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Abstract

Using the tight-binding description of graphene and the time dependent density
matrix approach we theoretically address the nonlinear response of plasmonic graphene
nanostructures to the circularly polarized light. The intensity and polarization of emit-
ted harmonics depend on the symmetry of the system and can be analyzed applying the
Neumann’s principle. We find that for the nanoflakes comprising thousands of carbon
atoms this is the symmetry of the carbon atom arrangement on atomic scale that deter-
mines the nonlinear response. Therefore it might be very different from the nonlinear
response predicted using the macroscopic geometry. For the compound systems made
of several nanoflakes we reveal the role of the near field interactions in intensity and
circular polarization states of emitted harmonics. Finally we show that symmetry break
by e.g. lattice defects strongly affects the nonlinear response of graphene nanoflakes
to the circularly polarized light. Our work extends theoretical studies of the nonlinear

optical properties of graphene nanomaterials towards spin carrying light beams.


francois.aguillon@universite-paris-saclay.fr
andrei.borissov@universite-paris-saclay.fr

Introduction

Controlling the nonlinear light-matter interaction at the nanoscale allows one to probe and
to manipulate electronic excitations and opens up numerous perspectives in spectroscopy
reaching atomic scale spatial resolution,™™ as well as in design of the on-chip devices for the
ultrafast electronics,*™ for the characterization of the optical pulses,® and for the nonlinear
integrated photonic circuits.?%42 This list can be further extended citing such applications

T4I15

as nonlinear metrology™® and nonlinear sensing, among others. In this respect, the

resonance between the incident electromagnetic radiation and collective electron excitations

in metals and 2D materials, plasmons, allows for the strong near field enhancement,**?

20723 and increases the nonlinear response.

provokes ultrafast electron dynamics

Numerous studies of the frequency conversion at plasmon resonance performed so far
mainly reported results obtained for the linearly polarized incident light 221247290 At the
same time, recent interest in utilizing nonlinear metasurfaces for manipulating the struc-
tured light®YZ requires theoretical analysis of the nonlinear optical processes triggered in
plasmonic nanoparticles by the spin and orbital momentum carrying light beams. Such an
analysis has been recently performed using quantum or hydrodynamic approaches for metal

43445

nanoparticles. Along with metals, 2D materials offer unprecedented opportunities in

T6A7]

including nanoscale chiral valley-photon interfaces.“%=0

various fields of nanotechnology
In particular, graphene features electrically tunable plasmon resonances in the linear re-
sponse,™ ™ as well as strong and tunable nonlinear response.?2%55795 This latter is under
the focus of the present study.

Here, using a time-dependent density matrix approach and tight-binding description
of graphene (TDDM-TB) we study generation of the circularly polarized harmonics from
graphene nanostructures excited by the circularly polarized fundamental wave at resonance
with dipolar plasmon of the nanoparticle. The circular polarization states of harmonic gen-

eration are governed in this case by selection rules imposed by the symmetry of the system

which might vary depending on the level of resolution. Thus, for the bulk crystals, infi-



nite 2D materials, and for the molecules selection rules are determined by the symmetry at

66768 o1 the symmetry of atomic ar-

microscopic level, i.e. the symmetry of atomic lattice,
rangement within the molecule.*”™ However, recent experiments performed with plasmonic
gold metamaterials revealed that selection rules for circular polarization in the nonlinear
optical response might be determined by the macroscopic rotational symmetry.=> .

In this work we address the respective role of the macro- and micro- symmetries in
the circular polarization of frequency harmonics relevant to explain the experiments. The
quantum-mechanical studies of electron dynamics in plasmonic nanoobjects with experimen-
tal dimensions are impossible even using the simplified tight-binding description. Nonethe-
less, the TDDM-TB approach allows one to consider graphene nanoflakes comprising thou-
sands of carbon atoms. In this situation the plasmon modes are well developed as we further
discuss in Supporting Information (SI). Moreover, one can meaningfully consider the differ-
ence between the macroscopic symmetry set by the macroscopic geometry of the nanoflake
and the microscopic symmetry at atomic level set by the honeycomb lattice enclosed by the
macroscopic geometrical form. With examples of the point defects at very low concentration,
and misalignment of the one of the nanoflakes in the compound system, we also study the
effect of the microscopic symmetry break as well as possible symmetry retrieval owing to
statistical average over the imperfections in large systems.

The paper is organized as follows. First, we briefly describe the method and discuss the
results obtained for ideal and defective individual graphene nanoflakes of various geometries.
In the second part of the paper, we show the TDDM-TB results obtained for an ideal and
defective compound system made of several nanoflakes. Conclusions of this work and outlook

are presented at the end of the paper.

Unless otherwise stated atomic units are used.



Figure 1: Sketch of the nanoflakes studied in the present work. At the macroscopic scale,
the nanoflake is defined by its global shape. Panels a-c: circle, panel d: hexagon, panel e:
triangle, panel f: rectangle. At the microscopic scale the symmetry of the nanoflake is set
by the orientation and by the centering of the honeycomb lattice with respect to the global
geometry. In panels a,d,e,f the geometrical center of the structure is in hollow location of
graphene lattice, panel b — on top location, panel ¢ — bridge location. Blue lines in panels a—
help in finding the identical zigzag sections at the edges of the disc (this sets the rotational
symmetry of the system at atomic level). See also Table [I] Please note that for sake of
visibility, the size of the nanoflakes shown here (Ng ~ 800 carbon atoms) is much smaller
than the actual one used in calculations (Ng ~ 10* carbon atoms).

Individual graphene nanoflakes

Geometry

In order to access the role of the symmetry in nonlinear response of graphene nanostructures
to the circularly polarized fundamental wave we have chosen several representative model
examples illustrated in Fig. [I] These nanoflakes encompass broad spectrum of the combina-

tions between the symmetry defined by macroscopic geometry and atomic-scale symmetry



defined by the arrangement of the carbon atoms within geometrical borders. It is worth not-
ing that in Fig. [1and below we use the coordinate system where the z-axis is perpendicular
to graphene plane and y- and z- axes are in-plane.

The nanoflakes (F) with circular macroscopic geometry (Fig. [Th,b.c) are obtained by
cutting a circle of the radius R = 200 a, (the Bohr radius ag ~ 0.53 A) from an ideal
graphene plane. The carbon atoms with single neighbor are removed at the borders. The
relaxation of graphene lattice because of the finite size is neglected. We address this issue in
more details in SI. Placing the center of the circle at the hollow site (Fig. [lh) we obtain the
graphene nanoflake F¢°. Here, the superscript oo stands for the rotational symmetry of the
macroscopic circular object with respect to the z- axis while the subscript 6 stands for the
microscopic rotational symmetry given by the grid of carbon atoms forming the nanoflake
(C6, with respect to the z- axis). Similarly, placing the center of the circle at the top site
(Fig. [Ib) we obtain the graphene nanoflake F5°, and placing the center of the circle at the
hollow site (Fig. [Ik) we obtain the graphene nanoflake Fg°.

Along with nanoflakes described above and characterized by the difference in their macro-
scopic and microscopic rotational symmetries, we have also considered the the hexagonal Fg
(Fig. [I), equilateral triangle F3 (Fig. [lp), and rectangular 73 (Fig. [If) nanoflakes. Here,
the macroscopic rotational symmetry is the same as the microscopic rotational symmetry.
We set the geometry of the hexagonal and triangular structures such that edges are armchair
leading to slower plasmon decay into the electron hole pairs via the edge scattering (Landau

R and thus to better defined plasmon modes.

damping)
The nanoflakes of N¢ carbon atoms are electrostatically doped by ng,, electrons in such
a way that their dipolar plasmon resonance frequencies wpp determined from the linear

response are most of the time in the range of 0.2-0.3 eV. Table [1| summarizes the properties

of the individual graphene nanoflakes sketched in Fig. |1} and studied here.



Table 1: Characteristics of graphene nanoflakes sketched in panels a—f of Fig. For the
details see the text of the paper.

Panel Shape Centering Symmetry Nc Ndop wpp(eV)
a Disc hollow F&° 13452 60 0.235
b Disc top F35e° 13441 60 0.245
c Disc bridge F5° 13432 60 0.242
d Hexagon  hollow Fo 13284 60 0.320
e Triangle  hollow F3 13548 60 0.263
f  Rectangle  hollow F3 13424 60 0.275

Calculation of electron dynamics

The linear and nonlinear response of graphene nanoflakes is studied using the calculations
of their electron dynamics driven by an external electromagnetic field. Our explicitly time-
dependent approach, TDDM-TB, has been presented in great detail elsewhere™ (see also
Refs. ™) Tt builds on the tight-binding description of electron dynamics in 7-bands of
graphene that allows one to describe the ultra-fast nonlinear response of large graphene
nanostructures, or pristine graphene. %83 Essentially, present TDDM-TB is a further de-
velopment of the theoretical method proposed earlier to address linear and nonlinear effects
in graphene plasmonics.” ™% We only outline here the aspects specific for the present study,

where the quantum master equation for the time-evolution of the density matrix p©> €8

0 _

ise = |H.p] —iv (5= 7). (1)

is solved using the split-operator time-propagation.®? The tight-binding hamiltonian of the
system H comprises the hamiltonian of the ground-state system, dynamical interaction be-
tween the charges induced at carbon atom lattice sites, and an external potential owing to
the incident electromagnetic radiation. The nonretarded approximation is used because the
considered systems are small on the scale given by the electromagnetic wavelength. The
second term on the right-hand-side of the equation is the simplified form of the Lindblad

super-operator and it describes the relaxation to the ground-state density matrix (¥ with a



rate 7. Here we use 7 = 15 meV to represent the plasmon decay by excitation of the optical
phonons in graphene, 90792

The polarisation states and intensity of the emitted harmonics are obtained from the
analysis of the time-dependent dipole p(t) induced in graphene nanoflakes by an incident
electromagnetic pulse propagating in positive direction of z-axis. We use the left-handed
(as seen from the receiver) circularly polarized Gaussian pulse with spin angular momentum
SAM= +1. An electric field vector of the fundamental pulse E(¢) is rotating anticlockwise
in the plane of graphene nanostructure:

t—to
T

E(t) = Ey exp [— ( ) ] [, cos(wot) + €, sin(wot)] (2)

where é, (é,) is the unit length vector in positive z- (y-) direction. The FWHM duration

of the pulse equals to five optical periods 7 = wf}% resulting in the spectral width Aw =

30 meV within the considered range of wy. The time of arrival is set as {5 = 3.4 7, and
the field amplitude Ey = 2 x 107° a.u. (=~ 10 mV/nm) has been used. The fundamental
wave is at resonance with dipolar plasmon of graphene nanoflake wg = wpp which allows to
maximise the nonlinear response.29:25:59/3

The frequency resolved z- and y-components of the induced dipole p(w) are obtained

from the time-to frequency Fourier transform

pe) = écpl) = o= [ icp(t) Mt (= () ®)

In particular, p,(hwy) and p,(hwy) characterise the nonlinear dipole induced at harmonic
frequencies hwy, where an integer h stands for harmonic order. To analyse the polarisation, it
1

is useful to introduce the rotating vectors é; = = (é, £ i é,) with SAM= £1 (the e~™" time

dependence of the Fourier components is assumed). The induced dipole p(w) = p.(w) é, +



py(w) é, can be represented in the rotating vector basis as

A~

p(w) = pr(w) é4 +p_(w) e,

pi(w) = % [P (@) F ipy (). (4)

The dipole projections on rotating basis vectors are used to analyse the polarization of the
frequency harmonics. The latter is characterized by the polarisation index Z,(hw) defined

as follows

~|py(hwo)| — [p—(hwo)|
Zo(luo) = 1 o) [+ o ()| ®)

The Z,(hwy) gives the ratio of the minor and major axes of the ellipse traced in the (x,y)-
plane by the nonlinear dipole generated at harmonic h. It is positive (negative) for the
general left- (right-) handed elliptical polarization (Z, = %1 for the circular polarization,

and Z, = 0 for the linear polarization).

Nonlinear response to circularly polarized fundamental wave

We start our discussion of the nonlinear response of graphene nanostructures to the circularly
polarized light and of the role of the symmetry in the polarization states of emitted harmonics
with an example of individual graphene nanoflakes sketched in Fig. [1] and characterized in
Table[l] Since the intensity and polarization of the emitted harmonics is given by the absolute
value and polarization of the nonlinear dipole moment induced in the nanostructure we focus
our analysis on the latter. In Fig. 2| we show the frequency dependence of the absolute
values of the projections |py(w)| of the induced dipole on the rotating basis vectors. The
fundamental circularly polarized Gaussian pulse with SAM= +1 is resonant with dipolar
plasmon of the nanoflakes wy = wpp. The peaks in |p(w)| correspond to the dipole induced
at harmonics of the fundamental frequency w = hwy. As we show in SI, present characteristics
of the fundamental pulse allow one to describe the nonlinear response of the nanostructure

using the first order of the perturbation theory. In particular, the variation of the amplitude
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Figure 2: Spectral analysis of the nonlinear dipole induced in graphene nanoflakes char-
acterized in Fig. [I] and in Table [II The fundamental electromagnetic field is given by the
circularly polarized Gaussian pulse with SAM= 41 and frequency wy resonant with dipolar
plasmon of the nanoflake wy = wpp. The inserts sketch the macroscopic geometry, and give
the microscopic symmetry of the nanoflakes. In blue (red) we show the frequency dependence
of the absolute value of the projections |py(w)| (|p—(w)|) of the induced dipole on rotating
basis vectors with SAM= +1 (SAM= —1). The frequency is measured in units of wy. The
peaks at w = hwy correspond to the generation of the frequency harmonics.

of the induced dipole at harmonic frequencies can be found from py(hwy) = aﬁ? )E(’}, where
agl ) is the hyperpolarizability. The final width of the harmonic peaks reflects in the present
case primarily the finite duration of the fundamental Gaussian pulse.

It is clear from the TDDM-TB results that the nonlinear dipole is excited only at certain
harmonic frequencies, and in many situations only one projection p, (w) or p_(w) is present so
that the induced dipole and thus the emitted harmonic is circularly polarized with SAM= +1
(SAM= —1). However, for some harmonics (Fig. 2k and Fig. 2f) both projections p, (w) and
p_(w) are present at hwg. This indicates an elliptic polarization of emitted harmonics (in a

specific situation when |p,| = |p_| the corresponding harmonics are linearly polarized).



The TDDM-TB results can be understood using the selection rules for the circular polar-
ization states of harmonic generation which can be obtained from the Neumann’s principle

for tensors.?®> For the circularly polarized fundamental wave the selection rules aress L0768

h=S8j+1, h>0, (6)

where j and h are integers (h defines the harmonic order), S is the order of the rotation
symmetry with respect to the z-axis, and +1 defines the circular polarization of the induced
nonlinear dipole at hwy harmonic frequency. For the 7 4+7 (7 —”) sign the induced nonlinear
dipole and the electric field vector of the fundamental wave are co- (counter-) rotating in the
plane of graphene nanostructure. Correspondingly, the harmonic field propagating in positive
direction of z-axis has the same or an opposite circular polarization state (or handiness) as
compared to that of the fundamental wave. For the left-handed fundamental wave with
SAM=+1, the left- (SAM= +1) or right- (SAM= —1) handed harmonics are shown with
blue (red) color in Fig. [2| It is worth noting that as we discuss in Supporting Information
(SI), the above selection rules can be generalised to any moment of the charge density induced
at harmonic frequency within the nanoflake.

Considering the fundamental field with SAM=+1, Table [2] provides the polarization
(SAM) and order (h) of the frequency harmonics allowed by selection rules in Eq. [6] for
the symmetries relevant for the discussion of the nonlinear response shown in Fig. [2] and
calculated with TDDM-TB for individual graphene nanoflakes sketched in Fig. Notice
that for the C2 rotational symmetry the odd harmonics are generated in both polarization
states, and even harmonics are forbidden. Moreover, for the circular geometry with an
infinite rotation symmetry only ;7 = 0 and A = 1 is possible, i.e. one expects no dipolar
polarization at A > 1 harmonic frequencies.

The frequency analysis of the induced dipole in Fig. 2| demonstrates that the TDDM-TB

results are in full accord with above selection rules when these are derived using microscopic
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Table 2: Polarization (SAM) and order (h) of the frequency harmonics allowed by selection
rules given by Eq.[6] in the case of the rotational symmetries relevant for the present study.
The fundamental field is circularly polarized with SAM= +1. Integer j > 0.

symmetry S SAM= +1 SAM= —1

C1 1 h=j h=j
h=0,1,2, h=0,1,2,

C2 2 h=1+2j h=142j
h=1,3,5, h=1,3,5,..

C3 3 h=1+4+3j h=2+3)
h=1,4,7, h=2,58,...

C6 6 h=1+6j h=5+6j
h=1,7,13, h=>511,17, ...

Coo 00 h=1 not possible

symmetry given by the arrangement of carbon atoms within the macroscopic geometrical for

of the nanoflake. It is spectacular that

e For the given microscopic symmetry order S = 2, 3, 6, the induced dipole is at the same
harmonics and with the same handiness for the 72° and F§ nanoflakes with absolutely

different (co or §) macroscopic symmetries;

e The efficiency of the frequency conversion determined by the amplitude of the induced
dipole is similar for the nanoflakes with the same microscopic symmetry albeit their

macroscopic symmetry might be different.

It thus follows from the TDDM-TB results above, that for ideal graphene nanoflakes
comprising N ~ 13500 carbon atoms the polarization states of the frequency harmonics are
determined by the microscopic atomic-scale symmetry of the nanostructure. Considering
experimental situation, the question then naturally arises about an effect of possible pertur-

bation of this symmetry e.g. by the defects, adsorbates, or by graphene lattice relaxation

11



in presence of constraints imposed by the substrate.”® In order to assess the sensitivity of
the selection rules to the perturbation of atomic scale symmetry we have performed the

TDDM-TB calculations for graphene nanoflakes with point defects.

Role of the point defects

We modelled point defects by removing carbon atoms at randomly chosen lattice sites of
graphene nanostructures. Despite its simplicity, this commonly used approximation®t!
yields the nonlinear response in semi-quantitative agreement with more involved modeling of

the realistic defects in graphene such as V;(5—9) fully relaxed monovacancy defectst¥4 104 (

see
recent work™ for the linearly polarized fundamental wave, and present SI for the circularly
polarized fundamental wave).

In Fig. 3| we show the effect of the carbon atom vacancies using representative results
obtained for the nonlinear response of triangular graphene nanoflake with armchair boundary
excited by the fundamental circularly polarised (SAM= +1) gaussian pulse resonant with
dipolar plasmon of the nanostructure. An ideal (defect-free) F3 nanoflake comprises N =
10194 carbon atoms, and it is electrostatically doped with ng,, = 20 electrons resulting in
dipolar plasmon frequency wpp = 0.236 eV.

Comparison between an ideal and defective nanostructure in Fig. reveals that the
presence of a single (!) atom vacancy defect strongly affects the nonlinear response. From the
spectral analysis of the projections py(w) of the induced dipole on rotating basis vectors with
SAM= =1 it follows that the selection rules for the circular polarization states of harmonic
generation are determined by the C1 symmetry and not by the C3 symmetry of an ideal F3
nanoflake (see Table . This is consistent with loss of the microscopic C3 symmetry of the
carbon atom arrangement within an ideal nanostructure since the defective nanostructure
is not symmetric on the atomic scale (C1 symmetry). For the defective nanostructure the
dipolar polarization with projections on both SAM= 41 and SAM= —1 rotating basis

vectors appears at all harmonic orders h (see bottom sub-panel in Fig. ) The emitted

12
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Figure 3: An effect of the carbon atom vacancies on the nonlinear response of the triangular
graphene nanoflake with armchair boundary. In the defect-free case the F3 nanoflake com-
prizes N¢ = 10194 carbon atoms, and it is electrostatically doped whith n4,, = 20 electrons.
The fundamental circularly polarised (SAM= +1) gaussian pulse is resonant with dipolar
plasmon of the nanostructure wy = 0.236 eV. Group of panels a): Spectral analysis of the
nonlinear dipole for an ideal nanoflake (top sub-panel) and nanoflake with single randomly
positioned carbon atom vacancy (bottom sub-panel). In blue (red) we show the frequency
dependence of the absolute value of the projections |p; (w)| (|p—(w)|) of the induced dipole
on rotating basis vectors with SAM= +1 (SAM= —1). The frequency is measured in units
of wy. The peaks at w = hwy correspond to the generation of the frequency harmonics.
Group of panels b): Solid lines with dots show dependence of the polarisation index Z,,(hwy)
(see Eq. o) on harmonic order h for the frequency harmonics present in a defect-free case.
Different panels correspond to the results obtained with different number ny of the ran-
domly distributed carbon atom vacancies indicated in the insert of each panel. For each ny
value, Z,(hwyp) is obtained as an average over five random samples, and the vertical error
bars display the standard deviation. Blue (red) dots at Z, = +1 connected by dashed lines
illustrate selection rules for the SAM= +1 (SAM= —1) polarization states for the defect-free
F3 nanoflake (see the spectral analysis on the top of panel a).

harmonics are thus characterized by an elliptical polarization. It is worth noting that since

bottom sub-panel of Fig. mainly serves to underline qualitative difference with an ideal

nanostructure, no statistical averaging over vacancy positions has been performed here.
This statistical analysis has been performed for the characterization of the vacancy de-

pendence of the polarisation index Z,(hwy) at different harmonic frequencies as reported in

13



group of panels in Fig. Bb. Focusing on the possible interest of the nanostructure for the
generation of the circularly polarized beams at certain harmonics with no emission at other
harmonics, we only show here results for the harmonic orders h present in a defect-free case.
Obviously, it follows from Fig. that defects trigger generation of all frequency harmon-
ics. We seek then whether at least the polarisation of the harmonics present for an ideal
nanostructure will remain for the defective nanoflake.

Each sub-panel of Fig. corresponds to the situation where ny carbon atom vacancies
are randomly distributed within graphene lattice (ny is indicated at the bottom right of
each sub-panel). For each ny value, the polarization index Z,(hwy) given by Eq. is
obtained as an average over five random samples. The vertical error bars display the standard
deviation of the results. Results shown in Fig.[3p fully confirm the trends observed in Fig. [3h.
In particular, for the defective structure the frequency harmonics are characterized by an
elliptical polarization with generally low polarization index and arbitrary handiness. The
circular polarization and the handiness of the frequency harmonics of an ideal nanostructure
is generally lost. The higher is harmonic order h the stronger it is affected by the defects
already at their low concentration. We find that it is only the circular polarization and
handiness of the second harmonic predicted by the selection rules for an ideal structure that
persists at low defect concentration, even though it disappears already for 10 missing-atom
defects randomly distributed within the structure (0.1 % of defect concentration).

It is worthy to note that along with circular polarization lattice defects strongly affect the

intensity of harmonics emitted by graphene nanoflake as follows from results in Fig. |4l In this

figure, we show an absolute value of the induced dipole p(hwy) = \/|p+(hcug)|2 + |p— (hwo)|?
calculated for different number of vacancy defects at fundamental and harmonic frequencies
h =1,...,8. For the frequency harmonics allowed by the selection rules for an ideal triangular
C3 nanoflake (see Table , even a small number of vacancy defects appreciably reduces not
only the polarization index as shown in Fig. 3p, but also the induced nonlinear dipole and

therefore the intensity of emitted harmonics. Thus we obtain about 6 times reduction of the

14
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Figure 4: An effect of the carbon atom vacancies on the nonlinear response of the triangular
graphene nanoflake in the same conditions as in Fig. 3] An absolute value of the normalized
dipole induced at harmonic frequencies p(hwy) x A~ is shown as function of the number of
vacancy defects ny. For each ny value, p(hwy) is obtained as an average over five random
samples, and the vertical error bars display the standard deviation of the results. Panels of
the figure correspond to the results obtained for different harmonic orders h given at the top
right of each panel together with normalization factor A given in atomic units. For further
details see the text and caption of Fig. .

second harmonic intensity and about 16 times reduction of the forth harmonic intensity for
the ny = 10 vacancy defects present in the nanoflake comprising No = 10194 carbon atoms
in an ideal lattice. The harmonic orders h = 3,6 forbidden by the symmetry selection rules
for an ideal nanoflake are generated due to the presence of the defects. Their intensity then
first rises from zero as soon as a single defect appears within the nanostructure, but then it
promptly decreases for more defects.

Results similar to those reported in Fig. 3] and in Fig. [4] are obtained for all graphene
nanostructures considered in this work. The effect of the carbon atom vacancies on the non-
linear response to the circularly polarized light calculated here is inline with our previous
studies of nonlinear response of graphene nanoflakes for the linearly polarised fundamental

wave. AL T can be related to the defect-induced inelastic scattering and dephasing of

15



the optically excited electrons that (i) breaks the symmetry constraints behind the elec-
tron dynamics, (ii) leads to the quenching of the plasmon modes and associated near field
enhancement. In turn, (i) and (ii) affect the selection rules for harmonic generation and
reduce the nonlinear response. In this respect, as we show in SI, the inner-vacancies are
more efficient perturbers than the edge-vacancies, and even than the extended edge defects
obtained by removal of one zigzag section of the circular F§° graphene nanoflake. We tenta-
tively attribute this result to an inner-vacancy acting as an efficient electron scattering center
added to the system by "cutting" CC connections transporting electron flux in hexagonal
electric network, while an edge-vacancy only modifies the boundary conditions for the edge

scattering.

Compound plasmonic system

An arrangement of identical graphene nanoflakes of certain symmetry in a compound system
of different symmetry represents an interesting situation where for the noninteracting enti-
ties the selection rules for the circularly polarized harmonic generation will be that of the
individual nanoflakes, while the interaction between nanoflakes is responsible for the change
of the selection rules. Above we have demonstrated an extreme sensitivity of the circularly
polarised harmonic generation to atomic-scale defects. Roughly speaking, one can say that
the behaviour is binary. For an ideal symmetry of atomic arrangement within the nanoflake
the nonlinear response is determined by this symmetry, and as soon as tiny fraction of the
defects appear, the C1 symmetry drives the nonlinear response of the system. For the com-
pound system we now want to demonstrate situations where the evolution of selection rules
is progressive.

Specifically, in Fig. [5| we analyse the nonlinear response of the compound nanostructure
created by arranging three identical circular F¢° nanoflakes comprising No = 13542 carbon

atoms (the radius of the nanoflake &~ 10 nm) in the equilateral triangle with separation D
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Figure 5: The nonlinear response of the 3/3° compound structure formed by identical hollow-
centered circular Fg° graphene nanoflakes arranged in equilateral triangle. The nanoflakes
comprise No = 13542 carbon atoms and are electrostatically doped with ng,, = 50 electrons
resulting in wpp = 0.223 eV. The fundamental circularly polarised (SAM= +1) gaussian pulse
is resonant with dipolar plasmon of the nanostructure wy = wpp. Panel a: spectral analysis
of the nonlinear dipole induced in an individual F§° graphene nanoflake used as a reference.
Panel b: spectral analysis of the nonlinear dipole induced in the 3/g° compound structure. In
blue (red) we show the frequency dependence of the absolute value of the projections |py (w)]
(lp—(w)]) of the induced dipole on rotating basis vectors with SAM= +1 (SAM= —1). The
frequency is measured in units of wy. The peaks at w = hwy correspond to the generation of
the frequency harmonics. Top row of sub-panels in panel b: the evolution of the nonlinear
response of the compound structure with C3 symmetry of the atomic arrangement upon
decreasing the separation D between the nanoflakes. Bottom row of sub-panels in panel
b: the same as top row, but for the situation where one of the nanoflakes has been rotated
around its centre by 15° as sketched in panel ¢). Rotation results in C1 microscopic symmetry
of the compound structure. The inserts precise the symmetry of the compound structure,
and provide the value the separation D.

between the nanoflakes. The macroscopic geometry of the system is therefore characterized

by the C3 symmetry with respect to the axis perpendicular to the centre of the triangle.
First, the Fg° nanoflakes are oriented such that the microscopic atomic-scale symmetry

of the compound system is also C3, and the top row panels in Fig. [5| trace the evolution of

the nonlinear response upon approaching the nanoflakes. The reference results in Fig.
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calculated for an individual Fg° nanoflake, and results calculated for the 3Fg° — C3 com-
pound nanostructure with large separation D = 127 nm feature almost equivalent selection
rules with three times larger dipolar polarization in the latter case. Indeed, for non interact-
ing nanoflakes excited by the circularly polarized fundamental wave, the nonlinear response
of the compound system is given by the coherent superposition of the phase-synchronized
nonlinear dipoles induced in the individual Fg° nanoflakes. The selection rules for the po-
larization states of the total nonlinear induced dipole can be then described by Eq. [] for the
C6 symmetry, and the total nonlinear dipole of the compound system pio(hwo) = 3p(hwy),
where p(hwy) is the nonlinear dipole induced by the fundamental wave in each nanoflake.
Reducing separation D increases the interaction between the nanoflakes through the
near fields, and the system evolves from an arrangement of individual nanoflakes of the
microscopic C6 symmetry to their compound of the microscopic C3 symmetry. Additional
frequency harmonics with order h and SAM predicted by the selection rules for the C3
symmetry (h = 2, SAM= —1, and h = 4, SAM= +1) progressively emerge in the spectra.
For the smallest D considered here, individual nanoflakes are strongly coupled and the
spectral analysis nicely reveals the circular polarization states of the C3 symmetry.
Rotation of the one of nanoflakes by a small angle o = 15° as sketched in Fig. bc breaks
the microscopic C3 symmetry of the carbon atom arrangement which is then transformed
to C1. This is while the macroscopic C3 symmetry is not changed by this transformation
since the nanoflakes are of circular geometry. As follows from the TDDM-TB results for
the nonlinear response shown in the bottom row of panels of Fig. pb, reducing separation D
leads to the progressive evolution of the spectra from that driven by the higher symmetry to
that driven by the lower symmetry. In this respect the behaviour is similar to that obtained
in the top row of panels of Fig. fb. However there is an essential difference: for smallest D
and thus for the largest near field interaction between the nanoflakes, the nonlinear dipole
at all harmonic frequencies has both p, and p_ components as expected for the object of the

C1 symmetry (see Table 2| as well as result reported in Fig. 3| for the defective F3 nanoflake).
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Interestingly, as we further elaborate in SI, careful analysis of the results in Fig. pp shows
that upon rotation of one of the nanoflakes, the h = 1,2,4,5 harmonics authorized for the
macroscopic C3 symmetry feature nearly circular polarization in accord with corresponding
selection rules (one has to consider the log scale of Fig. [5p). This holds in particular for low
h, and up to the smallest D = 2.6 nm separation between the nanoflakes considered here.
This said, the break of the microscopic C3 symmetry by rotation of one of nanoflakes leads

to the overall nonlinear response grossly determined by the microscopic C1 symmetry.

Present results in light of experimental findings

We are now in a position to look for a link between present theoretical results and recent
experiments studying selection rules for generation of circularly polarized harmonics from
plasmonic metamaterials.***' The TDDM-TB results for the single nanoflakes demonstrate
that for the size of the nanoobjects addressed here the microscopic rotational symmetry of
the arrangement of the carbon atoms within the system determines the circular polarization
states of harmonic generation. Since an individual (plasmonic) nanostructure constitutes a
building block (meta-atom) for design of metasurface or metamaterial, present theoretical
result appears at odds with experimental data. Indeed, the macroscopic rotational symme-
try of the metamaterial was found to explain the circular polarization states of frequency
harmonics.*?** This is while unavoidably the defects, and an appreciable geometry deviation
from an ideal will break the symmetry of the meta-atoms and of the entire metamaterial on
the microscopic level reducing it to C1.

We believe that this apparent contradiction can be lifted considering an effect of the av-
erage over large number of individual nanoobjects which restores the role of the macroscopic
symmetry in experimental situation. Recall that for the compound system of 3 graphene
nanoflakes of C1 microscopic and C3 macroscopic symmetry (Fig. , the polarization states

of the harmonics allowed by the C3 symmetry retain to large extent the C3 selection rules.
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Figure 6: An effect of the carbon atom vacancies on nonlinear response of a structure com-
prising 50 noninteracting graphene nanoflakes. An ideal individual F3 triangular nanoflake
with armchair boundary comprises No = 5556 carbon atoms and it is electrostatically doped
with nge, = 10 electrons. The fundamental circularly polarised (SAM= +1) gaussian pulse is
resonant with dipolar plasmon of the nanoflake, wy = 0.25 eV. The nanoflakes are randomly
oriented in space. For the defective structure, the ny carbon atom vacancies are introduced
at random positions within each nanoflake. We show the dependence of the polarisation in-
dex Z,(hwp) (see Eq. [p) on harmonic order h. The left (right) panel of the figure corresponds
to the situation with ny = 1 (ny = 3) as indicated in the inserts. Green dots connected with
green line show results for an individual F nanoflake. Error bars correspond to the statis-
tical average over the vacancy positions (see caption of Fig. for further details). Violet
dots connected with violet line show results for the structure comprising 50 nanoflakes. Blue
(red) dots at Z, = 1 connected by dashed lines illustrate selection rules for the SAM= +1
(SAM= —1) polarization states for the C3 structure without defects.

Unfortunately, the TDDM-TB study of a large number of interacting nanoobjects of some
100 nm size as available experimentally is out of reach at present. However it is possible
to further support our statement using model system. To this end we consider a structure
made of 50 randomly positioned and randomly oriented coplanar triangular F3 graphene
nanoflakes with armchair boundary. The interaction between the nanoflakes is neglected.
Therefore, the total nonlinear dipole of the system is given by the vectorial sum of the
nonlinear dipoles induced in individual nanoflakes by the fundamental field.

In Fig. [6] with violet dots we show the polarization index of the harmonics emitted by
the structure of 50 F3 graphene nanoflakes, where ny = 1 or ny = 3 vacancy defects

were introduced at random positions within each nanoflake. The polarization index of the
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harmonics emitted by an individual defective F3 nanoflake is shown with green line, and blue
(red) dots illustrate selection rules for the SAM= +1 (SAM= —1) polarization states in the
case of the C3 symmetry. Obviously, for an individual nanoparticle, presence of the defects
quickly degrades the polarization index of emitted harmonics inline with results shown in
Fig. [3b. This is while the structure comprising several tens of the nanoflakes averages out
the defect associated alternations in the nonlinear response of individual nanoparticles as far
as polarization is concerned. One obtains partial retrieval of the sought circular polarization
for harmonics allowed by selection rules for an ideal nanoflake, this is while all harmonic
frequencies are present in nonlinear spectra in contrast with an ideal C3 symmetry. The
model example above points at possibly lower sensitivity to the defects for large systems

such as metasurfaces.

Conclusions and outlook

Using the TDDM-TB approach we have studied the nonlinear response of some 10* car-
bon atoms size graphene nanoflakes to the circularly polarized fundamental wave resonant
with dipolar plasmon of the nanostructure. In relation with recent experiments,®* ! par-
ticular emphasis is put on the polarization of the frequency harmonics generated by the
nanostructures that can be considered as meta-atoms for nonlinear metamaterials allowing

manipulation of the spin orbital momentum of light.

Three important issues are addressed in this work

1. Is it macroscopic symmetry given by the global shape of the large nanoflake or mi-
croscopic symmetry given by the arrangement of the carbon atoms within the nanos-
tructure that determines selection rules for the circular polarization states of emitted

harmonics?

2. How the polarization states of emitted harmonics are perturbed by unavoidable im-

perfections?
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3. In the case where this perturbation is strong, is there a mechanism that can restore

the polarization states of emitted harmonics?

Results obtained for the individual nanoflakes and compound system comprising several
identical nanoflakes reveal that selection rules for the circular polarization states of harmonic
generation from 10 carbon atoms size plasmonic graphene nanoflakes are determined by the
microscopic arrangement of carbon atoms.

The peculiarity of the compound system comprising several identical nanoflakes is that its
microscopic symmetry might be different (lower) than the microscopic symmetry of individ-
ual constituents. In this situation, for the well separated and weakly interacting nanoflakes
the generation and polarization of emitted harmonics is driven by their individual micro-
scopic symmetries. Reducing the separation between nanoflakes leads to the emergence of
the circularly polarized harmonics specific to the microscopic symmetry of compound system.
Therefore, varying the interaction strength allows to control the intensity of the SAM= +1
polarisation states at specific harmonic frequencies.

As a direct consequence of the role of the microscopic symmetry determining selection
rules for the circular polarisation at harmonic frequencies, a break of this symmetry by e.g.
constrained relaxation of graphene lattice because of the substrate, geometry imperfections
in the fabrication process, defects and adatoms, potentially might have strong effect on the
nonlinear response.

With an example of carbon atom vacancy defects at extremely low concentration, and
with an example of the slight misalignment of the one of the nanoflakes in a compound
system, we have demonstrated that this is indeed the case. Even slight alternation of the
atomic-scale symmetry has strong impact on the nonlinear response. Most important, the
circular polarization of the harmonics specific to an ideal nanostructure is lost and it is
replaced by the one determined by the C1 symmetry.

Along with revealing the role of breaking the microscopic symmetry, we have analysed

possibility to restore the sought circular polarization of the harmonics allowed by selection
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rules for an ideal nanostructure. In particular, we have shown that using a large set of
noninteracting coherently illuminated defective nanoflakes allows to average out the effect of
the symmetry imperfections and to retrieve polarization state of the harmonics specific for
the structure without defects.

The main qualitative findings of this study are robust consequence of the symmetry
and hold for large variety of graphene nanoflakes considered here. We believe that our
results will contribute to the understanding of the general symmetry constraints controlling
the polarisation of harmonics emitted by graphene nanoflakes at plasmon resonance with
fundamental wave. Moreover, if the behavior of the network of independent nanoparticles as
considered here is generalizable to an interacting system, this opens a possibility for design
of the high-performance symmetry-selective nonlinear metamaterials, exploiting high and

tunable non-linearity of graphene.

Supporting Information Available

The following files are available free of charge. Supporting Information providing

e Derivation of the selection rules for the multipoles of the induced nonlinear charge

density.

e Validation of the perturbative regime for nonlinear response for the fundamental elec-

tromagnetic pulse used in this work.

e Illustration of the effect of the centering of graphene lattice inside the global shape

with an example of triangular graphene nanoflakes.
e Additional results and discussion completing the information presented in Fig. 5

e Dependence of the plasmon resonance on the size of graphene nanoflakes and on the

doping level.
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e Effect of the vacancy position on nonlinear response.

e The lattice relaxation and nonlinear response of ideal and defective nanoflakes.
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