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Institut de mathématiques de Bourgogne,

9 avenue Alain Savary BP 47870

21078 Dijon Cedex, France :

E-mail : Pierre.Gaillard@u-bourgogne.fr

Abstract

The following study is part of a research program of rational solutions

of the hierarchy of the nonlinear Schrödinger equation. Here, we are

interested in the equation of order 7 and we highlight particular solutions

providing the first orders of rogue waves not yet found.
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1 Introduction

Quasi-rational solutions to the seventh equation of the NLS hierarchy are con-
structed. We give explicit expressions of these solutions for the first orders.
They depend on multi-parameters and so patterns of these solutions in the
(x, t) plane according the different values of the parameters are studied.
We consider the seventh equation of the NLS hierarchy of order 7 (NLS7) which
can be written as
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with as usual the subscripts meaning partial derivatives and u the complex con-
jugate of u.
Different classical equations are included in the NLS hierarchy; the first one is
the NLS equation [1, 3, 4, 5, 12, 7, 30, 15]; the second one is the mKdV equation
[76, 77, 78, 79, 80]; the third one is the LPD equation [81, 84, 85, 86, 87].

Many works has been done for these first three equations of the NLS hierar-
chy. For example, we can quote the following works, for the NLS equation [2],
the mKdV equation [77], the LPD equation [81, 82, 83]. However, very few
studies have been carried out for the following orders of this hierarchy. Here we
explicitly construct solutions of the order equation seven of this hierarchy.
We construct quasi rational solutions for the first orders. The related patterns
of the modulus of these solutions in the plane of coordinates (x; t) are studied.

2 Quasi rational solutions of order 1 to the NLS7

equation

Theorem 2.1 The function v(x, t) defined by

v(x, t) = −

(

3− 4 x2 − 313600 t2 + 2240 it
)

e70 it

1 + 4 x2 + 313600 t2
(2)

is a solution to the (NLS7) equation (1).

Figure 1. Solution of order 1 to (NLS7).

We get a smooth solution of the equation (1).

3 Quasi rational solutions of order 2 of the NLS7

equation depending on 2 real parameters
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Theorem 3.1 The function v(x, t) defined by

v(x, t) =
n(x, t)

d(x, t)
(3)

with
n(x, t) = −(−64 x6+2304 b1x

5−768 a1
2x4+144 x4+107520 itx4−215040 a1tx

4+
768 ia1x
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165888 ia1b1
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and
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is a solution to the (NLS7) equation (1).
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Figure 2. Solution of order 2 to the equation (1); to the left a1 = 0, b1 = 0; in
the center a1 = 1, b1 =; to the right a1 = 10, b1 = 0.

Figure 3. Solution of order 2 to the equation (1); to the left a1 = 0, b1 = 1; in
the center a1 = 0, b1 = 4; to the right a1 = 0, b1 = 10.

When one or both parameters increase, three peaks appear. When only one of
the parameters increases, the three peaks appear but with different orientations.

4 Quasi rational solutions of order 3 of the NLS7

equation

The solution of order 3, depending on 4 real parameters being too long, we
only present in the appendix. Here we give the solution of order 3 without
parameters.

Theorem 4.1 The function v(x, t) defined by

v(x, t) =
n(x, t)

d(x, t)
(4)
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with
n(x, t) = −(−4096 x12+13762560 itx10−1926758400 t2x10+18432 x10−377644646400000 t4x8+
93929472000 t2x8−258048000 ix8t+57600 x8+5394923520000 it3x8−167242629120000 ix6t3+
20770455552000000 t4x6 − 1369202688000 t2x6 +172800 x6+ 1109606400 itx6+
845924007936000000 it5x6−39476453703680000000 t6x6−17129961160704000000 ix4t5+
716083200 itx4+875169792000 t2x4−952878366720000 ix4t3+66320442222182400000000 it7x4+
1509974354165760000000 t6x4−226800 x4+59903882035200000 t4x4−2321215477776384000000000 t8x4−
653632074547200000 t4x2+31336408949981184000000000 t8x2+267893559263232000000 it5x2−
7585324185600 t2x2−72793317383067402240000000000 t10x2−20246979648946176000000 t6x2−
99480663333273600000000 ix2t7+2599761335109550080000000000 it9x2+3826686689280000 it3x2+
3969907200 itx2−113400 x2+40764257734517745254400000000000 it11+433641600 it−
5496461881344000 it3+2484529566748508160000000 it7−264443775418368000000 it5+
5546744179200 t2+167910924623649177600000000 t8+26647553684872888320000000000 it9+
14175−309371598878036459520000000000 t10−951166013805414055936000000000000 t12−
704818560983040000 t4+ 55055219338248192000000 t6)e70 it

and
d(x, t) = 4096 x12+1926758400 t2x10+6144 x10+34560 x8−65028096000 t2x8+
377644646400000 t4x8+877879296000 t2x6−13217562624000000 t4x6+149760 x6+
39476453703680000000 t6x6+2321215477776384000000000 t8x4−156203266867200000 t4x4−
680968826388480000000 t6x4 − 3248695296000 t2x4 + 54000 x4 + 48600 x2

+21490487940612096000000 t6x2+1886547433881600000 t4x2+2236763289600 t2x2+
72793317383067402240000000000 t10x2 + 10445469649993728000000000 t8x2 −
13357721658064896000000 t6+ 1110098090091777884160000000000 t10

+ 281244270326081126400000000 t8+ 866898922659840000 t4

+ 951166013805414055936000000000000 t12+ 2025 + 3320852774400 t2

is a solution to the (NLS) equation (1).

In the following, we give the patterns of the modules of the solutions according
to different values of the parameters.

Figure 4. Solution of order 3 to (1); to the left a1 = 0, b1 = 0, a2 = 0, b2 = 0;
in the center a1 = 1, b1 = 0, a2 = 0, b2 = 0; to the right a1 = 10, b1 = 0,

a2 = 0, b2 = 0.
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Figure 5. Solution of order 3 to (1); to the left a1 = 0, b1 = 0, 1, a2 = 0,
b2 = 0; in the center a1 = 0, b1 = 5, a2 = 0, b2 = 0; to the right a1 = 0, b1 = 5,

a2 = 0, b2 = 0.

Figure 6. Solution of order 3 to (1); to the left a1 = 0, b1 = 0, a2 = 0, 5,
b2 = 0; in the center a1 = 0, b1 = 0, a2 = 1, b2 = 0; to the right a1 = 0, b1 = 5,

a2 = 2, b2 = 0.
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Figure 7. Solution of order 3 to (1); to the left a1 = 0, b1 = 0, a2 = 0,
b2 = 0, 5; in the center a1 = 0, b1 = 0, a2 = 0, b2 = 2; to the right a1 = 0,

b1 = 5, a2 = 0, b2 = 3.

We remark the similarity with these solutions and those relative to other equa-
tions belonging to this NLS hierarchy. For example, we recover the same types
of patterns like in the NLS equation [88], the mKdV equation [89], or the Lak-
shmanan Porsezian Daniel equation [90]. We get the structure of triangles with
peaks which appear in function of the different values of the parameters.

5 Conclusion

Quasi-rational solutions to the (NLS7) equation have been constructed for the
first orders. These N-order solutions appear as the quotient of a polynomial
of degree N(N + 1) in x and t for the numerator by a polynomial of degree
N(N + 1) in x and t for the denominator.
The solutions of order 2 depend on two real parameters, and the structure of
triangles with three peaks is observed for their modules.
The solutions of order 3 depend on four real parameters. In the plane (x, t) of
the coordinates, the representation of the modules of the solutions reveals the
formation of triangles containing 6 peaks.
It will be relevant to study other solutions of this equations and study the
patterns of their modulus.
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Appendix

Solution of order 3 to the (NLS5) equation depending on 4 real parameters :
The function v(x, t) defined by

v(x, t) =

(

1− 24
n(x, t)

d(x, t)

)

ei(2 a1−6 a2+70 t) (5)

with
n(x, t) = (675+69363302400 t2+88473600 b2

2+(2 x−12 b1+60 b2)
10+27000 (8 b1−

80 b2)
2+91800 (16 a2−1120 t)2+2190 (4 a1−24 a2+560 t)6+495 (4 a1−24 a2+

560 t)8+11 (4 a1 − 24 a2 +560 t)10− 720 (4 a1− 24 a2+560 t)7(16 a2 − 1120 t)−
3600 (4 a1− 24 a2+560 t)3(48 a2 − 15904 t)− 720 (4 a1− 24 a2+560 t)5(272 a2−
25312 t)− 154828800 (16 a2− 1120 t)t+ i(15422400 t+ 64800 (16 a2− 1120 t)3 −
870 (4 a1− 24 a2 +560 t)7 +25 (4 a1 − 24 a2 +560 t)9 + (4 a1 − 24 a2 +560 t)11 −
151200 a2−5529600 (8 b1−80 b2)(16 a2−1120 t)b2−77414400 (16 a2−1120 t)2t−
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90 (4 a1 − 24 a2 + 560 t)8(16 a2 − 1120 t) − 120 (4 a1 − 24 a2 + 560 t)6(80 a2 −
11872 t) + 900 (4 a1 − 24 a2 + 560 t)4(464 a2 − 23520 t) + (−450 (4 a1 − 24 a2 +
560 t)3−210 (4 a1−24 a2+560 t)5+10 (4 a1−24 a2+560 t)7+300 (4 a1−24 a2+
560 t)4(16 a2−1120 t)+450 (4 a1−24 a2+560 t)(−3+12 (8 b1−80 b2)

2−4 (16 a2−
1120 t)2)−14400 a2+2620800 t+1800 (4 a1−24 a2+560 t)2(16 a2−2016 t))(2 x−
12 b1+60 b2)

4+(−480 (4 a1− 24 a2+560 t)5(8 b1− 80 b2)+ 14400 (4 a1− 24 a2+
560 t)2(8 b1 − 80 b2)(16 a2 − 1120 t) + 7200 (4 a1 − 24 a2 + 560 t)(8 b1 − 48 b2) −
2400 (4 a1− 24 a2+560 t)3(16 b1− 128 b2)− 14400 (8 b1− 80 b2)(16 a2− 1120 t)−
460800 (16 a2−1120 t)b2+12902400 (8 b1−80 b2)t)(2 x−12 b1+60 b2)

3−21600 (8 b1−
80 b2)

2(16 a2− 1120 t)+ (1710 (4 a1− 24 a2+560 t)5− 60 (4 a1− 24 a2+560 t)7+
5 (4 a1−24 a2+560 t)9−900 (4 a1−24 a2+560 t)3(7+4 (8 b1−80 b2)

2−12 (16 a2−
1120 t)2)+675 (4 a1−24 a2+560 t)(7+16 (8 b1−80 b2)

2+16 (16 a2−1120 t)2)−
345600 a2 + 38707200 t− 21600 (8 b1 − 80 b2)

2(16 a2 − 1120 t) − 21600 (16 a2 −
1120 t)3 + 9676800 (4 a1 − 24 a2 + 560 t)2t− 1800 (4 a1 − 24 a2 + 560 t)4(64 a2 −
1792 t))(2 x−12 b1+60 b2)

2+(−240 (4 a1−24 a2+560 t)7(8 b1−80 b2)−7200 (4 a1−
24 a2 + 560 t)4(8 b1 − 80 b2)(16 a2 − 1120 t) + 10800 (4 a1 − 24 a2 + 560 t)(24 b1−
400 b2+4 (8 b1− 80 b2)

3 +4 (8 b1− 80 b2)(16 a2− 1120 t)2)+ 3600 (4 a1− 24 a2+
560 t)3(24 b1− 176 b2)+ 720 (4 a1− 24 a2+560 t)5(56 b1− 400 b2)+ 21600 (8 b1−
80 b2)(16 a2 − 1120 t) + 1382400 (16 a2 − 1120 t)b2 − 38707200 (8 b1 − 80 b2)t −
43200 (4 a1−24 a2+560 t)2((8 b1−80 b2)(16 a2−1120 t)+32 (16 a2−1120 t)b2−
896 (8 b1−80 b2)t))(2 x−12 b1+60 b2)+90 (4 a1−24 a2+560 t)5(−107+28 (8 b1−
80 b2)

2 + 12 (16 a2 − 1120 t)2) + 5400 (4 a1 − 24 a2 + 560 t)2(176 a2 − 22176 t+
4 (8 b1−80 b2)

2(16 a2−1120 t)+4 (16 a2−1120 t)3)−225 (4 a1−24 a2+560 t)3(11+
80 (8 b1 − 80 b2)

2 + 80 (16 a2 − 1120 t)2 + 4096 (8 b1 − 80 b2)b2 + 114688 (16 a2 −
1120 t)t)−675 (4 a1−24 a2+560 t)(−7+56 (8 b1−80 b2)

2+88 (16 a2−1120 t)2−
4096 (8 b1 − 80 b2)b2 − 131072 b2

2 − 102760448 t2) + 77414400 (8 b1 − 80 b2)
2t +

(4 a1−24 a2+560 t)(2 x−12 b1+60 b2)
10+(−60 a1+840 a2−42000 t+5 (4 a1−

24 a2+560 t)3)(2 x− 12 b1+60 b2)
8 +(−600 a1− 240 a2+722400 t− 140 (4 a1−

24 a2 + 560 t)3 + 10 (4 a1 − 24 a2 + 560 t)5 + 240 (4 a1 − 24 a2 + 560 t)2(16 a2 −
1120 t))(2 x−12 b1+60 b2)

6+(−240 (4 a1−24 a2+560 t)3(8 b1−80 b2)−1440 (8 b1−
80 b2)(16 a2 − 1120 t) + 720 (4 a1 − 24 a2 + 560 t)(8 b1 − 176 b2))(2 x − 12 b1 +
60 b2)

5) + 15 (1+ (4 a1 − 24 a2 +560 t)2)(2 x− 12 b1 +60 b2)
8 + (210− 60 (4 a1−

24 a2 + 560 t)2 + 50 (4 a1 − 24 a2 + 560 t)4 + 480 (4 a1 − 24 a2 + 560 t)(16 a2 −
1120 t))(2 x−12 b1+60 b2)

6+(−720 (4 a1−24 a2+560 t)2(8 b1−80 b2)−5760 b1−
11520 b2)(2 x− 12 b1 +60 b2)

5 + (450 (4 a1 − 24 a2 +560 t)2 − 150 (4 a1 − 24 a2 +
560 t)4+70 (4 a1− 24 a2+560 t)6+1200 (4 a1− 24 a2+560 t)3(16 a2 − 1120 t)−
450+5400 (8 b1−80 b2)

2−1800 (16 a2−1120 t)2+3600 (4 a1−24 a2+560 t)(16 a2−
2016 t))(2 x − 12 b1 + 60 b2)

4 + (−2400 (4 a1 − 24 a2 + 560 t)4(8 b1 − 80 b2) +
28800 (4 a1− 24 a2 +560 t)(8 b1 − 80 b2)(16 a2 − 1120 t)+ 57600 b1− 806400 b2−
7200 (4 a1 − 24 a2 + 560 t)2(16 b1 − 128 b2))(2 x − 12 b1 + 60 b2)

3 + (6750 (4 a1 −
24 a2+560 t)4+420 (4 a1−24 a2+560 t)6+45 (4 a1−24 a2+560 t)8−2700 (4 a1−
24 a2 + 560 t)2(5 + 4 (8 b1 − 80 b2)

2 − 12 (16 a2 − 1120 t)2)− 675− 10800 (8 b1 −
80 b2)

2 − 10800 (16 a2 − 1120 t)2 + 21600 (4 a1 − 24 a2 + 560 t)(32 a2 − 3136 t)−
7200 (4 a1 − 24 a2 + 560 t)3(32 a2 + 448 t))(2 x− 12 b1 + 60 b2)

2 + (−1680 (4 a1 −
24 a2 + 560 t)6(8 b1 − 80 b2) − 28800 (4 a1 − 24 a2 + 560 t)3(8 b1 − 80 b2)(16 a2 −
1120 t) − 10800 (4 a1 − 24 a2 + 560 t)2(8 b1 − 272 b2) + 86400 b1 − 1209600 b2 +
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43200 (8 b1− 80 b2)
3 +43200 (8 b1− 80 b2)(16 a2 − 1120 t)2+3600 (4 a1− 24 a2+

560 t)4(8 b1 +80 b2)− 86400 (4 a1− 24 a2 +560 t)((8 b1 − 80 b2)(16 a2 − 1120 t)+
32 (16 a2−1120 t)b2−896 (8 b1−80 b2)t))(2 x−12 b1+60 b2)+450 (4 a1−24 a2+
560 t)4(−17 + 28 (8 b1 − 80 b2)

2 + 12 (16 a2 − 1120 t)2) + 10800 (4 a1 − 24 a2 +
560 t)(−16 a2 + 2016 t+ 4 (8 b1 − 80 b2)

2(16 a2 − 1120 t) + 4 (16 a2 − 1120 t)3) +
675 (4 a1−24 a2+560 t)2(−3+16 (8 b1−80 b2)

2+16 (16 a2−1120 t)2−4096 (8 b1−
80 b2)b2 − 114688 (16 a2 − 1120 t)t)− 2764800 (8 b1 − 80 b2)b2)
and
d(x, t) = 2024 + 416179814400 t2 + 530841600 b2

2 + 356400 (8 b1 − 80 b2)
2 +

518400 (8 b1 − 80 b2)
4 + 874800 (16 a2 − 1120 t)2 + 3720 (4 a1 − 24 a2 + 560 t)8 +

120 (4 a1−24 a2+560 t)10+518400 (16 a2−1120 t)4+(1+(2 x−12 b1+60 b2)
2+

(4 a1−24 a2+560 t)2)6+(−360 (4 a1−24 a2+560 t)8(8 b1−80 b2)−17280 (4 a1−
24 a2 + 560 t)5(8 b1 − 80 b2)(16 a2 − 1120 t)− 1440 (4 a1 − 24 a2 + 560 t)6(8 b1 −
240 b2) + 32400 (4 a1 − 24 a2 + 560 t)4(8 b1 + 112 b2) + 64800 (4 a1 − 24 a2 +
560 t)2(−40 b1 + 752 b2 + 4 (8 b1 − 80 b2)

3 + 4 (8 b1 − 80 b2)(16 a2 − 1120 t)2) −
777600 (4 a1−24 a2+560 t)((8 b1−80 b2)(16 a2−1120 t)+64 (16 a2−1120 t)b2−
1792 (8 b1−80 b2)t)−172800 (4 a1−24 a2+560 t)3(3 (8 b1−80 b2)(16 a2−1120 t)+
32 (16 a2−1120 t)b2−896 (8 b1−80 b2)t)−648000 b1+8553600 b2+259200 (8 b1−
80 b2)

3 + 1296000 (8 b1 − 80 b2)(16 a2 − 1120 t)2 − 33177600 (8 b1 − 80 b2)
2b2 +

33177600 (16 a2 − 1120 t)2b2 − 1857945600 (8 b1 − 80 b2)(16 a2 − 1120 t)t)(2 x−
12 b1 + 60 b2) + 80 (4 a1 − 24 a2 + 560 t)6(191 + 63 (8 b1 − 80 b2)

2 + 27 (16 a2 −
1120 t)2)+21600 (4 a1−24 a2+560 t)3(−368 a2+23072 t+4 (8 b1−80 b2)

2(16 a2−
1120 t)+4 (16 a2−1120 t)3)+120 (8 b1−80 b2)(2 x−12 b1+60 b2)

9+46080 b2(2 x−
12 b1 + 60 b2)

7 − 1161216000 (16 a2− 1120 t)t+ 240 (4 a1 − 24 a2 +560 t)4(599+
135 (8 b1−80 b2)

2−225 (16 a2−1120 t)2−11520 (8 b1−80 b2)b2−322560 (16 a2−
1120 t)t)−16200 (4 a1−24 a2+560 t)(496 a2−52640 t+80 (8 b1−80 b2)

2(16 a2−
1120 t)+16 (16 a2−1120 t)3+4096 (8 b1−80 b2)(16 a2−1120 t)b2−57344 (8 b1−
80 b2)

2t+57344 (16 a2−1120 t)2t)+24 (4 a1−24 a2+560 t)2(3881+12150 (8 b1−
80 b2)

2+28350 (16 a2−1120 t)2+691200 (8 b1−80 b2)b2+22118400 b2
2+17340825600 t2)+

(−120 (4 a1−24 a2+560 t)2+360 (4 a1−24 a2+560 t)(16 a2−1120 t)+120)(2 x−
12 b1+60 b2)

8+(480 (4 a1−24 a2+560 t)2−240 (4 a1−24 a2+560 t)4+960 (4 a1−
24 a2+560 t)3(16 a2−1120 t)+2320+2160 (8 b1−80 b2)

2+5040 (16 a2−1120 t)2−
1440 (4 a1 − 24 a2 + 560 t)(64 a2 − 8960 t))(2 x− 12 b1 + 60 b2)

6 + (−720 (4 a1 −
24 a2 + 560 t)4(8 b1 − 80 b2) − 17280 (4 a1 − 24 a2 + 560 t)(8 b1 − 80 b2)(16 a2 −
1120 t)+ 4320 (4 a1− 24 a2 +560 t)2(8 b1 − 176 b2)− 51840 b1+ 103680 b2)(2 x−
12 b1+60 b2)

5+(−1440 (4 a1−24 a2+560 t)4+720 (4 a1−24 a2+560 t)5(16 a2−
1120 t)+240 (4 a1−24 a2+560 t)2(56+135 (8 b1−80 b2)

2−45 (16 a2−1120 t)2)+
32400 (4 a1 − 24 a2 + 560 t)(16 a2 − 2912 t) + 7200 (4 a1 − 24 a2 + 560 t)3(48 a2 −
4256 t)+ 3360+ 32400 (8 b1− 80 b2)

2 − 54000 (16 a2− 1120 t)2 + 2764800 (8 b1−
80 b2)b2+77414400 (16 a2− 1120 t)t)(2 x− 12 b1+60 b2)

4+(−960 (4 a1− 24 a2+
560 t)6(8 b1 − 80 b2) + 57600 (4 a1− 24 a2 +560 t)3(8 b1 − 80 b2)(16 a2 − 1120 t)−
43200 (4 a1− 24 a2 +560 t)2(24 b1 − 272 b2)− 7200 (4 a1− 24 a2 +560 t)4(48 b1 −
448 b2)+345600 b1−5529600 b2−86400 (8 b1−80 b2)

3−86400 (8 b1−80 b2)(16 a2−
1120 t)2+172800 (4 a1− 24 a2+560 t)((8 b1− 80 b2)(16 a2− 1120 t)− 32 (16 a2−
1120 t)b2 + 896 (8 b1 − 80 b2)t))(2 x − 12 b1 + 60 b2)

3 + (13440 (4 a1 − 24 a2 +
560 t)6+240 (4 a1− 24 a2+560 t)8− 240 (4 a1− 24 a2+560 t)4(−326+45 (8 b1−
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80 b2)
2 − 135 (16 a2 − 1120 t)2) + 480 (4 a1 − 24 a2 + 560 t)2(−76 + 135 (8 b1 −

80 b2)
2 +1215 (16 a2− 1120 t)2)− 129600 (4 a1− 24 a2+560 t)3(32 a2− 1344 t)−

12960 (4 a1−24 a2+560 t)5(32 a2−1344 t)−64800 (4 a1−24 a2+560 t)(−96 a2+
11200 t+4 (8 b1−80 b2)

2(16 a2−1120 t)+4 (16 a2−1120 t)3)+12144−97200 (8 b1−
80 b2)

2 +32400 (16 a2− 1120 t)2+530841600 b2
2 − 464486400 (16 a2− 1120 t)t+

416179814400 t2)(2 x − 12 b1 + 60 b2)
2 − 2160 (4 a1 − 24 a2 + 560 t)5(240 a2 −

47264 t)−1440 (4 a1−24 a2+560 t)7(80 a2−6496 t)−120 (4 a1−24 a2+560 t)9(16 a2−
1120 t) + 1036800 (8 b1 − 80 b2)

2(16 a2 − 1120 t)2 − 24883200 (8 b1 − 80 b2)b2
is a solution to the (NLS5) equation (1).
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