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Abstract

Our goal is to highlight some of the deep links between numerical splitting methods and
control theory. We consider evolution equations of the form & = fo(z) + fi(z), where fo
encodes a non-reversible dynamic, so that one is interested in schemes only involving forward
flows of fo. In this context, a splitting method can be interpreted as a trajectory of the
control-affine system #(t) = fo(x(t)) + u(t)f1(z(t)), associated with a control u which is a
finite sum of Dirac masses. The general goal is then to find a control such that the flow of
fo+u(t)f1 is as close as possible to the flow of fo + f1.

Using this interpretation and classical tools from control theory, we revisit well-known
results concerning numerical splitting methods, and we prove a handful of new ones, with
an emphasis on splittings with additional positivity conditions on the coefficients. First, we
show that there exist numerical schemes of any arbitrary order involving only forward flows
of fo if one allows complex coefficients for the flows of fi. Equivalently, for complex-valued
controls, we prove that the Lie algebra rank condition is equivalent to the small-time local
controllability of a system. Second, for real-valued coefficients, we show that the well-known
order restrictions are linked with so-called “bad” Lie brackets from control theory, which are
known to yield obstructions to small-time local controllability. We use our recent basis of the
free Lie algebra to precisely identify the conditions under which high-order methods exist.
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1 Introduction

In this article, we highlight the deep links between numerical splitting methods and control theory
and use this comparison to provide new proofs of known results and conjectures of the order
theory of splitting methods. We focus on situations where fy encodes a heuristically non-reversible
dynamic, so that one is interested in schemes only involving forward flows of fy. An overview of
the main results is presented in Section 1.3.

1.1 Order theory for splitting methods

Splitting methods Splitting methods aim at solving numerically evolutionary problems of the
general form

&(t) = fo(z(t) + fr(z(t)) + - + folz(t)), (1.1)
where the flows associated to the vector fields f, are easy to integrate numerically with high
precision or an exact solution is available. We consider p = 1 for simplicity in this paper. For a
given time 7', a splitting method approximates z(T") by composing flows associated to the f;. A
standard splitting method is of order N for solving (1.1) if for all smooth vector fields fo, f1, the
following estimate holds

x(T) — e ThopiTH eakaoeﬂkal.T(O) + TOO(TN+1)_ (1.2)
-

For instance, the Lie—Trotter splitting is of order one:
z(T) = eTheThig(0) + O (T?), (1.3)
T—0
and the Strang splitting is of order two:

#(T) = T/ foeThieT2o 0y + O (T?). (1.4)
T-0

Splitting methods are widely popular methods used for their straightforward implementation,
versatility, accuracy, and stability. They also have good geometric behaviour [45, 31, 11] for
preserving, for instance, energy, volume, symmetries, or symplecticity. They are heavily used for
the approximation of ODEs and PDEs (see, for instance, [8, 42, 27]), and also in the stochastic
setting, for instance in molecular dynamics [39, 17], with the popular BAOAB or UBU schemes
for kinetic Langevin (see also [2]).

Order theory In this paper, we are interested only in the creation of high-order splittings and
we ignore the stability analysis, as well as the preservation of geometric properties. The order
theory of splitting methods relies on the Baker-Campbell-Hausdorff formula or Magnus formula
[44] and it is possible to create methods of any high order, with for instance composition methods.
The derivation of the order conditions is found for instance in [45] and the modern formulation
uses the algebraic framework of free Lie algebras [52] and Hopf algebras (see, for instance, the
word series [48, 49] and the review [11, Sec. 2]). The formalism of free Lie algebras has a long
successful history in control theory [58, 5], and we extend the approach here to the study of splitting
methods. An important feature of the analysis is the choice of basis of the free Lie algebras. In
particular, we will use the basis recently introduced in [7]. The analysis also shares similarities
with Lie group methods [36]. Indeed, the study of Lie group methods relies on the study of the
compositions of frozen and exact flow exponentials, and the latter is also the object of interest in
the context of splitting methods (see [47, 43, 46, 26, 29, 25, 1]). The analysis of splitting methods
relies on words, while the analysis of Runge—Kutta like integrators relies on trees. In this context,
the analysis of splitting methods is simpler and more compact. We cite in particular the related
algebraic tree formalisms [15, 31] of Butcher trees, [35, 41] for exponential integrators, [14, 13] for
splitting schemes with low regularity initial data, and [53, 38, 12] for stochastic integrators.



Order theory for semigroups The order theory of splitting methods becomes more involved
when additional positivity conditions are added. We study in particular the conditions of existence
of splitting schemes of high order with coefficients in (A, B), that is, when a; € A, 8; € B for all 1.
For non-reversible problems (heat equation, stochastic differential equations,...), a condition of the
form «; > 0 on the coefficients in (1.2) must be imposed. In this context, it is known [55, 59, 30, 8]
that the maximum order for splitting methods with coefficients in (R, R) and (R*, R") (sometimes
called forward splitting methods) is N = 2. A possible solution is the use of splitting methods with
complex coefficients. It first appeared in the context of Hamiltonian systems [18] and quantum
mechanics [3, 50] with low order. It then appeared simultaneously in the works [16, 34] for parabolic
problems, in the spirit of [33]. The large number of complex solutions for the order conditions offers
more flexibility in the choice of coefficients, and can lead to schemes with smaller truncation errors
and new symmetries. On the other hand, the use of complex arithmetic introduces an additional
cost for solving real problems, and extending the flows to the complex plane has to be done carefully
in order to avoid order reductions. The papers [16, 34] use symmetric composition methods to
create splitting methods in (C*,CT) up to order 14 (i.e. where all coefficients are complex numbers
with positive real part), though the error constants deteriorate in some cases [9]. In [9], it is proven
that splitting methods in (C*,C*) exist up to order 44, by building upon a splitting method of
order 6 in (R*,C™). In this paper, we prove in particular that splittings in (R*,C) exist up to
any order, giving a positive answer to the open question of [9, Remark 2.7] (with unconstrained
complex £3;).

Commutator flows and degeneracies An alternative solution to go beyond the order barrier
is to introduce flows associated to specific commutators in the splitting methods, assuming that
these flows are explicitly available. The first such method in the literature is the Takahashi-Imada
splitting [60] (see also [54, 37, 22]). In the context of Hamiltonian dynamics, such splittings with
commutators appear under the name splitting methods with modified potentials [40, 54, 62]. We
refer to [11, Sections 3.2 and 8] for an extensive list of the use of splittings with commutators in
the literature. It is important to mention that the splitting schemes using commutators are of two
different types in the literature. The first type concerns splittings with commutators, that are,
general splitting methods where one allows the use of commutator flows. The second type is tied to
specific systems that satisfy degeneracies: the commutators satisfy some identities for the specific
fi considered and the splitting schemes use these degeneracies. Following the open questions in [§],
we provide new existence results of splitting schemes in (R*,R) with commutators and necessary
degeneracy conditions to obtain high order splitting schemes.

Link with control theory The link between splitting methods with A = R™ and control theory
is the following: a splitting method can be seen as a trajectory of the control system

(t) = folx(t)) +ut)fr(x(t)) (1.5)

associated with a control v which is a sum of Dirac masses («; is the duration of the step and 3;
the amplitude of the jump) such that the associated flow of the time-varying vector field fo+u(t) f1
defined on [0, 7] is approximately e” (fo+/1) for some T > 0.

With this in mind, we revisit known results on numerical splitting methods, and prove new
ones. In particular, we identify Lie brackets that are obstructions to both high order numerical
splitting methods and small-time local controllability.



1.2 Definitions and notations
1.2.1 Formal brackets and evaluated Lie brackets

Definition 1.1 (Formal brackets). Let X = {Xo, X1,...,Xm} for m > 1 be a finite set of non-
commutative indeterminates. We denote by Br(X) the free magma over X, which can be defined
by induction: X C Br(X) and, if a,b € Br(X), then the ordered pair (a,b) belongs to Br(X). For
b € Br(X), we denote by |b| its length and by n;(b) the number of occurrences of X; inb. For
a,b € Br(X), we define ad,(b) := (a,b) and by induction ad”**(b) := (a,ad’(b)). For instance
(X0, Xo) and V' := adig1 (Xo) = (X1, (X1, X0)) are elements of Br(X) respectively of lengths 2 and
3, and ny(b') =2, no(b') = 1.

Definition 1.2. We give explicit names to some elements of Br(X):

My := X1 and My 41 := (M, Xo) for every v € N,
W = ady,, | (Xo) = (M;_1, M;) for every j € N. (1.7)

-1
These notations will prove useful in stating our main results. In particular, we have M; =
(X1, Xo) and Wy = (X1, (X1, Xo)).

Definition 1.3 (Lie bracket of vector fields). For smooth vector fields f, g, we denote their usual
Lie bracket by [f, g] =: ad¢(g) and use the adjoint representation ad’;"'l(g) = [f,ad}(g)] forn € N.

Definition 1.4 (Evaluated Lie bracket). If fo,..., fm are smooth vector fields and b € Br(X),
then fi, denotes the vector field obtained by replacing the indeterminates X; with the corresponding
vector fields f; in the iterated bracket b.

We find for instance f(x, (x, x5)) = [f1, [f2, f3]] and fw, = adfcl (fo)-

1.2.2 Splitting methods

In the sequel, we rely on the following definition of order of a splitting method.

Definition 1.5 (Order of a splitting method with (A, B) coefficients). Let A,B C C and N € N*.
We say that o = (aq,...,01) € A* and B = (B1,...,Bk) € B¥ for some k € N* is a splitting
method of order (at least) N when, for every smooth vector fields fo, fi on K¢ (with K =R or C
and d € N*),

el (fotf1) — garThoobriTh | garTfo BuTh L (O (TN+1) (1.8)
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in the following sense, used throughout the article: for every xo € K9, there exist C = C(fo, f1, o)
such that, for every T >0,

|6T(fo+f1)x0 — e Tfo BT, ., eakaoeﬁkalzd < TN+ (1_9)

In Definition 1.5 and throughout this paper, the role of the coefficients a; € A (associated
with flows of fy) and 5; € B (associated with flows of f1) is not symmetric, since we will most
often consider situations where only forward flows of fy can be used, while there will be no such
constraint on flows of f;.

In Definition 1.5, the parameters k,«, must be independent of fo, f1 and T. A weaker
notion allows the parameters k, «, 8 to depend on a set F of vector fields, which might have some
degeneracies, potentially allowing for high-order methods.

Definition 1.6 (Splitting method relative to vector fields). Let F be a set of (pairs of ) vector fields.
We say that a splitting method is of order N relative to F when (1.8) holds for any (fo, f1) € F.



Splitting methods of Definition 1.5 only involve flows of fy and f;. For some systems, although
the flow of fy + f1 is not directly available, one might have access to the flows of some specific
commutators of fy and f; (for example, the flow of fw, = [f1, [f1, fo]], or more generally of some
fp for b € Br(X)). This leads to the following definition.

Definition 1.7 (Splitting method involving commutator flows). Let X = {Xo, X1}, m € N* and
b1 := X1,ba,...,by € Br(X). With the notations of Definition 1.5, a splitting method of order N
involving Xo and by, b, ..., by, is given by the additional data of ¢ = (c1,...,cx) € {b1,..., by }*
such that
eT(otf1) — eo‘leOeﬁlT‘cl‘fcl eO‘QTfOe&T‘CQ‘fC? .- ~eo‘ka°€ﬁkT‘Ck‘fck + TOO(TNJrl). (1.10)
—

We impose without loss of generality that between flows of the form ePfe, there always is a term
e®fo with o > 0.

1.2.3 Controllability

Given smooth vector fields fo, f1,. .., fm defined on a neighborhood of 0 € K¢ where K = R or C,
we consider the control-affine system

&(t) = fo(x(t)) +ur(t) fr(@(t)) + - - + um(t) fm (1), (1.11)

where u; € L1(0,T) are the controls. When there is no control in front of fo # 0, such a system
is called “with drift” and one typically assumes that fo(0) = 0 and studies its behavior near the
equilibrium (z,u) = (0,0). When there is a control ug(t) in front of fy (or equivalently when
fo = 0), the system is called “driftless” and (z,u) = (0,0) is still an equilibrium. A handful of
concepts of controllability exist (see [7, Section 1.2] for further discussion). For the sake of clarity,
we will use the following definition in both cases.

Definition 1.8 (Small-state Small-Time-Local-Controllability). We say that (1.11) is small-state-
STLC when, for every T > 0, for every € > 0, there exists 6 > 0 such that, for every target state
x* € B(0,0), there exists u € L*((0,T); K™) such that the solution to (1.11) associated with u and
ingtial data x(0) = 0 satisfies ©(T) = «* and z([0,T]) C B(0,¢).

1.3 Main results
1.3.1 Arbitrary order (R,R) splitting methods

It is well-known that splitting methods with (R, R) coefficients of arbitrary order exist. With our
notations, one has the following classical result.

Theorem 1.9. For every N € N*| there exists an (R, R) splitting method of order N with a number
of flows at most 2dim(LN (X)) — 1 (which is bounded above® by 2N+1).

Without any constraint on the real coefficients, an (R,R) splitting method corresponds to a
trajectory of the driftless control-affine system

(1) = uo(t) fo(x(t)) + ua () fr(x(t)) (1.12)

with state z(t) € R? and control (ug,u1) : RY — R, where up and u; are piecewise constant
functions with disjoint supports, and do not depend on (fo, f1)-

In control theory, the analogue of Theorem 1.9 is the following result, known as the Chow-
Rashevskii necessary and sufficient condition for the controllability of driftless control-affine sys-
tems [23, 51], leading to the so-called “Lie algebra rank condition” Lieg(fo, f1)(0) = R?, where
Lie(fo, f1) denotes the Lie algebra spanned on R by fp and fj.

1See Section 2.1 for a definition of LV (X). By Witt’s formula [63], dim £V (X) = % Zd\N w(d)| XN/ where p
is the M&bius function.



Theorem 1.10. Let fy, f1 be real-analytic vector fields on a neighborhood of 0 in RY. System (1.12)
is small-state-STLC with real-valued controls ug,uy if and only if Lieg(fo, f1)(0) = R<.

To underline the similarity between Theorems 1.9 and 1.10, we will give a proof of both relying
on the same underlying abstract result Proposition 5.5.

1.3.2 Arbitrary order (RT,C) splitting methods

In [9, Remark 2.7], it is mentioned that the existence of splitting methods with (R*, C) coefficients
is an open question. We provide here the following positive answer.

Theorem 1.11. For every N € N*, there erists an (RT,C) splitting method of order N with a
number of flows at most N dim(LN (X)).

Theorem 1.11 is therefore an arbitrary order extension of the lower order methods recalled in
Section 1.1. It is however an abstract existence result, and the proof that we give is not constructive.

An (R*,C) splitting method corresponds to a trajectory of the scalar-input control-affine sys-
tem (1.5) with state z(t) € C¢ and control u : R* — C, where u is a finite sum of Dirac masses
with complex amplitudes. The following control statement is the analogue of Theorem 1.11 for the
control system (1.5).

Theorem 1.12. Let fo, f1 be holomorphic vector fields on a neighborhood of 0 in C¢ with fo(0) = 0.
System (1.5) is small-state-STLC with complez-valued control u if and only if C* = Liec(fo, f1)(0).

For control theorists, Theorem 1.12 can be unsettling at first sight. Indeed, for control-affine
systems with drift of the form (1.5), no necessary and sufficient condition for controllability is
known, when one considers real-valued controls. In particular, the Lie algebra rank condition does
not imply the controllability as can be checked on the epitomal example on R? given by

{9:“ Y (1.13)

T2 = I7

for which f1(0) = (1,0) and [f1, [f1, f0]](0) = (0,2), so that Lie(fy, f1)(0) = R? but, for real-valued
u, 1 € R so £ > 0, preventing controllability, since one cannot reach a target state with =5 < 0
starting from the initial state (0, 0).

Theorem 1.12 is nevertheless reasonable, since, as in (1.13), all known obstructions to controlla-
bility rely on the presence of positive drifts in the dynamics (see [7] for an extended explanation).
In particular, one easily checks that (1.13) is indeed controllable with complex-valued controls
using that 2 = —1.

Theorem 1.12 can be seen as a consequence of Sussmann’s S(6) sufficient condition for STLC
of [58] (see Proposition 8.2 below). In this article, we prefer to adapt Sussmann’s proof to this
complex-valued context to emphasize that it becomes simpler and that no compensation needs to
be done (unlike in Proposition 8.2). Moreover, to underline the similarity between Theorems 1.11
and 1.12, we will give a proof of both relying on the same underlying abstract result Proposition 6.4.

1.3.3 The first obstruction to controllability and (R*,R) splitting methods

It is well-known that splitting methods with (R, R) coefficients suffer from severe order limitations.
In particular, one has the following result (see e.g. [8]).

Theorem 1.13. The mazimal order of an (RT,R) splitting method is 2.

We claim in the sequel that the cause of this order restriction is the positive-definiteness of the
coordinate associated with the “bad” bracket W, = (X1, (X1, Xo)) for the free system (3.1), and
that this is linked with well-known obstructions to controllability.



An (RT,R) splitting method corresponds to a trajectory of the control system (1.5) with state
z(t) € R? and control v : R — R, where u is a finite sum of Dirac masses with real amplitudes.
In control theory, the following result, due to Sussmann [57, Proposition 6.3] (see also [7, Theo-
rem 1.10] for a modern proof using the Magnus formula and denying small-state-STLC) is the first
necessary condition for controllability.

Theorem 1.14. Let fy, f1 be smooth vector fields on a neighborhood of 0 € R? such that fo(0) = 0.
If the system (1.5) is small-state-STLC then fw, (0) € span{fa, (0); v € N}.

An analog of Theorem 1.14 for splitting methods is the following result.

Theorem 1.15. Let fo, fi be smooth vector fields on R®. If there exists an (RT,R) splitting
method of order 3 relative to (fo, f1), then fw, and far, are linearly dependent.

The slight difference in the compensation conditions between Theorem 1.14 and Theorem 1.15
can be explained in the following way. On the one hand, small-state-STLC is concerned with a
regime where the control u is small, and the amplitude of the movement of the state in the direction
of fw, (0) is quadratic in u, whereas the movements along the fas, (0) are linear in u, so that all
such terms are equally capable of absorbing the drift associated with Wj;. On the other hand,
in Definition 1.5, a splitting method uses coefficients which are independent of the time 7', hence
compensations must occur between brackets of the same total length, and the only other bracket
of length 3 is My = ((X1, Xo), Xo). If the coefficients were allowed to depend in a polynomial way
on T, the condition could involve fy, and {far, ;v < 2}.

Another way to apprehend the fact that W is indeed the root cause of Theorem 1.13 is the
following result, which states that, if one is able to compute the flow of £ fy, (in fact, one could
prove that the flow of — fyy, is sufficient), then one can overcome the order restriction. A splitting
method involving Xy and X, W; corresponds to a trajectory of the control system

o(t) = fo(z(t) + ua () f1(x(t)) + uz(t) fiv, (x(1)) (1.14)

with state z(t) € R? and control u = (uy,u2) : Rt — R2, where uj,uy are finite sums of Dirac
masses with disjoint supports and real amplitudes.

Theorem 1.16. There exists an (RT,R) splitting method of order 4 involving Xo and X1, W1.

Such an observation was already made in [8, Section 5], in which an (R™,R™) splitting method,
involving Xy and X3, —Wj is constructed. We give here a proof relying on control theory, which
only gives an (RT,R) scheme, but can easily be adapted to prove the existence of higher order
schemes (see below). As in Theorem 1.11 above and Theorem 1.19 below, all our positive results
are non-constructive abstract existence results.

1.3.4 The next obstructions to controllability and splitting

The first obstruction Wi is far from being the only one. In fact, even in situations where the first
necessary conditions fy, (0) € span{ far, (0); v € N} (for control theory) or fi, and fas, are linearly
dependent (for splitting) hold, or one incorporates the flow of fy,, other obstructions occur. For
control theory, the first and third authors have started a classification of obstructions in [7]. We
refer the interested reader to this reference, and we will omit statements about controllability from
now on, although, as above, one could continue to exhibit a very direct correspondance between
both domains.

The next obstruction is caused by Wy = a'd%Xl,X[)) (Xo) (a bracket of length 5, with 2 times X3
and 3 times Xj). We will prove the following statements.

Theorem 1.17. Let fo, fi be smooth vector fields on R? such that fyw, = 0. If there exists an
(R*,R) splitting method of order & relative to (fo, f1), then fw, and fu, are linearly dependent.



Theorem 1.18. The mazimal order of an (R*,R) splitting method involving Xo and X1, Wy is 4.
Theorem 1.19. There exists an (RT,R) splitting method involving Xo and X1, W1, Wa of order 6.
Theorem 1.18 yields a theoretical proof of the numerical observations of [8, Section 5.

As can be expected, the game goes on, and further obstructions exist at higher order. We refer
to Sections 7 and 8 for further results. In particular, our approach allows to prove that all the W;
for j € N* of (1.7) yield obstructions to splitting.

1.4 Structure of the article

The first sections introduce the appropriate prerequisites, which might already be well known or
folklore knowledge for readers accustomed to the field. In Section 2 we give prerequisites about
algebraic tools: free (Lie) algebras, Lie groups, Hall bases. In Section 3, we introduce formal
differential equations and some of their properties. In Section 4, we recall error estimates for the
Magnus expansion of solutions to ordinary nonlinear differential equations.

We then move on to the proofs of the main results. In Section 5, we investigate the (R,R)
case and prove Theorem 1.9 and Theorem 1.10. In Section 6, we investigate the (R*, C) case and
prove Theorem 1.11 and Theorem 1.12. In Section 7, we prove the statements concerning the
maximal possible order of (R*, R) methods. In Section 8, we prove the statements concerning the
existence of methods achieving the maximal possible order of (RT,R) methods using commutator
flows. Eventually, in Section 9, we prove the statements concerning the degeneracies implied by
the existence of methods with an order exceeding the maximal possible order.

2 Algebraic tools

In Section 2.1, we introduce several free algebras, that allow to define in Section 2.2 a Lie group,
and to study the formal differential equation in Section 3. Finally, in Section 2.3, we recall the
definition and an example of a Hall basis of £(X).

2.1 Free algebras

Let X = {Xy,..., X;n} be a finite set of non commutative indeterminates and K = R or C, which
will serve as a base field for all vector spaces and algebras.

Definition 2.1 (Free algebra). A(X) denotes the free associative algebra generated by X over the
field K, i.e. the unital associative algebra of polynomials of the non commutative indeterminates
Xo, ..., Xm with coefficients in K. A(X) can be seen as a graded algebra:

AX) = PALX), (2.1)

neN

where A, (X) is the finite-dimensional K-vector space spanned by monomials of degree n over X.
In particular Ag(X) = K and A;(X) = spang(X).

A(X) is endowed with a natural structure of Lie algebra, the Lie bracket operation being
defined by [a, b] := ab — ba. This operation satisfies [a,a] = 0 and the Jacobi identity

[a, [b, c]] + [e, [a, b]] + [b, [¢, a]] = 0. (2.2)

Definition 2.2 (Free Lie algebra). L£(X) denotes the free Lie algebra generated by X over the
field K, which is defined as the Lie subalgebra generated by X in A(X). It can be seen as the
smallest linear subspace of A(X) containing all elements of X and stable by the Lie bracket.

There is a natural evaluation mapping E from the free magma Br(X) defined in Definition 1.1
to L(X), defined by E(X;) = X; for X; € X and E((b1,b2)) = [b1, b2] for by, bs € Br(X).



Definition 2.3 (Formal power series). A(X) denotes the (unital associative) algebra of formal
power series generated by A(X). An element a € A(X) is a sequence a = (an)nen usually written
a = ZHGN an, where an, € A, (X) with, in particular, ag € K being its constant term. We also

define the Lie algebra of formal Lie series E(X) as the Lie algebra of formal power series a € JZ(X)
for which a,, € L(X) for each n € N.
For S € A(X) with null constant term,

oo Sk 1)k+1

exp(S) := and log(1+95)= i (_78”C (2.3)

T Lk k
k=0 k=1

are well defined elements of A(X). Moreover, the following identities hold in A(X):
exp(log(14+5)) =145 and log(exp(S)) = S. (2.4)
Definition 2.4 (Free nilpotent algebra). For N € N,
AN(X) = P AuX), (2.5)

nel0,N]

is a linear subspace of A(X), which is not a subalgebra of A(X). Let wy : A(X) — AN (X) be
the canonical surjection (truncation map). The space AN (X) can be given a structure of algebra
by defining the multiplication of two elements a,b € AN (X) by mx(ab) i.e. the multiplication on
AN(X) is the same as on A(X) except that monomials of degree > N are discarded. Then Ty is
a morphism of algebras:

VS, S € A(X),  wn(SS) =mn(S)mn(S). (2.6)

Thus regarded, AN (X) is the free nilpotent associative algebra of order (N + 1), generated by X
over the field K and the Lie subalgebra of AN (X) spanned by X is

LY(X) = 7n(L(X)). (2.7)
For S € AN (X) with null constant term,
expy (S) :=mn(exp(S)) and logy(1+S) :=mn(log(l+5)) (2.8)
are well defined elements of A (X). Moreover, the following identities hold in A (X):
expy(logy(14+5)) =145 and logy(expy(S)) =S (2.9)
and for every S € A(X),
logn (mn(S)) = mn (log(S)). (2.10)

2.2 A Lie group

We recall the celebrated Baker—Campbell-Hausdorff formula and its corollary on AN (X), conse-
quence of (2.10).

Proposition 2.5. There exists a Lie series BCH(A, B) in two indeterminates A, B such that, for
every P,Q € A(X) with null constant terms, the following identity holds in A(X):

exp(P) exp(Q) = exp(BCH(P, Q)). (2.11)
For N € N and P,Q € AN (X) with null constant terms, the following identity holds in AN (X):
expy (P) expy (Q) = expy (BCHN (P, Q)) (2.12)

where BCHy (P, Q) = 7y (BCH(P, Q)) € LN (X).



Example 2.6. The formula up to order 3 is

BCH(A, B) = A+ B+ 5[4, B + —-[A,[A, B + —[B, [B, 4] + - (2.13)

In particular, Proposition 2.5 implies that the sets
G(X) := {exp(Z); Z € L(X)} and  GN(X) := {expy(2); Z € LY (X)} (2.14)

are respectively subgroups of A(X) and AN (X). The elements of G(X) are called exponential Lie
series.

Proposition 2.7. GV (X) is a Lie group, whose Lie algebra is LN (X) i.e. GN(X) is a group and
an analytic manifold, whose tangent space at 1 is LN (X).

2.3 A well-suited basis of the free Lie algebra

Designing a splitting method to compute the flow of fy+ fi is, initially, a symmetric question with
respect to fy and f;. However, this symmetry breaks if one considers methods using only forward
flows of fy (but both forward and backward flows of f1). The resulting asymmetry is reflected in
the formulation of the associated control-affine system (1.5). In order to identify the conditions
on fy and f; under which high-order splitting methods exist, this asymmetry must be taken into
account when choosing a basis of the free Lie algebra £(X).

The so-called (generalized) Hall bases (stemming from [32] and generalized in [56, 61]) constitute
a wide family of bases of £(X), which includes many well-known bases of £(X) such as the historical
length-compatible Hall bases of [32] or the Chen-Fox-Lyndon basis of [21]. We refer the interested
reader to [4, Section 1.4] for a more gentle introduction and more thorough details.

Definition 2.8. A Hall set over X is a subset B of Br(X) (see Definition 1.1), endowed with a
total order < such that:

e X CB,

e for all by,bs € Br(X), (b1,b2) € B if and only if by,by € B, by < by and, either by € X or
b2 = (bg,b4) with b3 S bl,

e for all by,bs € B such that (by,b2) € B then by < (b1, ba).
The importance of this definition is linked with the following result.
Theorem 2.9 (Viennot [61]). Let B C Br(X) be a Hall set. Then E(B) is a basis of L(X).

In [7, Section 3], the first and third authors introduced a new Hall set By, specifically designed
for applications to control theory, which correctly reflects the asymmetry between X, and X;
corresponding to the control system (1.5). As we aim to illustrate in the following sections, this
basis is also useful in the context of splitting methods. Since we will not need the full Hall set B, in
the sequel, we omit the precise definition of the underlying order (for which we refer to [7, Section
3]), and we instead list below its elements of length at most 5, in the order under which they
appear in B,:

X1 < M) < My < Mg < My
<W; < (Wl,XO) < ((Wl,XQ),Xo) < Ws
< (X1;W1) < ((X15W1)7X0) < ((XlaXO)awl) (215)

< Q1
< Xy
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where we use the notations of Definition 1.2 and
Q1 = (X1, (X1, (X1, (X1, X0)))) = ad, (Xo). (2.16)

Although the 14 elements of (2.15) will be sufficient for our purpose here, the structure of the
elements of B, is understood and easily computable for many more elements. In particular, it
contains all the elements of the form M, for v € N and W; for j € N* defined in Definition 1.2.

3 The formal differential equation

3.1 The classical framework: integrable controls
3.1.1 An equation on A(X)

Let u = (ug, . .., um) € LY(RT,K™T1) . In this section, we consider the following formal differential
equation set on A(X)

(3.1)

S(t) = S(t) Sy u(t) X,
S(0) =1,

whose solutions are defined in the following way.

Definition 3.1 (Solution to a formal differential equation). Let u = (ug, ..., uy) € L*(RT; K™+,
The solution to the formal differential equation (3.1) is the formal-series valued function S : R*™ —

A\(X), whose homogeneous components Sy, : RY — A, (X) are the unique continuous functions that
satisfy, for every t >0, So(t) = 1 and, for every n € N*,

Si(t) = /O Su-1(1) Y 0y (1)X; dr. (3.2)

We denote by Ser(t, X, u) this solution.

Iterating this integral formula yields a power series expansion of Ser(f, X, u) in A(X) called the
Chen series, [19, 20] and popularized in control theory by [28]. In this work, we will instead mostly
work with the logarithm of the flow, using the Magnus formula.

For instance, if the u; are piecewise constant functions with disjoint supports, then Ser(¢, X, u)
takes the following form, where t1,...,tx € R,

exp(t1.X;,) exp(t2Xj,) . . . exp(tx X, ).
The aim of the next proposition is to list the properties of the map Ser(-, X, -) that we will be
using in this article. We will then need the following definitions.

Definition 3.2 (Concatenation of functions). For u € LY((0,T),K) and u € L*((0,T),K), we
denote by uow : (0,T +T) — K their concatenation

O P10) ifte(0,7),
(ueu)(t) = {a(tT) ift e (T.7). (8:3)

Definition 3.3 (Monomial basis of £(X)). A monomial basis of L(X) is a basis of L(X) whose
elements are iterated Lie brackets of elements of X (evaluations through E of elements of Br(X)).

Proposition 3.4. The following hold:

11



1. For allw € L*((0,T), K™Y and @ € L*((0,T), K™ the following equality holds in A(X)
Ser(T + T,X,uo u) = Ser(T, X, u) Ser(f, X, u). (3.4)

2. For anyu € LY(R*,K™H1) andt > 0, Ser(t, X,u) is an exponential Lie series : Ser(t, X,u) €
G(X) i.e. Ser(t, X,u) = eZtXw) yhere
Z(t, X, u) :=log(Ser(t, X,u)) € L(X). (3.5)

3. If B is a monomial basis of L(X), there exists a unique set of functionals ((p)pen, with
G s RT x LYRT,K™H) — K, such that, for every u € L*(RT, K™+L),

Z(t, X, u) = G(t, u)b. (3.6)

beB
These functionals are called coordinates of the first kind associated to the basis B.

4. The coordinates of the first kind enjoy the following homogeneity. Let @ : (0,T) — K™T1,
Fore >0, letu® : t € (0,eT) — u(t/e). Then, for every b € B,

G(eT,u®) = elley (1, ). (3.7)
For Xo, ..., Am €K, let u* := (\otlo, - .., Amim). Then, for every b € B,
G(Tyu) = Ap° - X Oy (T, ), (3.8)
where the nj(b) are defined in Definition 1.1.

Proof of Proposition 5.4. The first statement is a consequence of the uniqueness, for any initial
condition in A(X), of the solution of the formal differential equation (3.1). The second statement
is a consequence of the Baker—Campbell-Hausdorff formula (see Proposition 2.5) when w is a
piecewise constant function. In the general case u € L'(RT, K™ *1), the Magnus formula gives the
result, see for instance [5, Section 2.3]. The homogeneity of the coordinates of the first kind follows
from (3.2). O
3.1.2 An equation on AN (X)

Equation (3.1) can also be considered as a differential equation on AN (X). Then its solution is

Sern (t, X, u) := 7 (Ser(t, X, u)). (3.9)

For instance, if the u; are piecewise constant functions with disjoint supports, then Sery (¢, X, u)
takes the following form, where t1,...,tx € R,

expy(t1Xj,) ... expn(teXj,)-
The map Sery(-, X, ) has the following properties.
Proposition 3.5. The following hold:
1. For allu € L*((0,T), K™ and w € L'((0,T), K™1) the following equality holds in AN (X)
Sern (T + T, X,uo @) = Sern (T, X,u) Sern (T, X, ). (3.10)

2. For every u € LY(R*,K) and t > 0, Sery(t, X,u) € GN(X). More precisely, Sery(t, X,u) =
expy (Zn(t, X, u)) where

Zn(t, X, u) == 1NZ(t, X,u) € LY (X) (3.11)

12



3. If B is a monomial basis of L(X), then, for every u € L*(RT,K™+1),

Zn(t, X u)= Y G(t,u)b where By :={be B;[b| < N} (3.12)
beBn

Proof. The first statement is a consequence of the first statement of Proposition 3.4 and iden-
tity (2.6). The second statement is a consequence of the formula (2.10) applied to S = Ser(t, X, u).

O
3.2 A new framework: Dirac controls
Let X ={Xo, X1}, m € N*, ¢1,...,¢m € Br(X). We consider the formal differential equation
$(6) = S() (Xo + Xy wi(0)es ) 5.15)
S0)=1
3.2.1 An equation on A(X)
As in the previous section, if u := (u1,...,uy) € LY(RT,K™), there exists a unique classical
solution whose homogeneous components are continuous. We denote it by Ser(¢, X, u). Our goal
is to comnsider controls uq, ..., u,, that are finite sums of Dirac masses with (two by two) disjoint

supports and real amplitudes. To simplify notations, we denote by U the set of such controls
= (Ug,...,Un).

Definition 3.6 (Solution to (3.13)). Letu € U withu; = > ;_, aiéﬂz. For e >0, we define ue :=

> rey a?cl[rg,rg-i-a])lgjgm € LY(R*,R™). The solution to the formal differential equation (3.13) is

the formal series valued map S : R* — A(X) whose homogeneous components Sy, : Rt — A, (X)
are the limit as € — 0 of the ones of Ser(t, X, u:). We denote it Ser(t, X, u).

There is no ambiguity in this definition because the supports of the u; are (two by two) disjoint.

For instance, if we consider the formal differential equation

{S(t) = S(t) (Xo +u1 () X1 + ua(t)Wr), (3.14)

S(0) =1,

and the controls u; = 793 and uy = 895 then the solution is

exp(tXo) ift € (0,3)
Ser(t, X,u) = ¢ exp((t — 3)Xo) exp(7X1) exp(3Xo) ift € (3,5)
exp((t — 5)Xo) exp(8W1) exp(2Xp) exp(7X7) exp(3Xy) if t € (5,00).

Proposition 3.7. The following hold:
1. Ifu,u € U, supp(u) C [0,T] and supp(u) C [O,T] then
Ser(T + T,X,uo u) = Ser(T, X, u) Ser(f, X, u). (3.15)
2. Ifu €U and t > 0, Ser(t,X,u) is an exponential Lie series : Ser(t,X,u) € CAY'(X) i.e.
Ser(t, X, u) = eZGX% where Z(t, X, u) := log(Ser(t, X, u)) € L(X).

3. If B is a monomial basis of L(X), there exists a unique set of functionals ((p)pen, with
G RT xU = K, such that, for every u e U, Z(t,X,u) =, 5C(t,u)b. These functionals
are called coordinates of the first kind associated to the basis B.
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4. If m =1 and ¢; = X1, they have the same homogeneity properties as in Proposition 3.4.

Proof. When u,u € L'(RT,K™*1) then (3.15) results from the uniqueness of the solution of the
Cauchy problem. When u,u € U then (3.15) is obtained by passing to the limit ¢ — 0 (see
(3.13)). The second statement is a consequence of the Baker—Campbell-Hausdorff formula (see
Proposition 2.5). O

3.2.2 An equation on AV (X)
Equation (3.13) can also be considered as a differential equation on A~ (X). Then its solution is
Sern (t, X, u) := wn (Ser(t, X, u)).

For instance, if we consider the formal differential equation (3.14) with the controls u; = 743
and us = 805 then the solution is

expy (tX0o) if t € (0,3)
Sern (t, X,u) = ¢ expy ((t — 3)Xo) expy (7X71) expy (3X0) if t € (3,5)
expy ((t — 5)Xo) expy (8W1) expy (2X0) expy (7TX1) expy (3Xp) if ¢ € (5,00).

Proposition 3.8. 1. Ifu,u € U, supp(u) C [0,T] and supp(a) C [0,T] then
Sery (T + T, X,uo @) = Sern (T, X, u) Sery (T, X, ). (3.16)
2. Ifu el and t > 0, Sern(t, X,u) € GN(X). Moreover Sery(t, X,u) = expy(Zn(t, X, u))
where Zn(t, X,u) = Ty Z(t, X,u) € LV (X).

3. If B is a monomial basis of L(X), then, for every u € U, Zn(t, X,u) = Y e, Co(t,u)b
where By := {b € B;|b| < N}.

The proof is similar to that of Proposition 3.5.

3.3 Lazard elimination and coordinates of the second kind

In this section, we define a generalization of the well-known Lazard elimination process and as-
sociated coordinates of the second kind, in the context of a multi-controlled system (3.17). Let
X = {Xo, X1} and B C Br(X) is a Hall set with X, maximal. Let C be a finite subset of B\ {Xo}.
We consider the formal differential equation

{S(t) = S(t) (Xo + X cec ue(t)e) (3.17)

where the u, are real-valued controls. One could also say that Xy € C with a fixed control ux, = 1.
Given b € B, we denote in the following statements by P~} the projection on span{c € B; ¢ > b}
parrallel to span{c € B;c < b} in £(X).

Definition 3.9 (Coordinates of the second kind). The coordinates of the second kind associated
to the couple (B,C) is the unique family (&)ven of functionals RT x L' — R defined by induction
in the following way: for anyu € L', t >0 and b € B,

L& (s,u) & (s,u)

_ me mi b, ) by )

&p(t,u) = E (ady'™ Psyp, - - -ady'* Psyp, (c), b>3/0 R p— uc(s) ds, (3.18)
where the sum ranges over ¢ € CU{Xo} (with the convention thatux, =1),r € N, mq,...,m, € N*

and by < ---<b.<beB.
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Remark 3.10. For any b € B, the sum (3.18) is finite since (ady'™ Psyp, - -ady Psyp, (), b)5 # 0
implies that m;|b;| < |b].

Proposition 3.11. Let N € N*. For any u € L* and t > 0, the solution to (3.17) satisfies

v (S(®) = 11 expw(&(t,u)b) (3.19)

beBN

where BY := {b € B;|b| < N}, and the terms in the product are ordered according to the order of
the Hall set B.

Proof. This statement is analogous to well-known results concerning the case of a single control
ux, (or of multiple controls in front of multiple independent letters X;). We explain what needs
to be changed in the case of (3.17) when controls are placed in front of brackets of B (not only
letters). Write BY = {b1,...,bg} for some R = |[BY| > 2 and b; < --- < bg. Our goal is to prove

TN (S(t)) = expy (§or (t, w)bR) - - exPy (&, (¢, u)b1).
We define Sy = S and, for j > 1
S;(t) = Sj—1(t) expy (&, (t, u)b;) . (3.20)
Let Cp := CU{Xp}. We check by induction on j > 0 that, by (3.18),

)E()

o uc(t) - ady’ Psy, -+ -ady) Psy, (c) (3.21)

Thus, in particular, 7y Sg(t) = 1. Hence, 7 (S(t)) is given by the finite product of exponentials
exp (Eor (£, u)bR) - - - expy (&, (£, u)b1). O

Remark 3.12. For L' controls, the integrands in (3.18) are well-defined and the &, are continuous
functions of time. For controls which are finite sums of Dirac masses with disjoint supports, it is

straightforward to check that the &, will be piecewise continuous. Unfortunately, this is not sufficient

for the integrands in & to be well-defined, since the product 5{71“ e 17)?1 could be discontinuous on a

Dirac mass of u.. Hence, one should choose a reqularization and use it to compute the coordinates.
Their limit is unique because S(t) is well-defined for such controls and obtained as a limit of
reqularizations, and by identification in (3.19).

Example 3.13. In our basis By, for k > 1, one has

Ex, (t,u) = / (Enr, (5 0) + unry () ds. (3.22)

Moreover, if C does not involve { My, ..., Mog_1},
"1
Ew, (t,u) :/ (5512\4k1(s,u) +uWk(s)) ds. (3.23)
0

3.4 Coordinates of the first and second kind are diffeomorphic

Proposition 3.14. Let N € N* and d := dim(LN (X)). There exists a global diffeomorphism ® of
R? such that, for every t > 0 and u € U, (G(t,u))peny = @ ((&(t,u))penn). More precisely, for
every b € B, there exists a polynomial P, such that

Go(t,u) = & (t,u) + Po((§pr (8, w)) b 1<) (3.24)

where Py only involves elements b € Br(X) such that n;(t') < n;(b) with i € {0,1,...,m} (with at
least one strict inequality).
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Proof. We apply the Baker—Campbell-Hausdorff formula (see Proposition 2.5) to the product

H expy (& (t, u)b) = Sern(t, X,u) = expy ( Z Q)(t,u)b> .

beBN beBN

O

For example, the first terms of the BCH formula (2.13) prove the following explicit expressions,
that will be used in Section 7.1: (x, (t,u) = Ex, (t, u), Cx, (t,u) = Ex, (t,u) and

o, (1, 0) = Eary (8,10) = 5x, (1 w)Ex, (8,),
26t w)éar, (1, 0) + T5x, 0 0)%6x, (6, ), (325)
G, (00) = € (0,0) = 560, (6008, (1, 0) + 756, (1,0, (1, 0).

C]\/b (t’ ’LL) = €]\J2 (t’ ’LL) -

More generally, for every n € N*, there exists real numbers v, ; € R such that

Cw, (tu) = Ew, () + > yiwa (tw)éan, (F w)éx (8, )™ I 7F,

j,keN
j+k<2n—1

4 Error estimates for the Magnus formula

4.1 Affine systems with integrable controls

In this section, we consider the control system
B(t) =Y uy(t) f;(x(t)) (4.1)
j=0

where m € N*, u = (ug, ..., un) € LYRY, K™Y, fo,..., fm are vector fields on K¢ When well
defined, the solution associated to the initial condition x(0) = p is denoted z(¢; f, u, p).

Definition 4.1 (Zy(t, f,u) for u € L'). Let t > 0 and u = (ug, ..., u,) € L*(RT,K™T). For
fos- -y fm € C¥(KY KY), we define

Zn(t, fiu) == Evp(Zn(t, X, u))

where Bvy : L(X) — C®(K,K?) is the unique morphism of Lie algebras such that Eve(X;) = f;
for 7=0,...,m and Zn(t, X, u) is defined in Proposition 3.5. If B is a monomial basis Of L(X),

then
Nt fu) =D Gt u)fy

beBN

where the (, are the coordinates of the first kind defined in Proposition 3.4. This definition can be
extended to CIV wector fields on K¢ defined locally and then Zx (t, f,u) is a C' vector field defined
locally.

The following estimate is proved in [5, Proposition 93].

Proposition 4.2. Let p € K% For any r > 0, B, denotes the open ball Bga(p,r). For every
N € N, there exists on,Cn > 0 such that, for every 6 > 0, T > 0, u € LY((0,T),K™+1),

for- s fm € CV(Bes, K) with pi= 7% lugll i fillne < 6n min{1;8}, and ¢ € 0,71,

a(t; f,u,p) — #¥ESpl < Oy p (4.2)
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The following estimate is an immediate consequence of Proposition 4.2 (see [5, Proposition 161]
for a proof). Here, B, denotes a ball centered at 0.

Proposition 4.3. Let N € N* and fy..., fm be M wector fields on K¢ defined on an open
neighborhood of 0. The following estimate holds, as T — 0,

‘T(Ty fa u, 0) = ZN(Ta f’ U)(O) + O (TN+1 + T|$(Ta fa u, 0)') . (43)
in the following sense: there exist C,n > 0 such that, for every T € (0,7n] andu € L*((0,T); K™*1)
with ||ul|pe <1,

(T f,u,0) — Zn (T, f,u)(0)| < C (TN + T|2(T; £,u,0)]). (4.4)

4.2 Affine systems with Dirac controls

Let X = {Xo, X1}, m,d € N*, ¢1,...,¢n € Br(X) and fo, fi be smooth vector fields on K?. In
this section, we consider systems of the form

#(t) = fola(t)) + Zuj(t)fcj (x(t)) (4.5)

with state z(t) € K¢ and control u = (u1, ..., Un).
For a given p € R, if T > 0 and u € L*((0,T),K™) are small enough, there exists a unique
classical solution z € C°((0,T),K?), associated with the initial condition z(0) = p. We denote it

by z(t; f,u,p).

Our goal is to consider uq,...,u,, that are finite sums of Dirac masses with (two by two)
disjoint supports and amplitudes in K. To simplify notations, we denote by U the set of such
controls u = (u1,...,un) and ||ully = 2?21 |a;| when v = E?Zl a;jd,, with a; € K™.
Definition 4.4. Let uw € U with u; = Y ,_, aiéﬂz. For ¢ > 0, we define the regularization
ue = (O p_y a{clw +pe])i<ism € LY(RT,R). Let p € RL. The solution to (4.5) associated with

ko Tk ==
the initial condition x(0) = p is the limit as € = 0 of x(t; f, ue, p).

For instance, if we consider the formal differential equation

&= fo(x) + v fr(x) + ua fw, (x),
and the controls u; = 793 and us = 8J5 then the solution is

etlop if t € (0,3)
z(t; fiu,p) = el oeThedlop if t € (3,5)
e(t=8)foe8fwi e2foeTfiedfoy  if t € (5,00)

provided each flow is well defined.

Definition 4.5 (Zx/(t, f,u) for u € U). Let t >0 and u € U. For fo, f1 € C°(K%, K?), we define
Zn(t, fiu) == Bvp(Zn(t, X, u))

where Bvy : L(X) — C®(K,K?) is the unique morphism of Lie algebras such that Eve(X;) = f;

for 5=0,1 and Zn(t, X, u) is defined in Proposition 3.8. If B is a monomial basis of L(X), then

Zn(t fou) =Y Gltu)f

beBN

where the (, are the coordinates of the first kind defined in Proposition 3.8. This definition can be
extended to CV wvector fields on K? defined locally and then Zy(t, f,u) is a C* vector field defined
locally.
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Proposition 4.6. Let p € RY. For any r > 0, B, denotes the open ball Bga(p,r). For every
N €N, there exists 6n,Cn > 0 such that, for every § >0, T >0, u € U, fo,f1 € CNQ(BQ(S,Kd)
with p := (T + ||ulle)|| fllgvz < Onmin{1;6}, and t € [0,T7,

a(t; fou,p) — eZNBSWpl < O pNFL (4.6)

Proof. We consider the sequence u¢ € L'((0,T),R™) as in Definition 4.4. They satisfy ||uf||;1 =
||l By the previous section, the estimate holds for u.. We pass to the limit € — 0 to conclude.
(]

The following estimate is an immediate consequence of Proposition 4.6. Here, B, denotes a
ball centered at 0.

Proposition 4.7. Let N € N* and fo, f1 be CN* wector fields on K? defined on an open neighbor-
hood of 0. The following estimate holds, as T — 0,

@(T; f,u,0) = Zn(T, f,u)(0) + O (T + [lulle) ™ + (T + Julled)[«(T; f,u,0)[) — (4.7)
in the following sense: there exist C,n > 0 such that, for every T € (0,n] and u € U with ||ully < 1,

|(T; f,u,0) = ZNn(T, f,u)(0)] < C (T + [[ulle) ¥ + (T + [luller) |2(T; f,u,0)]) - (4.8)

5 High-order theory with unsigned coefficients

5.1 Prerequisite: accessibility

Theorem 5.1. Let d € N*, M be an analytic submanifold of dimension d and xo € M. Let
m € N* and fo, ..., fm be analytic vector fields on M such that L(fo,. .., fm)(xo) = Tu, M. There
exists ji, ..., 754 € {0,...,m} and t° € (0,00)¢ such that the differential at t° of the map

R? —
F At/l " , (5.1)
t=(t1,...,tq) > etfia .. etifir(z).
has rank d. Moreover, j1 can be any element of {0,...,m} such that f;, (zo) # 0, and t° can be

arbitrary small.

Proof. If M = RY, the first statement is proved in [24, Theorem 3.19] for C* vector fields. Then
one obtains t* € R? such that det(DF(t*)) # 0. If the vector fields are analytic, then the map
t— det(DF(t)) is analytic not identically zero. Thus, for every § > 0, there exists t° € (0,6)* such
that det(DF(t°)) # 0. Finally, if M is an analytic manifold, we conclude with a local map. O

This theorem applies in particular to the formal differential equation on AM(X) with M =
GN(X) and f;(S) = SX, for j =0,...,m, zop = 1 which gives the following statement.

Proposition 5.2. Let NNm € N*, X = {Xo,...,X,n} and k = dim(LN(X)). There exist
G1s gk €40,...,m} and t° € (0,00)* such that the differential at t° of the map

R* - GN(X)
t=(t1,...,t) +— expy(t1Xj,)...expy(txX;,)-

has rank equal to the dimension of GN(X). Moreover, j1 can be any element of {0,...,m} and t°
can be arbitrary small.
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5.2 An improved local inversion on G"(X)

In this section, N € N* is fixed. For k € N*, we define the map

v R¥ = GN(X)
t=(t1,...,tk) — expy(t1Xo)expy(t2X1)expy(t3Xo)...expy(trXe,)

where ¢ := 0 if k is odd, 1 if k is even.

Definition 5.3 (u'). For every t € R, there exist unique piecewise constant controls with disjoint
supports u,ul : (0, [t)) = {—1,0,1} such that v}’ (t) = Sern(|t], X, u') where u' := (uf,u}), and
thus logn (VY (1)) = Zn(|t], X, u') (see Section 3.1).

Definition 5.4 (Good element of GV (X)). A element S € GN(X) is good if there exists k € N*
and 0 = (t9,...,1%) € R*, such that, v} (t°) = S and dv}¥ () has rank equal to the dimension of
GN(X).

Then by the inverse mapping theorem, there exists an open neighborhood of S in GV (X) on
which v}¥ has a C? right inverse. In other words, there exists a neighborhood Q of Z := logy(S) in
LN(X) and a C* map 9 : Q — R¥ such that, for every Z’ € Q, Z' = Zn(Jt|, X, u') for t = (2.

By Definition 5.4 and Proposition 3.5, if S is a good element of G (X) then any element of
GV (X) obtained from S by right-multiplication with an element of the form Vﬁv, (t') is also a

good element of GV (X).

Proposition 5.5. 1 is a good element of GN(X). Moreover, Definition 5.4 holds with k =
2dim(LN (X)) — 1.

Proof. Proposition 5.2 with K = R provides t° = (9,...,t%) € (0,00)F with k := dim(LY (X))
such that v} (t°) be a good element of GV (X). Let t € R?*~! be defined by

t= (0,19, ... th + (=1, ., —19,4D),
ie. ut: (0,2T) — R is the concatenation of ut’ and —a!’, with T := [{°|. By uniqueness of the
solution of the formal differential equation on AN (X), it satisfies S(T +t) = S(T —t) for every t €

0

(0,7), in particular S(27) = S(0) = 1i.e. v, (t) = 1. Moreover vy, (t) = vi¥ (t°) Sern (T, —u*)
thus 1 is a good element of GV (X). O

5.3 Arbitrary order splitting methods with real-valued coefficients

The goal of this section is to prove Theorem 1.9. By Proposition 4.2, it suffices to prove the
following statement.

Theorem 5.6. Let X = {Xo, X1}, K = R, N € N* and k := dim(LN(X)). There exist
at, ...,k B1,. .., Br—1 € R such that the following equality holds in G (X)

expy (Xo + X1) = expy (o1 Xo) expy (81X1) . . . expy (Be-1X1) expyy (i Xo). (5.2)

In other words, there exist piecewise constant controls ug,uy : (0,1) — R with disjoint supports
such that Zn (1, X,u) = Xo + X1, where Zx is defined in Proposition 3.5 and u = (ug, u1).

Proof. By Proposition 5.5, there exist a neighborhood € of 0 in £V (X) and a C! map ¥ : Q —
R2?¥=1 such that, for every Z € Q, Zn(|¢(Z)], X,u??)) = Z. For n > 0 small enough, n(Xo+X1) €
0. Let t := (n(Xo+ X1)) = (t1,...,tax—1) € R?*~1. Then the following equality holds in AV (X)

expN(n(Xo + Xl)) = eXpN(tho) expN(tQXl) . eXpN(tQk,QXl) eXpN(tQkleo).

By homogeneity, this gives the conclusion with «; := to;_1/n and 3, := t9;/n. o
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5.4 Chow’s theorem for control

We prove the implication of Theorem 1.10 stating that the Lie algebra rank condition implies
controllability (precised in Proposition 5.7), to emphasize that it relies on the same argument
(Proposition 5.5) as Theorem 1.9. For the other implication (that controllability implies the Lie
algebra rank condition), see e.g. [24, Theorem 3.17] for a modern reference. In particular, analytic-
ity is not required for Proposition 5.7 (but it is required for the other implication of Theorem 1.10).

Proposition 5.7. Let fo, fi be smooth vector fields on a neighborhood of 0 in R® such that
Lier(fo, f1)(0) = R, Then, for every § > 0, there exists r > 0 such that, for every z* € Bra(0,7),
there exists T € (0,6) and ug,uy : (0,T) — {—1,0,1} piecewise constant with disjoint support such
that x(T; f,u,0) = x* for u = (ug, u1).

Proof. Let § > 0. By the Lie algebra rank condition, there exist by ...,bs € Br(X) such that
(f6.(0), ..., f5,(0)) be a basis of R%. Let N := max{|b;|;j € [1,d]} and k := 2dim(LN (X)) — 1.
Let C,n be given by Proposition 4.3. One may assume § < 1.

Let t € RF be given by Proposition 5.5. By the inverse mapping theorem, there exist an open
neighborhood € of 0 in £V (X), an open neighborhood ¥ of t* in (0, 00)* and a C'-map 1 : Q — T
such that, for every Z € Q, Zy([¢(Z)], X, u¥?)) = Z. One may assume Q and ¥ small enough so
that [1(2)] < 2|t°| for every Z € Q.

There exists p* > 0 such that, for every p = (p1, ..., pa) € Bra(0, p*), we have 2?21 pib; € Q

and then t, 1= $(X2_, p;b;) satisfies [t,| < 2[t°] and Zy(|t,|, X, u') = S0, p;b;.
For p € Bra(0, p*) and € > 0, we define

u? o (0,elt,)) — {=1,0,1}2
toe b (L),

Then, using the homogeneity of the coordinates of the first kind (see Item 4 of Proposition 3.4),
d
Zn(eltpl, X ulr) = piel®lo;. (5.3)
j=1
We introduce

d d
“c (L i)’ Ci=max § Y lwjllfo, (0)f: D wife, (0) € 87 (5.4)
j=1 j=1

- mln{1<g—>N<%>} (5.5)

For z = |2| 320 w;fy, (0) € Bra(0,7), we define &(z) := |2[* and p(z) = S20_, |2[*=lw; £, (0)
(for z = 0, we take p(z) = 0 so that p be continuous). Then, by (5.4) and (5.5),

d
p()] < 27N Y lwillfo, (0] < 71 70NC < pt and - e(2)fty] < 20 < 6.
j=1
Thus the control u;p(f;)) is well defined and its interval of definition is C (0,d). To simplify the

notation we write 77, instead of £(2)|t,)| and u. instead of u;’z(;)) Then by (5.3)

ZN(Tza fa uz)(o) = z.
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Thus, by Proposition 4.3,
(T3 fuz,0) = 2 < C (TN + Te|a(T%, £, 0)])
< O (I[N + 21t [2] |2 (T, £ous, 0)]) -
This proves there exists C” > 0 and § > 1 such that, for every z € Bra(0, p*),
j#(T2s f.us,0) = 2 < O]z,
Let 7" € (0,7] be such that C”(r')? < +'/2 and z* € Bga(0,7’/2). Then, the continuous map

F: Bgra(0,r) — R4
z = z—a(Ty; fu,,0) + 2*

takes values in Bga(0,7'). By the Brouwer fixed point theorem, there exists z € Bra(0,7’) such
that F(z) = z, i.e. x(T%; f,uz,0) = x*. O

6 Complex controls and complex splitting methods

We prove Theorems 1.11 and 1.12 thanks to the same key ingredient of Proposition 6.4.

6.1 An improved local inversion on GV (X)

In this section, X = {Xo, X1}, K = C. L(X) is also a vector space over the field R. Let
Lier(Xo, X1,1X7) be the Lie subalgebra of £(X) generated by {Xo, X1,iX1} over the field R; it is
also an hyperplane of £L(X):

L(X) = iRXo ® Lier(Xo, X1,iX1).

In this section, N € N* is fixed. Lie]g(XO,Xl,in) := 7y Lieg(Xo, X1,4X7) is the Lie subalgebra
of LN (X) generated by {Xg, X1,iX;} over R. It is also an hyperplane of LV (X):

LN (X) = iRX, @ Lief (Xo, X1,iX1).
The BCH formula proves that the set
GN(X) = {expy(Z); Z € Lieg (Xo, X1,iX1)}
is a subgroup of AN (X).

Proposition 6.1. GV (X) is a Lie group, i.e. a group and an analytic manifold, whose tangent
space at 1 is Liey (Xo, X1,iX1).

For k € N* and v = (1}2,’1}4,...,’1}2L§J) € UL%J, we define the map I/]JCYU : RF — GN(X) by: for
every t = (ty,...,t) € R¥,

o (1) = expy (t1X0) expy (t2v2X1) . . . expy (t:X0) if k is odd,
kv expy (t1X0) expy (t202X1) . . . expy (trvrp Xo)  if k is even.

Definition 6.2 (u'). For every t € (0,00)F and v € Ul2), we have v, () = Sern([t]s, u'?)
where

t]. := E toj—1  and ub? = g tojvej0r, where T =11 and Tj11 = Tj + i1
2j—1<k 2j<k

thus logn (10, (1)) = Zn([t]s, X, ub) (see Section 3) and

[t + [[u" = [4]. (6.1)
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Definition 6.3 (Good element of GV (X)). A element S € GV (X) is good if there exists k € N*,
veUls) and 0 = (t9,...,19) € (0,00)", such that, l/]é\jv(fo) =S5 and dl/]?jv(fo) has rank equal to
the dimension of GN (X).

Proposition 6.4. There exists T > 0 such that exp y (T Xo) is a good element of G (X). Moreover,
Definition 6.3 holds with k < N~ dim(Lief (Xo, X1,iX1)), and |t°| can be arbitrary small.

Proof. We prove by induction on ¢ € [1, N + 1] that there exists a good element S of GV (X) of
the form

S = expy(TXo+ Z) where T >0 and Z € L)Y (X) :=span{b € Br(X);£ < [b| < N},  (6.2)
moreover Definition 6.3 holds with & < N*~! dim(Lieg (Xo, X1,iX1)) and [t°| arbitrary small. This
property for £ = N + 1 gives the conclusion.

Initialization for £ = 1. Theorem 5.1 implies that a good element S € GV (X) exists. It is clearly
of the form (6.2) with ¢ = 1. It satisfies Definition 6.3 with k = dim(Lie} (X0, X1,7X1)) and [t°|
can be arbitrary small.

Heredity. Let £ > 1. There exists a good element of S of GV (X) of the form S = expy (T Xo + Z)
where 7' > 0 and Z € L)' (X). We introduce the notation

—1
Z = Z; where Z; € span{b € Br(X); £ < |b| < N,n1(b) = j}.
=1

<

For p = 0,...,N — 1, we consider the unique morphism of algebra A, : AV (X) — AY(X) such
that \,(Xo) = Xo and \,(X;) = ?™/N X;. Then

N-1
Mp(S) =expy (TXo+ Ap(Z))  where M, (Z) = Z IR 7.
j=1
If S = u,i\fv (t) then, using the homogeneity properties of Item 4 of Proposition 3.4, A,(S) = V]]Xv/ (t)
where v/ = e2™/Ny. Thus SA;(S) ... Ay_1(5) is a good element of GV (X) of the form v}, ,(t') for
some t' € (0,00)V* and v’ € UNL2). By the Baker—Campbell-Hausdorff formula (Proposition 2.5),

S)\l(S) . )\N—l(s) = eXpN(NTXO + 77 + Zg)

where
N

N N-1 N—-1 /N-1
f=3 2= 3N e X (Tt ) 1o

p=0 p=0 j=1 j=1

and Z is a linear combination of iterated Lie brackets of Xo and the A;(Z) thus Z» € £}),,(X). O

6.2 Arbitrary order splitting methods with complex coefficients

The goal of this section is to prove Theorem 1.11. By Proposition 4.6, it suffices to prove the
following statement.

Theorem 6.5. There exist k < NN dim(Lieg(Xo,Xl,in)) and coefficients ay,...,a > 0 and
Bis-.., Bk € C such that the equality (5.2) holds in GN(X). In other words, there exist a finite
sum u of Dirac masses on [0, 1] with complex amplitudes such that Zn(1, X, u) = Xo + X1, where
Zn is defined in Proposition 3.8.
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Proof of Theorem 6.5. Let T > 0, k, v given by Proposition 6.4. For > 0 small enough, there
exists t € (0,00)* such that the following equality holds in GV (X),

et1Xopt2v2 X1 tar—1Xo0 otrvr X1

eTXU+77X1 _VN (f)_ ..e if k is even
T TR T g Xogtav2 Xa - ptak—1 X0 otk Xo if k is odd.
By homogeneity, this implies (5.2) with «; :=t9;_1/T > 0 and §; := tajvs;/n € C. O

6.3 Control of complex systems

The goal of this section is to prove one implication of Theorem 1.12, precised Proposition 6.6,
stating that the Lie algebra rank condition implies controllability. For the other implication (that
controllability implies the Lie algebra rank condition), see e.g. [24, Theorem 3.17] for a modern
reference. In particular, holomorphy is not required for Proposition 6.6 (but it is required for the
other implication of Theorem 1.12).

We will use controls that are finite sums of Dirac masses (instead of L' functions, as in Defini-
tion 1.8), to emphasize the similarity with the splitting result above. However, a simple adaptation
of the argument below, in line with Sussman’s original argument, would allow us to conclude with
piecewise constant controls, thus to get small-state STLC in the sense of Definition 1.8.

Proposition 6.6. Let fo, fi be smooth vector fields on a neighborhood of 0 in C? with f3(0) =0
and C? = Liec(fo, f1)(0). For every & > 0, there exists v > 0 such that, for every x* € Bga(0,7),
there exist T € [0,6], w € U with ||ully < 0 such that z(T; f,u,0) = z*.

P’f’OOf. Let § >0 and X = {Xo,Xl}. We have Lie(c(fo,f1> = Z]Rfo + LieR(fo, f17if1) and fo(O) =
0 thus Lieg(fo, f1,if1)(0) = CZ. Therefore, there exist by,...,baq € Br(X) \ {Xo} such that
(fo,(0), .., 5,,(0)) is an R-basis of C?. Let N := max{|b;| + n1(b;);j € [1,2d]}. Let C,n given
by Proposition 4.7.

Let T € (0,6), k < NN dim(Lied (X0, X1,iX1)), v € Ulz), 0 € (0,00)* be given by Propo-
sition 6.4. By the inverse mapping theorem, there exist an open neighborhood 2 of T'Xj in
LN (X), an open neighborhood T of t° in (0,00)* and a C! map 9 : Q — T such that, for every
Z € Q, t :=(Z) satisfies Zy(|t]«, X,u"?) = Z. One may assume  and T small enough so that
[¥(Z)| < 2|0 for every Z € Q.

There exists p* > 0 such that, for every p € Bp2a(0, p*), Z?il p;b; € Q and then t, :=
Y(323L, psby) satisfies [t,] < 200 and Zn(Jt,|., X, ut?) = Y52 pjb;.

For p € Bgea(0, p*) and £ > 0 we define

u’ : (0elt,l) — C
t = eub (L),
Then, by (6.1) . .
eltole + llue llu = eltp] < 2[t7]e (6.3)

Moreover, the homogeneity properties of Item 4 of Proposition 3.4 of the coordinates of the first
kind proves

2d
Zn(eltpls, X,ulr) =Y eltaltralta) g (6.4)
j=1

We introduce a, C’,r as in (5.4) and (5.5), with sums indexed by j € [1, 2d] instead of j € [1,d].
For z = |z| Z?il w; fv,(0) € Bea(0,7), we define

2d
2= [ol" amd  p(z) = 3 [ )y, 5y (0)

j=1
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(for z = 0, we take p(z) = 0 so that p be continuous). Then, by (5.4) and (5.5)

2d
p()] < 27N D Jwjl fo, (0)] < 7170V CT <
j=1

thus the control u:p((;)) is well defined. To simplify the notation we write 7> instead of &(2)|t,(.)|

and u, instead of u:’z(zz)). Then, using (6.3), (5.5) and (6.4), we obtain

T, 4 Juzlle < 210)2|* <8 and  Zn (T, f,u.)(0) = 2.
Thus, by Proposition 4.3,

|2(T%; fruz,0) — 2| < C ((Tz + HUZ||U)N+1 + (T + [Juz o) |2(T%, f, uz,0)|)
< C (121N + QIEO12]*) (T, f,uz,0)]) .

A Brouwer fixed point argument ends the proof as for Proposition 5.7. O

7 Order restrictions for signed real-valued methods

In this section, we are interested in order restrictions for (RT,R) splitting methods, i.e. with
positive coefficients along fy and real-valued coefficients along f; and other additional commutator
flows. In the spirit of [6] for control theory, we exhibit a list of obstructions to the construction of
such splitting methods, which are linked with quadratic quantities with respect to the control (or
coefficients along f1).

We start with the first and second obstructions corresponding to Theorems 1.13 and 1.18. We
will see in Section 7.3 that they are consequences of the more general result Theorem 7.3.

To prove these results (and the general case), we interpret such splitting methods (with pos-
itive coefficients along X, and real-valued coefficients along X; and the other commutators) as
trajectories of the control-affine formal system

S(t) = S(t) (Xo +ux, () X1 + uw, (YW1 + ) (7.1)

for a finite sum of m > 1 controls along m brackets. Up to a rescaling, we can work on ¢ € [0, 1].
Then, the splitting method is of order N if and only if 7y (log S(1)) = Zn(1,u) = Xo + X;.

The final state S(1) = exp(Xo + X1) is achieved by the reference control @ := (1,0,...,0),
which corresponds to ux, =1 and uy =0 for b # X;.

Our proofs rely on the coordinates of the second kind. Thanks to Proposition 3.14, the splitting
method is of order N if and only if &, (¢, u) = & (t, @) for all b € BY, if and only if (,(t,u) = (¢, @)
for all b € BN. Moreover, (,(1,u) = 1 if b € {Xg, X1} and 0 otherwise.

7.1 The first obstruction

In this setting, we have a single scalar control © = ux, and we are looking at the formal system
S = S(Xo + uX;). Recall from Definition 1.2 that M; = (X1, Xo) and My = (M, X;). The main
obstruction of length 3 is associated with the Lie bracket W; = ad%h (Xo). Theorem 1.13 is a direct
consequence of the following key positivity argument. Recall that @ denotes the constant control
a(t) = 1.

Proposition 7.1. Let u =ux, : [0,1] = R be a finite sum of Dirac masses such that

CX1(1’ u) = CX1 (1,’&) and C]\/Il (1,U) = ng(l’ ’U’) (72)
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Then

Cw, (1,u) + C]\/IZ(l,U) > 0. (73)
In particular, if Car, (1, u) = (v, (1, @) = 0, then
Cw, (1,u) > 0. (7.4)

Proof. By definition, one has &x, (t,u) = fot w=:U(t) and &pr, (¢, u) = fot U. Let us write w = 1 +v
so that we have &x, (t,u) = U(t) =t + V(t) where V(t) := fot v. By the induction formula

fwn(t) = 5 [ (x50 as

1

5/0 (s + V(s)? ds (7.5)

L werast [ v+ [ sas
0 0 0

Recalling that @ = 1, one has x, (s,4) = s on (0,1) and thus, at time 1, we obtain

§W1(17u) = %/O (V(S>>2 ds + (§M1(1a u) - 51\/11(1717“)) - (§M2(17u) - §M2(1a ﬁ)) + ng(la 1_1‘) (76>

If u satisfies (7.2), then, by (3.24) (or, more concretely, by (3.25)), Car, (1, u) = Enr, (1, u) —Enr, (1, 1)
and Cw, (1,u) = &w, (1, u) — &w, (1,a). Hence,

1! e
G (L) + o (10) = 5 [ (V0P de =5 [ (e, () = o a (7.7)

0 0
Heuristically, the positive quantity is the square of the H ! norm of u — 1 (i.e. the L? norm of its
primitive), which is well-defined when u is a sum of Dirac masses, and strictly positive since one
cannot have u = 1. O

7.2 The second obstruction

In this setting we have two scalar controls ux, and uw, and we are looking at the formal system
S = S(Xo+ ux, X1 + uw, W1). The second control uy, was added to the scheme to circumvent
the order restriction of the first obstruction. For the reference control @ = (1,0), we check that
2 t3 t°
§X1 (tau> = tv 51\/11 (t;u> = 55 §M2(tau) = Ev §W2 (tvu) = E
Working as above, we prove the following result, which implies Theorem 1.18.

(7.8)

Proposition 7.2. Let u = (ux,,uw,) : [0,1] = R? be a finite sum of Dirac masses such that

Car, (1, u) =, (1,@)  for ve{0,1,2,3}. (7.9)
Then
§W2(1,u) + CM4(1,u) > 0. (7.10)
In particular, if Car, (1,u) = Car, (1,@) = 0, then
Cws (1,u) > 0. (7.11)

Proof. The proof follows the same lines as the one of Proposition 7.1. We obtain more precisely
that, under the assumption (7.9),

1 2\ 2
G (L, 0) + Cary (1, 1) = %/ (ng(t,u)%) dt, (7.12)
0

which corresponds to the square of the H~2 Sobolev norm of ux, — 1 (the L? norm of its second
primitive) which as above, is well-defined and strictly positive. o
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7.3 A general result

The particular cases of Theorems 1.13 and 1.18 admit the following generalization.

Theorem 7.3. Let N > 1. Consider an (RT,R) splitting method, involving Xo (with positive
coefficients) and a set C C By \ {Xo} of flows (with real-valued coefficients), say with X; € C.
Assume that CN{Mp, ..., Mon,Wn} = 0. Then the method is of order at most 2N.

In the spirit of the previous proofs, this result is a consequence of the following proposition.

Proposition 7.4. Under the assumptions of Theorem 7.3, let u € U be a multi-control such that,
forallbe {Xy,My,...,Man}, (1, u) = (p(1, @), where w = (1,0,...,0). Then, (wy(1,u) > 0.

Proof. Let us denote by 4 := (1,0,...,0) the reference control corresponding to ux, = 1 and
up = 0 for b # X1. One checks by induction that there exist constants 7, > 0 such that, for all
be Bandt>0,&(ta) =t For another control u, we then write

&t u) = Wt + & (t,u). (7.13)

Let yn = Ymy_,- Since Wy ¢ C (the set of controlled flows), one checks from the induction
formula for the coordinates of the second kind that

€WN(tau) = / €1WN 1 S u

= 5/0 (nys +§MN L (s, u))2 ds (7.14)

t t t
~ 1
Enty (8, u)° ds+71v/ sN &y, (s,u) ds — 57]2\,/ 52N ds.
0 0 0

Since CN{Mp, ..., Man} = 0, one checks that &y, (¢, u) fo Ev,_, forve {N,...,2N}. More-
over, if u is such that &, (1,u) = &, (1,a) for 0 < v < 2N, then one checks using mtegrations by
part that

Ewa (1) / Enin (5,0) s + Ewy (1, ). (7.15)

Using Proposition 3.14, and the assumption that u is such that &ps, (1,u) = &pr, (1, @) for 0 < v <
2N, one can write

Cwy (1, u) / §MN (s, u) ds. (7.16)
As previously, this quantity corresponds to the (squared) H~" Sobolev norm of ux, — 1 (the L?
norm of its N-th primitive), which, as above, is well-defined and strictly positive. O

8 High-order methods using commutator flows

To complete the picture, we prove the following positive counterpart to Theorems 1.13 and 1.18
and more generally to Theorem 7.3. In particular, it encompasses Theorems 1.16 and 1.19.

Theorem 8.1. There exist (RT,R) splitting methods of order
e 2 involving only Xo and X1,
e /| ivolving only Xo and X1, W1,
e 6 involving only Xo and X1, W1, W,
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e 8 involving only Xy and X1, Wy, Wo, W3, ad%vl (Xo)-

Using the interpretation of splitting methods as trajectories of control-affine formal systems
of the form (7.1), and Proposition 3.14, finding a splitting method of order N is equivalent to
finding a control u which is a sum of disjoint Dirac masses such that Zn(1,u) = Xo + X3, or,
equivalently, such that &,(1,u) = &(1, @) for all b € BY, where we recall that 4 = (1,0, ...,0). Since
&x,(1,u) =1 for any u, and using time and control homogeneity (see Item 4 of Proposition 3.4), it
suffices to prove that the finite-dimensional system x = {&,;b € BY,b # Xy} is small-time locally
controllable.

We will rely on the following well-known control result?, due to Sussman [58].

Proposition 8.2. Let m > 1 and fo, f1,. .-, fm € C*(R%GRY) with fo(0). Let wo,w, . ..,wy, > 0.
For b e Br({Xo, X1,...,Xm}), define the weight of b as

w(b) := wong(b) + - -+ + wWmnm (), (8.1)
where n;(b) denotes the number of X; in b. Assume that there exists @ > 0 such that
1. span{f,(0);w(b) < @} =R,
2. for all b € Br({Xo, X1,...,Xm}) with w(b) <@, no(b) odd and ni(b),...,nm,(b) even,
£1(0) € span{ £.(0);w(c) < w(b)}. (8.2)

Then the system @ = fo(x)+u1f1(x)+- -+ um fm () is small-time locally controllable with controls
which are sum of disjoint Dirac masses.

8.1 Method of order 2

One has B2 = { Xy, X1, M1}, where M; = (X1, Xp). We use a single scalar control, along X;. We
consider the system = = (£x,, &, ) on R?, whose dynamic is given by

{&1 - (8.3)

5M1 = €X1

Writing « = (x1,22), this corresponds to fi(x) = (1,0) and fo(x) = (0,21). In particular, all
brackets involving f; at least twice vanish identically. So there is no bracket to compensate and
Item 2 of Proposition 8.2 is verified. Moreover, fx, (0) = f1(0) = (1,0) and fas, (0) = [f1, fo](0) =
(0,1). Hence Item 1 of Proposition 8.2 is verified for example with wp = w; =1 and © = 2.

8.2 Method of order 4

One has B* = { X, X1, My, Mo, M3, W, (I/Vl,XO),f:Ldfi(1 (Xo0)}. We use two scalar controls, along
X1 and Wy. Writing the system for @ = {&,;b € B2\ {Xo}}, set on R7, and using the order given
previously, we have

i‘l = U1
ig =2
T3 = T2
i4 = I3 (84)

. 1
T5 = 5:0% + ug

Zi'6:1'5

. _ 1.3
Ty = 327 + T1U2

2We use here a slightly different version than Sussman’s one, which can be obtained by adapting his argument
in the spirit of Sections 5 and 6.
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which corresponds to fi(z) = (1,0,0,0,0,0,0), fo(z) = (0,21, z2, 23,23 /2, 5,23 /6) and fo(z) =
(0,0,0,0,1,0,21). One checks that fa(z) = fw, (x) (which is [f1,[f1, fo]](x) by definition).

By construction f;, (0) = ¢; for 1 < j <7 where the b; are the ordered elements of B\ {Xo}.

We plan to apply Proposition 8.2 with wy = w1 = 1 and ws = 3 — €. In particular, by the
previous remark, Item 1 is verified with & = 4.

Let b € Br({Xo, X1, X2}) with ng(b) odd, nq(b) even and nq(b) even, and w(b) < 4. Hence
wana(b) < 4. If e < 1, this implies that na(b) = 0. Hence the only possibility is that ni(b) = 2
and ng(b) = 1, so that w(b) = 3 and f,(0) = +fw,(0). Hence, f5(0) is compensated by f2(0),
corresponding to the bracket ¢ = Xo, with w(X3) =3 —¢.

8.3 Method of order 6

Here Bf is of cardinal 22 + 1 (for Xj). We use three scalar controls, along X7, W; and Wa. As
above, we can write the system for x = {&,;b € BS\ {X(}}, set on R?2. We have f; = (1,0,...,0),
f2 = fw, and f5 = fw,.

We plan to apply Proposition 8.2 with wg = w1 =1, we =3 — €2 and w3 =5 — €3.

Condition Item 1 is verified with @ = 6. We now verify the compensation condition Item 2.
Let b € Br({Xo, X1, X2, X3}) with ng(b) odd, ny(b), na(b), n3(b) even, and w(b) < 6. In particular
no(b) > 1.

o If 1+2(5—e3) > 6, this implies that n3(b) = 0. This holds for e3 < 5/2.
o If 14 2(3 —e2) > 6, this implies that ng(b) = 0. This holds for g5 < 1/2.

e Thus we can assume that no(b) = ng(b) = 0, and nq(b) is either 2 or 4. Since b €
Br({Xo, X1}), by linearity, it suffices to check the compensation for b € B,. Moreover,
w(b) = |b| so b € BS.

— Case n1(b) = 2. Moreover ng(b) is odd so is 1 or 3. Hence, b € B5. By (2.15),
be {Wl, ((Wl, X()),Xo), Wg}
x If b=Wy, w(b) =3 and f,(0) = fw,(0) = f2(0) = fx,(0) with w(X2) =3 — 3. So
the compensation holds iff 5 > 0.
« If b = (W1, Xo), Xo), w(b) =5 and f,(0) = [[fw,, fol, fol(0) = [[f2, fo], ol (0) =
J((X2,X0),X0) With w(((X2, X0), X0)) = w(X2) +2 = 5 — €2. So the compensation
holds iff e5 > 0.
* If b=Ws, w(b) =5 and f,(0) = fw,(0) = f3(0) = fx,(0) with w(X3) =5 —e3. So
the compensation holds iff e3 > 0.
— Case ni(b) = 4. Since ng(b) is odd, no(b) = 1 and b = ady, (Xo) with w(b) = 5.
Since ady, (Xo) = ad%, (W1), f,(0) = faaz (x,)(0) and w(ad, (X2)) = 2+ wa. So the
compensation holds if and only if €5 > 0. '

In summary, Sussmann’s result applies provided that e5 € (0,1/2) and e3 € (0,5/2).

8.4 Method of order 8

Here B® is of cardinal 70+1 (for Xj). We use five scalar controls, along X1, Wy, Wa, W3 and
Q) = ad%vl (Xo). We have fo = fw,, f3 = fw,, f1 = fw, and f5 = ng. We plan to apply
Proposition 8.2 with wg =w1 =1, ws =3 —eo, w3 =5 —¢€3, wy =7 —¢4 and ws =7 — €5.
Condition Item 1 is verified with @ = 8. We now verify the compensation condition Item 2.
Let b € Br({Xo, X1,...,X5}) with ng(b) odd, ni(b),...,ns(b) even, and w(b) < 8. In particular
Working as above, we obtain that n3(b) = n4(b) = ns(b) = 0 and ny(b) € {0,2} when the ¢;
are small enough, for example €3, ¢3,¢4, €5 < 1 suffices to ensure this property.
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o Case na(b) = 2. If 3 < 1/2, this implies that ny(b) = 0 and no(b) = 1. Hence, up to a sign, b
is of the form ad%, (Xo). Since f> = fw, and @} = adjy, (Xo), we have f,(0) = ££5(0). Since
w(b) =14 2(3 —e3) and w(X5) = 7 — 5, the compensation holds if and only if 2e5 < 5.

e Case na(b) = 0. As in the previous method of order 6, since b € Br({Xy, X1}), by linearity,

it suffices to check the compensation for b € B,. Moreover, w(b) = |b] so b € B. Moreover,
ny(b) € {2,4,6}.

— Case nq(b) = 2. Then b =W, for j € {1,2,3} (or of the form (W}, Xo),...,X0)). As
in the previous paragraphs, the compensation holds provided that e3,e3,64 > 0.

— Case ny(b) = 4. Then ng(b) € {1,3}. Using the explicit description of such elements of
B (see [7, Equation (1.11)]), we know that b is of one of the following forms:

* b= Q1, with w(b) =5, so f,(0) = ad41 (f0)(0) = aud21 (f2) = fix1,(x1,%2))(0) with
w((X1, (X1,X2))) =5 — 2, requiring €5 > 0.
* b=Q4, with w(b) = 7, so f,(0) = f5(0), where w(X5) = 7 — €5, requiring €5 > 0,

* b = (My, (X3, Wh)), with w(b) =7, so fo(0) = [fas,, [f1, f2]l(0) = fam,(x1,x2))(0)
where w((Maz, (X1, X3))) = 7 — €2, requiring €2 > 0.

* b= ((Q1,Xo), Xo), with w(b) =7, so f,(0) = f.(0) where ¢ = ((audi(1 (X2), Xo0), X0)
with w(c) = 7 — &9, requiring e > 0.
— Case nq(b) = 6. Then b = ad%, (Xo) = ady,(W1), with w(b) = 7. Thus f,(0) =
aud‘}1 (f2)(0) = fadg(1 (x5)(0) where w(ady, (X2)) = 7 — &2, requiring 2 > 0.

In summary, Sussmann’s result applies provided that e; € (0,1] with 2e2 < 5.

9 High-order methods relying on degeneracies

In this section, we prove results of the following form: we consider fixed vector fields fo, f1 and we
assume that there exists an (R™, R) splitting method which achieves (for these specific vector fields)
a better order than the maximal possible “universal” order of Definition 1.5 which is required to be
independent of (fo, f1). We prove that this entails vectorial relations between some commutators fj,
for b € Br(X) of fo and f;. We will use the following lemma.

Lemma 9.1. Let N > 1 and y1,...,yn and z1,...,zx be smooth vector fields on R®. For T > 0,
define y(T) := Ty, + T?ys + -+ TVyn and 2(T) := Tz + --- + TNzy. Assume that

exp(y(T)) — exp(=(T)) = O (T™H). (9.1)
Then, for all 1 <i < N, y; = 2.
Proof. Using the BCH formula, we have
exp(—z(T)) exp(y(T)) — exp(BCHy (—2(T),y(T))) = O (TV*1). (9-2)

Hence, letting g(7T") := BCHn(—2(T), y(T)), we obtain from (9.1) that
exp(g(T)) —Id = O (TN*). (9-3)

TS0
Moreover, for any given vector field h on R?, Gronwall’s lemma proves that, for every zq € R?,
le" 2o — w0 — h(wo)| < |h(xo)|||hl|crel™ler, (9.4)

where the C'-norm is relative to a compact neighborhood of z. Moreover, since y(T") = O(T') and
2(T) = O(T), g(T) = O(T). Combining these arguments leads to the fact that g(T') = O(T?) and
then by induction that g(T) = O(TN+1!).

From this estimate, one proves by induction that y; = z; for 1 <7 < N. O
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9.1 This first bad Lie bracket

We prove Theorem 1.15, using the coercivity argument of Proposition 7.1.

Proof of Theorem 1.15. With the notations of Definition 1.2, (2.15) implies that
B? = {Xo, X1, My, My, W1} (9.5)

Let fo, f1 be smooth vector fields on R%. If f; = 0 or fa;, = 0 then fy;, = 0 and the conclusion
holds. Thus, we can assume that fi # 0 and fu, # 0.

We assume that there exists an (RT,R) splitting method of order 3 relative to (fo, f1). Let
u € U be the associated control. To lighten the notations, since u is fixed, we write (} instead
of Cb (1, u)

Using the assumption and Magnus estimate, we obtain

eZs(LTfu) _ T(fo+f1) — (O (T4). (9,6)
T—0

By Lemma 9.1, this implies that (1 —1)fo =0, ((x, —1)f1 =0, ({ar, — 0)fr, =0 and

CMQfM2 + §W1 fW1 =0. (97)
Since fi1 # 0 and far, # 0, we have (x, = 1 and (»s, = 0. By Proposition 7.1, (w, + Car, > 0, thus
both coefficients cannot be simultaneously null and fy, and fys, are linearly dependent. O

Remark 9.2. We proved above that the existence of an (RT,R) splitting method relative to (fo, f1)
implies that fw, and far, are linearly dependent. In control theory, one is used to the conclusion
that fw, is in the span of the fur, (see Theorem 1.14). Here, however, it is not true that one can
conclude that there exists A € R such that fw, = \fu, -

Consider the control on [0,1] given by

1 2
u = §5t:0 + §5t:§. (98)

4
This corresponds to (RT,R) (even (RT,RY)) splitting method

eilfoe3TheiTfoesTh (9.9)
3 fort €0,3) and U(t) =1 for t € [3,1]. In
particular, U(1) = 1, fol U=1and %fol U? = L. Thus, denoting by i =1 the constant reference
COTLtTOl, we have CXI(]" u) = <X1 (Lﬂ): §M1 (1,’&) = CMI(]" ﬁ) and <W1 (1,’&) = CW1(17’EL)
Hence, if the vector fields (fo, f1) are such that far, = 0, then, for every T > 0,

For this control, the primitive of u is U(t) =

Z3(1,Tf,u) = Z3(1,Tf, 7). (9.10)

This is for example the case for the vector fields on R? of (1.13) given by fo(x) = (0,23) and
fi(z) = (1,0), which satisfy fa, = 0. For these specific vector fields, (9.9) is even an exact
splitting method (that is, of infinite order).

Of course, due do Theorem 1.13, one could not also have (pr, (1,u) = (ar, (1,4). And, indeed,
for this control, fol fot U=+ #4¢.

9.2 The second bad Lie bracket

We prove Theorem 1.17, using the coercivity argument of Proposition 7.2.
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Proof of Theorem 1.17. We recall from (2.15) that
B} = {Xo} U{Mj;i < 4} U{Wy, (W1, Xo), (W1, Xo), Xo), Wa, Pr1, (P11, Xo), P2, Qu}, (9.11)

using the notations of Definition 1.2, (2.16), as well as P; 1 := (X1, W1) and P 5 := (My, Wh).

Let fo, f1 be smooth vector fields on R? such that fy, = 0. If fa;, = 0 for some v € {0,1,2,3},
then fy, = 0 and the conclusion holds. Indeed, since Wo = (M7, M), fw, clearly vanishes if
fa, =0 or fa, = 0. Tt also obviously vanishes if fy, = fx, = f1 = 0 (since then all brackets
except fo vanish). Eventually, using the Jacobi identity (2.2), one obtains

Wy = [My, My] = [[W1, Xol, Xo] — [X1, M3]. (9.12)

Hence, if fy, = 0 and fa, = 0, then fy, = 0. We can thus assume that fy;, # 0 for all
v €{0,1,2,3}.

We assume that there exists an (RT,R) splitting method of order 5 relative to (fo, f1). Let
u € U be the associated control. To lighten the notations, since u is fixed, we write (; instead
of Cb (1, u)

The assumption fy, = 0 implies f, = 0 for every

b S {W17 (Wla X0)7 ((W17X0)7X0)7 Pl,lv (Pl,la X0)7 P1,27 Ql} (913)

Thus
3

Zs(LTf,u) =T(fo+Cx, f1) + ZTU+1§MVfMV +T° (Cota fors + G fv) -

v=1

The Magnus estimate gives

eZs (LTS _ (Tlfotf1) — O (T9).
T—0

By Lemma 9.1 and the fact that f; # 0,..., fa, # 0, we obtain {x, = 1 and (y, = 0 for
v € {1,2,3}. Moreover, we obtain

CM4f]\/I4 + CW2 sz =0. (914)
By Proposition 7.2, (w, + Car, > 0, thus both coefficients cannot be simultaneously null and fyy,
and fy, are linearly dependent. o
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