with 7.

(ii) The vector g := g(fi) € R? is the relativistic barycenter of M associated with 7.

Proposition 1.12

Let { ¢ ‘ g }elor* and \,v€{0,1}. We have:

e { £ g }={1] (-1}

Proof. Let us set [i := { M } = { l ‘ g } € lot*. By corollary we have :
~U~~=A\ . ~V~~=A — ~VU~=A\ ~U-~=A\ A=Y
M(BT) o 71) = (B'THYM (@) (B'T) = (B THMHT'P

Thus we have:

(BT e{t]g}= <13”TA)°{ (2 jgé)) }
:{ SV (0 jgé));fxf)u }

{ ( (_1))\+ugT) }
(-D*g ()
l ‘ (~1)M7g }
0

We deduce a simple expression of the action of the PT-group .# on the torsors of lot*. For any
{ L ‘ g }E lot*, we have:

=R
e o
—~—
~ S
—
I I}

Q@ <«

1.3 Poincaré Group

We define the Poincaré group as the group of isometries of Minkowski space. Mathematically, this
means that it is the affine group Aff(.Zor) associated with the Lorentz group ZLor.

Definition 1.13: Associated Affine Group

The Poincaré group is defined by:

Poin = Aff(Lor) = Lor x RYS,

For all (L,C), (L', C"), the composition law on Poin is defined by:
(L,C)-(L/,C") = (LL',C + LC). (26)
The action of an element A := (L, C) € Z2oin on an element X € RY3 is given by:
AeX=LX+C. (27)

We will revisit this action later with the matrix representation of the elements of Hoin.

7 David Pigeon - Mathématiques



1 Action of the Poincaré group

1.4 Lie Algebra

Let poin be the Lie algebra of the Poincaré group. The Lie algebra poin is the vector space product
7 (1,3,R) x R* equipped with the Lie bracketﬂ

[(A,T), (A", )] := ([A,A'], AT = A'T"). (28)
It has dimension 10 = 6 + 4 over R, and a basis is given by:

Base (poin) = {(¢:©0,0), i€ {1,2,3}} [{(00¢;,0), i€ {1,231} [ ]{(0,e{V), i€{1,2,3,4}} (29)
with:

PBase (R4) = 654) = ,6%4) = e§4) = ,6514) = (30)

O = O O
— o O O

1 0
0 1
0 o’
0 0

1.5 Matrix Representation

We will use a matrix representation of the group Hoin and its Lie algebra through the following em-
bedding.

Lemma 1.14

Let the application be:
v (‘@OZTL’) - (GL(57R)7 X)

(L.C) —> (I(; ?)

Then ¥ is an injective group morphism.

.

Proof. The application is clearly injective, and for all (U, D), (U’,D") € Zoin, we have:

;o (L C\(L' ¢\ (LL C+LC
swonwor-( ) )-8

) = ¥(LL,C+LC") = ¥((L,C) - (L',C"))

Thus, the result follows. O

Thus, we can identify (Loin,-) as a subgroup of (GL(5,R), x). This is what we will do from now
on, i.e.:

Poin := {({')' f) , LeZor n Ce RLS}. (31)
Poin is therefore a Lie subgroup of the group GL(5,R). For example, we have:
(L C ) 4 _[(r(L) -7(L)C
VA._(0 1)6@0m,A —( 0 1 . (32)
. L C . 1 3 . . . .
The action of an element A := 0 1 € Poin on an element X € R is given, as in equation ([27)),
by:
AeX = (BJ f) (T):LXJrC. (33)

Do not confuse poin with the product Lie algebra lot x R* equipped with the trivial Lie bracket [(A,T), (A',T")] :=
([A,A'],0).

8 David Pigeon - Mathématiques



1 Action of the Poincaré group

By equation ([16]) and since the exponential of any matrix is invertible, the Lie algebra gl(5,R) of
GL(5,R) is simply given by:

gl(5,R) := T,GL(5,R) = {M € .#(4,R), VteR, " e GL(5,R)} = .#(5,R). (34)

Thus, from the natural embedding ¥, we deduce the following embedding.

Lemma 1.15

We have a natural embedding of Lie algebras:

¢ (poin,[]) — (gl(5,R), 1)

AT
A — {5

Proof. For all (A,T), (A’,T') € poin, we have:

- (A T) (AT
[(A,P),(A,F)]=[¢1 0 0)’¢1(0 0)]

(s Dy ) )6 o)

AN - A'A AT —AT)

_ -1
=¥ 0 0
= (AN = AA, AT - A'T)
O

We then identify the Lie algebra poin with its image ¥ (poin) via v, and the bracket on ¥ (poin)
is derived from the usual Lie bracket on gl(5,R). We thus have an isomorphism of Lie algebras, also
denoted :

¢ (poin, []) — (¥ (poin),[])

oo~

Thus, we can identify (poin,[]) as the Lie subalgebra of (gl(5,R),[]):

poin:{(g g) A elot A F6R1’3}. (35)
with a basis (see also (29)):
- [feio0 O | 0ee; 0) 0 MY
%’ase(pom)—{( 0 0), 16{1,2,3}}|_|{( 0 O),z€{1,2,3}}|_|{(0 0 ,1€{1,2,3,4} .
(36)

We now define the connected components similar to those of the Lorentz group. The restricted
Poincaré group is the subgroup of Loin given by:

Poiny, = {(I(‘)" ?) L, € Lor, A CGRLB}. (37)

9 David Pigeon - Mathématiques



1 Action of the Poincaré group

Let us set: _
P O T O
P—(O 1) , T::(O 1) (38)
We have: A
Ln C . Ln C vrp _ Lnf)VT C
V(O 1)69’0mn, V)\,ye{O,l},(O 1)PT -( 0 )
and therefore by equation :
~V=A
Poin =[P T C) N\ Le{0,1} A LyeLor, n CeRSBL. (39)
0 1

Definition 1.16

(i) The PT-group is the subgroup J# of Poin of order 4 generated by P and T, i.e.:

H = {P'T*, v,\e{0,1}} = {I;,P, T,PT}.

(ii) For all B € %, the B-component of Poin is:

Poin (B) := {AB, A€ Poin,}.

Thus, for all v,\ e {0,1}:
~V-~=A

Poin (P”T/\) = {(L”P:) T (1;') , L, e Lor, n Ce Rl’?’}.

These 4 components are the 4 connected components of oin. We have the decomposition:

Poin= | | Poin(B)= || Poin (PVTA) : (40)
Bex v, Ae{0,1}

As for the Lorentz group, we have the orthochronous Poincaré subgroup defined by:

Poin, = Poin (I5) u Poin (P) (41)
and the subset of elements that reverse time, the antichronous part defined by:
Poing = Poin (T) u Poin (PT) (42)
Thus, we have:
Poin = Poin, U Poin, (43)

1.6 Action on torsors

We have the following representation of the dual of the Lie algebra of the Poincaré group.

We hayve:

poin” :{{ M| P }:(13 g) H—%T&"(MA)—T(P)F, M e o/(1,3,R) A PERL?’}.

Proof. This follows from the representation of lot (see lemma and from the characterization:

(RY)" = {0 +— -7(P)T, PeR™® }.

10 David Pigeon - Mathématiques



1 Action of the Poincaré group

Definition 1.18

(i) The elements of poin™ are called affine torsors.

(ii) Let
pi={ M| P }epoin®.
(a) The matrix M (u) := M € 2/(1,3,R) is called the moment matrix associated with
1.
(b) The vector P(u) := P e RY3 is called the stress—energy vector associated with .

Let us denote Ad™ the coadjoint representation on poin™:

Ad*: Poin — Aut(poin™) (44)
A — Adj:ip— (Z—p(A'ZA))

Definition 1.19

The action of the group Z2oin on poin® is defined by the coadjoint representation, i.e., for
any A € Zoin and any p € poin®, we denote this action by:

Ao = Ady (1).

We then have a simple description of this action on torsors.

Proposition 1.20

Let:
L C . e
A:=(O 1)6@0@71 , {M‘P}epom.
We have:

Ae{ M|P }={ LM7(L)+Cr(P)r(L)-LPr(C) | LP }.

Proof. We have:
(Ao{MP})(/S g):{MP} A‘l(g E)A)

(79 )6 )6 )

7(L)AL 7(L)(AC + r))

:{M‘P} 0 0

- %Tr (M7(L)AL) - 7(P)r(L)(AC +T)
__ %Tr [(LM7(L) + 207(P)r(L)) A] + 7 (LP) T
_ %Tr [(LM7(L) + C+(P)7(L) = LP(C)) A] + 7 (LP)T

={ LM7(L) + Cr(P)7(L) - LP7(C) | LP }(3 g)

and we indeed have LM7(L) + C7(P)7(L) - LP7(C)7(L) € &/(1,3,R) because:

7(LM7(L) + Cr(P)7(L) - LP7(C)r(L)) = Lt(M)7(L) - LP7(C) + C7(P)7(L)

11 David Pigeon - Mathématiques



1 Action of the Poincaré group

= —(LM7(L) + Cr(P)r(L) - LPr(C)7(L)).

We deduce from Proposition the following corollary.

Corollary 1.21

For:
L C . o
A= (O 1)e<@om , M€ poin’,
we have:
M(A e ) = LM(p)7(L) + C7(P(p))7(L) - LP(p)7(C)
P(Aep)=LP(n)
For: o
A = (L”I;T ?)egzoin , { M ‘ P }epoin*,
we have:
M(A o p) = L,P' T MT ' P'7(Ly,) + Cr(P)T B r(Ly) - L,P T Pr(C) (45)
P(Aep) =L, P TP (46)

1.7 Second Representation of torsors

As with the Lie algebra of the Lorentz group, to describe the Lie algebra of Hoin, we can also use the
isomorphism of Lie algebras (see subsection of the appendix):

ji(R%A) <= (Z3,R).[, ])

Thus, we have:

AT 0 BT a
pain:{(o 0), Aed/(1,3,R) A FER1’3} {(6 j(w) 7), B,w,veR® A aeR}. (47)
0 0 0

Therefore, for all { M ‘ P } € poin® and for any (/3 1(;) € lot, there are unique ¢, g,p, 5, w,y € R? and
F,a eR such that:

(DL e )

‘%Tr((g jg(:;))(g j’?z,)))—(E pT)Il’?’(j)

=Tw-¢7p +pT’y—EO¢

We denote this last equality as:

0 BT «
{fng}(B j(w) v)- (48)
0 0 0

12 David Pigeon - Mathématiques



1 Action of the Poincaré group

The dual poin™ has the following descriptions:

0 g7 «a
poin*{{ﬁng}:(B j(w) 7)|—>€TwQTﬂ+pT’yEa, l,g,peR> A E€R}. (49)
0 0 0

We have the following definitions.

Definition 1.22

Let
p={ M|P }={{l|g|p|E }epoin®

(0 4" (E
M_(g j(f)) ’ P_(p)'

(i) (a) The vector £(u) := £ € R3 is called the angular momentum of M associated with
L.
(b) The vector g(u) == g € R? is the relativistic barycenter of M associated with p.

with the relations:

(ii) (a) The vector p(u) == p € R? is called the linear momentum of P associated with ..

(b) The scalar E(u) := E € R is called the energy of P associated with .

We deduce a simple expression for the action of the PT-group J# on the torsors of poin®.

Proposition 1.23

Let { L ‘ g ‘p ‘ E }epoin* and A\, v €{0,1}. We have:

@P'TYe{ t|g|p|E }={1|(-D)g]| (-1 | (-1)*E }

L

Proof. Let,u::{M‘P}::{ﬁ‘g‘p‘E}epom*. AsforanyA::(O

?) € Poin:

M(A o p) =LM(p)7(L) + C1(P(p))7(L) + LP(1)7(C)
P(Aep)=LP(n)

we have:

T
el )|
{ B (2 jg(z))TAﬁ” LT BT, 5 (f) }

ey T )1 (E0)
L\ o (-1)"p

={ 1| (-DMg| (D | (-1)*E }

O

Forany{ﬂ‘g‘p‘E}Epoin*,wehave:
Pe{llg|p|E}={t]|-g|-p|E} (50)
Te{llg|p[E}={t]-g|p|-E} (51)

1.8 Stabilizer of a Point
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1 Action of the Poincaré group

Definition 1.24

Let X e R"3 and B € %. The stabilizer of X by Poin is defined as:

Poiny = {A e Poin, Ae X =X}

We have simple equivalences:

A:=(E ?)e@oinx — AeX=X =LX+C=X < (C=(L-L)X

We thus have the representation:

Poiny = {(g (I _1L)X) , Le c%or} : (52)

From this, we derive the following result.

Lemma 1.25

Let X € RY3. The group Poinx is a Lie subgroup of Zoin with dimension 6, and its Lie
algebra is the Lie subalgebra of poin with dimension 6 defined by:

poiny = {(g _%X), Ace 527(1,3,]1%)}.

Proof. From equation , and since poiny is a Lie subalgebra of poin, the Lie algebra poiny of Poinx
is given by:
poiny = Ty, Poiny = {M € poin, VteR, e € Poiny}.

Let (18 g) e poin. We have two cases.

(1) Case A =0. Then we have:

0 r : 0 I'Y) (L: (L4-LyX
(0 0)epomX <~ VteR, dL; € Lor, exp(t(o 0))—(0 1

«— VteR, 3L, € Lor, (1;;1 tlr) _ (I(J)t (14 _1Lt)X)

— VteR, tI'=0
— I'=0=-AX

(2) Case A #0. Since et € Lor for all t € R, we have:

AT € voi
0 0 pomny

<= VteR, IL; € Lor, exp (t (/(} g)) _ (Iat (14 —1Lt)X)

0 1 0 1
— VteR, (e -1 = (I, - e™)AX
— VteR, I+ AX =™+ AX)
— I'=-AX

tA _
— VteR, IL; € Lor, (e U): (Lt (s Lt)X) A AU = (e - 1)T
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1 Action of the Poincaré group

Thus, for X := (i) e R, we have:

%ase(poinx):{(ei(?o —(62'?0))()7 ie{1,2,3}}|_|{(oe€i _(Oeoei)X), ie{1,2,3}}

0 el-T —GZT’I“ 0 0 e;fpr
=3lei 0 —tei |, ie{1,2,3} [ J2|0 j(ei) rae|, ie{1,2,3}}.
0 0 0 0 o0 0

Definition 1.26

Let p € poin and X € R3. The torsor with respect to X associated with p is defined by
the restriction of u to the Lie subalgebra poiny, i.e.:

IX = My © POy — R
A -AX A —AX
0 0 lo o

Let us define, for every X € R and every M € <7 (1,3,R):

My := M + Pr(X) - X7(P) e #(1,3,R). (53)

We then have the following characterization of poin’.

Proposition 1.27

Let X ¢ R'3. Then we have the following characterization:

poin = {{ Mx } : (‘3 _%X) — —%TT(M)(A), M € M(l,?),R)}.

0 0
welo )l W)t s )
- —%Tr(MA) + 7(P)AX

- -é (Tr(MA) - 2r(P)AX)

_ _% (Te(MA) - Te(r(P)AX) - Te(r(r(P)AX)))

Proof. Let u ::{ M ‘ P }e poin® and (A ) € poin. We have:

=~ (Te(MA) = Te(X7(P)A) + TH(Pr(X)A)

_ —%Tr((M + Pr(X) - X(P))A)
1

= —§Tr(M xA)
O
Thus, we have a natural surjective linear map:
poin® — poin’y (54)

pie{ M| P} s ux={ My )
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1 Action of the Poincaré group

From this, we derive the following definitions.

Definition 1.28

Let p:= { M ‘ P } e poin and X € R, The Lorentz moment with respect to X associ-
ated with p is defined as:

T
M(p)x = My := (g())( j(gé);)) =M+ P1(X)-X7(P)

(i) We call g(u)x := gx the centroid with respect to X associated with pu.

(ii) We call £(u)x :={x the angular momentum with respect to X associated with .

Let X := (:) e R'3. We directly have:

0 gT B B
(QX j(é))(())_M+PT(X) X7(P)

0 4" Et -ErT Et tp’
= : + T~ T

g J) tp  —pr -Er -rp
_ 0 gT -ErT+ tpT
\g+tp-Er  j(l+pAr)

i.e. we have:

gx =g+tp-Er (55)
(x=0+pAT (56)

We thus deduce the following simple formula.

Proposition 1.29

Let A := (L C) € Poin and X € RL3. We have:

0 1

M (A e p)pax = LM (p)x7(L).

Proof. Let us define:
X'=AeX=LX+C , p/:={ M'|P' }:=Aeyp
We have:

MY, = M'+ P'r(X") - X'r(P')
=LM7(L)+C7(P)r(L)-LP7(C)+LPT(LX +C) - (LX + C)7(LP)
=L(M + P7(X) - X7(P))r(L)

- LMy7(L)
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1 Action of the Poincaré group

Corollary 1.30

E ?) € Zoin and X € RY3. We have:

Let A::(

g (A o).y = Cof(d)(g(p)x —j(0)l(1)x)
C(A o p)p,x = Cof(d)(£(p)x — (Cof(d)e)g(p)x)

Proof. Cas A € Poin, i.e. A est du type :

L, C . _fa T
A.—(O 1)6330271” , Ln.—(c d)e,?forn.

Let us define:
X'=AeX=LX+C , p:={ M"P’ Ji=Aep

Comme :

dj(0)b = (dV) T d(¢ A b) = Cof (d) (I3 + bbT ) (£ A D) = Cof (d)(£ A b)
je)dgx = (dT)lde(c)ng = Cof (d)j(Cof(d)c)gx

M, =LMx7(L)
=L, M7(Ly)

_[a b\ (0 g)T< a -c’
e d)\gx jlex))\-b d"
0 -blgxc! +aghd + 15 (¢)d"
adgx —cgkb—dj(¢x)b  —dgxc! +cghd’ +dj(Lx)d"
0 (gX +fX /\b)TCOf(d)T
Cof(d)(gx +Lx ~b) j((dgx) nc+Cof(d)lx)

Corollary 1.31

L

LetA::(O

?) € Zoin and X € RY3. We have:

pf (M (Ao p)aax) =pf (M(p)x)-

Proof. Let us define:
X'=AeX=LX+C , p/=={ M'|P' }:=Aeyp
We have by la proposition

pf (M) = pf (LMx7(L)
= det (L) pf (Mx)
=pf (Mx)
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1 Action of the Poincaré group

1.9 Polarization and Casimir Numbers

In this subsection, we define polarization, also called the Pauli-Lubanski pseudovector (see the
appendix for the definition of the Hodge operator), and the two Casimir numbers. Let us start with a
lemma that justifies the definition of polarization.

Lemma 1.32

Let p:= { M ‘ j2 } € poin®. Then the mapping:

X eRY —s +*(Mx )P

is constant at *(M)P.

Proof. This follows from point (iii) of Proposition O]

This justifies the following definition.

Definition 1.33

Let p:= { M ‘ P } e poin®. The polarization vector associated with y is defined by:

W () = W = <(M)P

Let us denote:
0 g7 E
=y M| P j=¢¢ E M := : P =
we [Py (el lol By a0 2) L P ()
Then by the previous lemma:

. (o T E\ Tp ~ Tp
W/_(ADP_(E ﬂ—w)(p)_(ﬂ—wp+€E)_(pAg+€E)' (57)

By point (i) of proposition the vectors P and W are orthogonal in R™3, i.e.
T(P)W =0. (58)

The action of the Poincaré group on the polarization is given by the following formula.

Proposition 1.34

Let:
wepoin® | A= (L C) € Poin.
0 1
We have:
W (A epu)=det(L)LW(u).

Proof. Let us denote:

P:=P(u) M := M(p) W =W (u)
P =P(Aep) M'":=M (Aepu) W':=W (Aep)
By corollary [I.21], we have:
M'=LM7(L)+Cr(LP) + LP1(C) P'=LP
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1 Action of the Poincaré group

Thus, by the proposition from the appendix, we have:

W' =% (M')P'

= «(LM7(L) + Cr(LP) + LPr(C))LP
+(LM7(L))LP + #(Cr(LP) + LP7(C))LP
det(L)L % (M)7(L)LP + jy(C,LP)LP

= det(L)LW
0
Thus we have in particular:
W (Pepu)=-PW(u)=TW(u) (59)
W (T ep)=-TW(u) =PW(n) (60)

We then deduce two constants invariant under the Poincaré group, which will form the basis for
two other numbers associated with p: mass and spin.

Definition 1.35
Let p:={ M | P } e poin*.
(i) The second Casimir number associated with y is defined by:

Cy = CQ(M) = T(P)P.

(ii) The fourth Casimir number associated with p is defined by:

Cy = Cy(p) =T(W)W.

For:
pi={ M| P }={t|g|p|E }epoin*

we have:

Co=7(P)P=(E -pT) (i) =E2-pTp. (61)

As stated before the definition, let us show the invariance of these two numbers under the Poincaré
group.

Let p € poin® and A € Poin. We have:

Cy (Aep)=C(p)
Cy (Ao p)=Cy(p)

Proof. Let us denote:
L C
p={ M|P} A._(O 1).
and:

P:=P(p) M := M(p) W= W(n)
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1 Action of the Poincaré group

P'=P(Aey) M’ := M (Ao p) W' =W (Aep)
We have:
Oy (A e p) = 7(P')P' = 7(LP)LP = 7(P)7(L)LP = C5 (1)
Cu (A o p) = 7(W)W' = 7(det(L)YLW) det(L)YLW = 7(W)7(L)LW = Cy (1)
O
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2 Motion of Matter in Minkowski Space

2 DMotion of Matter in Minkowski Space

2.1 Real Matter

We start by defining the notion of real matterﬂ

Definition 2.1

Let p € poin®. We say that p is (real) matter if:

We denote by .#at the set of (real) matter, i.e.,
AMat = {p € poin®, Co(p)>0}.

We then deduce the definition of the mass of a matter.

Definition 2.2

Let pu € . #at.
(i) The sign of E associated with p is defined by:
() = C:=sign(E(p)) € {+1}.
(ii) The mass associated with y is defined by{%

m(p) :=m:=((u)V Ca(p).

“Since p is real matter, we have C > 0, and thus the square root exists.

For a matter:
p={ M|P}={l]|g|p|E }edat

we have:
m(u) = C(u)V E? - pTp.

Note that no constraint is given on the sign of the mass; it can be negative or positive.

Proposition 2.3

Let )
A = (L”P B C) € Poin , pepoin”.
0 1
We have:
C(Aep)=(-1)°C(n) , m(Aep)=(-1)"m(n).

Proof. Let us denote:
M‘:{ M‘P}::{f‘g‘p‘E}EJ//at.

We will handle two cases separately:

Aext |, AePoinyg.

2The notion of pure imaginary matter can be defined by the condition Cs < 0.
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2 Motion of Matter in Minkowski Space

(1) Case A := PYT*. We have by proposition m
C((PYT*) o ) =sign (E ((PYT*) e ) = sign((-1)*E) = (-1)*¢(n)
and thus we have:
m ((PYTY) o ) = ¢ (PT) 0 1) \/Co (PYT) 0 1) = (- (1)v/Ca(i) = (~1)*m(p)
(2) Case:

L, C . fa T
A._(O 1)eﬁoznn , Ln._(c d)egorn.
By definition, we have a = [Ln]o,o > 1. Since LZ[lngn = I 3, we have:
LT=mno0= [Li]oﬁ,. Miyi [Ln];o = a® = b"b
And since:
E(Aepn)) B fa BT\(E\ (aE+bTp

(p(A.’u))_P(A.M)_an(u)_(c d P - Ec+dp (62)
we have F(A e p) = aFE +bTp. Thus, since E2 —pTp = Cy > 0 (i.e., E? > p'p), we apply the
Cauchy-Schwarz inequality in R:

b p* < (0"b)(p"p) = (a®* - 1)(p"p) < (aE)?

Thus we have:
C(A e p) =sign(E(A e p)) =sign (ak) = sign (£) = ((n).

From which we have:
m(Aepu)=C(Aeu)\/Cy(Aepu)=,(u)\/Ca(p) =m(p)
O

Thus the sign of energy and mass are invariant under the orthochronous subgroup of the Poincaré
group Zoin,, and we have for the time-reversed part:

C(Tep)=-C(u)
m (T e pu) = —m(p).

2.2 Type of Matter

We recall the notion of the type of a vector in Minkowski space.

Definition 2.4

Let X := (i) e RL3,

(i) We say that X is of time type if 7(X)X >0, i.e., [t| > |7].
(ii) We say that X is of space type if 7(X)X <0, i.e., [t| <|r|.

(iii) We say that X is of isotropic type if X # 0 and if 7(X)X =0, i.e., |t|=|r].

We will classify matter according to the types of the vectors P(u) and W (u) associated with a
matter p, i.e., according to the signs of Cy and Cy. Let us begin with a lemma that justifies the study
of only these three cases.

22 David Pigeon - Mathématiques



2 Motion of Matter in Minkowski Space

Let p € # at such that Ca(p) > 0. Then we have Cy(u) <0.

Proof. Suppose for contradiction that Cy(u) > 0, i.e., that P(p) and W () are of time type. Then by
the reversed Cauchy-Schwarz inequality in Minkowski space for time-type vectors, we have:

0=7(P(u))W (1) 2 Co(p)Ca(p) >0
which is absurd. Thus, Cy(u) <0. O

We then study the following two cases.

Case I. Cy(u),Cy(p) > 0 : real matter of non-zero mass with spin. We denote their set
by:
.///at(I) = {ue,///at, CQ(,U) >0 A C’4(u) >0}. (63)

Case II. Cy(p) >0 and Cy(p) =0 : real matter of non-zero mass without spin. We denote
their set by:

Mat(I1) = {pe Aat, Ca(p) >0 A Cy(p)=0}. (64)

We will use the following notation by abuse:
Mat(TUIL) = A at(T)u A at(I1) = {p e A at, Co(p) >0 A Cy(p) >0}. (65)
Jean-Marie Souriau studies another case that we will not address in this text:

Case ITI. Co(p),Cyq(p) =0 and P(u), W(p) # 0 : real matter without mass and with spin.
We denote their set by:

AMat(IIX) :={pe Hat, Co(u) =0 A Cy(u)=0 A P(p), W(p)+0}. (66)

2.3 Trajectory Associated with Matter of Non-Zero Mass

For each case, we will study the possible trajectories of real mattelﬂ

Definition 2.6

Let pe #at(Iull). The universal trajectory associated with p is defined by:

T(u) = {X e RV, M(u)xP(p) = 0}.

For any subset & of R and any A := (I(; ?) € Yoin, we set:
Aol ={AeX, Xec&}={LX+C, Xe&}. (67)
Let:
A= (I(; f) € Poin , peMat(IUIl).
We have:
T(Aep)=AeT(pu).

3The following definitions also extend to any torsor.
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Proof. Let:
p={ M|P} , W={M|P }=Aep

By Proposition we have:
My xP' = LMx7(L)LP = LMxP.
Thus, we have:

T(p') = {X eR"?, M4 P =0}
=Ae{XeR", M, P =0}
=Ae{XeR" LMxP=0}
=Ae{X eR", MyP=0}

=AeT(p)
O
In particular, we have for all ye . Zat(IUIl) and all \,v € {0,1}:
T((P"TY) ep) =P"T e T(p) = {(éjijﬁ) , (;) € z(u)} . (68)
We have a natural mapping:
T: Mat(Tull) — P(RY) (69)

I — T(w)

The image of this mapping is the set of all possible trajectories associated with torsors of poin in R3,

Definition 2.8

The set of trajectories in R is defined by:

T = Im(%) = {T(n), pe.Aat(IUIL)}.

2.4 Case of Real Matter with Non-Zero Mass

In this subsection, we study real matter with non-zero mass. Let’s start with a simple lemma that
justifies dividing by m and FE.

Let pe #at(IulIl). Then m(pu) and E(u) are non-zero.

Proof. We have:
m(pu)? = B(u)? - p(p)" p(p) = Ca(p) >0
thus E(u)?,m(p)? >0 d.e. E(u),m(p) #0. O

Definition 2.10

Let p € A at(TUII).
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(i) The spin associated with p is defined by:

N B €1 (D)
s(u)i=s: Co(p)

(ii) The unit energy-momentum four-vector associated with p is the vector in R!3
defined by:

() =T := ﬁpw

(iii) The velocity vector associated with y is the vector in R? defined by:

o(p) = v i= ﬁpw)-

Thus, for every p e A at(IulIl):
s(p) #0 <= pedat(l). (70)

We can thus define an additional vector in the case of matter from .Zat(I).

Definition 2.11: Polarization

Let 1 € .#at(I). The unit polarization vector associated with p is the vector in RY3
defined by:

J(p)=J W ().

" s(uym(p)

From this, we deduce the action of the Poincaré group on these elements.

Proposition 2.12

Let b
A= (Lnf; T ?) e Poin.

(i) For every pe #at(IUIl), we have:

s(Aep)=s(n)

~A\+v

I(Aep)=L,P " 1(1)
(ii) For every p e .#at(I), we have:

J(A e ) =L, I ().

Proof. By the invariance of the Casimir numbers under the Poincaré group (see lemma [1.36]), we have:

s(Aou) \J C4(A.,U,) \j _04(:u) - s(,u)

Cy(Aep) Co ()

We have with L := Lnii”ii :
P(Aep)  LP(p)
m(Aen)  (—1)mp)

~A+v

[(Asp)- - (-1LI(p) = LB 1(1)
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W (A epu) _ det(L)LW ()

TR R emm(Aem s T
Thus, we have:
I(Tep)=PI(pn) J(Tep)=TJ(u)
I(Pepu)=PI(u) J(Pop)=TJ(u)

There is no simple formula for v (A e 1) in terms of v (11); we only have:

p((PVT)\).'u) _ (_1)VP(H) _ (_1))\+I/v(l/)

v ((PYT) o p1) = E((P"T) o 1) T (-1 E(p)

We also have the usual formula:

o sign(E)?E\/Cy m
VE-pTp V1-vTy

(73)

(74)

Theorem 2.13

Let p e #at(TUIl). Let’s set:

(i) (a) We have 7(I)I =1.
(b) Suppose that p € .#at(I). We have:

r(HI=1, 7(J)J=-1, 7(I)J=0.
(ii) The trajectory associated with p is an affine line parallel to I given by:

MP MP
T(p) = —— + Vectr (1) :{—+sl, 5ER}.
Ch Ch

(iti) For all X, X" € T(u), we have Mx = Mx.
(a) Suppose that pe . #Zat(I). For all X € T(u), we have:
M =sjs(I,J) + m(X7(I) - IT(X)).
(b) Suppose that p e .#at(II). For all X € T(u), we have Mx =0 and:

M =m(Xr(I) - IT(X)).

Proof. (i) It suffices to address point (b). In this case, we have:

1 Co
T(I)I:WT(P)P:W::l

1 1 T Tp 1 T T
D= PW =g (OF » >(pAg+zE)—sm(‘El prEpil)=0
1
7(J)J = S2m2T(W)W = —_0404 =-1

(ii) We have:

Xe¥(pn) < MxP=0
— (M+Pr(X)-Xr(P)P=0
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<~ MP+Pr(X)P-C1X=0
<~ MP+Pr(P)X-C1X=0
Pr(P) MP
- x =2
Ch ) Ch

— (&) : (I4
Let N := 1, - Pt(P)/C,. We have:

=N.

PT(P))2 . 2PT(§P) . PT(PéfT(P)
1 1

Thus, N is a vector projector and its image is:
Im(N) = Ker(N - I) = Ker(P7(P)).

Therefore, Im(N') has dimension 3 (since P7(P) is of rank 1). We have thus shown that T(u) is
an affine line.
It is easy to see that P is a solution of the homogeneous equation (&p) associated with (&)

because:
L PPN p_p PO
1 1

Since:

T(PYMP =7(r(P)MP) =-7(P)MP
i.e. T(P)MP =0, we have:

, _Pr(P)\MP _MP _Pr(P)MP _MP
o ) a o 2o

Thus the result follows.

(ii) Let X, X" € T(p). There exist u,u’ € R such that:

MP MP
X=—+ul , X'=—+4dL
o o

Thus, we have:
My - Mx: = (u—-u")Pr(P) - (u-u")Pr(P) =0.

(iv) (a) Since Mx is independent of X € T(u). Let us denote for Xo:= MP/Cy €T
1
Q:= _MXQ‘
s

We have Q € &7(1,3,R) and:

1
QI =—Mx,P=0
sm

1 1
*(Q)I: % * (MXO)P = %W =J

Thus, by point (iii) of proposition
Q=74(1,J)
Therefore, we have:

MZMXO+T(P)—PT(X0) =Sj4(I,J)+m(XOT(I)—IT(X0)).
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(b) Let us denote for Xy:= MP/Cy eT:
Q= MXO-

We have Q € &7(1,3,R) and:

1
QI =—Mx,P=0
m

1
“( )] = % ¢ (Mx,)P =1 =0

Thus, by point (iii) of proposition
My, = Q = j4(I,0) =0.

By point (iii), My is independent of X € T(u) i.e. for all X € T(u), we have Mx = Mx, = 0.
Thus we have:
M = Mx, + Xor(P) - P1(Xo) = m(Xor(I) - IT(Xp)).
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A Skew-symmetric matrix

A.1 The space R?

Let us denote the canonical basis of R3:

1 0 0
PBase (]R3) =2e1:=|0], ea:=|1], e3:=|0]}. (75)
0 0 1

Definition A.1

We equip R? with the scalar product defined for all u,v € R? by v v where o7 is the transpose
of the matrices.
Let u,v € R®. We say that u and v are orthogonal if u7v = 0. We then write u L v.

For all u:= Y2 ule;,v:= Y3  v'e; € R3, we have:
ulv = vl +u0? + ud? (76)
wlu= () + ()" + () 20 (7)

We define the norm of u by:

[ull = VuTu. (78)

From this, we deduce the characterization of the dual of R3.

Proposition A.2

We have:
(nge = {v — uTv, U € R3} .

Proof. Let us prove the result by double inclusion. Define ¢, : v — u’v for all u € R?. Clearly,
Py € (R3)* for all u e R3.

Let ¢ € (R?’)*. Define u := Z?:l ¢ (e;)e;. Forall je{l1,2, 3}, we have:

3 T 3 3
du (e) =ulej= (;¢(6i)ei) ej = ;éb(ei)ezrej = ;¢(ei)5i,j = ¢ (ej)

i.e. ¢ = ¢, with ¢; ; being the Kronecker symbol equal to 1 if ¢ = j and 0 otherwise. Hence the
result. O

A.2 Volume form and cross product in R3

Definition A.3

The volume form of R? is defined as the alternating trilinear map:

Vol:  (R3)’  — R (79)
(u,v,w) +— Vol (u,v,w) :=det (u,v,w)

We have by expanding the determinant along the third column:
Vol (u, v,w) = det (u,v,w)

=w

'LL2
U3 U3
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= w! (u2v3 - u?’vQ) +w? (u3v1 - ulv3) +w? (u102 - u2v1)
W23 — udn?

- (wl U}2 UJS u3U1 _ u1v3
wlo? — w20t

Hence the following definition.

Definition A.4

The cross product of two vectors u:= Y5, u'e;, v = Yo, v'e; € R? is defined by:
u?vd - udv?
unv:i=|udol —uled
utv? — u?v!
Thus for all u,v,w € R?:
(urv)Tw=w" (unv) =det (u,v,w) = Vol (u,v,w). (80)
For example, we have:
efANey=e3 , e1Ae3=—ey , (81)
We also denote by A the bilinear map:
Ar (B3 — R® (82)

(u,v) — uAwv

We have the following usual properties.

Proposition A.5

Let u,v,w € R3,
(i) We have uAu=0.
(i) (Antisymmetry) We have u Av = —v A u.

(iii) (Double cross product) We have:

un(vAw) = (uTw) 0= (UTU) w o, (WAV)Aw= (uTw) U= (va) .

(iv) (Jacobi identity) We have:

uA(Aw)+wA(uAv)+vA(wAau)=0.

Proof. (i) We have:

ul ul w?ud — udu
uru=|ualu?]=]vdut —ulud | =0
ud ud utu? = ulu
(ii) We have:
ul vl u?vd = udo? viu® — v u
1.2 _1.3.1 1,30 _ _
unv=lu*|Alv]=|uv’v —uw v’ =|vu —vu —VAU
ud V3 ulv? — 2ol vlu? = vl

30 David Pigeon - Mathématiques



A Skew-symmetric matrix

(iii) We have:

u v’ - utv w (wPv! —ulv?) w? - (ulv? 2
(unv) Aw=|udv! —uled | A w? ((u1v2u2v1)w —(ugvg—u3v2)w3
ulo? — u2ol w 302) w2 — (udol 1

3,,3 2

(ulwl +uTw vlwl + v2w + v3w3) ’U,1
= (U w+u ’U1 1 2w2+v3w3)u2
(ulwl +uTwT +uTw 1 2w? 3 3

w”+utw w"+v

1

2,,2
1.1 2,2
2,2

- (
' (
' (

vw +vTw +Uw3)u

)
)
)
1
v u
= (ulwl + u2w2 + u3w3) (112 - (vlwl + ’1)2'102 + U3'IU3) U2
113 u

= (uTw) - (va) U
and we have:

un(vAaw)=—(vAw)Au=— ((’LLTU) W= (uTw) ) = (uTw) RIE (uTv) w.

(iv) From point (iii) we have:

un(Aw)+wA(urv)+ovA(wAu)

= () - (uT0) w) + (W) 2w~ (wTu) ) + () w— (v7w) )

=0

It forms a Lie bracket on R3.

Corollary A.6

The pair (R?’, /\) is a 3-dimensional Lie algebra.

A.3 The Space & (3,R)

Definition A.7

We say that a matrix A € .# (3,R) is antisymmetric if:
AT =-4
We denote o7 (3,R) as the vector space of antisymmetric matrices of size 3:

o (3,R):={Ae.s (3,R), AT =-A}.

Let us define:
VA,Bed (3,R), [A, B]:= AB - BA. (83)

We then have the following property.
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Proposition A.8

The pair (< (3,R),[]) is a 3-dimensional Lie algebra with the canonical basis:

0 0 O 0 01 0 -1 0
PBase (o (3,R)) := {(0 0 1), ( 0 0 0), (1 0 0)} (84)
01 0 -1 0 0 0 0 O

Proof. The map (A, B) € / (3,R)? —> [A, B] is clearly bilinear, and [A, A] = 0 for all 4 € &/ (3,R).
For all A, B € .« (3,R), we have:

[A,B]" = (AB-BA)' = BTAT - ATB" = -BA+ AB = -[A, B]
i.e. [A,B] €</ (3,R). Furthermore, we have the Jacobi identity for all A, B,C € &7 (3,R):

[4,[B,C]+[B,[C,A]]+[C,[A, B]]
= (A(BC -CB)-(BC-CB)A)+(B(CA-AC) - (CA-AC)B) +(C(AB - BA) - (AB - BA) C)
=0

Let:
a b c
A=|d e fle#(3,R).
g h i
We have:
a d g -a -b -c
AT=-A — |b e h|=|-d -e -f
c f i -g -h —i
«— a=e=i=0Ab=-dAc=—-g N f=-h
0 -d ¢ 0 0 O 0 01 0 -1 0
~— A=|ld 0 -h|=h|0 0O -1]+c¢] O O O]+d|1 O O
- h 0 01 0 -1 00 0 0 O
Hence the result. O

A.4 The Application j

Let the natural application be defined as:

j: R} — 7 (3,R) (85)
x 0 -z y
z -y x 0

The application j induces a Lie algebra isomorphism:

Proposition A.9

j:(RS,/\) — (Z (3,R),[])-

Proof. This application is clearly linear and injective. And since dim .o (3,R) = dimR? = 3, it is an
isomorphism of vector spaces.
For all u:= Y3, ule;,v:= Y3 v'e; € R®, we have:

[5 (), 5 ()] =35 (w)j(v) =35 (v)j(u)
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0 -u u? 0 -3 o2 0 -3 2 0 -u? u?
= 3 0 -u! V3 0 —ot]-]® 0 —ovt ud 0 -—ul
—u? Wl 0 —? 1 0 -2 ! 0 —u? oyl 0
0 vlu? —ule? vlud - vl
= ulv? — w20l 0 v2u? = v3u?
ulvd — ol w2’ — ude? 0
=j(unv)

We recover the basis of proposition
Base (o (3,R)) = j (Base (R3)) ={j(e;), i€{1,2,3}}.

We then have the following properties.

Lemma A.10

Let u,v € R3.
(i) We have urv =7 (u)v

(i) We have j (u)” = j (-u) = —j (v)

(iv) We have j (uAv) = [j(u),j(v)] =4 (u)j(v) =7 (v)](u)=vu’ —uo”.

)
)
(iii) We have vu® —vTuls = j (u) j (v)
)
(v) Let de.# (3,R). We have:

dj (u)d" = j (Cof (d)u)
with Cof (d) being the cofactor matrix of d.

Proof. (i) We have:

—-U U U1 U2V3 — U3V2
jw)v=| u? 0 —u'llvy|=usvy —ugvs|=unw.
—u?  ul 0 V3 ULV9 — UV
(ii) We have:
0 -ud u? 4 0 w —u?
iT=w 0 —ut| = 0 W |=iw =i
-u U 0 u?  —u 0

(iii) We have:

vlut vl vlu
vul - vTuI3 = %! 0% B |- (vlul +0%u? + v2u2) I3
viul vdu? v
—v2u? - o33 vlu? VU
= U —vlu! —v3ud v?ud
ulo? u?v? —vlu! —v?u?
0 —u? u? 0 - 02 —v2u? - v3u? vlu? VU
ji@) =« 0 —u'|lv® 0 -o']= utv? —vtut —v3ud v?ud

—u? ot 0 -2 ol 0 ulo? w3 —vlul —v?u
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(iv) This follows from the fact that j is a Lie algebra morphism and from point (iii).

di1 di2 di3 LT
d:: d21 d22 d23 = Lg .

d31 dszz ds3 LY

(v) Let de.# (3,R) written in rows:

Since the cofactor matrix of d is given by:

doa do3|  |d21 da3| |d21 d2
d;z ds:’) dd31 dd33 dsl d;z (Lo A L3)"
Cof (d) = | -|%1z 13 nodil o (duode e T
dza dzz| |d31 d33 d31 dz2 (Ly A Loy
diz dig| |dun dig| |din di2 Lo
daa da3 da1  da3 da1  da2
For all i € {1,2,3}, we have:
o i
dj(ez)d = Lg j(ez)(Ll L2 L3)= Lg (ei/\Ll €i/\L2 ei/\L3)
LT LT
3 3
[L17ei7L1] [L17ei7L2] [L17e’i7L3] 0 _[L27ei7L1] [L17€i7L3]
=|[L2,ei, L1] [Lo,ei, La] [Lo,ei, L3] | =| [Lo,es, L] 0 —[L3, e, La]
[

[(Ls,ei, L1] [Ls,ei, La] [Ls,e;, L3]
([L3761'7L2]) (Lo A Ls) e
J

—-[Ls,ei, L1]  [Ls, e, La] 0

[Li,ei, L] | =j| (L3 n Ly)" e; | =5 (Cof (d)e;)
[La, e, Li] (LA L)' e

Thus, by the linearity of j:

3 3 3
dj (u)d” = ;u’dj (e;)d" = E;UJ (Cof (d)e;) =3 (;uzCof(d) ei) = j (Cof (d)u).

We thus deduce a representation of the dual of <7 (3,R).

Corollary A.11

We hayve: |
o (3,R)* = {N — S Tr(MN), Me W’(3,]R<)}.

Proof. By the representation (A.2)), the isomorphism ;! induces an isomorphism on the duals:

G ®)y — o (3,R)"

$uiv—ulv — ey j (V) — by (v) =uv

By point (iii) of lemma [A.10] for all M := j (u),N := j (v) € & (3,R) (with u,v € R3), we have:
. 1 . ) 1
g (V) =y (G 0)) =70 = T2 (1) (0) = ~ ST (M),
Hence the result. [

For all 4,5 € {1,2,3}:
Dite) (G (€5)) = e, (€5) = € € = 0y ;. (87)
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B Skew-symmetric matrix in Minkowski space

B.1 The Applications 7

We define:
1 0 0 O
0O -1 0 O
Lo=1, ha=1, o _{ o (88)
o 0 o0 -1

Definition B.1

For any matrix A€ .# (1+k,1+1,R) with k,[ € {0,3}, we denote:

T(A) = ILZATIL;C.

For example, we have:

for any real number x € R:

7(x) = Lox' I = x; (89)
. a b
e for any matrix M := T A (1+3,R):
T a —CT
T(M)=95LsM" I 3= b 4 ) (90)

for any column matrix X := (i) e (1+3,1,R):
T(X)=hoX"Lz=X"TLs=(t —rT); (91)
e for any row matrix @ := (t TT) e/ (1,1+3,R):

T(Q)=N3Q o=13Q" = (_tr) : (92)

Let Ae #(1+k,1+1,R) and Be . (1+1,1+j,R) with j,k,1€{0,3}.
(i) We have 7 (7 (A)) = A.
(ii) We have 7 (AB) =7 (B)7(A).

Proof. (i) We have:
T
(1 (A) =7 (L AT L) = L (1A I ) Ty = T (LogAL) Iy = A

(ii) We have:
7(AB)=I;(AB)" Ii; = (I;B" 1) (I A" 1) = 7 (B) T (A).

B.2 The space 7 (1,3,R)
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Definition B.3

An antisymmetric matrix of Minkowski space is a matrix M € .# (4,R) such that :
T(M)=-M.
We denote their set as:

o (1,3,R):={Me.#(4,R), 7 (M) =-M}.

We have the following simple representation.

Proposition B.4

We have the representation:

0 aT 3
sam-{0 ) ave)

Thus, <7 (1,3,R) is a vector subspace of .Z (4,R) of dimension 6 with the basis:

T
%ase(%(l,i%,R)):{(g 66'), ie{1,2,3}}|_|{(8 j((;)), ie{1,2,3}}.

Proof. Let M := (Z ;) e (1+3,R). We have:

Mego (1,3,R) — 7(M)=-M — (_2T _aT):(_e —c)

dr -a —-d
— e=0nrc=al Ad=j0b)ed (3,R) — M:(O .aT )
a j(b)
3 T 3
[0 e (0 0
<~ M=) a (O S .
e (08 ) 2o )
with a:= Y2, a’e; and b= Y3, ble;. O
Let us define the linear application e:
o: (R —  &(1,3,R) (93)
(a,b) +— ao0b:= (0 a’ )
’ ~\a 5
This is an isomorphism because it is clearly injective. We thus have:
o/ (1,3,R) ={ae©b, a,beR*}. (94)
and:
Base (7 (1,3,R)) ={e; 00, i €{1,2,3}}| [{00€; i€{1,2,3}}. (95)

We equip ¢ (1,3,R) with the natural Lie bracket on matrices as for o/ (3,R) (see and propo-
sition |A.8§]):

VA,Be (1,3,R), [A B]:= AB - BA. (96)

The bracket makes the pair (&7 (1,3,R),[, ]) a Lie algebra.
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Proof. Let A,B,C € o/ (1,3,R). We have [A, A] =0 and:
T([A,B])=7(AB) -7 (BA)=7(B)7(A)-7(A)7(B)=BA- AB =-[A, B]

ie., [A,B] € & (1,3,R). Thus, the map (A, B) —> [A,B] is a bilinear map from < (1,3,R)? to
o/ (1,3,R). Furthermore, it satisfies the Jacobi identity, as in &7 (3,R) (see the proof of proposi-

tion [A.g)). O

We have the characterization of the dual of &7 (1, 3,R).

Lemma B.6

We hayve:

o (1,3,R)" = {A — —%Tr(MA), Me wu,s,n@)}.

Proof. We prove by double inclusion:
(#) : ((RS)Q)* ={@(ap : (d V) — ~a"d +b"V, a,beR}.

Clearly, @, € ((]RS)Q)yr for all a,beR3.
Let ® ¢ ((R?)”) . Define:

3 3
a2=—z@(€k,0)ek , b:: ECD(O,el)el.
k=1 =1

For all 4,j € {1,2,3}:

3 T 3 T
(I)(a,b) (ei,ej) = —CLTCZ' + bTej = - (— Z P (ek,O) ek) e; + (Z@ (0,61) el) €;
k=1 =1

3 3
= > (e, 0)0pi+ Y, P(0,€) 5= (e;,0) + P (0,e5) = P (es,€;5)
k=1 i=1

i.e. ® = @, Thus, the equality (*) holds. Therefore, the isomorphism o~ ! induces an isomorphism
on the duals:

(e7!): ((R3)2)* - < (1,3,R)" :
Dgpy i (a,b) — —aTa + b7y — Uuep:ad 0 — D(ap) (a',0") = —aTa" + b0

Let M:=aebN:=d' ol e (1,3,R) (with a,b,a’,d’ € R3). Since:

L _ I ((0 e (o (a')T))__1 ((T a’j (v) ))
y (M) =5 (( j(b))(a’ 7)) 2 Gwye a@)T im0

(7 s )
2 j()a a(a)” + ) b-bTbI3
= —% (2aTa' - 2bTb') =—ala +o10
we have:
Wpr (N) =gy (a'0) =-a"d +b"0 = —%Tr ((aob)(d V)= —%Tr (MN).
Hence the result. O

We then have for all 4, j € {1,2,3}:

\Ifeieo (Sj S O) = —51"]' (97)
Voee, (0©¢€;) =055 (98)
Yooe; (ej © O) =W, 00 (0 © ej) =0 (99)
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B.3 Cross product in R!3

Definition B.7

The volume form of R!3 is defined as the quadrilinear map:

Vol : (R13)? — R
(X1, X2, X3,X4) +— Voly (X1, X2, X3, Xy) = dety (X1, Xo, X3, X4)

tq
ri

For all X; := ( ) eRY3 (i€ {1,2,3,4}), by expanding the determinant along the first row:
1 t2 t3 14

\/014(Xl,X2,X1’>7X4)=01€“64(X17Xz,X3,X4)=7,1 e

=ty det (ro,73,74) —tadet (11,73,74) + tsdet (ri,ro,74) — tadet (r1,72,73)

=477 j (r2)" r3 =11 (t3g (ro) 71 +tag (r1) r3 —t1j (r2) 13)

SR 1 PR e AT

t3j (r2) 1 +tag (r1) 3 —t1j(r2) 73
oD, e ) ()
- (t4 Z) (j (7”2) 71 _] (7'11752 - 7“2t1) T3
:T(X4)( 0 rfi(r) )X3

J(ra)ri j(rita —raty)

Hence the following deﬁnitionsﬁ

Definition B.8

(i) The application j4 is defined as:

RN 0: T E— o (1,3,R)

() R HEEAC

J(ra)rr j(rita —rat1)
(ii) Let X1, X2, X3 € RY3. The cross product of X;, Xo, and X3 in R!3 is defined as:

X1 A XQ A X3 = j4 (Xl,XQ)Xg.

We thus obtain a formula similar to for R3. For all X1, X, X3, X4 € R13, we have:

V014 (Xl,XQ,Xg,X4) =T (X4) (Xl A X2 N X3) = T(X1 A X2 N X3)X4. (100)

Thus, for all (tl) , (tQ) e R13:
T 2

. 131 ta\\ _ 0 (7"2 /\7“1)T
'74((7’1)7(7’2)) B (’I“Q/\Tl j(Tth—’r‘Qtl)) <101)

. B 0 rTj(rg)T )__( 0 rTj(rl)T )__.
J4(X17X2)_(j(7’2)7‘1 j(T11t2—7’2t1) BRVIGYE j(TQZtl_Tth) =i (X2 1)

Since:

Ty T2 T3 T4

“In Chapter 13 of [I], the volume is defined by Vols (X1, X2, X3, X4) = 6t te &
1 t2 tz 14

’ which explains the "-" sign

between the two definitions of j4.
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we have:
X1AXoAX3=74(X1,X2) X3 =74 (X2, X1) X3=-X20A X1 A X3 (102)
The application j4 is a bilinear antisymmetric map and is non-injective because for all X7, Xo € R13:
Ja(X1,X2)=0 <= roAr1 =0 A ritg—rot; =0 < Ja,BeR, aX;+ X2 =0. (103)
Thus, as the determinant det, is a 4-linear alternating form, we have, for example:

T(Xl/\XQ/\Xg)Xlzo 1.e. X1 1a (Xl/\XQ/\Xg)
T(Xl/\XQ/\Xg)XQZO i.e. Xo 1y (Xl/\XQ/\Xg)
T(Xl/\XQ/\Xg)ngo i.e. X3 14 (Xl/\XQ/\Xg)
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C The dual operator

C.1 Generalities

Definition C.1

The Hodge dual operator on & (1,3,R) is the linear application defined by:

+: o (1,3,R) — & (1,3,R)
(0 aT) (o bT)
a j(b) b j(-a)

Thus, for all a := Z?zl ale;,b:= Z?zl a‘e; € R3:

0 a' a® o 0 o b2 b3
a0 =b b2 bl 0 ad  —a?

*(a©b)=x* 2 ¥ooo 17— o0 a7 be (-a). (104)
a> b2 bl 0 ¥ a2 -a' 0

The application * is an automorphism of </ (1,3, R) because we have:

0 a’
a j(-b)

We have the following properties.

Proposition C.2

(i) For all M € o7 (1,3,R) and all X € RY3, the vector * (M) X is orthogonal to X.

VM::( )ey{(l,?),R), *(*(M)):*(O a’ ):(0 ‘bT):_M. (105)

a j(=b)) \-b j(-a)

(ii) For all M € o/ (1,3,R), we have:

(x (M))* = M? - %TT (M?) L.

(iii) For all M € o (1,3,R) and all Y e RY3, the mapping:
YV eRYB — «(M+X7(Y)-Y7 (X)X

is constant at * (M) X.

\

Proof. (i) Let us set Y := % (M) X. Since » (M) € .o/ (1,3,R) and 7 (X)Y € R, we have:

T(X)Y=7(r(X)Y)=7(X)7T(+( M) X=7(X)(-*(M)) X =-7(X)Y

Le, 7(X)Y =0.
T
(if) For any M := (2 ja(b)) e o/ (1,3,R):

1 0 a \(0 df 1
MM L=, j(b))(a j(b))_iTr(MZ)LL

7a aTj (b) a¥a+Tr (aaT+j(b)2)I

j(b)a aal +5(b)?) " 2 4
afa W)\ g T (bo" - vTbI3)

-j(a)b aa’ +j (b)2 4 2

Iy
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—j(a)b aa® -aTals+j(b)? —j(a)b b +j(a)?

R Y (A 2
‘(b —j(a))(b —j(a))‘( (1))

) o) e )

(0 N0 0)

(iii) Let us define:

We have: 0 T " Ty BTy
*(M)X:(b j(—a))(r):(j(—a)r+tb):(r/\a+tb)
and:
(0 al tY/, AT t' T
M+ X7(Y)-Y7(X)=1{, im) (AR COR R W G
B 0 aT+t’rT—t(r')T )
Nastr—tr GO +rT =1 ()
3 0 al +t'rT —¢ (r’)T
N\a+tr-tr' Jb+rar

Thus we have:

b+rar jla+tr—tr'))\r

:( vt ):*(M)X

*(M+XT(Y)—Y7'(X))X:( 0 bT+(”T')T)(t)

rAaa+th

is therefore independent of X.

Let M € o/ (1,3,R) and X € R non-zero. Define Y := (M) X. Suppose that 7 (X)X =
7(Y)Y =0. Then Y € Vecty (X).

Proof. Let us decompose the vectors X and Y in RY3:

From point (i) of proposition [C.2] we have 7 (X)Y =0, i.e.:

@) 0=7 (X)X =£2-+Tr
(’LZ) 0=r (Y) y = (t/)Z B (T,)T’r’, -0
(i) 0=7(X)Y =tt' — Ty

Thus, we have from points (i) and (i7):
0=t (tt' - rTr') A (t'T - tr')
0=t (tt' - rTr') =t (r')T =ty = (r')T (t'r - tr')
Hence, r, 7" € Vect (t'r — tr')* (in R? with the usual scalar product) and t'r—tr' € Vect (r,7"). Therefore,

t'r —tr' = 0. From point (i), we have ¢ # 0 (since otherwise r = 0 and thus X = 0, contradicting the
assumption), and therefore:
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and thus we obtain:

! 4 I
Y - (t,) L (t) _ %X ¢ Vectn (X).

C.2 Hodge operator and Lorentz group

Let us begin with a lemma on the matrices of Zor,.

T
Let L, := (CCL bd ) e Lory,.
(i) We have:

det (ad - ch) = a’.

(ii) We have:

1=a%-cec ac=db

I3 =dd" —cc” =d"d - bb" ab=d c

(iii) We have det (d) = a and:
Cof (d) = ad - cb”.

Proof. (i) Since a # 0, by Schur complement, we have:
a o' 1 0)\fa 0 1 T
L, = = 1,7 .
C d c/a I3 0 d- ECb 0 Ig

1 1 1
1=det (L) = adet (d— —ch) =adet ((—Ig) x (ad - ch)) = — det (ad - ch) .
a a a

Thus:

(ii) Since L,, € Zor,, we have:
1 0\ fa b"\(a -\ (a®-b"b -ac’ +bTd"
0 I3) \e d)J\-b d¥') \ac-db dd" -cct
1 0) (a "\ (a BT B a?-cle abl —cT'd
0 I3) \-b d"J\e d) \-ab+d"c dTd-vb"

Thus, we have the relations:

1=a®>-cle=a?-b"p ac=db
Iy =dd" —cc” = dVd - bb" ab=d"c

(iii) We have:

d (adT - bcT) =add" - dbc" = a (Ig + ccT) —dbe = aly + (ac - db) ! = als.

Thus, from (i), we have:
a® = det (d) det (adT - bcT) = det (d) a*

i.e., we have det (d) = a. Thus:
Cof (d) = ad - cb”.

Thus, we obtain the lemma. O
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We deduce the following important proposition.

Proposition C.5

For all M € .o/ (1,3,R) and all L € Zor:

* (LM7 (L)) =det (L)L * (M)7(L).

Proof. We treat two cases.

0 T

1) Case L := P*T>. For all M := a
(1) ( i ()

) €./ (1,3,R), we have:

a j(b)

B *( 0 (_1))\+l/ CLT) ~ (0 bT )
S\EDa ) )b (DY)

det (L)L * (M) 7 (L) = det (P*T*) P"T* » (2 ja(jl;)) 7 (P'T?)

0
= ()M PVTA( _ )T*PV
(-1) b j(-a)

S (e T )
(_1))\+1/b j(—a) b (_1))\+1/j(_a)

Thus, we obtain the result in this case.

« (LM (L)) = * (P”T’\ (0 a’ )T’\P”)

T
(2) Case L:=L, := (CCL bd

Since the result is linear in M, it suffices to show the result on the basis of & (1,3,R). For

all i € {1,2,3}, using the lemma, we have:

a N[0 e\[a -cT ble; ael'\{a -cT
Ln (06 €)7(Ln) = d)(ei 6)(—b dT):(dei cel I\ a”

)

0 aeld" —bTe;c”\ 0 e} (ad” - bch)
“\ade; —cel'b celd" —de;c” | \(ad-cb")e;  j((de;) ne)

B 0 el Cof @'y 0 el Cof ()"

“\Cof (d)e; j(j(de;)c)) \Cof(d)e; j(—j(c)de;)

aeoerea=(( 5) )06 7)) (655 W)

) € Lor,. We apply the results of lemma |C.4

. (—ij (e)b bTj(e)d"\ _ . 0 scldj(e;)d”

B ~dj (e))b  dj(e;)d” ) - (—%dj (ei)d"c j(Cof (d) ei))

B ( 0 el Cof ()" ) B ( 0 el Cof ()" )
“\Cof (d)e; j(Ldj(ei)d"c)) \Cof (d)e; j(2j(Cof(d)e;)c)

_( 0 el Cof (d)" )_( 0 e;fFCof(d)T)

“\Cof (d)e; j(-j(c)2Cof (d)e;)) \Cof(d)e; j(-j(c)des;))

because:

i(e)d= éj (¢) (Cof (d) + b = éj (¢) Cof (d) + éj () cb” = ij (¢) Cof (d).
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Thus, applying the operator * on these two relations, we have for all i € {1,2,3}:

* (Ln (€ ©0) 7 (Lin)) = * (L * (00 €:) 7 (Lin))
=+ (x(Ln (00 €) 7 (Ln)))
=-L,(0e¢) T (Ly)
=L, % (e;00)7(Ly)

Thus, we obtain the result in this case as well.

We will deduce the general case from cases (1) and (2). For any L := PYT*L,, we have with
M’ :=L,Mr (Ly):

+ (LM (L)) = + (P*T*M'T*P)
= det (P*T*) PYT* » (M) T'P”
= det (PT*) PYT* » (L, M7 (L,)) T*P"
= det (P*T") P*T*det (L,,) L, * (M) 7 (L,,) T*P”
=det (L)L * (M) 7 (L)
Thus, the result follows. O
C.3 Links between the map j, and the dual operator

The following property states some useful links between the operator * and the map j4.

Proposition C.6

(i) For all X1, X5 € R13, we have:
* (X7 (X1) - X7 (X2)) = ja (X1, X2)
(ii) For all X1, Xs € RY3 and any M € o7 (1,3,R), we have:
™ (1) * (M) X2 = STk (s (X1, X2) M).
(iii) Let M € .27 (1,3,R) and X € R'? such that:

r(X)X=1, MX=0.

Then we have:
M=j,(x(M)X,X).

.

to
T9

—top L D T_ 4, T
% (XQT (Xl) _ XlT (Xg)) - ((t2t1 tQTl ) _ (tltg tlT%)) - ( 0 t1T2 tQTlT)

t1ro —T‘er‘lr tor1  —T17T3 tiro —tory r1r2T—7“2r1

B 0 T‘Tj(’l“g)T )_.
_(j (r2)m j(tlzﬁ—tlm) =4 (1, X2)

Proof. (i) For all X; := (;1) , X = ( ) e RY3, we have:
1

0 af
a j(b)

L 1 0 i (ra)" )(0 a’ ))
2T (]4(X1’X2)M)_2Tr((j(7“2)7’1 j(t127”1—t17’2) a j(b)

(ii) We have for all M := ( ) e (1,3,R):
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) 1ﬁ(( rTj(r)"a T (ra)" 5 (b) ))
2 j(tarr—tira)a  j(rz)ria” +j (tar1 —tire) j (b)
= tgr{b + tlerg - r{j (a)ry

(0 b ([t T
T(X1) * (M) Xz = (11 Tl)(b j(—a))(rg) (r{b t1b —7“1](@))(2)

= tzrlTb + tleT‘z - r{j (a)ry

v ) () ()

Since * (M) X =Y, we have 7(X)Y =0 by point (i) of proposition Thus, we have the four

(iii) Let us set:

equalities:
(a) 0=7(X)Y =tt' — T4/
(b) T(X)X =t*-rTr

(e) OZMX:( (Tb))() (ta+b/\r)
o0 (ereonc DIOE N0

We have 2 > 1 by point (b) (thus ¢ # 0), and therefore by points (c¢) and (d), we have:

1 1

a=-=bar b:—(r'+a/\7“)

t t

Since r7a = 0 (by point (c)), we have with point (b):
1 1/1 1
az—Zb/\rz—;(;(r'wLa/\r))/\r: t—Q(r/\r'erTr.a—rTa.r)
1 1
= t—z(r/\r'+(t2—1)a) = t—z(T/\r'—a)+a
i.e., we have a = r A7’. Similarly, we have for b with points (a) and (b):
1 1 1
b= n (r' + (r A r') A r) = n (7"' +rlpg! - (r')T 7'.7") = n (7“' + (t2 - 1) r - tt'r) =tr' —t'r

Thus, we have:

nNT
M:( 0 , ’(rcig’r)):ﬂ(Y’X)'

rar’ j(tr

We deduce the following corollary on the application jj.

For all L € Zor and all X, Xy e Rb3:

j4 (LXl,LXQ) = det (L) L]4 (Xl,XQ) T (L) a

Proof. Let us set M := X;7(X2) - Xo7 (X7) € &7 (1,3,R), and by point (ii) of proposition

j4 (LXl,LXQ) =% (LXlT (XQ)’T(L) —X2’7’ (Xl)T(L)) = *(LMT (L))
=det (L)L * (M) 7 (L) =det (L)L % (X7 (X2) - Xo7 (X7)) 7 (L)
=det (L) Lj4 (Xl,XQ)T(L)

O
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C.4 Pfaffian in a Minkowski Space

Definition C.8

T
Let M := (2 ja(b)) € o/ (1,3). The pfaffian of M is the real number:
pf (M) := a”b.
Thus, for M € o7 (1,3), we have:
pf (M) = [M]12[M]az + [M]13[ M ]aq + [M]14[ M ]35. (106)

We have the following simple properties.

Proposition C.9

Let M € o/ (1,3).

(i) We have:

pf (x (M)) = —pf (M) .
(ii) We have:

pf (7 (M)) = —pf (M) .

(iii) For all « € R, we have:

pf (M) = o®pf (M) .

(iv) We have:
* (M)M =pf (M) 1.

(v) We have:
det (M) = —pf (M)?.

Proof. Let M := (0 a’ )e;z{(l 3).
a j(b) ’

(i) We have:
0 b

o -ai(y

) =-a’b=—pf (M).

(ii) We have:

0 -ar 0 -a’
pf (7 (M)) = pf(_a j(b)T) - pf(_a ~ (b)) =-pf (M).
(iii) For all @ € R, we have:
T
pf (aM) = pf (0?(1 a(;czb)) = (aa)” (ab) = o®pf (M).

(iv) From point (iii) of lemma

§ (o T (o &T) ([ bvla 75 (b) _(bTa 0 )—Ta ~
(M)M‘(b j(—a))(a j(b))‘(j(—a)a baT+j<—a>j<b>)‘ 0 Tar) "0 o= PEOMD) L
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(v) Let a:= Y2 a'e; and b= Y3 | ble;. We have:

det (M)
0 o' @ o
a0 - v
sdet 2 s oy
a® -b* b 0
at - b? a0 b2 at 0 -
=—a'la® 0 -bf+a’la® B -b|-a’la® BP0
a’ bt 0 at b 0 a> -b* b

=—a' (b'0%a® +b'b*a® +b'b'a!) + ® (-070%a® - bV’ - b'b%at) - a® (b'b%a’ + b7 a” + bPb%a?)

=— (alb1 +a?b? + a3b3)2 =— (aTb)2 = —pf (M)2.

Proposition C.10

For all M € o7 (1,3) and any A € .# (4,R), we have:

pf (AM7 (A)) = det (A) pf (M).

Proof. Since det (7 (A)) = det (A), we have:

—pf (AMT (A))? = det (AMT (A)) = det (A)* det (M) = —det (A)* pf (M)?

i.e., we have:
(*) : pf(AMT(A))==det(A)pf(M).

We will prove the result by density and connectedness using matrices with complex coefficients.
We extend the application of 7 to any matrix Ae . # (1+k,1+1,C) with k,l € N by setting:

7 (A) =1 AT

We then denote Pt
o (1,3,C)g:={Me.#(4,C), T (M) =-M}.

We show the following lemma.

(i) The set GL (4,C) is dense in .# (4,C).

(ii) The set o (1,3,C)g nGL (4,C) is dense in o7 (1,3, C).
(iii) GL(4,C) is arc-connected.

.

Proof. (i) Let M e .# (4,C). For all k € N,, define By := M — %L;. For all k € N,:
1 1
det (By) = det (M— %14)  det (EI4 _ M) s (1/8)

where xjs is the characteristic polynomial of M of degree 4 (thus admitting at most 4 distinct
complex roots). Hence, there exists ko € N, such that for all & > ko, xar (1/k) # 0 (otherwise,
xn would have an infinite number of roots). Therefore, the sequence (Bpr,) 5 18 a sequence in
GL (4,C) converging to M. Thus, the result.

SWe denote this set as such to avoid confusion with the set of anti-Hermitian matrices in a complex Minkowski space
o (1,3,C) = {M e.# (4,C), L1sA Ls=-M)}
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(ii) Let us define:

01 0 O

10 0 O
B:i=e10¢:= 00 o 1l

0 0 -1 0

We have det (B) = —pf (B)* = - (6{61)2 = —1. Therefore, B is invertible, i.e., B € &7 (1,3,C)g N
GL (4,C).

Let M € o/ (1,3,C)g. For all k € N,, define By := M — B. For all k € N,:
1 1
det (By) = det (M - EB) =det (-B) det (EL; - BilM) =det (B) xg-1ar (1/k)

where xp-1); is the characteristic polynomial of B~1M of degree 4 (thus admitting at most 4
distinct complex roots). Therefore, there exists kg € N, such that for all k > ko, xg-157 (1/k) # 0.
Since det (B) # 0, the sequence (B, ), is a sequence in GL (4,C) converging to M. Hence, the
result.

(iii) Let A,B € GL(4,C). Define P(X) := det (XA+(1-X)B). Then, P is a polynomial over C
of degree at most 4 (and hence has at most 4 distinct complex roots). Therefore, the open set
U ={z€eC, P(z)+ 0} is arc-connected in C. Since 0,1 € % (because A, B are invertible), the
function
g: %7 —  GL(4,C)
z +— zA+(1-2)B

is continuous, and thus g (%) is arc-connected. Since A =g (1) and B =g (0) € g (% ), we deduce
that GL (4,C) is arc-connected.
O

Let M € o/ (1,3,C) nGL (n,C). From (%), we have a function:

®,: GL (4,@) —> {:I:l}
) f (AMT (4))
det (A) pf (M)

Since @7 (I4) =1 and GL (4, C) is connected, the function ®,; is constant at 1.
Now define:

V: #(4,C)xe(1,3,C) — C
(A, M) —> pf (AM7 (A)) —det (A) pf (M)

Then W is zero on the set GL (4,C) x (<« (1,3,C) n GL (4,C)), which is dense in .# (4,C)x <7 (1,3,C).
Since ¥ is continuous (because ¥ (A, M) is polynomial in the coefficients of A and M), it is zero on
A (4,C) x o7 (1,3,C). Hence, the result.

OJ

Corollary C.12

Let ke N and M € .o/ (1,3). We have:

pf (M2k+1) _ (_1)kpf (M)2k+1 )

Proof. We prove this by induction on & € N:
(t@k) . pf (M2k+1) _ (—l)kpf (M)2k+1 )

(i) We have pf (M") = pf (M)*. Therefore, (2,) is true.
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(ii) Let ke N. Suppose (Z) is true. From proposition we have:
of (M2k+3) - pf (MM%“M) - det (M) pf (M2k+1)
= _pt (M)? x (=1)F pf (M)P*L = (=1)%*1 pf (M1)2+3 |
Therefore, (P41) is true.

(iii) By induction, (&) is true for all k € N.

We conclude with the following proposition.

Proposition C.13

Let X,Y e RY3 and M € .o/ (1,3). Then we have:

pf(M+X7(Y)-Y7r(X))=pt(M)+7(Y)*(M)X.

(M) X = (2 j(b_Ta)) (:) - (j (_2:::”1)) ) (r Abzi tb)

0 aof t\,, NT t' T
M+X7(Y)-Y7(X) a j(b))+(7")(t - (") )_(r') (t -r )
0 aT+t’rT—t(7”)T )

a+t'r—tr' ) +rrT —r ()T

_ 0 aT+t'rT—t(r')T)

Proof. Let us define:

We have:

and:

a+t'r—tr jb+rar)
Thus we have:
pf (M + X7 (V) =Y (X)) = (a” +#77 =t (+')") (b+rnr)
(r')T b+a (r AT ) (t'rT -t (r')T) (7‘ A r')
=a’b+t'bTr - t(r') —(r ) (rna)
“pE M)+ (¢ - (1)) ( o tb)

=pf(M)+7(Y)*»(M)X

=aTb+trTh-

O
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