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This paper aims at presenting a three-dimensional (3D) failure mechanism for a circular tunnel driven

under a compressed air shield in the case of a dry multilayered purely frictional soil. This mechanism

is an extension of the limit analysis rotational failure mechanism developed by Mollon et al. (2011a)

in the case of a single frictional layer. The results of the present mechanism are compared (in terms of

the critical collapse pressure and the corresponding shape of the collapse mechanism) with those of a

numerical model based on Midas-GTS software. Both models were found to be in good agreement.

Furthermore, the proposed mechanism has the significant advantage of reduced computation time when

compared to the numerical model. Thus, it can be used in practice (for preliminary design studies) in the

case of a multilayered soil medium.

1. Introduction

When dealing with tunnels driven by a pressurized shield, two

major concerns are addressed, corresponding to both ultimate and

service limit states. The first is to ensure face stability by applying a

pressure to the tunnel face and thus avoid collapse. The second is

to limit ground displacements that propagate to the surface and

may have impact on existing structures in case the tolerable defor-

mations thresholds are exceeded. These displacements, in the case

of shield tunneling, are affected by the amount of applied face

pressure, but they are mostly affected, as per Vanoudheusden

(2006), by the shield tail void and to the construction process itself.

Therefore, this paper will only focus on the first problem of com-

puting the minimal pressure required to prevent the soil collapse

at the tunnel face.

Experimental, analytical and numerical approaches have been

developed to determine the critical face pressure. The experimen-

tal studies were conducted using small-scale laboratory centrifuge

tests (Al-Hallak, 1999; Chambon and Corté, 1994; Takano et al.,

2006). On the other hand, the analytical approaches were based

on limit equilibrium methods (Anagnostou, 2012; Anagnostou

and Kovari, 1994; Broere, 2001; Horn, 1961) or limit analysis

methods (Leca and Dormieux, 1990; Mollon et al., 2009a, 2010,

2011a, 2011b, 2012, 2013b; Soubra, 2002; Subrin and Wong,

2002). As for the numerical approach, although computationally

expensive, it is nowadays the most popular method due to the

development of powerful numerical tools allowing for 3D analysis

(Al-Hallak, 1999; Dias, 1999; Mollon et al., 2009b, 2011c, 2013a;

Yoo and Shin, 2003).

While most of the developed analytical failure mechanisms tar-

get the face stability of tunnels driven in a homogeneous soil layer

(considering either frictional or purely cohesive soil), this paper

aims at developing a failure mechanism for a multilayered fric-

tional medium. The case of circular tunnels of diameter D and a

cover depth C (where C/D > 1) supported with a uniform face pres-

sure is considered in the analysis. The applied uniform face pres-

sure may be associated with an air pressurized shield. The

present mechanism is based on the three-dimensional (3D) rota-

tional failure mechanism developed by Mollon et al. (2011a) in

the case of a single frictional layer. A comparison between the

results of the present 3D failure mechanism (in terms of the critical

collapse pressure and the corresponding shape of the collapse

mechanism) and the ones obtained using the numerical software

Midas-GTS is presented and discussed.

⇑ Corresponding author. Tel.: +961 70 906380.

E-mail address: eliane.ibrahim@dargroup.com (E. Ibrahim).
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2. Literature review

2.1. Existing experimental tests

Experimental tests have been performed in order to visualize

the collapse pattern at the tunnel face and to determine the

corresponding value of the critical face pressure (e.g. Ahmed and

Iskander, 2012; Berthoz et al., 2012; Chambon and Corté, 1994;

Chen et al., 2013; Idinger et al., 2011; Kirsch, 2010; Takano et al.,

2006). Meguid et al. (2008) presented a review of numerous physi-

cal models that were used to study the excavation of tunnels in soft

ground.

Based on centrifuge tests, Chambon and Corté (1994) stated

that the failure soil mass was found to resemble to a chimney that

outcrops in the case of shallow tunnels and it is limited to 1D

above the tunnel for deep tunnels. Takano et al. (2006) have shown

by using X-ray computed tomography scanner that the failure

shape can be simulated with a combination of logarithmic spirals

and elliptical shapes in both vertical and horizontal directions

respectively. Kirsch (2010), further to his small-scale model tests

at single gravity, emphasized on the effect of soil density on the

failure zone: (i) within dense sand, the failure zone is clearly

defined and it progressively develops to reach the ground surface

and (ii) for loose sands, no discrete collapse mechanism can be

identified and movements immediately reach the surface. Idinger

et al. (2011) and Ahmed and Iskander (2012) carried out centrifuge

model tests, at 50g and 1g respectively, for various cover-to-diame-

ter (C/D) ratios. The measured face pressure at collapse was found

to be in good agreement with results from centrifuge tests per-

formed at various gravitational accelerations (50g, 100g and

130g) by Chambon and Corté (1994). Both authors highlighted

the influence of the cover-to-diameter (C/D) ratio on the vertical

extent of the failure shape. The failure mechanism was found to

outcrop for a C/D less than 1.0 as suggested by Idinger et al.

(2011) and for a C/D less than 2.0 as stated by Ahmed and

Iskander (2012). The local failure observed in front of the tunnel

face by Chambon and Corté (1994), Idinger et al. (2011) and

Ahmed and Iskander (2012), was also observed recently by Chen

et al. (2013) on large-scale model tests. This local failure tends to

reach the surface with time (Berthoz et al., 2012). Finally, notice

that Berthoz et al. (2012) have observed that frictional soils with

cohesion (though very slight of 0.5 kPa) manifest a failure shape

in the form of a torus of decreasing section.

For tunnels drilled in multilayered soils, the experimental tests

are in short supply since it is only recently that Berthoz et al.

(2012) addressed the case of tunnels within stratified ground. In

fact, these authors carried out a series of experimental tests on

the ENTPE single gravity reduced-scale earth pressure balance

shield model to analyze collapse and blow-out failure mechanisms.

Among these tests, two (MS2 and MS3 models with two and three

layered soils respectively) were performed. The first base layers

below the tunnel axis, for both models, were constituted of a

self-stable frictional–cohesive soil and are overlaid with purely

frictional soil layers. A third cohesive–frictional layer with a small

cohesion (c = 0.5 kPa) is added above the tunnel crown in the case

of MS3 soil model. The failure shape observed for MS2 model

resembles to a chimney beginning at the upper part of the excava-

tion chamber. However, the collapse mechanism observed for MS3

model is composed of an extrusion within the purely frictional

layer (i.e. upper half of the tunnel face), followed by the failure

of a block above the tunnel crown within the frictional–cohesive

layer, that extends upwards to reach the ground surface.

Although the results by Berthoz et al. (2012) are the only ones that

involve the case of a stratified soil medium, these results are lim-

ited to particular cases where the failure of the soil can occur only

in the upper half of the tunnel face and it does not involve the

entire face of the tunnel.

2.2. Limit analysis and existing failure mechanisms

Limit analysis is a method that assesses the failure load of a soil

mass by giving upper- and lower-bounds on the exact limit load

using kinematic and static approaches respectively. The kinematic

approach based on rigid block mechanisms (cf. Chen, 1975 among

others) is very popular. The major advantage of this method lies in

its simplicity especially when it comes to the number of required

input parameters and the fast computation time, making it suitable

for preliminary design studies as well as for reliability-based

analysis and design that require a great number of calls of the

deterministic model. The failure is assumed to occur either by

translation or rotation of a rigid body along the failure surface. In

order to respect the normality condition of the limit analysis the-

ory, the angle between the failure surface and the velocity vector

should be equal to the soil internal friction angle.

The kinematic theorem of the limit analysis theory states that

equating the rate of external work done by the external forces to

the internal rate of energy dissipation for any kinematically admis-

sible failure mechanism gives an unsafe solution of the limit load.

In other words, the failure load deduced from a kinematically

admissible mechanism is higher than (or equal to) the exact one.

Notice that in the present case where the tunnel face pressure

resists failure, the computed limit pressure is actually smaller than

the exact one.

As mentioned in the previous section, several experimental

tests have been performed in order to visualize the collapse pattern

at the tunnel face. The failure soil mass was found to develop fol-

lowing a chimney-like shape (e.g. Chambon and Corté, 1994) that

outcrops in the case of shallow tunnels and it is limited to 1D

above the tunnel for deep tunnels. Based on these observations,

Leca and Dormieux (1990) and Subrin and Wong (2002) proposed

3D failure mechanisms. The failure mechanism developed by Leca

and Dormieux (1990) is a two-block translational kinematically

admissible failure mechanism that is entirely defined by only one

angular parameter. It is composed of two truncated conical blocks

with circular cross-sections and with opening angles equal to 2u in

order to respect the normality condition in limit analysis. On the

other hand, the failure mechanism developed by Subrin and

Wong (2002) is a rotational mechanism depending on two parame-

ters, and it is delimited by two logarithmic spirals in the longitudi-

nal plane and a circle in any rotating plane. More recently, Mollon

et al. (2010, 2011a) worked on the improvement of the existing

solutions by first proposing a translational multi-block mechanism

consisting of n truncated rigid blocks and then a rotational mecha-

nism delimited by two logarithmic spirals in the central vertical

plane of the tunnel. The major improvement brought by these

new mechanisms is that they involve the entire circular face of

the tunnel contrarily to the former mechanisms that only involved

an elliptical area inscribed to the circular face (the other parts of

the face remaining at rest). This was made possible by generating

‘‘point by point’’ the three-dimensional failure surface using a spa-

tial discretization technique that starts from the contour of the cir-

cular tunnel face.

2.3. Comparison between existing experimental and analytical/

numerical results

Fig. 1a and b shows the comparisons made respectively by Chen

et al. (2013) and Kirsch (2010) involving the normalized face pres-

sures at collapse as obtained by their experimental tests and by the

3



Acc
ep

te
d 

M
an

us
cr

ip
t

existing theoretical models. Chen et al. (2013) suggested con-

sidering a little cohesion in the upper bound analytical model

(i.e. c = 0.5 kPa, ‘‘which can be due to the not fully dried sand’’).

This results in obtaining a closer value of the critical face pressure

to the experimental one. The results from the analytical model by

Mollon et al. (2011a) are added to Fig. 1 and are found to be in good

agreement with the experimental results. The difference between

the analytical normalized critical face pressure values (ND = rc/

cD) from Mollon et al. (2011a) and the experimental results of

Chen et al. (2013), considering a c = 0.5 kPa, varies between 9.5%

and 2.5%. Also, when compared with the average of the normalized

critical face pressure values Kirsch (2010) obtained from his

experiments, the difference is found to be ranging between 26%

and 1.4%. One can also notice the close matching between the

results by Mollon et al. (2011a) and the numerical results by

Vermeer et al. (2002). Similarly, the predictions of the stability

condition of the tunnel face by Mollon et al. (2011a)’s theoretical

model are consistent with the observations of Berthoz et al.

(2012) experimental tests (see Table 2). For a soil with cohesion

greater than or equal to 1.5 kPa the tunnel face is stable, while

for cohesion of 0.5 kPa, the tunnel face is at the limit of failure.

Fig. 2a and b shows a comparison between the experimental

failure shape given respectively by Kirsch (2010) and Berthoz

(2012) and the theoretical failure mechanism obtained from

Mollon et al. (2011a)’s theoretical model. A good agreement is

(a)

(b)

Model Proper�es:

D = 1.0m

φ = 37°

c = 0 or 0.5 kPa

γ = 16.5 kN/m
3

Model Proper�es:

D = 10 m

C = 10 m

c = 0 

γ = 18 kN/m
3

Fig. 1. Comparison of the normalized support pressure at failure ND = rc/cD from different analytical failure mechanisms with the results from experimental tests (a) by Chen

et al. (2013); (b) by Kirsch (2010).

Table 1

Numerical model soil parameters.

Parameter Unit Soil layer 1 Soil layer 2

Soil Young modulus E (MPa) 75 75

Poisson’s ratio m (–) 0.22 0.22

Cohesion c (kPa) 0 0

Angle of internal friction u (�) 45 30

Dilatancy angle w (�) 45 30

Soil unit weight c (kN/m3) 18 18

Earth pressure coefficient at rest K0 (–) 0.29 0.5

Table 2

Comparison between Berthoz et al. (2012) experimental observations and Mollon

et al. (2011a) theoretical predictions.

Test

No.

Parameters Experimental

observation

Theoretical prediction

Mollon

et al. (2011a)

c

(kPa)

u
(�)

c (kN/m3) Face stable

without face

pressure?

rc

(kPa)

Face theoretically

stable without

face pressure?

MC2 2.5 36 13.2 Yes �2.59 Yes

MC3 2.5 36 13.2 Yes �2.59 Yes

MC4 1.5 36 13.2 Yes �1.28 Yes

MC5 0.5 36 13.15 Yes 0.044 Critical stability

MC7 0.5 36 13.05 Yes 0.036 Critical stability

MC8 0.5 36 13.05 No 0.036 Critical stability

4
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observed between the experimental results and the results pro-

vided by Mollon et al. (2011a). However, failure might propagate

with time to reach the surface as may be easily seen from the

experimental results by Berthoz (2012) which are shown in

Fig. 2(a). Notice finally that the failure shape obtained by

Vermeer et al. (2002) was found to be in compliance with the

experimental observations of Kirsch (2010) and Chen et al.

(2013): for a friction angle of 20�, a chimney-like collapse mecha-

nism is obtained, whereas for higher friction angles, ‘‘a relatively

small body is dropping into the tunnel’’.

As a conclusion, the present section allows one to confirm that

the 3D failure mechanism by Mollon et al. (2011a) gives accurate

estimation of the collapse pressure and the corresponding shape

of failure. Thus, in the following section, this mechanism is

extended to the general case of a multilayered soil medium.

3. Limit analysis model for a multilayered frictional medium

Most of the aforementioned 3D mechanisms are developed for a

one layer frictional soil. However, the encountered cases in prac-

tice are far from dealing with only one soil layer. Therefore, this

paper proposes an extension of the 3D failure mechanism by

Mollon et al. (2011a) to the case of a multilayered frictional med-

ium. In this paper, the cover to diameter ratio C/D is taken equal to

or higher than one to make sure that the failure is not affected by

the overburden height and that the failure mechanism does not

outcrop at the surface.

The rotational rigid block failure mechanism by Mollon et al.

(2011a) has been proven to provide the best (highest) kinematical

solution as compared to that obtained from the recent translational

mechanism by Mollon et al. (2010) and all the previous kinemati-

cal approaches proposed by Leca and Dormieux, 1990; Subrin and

Wong, 2002; Soubra, 2002; Mollon et al., 2009a, 2010.

Furthermore, a good agreement was observed between this

mechanism and the existing experimental results (see

Section 2.3). Thus, the basic idea of this mechanism is used in this

paper to develop a rotational mechanism for a multilayered fric-

tional medium.

3.1. Construction of the 3D limit analysis model

The rotational failure mechanism undergoes a rotation about

point O, with an angular velocity x. At a given point of the

(a) 

(b)

Failure shape from 

Mollon et al. (2011a)

Incremental shear 

strain pa�ern from 

experiment

Model Properties:

D = 0.55 m

C = 0.6 m

c = 0.5 kPa

φ = 36° 

γ = 13.05 kN/m3

Model Properties:

D = 10 m 

C = 10 m 

c = 0

φ = 38° 

γ = 18 kN/m3

Failure shape from 

Mollon et al. (2011a)

Failure shape from 

experiment

Failure propaga�ng 

to the surface with 

�me 

Fig. 2. Comparison of failure shape obtained from the analytical model by Mollon et al. (2011a) with the shape from experimental tests (a) by Berthoz (2012); (b) by Kirsch

(2010).

5



Acc
ep

te
d 

M
an

us
cr

ip
t

mechanism, the norm of the velocity vector ~t is equal to x � r (r

being the distance between that point and the center of rotation).

The mechanism cross section in the central vertical plane of the

tunnel is delimited by two logarithmic spirals of common center

O emerging from the tunnel heading and invert and crossing the

different soil layers (cf. Fig. 3). The angle between the velocity

Fig. 3. Cross-section of the proposed failure mechanism in the (Y, Z) plane for a three-layers soil medium.

Fig. 4. Discretization technique for the generation of the proposed collapse mechanism.
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vector and the failure surface is equal to ui where ui is the internal

friction angle corresponding to the ith crossed soil layer. Hence, the

normality condition of the kinematical approach is fully satisfied

along the failure surface in the vertical central plane of the tunnel.

Notice that although Fig. 3 is plotted for three layers denoted i, i + 1

and i + 2, the analysis for a greater number of layers is

straightforward.

The method used to define the central vertical cross-section of

the 3D mechanism is analogous to the one developed in a 2D spa-

tially varying soil by Mollon et al. (2011b). In fact, two logarithmic

spirals start at points A and B respectively, such as:

r ¼ rA � exp ðb� bAÞ � tanuiþ1

� �

ð1Þ

r ¼ rB � exp ðbB � bÞ � tanuið Þ ð2Þ

At each intersection point (Ii or Ji) between the logarithmic spi-

rals and the horizontal line representing the top of the soil layer i

(where points Ii involve the log-spiral emerging from A and points

Ji are those involving the log-spiral emerging from B), a new loga-

rithmic spiral is generated from this point using the friction angle

corresponding to the new layer.

Let us assume that the failure mechanism does not outcrop and

hence the defined slip lines meet at point F. The coordinates of

point F can be deduced knowing that it belongs to two log-spirals

emerging from the intersection points (Ii+1 and Ji+1).

Having drawn the mechanism cross-section in the central verti-

cal plane of the tunnel, the 3D failure surface is then generated by a

‘‘point by point’’ spatial discretization technique that makes use of

the n radial planes (called hereafter construction planes) shown in

Fig. 4. The contour of the tunnel face is first discretized by a

(a)

(b) 

(c)

βE (°)

r E
(m

)

X (m)
Z (m)

Y (m)

5
.0

m
5

.0
m

Fig. 5. Case of two frictional layers: (a) Response surface of the face pressure in the (bE, rE) plane where rc = 10.1 kPa (b) Critical failure mechanism in the central vertical

plane where bE = 31.6� and rE = 3.40 m and (c) 3D view of the critical failure mechanism.
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number of points uniformly distributed and symmetrical with

respect to the Y axis. A first set of radial planes is defined, each

passing through 2 symmetrical points of the tunnel face. These

planes cover the lower part of the mechanism (Section 1) com-

prised between the crest and the invert of the tunnel (points A

and B), i.e. these planes ‘cut’ the tunnel face. A second set of radial

planes (see Section 2) is then defined to cover the part of the

mechanism between the tunnel crest and the tail of this mecha-

nism (points A and F). In contrast to Section 1, the adjacent radial

planes of Section 2 are assumed to be separated by a constant

radial angle d. Both sets of radial planes are defined by the index j.

Once the construction planes are defined, the mechanism will

be built point by point. Departing from the points created on the

contour of the tunnel face, new points will be created within the

(a)

(b) 

(c)

βE (°)

r E
(m

)

X (m) Z (m)

Y (m)

7
.0

m
7

.0
m

Fig. 6. Case of three frictional layers: (a) Response surface of the face pressure in the (bE, rE) plane where rc = 18.2 kPa (b) Critical failure mechanism in the central vertical

plane where bE = 36.3� and rE = 4.69 m and (c) 3D view of the critical failure mechanism.
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different already-defined radial planes (starting from the lower

radial plane) and by respecting the normality condition, i.e. the

angle between the velocity vector and the element of the failure

surface (at any new point of the failure surface) should be equal

to the internal friction angle ui of the enclosing soil layer. The

external surface of the moving block is then defined by a collection

of elementary triangular facets, Rk,j, linking the generated points, k

representing the position of a given point on a given plane j.

Subsequently, the volume of the rotating body is defined by ele-

mentary volumes, Vk,j, obtained from the projection of each of

these facets on the central plane (Y, Z). When the mechanism has

been generated up to the extremity F, one must check that it does

not outcrop the ground surface. If so, then the part of the mecha-

nism located above the ground surface is truncated and the inter-

section surface between the mechanism and the ground surface is

computed by linear interpolation. For a more detailed description

of the discretization and points generation techniques, reference

should be made to Mollon et al. (2011a).

The determination of the collapse pressure is done by equating

the rate of work of the external forces applied to the rigid rotating

body to the rate of energy dissipation.

The external forces involved in the present mechanism are:

(i) The weight of the rigid block within layer i and having a unit

weight ci, ð _WcÞ;

_Wc ¼
X

ci
!

� vk;j
�!

� Vk;j

� �

ð3Þ

(ii) A possible surcharge loading rs acting on the ground surface,

ð _WSÞ. However, since it is assumed here that the mechanism

does not outcrop, then:

_WS ¼ 0 ð4Þ

(iii) The collapse pressure r of the tunnel face R0, ð _WrÞ;

_Wr ¼
X

~r � vk;j
�!

� R0
i;j

� �

ð5Þ

The rate of work ð _WÞ of each external force is found by

summation of the elementary rates of works of all elementary sur-

faces (facets) and volumes created during the construction of the

mechanism, taking into account the properties of each crossed

layer.

As for the rate of internal energy dissipation ð _WDÞ due to the

soil plastic deformation, it is calculated along the envelope of the

failure mechanism since the failure mechanism undergoes a rigid

block movement. The rate of internal energy dissipation is ci � du,

where du ¼ v � cosui is the tangential component of the velocity

along the velocity discontinuity surface and ci the cohesion of the

crossed layer i. Hence, at every intercepted new layer, the summa-

tion of the elementary energy dissipations along the elementary

facets of the mechanism envelope within this layer is computed,

taking into account the cohesion of the crossed layer.

_WD ¼
X

ci � v � cosuiRi;j

� �

ð6Þ

Finally, the work equation _WS þ _Wr þ _Wc ¼ _WD is simplified

and written as follows:

_Wr þ _Wc ¼ 0 ð7Þ

The detailed description of the work equation within a single

soil layer can be found in Mollon et al. (2011a). After simplifica-

tions made to the work equation, the tunnel collapse pressure is

given by the following equation:

(a) (b) (c)

5
.0

m
5

.0
m

Fig. 7. Case of a tunnel driven in a two-layers frictional medium (a) cross-section of the critical failure mechanism (in the central vertical plane) as obtained from the

analytical model (where rc = 9.1 kPa, bE = 31.1�, rE = 3.4 m) and (b and c) two 3D views of the mechanism.
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r ¼ D �

P

ci
!

� vk;j
�!

� Vk;j

� �

D �
P

~r � vk;j
�!

� R0
i;j

� � ð8Þ

In case a constant unit weight is adopted for all layers, as it is in

this paper, Eq. (8) becomes

r ¼ c � D � Nc ð9Þ

where Nc is a dimensionless coefficient, calculated along the differ-

ent parts of the failure surface for the corresponding intercepted

soil layer and representing the effect of soil weight.

It should be noted here, that in case _WD and _WS are not taken

equal to zero, the tunnel collapse pressure will be given by the fol-

lowing more generic equation:

r ¼ D � Nc � Nc þ rs � Ns ð10Þ

If c and c are assumed constant for all soil layers, then Eq. (10)

becomes:

r ¼ c � D � Nc � c � Nc þ rs � Ns ð11Þ

where Nc, and Ns are dimensionless coefficients similar to Nc, calcu-

lated along the different parts of the failure surface for the

corresponding intercepted soil layer, and representing the effect

of cohesion and surcharge loading respectively.

It is important to note here that, in the case of multiple soil lay-

ers with different cohesion values, the proposed failure mechanism

might not still applicable. This is due to the occurrence of localized

failure zones that do not cover the whole tunnel face, similarly to

what was observed by Berthoz et al. (2012). Therefore, it was

decided to limit the proposed mechanism to the case of purely fric-

tional soils and to soils with ‘‘slight’’ cohesion only.

The critical values of this coefficient can be obtained by maxi-

mization with respect to the two geometrical parameters rE and

bE that describe the failure mechanism. As is well-known (cf.

Soubra (1999) in the case of the bearing capacity of foundations),

the optimization of these coefficients leads to an approximate

but conservative estimation of the limit load. In this paper, the

computation of the critical collapse pressure rc and the

corresponding most critical failure mechanism is obtained rigor-

ously by direct maximization of the tunnel pressure r that is to

say by minimization of �r, knowing that the face pressure is a

negative load that resists collapse, using the optimization algo-

rithm tool implemented in Matlab software. This process uses an

arbitrary user-defined set of parameters ((rE, bE) in our case) as

the starting point of the optimization and converges to the unique

optimum by a sequence of computations of the tunnel face pres-

sure at several points (rE, bE) of the space.

(a)

(b)

φ = 45°

c = 0 

φ = 30°

c = 0 

Control Point

1.5D 1D
2

.5
D

2D

Fig. 8. Mesh used in the analysis (a) and maximum displacement control point for

an applied face pressure of 10 kPa (b).

Fig. 9. Displacement versus applied face pressure as obtained by numerical simulation.
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3.2. Uniqueness of the computed critical face pressure

For a one-layer frictional soil with a unique constant friction

angle, one obtains a unique maximum soil pressure corresponding

to the most critical failure mechanism. When it comes to the case

of a heterogeneous soil, the 2D results presented in Mollon et al.

(2011b) show that the possible presence of local maximums of

the critical face pressure should be investigated. This issue is

examined herein when considering a multilayered soil medium,

using the response surface method. This method allows determin-

ing the relationship between the geometrical parameters (rE and

bE) and the calculated response variable (i.e. the face pressure).

Indeed; for a given tunnel model, the face pressure is calculated

for a high number of generated mechanisms. The obtained values

of the face pressure are plotted against the corresponding values

of rE and bE. Contour lines are then drawn through equal values

of the face pressure to check whether a unique or several maxi-

mums can be observed for the studied case.

In Figs. 5 and 6, the response surfaces are given for failure

mechanisms generated in two and three soil layers, for tunnels

diameters D of 5.0 m and 7.0 m respectively and for a 1D soil cover

when the soil unit weight is equal to 18 kN/m3. It can be clearly

seen that no local maximums are observed: the contour lines con-

verge toward a single maximum corresponding to the unique most

critical failure mechanism for the given soil and geometric condi-

tions. Therefore, the common optimization methods, such as those

Plane at X = 0m Plane at X = -1.0m 

(a) 

Plane at X = -1.5m Plane at X = -2.0m 

(b)
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Fig. 10. Comparison between cross-sections through the 3D analytical and numerical models in the planes parallel to the (Y, Z) plane (at X = 0, �1.0, �1.5 and �2.0 m): (a)

cross-sections through the 3D analytical failure mechanism (b) cross-sections through the 3D numerical model overlaid with the corresponding failure surface from the

analytical model.
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implemented in Matlab (i.e. using ‘‘fminsearch’’ function), can be

easily used to determine the critical collapse face pressure and

its corresponding failure pattern for any tunnel model.

4. Comparison between the present limit analysis model and FE

modeling

The proposed limit analysis failure mechanism gives two main

outputs:

(i) The critical face pressure, i.e. the minimum required pres-

sure to be applied to the tunnel face in order to avoid

collapse.

(ii) The pattern of the most critical failure mechanism

corresponding to the calculated critical collapse pressure.

Both, the critical pressure and the failure pattern should reflect

the actual behavior at the tunnel face. After checking that only one

critical failure mechanism exists within a multilayered soil med-

ium, the analytical results will be compared to those obtained from

3D finite element numerical model using Midas-GTS software, a

numerical model being the most reliable and comprehensive tool

used in tunnel design.

In fact, although the numerical modeling by finite element/

finite difference methods enables the geotechnical engineer to per-

form advanced numerical analyses using complex soil models,

these numerical models can be highly time consuming, depending

on the complexity of the problem being treated and the fineness of

the mesh (especially for 3D problems as is the case in the present

paper). Furthermore, these models require numerous input

parameters. At an early design stage, a preliminary assessment of

the tunnel stability is needed. Also, in the absence of detailed

design information and/or sufficient soil data, a sensitivity analysis

might be required for the evaluation of the different design scenar-

ios. In this case, the numerical models are found to be too exhaus-

tive, demanding (in terms of input data) and time consuming and

can be replaced with more simplified analytical solutions that are

equally reliable.

Face stability was extensively studied in literature using 3D

numerical simulations (e.g. Al-Hallak, 1999; Anagnostou et al.,

2011; Berthoz et al., 2012; Chen et al., 2013; Demagh et al.,

2008; Dias, 1999; Mollon et al., 2009b, 2011c, 2013a; Vermeer

Plane at Y = -1.0m Plane at Y = -2.0m 
(a) 

Plane at Y = -3.0m Plane at Y = -4.0m 

(b)

Tunnel Radius Tunnel Radius 

Tunnel Radius Tunnel Radius 

Fig. 11. Comparison between cross sections through the analytical and numerical 3D models in the planes parallel to the (X, Z) plane (at Y = �1.0, �2.0 m, �3.0 m and

�4.0 m): (a) cross-sections through the 3D analytical failure mechanism (b) cross-sections through the 3D numerical model overlaid with the corresponding failure surface

from the analytical model.
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et al., 2002; Yoo and Shin, 2003). The numerical simulation results

were found to give an accurate assessment of the tunnel face sta-

bility when compared to experimental results as was shown for

example in Fig. 1, and as stated by several authors such as

Vermeer et al. (2002), Berthoz (2012) and Chen et al. (2013).

The present limit analysis model is compared in this section to a

3D finite element model using Midas GTS software. An example of

a 5.0 m tunnel diameter with a 5.0 m cover depth is considered. It

is assumed that the tunnel crosses two purely frictional soil layers

intersecting at the middle of the tunnel face: the upper and lower

layers have friction angle values of 45� and 30� respectively. The

obtained collapse pressure from the limit analysis model is of

9.1 kPa and the corresponding critical failure mechanism is shown

in Fig. 7.

Concerning the numerical simulations, the model geometry is

reproduced by half of the total domain due to symmetry reasons

(cf. Fig. 8a). The dimensions of the model are of

7.5 m � 15 m � 12.5 m. These dimensions were proved to ensure

no interaction of the displacement field with the model bound-

aries. Displacements are restricted at the model boundaries in

the normal direction to their respective planes. The soil is assumed

to be elastic perfectly plastic obeying Mohr–Coulomb yield

(a) 

Plane at Z = 0.2m Plane at Z = 0.4m Plane at Z = 0.6m 

Plane at Z = 0.8m Plane at Z = 1.0m Plane at Z = 1.2m 

(b)

Tunnel Radius 
Tunnel Radius Tunnel Radius 

Tunnel Radius Tunnel Radius Tunnel Radius 

Fig. 12. Comparison between cross sections through the 3D analytical and numerical models in the planes parallel to the (X, Y) plane (at Z = 0.2, 0.4, 0.6, 0.8, 1 and 1.2 m): (a)

cross-sections through the 3D analytical failure mechanism (b) cross-sections through the 3D numerical model overlaid with the corresponding failure surface from the

analytical model (a).
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criterion. The unit weight of the two soil layers is taken equal to

18 kN/m3. Also, a Young modulus and a Poisson’s ratio of 75 MPa

and 0.22 respectively are adopted for the two soil layers (it has

been shown by Vermeer et al. (2002) and Anagnostou et al.

(2011) that these parameters have no influence on the value of

the collapse pressure). Another required input parameter of the

finite element model is the dilatancy angle. As stated previously,

the collapse pressure obtained by limit analysis is based on an

associated flow rule material (w = u) in order to respect the nor-

mality condition. As the associated character of the flow rule has

a limited influence on the value of the collapse pressure obtained

from numerical analysis (Demagh et al., 2008; Vermeer et al.,

2002), the dilatancy angles are taken here equal to the friction

angles of both soil layers. The soil parameters adopted in the

numerical model are given in Table 1.

The excavation process is simplified and is considered to take

place in one pass. The infinite rigid lining is activated and

simultaneously, a uniform face pressure is applied to the tunnel

face to simulate the air pressurized shield machine. The critical

face pressure is determined by successively decreasing the applied

pressure until failure occurs. The collapse pressure is defined

herein as the value of the applied pressure for which the software

solver fails to converge (Berthoz, 2012). Besides, deformations are

observed at the tunnel face for each decrement of the applied pres-

sure. Vermeer et al. (2002) suggested that, rather than selecting a

single control point at the tunnel face, it is appropriate to select

a few of such points within the collapsing body, i.e. within the zone

of the face that displays the maximal displacement values (cf.

Fig. 8b).

4.1. Comparison of the critical face pressure

As mentioned before; in order to determine the critical face

pressure by numerical simulations, the pressure applied to the tun-

nel face is successively decreased and the deformations are

observed at the tunnel face at several control points where the

highest deformations occur. However, the point at which the maxi-

mum displacement occurs (cf. Fig. 8) is adopted hereinafter as a

representative control point. The pressure value for which the soft-

ware solver fails to converge (which is defined herein as the

Fig. 13. Cross-sections of the critical failure mechanism for a tunnel driven within a two-layers frictional medium (with the loose sand layer overtopping the dense sand

layer) for different positions of the interface between layers (a) and the corresponding values of the critical face pressure (b).
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collapse pressure) is equal to 8.1 kPa. As shown in Fig. 9, prior to

face collapse, deformations first follow a linear trend when plotted

versus to the applied face pressure. Then, deformations deliber-

ately increase when the face pressure becomes smaller than

8.1 kPa, indicating instability as expected for a cohesionless soil

material (Anagnostou et al., 2011). When comparing the obtained

collapse face pressure, the numerical model yielded an 11% lower

value than the analytical model (i.e. 8.1 kPa and 9.1 kPa respec-

tively). However, the numerical model was expected to give a

higher critical face pressure than the proposed limit analysis

model, as a direct consequence of the kinematic approach (as

explained earlier). This anomaly was addressed by Mollon et al.

(2011a–c) and was proven to be related to the mesh coarseness

of the numerical model. In fact, Mollon et al. (2011a–c) found that

a refinement of the mesh (up to 16 times with respect to the stan-

dard mesh) increased the critical collapse pressure to become

higher than the one obtained from the limit analysis model. As

the gained accuracy in the results is marginal compared to the

induced increase in the needed computational time, the anomaly

was deemed tolerable and the standard mesh described earlier

was kept.

4.2. Comparison of the critical failure pattern

The 3D failure mechanism obtained from the limit analysis

model is compared with the plastic shear strain pattern obtained

by numerical simulations. Several cross-sections parallel to the

(X, Y), (X, Z) and (Y, Z) planes are made through the 3D numerical

model and the analytical 3D failure mechanism and are compared

to each other’s. For the analytical model, the slip lines delimitating

the model are plotted in each direction at several offsets. As for the

numerical model, Midas-GTS provides the cross-section of the

plastic shear strains field on a specified plane. For every considered

crossing plane, the corresponding analytical cross-section and

plastic shear strains distribution are superimposed.

Figs. 10–12 show a good agreement between the resulting fail-

ure shapes. However, the boundary of the failure mass as provided

by the numerical model appears to be slightly extended beyond

that of the analytical model which provides a sharp and neat fail-

ure shape. This is due to the coarseness of the mesh, as was shown

by Mollon et al. (2011b) who realized a similar study in 2D for a

single layer with several local refinements of the mesh (up to 16

times finer than the standard mesh).

Fig. 14. Cross-sections of the critical failure mechanism for a tunnel driven within a two-layers frictional medium (with the dense sand layer overtopping the loose sand

layer) for different positions of the interface between layers (a) and the corresponding values of the critical face pressure (b).
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5. Application of the limit analysis model to two- or three-layers

soil medium

The present 3D failure mechanism is used in this section as a

practical tool to search for the critical collapse pressure and the

corresponding most critical failure mechanism. In the following

paragraphs, two cases of tunnels driven in two and three soil layers

(with the presence of a loose layer in each case) are going to be

observed, noting that, for both cases, the effect of the loose layer

is emphasized.

5.1. Case of a two-layers soil medium

The example of a tunnel driven through two frictional soil lay-

ers is considered. One of the layers is composed of loose sand with

u = 25� while the other one is a dense sand with u = 40�. The unit

weight of both soil layers is taken equal to 18 kN/m3
. The position of

the interface between both layers is varied from the tunnel invert to

the ground surface in order to observe its effect on the critical face

pressure and the corresponding critical mechanism.

First, the layer with u = 25� is considered to overtop the soil

layer with u = 40� (Fig. 13). When the thickness of the bottom

layer is null (or when the interface between layers lies on the tun-

nel invert), the critical face pressure is equal to 16.9 kPa and it cor-

responds to the critical failure mechanism that could be obtained

within a u = 25� homogeneous soil. While increasing the thickness

of the bottom dense layer and thus reducing the one of the loose

layer, the required critical face pressure to ensure face stability

decreases and the tunnel face becomes gradually more stable.

When the position of the interface between layers becomes higher

than around 0.5 m of the tunnel crest, the critical face pressure

becomes unchanged with a value of 7.25 kPa corresponding to

the case of a homogeneous dense layer with u = 40�.

The second configuration is the opposite of the first one because

the dense sand layer is now overtopping the loose sand layer

(Fig. 14). As mentioned above, when the tunnel face is driven

within the dense sand, the critical face pressure is of 7.25 kPa.

When the bottom loose layer is introduced, the critical face pres-

sure progressively increases (the tunnel face becoming more

unstable). The failure mechanism continues to intersect both layers

Fig. 15. Cross-sections of the critical failure mechanism for a tunnel driven within a dense sand layer intercepted by a 1.0 m thick loose sand layer for different positions of

the loose sand layer (a) and the corresponding values of the critical face pressure (b).
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until the top elevation of the loose layer becomes higher than

1.5 m above the tunnel crest. In this case, the failure is completely

enclosed within the loose layer and the critical face pressure of

16.9 kPa is met again.

The observed limit elevation above which the most critical fail-

ure mechanism remains unchanged is related to the well-known

arching effect that is taking place. Above this limit, the overtopping

layer does not influence anymore the face stability. This observa-

tion is similar to the one provided by Chambon and Corté (1994).

A similar result was also reported by Vermeer et al. (2002) who

found that for a friction angle value higher than 20�, the ground

cover and the surface loads do not influence the face stability.

5.2. Case of a three-layers soil medium

This section aims at studying the effect of the position of a loose

sand layer within a dense sand layer. The example of a 5.0 m tun-

nel diameter driven through a dense sand layer of u = 40�, inter-

cepted by a 1.0 m thick loose sand layer of u = 25� is treated in

Fig. 15. The unit weight of all soil layers is taken equal to 18 kN/

m3. The top elevation of the loose layer is varied from the tunnel

invert to the ground surface in order to observe its effect on the

critical face pressure and to determine the critical position for

which the face stability is the most affected. As in the preceding

sections, the effect of the loose layer on both the critical failure

mechanism and the corresponding collapse pressure is

investigated.

As shown in Fig. 15, when the top of the loose sand layer is

located on the invert of the tunnel, the critical face pressure

(7.25 kPa) corresponds to a single sand layer with u = 40�. When

increasing the top elevation of the loose sand layer, the critical face

pressure increases which means that the tunnel face becomes less

stable. The required pressure to ensure stability continues to

increase until reaching a maximum at a top elevation located

3 m below the tunnel crest, corresponding to the most critical posi-

tion of the loose sand layer with respect to the tunnel face. Beyond

this elevation, the tunnel face pressure decreases until reaching the

case of a homogeneous dense sand with u = 40�. Interestingly, the

3D results presented here differ qualitatively from the 2D results

presented in Mollon et al. (2011b). In 2D, the most critical position

for a weak layer has been demonstrated to be the one at the tunnel

invert, because this position is the one which maximizes the vol-

ume of the moving block. In 3D, however, the circular shape of

the tunnel face leads to the fact that the lowest layer only inter-

sects a small portion of its surface. For this reason, the most critical

position for a weak layer is not the lowest one, but is located

slightly higher, at about one third of the diameter.

6. Conclusion

The paper aims at presenting a 3D failure mechanism for tun-

nels driven under air pressurized shields within a multilayered

purely frictional soil. This failure mechanism is an extension of

the 3D failure mechanism developed by Mollon et al. (2011a) in

the case of a single frictional layer. The results of the collapse pres-

sures obtained from the present failure mechanism are compared

with those obtained from a 3D numerical model using Midas-

GTS software and they were found to be in good agreement.

Also, the 3D failure pattern from the analytical model and the plas-

tic shear strains patterns from the numerical model were superim-

posed through cross-sections in the 3 directions. Both failure

patterns were closely matching. It should be emphasized here that

it was not possible to compare the present 3D failure mechanism

with the experimental results by Berthoz et al. (2012) for two

and three layered soil models which consider a self-stable lower

half tunnel face. Therefore, further experimental studies need to

be conducted to observe the tunnel face behavior in layered soils

and to validate the proposed mechanism in the case of a multilay-

ered soil medium.

As a conclusion, the advantage of the present 3D failure mecha-

nism over the existing analytical mechanisms is that the present

mechanism can consider a multilayered medium whereas the pre-

vious ones apply only to a single soil layer which is often not the

case in reality. The other advantage is with respect to the exhaus-

tive numerical models which are much more time consuming (up

to 6 h) when compared to the analytical optimization processes

that requires only a few minutes computation time.

A uniform face pressure distribution was considered in this 3D

limit analysis model, presuming the use of an air pressurized shield

machine. This case can be further developed to cover other types of

pressurized shields by adopting their relevant face pressure dis-

tribution. Furthermore, this model, considering a mechanically dri-

ven circular tunnel, can also be extended to non-circular tunnel

sections excavated by conventional methods and the tunnel face

stability can be assessed by computing the factor of safety (based

on the strength reduction technique) instead of the critical face

pressure. Moreover, the effect of the soil spatial variability on the

tunnel face stability can be easily incorporated in the present

mechanism (because of the mode of generation of the failure

mechanism ‘point by point’) by considering for example the soil

friction angle of each soil layer as a random field.
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